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ABSTRACT

The general problem treated in this report is that of extracting

structural information -from an object In a scene. -In particular,

syninetries are used as another--in addition to the average intensity

values--globa l coarse picture parameter subregion characteristic , of

a pi cture that has been regularl y decomposed to a d imens iona l ly reduced

subset. Regular decomposition is a procedure through which a picture

is subdivided in a particular way, leading to a data structure repre-

S sentation of the information which preserves geometric and topological

S relationships among pixels or among aggregates of pixels (substructures)

found in the original picture .

A proposition for a recursive algorithm is given which , when applied

to a regularly decomposed picture whose important information -is kept

In a tree data-structure, specifies the tree nodes (i.e., picture sub-

regions of various sizes) that must be paired (or compared) to identify

• ~. (or extract) possible symmetries present in the f igure , along var ious

directions .
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SECTIUN 1

INTRODUCTION

S The general probl em treated in this report is that of extracting

structura l irifor—m ation from a regularly decomposed picture .

• The theme of this report is that the key to effective use of dig-

ita l computers in picture processing is in partitionin g before aoplyinq

local techniques. A character istic of the huma n picture analysis

process is a hierarchical type of functioning . People first group

data in perceptual levels; these are then further grouped into sub-

divisions. Experiments conducted {42] on the ways we describe aerial

terrain photographs --or , in genera l , complex pictures-—concluded that:

(1) if a picture has a central then~e, we respond to it and relate other

portions to it and (2) if a picture has no central theme , but is to-

tally diffuse , we partition the picture into quadrants (“upper right ” ,

‘upper left ’ , etc.) and either describe each region separately or the

objects within the quadrants and their relationships. The analysis of

a complex picture by computer can often be broken down into two steps

147i : (a) Discrimination of “uniform regions ” within the picture (a

• reg ion can be “uniform ” with respect to values of any of several local

properties ) and (b) description of figures wi thin the picture which

can be built up out of these regions.

- 
• The regular decomposition scheme [2-3 , 36-37] of the next section

divides a picture into subquadrants. These are either further sub-

S divided or discarded according to the amount of important information

~~
• they contain.

The conjecture [18 ! that use of global information can improve

computer an a ly .is of pictures (compared with blind application of local

1 
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operators) is supported by results. The application of a local cri-

terion too often destroys needed information. However , the main problem

encountered in the global methods is the fact that the search space is

very large , tens of thousands of points in a picture , and the combina-

S 
torics of the problem force unacceptably long search times [45]. There-

• fore, in the field of Artificial Intelligence much research has been

done on developing heuristics for reducing search.

Regular decomposition is a hierarchical method for search of prac-

tical representations of scenes based on recursion via subblock storage.

Average grey level intensity over the cells ii a given subbloc k is used

below as the decision -driving parameter. Our tree structure provides

implicit topological relationships among the picture subquadrants. At

a specific level of the tree, all existing entities (for brevity we use

entity to mean any subquadra r,t retained in the tree representation of a

picture) are uniform in size and shape . The tree l evels give implicit

relationships (“belongs to” or “is contained in ”) between nonuniform

entities: i.e., groups of subquadrants , possibly of different size.

This tree data structure can be searched and picture objects retrieved

by processing it.

The analysis of a difficult problem often l eads to the discovery of

• symmetries , and these in turn l ead to a simplificati on of the problem .

Simplification of probl ems through use of symmetries can be viewed as an

S application of group theory. Symmetry groups are a part of algebra but
• 

they also relate to the field of gra~hs. Specifical ly, they permit

identifica tion of whether a graph is invariant under rotations and

reflection s. Also symmetries are us~d in games , to reduce the num ber of
distinct decisions to be made or niov~s to be taken , and in puzzles to

help reduce the search for solutions,

2
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Natural objects , as well as man-made structures and symbols ,

frequentl y possess axes of symmetry . An el ementary example of pic-

torial objects divided by their symmetry properties are the letters

of the Roman alphabet. Polya [1, p. 89, prob . 18] noted that sub-

S sets with horizontal , vertical , central , all three , and no symmetries

exist within the twent 1-six letters. Since classifying an unknown

image pattern by a limited series of measurements is a typical pattern

recognition probl em , using symmetry data aids in that in the example

of alphabetic characters and may do so in more general cases.

In order to use symmetry properties in computer processing of

visual data (such as photographs or graphic displays) , it is necessary

to develop algorithms to evaluate symmetries in two-dimensional data

sets with minimum computational effort. This report is an initial

investigation 0-f the theoretical properties which underlie such

algorithms . The calculations are applied to the area of pattern per-

ception by automatic means. We are primarily concerned with carrying

the regular decomposition procedure i nto structural feature identifi-
S S

cation and extraction. We fi rst apply the regular decomposition scheme

to a picture and then work with a dimensionally -reduced data base: a

structured tree. Our goal in extracting symmetry data from general

pictures is to aid registration (“lining up ” or locating of key

directions), object. location , and recognition. We are trying to: iden-

tify existing relationship s between tree nodes and structural features

• of objects. In general , structural features include symmetry , shape ,

perimeter , straight lines , etc . We al so wish to derive (optimum)
S algorithms for extracting structura l information from the tree repre-

sentation of an object and for identifying invariant picture substructures.

__________ S • - S~S S •-S ~~~~~~ 5’-SSS S~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Fi nally, we seek to define “uni form” regions , where uniform ity is based

not only on intensity but al so on the structural properties of an object.
S 

The results are set forth as propositions regarding l evels wi thin

a grid superimposed on a picture . By recursive refinement (deeper levels

are found in finer partitions of the picture region) these propositions

can be applied to reduce the computing time needed to characterize the

symmetry properties of a scene. Resul ts obtained include the identifi-

cation of tree nodes that must be paired (or compared) at each tree

level in order to identify (and extract) directional symmetries present

• in a picture . When searching the tree for a certain directional symmetry,

we stop examining the successors to a node pair if that pair does not

belong to the directional syni~ietry set being examined . We i ncorporate

“no move to next level if the examined pair of nodes is not a class of

the exami ned symmetry” (successors can never be combined to yield this

symmetry class at higher resolution) in our algorithms .

S The initial investigation we report regards only four directional

symmetries : horizontal , ver tical , right diagonal , and left diagonal .

We propose a recursi ve algorithm for identifying tree nodes corresponding
S to these four directional symmetries at various degrees of picture

resolutions (or tree levels).

0
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SECTIO N 2

REGULAR DECOMPOSITION OF PICTURES
(AND THEIR TREE-REPRESENTATIONS)

2.1 INTRODUCTION 
S

“Picture digitization ”, i .e., couverting the two-dimensional

analog signal into dlgital,~ rece~ds any apDllcation of digital com-

puters to picture processing . Digitized pictures are two-dimensional

arrays of “picture elements ” (or pixels) similar to matrices. Electro-

optical scanners are used to perform this analog-to-digital conversion ,

and each pixel is an average of local light intensity in the picture

around a point. This  average intensity is usually quantized , for real

p ictures in an eight-level quantization, and thus the digital form of

a pixel corresponds to an 8— bit byte. Through the most oftenly used

S “raster-scanner” or “flying spot scanner” (although as we will see

below , other types of picture scanning may be more advantageous), a

picture is represented as a series of bytes which correspond to first

row leftmost point...first row rightmost po-int...second row leftmost

...second row rightmost ... last row leftmost ... last row rightmost
4 p

point . In this “series of rows” representation , the “points ” have
S a nonzero diameter given by the optical properties of the scanner.

S The “spread” or spot size and averaging characteristics may differ
- 

between scanning devices , as may the number of l evel s of quantization

of the average value stored. In addition , pixels will not correspond

exactly to the same points or spots in a picture even If the same

scanner is used twice on a given image.

5
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In quantity , a 500 row, 500 points per row array, or briefly a

500 x 500 array, would roughly correspond to a television image , while

S pictures of real scenes (military reconnaisance data , radar multi —

target data , etc.) are of size 1024 x 1024 points. It is seen, there- 
S

fore, that we are talking on the order of 106 pIcture elements (or S

bytes), arid in trying to handle them by computers we immediately face

the storage limitations that computer central memories present. The

S 
- same limi tations occur in processing time series data such as electro-

cardiograms - where events of similar shape occur repeatedly - or

other biomedical applications data, such as x-rays, chromosome cell s,

etc .
S 

A major common characteristic of such pictures is the fact that S

not all these sampl ed data convey useful information . For example , -~

in scenes of aerial photographs larqe areas of the photo are uniform, S

F thus being of little or no Importance. In time series data , certain

“regularities ” and “repetitions ” exist which add very littl e to the

total useful ~nformation. In processing these data , little or no
S 

time should be spent looking at those noninformative areas. There-

S fore, the key problem to pattern recognition and scene analysis is 
-

“data reduction ”, I .e., filtering out noninformative areas and keeping

only the more complex portion of the data .

Two of the many ways by which this can be done are: S

(1) by structuring the data a :cording to goal-oriented criteria S

(e.g., through data reduction heurictics designed to el $mlnate oartl- S

cular kinds of irrelevant information), and 
S

6 
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(2) by subdividing the probl em into smaller and easier-to-

handle subproblems (e.g., by ~~strictIng the probl em domain to a

limited number of possibl e inputs).

The above two ways are nOt necessarily independent of one

another. All problem solving activities are characterized by these

properties of data “over-richness ” and problem “over-compl ex ity”, the

first requiring search procedures for identifying useful data struc—

S ture formations, the second involving task segmentation.

