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~~~A procedure is given for obtaining an exact evaluation of
the Rondo integral . This is a mathematical function used to
characterize a type of electron scattering ; it arises in con-
nection with a variety of physical processes. Previously,
there was no exact evaluation of the integral , and various
approximation functions were used to represent it. Two of
these approxi mations are compared with the exact an swer .
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1 • INTRODUCTION

• A dilute alloy composed of a magnetic impurity dissolved in a
norlaa9netic )cst may exhibit anomalous resistivity at low temperature.

• Xondo~ explained the phenomenon -
~~~~~ taking into account the spin-spin

interaction between conduction electrons and isnobile ions. He showed
that this led—in third-order perturbation theory--to a resistivity

• - having logarithmic dependence on temperature. The same type of
electron—ion coupling has been used to explain other phenomena. For
I~ A1.ple, Rondo scattering has been invoked to explain anomalous
tunneling in thin-film structures 2 and Schottky-barrier un ti ~ and
to explain negative magnetoresistance in semiconductor materials .~~

Until now, no exact evaluation of the Rondo integral has been
reported . Applebaum5 performed a numerical integration and suggested an
approximation function to represent his results . Wolf and Losee6 also
did a numerical evaluation , but they suggested a different approximation

• function . The work reported here gives an exact evaluation of the
integral in terms of analytic functions.

2 • FORMULATION

Let the Rondo integral be defined as

• F(y, c) —f  g(x ,c) ~~. f ( x—y ) dx (1)-
where f( x) is the Fermi func tion. The function g(x c) is defined as

g(x,c) _~~Jf ~t~ ~ dt (2)
—c

where �P denotes principal value of the integral , and c is a cutoff
parameter . Equation (2) can be integrated by parts. Proper care niast

k

~l. KoMo, Prog. Theoret. Phys. (Kyoto) 32 (1964) , 37.
2j~ Appelbaum, Phys. Rev. Iett . 17 (196637 91.
3P. N .  Anderson, Phys. Rev . Lett. 17 (1966), 95.
‘R. P. FJaosla and J. R. Fischer, Phya. Rev. 2B (1970) , 4084.
5J. Appelbaum, Phys. Rev. 154 (1967), 633.
61. L. P.blf and D. L. Los e, Phys. Rev. B2 (1970), 3660.
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be taken with the singularity at t = x , and it is noted that
£nlt - x~ is the integ ral of (t - x) 1 dt for both t ‘ x and t < x.
Therefore , the result is

g(x ,c) — — [f (—c) —~s] Ln t c  + x J + ( f ( c) —~ 1LnJc — xJ

—f f’(t) LnIt — xfat . (3) 

t
The next step is to substitute equation (3) into equation (1) and

perform the integration. For this it is useful to have the result
proved in appendix A , namely

.7(a) — f’ (t) tnIt — aldt — tn(~w) + Re ‘Y(~,. + ia/2ir ) . (4)

In equation (4) Re denotes the real part of the complex function ,
and ~‘ is the digamea function. 7 Using equation (4), one can substitute
equation (3) into equation (1) and obtain the following

F (y, c) — — ( f ( —c ) — ½ ] {Ln2w + Re ~~~ — iCc + y)/2w] }

+(f(c)—½ ] {&n2 ir + Re V (L ~ + i(c — y) / 2w 1 }

C

— f f ’ct {tn2w + Re ‘V[~ — i(t + y)/2 ir]}dt . (5)

- 
- In the pr oblams of physical interest , such as tunneling and anomalous

resistivity in alloys, the parameter c has a magnitude of the order of
100 . In such cases , it is an excellent approximation to let f(-c) + 1,
f C c) + 0, and use the large—argisnent approximation for the digasma - I
function, i.e.,

Re 1~[½ ± ix] m x  . (6)

With the se approx imations , equation (5) reduces to the form ~ I

F(y ,c) — - 4 tn~c~ - x2
~ - f  V Ct) Re - i(t + y) /2ildt . (7)

7N. Abra~~cvitz and I. Stegun, Rand~~ok of Nath~~iatica1 Furaatieà.,
U.S. Goverza~~t Printin g Office , Washington, D.C. (1964) , 258.
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Appendices B and C show how to perform the integration in equation (7) .
For c + ~% the integration can be performed by using the theory of
residues (shown in appendix B) . Then a correction term is derived for
finite c (shown in appendix C) .  For any problem of physical interest,
the correction term is very meall because the major contributions to the
integral in equation (7) come from those regions near t — 0 and t — —y.
The integrand decreases rapidly for large t , and , if c is large , the
integra l has almost the same value for finite c as for c + ~~. Using
the results developed in appendices B and C, one can write the exact
evaluation of the Rondo integral as

F(y ,c) — —‘~mn I c 2 — y2 1 + Ln(2ir ) — 1 + Re ~‘(l + iy/2ir )

+ y~~~Re ‘V(l + iy/2n) + K(y,c) . (8)

• As before, Re denotes the real part of the complex variable, and 4~ isthe digamea function. The term K(y,c) in equation (8) is the correction
term for finite c that was developed in appendix C.

A discussion of the Kondo function follows in section 3 of this
report . First , however , a remark may be made concerning the function
g(x,c) given in equation (3). Certainly the principal dependence of g
on c is embodied in the first two terms of equation (3) ; little error is
incurred by letting the limits on the integral become infinite.

- 
Therefore one can use equation (4) to write

g(x,c) — — £n (c2 — x2 ) + Ln (2ir) + Re ‘v (½ + ix/2w) . (9)

‘
- This agrees with the result given by Bloomfield and Hamann,8 (their 

- -• S equation A-B) , but they “derived ” the digamsa functio n by deducing a
recurrence relation, and then ar guing tha t the recurrenc e relation

t defined the function to within an additive constant. Actually, the
recurrence relation of the digamsa function def ines it only to within an
additive function, since, for example, *(z)  + A sin (wz) obeys the same

-
~ 

recurrence relation as ‘V( z) .

8P. Bloomfi.ld and D. R. Hamenn, Phys. Rev. 164 (1967) , 856.

7
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3. APPLICATIOtI OF RESULTS

Table I gives numerical values of the function

11 (x) — Ln(2w ) - l+~~~~Y(’,+ix/2ir) + x ~~~~M Y ( ~, + ix/2w) . U0)

TABLE I • NUMERICAL VALUES FOR ThE FUNCTION
B (y)=Ln (2w) —l+Re ‘I’ (l+iy/2w ) +yd/dy

Re !(1+iy/2ir )

y Re ~ d/ d y ( R e  W) H ( y )

0.0 — 0.5772  0.0000 0 .2607
0.1 — 0 . 5 7 6 9  0 .0382  0 .26 16
0 . 2  — 0 . 5 7 6 0  0 .0764  0 .2 6 4 3