Separation of “objects ” from their noninformative background

has long been a major concern in pattern recognition and scene analy-

sis [8-10]. Many isolated objects present in a two-dimensional array

is a characteristic of chromosc~ne data. In [11] over io6 sca nned

elements , from more than forty objects in one picture , were first

reduced to some lO~ data points , each a left or right end point of an

object at some vertical ordinate. A similar data structure is pre-

sented -in [l2~ where a system for olcture search is presented which

is applicable to contour maps and aerial photographs. Direct object

identification was also done algorithmically, emoloying edge detec-

tion and line fitting procedures [13-15] while others have performed

extensive analysis relating to region properties (union , intersection ,

comon boundary) [16—19], distance properties [12, 21], chaIning of

boundary points [22] and subsequent direct Identification of separate

objects. In an analogous fashion , Barrow an d M i l ner [25] suggested

a similar approach for hierarchical synthesis. In [26), they performed

$
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a match in an incremental fashion by building up correspondences , one

pair at a time. A partial match was evaluated by determining how many

of the relations in the model structure agreed with their correspond-

ing picture relations.

All these techniques have the major disadvantage of investigat-

ing long tape files (i.e., exhaustive point-by-point search) to

determine structural properties of groups of pixels or to identify

objects in a scene - a cumbersome and large-computer-time consuming

4 procedure . Furthermore , since they involve a “bottom-up ” segmentation

1 - the use of raster point values to build up a more globa l picture

description - they require local picture processing operations first

to be performed , with all their related local noise influences [ 16 ] .

Thus , the trivial cases of large uniform- i~,tensity regions (noninfor-

mative areas), consume an unnecessarily large amount of computer pro-

cessing time.

The “top-down ” approach of regular decompositions of two-dimen-

sional arrays (subdividing the probl em into smaller and simpler ones )
S has been independently proposed by many workers in computer graphics

123 1 , scene analysis , architectural design [6] and pattern recognition.

Warnock [4, 2Oi used successively finer squares in his hidden -line-

• elimination algorithm. SRI ’s mobile automaton [5] utIlizes a “grid-

model” which subdivides the automaton ’ s visual environment to an S

arbitrary degree of precision for determining the feasibility of a

proposed journey path . Many others have also followed this “de- S

composition-into-regions ” Idea as a preprocessing step to their

analysis. Barrow and Popplestone [-~4] were first converting the TV

S 

8 
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picture i nto a set of reqions of uniform br1qI~tness ~nd were deter-

mining properties of those regions (compactness , triangularity) and

relations between them (adjacency, left of). Then this structure of

regions with given properties and relations was in turn matched against

standard structures prev iously stored. A similar procedure of regu-

lar decomposition was i ndependently propeeed in [2].

The advantage of the decomposition or top-down approach is that

S the previous extremely local raster scan representation is now being

replaced by a more globa l data—structure. Furthermore, this way of 
S

S 

processing pictorial data spends little or no time looking at simnie

and nonin-formative areas. Two major disadvantages of this decomposi-

tion are: (1) the arb itariness of the regular decomposition dividing

lines for areas and (2) the decision rule whether to “partition

farther”. The two ways of overcom ing these disadvantages , that of

using neighboring subquadrants to “soften” the regular decomposition

boundary lines , and that of performing adaptive adjustment of para-

meter threshold values will be discussed in a subsequent section.

S Ways of i ncorporating additional subregion characteristics , besides

j ust average subregion intensity values , will also be suggested in

this report .

In the following section we describe the regular-decomposition

image-processing algorithm for structuring the picture data and Oh-

S tam ing informative or complex portions of a picture.

j 
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2.2 REGULAR DECOMPOSITION OF PICTURES

2.2.1 General

There are many ways of performing the two-dimensional to

one-dimensional transformation of pictures , the raster scan or line-

by -line digitization and serial storage being the simpler and most

often used . It is also wel l known that a picture array can be thought

of as a special case of a tree—structure . The particular equivalent

- 
tree-structure depends on the pixel relationships we want to exemplify.

4 
For example , Fig. 2.2 represents the equivalent tree-structure of the

4 x 4 picture of Fig. 2.1 where row relationships are explicitly shown ,

while Fig. 2.3 represents the tree—structure of the same picture where

column relationships are explicitly shown .

P11 ~12 
P13 P14

F’21 P22 P23 P24

~3l P32 P33 P34

P41 P42 P43 P44

Fig. 2.1: A 4 x 4 Picture

S ~~~ P2,* ~3,*

P //~~~~~~~~~~~~~P11 P12 P13 P14 P21 P22 P23 P24 P31 P32 P33 
p
34 P41 P42 P43 P44

I 
Fig. 2.2: The Equivalent Tree of Fig. 2.1 , Where S

Row Relationsh jpc Are Explicitly Shown .

10
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P*,2 P*,3 P*,4

//\\ //\\ A\ /A\
4 

p
11 

p
21 

p
31 

p
41 

p
12 

p
22 P32 P42 P13 P23 P33 ~43 

p
14 

P24 P34 P44

Fig. 2.3: The Equivalent Tree of Fig. 2.1 , Where Column
Rel ationships are Explicitly Shown .

In neither of the two tree representations however, i.e.,

neither in the series-of-rows nor in the series-of-col umns representa-
S tions , are the geometric relationships among pixe ls preserved . The

- particular way one chooses to build the data structure reflects the
- 

user ’s priorities about the accessibility of certain properties con-
- tam ed within the data base , and the above-mentioned two representations

S yield the least desirabl e way of storing and accessing the picture el-

ements and the most cumbersome way of identifying geometric features of

objects in the image . Besides these horizontal and vertical lines ,
S there are many other straight lines (e.g., diagonal lines) or line seg-

S ments (e.g., lines that resul t from applying edge operators like the

pseudogradient) that we can define for the picture . Important aspects

I in the scene analysis procedure are line interrelationships , line densi-

ties , etc. Furthermore, only local intensity has been used as the coarse

11
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picture parameter , while other more global parameters , features (which

are aggregates of pixels) and relationships may be better (such as

S average region intensity , syniiietry , shape , etc.). Furthermore , struc-

tura l or syntactic pattern recognition methods [27-331 present serious

limitations , and semantic-based techniques using contextual information

should be also used [34]. Structuring the pictur e by regions , instead

of by individual pixel s, and labeling the nodes of the new tree by gross

statistics provides i nformation for accessing regions in the picture

where important objects are found [35].

2.2.2 Subquadrant Tree Structures

Through the regular decomposition , the equivalent tree- 
S

structure of Fig. 2.1 is given in Fig. 2.4. The entire picture array

P ha3 four subquadrants F’a ’ ~b’ ~~ 
and and this tree structure

directly reflects area coherence rather than row (Fig. 2.2) or column

(Fig. 2.3) coherence [37].

(upper left (upper right (lower left (lower right
subsquadrant) subsquadrant) subsquadrant) subsquadrant)

P ~ 4 \\\\\
11 12 21 22 33 34 43 44

Fig. 2.4: Tree-structure Resulting From the Regular
Decomposition of ~ 4 x 4 Picture Array P.

S
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For an nxn square picture P , where its 1th row ~th column elements are

denoted by P[i ,j ], i=l ,2 ,... ,n, j=l ,2 ,. ..,n, then the four subquadrants

1’a ’ F’b~ 
‘ac’ F’d are given by [37]:

= {P[i,j] : 1 � i ~ , 1 ~ j � 
~~

- j
Pb = {P[i ,j] : 1 � I � -~~

- , (
~

-+ i) � j n}
(2.1)

PC 
= {P[i ,j] : (

~
.÷ 1) � i � n , 1 � j  � 

}

F’d ~~~~~~ : (
~

-+ l )� i � n , (-
~
- + l)� j � n }

S In [37] a useful method is given for locating the center of such regular

decomposition regions. Fig. 2.5 below illustrates this quadrantization

scheme for a single l evel of decomposition.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Fig. 2.5: One Level of Regular Decomposition.

Equations 2.1 can be easily carried out to a second level of decomposition

as fo ll ows :

.5_i -~

~IhlIIki55~_55
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‘
~aa = {P[i ,j] : 1 � i � -

~~
. 

, 1 j 
~

= {P[i ,j] : 1 � I � , (
~ 

+ 1) � j � (2.2)

~dd = {P[i , jJ (
~~

+ 1) � 1 ~ n ,(
~~

+ i )� j  � nJ
Informally, a quadrant is a discrete , rectangular area of a picture

characterized in terms of its intensity , relative position within the

- 
picture , and its size. Hence , for implementation , a quadrant is char-

acterized by a 5-tuple of characteristics as follows :

c= <Intensity , x_min , x max , y_min , y_max> (2.3)

For the genera l case , the quadrant subdivision is done by dividing each

of its sides in half and then assigning the appropriate new vertices to

each subquadrant. The functions floor (U ) and ceiling (ri) are used
so as to make the boundary lines along integer positions and to make the

four resul ting subquadrants disjoint (Fig. 2.6). These are defined as

S follows : S

Yp mm Yp max
x~m in - 

[(x mm + x max)]
P P p p

a b 
,,

~~~ 2

P
C / 

~~~~~~~~ 1(xp mm + x~ max)1
Xp i lä X / - \ 2

[(yr mm + yp max)/2]’ \[(yp mm + yp max)/21

Fi g. 2.6: Integer Boundary Va l ues of the Four
Subquadr-ants of Quadrant P.

— . ________ 
5 
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Let P be the label of a quadrant whose properties are Cp

Cp = <I p, Xp twin , Xp max , Yp tIllfl , Yp max >

Then the root-labels and properties of its four subquadrants 
~a ’ ~b’

~ 
and 

~d 
are :

1)

iYpa
max 

C
X PaIfl8X

C pa J - J S 
I ( x ,y)dxdy ,xpmin~ L(xpmin+x pmax )/2j,yp rn i n ,

~
(y pmin+y pr1ax)/2j)

~
t
Pa mbn X~~~~~ f lh1f l

-

~~~~ 

2
~~~ b

S (Ypheax 
C
xpbmax I r

Cpb <J - J - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~Ypbmlfl x pbmln

~
yp~

max ç X p~fflaX

~~ <~~
p
~

fl
~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

S 

~~~~

ypdmax x pdmax
Cpd 

ypdm in X
~) d

‘IS

1,
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-: 2.2.3 Methodology of Regular Decomposition

S The way this picture decomposition in quadrants is being

performed is as follows [2-3 , 36-37]:

Initially, the entire picture two-dimensional array of gray S

level values is considered as a quadrant. We exami ne the whole quadrant

S to see whether there is anything info rmative there . The two critical -

issues in th is procedure are : (1) to define an “importa nce factor ” for

— the area examined which will give a measure of “informativeness ” (this

S i s very d i ff i cu l t  because , in the general case , both syntactic and Se-
,~. 1

mantic information must be taken into account), and (2) to incorporate

S an appropriate discrimination function for looking into further details

of the informative area . The following three possible cases exist:

I. If the area j~ characterized as noninfo rmative ,

then that area of the picture may be eliminated

from the data structure without significant data

S l oss. Such cases are for exampl e large homogeneous

areas.

2. The area is characterized very informative (the

discrimination function identifies many important

features) and , therefore , this data must be saved

in the data structure.

3. In the third case, the area is characterized with

enough importance that makes us--at least so far--

I not sure on whether it should be eliminated from

or whether it shoulc be saved in the data structure .

The picture must , ti erefore, be further subdivided S

into four quadrants and ask the same questions about

each one of these fc ur subquadrants .
16
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So far we have been experimenting using only intensities as
S the coarse picture parameter and obtaining experimental results by thresh-

olding the picture using various threshold values . The importance of any

subquadrant is defined relative to only its parent quadrant. The relative

importance d(P ,P~) of a subquadrant P* (where * = a ,b ,c or d) within a

quadrant P is defined as:

dtP ~ ) = 
IntensIt y of subquadrant_~~

S 
‘ ‘ * Intensity of quadrant P

This , d(P ,P*) represents a percentaqe of information relative to the sur-

-~ round i n g area , and this function is convenient since it is independent of

depth in the tree. S

The pi cture descr ipti on func t io nc~(d) =o’..(d(P,P~)) is defined

S as the importance of a quadrant P* in picture P. The following is an

arbitrar y discrimination function using threshold values 01 and 02
informative , 62 � d(P,P~) � 1.0

S c~(d ) no t sur e, 01 � d(P,P~) <

non-informative , 0.0 � d(P ,P*) <

Thus , the data-structure-creating algorithm is as follows :

1. Find total intensity .

p 2. Partition into four subreg ions.

3. Refine any “not sure ” subreqion , i.e., one with

intensity greater than 0-~ and less than 02 of

- p the one higher leve l intensity .

4. Do not retain any “non-informative ” subregion , i.e.,

one with intensity less than of the one hi gher S

~ level intensity .

17 
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5. Stop refining ,when an “informative ” subregion , i.e.,

one with intensity greater than 02 of the one higher

level intensity . S

There are two ways of actually implementing the picture

decomposition into its tree quadrants:

The first way corresponds to the bottom-up method , operating

on long “tape-files ” that have been generated by a common raster scan

procedure . Therefore , adaptation and processing of the actual sampled

image is necessary . This is done b5y bringing into m a n core a few “line

slices ” at a time and processing them to extract all the useful information

for the tree generation. Quadrant subpictures represent compact areas of

picture elements.

The second way corresponds to the top-down method , assumes

that the sequential nature of tape records is an inappropriate data

structure and therefore eliminates the conventional raster scan techni ques.

Unconventional scanning equipment could be built to retain information

about neighboring pixels and picture quadrants and to evaluate local

logical functions to decide which are likely structura l relationships.

Data could be obtained by logical circ S . i try clocking performing non—

S uniform and adaptive picture scans under computer control ~38i. This

second method l eads directly to hardware (processing of parallel sensed

picture points) [391 or software (parallel picture grammars) [401

S implementations.

Details of overcoming the disadvantage of the arbitrariness

of the regular decomposition dividing lines through the notion of

“neig hborhood quadrants ” (i.e., “softening ” the regular decomposition

18
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boundary lines through heuristics for searching neighborhood quadrants

i i  
~
, for added linkage information) and methods of merging important quadrants

to obtain connected areas in the scene in terms of a specific subtree,

are given in [36] . We will only repeat here the advantages of regular

S 
decomposition as stated in [36]:

1. Via unconditional partitioning , pictures which are

S physically too big to store in fast memory at one time ,

can be processed as a sequence of subpictures extracted

during preprocessing .

4 2. Regular decomposition enables addressing for rapid

- access to any geographical part of the image .

3. Regular decomposition ret~ins explicitly in the data

structure a hierarchical ~escription of picture

patterns , elements and their relationships. Hence ,

this scheme may a lso be used in conj unction with syn-

tactic pattern recognition algorithms [41-44].

• 4. Represen tations permit recursive analysis of subpictures.

5. The procedure treats all picture points alike. Hence ,

it does not prefer objects with any directional orienta-

p tion or picture location.

6. The decomposition al gorithm contains major routines

( trave rsa l , tree-creation~ which are independent of

p image class. Small changes can adapt regular decomposi-

F tion to widely different types of pictures .

7. The resultant tree data struct ure distinguishes object

I 
P from non object (or background) and enabl es processing to

S locate separate objects. S
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SECTION 3

BASIC S”~MLTR IES AS COMB INATION-CLASSES
S OF THE TREE’S NODES 

S

3.1 1 ODUCU ’~

In tr is section we present the relation ships between directional

syme~~i~ s and the nodes of the picture ’s tree representation . Two
*grid points , ly ing symmetrically opposite with respect to a given line ,

S 
constitute a “class ” denoted as S

~
?’ ~~ ), where :

A : the tree level at which these grid points are

found (as we will see below).

S I : the ith “set” , to which all classes containing

grid points that lie on the same straight line

in the picture array belong.
S j  : the jth class.

the direction along which the grid point s lie (i.e.,

along a line perpendicular to the given axis of

symmetry).

Each of the above mentioned sets is denoted as s~( ~ ) and contains
S 1

all classes ~~~~ ), j=1 ,2,3 

Our initial investi gation is restricted to examining classes only along

the following principal directions:

1) ~ = h : along a horizontal direction (O
O 
or 180

0
), whe re

we are examinin g grid points lying symmetrically

• opposite a vertical line.

*Such a line correspond s to an ‘ ax - s of symmetry” , and the two grid
points of a pair are equidistan t from this axis.

p 21 ~ - - .  - :. —
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•~ 2) p= v : along a vertical direction (90° or 270
0
),

where we are examining grid points lying S

symmetrically opposite an horizonta l line.

3) ~= r : along the direction of a right—diagonal
S line (45° or 225°), where we are examining

grid points lying symmetrically opposite

a left-diagonal line.

4) p £ : along the direction of a left-diagonal S

line (135 ° or 315°), where we are examining

grid points lying synunetrically opposi1 e a

ri ght diagonal line.

In the general case , of course , we may define more directions , thus F.

establishing larger sets of such directional symmetry classes .

In the fol l owi ng paragraphs , we present ways by which these grid

points (given as nodes of the corresponding tree) are paired to define

various symmetry classes , along the above mentioned four principal

directions. We will be referring to square grids of dimensions 2~’x 2 A,

where A = 1,2,3,... ,n. As mentioned before , A also denotes the tree

level . For each of the four main directions , we first present a detailed

analysis for A = 1,2 and 3 and , then , generalize for the case A ( i .e.,

for 2~’X 2 A grids).

3.2 HORIZONTAL SYMMETRY CLASSES ( ~.i = h)

3.2.1 Grid Size: 2x2 (i.e., L3vel One: A = 1)

At this level 1, the orijinal grid P is partitioned Into the

four equal subgrids 
~a ’ ~b’ ~~~~ 

P~1 of figure 3.la . The corresponding tree

structure of this grid is shown in Figure 3.lb. Each subgrld of Fi gure

3.la corresponds to a node of the tree at l evel 1, or to a “l evel—i node”.

22
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p

~a ~b

~c ~d 
level 1 

~~~~~ 
PL Pd

(a) (b)

F i g. 3.1: Level 1. (a) The 2 x 2 Grid;
(b) Its Tree Representation.

For the “horizonta l symmetry classes ” (o r “h-symmetry classes ” , or

simply “h-classes ”), the picture ’s grid points are paired as follows :

(
~a 

with 
~b) 

and wi th 
~d)

This is shown on the original picture as the shaded squares

of Fi gure 3.2a , and on its tree representation as the solid line s of

p Figure 3.2b. Following our notatic i , each such pair constitutes a sym-

metry class denoted by ~~~ (h), where the subscript i distinguishes

among the various sets, and the subscript j distinguishes among the various

P classes.

The resulting h-classes are given (Figure 3.2c) as:

(I~~ ~f•) ri— ~~~~ r b
P (3.1)

These two classes correspond to the two sets :

s~ (h) = 

~L1 (h)~
~ (h) = ~ (h) 

( 3 .2)
2 ~,L

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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(h) 4,i (h)

(a) (b) Cc)

Fig. 3.2: Horizontal Symmetry Classes at Level 1. (a)
The Paired Grid Points (Shaded Squares); (b)
The Corresponding Paired Nodes of the Tree
(Solid Lines); (c) The h—classes .

3.2.2 Grid Size: 4x4 (i.e., Level Two: A =  2)

At this level 2 , the original grid P is partitioned into I I
the 16 equal subgrids ‘aa ’ nab’ ~dc ’ ~dd shown in Fi gure 3.3a.