0 . 3  — 0 . 5 7 4 5  0.1143 0 .2 6 8 9
0 . 4  — 0 . 5 7 2 4  0 .1520 0 .2 7 5 2
0 . 5  — 0 . 5 6 9 6  0.1892 0 . 2 8 3 3’
0 .6  — 0 . 5 6 6 3  0 .2 2 6 0 - 0 . 293 1
0 . 7  — 0 . 5 6 2 5  0 .2 6 2 2  0 .3 0 4 6
0 . 8  — 0 . 5 5 8 0  0 . 2 9 7 7  0 .3178
0.9 — 0.5530  0.3325 0 .3325
1.0 — 0 . 5 4 7 4  0 .3665  0 . 3 4 8 8
1.1 — 0 . 5 4 1 3  0 .3 9 9 6  0 . 3 6 6 5
1.2 — 0 . 5 3 4 7  0 .4317  0.3856
1.3 — 0 . 5 2 7 6  0 . 4 6 2 8  0 .4061
1.4 — 0 . 5 2 0 0  0 .4 9 2 9  0 .4 2 7 7
1.5 — 0.5119 0 .5219  0 .4 5 0 6
1.6 — 0 . 5 0 3 4  0 .5 4 9 7  0 . 4 7 4 5
1.7 — 0 . 4 9 4 4  0 . 5 7 6 3  0 .4 9 9 4
1.8 — 0 .4 8 5 0  0 .60 17  0 . 5 2 5 2
1.9 — 0 . 4 7 5 3  0 . 6 2 5 9  0.55 19
2.0 —0 .4651 0 .6489 0 .5793
2 . 1  — 0 . 4 5 4 6  0 . 6 7 0 6  0 . 6 0 7 4
2 . 2  — 0 . 4 4 3 8  0 .6911 0 .6361
2 . 3  — 0 . 4 3 2 6  0 .7 1 0 3  0 .6 6 5 3

• 2 . 4  — 0 . 4 2 12  0 . 7 2 8 3  0 .6 9 4 9
2 . 5  — 0 . 4 0 9 4  0 . 7 4 5 1  0 .7 2 4 9
2 . 6  — 0 . 3 9 7 5  0.7606 0 .7552
2 . 7  — 0 . 3 8 5 2  0 .7 7 5 0  0 .7 8 5 7
2 .8  — 0 . 3 7 2 8  0 .7882 0 .8163

• 2 . 9 — 0 . 3602  0 .6003 0 .8471
3.0 — 0 . 3 4 7 3  0.8113 0 .8779
3.1 — 0 . 3 3 4 3  0 .8212 0.9087
3.2  —0 .321 2 0.8301 0 .9394
3.3  — 0.3079  0 .8380 0 .9701
3.4 — 0 .2 9 4 5  0 .8449  1.0006
3.5 —0 .2810 0.8509 1.0308
3.6 — 0 . 2 6 7 4  0 .8560 1.0609
3.7 — 0 .2 5 3 8  0 .8603 1.0907 5

3 .8 —0.2401  0 .8638  1.1202
3.9  — 0 . 2 2 6 3  0 .8665  1.1494

• : 4.0  — 0 .2125 0 .8685 1.1783

8
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This is the Rondo function without the terms that depend on the
parameter c. Values in table I were calculated from a series
representation of the diçaina function,8 i.e.,

Re ‘Y~~2 + iy) — -y +~~~ y2/n(n 2 + y2) . (3.1)
n—i

The sumeations were continued until the last term was less than
i0’~~ times the sum of the preceding terms; the same rule was used for
calculating the derivative of equation (11).

Figure 1 compares the correct Rondo function and the approximation
used by Appelbaum. ~ His approximation function was

‘ F approx — -iin[ (y + 1)/c] . (12)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

• 4~~~\

— 
\
\~ 

CORRECT 

—

2 ~~~~~~~~~~~~~~~~~~~~~~

-

• t
o 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

Figure 1. Icondo function for F0 = 10 meV and kT = 0.1 meV,
corresponding to c — L~/kT = 100. The dashed

- curve is the approximation used by Appelbaum.

5J. Appelha*ms, Phys. Rev. 154 (1967), 633.
P. Blcoafield and D. R. Haaann, Phys. Rev. 164 (1967), 856.
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This function has finite slope at y — 0, whereas the correct Rondo
function has zero slope . The valu e of the parameter used in figure 1
was c — 100, corresponding to Appelbaum ‘ s cutoff energy E0 = 10 meV at a
te~~erature kT — 0.1 meVj thus c = E /kT = 100. The Rondo function has

aller slope than the approximatiSn function , especially a~ y + 0.
This difference could be important . For example, in the theory of
magnetoresistance , y is the ratio of magnetic energy , )iB, to thermal
energy, kT. For a magnetic moment of one Bohr magneton , in a f ield of