The corresponding tree structure of this grid is shown in Figure 3.3b . S

Each subgr id  of Figure 3.3a corresponds to a node of the tree at level

2 or to a “level-2 node”.

S 
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~aa~ ab~ ac 1
~ad ~bc 

1’ca ~da

(a) (b) 
S

Fig. 3.3: Level 2. (a) The 4 x 4 Grid;
(b) Its Tree Representation.

For the h-classes , the picture ’s grid-points are pa i red

as follows :

(‘
~aa 

wi th Pbb~ 
and frab with ~ba)

(
~ac 

wi th Pbd)and (pad with Pbc)

(pca with ~
‘db~ 

and (
~cb 

wi th 
~da~

with Pdd~
and (

~~d 
wi th Pdc)

Th is is shown as the shaded squares of Figure 3.4a or the

solid lines of Figure 3.4b . The resulting h-classes are given

(Figure 3.4c) as:

S 
S~~1 (h) 

= 

~ aa ‘ 
1’bb~ and 

~~~ 
(h) = 

~ ab ‘ ~ba~

~~~ 
(h) = 

{~ac 
‘ 

Pb4 and ~2,2 
(h) = {~ad 

P
bi4 

S

2 2 (3.3)

S 

S3,1 (h) 
= 

~ ca ‘ 
~db~ 

and ‘3,2 (h) 
= 

~ cb ‘ P
da}

S S~~1 (h) = 

~ ~
‘dd1

ç 
and ‘4,2 (h) = 

~frcd 
‘ ~dc~ 

S

25

55 ~~~~~ - -~~~~~~~ 
~~~~~~~~~



All classes with equal firs t subscript s , constitute a set

(in this case,an h-set). Thus , from Fjgure 3.4, we have the following

four h-sets :

s~ (h) = {s~~ (h) s~ 2 (h )~

s~ (h) = {s~ 1 (h) , S2 2 (h)~ (3.4)

~ 
(h) = (h )  ~~ (h)}

s~~(h) = {S~~1 (h) , S~~2 (h)}

s
~
(h
~

~~~~~~~~~s~(h)

~~~ I I 1 ~~~~~~ s~(h) 
s~ 1 (h) s~ 2(h) s~(h)//

s~ (h) 
s~~h)

s~(h) S

F ( a )  (b)  (c )

Fig. 3.4: Horizontal Symmetry Classes at Level 2. (a) The
Paired Grid-points (Shaded Squares) Which Define
Sets ; (b) The Corresponding Pai red Nodes of the
Tree (Solid Lines ); (c) The h-classes .
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3.2.3 Grid Size: 8x8 (i.e., Level Three: A = 3)

p At this level , the original grid P is partitioned into the

64 equal subgrids 
~aaa ’ ~aab ~ddd 

shown in Figure 3.5a. The

corresponding tree structure is shown in Fi gure 3.5b , where its termi-

p na l nodes (leaves) are “level-3 nodes ” .

P
S aaa~~~

S aab

/
~~~~~~~

P

/

Pbbb

~E E E ~~
: 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
p aaa dda ddccc r ddd
(a) (b) S

Fi g . 3.5: Level 3. (a) The 8 x8 G rid; S

S (b) Its Tree Representation .

S For the h-classes , there are 32 pairs of the picture ’s grid

S points which form the following 32 h-classes :

S
~~l (h)={P aaa~Pbbb S S~~2(h)=

{Paab~Pbba } ~ 3
(h)=fP abb,Pbaa } 

;1 4 (h)= [Paba ,Pbab }

S ~ ~~~ 
(h)={Paac~Pl)bd )S~ 2 aad ’~bbc~ 3(h)={Pabd~

Pbac
} ;3 3 (h)={P dbC ,Pbdd }

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

S
~~l (h)= Pacc ,Pbdd ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

s~~1 ~~~~~~~~~~~~~~ 2 c a b ’~d)a~ 
;
5 3

(h)55{Pcbb~
Pdaa } ;5 4 (h)= {Pcba ,Pdab }

S
~~l (h)=iP cac~

Pdbd S~,2
(h)=

~
Pcad~

i’ d~c
} i6 3 (h) Pcbd~

Pdac}~64
(h)55{Pcbc~

Pdad }

s~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
S

S
~~1 (h)=fP ccc ,P(1dd S8 2 (h)= (Pccd,~ddC };g 3 (h) h 1

cdd,Pdcc })8 4 (h)={P cdc ,pdcd~

27
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These classes form the following eight h-sets :

S 

s~ (h) = {s~ 1 (h) ~ S~~2 (h) . S~~3 (h) ~ S~~4 (h)}

s~ (h) = {s~ 1 (h) s~ 2 (h) s~~ (h) . s~ 4 (h)~ (3.6)

s~ (h) (h) s~ 2 (h) . s~ 3 (h) s~ 4 (h)} 
S

These ei ght sets are shown in Figure 3.6 (shaded squares). Figure 3.7

1 
shows the respective fi rst 16 classes which correspond to the top four

sets of Figure 3.6. (The pattern of node combinati ons in Figure 4.7

also repeats itself for the right most 32 nodes of the tree.)

~~~~ p :~~::~~:.:: iii ~ S
F I— — - 5 5 — — — — —  . U ~~~~~~~~~~~~~~~~~~~~~ — — —

S — - — 5 — — - - -  - — - — — 5 - - -  - - _

• 

~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~

S - - - -5 --  - - - -  S 
S

Fig. 3.6: Horizonta l Symetry Classes at Level 3. The
Shaded Squares Identify the Eight Different
Sets.
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3.2.4 General Case: Grid Size 2A x 2 A (i.e., Level A~
At this level A the origin al grid P is partitioned into

x 2~ 4~ subgrids . Each such subgrid is denoted by the l etter P

ha vinj )~ letter -subscri pts. The tre-~ representation of P has (at

level ),4A nodes , wh i ch may be pa - red to form p = h—c lasses .

These p h-classes form k = 2~’ sets. ~ach set containing t = ~~~
classes:

s~ (h) = ~S~~1 (h) . S~~2 (h) s~~ (h)}

s~ (h) = ~S~~1 (h) S~~2 (h) . s~~ th)} (3.7)

s~ (h) = ~S~~1 (h) S~~2 (h) . s~~ (h)}

3.3 VERTICAL SYMMETRY CLASSES (
~~ 

= v)

3.3.1 Grid Size: 2x2 (i .e., ~ = 1)

S The 2 x 2 grid and its corresponding tree structure were S

shown i n F ig ure 3.1. For the v-classes , the picture ’s grid-points are

paired as fol lows :

(~a 
with 

~c) 
and (~b 

with Pd)

This is shown on the original picture as the shaded squares of Figure

3.8a and on its tree representation as the solid lines of Figure 3.8b.
S The resulting v-classes are given (Figure 3.8c) as:

S 

S~~1 (v)~~~ P ~~a c 
(3 8)

~2,l 
(v) = {I ’ L) .

S 

31) 
~~1

S ~~~ ~~~~~~~~~~~~~~~~~~~~~~ -— ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~:~~:S~~ 
S~ 

~~~ S _5- _~~~5~~~~~~~~~
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These two classes correspond to the two sets:

S 

s~ (v)  z ~s~ 1 (v)~

4 (v ) = ~S~~1 (v)~

~~

ç

~
tj 

~a~~~~~~~~~~~~

’

2”
H /

/
/\

~d 
S~~1 (v )  

~~,l
(v)

(a) (b) (c) S

Fig . 3.8: Ver tica l Symmetry Classes at Leve l 1. (a )  The
Paired Grid Points (Shaded Squares); (b) The
Corresponding Paired Nodes of the Tree (Solid 

SLines); Cc) The v—classes .

3.3.2 Grid Size: 4x4 (i.e., A= 2)

The 4 x 4 grid and its tree representation are the same as
• the ones shown in Figure 3.3. For the v-classes , the picture ’ s grid-

S points are paired as follows :
S 

(~aa wi th and (I with Pca)

(Pab wi th  
~cd) and (1ad wi th Pcb)

• (Pba with PdC) and (~bC 
with Pda)

(Pbb w i t h  
~dd) and (r bd wi th  

~db) J

31 
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S This is shown as the shaded squares of Fi gure 3.9a or the solid lines

of Figure 3.9b. The resulting V_classes are given (Figure 3.9c) as:

S ~~,i 
(v )  = 

~ aa ’ ~cc~ 
and S~~ Cv) = 

~ ac ’ ~ca~

~ 1 
S~~1 (v) 

= 

~ ab’ ~cd~ 
and S~~2 (v )  = 1~ ad’ ~cb~

(3.10)
( v )  = 

t~ba ’ ~dc~ 
and S~~2 (v) = 

~ bc ’ ~da~

S~~1 Cv) = 

~ bb ’ Pdd and S~~2 Cv ) = 

~ bd’ ~dbS

5 
These classes form the following sets : F

s~ ( v )  = 
~~~ 

Cv) S~~2 (v)~

s~ (v) = ( v )  ~ S~~2 ( v )~
(3.11)

s~ (v) = ~S~~1 (v) S~~2 (v)~

S 

-
~ s~ (v) = ~S~~1 (v) . S~~2 (v)~

- 3.3.3 Grid Size: 8x8 ( i .e. ,  A: 3)

The 8 x 8 grid and its tree representation are the same as

the ones shown in Figure 3.5. For the v-classes , there are 32 pairs S

of the picture ’s grid-points which form the following 32 classes :

3?

—— S 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

S~~~~



s~ ( v )

~~~~~~~~~ 2s4(v)
4(v)

_ _ _ _ _ _ _  

S~~1 (v) S4 2(V)

1 
7 s ~ cv

2 S (v ) .. 
~~2 2s3(v )  2,1 

P \S 3 1 (v )  53 2 (v)

_ _ _ _ _ _  

s
~~l ( v )
N ~~~~~ 2 /

F 

2
S 4 ( V )

fl S 2 ( v )  S ( v )  S~ 1 (V) S
2 
2~
”
~

S 

A 
1 ,1 1 , 2~~~ 2,

H 

s~(v) 4(v)

(a) (b) (c)

Fig. 3.9: Vertical Symmetry Classes at Level 2. (a) The Pai red
Grid-points (Shaded Squares ) which Define Sets; (b)

S The Correspond ing Pa i red Nodes of the Tree (Solid Lines); S

• (c) The v-classes .

S i  

S
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Sl l (v)={ Paaa ,Pccc} S~ 2
{Paac~

Pcca} S~,3
(V)={Pacc~

Pcaa} S1 ,4(v)={P aca ,Pcac}

S
~~l (V)={P aabI Pccd } S~ 2~~~

= aad ’~ccb
1 S

~ 3
(V)= {Pacd~

Pcab } S~~4
(V)={Pacb~

Pcad}

S
~~1 (V)={Paba )Pcdc} S~~2

(V)= {Pabc~
Pcda} S~ 3

(VY
~
Padc~

Pcba } S~~4
(V) [Pada~

Pcbc }

S~~l (v)={Pabb,Pcdd } S~~2
(v)={Pabd ,Pcdb} 543 (v) {Padd ,Pcbb } S~~4

(V)={P adb~
Pcbd /

S
~~l (V)={Pbaa IPdcc } S~ 2

(V)
~~~bac~

Pdca } S
~~3

(V)={P brc~
Pdaa } S~ ,4(v)={Pbca ,Pdac~

56 l (v) {Pbab,Pdcd } ,2 bad’~dcb~ 
S
~,3

(V)= {
~
)
bcd~

Pdab } S~,4(V)= {Pbcb~
Pdad~

S~~l (v)={P bba ,Pddc } ~~,2 bbc ’~dda~ 
S
~ 3

(V)= (Pbdc~
Pdba } S~~4

(V)={P bda~
Pdbc }

S8l (v)={Pbbb,Pddd } s82 (v) {Pbbd~
Pddb } S83 (v) (Pbdd,Pdbb } 584( v P bdb,Pdbd } 

S

S 

(3.12)

These classes form the following eight v-sets :

4 (v)  = ~S~~1 ( v) S~~ ( v) S~,3 (v) S~~4 (v)~

4 (v) = 

~~~ 
(v)  S~~2 (v) S~~3 (v) S~~4 (v~ (3.13)

s~ (v)  = ~S~~1 (v)  S~~2 Cv) S~~ Cv) S~~4 (v)~

These eight sets are shown in Figure 3.10 (shaded squares).

3.3.4 General Case: Grid Size 2 A x 2 A ( i .e . ,  Level x)
The same conclusions apply for the v-symmetries as for

S 

the h-symmetries of paragraph 3.2.4. The v-classes form k=2 A sets ,

each set containing t=2~~ classes :

34
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Fig. 3.10: Vertical Symmetry Classes at Level 3.

The Shaded Squares Identify the Eight
Different Sets.

s~ (v )  = ~S~~1 (v) S~~2 Cv ) S~~ (v)~

s~ (v )  = 
~ 

(v )  , 2 ( v )  , S~ (v)~ (3.14)
.~~~~~~~~~~~

, , ,t ~ S

s~ ( v )  = ~S~~1 ( v) S~~2 ( v ) S~~ (v)~

3.4 RIGHT-DIAGONAL SY~+1ETRY CLASSES (
~~= r)

3.4.1 Grid Size: 2x2 (i.e. , A 1)

S For the r-classes , the picture ’s grid-points are pa i red as

follows :

(~b with



~~~~~~~~~~~~~~ ——~--~~~~

¶ 

1
~1

This is shown in Figure 3.11. The resulting r—class is:

(r) = 
~
‘b ’ ~~ 

(3.15)

P 
P~~ / \ / A

S~ 1 (r)
( a)  ( b ) (c )

Fi g. 3.11: Right-diagonal Symmetry Class at Level 1.
a The Paired Grid-Points (Shaded Squares);
b The Corresponding Paired Nodes of the
Tree (Solid Lines); (c) The r-class.

This class corresponds to the single set:

s~ (r) = {S~~ 
(r)~ (3.~6) S

3.4.2 Grid Size: 4x4 (i.e., A =  2)

For the r-classes , the picture ’s grid-points are pa i red as

follows :

(ebb with and (nbc with ~cb)

(nba with ~ca)

• (
~bd with F’Cd)

The resulting r-classes are :

S~~1 
(r)  = 

~ bb ‘ 

~~ 
and ~~~ (r)  = 

l~bc 
‘ 

~cb~ S

S2 1  ( r )  = l~ba 
‘ 
~
‘ca~ (3.17)

~~~ ( r )  = 
~bd ‘ 

~cd~
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~1

The paired grid-points dfld tree nodes , as we ll as these

four r-classes , are shown in F i gu~~ 3.12 .

S 

s~ (r)~~~~~~~~~~~ 1

s~(r)~~~ ~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~

Ill
I I ~~~~~ /~ 

“

~~IL~~ 
S~~1 ( r )  

~,2
( r )  S~~1 (r) S~~1 (r)

~ I s~ (r) 4(r) ~~~r)
s3(r)

(a) (b) (c)

S Fig. 3.12: Rirht— diago nal Symmetry C lasses at Level 2.
(a ) The Paired Grid-Points (Shaded Squares);
(b) The Corresponding Paired Nodes of the
Tree (Solid Lines); (c) The r-classes.

All classes with equal first subscripts constitute a set (in this case
S a r-set). T h u s , from Figure 3.12 , we have the following three r-sets :

- 4 ( r )  = ~~ 1 Cr) , S1 2 (r)
?

2 ~~~~‘S
2 

( r )  = ~S~~1 ( !-)~ (3.18)

• 4 ~s~ l ( r )~



3.4.3 Grid Size: 8x8 (i.e~~_~~~~j

For the r-classes , ther e are 16 pairs of the picture ’s 
S

points (Figure 3.13) which form the following 16 classes :

S
~~l (r)=CP bbb ,Pccc } 2(r)= {Pbbc IP

~~b 
S1 3 (r)={Pbcc ,Pcbb . S1 4 (r)= {Pbcb,Pcbc }

52 l (r)= {Pbba ,Pcca };2 2 (r) {Pbca ,Pcba

53 l (r)=(Pbbd ,Pccd };3,2(r) {Phcd,Pcbd

S
~~ 

(r)= {Pbab ,Pcac } ;4,2(r)= {Pbac ,Pcab

S
~~l (r)={Pbaa ,Pcaa }

~6,l 
(r)={Pbad ,Pcad }

5~ ,l (r)={Pbdb ,Pcdc } 7,2(r)={Pbdc ,Pcdb

S8 1 (r)={Pbda ,Pcda }

5
~,1

(r)= {Pbdd~~~~
}

(3.19)

The above 16 classes make up the following 9 sets:

4 (r) = ~S~~1 (r) ~~~ 
(r) S~~3 ( r )  ~~~ (r)~

4 (r) = 
~~ ,i (r) S~~~ (r)~

4 Cr) = ~S~~1 Cr) S~~2 ( r )~ 
S

s~ (r)  = ~S~~1 ( r )  S~~2 (r)~ (3.20)

S~ (r)  = ~~~ (r )~

S~ Cr) = ~~~ (r)~

4 (r) = ~~~ (r) S~~ (r)~
S 

s~ ( r )  = ~S~~1 (r )~ .

4 ( r )  = ~~~ (r)~ 38 
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S Fig. 3.13: Right-diagonal Symmetry Classes at Level 3.
The Shaded Squares Identify the 9 Different

• Sets.

These 9 sets are shown in Figure 3.13 (shaded squares )

3.4.4 General Case: Grid Size 2 A x 2 A (i.e., Level Aj
S $

At t h i s  level A , the original grid P is partit ioned into

subgrids. The 4 S A  nodes of the tree (at level ~ ) are paire d to

f :Ir I ,  q’ = 4
5/ 1  r-classes . These r-classes form k’ = 3~~1 sets:

The number of classes that each set contains

is -lerived as follows :

a) For A = 1 , there exists only one set s~ (r), conta ining only

1one class ‘
~i ,i 

(r) S
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b) For A > 1, and for i = 1, 4, 7, 10 , 13 , . ..  , (k -2):

The set s~ Cr) at level A, contains twice as many

classes as the set s~~ (r) of the previous level )t-1,

where G is given as: ~ = (i+2)/3. Each one of the

next two sets at this level A . ,  s
~÷~ 

C r) and s~~2 (r),

contains half as many classes as the first set of the

level , s~
’ Cr).

The fo l low i ng Table 3.1 lists the number of classes per

set per tree l evel (for the first four l evels). 
S

TABLE 3.1: Number of Classes Per Set Per Tree Level
(For the Firs t Four Levels)

-- 

~ JHP 
S S S S _ _

~~iiS V P I Sets per SO 5 e t s  per set

:r~~rI 4 :
I 4

—2 s~~(r) 2 ~3 Ir 4

k’ — J I
~ 

5~~~~ 5 S~4
S~ ~

S 
S~~~

S S)~~ I p

~ S S 4

k9~ ~
1r 4

• 5 S~ - S 2

S S~~ I S S~ p S S ’5 5

s~(r) I S~~S 5 4

I s - 2

-t 2

I S

4 ,1 ~~~~

s~~3 r I  1

1 
(

4 .ZS Ir l  2

:~: 
_

~‘ Li

40
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3.5 LEFT-DIAGONAL SYMMETRY CLASSES (p 
~~)

3.5.1 Grid Size: 2x2 (i.e., A =  1)

S For the i-classes at this level , the pi cture ’s grid-points

are paired as follows :

with  
~d)

This is shown in Figure 3.14. The resulting i-class is: 
S

~1 ,1 ~~ ~ a ‘ ~~ 
(3.21 )

This class corresponds to the single i-set:

s~ Ci) = ~S~~1 (i)~ (3.22)

• 

P

_ _  

~a 

~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~l )
(a) (b) Cc)

S Fig. 3.14: Left-diagonal Symmetry Class at Level 1.
(a) The Paired Grid-points (Shaded Squares);
(b) The Corresponding Paired Nodes of the
Tree (Solid Lines); (c) The 2~-class .