one kilogauss , at the t~~~erature of liquid helium, y = ij B/2wkT =
This is all and , furthermore, one uses the derivative of the Rondo
function to analyze magnetoresistance data. Misleading results would be —

obtained if one used the approximation function instead of the correct
function in this case .

Figure 2 compares the correct Rondo function with the approximation
function used by Wolf and Losee.6 Their approximation function was

F approx — —Ln [(y 2 + a2?h/c] . (13~

3 i u i— —
~ i r r i i r i

\,
,,
,,
,,
/

CORRECT

\ ~ APPROXIMATE
2

‘ ‘ F
,

- -

0 I I I i i i I—
0 5 10 P5

y

Figure 2. Rondo function for E0 — neV and T — 1 • 25 1, corresponding
to c — E~JkT - 18.55. The dashed curve is the approximation

- , 
.
- -~ function of Wolf and Losee with ~ - 2.12 .

- _ _ _ _ _ _ _

1. I,. M~1f and V. L. Loses, Phys. Rev. B2 (1970), 3660.

10
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This function has the correct slope at y — 0, bet the wrong magnitude at
y — 0 unless a is chosen properly. Wolf and Losee used the
value a — 2.12, which causes F (y) to be too lar ge at y — 0. Also, the
correct Rondo function has larger slope than the approximatio n function
for all y > 0.

Shen and Rc)well3 stated that the result of a numerical integration
of the integral

tuB —LI f ’(t )f ’ (x )LnIt — x l dx dt (14)

was B ~ 1.35. The exact result , obtained from appendix B, is

£nB = tn (2w ) — 1 — y . (15)

This gives the correct value, B — 1.2978.

Problems of physical interest frequently require an evaluation of
the Rondo function at values of the argument m~tall compared with unity.
In such cases , it is convenient to use an approximation of the diganuna
function derived from equation (11), i.e.,

Re ~V( ~ + iy) = — y + y2 c(3) (16)

where ~(3) — 1.202 is the zeta polynomial . Then the Rondo function can
be wr itten

4 f(y ,c) = -inc + a + by2 (17)

where a = Ln (21r ) — 1 — y = 0. 2607 , and b = 3 C (3 ) / (2 1 r ) 2 
= 0.0776.

4. SUMMARY

The Rondo function, defined in equations (1) and (2 ) , was evaluated
by contour integration and shown to be expressible in the form given in
equation (8) . This differs slightly from the approximation functi ons
used by var ious authors . For example , the correct function has zero
slop, at the origin , whereas the function suggested by Appelbaum had

V - finit e slope . The function used by Wolf and Losee had correct slope at
the origin , but the magnitude was incorrect . In general , the correct
functio n has larger slope than the Wolf and Losee function and analler
slope than the Appelbaum function , for y -, 0. A definite integral
mentioned by Shen and Rowell was evaluated exactly and found to have a

-~~ 
:~r:~~~~ aller value than the approx imat e value they quoted .

- 
:

‘ 
-

- 

~L. Y. L. Schen and J. N. Rowell, Phys. Rev. 165 (1968) , 566.
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APPENDIX A.—CONTOUR INTEGRAL NO. 1

Consider the contour integral 
-

1(a) — _ f f ’ ( z )  £n (z — a)dz (A —i )

- 
- where the path is defined in figure A-i and

f’ (z) — —11(4 cosh2 (z/2)] . (A—2)

A branch cut is taken along the real axis from u = -
~~~ to u = a; thus the