3.5.2 Grid Size: 4x4 (i.e., A =  2)

S 
For the 2-classes at this level , the picture ’s grid-points

are paired as follows :

fraa with ~dd) 
and 

~ad with F’da)

(nab with ~db)

(~ac 
with 

~dc)

41
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The resulting Z - c lasses are:

S1 1  (i) 
— 

~
‘aa ‘ 

~dd~ 
S1 2  (i) ~~ ad ‘ 

~da~
S s2 ~

‘i ’ -  ~c’ p
2,1 ‘ ‘ 

— 

L a b  ‘ db~ (3.23)

~3 l  (z) 
~ ac ‘

The paired grid -points and tree nodes,as wel l as these four i-classes,

- are shown i n F ig ure 3.1 5.

P s~~~)

s~(~ )~~ ~~~ 

Lf:I1II:IIIIII:;1!%
4 ( 2 )  

1 “ 7
~~~~~-�~ 

~~~~~~~~~~~~~~~~~~~~~~~~

s~(~.)

( a )  ( N )  (c)

Fi g. 3.15: Left-dia qonal Symmetry Classes at Level 2.
a The Paired Grid-points (Shaded Squares);
b The Corresponding Paired Nodes of the

Tree (Solid Lines); Cc) The k-classes.
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I

The above four classes form the following three i—sets :
S 

s~ (i) = 
~~~ 2 (i~

4 (i) = ~s~ 1 (z~ (3.24)

4 (~~) = ~s~ 1 (i)~

3.5.3 Grid Size: 8x8 ~J .e.,  2 =  3)

For the i-classes at this level , there are 16 pairs of - :

the picture ’s points (Figure 3.16) forming the following 16 classes: S

S
~~1(~

)={P aaa~Pd~~ S~ 2 aad ’~dda~ 1 ,3 ~add’~daa~ 1 ,4~~~~~ ada ’~dad~

S
~~1 (~~~

{Paab~Pddb S~~2(~ )=fP adh~
Pdab }

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~4,l ~~~aba ’~dbd S4 2 (Q)={P dba ,Pabd }

S
~~l (~

)=
~
Pabb ,Pdbb :

S S
~~l (i)={P abc~

Pdbc } S
S 

,l aca ’ cd~~7,2~~~~~~~~~~ ca~

8,1 acb’ dcb S

p S
~~1 (Z)={Pacc~

Pdcc }

(3.25)

p
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The above 16 clacses make up the followin g 9 sets :

4 (i) = ~S~~1 (i) . s~ 2 (~~ ) S~~3 (i) S~~4 (i)~

S
2 (~~

5 )  = 
t~2,1 

(i) 
~ ~2,2 

(i)~

4 (~~ ) = 

~3 1  (i) 
~3,2 

(~~~~

s~ Ci) = ~S~~1 Ci) , S~~2 (i)~ 
(3.26) 

~S

5

~

4 = ~s~ 1 (i)~

F 4 (~~ ) = ~~ (i)~

4 (i) = ~s~ 1 (i) s~ 2 (~~~

= 
~ 

(i)~

4 = ~s~ 1 (i)~ 
S
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These 9 sets are shown in Figure 3.16 (shaded squares).

p

S i4_~~ ~~~~~~UP — U — .U4UI — — — U — — ~~~~~~IUU U — — —
1~~~~~~~~~~~~~ 

i~~~J ~~~~~ EflE~~~

• ii _ _

4S~~~~rI1J -
~~~~~~~~~~~~~~~~~~~~~~~~

-

“

- - -  I 4—~4~ -
~~~

:J: ± ~~~f 
~~

• — — -I-- — — — — — — - — — —

~~~~~~~~~ 
~~~~~~- -

ri-A - ‘  - - -
~~~
- - -

II U ~‘~
f_ — — U — — U J ~I_IU a U~~~ — — — U — — ——

EFJI’~~’ ~~~~ EEE ~ I:....
Fig. 3.16: Left-diagonal Symmetry Classes at Leve l 3.

• The Shaded Squares Identify the 9 Different
Sets. S

p 
3.5.4 General Case: Grid S iz e  2

A x 2 2 (i.e., Level A)

The same as in Paraqratlh 3.4.4 for the r-classes . Tabl e

3.1 is still valid , except that for each set , the r is be ing replaced

by ~~.

p 45
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• SECTION 4

IDENTIFICATION OF SYMMETRY SETS THROUGH

• A RECURSIVE TRAVERSING OF THE TREE

4.1 INTRODUCTION

S 
The analysis of the previous Section clearly shows that there

are certain patterns which repeat themselves as we climb down the

tree (i.e. increase the picture resolution by looking into finer de- S

tails). Furthermore , these patterns remain fixed , and unique to S

S the examined directional syni~netry.

Formalizing the above analysis , we present -in this section a

proposition for developing a recursive algorithm for systematically

traversing the tree data-structure to identify directional symmetries.

The resul ts obtained include the identification of tree nodes that

mus t be paired (or compared) at each tree level , for each of the

above mentioned four directional syninetries. 
S

The algorithm is checked by applying it to the same structured

data of the previous section . The results - gi ven in tabular form,

at various tree levels , for each of the four symmetries - are the same

S with the ones obtained with the analysis of Section 3.

4.2 A PROPOSITION

S 
From the analysis of Section we can now derive a recursive

algorithm for identifying the tree nodes (grid points or subregions

F- -
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of the picture ) that are paired to define the various syn~netry classes ,

at any leve l \ of the picture decomposition.

Given any level A-l , let ~~~ be one of the sets at this level 
S

conta i n i n g , say , p classes: ~~~~ ~~ ~~~~ 
-j . . ,  ~~~~ Each class

Sr~I lin ks two nodes at level X-1 of the ~~cture ’s tr~~ representation ,

i .e. the class is defined generally as:

S 5A-l = , ~ 
) 

(4.1)
S i ,m i ,m i ,m

The first subscri pt of node x corresponds to the set to which

this  class belon gs , the second subscript to the class in the set, and

the superscript is used to distinguish between the two nodes.

From the results of the previous section and for each set

we have - at the next higher level of refinement A - the following:

a) For horizontal or vertical symmetries , there are at most two

S new sets

5A 
~~~ 

and s~ ( • )
S 

~
n
1

where the subscripts y-~ and -y2 distinguish between the two

sets , and . stands for h or u. Furthermore , each such set

contains t = classes , as pointed out in paragraphs 3.2.4

and 3.3.4.

b) For right-diagonal or left—diagonal symmetries , there are at

most three new sets

S s~’ C . ) ,  s~ ( • )  an d sA 
~~~ 

S

S where • ,tands for r or ~I rhe number of classes that each

S 
48
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set contains was derived in paragraphs 3S~~4 S, 4 and 3,5.4,

Using the information of the previous level A-i , we can easily iden—

tify what will the forms be for the sets and classes at this new

level of refinement A. This means that for each syninetry type we can S

identify the paired nodes which form the respective symmetry classes ,

and the classes that make up the various sets.

Each class belongin q to these “new ” sets at level k, has the
S general form

~~~ = 
~
wf l , w f ?} (4.2)

S 
i.e. it links two nodes , wf 1 and w f2. The variables w , w , f1, and

S f2 are defined as fol lows :
S A) The variables w and w ’ are defined usin g the data available

from the previous level X— l and take on the foloowing values:

F 

i) W = X
~~ m~ 

W = X
~~,m ~

2 ‘ 1 ~ for all m
and ii) w = x .  , w = x -  ~i ,m i ,ti~i , (4.3)

Therefore , for each class ~~~ l inking at the previous level

2-i two nodes ~~~ and two new different classes are

generated at the next higher level of refinement A , having

S 
(from eqs. 4.2 and 4.3) the forms :

S 

~~~~~ 
= 

~~~~~ 
f1~ ~~~~ f2} 

(4.4)

S and 5i ,2 = ~~ f1~ X
~~,m 

t
~2~ 

(4 .5)
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S B) The variables f1 and f2 take on different values according S

to the respective symmetry type under consideration. For the

four syn~netries we have the followin g:

131 ) For h-~ymmetries:

As mentioned above , for each set s~~
1 (h) of the previous

S l evel \-l there are at most two new sets s~ (h) and sA (h)

at the new level A , each containing t classes.

1 Each h-class of the first new set s2 (h) has

f1 
= a and 

~2 
= b (4.6)

S and , therefore from eq. 4.2, its general form becomes:

~~ A - ( h )  = {wa , w b }  for all m= l ,2,...,p (4.7)
S -Y l,J

On the other hand , each h-class of the second new set

S 5X (h) has,
T
,
2

f1 = c and f2 d (4.8)

S and , therefore , its general form becomes:
A5 .(h) = {wc , w d} for all m=1 ,2,...,p (4.9)12 ‘3

B2) For v-syrnetries:

Again , there are at most two new sets s~ (v) and sA (v)

at level 2, each containing t classes. Each v—class of

the first new set s2 (v) has

= a and f2 = c (4.10)

50 G
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and , therefore, its general form becomes:

S2 .(v) = {wa , w c ~ for all r n l ,2,...,p (4.11)

Each v-class of the second new set s~ (v) has

= b and f 2 d (4.12)

af lc , therefore, its general form becomes:

S ~~?L .(v ) = Cwb , wd} for all m=l ,2,...,~ (4.13)
: 4

B3) For r-~ yn~iietries:

Here, for each s~~~(r) , there are at most three new sets S

5A (r) , s2 (r), and 5X ( r ) , each containing the number of11 13
classes derived -in Paragraph 3.4.4.

Each r-class of the first new set s~ (r) has

= b and f 2 = c (4.14)

and , therefore, its general form become~: S

5X . ( r )  {wb , w c} for all m=l ,2,...,,~ (4.15)1113

Each class of the second new set s~ (r) has
• ~

‘2 S

= = a (4.16)

and , therefore, its general form becomes:

S~ . (r )  (wa , w ’a) for all m=l ,2,...,p (4.17)

Finally, each class a-f the third new set s~ (r) has 
S

13

P f1 = f2 = d (4.18)

- ,  
51
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S and , therefore , it general form becomes: 
S

S 

S~ ~(r) = twd , w d} for all n=1 ,2,... ,, (4 19)

B4) fO!. iietries: S

A~ai~ , there are at most three new sets s~~(c), s~~(i),

and s~ ( i ) ,  each c~: taining the number of classes derived
13

I in Paragraph 3.5.4.

Each class of the first new set s~ (i) ias

= a and f2 
= d (4.20)

and , therefore , its general form becomes:

S2 .(Q) = {wa , w d } for all m=l ,2,,, ,p (4,21)
1~ ,J

Each class of the second new set sA (i) has

= = b (4,22)

and , therefore , i ts general form becomes :

5~ - ( 2 )  = [wb , w b} for all m=l ,2,.,.,p (4.23)

Finally, each class of the third new set s~ (~~
) has

13

f1 
= f2 = c  (4.24)

and , therefore, its form becomes 
S

5X . (c ,) {wc, wc} for all rn= 1 ,2 , ., . .  p (4.25)
13~J

T h e above cases 131, 132 , L?3 , 134 ace shown graphically in Figure

~.l . For example , for h-symmetries the values that f1 and f2 take on

52
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t are , (a and b) or (c and d); for - -symmetries the values are (a and d)

or (b and b) or (c and c), etc.

:

Fig. 4.1: Graphical Representat ion of the
Values that fl an d f2  Have for
the Four Di fferent Symmetries
(h,v ,r ,9.).

4.3 EXAMPLES

Usin g the above proposition we now give a few examples for the

recursive identification of the classes at the next higher level of

refinement.

4.3.1 Leve l 1 (i.e., A = 1)

Th is is the fi rst level of refinement , where a picture P is

decom posed into the four subpictures Pa, Pb , Pc , and Pd, and from
F 

which all recurs i ve definitions start. At level A = 1 , there are at S

most two possible sets, each containing t = 1 symmetry-class. There— S

fore , at this level , a set is equivalent to a class , having the gene-

ral forms:

s~(’) S~,1(•) = ~x~~11 x~~
4 

(4.26)

I
it
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and s~(.) = S~~1 (.) = ~~~~ x~~1~ (4 27)

For h—symm etries these two sets become : S

s~(h) = S~~1 (h) = ~~~~ x~~1~ 
= ~Pa~ Pb~ (4.28)

4(h) S~~1 ( h )  = 

~~~ 
x~~4 ~Pc , Pd~ (4 29)

For v-symmetries these two sets become :

s~(v) = S~~1 ( v )  = ~~~~~ x~~1~ 
= {Pa~ Pc~ (4.30)

4(v) = S~~1 ( v )  = 

~4 1, x~~1~ 
= ~Pb , Pd~ (4.31)

For r-symmetries there is one set:

s~ ( r )  S~~1 ( r )  = ~~~~ x~~1~ •~Pb ,  Pc~ (4~32)

For ~-symmetries there is also one set:

S~~ ,1
(~~S )  = 

{xLi~ 
x~~1} 

= ~Pa , Pd} (4 33)

4.3.2 Level 2 (i e., A = 2 )

4.3.2.1 h-symmetries

Usin g the data available at the previous level A = I (eqs. 4 2 8
1 2 1 2an d 4 .29) we have x 1 1 = Pa , x~ 1 Pb , x2 -

~ 

= Pc , and x2 I = Pd , S

S 
which will be used to identify the paired tree nodes for the h-symme-

try classes at this higher leve l of refinement A = 2.

At this new leve l of refinement , from the proposition of Para—

graph 4.2, for each of the two sets s~(h) and 4(h) of eqs. 4.1 2 and

4.13 we have at most two new sets s2 (Ii ) and S
2 (h ) , each containing
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t 2~~ = 2 c lasses.

Using the proposition , we will now define all classes (i,e., the

pair of nodes linked by each class ) and all sets (i.e., the classes S

that each set contains) at level 2, Since there are two sets s~ (h )

and 4(h) at the previous leve l 1 , our procedure is subdivided into

two parts:  one star tin g w it h the classes of the  f i r s t  set s~(h) and S

I ~ the other starting with the classes of the second set 4(h).

1) Using the first “old’t set

From eq . 4.28 the “old ” set contains only one class
S 

(second column of Table 4.la) linking the two nodes Pa and

Pb . Therefore , x~ = Pa and = Pb (third column of 
S

I , I , ,

Table 4 .la) .  The variables w and w needed to identif y the

I classes at this new lev el of refinement 2 (see eq. 42)

are defined from eq. 4.3 as shown in the fourth column of
- 

T a b l e  4 ,la. At the present level of refinement A = 2,

p
S Table 4.la: h-symmetry Classes at \ = 2.

[Starting with s~ ( h ) ]

p _________________ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

• Previous l eve l  (A=l) Present level (A=2)_______ — ______— C lasses of the first Classes of the second
Classes  “new ” set s~j (h ) :  “new ” set s~ (h):

P m of “old” (lode Va r iables 2 - 
S

set pairs w and w ’ S1~~ ( h ) { w a ~w ’b} S~ ,~ (h) {wc. w ’d}
= 

x~~1=Pa w=x ~ ,1~ w ’ x~~1 ~~~~~~~~~~~~ 
S~~1(h)= { Pac ,Pbd}

1 S 1 1 (h) 
X~ 1=Pb w x ~~~ w ’ x~ ,1 S~~2 (h) {Pba ,Pab} S~~2 (h )={ Pbc ,Pad}

I

~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ S 
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there are a t  most two “new ” sets - denoted as s~ ( h) and

S s~ (h) - eac h containing two classes which , from the propo-

sition eqs 4.7 and 4.8, will have the respective genera l

forms :
S S 1 ~(h) = ilwa , w b} . j z l ,2

and (4.34)
S 

S~~~(h) ~wc , w d} , j=l ,2

where the variable w and w are defined as in column 4 of H

S Table  4 .la. The resulting “new ” classes at the present

level A = 2 are given in the fi fth and sixth columns of

Table 4ia. The firs t column of Table 4.la shows all the

value s uriat m takes , i .e. m = 1, 2 , ..~~~, p. Therefore ,

F using information avai lable at the previous level A = 1,

and starting wit i the f i r s t  “old” set si~(h) we have defined
S 

each c lass of the two “new ” sets s~ ( h ) and s~ (h) at the

present level A = 2 .

2) Usin g the second “old”  set 4(h):

From eq. 4.29 the “old” set contains only one class S~~1 (h)

S (second column of Table 4.lb) linking the two nodes Pc and

Pd , Therefore , ~~~ = Pc ani  ~~~~~~ = Pd (third column of
S 

Ta b le 4,l b). The variables w and w are defined from

eq. 4.3 as shown in the fourth column of Table 4.l b . The

two “new ” se ts of the p resen t level  A = 2 are denoted as

s~(h) and s~(h), and eac h cont a i n s  two classes whose gene-

ral forms are as in eq. ~.34 above. These classes are
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shown in the fifth and sixth columns of Table 4.lb.

S Table 4.lb: h-symmetry Classes at A = 2.
5 ’ 

5 [Starting with 4(h)]

Previous leve l (x= 1) Present leve l (A =2 )
- 

I Classes of the first Classes of the second
Classes “new ” set s~(h): ‘new ” set s~(h):

m of Thid” ~
a
~~

b
~?s S~~~(h) fwa~w’b} S~~~(h) fw c~ w ’d}

= 

1 ______ 
w 4 1 ~ w ’ =x~~1 S~~1 (h)=iPca ,Pdb } S~~1(h)={Pcc,Pdd}

1 S2~~( h )  
x~~1=Pd w=x~~1~~w

’ x~~ S~~2(h) {Pda ,Pcb } S~~2(h) {Pdc ,Pc d }

Thus , for the h-symmetries at level 2, we have the followin g four

sets of classes:

s~(h) = ~S~~1 (h) , S~~2(h)}

S 

s~(h) ~S~~1 (h) ,  S~~2(h)~

s~(h) = ~S~~1 (h), s~~2(h)}

s~ (h) = ~S~~1 (h), s~~2(h)~ (4.35)

Equation 4.3s is the same as eq. 3.4 of Section 3. The classes in

eq. 4.35 are as defined in Tables 4,la and 4,lb , and they are the
S same as i n eq . 3.3 of the previous section .