logarithm is understood to be

— a) — Lnj g — al  + i~ (A—3 )

where + is the angle shown in figure A—i .

IV

(2n + i ) l r ,

2N7r/

. —:‘ 
U

Figure A-i. Contour in the complex plane used in
evaluating the integral of equation (A-i) .
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APPENDIX A

The function f ’ (z) has second-order poles at z = uT (2n ~~l) ,  where
n — 0, 1, 2 , . . ., and the residue of the integrand at the n pole is

— [a - i,r (2n + l)] 1 
. (A-4 )

The contour s encloses N poles , and the procedure is to take the limit as
N + , after the integral has been evaluated for finite N.

- The integratio n consists of four parts : integration along the real
axis, I~, integration along the top contour parallel to the real axis ,
12 , and integration along the two vertical legs. The latter contribute
nothing because f ’  (z) + 0 as the real part of z - ~~~ Therefore ,
accordin g to the theory of residues , the result can be written as

N-l
I1 + I 2 = 2 i r i~~~R .  (A—5)

n=O

Along the real axis, the phase angle is ~ — ii for u < a , and ~ = 0
for u ‘ a. Substitution of equation (A-3) into equation (A—l) therefore
leads immediately to the result

Ii = 5-J (a)  — i i r[ f ( a )—l] , (A —6 )

where 3(a) is the integral along the real axis , i.e.

J (a) — -.J f ’(u ) t n J u - a ldu . (A—7 )
-~

Along the upper contour , the logaritha can be written

tn (u + i2Nw — a) — tn (i2Nir ) + Ln(l + (u — a)/i2wN] . (A—8 )

Th. second term in equation (A-8) is less than (u - a)/i2Nit , which
approaches zero as N + °°. Therefore , the result of integrat ion along
the upper path 1.

12 — —tn(i2Nw ) + 0 (1/N) . (A—9)

Using these results , one ha.

3(a) — iw ( f (a ) — 1] — tn (2iNir ) — 2wi E (a — iii (2n + 1)3 . (A— b )
n 0

~
-
~

-- S
~-1- I
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APPENDIX A

Let ~ — ½ + i (a/2w) . Then the term on the right side of equation (A —].0)
can be written as

N-i N-i
2wi .1.~ v’1 ~ 1_ i . . (A-il)

Li a - i w - ( 2 n + 1)  
~n—0 n—i

A series representation of the digamea function1 is

Y(l + ~) — -y 
~~E n(n + F~) ‘ 

(A 1.21

n=0

where y is the Euler constant defj ned as

y = tim [s’~’ (9 ~inN~ . (A-13)

j
Using the recurrence relation

~~(]. + ~) — ‘V (~ ) + l/~ , (A 3 4)

one can write equation (A-il) as

J(~ ) — iw(f ( a )— ½3 + tn2w + Y( U . (A— 15) 
-~

- 

- 
Note that the imaginary part of ~‘ (½  +iy ) is (ir/2) tanh iry, which means
that Inttji ~~) exactly cancels the first term in equation (A-iS). The

- 
- final result is

3(a) = £n2 ,r + Re *(½ + (ia/2~)) . 
— (A— l6)

1N. Abramowi tz and I .  Stagun , Handbook of Mathematical
Functions, U.S. Government Prin ting Office, Washington , D.C. (1964),
259.
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~ APP~~JDXX B. --(~ NT0UR INTEGRAL NO • 2

The object ii to show that H(x ) defined as 
-

11(x) — -L f’(t)Re ~~(½ + i(t + x)/2w]dt (B-i)

can be expressed as

11(x) - -i + Re $ (1. + ix/2w) + x [Re 1(1 + ix/2w)J . (8-2 )

An integral representation of the digemea function is1

Y(a ) — - y + f ~~~ - ~ ‘~~~~~-~- d u . (8-3)i — e x p ( — u )

The procedure is to substitute equation (8-3) into equatio n (B-i) ,
S letting $ — ½ + i (t + x)//21r. One can perform ti~ trivial integrations

l diate].y . Then, having interchanged the order of integration in the —

third term, one obtains

— 11(x) - - T + . t ’ - sxp (-u) -

(8-4)

Re f _ )
~Lj i’ (t)exp (-i t/2ir)dt dv

The t—integral in equation (8-4 ) can be done by contour integration.
Consider the function

1(a) — (ex~ [z (1 — ia)Jdz (8—5 )
‘ [1 + exp (z)3, 2

defined by the contour sho,s~ in figure 8—1. Th. denominator of
equation (3—5) baa second-order pole, at z — iri (2n + 1),
n — 0,1, 2 . . ., and the contour encloses one of these poles. The
residue at z — ni is R —  i a exp (wa) . Let the integral along the real
axis be ll, and the integral along the upper leg, parallel to the real
axis , be 12. 12 is the same as Ii, except that the variable in 12 is

— u + 2 ~i, instead of z — u, as it is in X~ . Thi s introduces only a
iltip licat ive factor , so that

12 (5) — —exp (2wa) 11( a) (B—6 )

1N Abraaacwitz and I .  Stegun, Han dbook of Mathematical
7unction., U S Government Printing Off i ce, Wa shington, D C (1964),
259 
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It,

31T1

: 

12:1

Figure B-i. Contour in the complex plane used in
evaluating the integra l of equation (B-i) .

The integrals along the vertical legs do not contribute anything because
the integrand In equation (8—5) approaches zer o as u + ±CD. Therefore ,
according to residue theory, the result of the contour integration is

I~ 
(1 — exp (2wa)3 = ‘r2na exp(wa) , (3—7)

55 

- S

which becomes 
-

I~ 
(a) — sin~~iva) (B—a )

~~cept for a minus sign, the t-integral in equation (B-4 ) is the same as
I ~(a) , with a — */2ir . Therefore, equation (8-8 ) can be substituted into
equation (8—4), and the result written as 5 ,

11(X) — -y +
~~~ ~~~~~~ 

+

S
~SS
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APPENDIX B

Th. last term in equation (3—9) can be integrated by parts. The
• procedure is to use

J
’f d g _ f g ~~~_f q d f  (3-10)

where

f (u ) — u mip (1. - ux/2ir ) , (B—il)

and 
g(u) — -exp (-u)/(l - exp (-u)] . (3-12)

This leads to the result

_ _ _ _ _

2 1 (1 — iu~/2ir ) exp 1—u (1 + ix/2lr ) j du
J0 l - e xp ( - u)  -

By using (3-3), one can rewrite this as

ff (x)—-l + Re $(1+ix/2w)
• 1  - - I . i(B—l4)

+ X (R e *(i + ir,/2w ) ]

This is the result claimed.
I

I -.

~~

~ A

’

~ I •

•
•
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APPEND IX C. --CORRECTION TERM FOR FINITE COTOFF

S 
This appendix will show that the error incurred by letting a + in

equation (5) of the body of this report is acceptably email • The ~~~unt
5 added to the integral ~then the upper limit approaches infinity is

X(x ,c) — —f f ’  (t) Re ~~~5[~~~ + i(t + x)/2ir j dt • (C—i)

The dupl ication formula 1 for the digamea function gives

V (½ + iy) — 2Y (2iy) — V (ly ) — 2ln2 . (C—2)

An asymptotic expansion of the digaina function is

Re Y (iy) — m y  + (l2y2 )~~ + (12Oy”)~~ + . . . (C —3 )

From equations (c—i) and (C—2), one can obtain the result

Re V ( ½ + iy) — m y  — (24y2 Y 1 — 7 (96Oy~’Y
1 — . . . (C—4 )

Since —V Ct) > exp (—t) for t << 0, it is permissible to rewrite
equation (C-i) as the following inequality :

K(x ,c) <f  exp (—t)ln [(t + x)/2ir ldt . (C—5)

Integration by parts gives

K(x ,c) < exp (—c ) inl (C + x)/2ir ] +f  exp (—t ) (t + x) 1dt . (C-6)

The integral is less than exp (-c). Therefore , the final result can be
written as

I ‘ 
• X(x ,c) c exp (.—c) (1 ± mn [(t + x)/2w]) . (C—7 )

Sample values of the correction term are K(5, lO) > 4.6 x 
~~~~~~~ and

~(lO ,l0) < 5,3 x l0~~. These are email compared with the values of the
corresponding integrals.

1N. Abrawwitz and I .  Stegun , Handbook of Ma thematical
-

• - Functions, ~ov.r Publica tions, Inc . (1965), 259.
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