P
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~Je w~ 1 1  use the propo sit ion ol ~irayraph 4 .2 and a procedure

a~~ loqo us co tee one of ~ne above Section 4 .3.2.1  in orue’ to identi t y

the ~ classes at the present level A = 2. A g a i n , we w i l l  start sepa-

rate ly for each of the -~vio “old” se ts s~ (v) and 4 (v ) .
1 ) Us inq the f i rst “o l d ’ set s~ (v ) :

From e~ . 4 . 30 , the  ‘old” set contai ns only the c~ass S~ ~(v)
S (second column of Table 4 2a) which link s the two nodes

Pa an -I Pc. Therefore , x~~1 = Pa and x~~1 Pc (t h i rS i  co- )
S lumn of Table 4 . 2a) The two “ new ” sets of the present

2 2level A = 2 are denoted as s 1 (v ) and s2 (v)  and each con-

tains two classes which - from the p r o p o s i t i o n  eqs.  4 .11

Table 4 2 a :  v-symmetry Classes at A = 2.
[Starting with s~ ( v )]

Previ ee~, lev el (A=l) Present level ( A 2)
Classes of the f i r s t Classes  o f the seco nd

r•1 a-~ses “new ” set s~ (v) : “new ” set S~ (v )
m of “old” node Variables ‘

set nal 5,54 and w ’ S~ .(v)=~wa ,w ’ c} S~ .(v)={wb ,w ’d}

~ 
~ ‘ =X~ 1 S~~1 (v)= [Paa ,1 cc} S~~1 (v)= {Pab ,Pcd)

~~~~ 1
( v )  5~~~~~~~~ S 5  _______ 

______________________ _______________________

x~~~-Pc w=x~~1~ w
’ =~~~1 S~~2 (v)= P~ a ,Pa c  S~~2(v)~~Pcb ,Pad

and 4 .13 - ha ve t he gene ral forms :

= tw a , w c ~ , j~ 1 ,2

(4.36)

S~~ 1 (v) ‘wh , w d } , j=l,~

58
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The resulting “new” classes at the present level A = 2 are

given in the fifth and sixth columns of Table 4.2a.

S 2) Using the second “old” set 4(v):

From eq. 4.31 the “old” set contains the class S~~1 (v)

(second column of Table 4.2b) which links the two nodes

Pb and Pd. Therefore , 
4 1  

= Pb and x~~1 = Pd (third co-

lumn of Table 4.2b). T:-e two “new” sets of the present

• Table 4.2b: v—synirietry Classes at A = 2.
[Startin with 4(v)]

Previous level (x=1) Present level (X 2)
— 

Classes of the first Classes of the second
Cl asses “new” set s~(v): “new” set s~ ( v ) :

m of “old” Node Vari ables 2 2set pairs w and w’ S3~~(v) {wa.w ’c} S4~~( v )~~wb~w ’d}

1 41=Pb w=x~~1~ w ’=x~~ S~~1 (v)={Pba ,Pdc } S~~1 (v)={Pbb ,Pdd)

$ 

1 
~~ 1 i~~~ 

41=Pd w=41, w ’=x~~ S~~2(v)={Pda ,Pbc} S~~2(v)={Pdb ,Pbd}

level 2 are denoted as s~(v) and s~ (v ) , and each contains

S two classes Whose general forms are as in eq. 4.36 above.

These classes are listed in the fifth and sixth columns

of Table 4.2b.

Thus , for the v-symmetries at level 2, we have the following four

sets of classes:
2 J 2  2

5
1

( v )  ‘k5l,l~~~ ’ S1 2 (v)

p s~~(v)  = {S~,1 ( v ) , S~~2(v)}

- 
-S ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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H
s~(v) = ~S~,1 (v), S~,2(v)~

s~(v) {S~~1 (v), S~~2(v)} (4.37)

S 

Equa t ion 4.37 is the same as eq. 3.11 . The classes in eq. 4.37 are

as defined in Tables 4.2a and 4.2b, and they are the same as in eq.

3.10.

4 . 3.2. 3 r-~frymmetri es

From eq. 4.32 there is only one “old” set at the previous level

A = 1 , conta i n i n g  only one class S~~1 (r) (second column of Table 4.3)
S ‘ 

linking the two nodes Pb and PC. From the proposition of Paragraph

4.2, we see that , at this new hi gher level of refinement A 2, there

Table 4.3: r-symmetry Classes at A 2.

______ Previo us level (x=1) Present level (x=2) 
________________

1 T Classes of the first Classes of the second Classes of the third S

new’ set s2 (r): “new ’ set s2(r): new ’ set s~(r)
S Classes 1 2

S in of ‘old P1ode Variab les 2 7 2
set pairs w and w ’ 

~1 ~
(r)={wb .w ’ c} S2 3

(r)- wa .w ’a S3~~(ri~~
w Jw d}

x~~~ Pb :x~~1.w ’~ x~~ S~~1 (r)’(Pbb .Pcc} S~~1 ( r) = Wba ,Paa } S~~ 1(r~~~PLd PCd}

1 S1 1 (rI 
x~~1’Pc 

W r X ~~~1,W ’ ’X ~~,1 S~~2(r~~ Pcb,Pbc } 
j I

are at most three “new” sets s~(r), s~(r) , and s~(r), The number of

classes that each new set contains was derived in Paragraph 3.4.4.

In this case, the first new set contains two classes , while the other

two new sets each contains only one class. From eqs. 4.15, 4.17 and

60
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4.19, the classes of the respective three new sets have the followina

S 
forms :

S~~~(r) {wb , wc } , j=l ,2

S~~~(r)  = {wa , w a } , j=l (4.38)

55 and S~~~(r) = {wd , wd } , j=l

The resulting “new” classes at the present level A = 2 are given in S

I’
the fifth , sixth and seventh columns of Table 4.3.

Thus , for the r-symmetries at l evel 2, we have the following three

sets of classes:

s~(r) = {S~,1 (r), S~~2(r) } S

s~(r) = ~S~~1 (r)
} (4.39)

s3(r) = (S3 1 (r)}

Equation 4.39 is the same as eq. 3.18. The classes in eq. 4.39 are

listed in Table 4.3 and they are the same as in eq. 3.17.

5 4. 3. 2. 
~ &-~y~ l1~.tr.i!s

From eq. 4.33 there is only one “old” set containing the class

S S~~1 (2.)(second column of Table 4.4) which links the two nodes Pa and

Pd. From the proposition we see that , at this new higher l evel of

refinement ? =  2, there are again at most three “new” sets, denoted as

s~(~), s~(~), and s~(~). The number of classes that each new set

contains was derived in paragraph 3.5.4. Again , the first new set

contains two classes , while the otner two new sets each contain only

one class. From eqs. 4.21 , 4.23, 3nd 4.25 the classes of the respective

-- n~~- - 
- 
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three new sets have the fo llowing forms:

S~~~(~) = twa , v d } , ~~1 ,2

S~ .(z )  = {wb , w b}, j=l (-;.40)

and  S~~~(~ ) {wc , w ’c}, j=l

The resultinq “new ” classes at ~he ~resent l evel A =  2 are given in
5 the f i f t h , sixth , and seventh colum ns of Tabl e 4.4.

Ta b le 4 .4: s~.-symme~r~ classes at A = 2

S S~~~~~~~~ _ 5 -~~~~~~~~

PrP, i OUS level (‘~~l l Present level (~~ 7)
Classes of t’ie f s  - -I~ [Clvcses of the second Classes of the t’ i rd

jasses I 
‘ new ” set sj (P : ‘ fl~~w set s~ ( ) :  “new set

of “o l d l  ‘lo’le tar v i .  ‘~~ 5
- 

set 

4

~~~~~~rs 

~ 
- w .w 5 J } I . ( . )~ {w b .w ’b ~~~~~ (~~~) = S w  ,w ’ cl

1 ,~~~~~~~ 
W= 

~~~~~~~~~~~~ 
S~~ 1 (~~

)=;Paa .°dd S~~ 1 (~~)=~Pab .Pd b l . S ~~ 1 (;)~~(Pac .Pdc l

~~~~~~ ~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ S

S Thus , for the ~-symmetries at level 2, we have the fol1 owing three sets

of classes :

s~(Q) = (S~~1(~i, ,2 (25
~~

s~(~) = {S~~1 (~ )} (4.41)

=

Equation 4.41 is the same as eq. 3~~,54~ The classes ir  eq. ~1.4l are

listed in Table 4.4 and they are th ’ same as in eq. 3.23.

5 ~~~ ~~ - 
~~5 S 5 ~~~~~~~~~~~~~~~~~~~~ S
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4 .3.3 Level 3 (i.e. ~
4.3.3.1 h-~yrnetr i es

From eq. 4.35 we see that at the previ ous level ? = 2 there were 
S

5 5
, 

• four different sets s~ (h ) , s~ (h), s~ (h), an d s~ (h). Therefore , our

procedure here is subdivided into four parts, each par t s ta r t in g w i th

the classes of one of the above four sets. Again , at this new level

of refinement , we have  for each old set at most two new sets , each
3—1

containing t=2 = 4 classes. Our procedure for i den ti fy~ng the classes

at level  3 i s as follows :

1) Using the  f irst “old”  set s~ (h):

From eq. 4.35 the “ol d” set contains two classes S~ 1 (h)

and S~~2(h), as shown in the second column of Table 4.5a .

The fi rst class links the two nodes Paa and Pbb, w~ i 1 e the

second links the two nodes Pba and Pab. Therefore ,

x~~1 = Paa x~~1 
= Pbb . ~~~ = Pba and = Pa b , as

- lis ted in the third column of Table 4.5a . The fourth

column of Table 4.5a lists the values of the variabl es w 
S

S and w as they are defined in eq. 4.3.

• At the present level of refinement A = 3, there are

at most two “new ” sets--denoted as s~(h) and s~(h)--each

• con taining four classes which , from the proposit ion eqs.

4.7 and 4 .8, have the general forms :

th e classes of the s~ (h): S~ .(h) = twa , w b}, j=l ,2,3,4
(4.42)

the classes of the s~ ( h ) :  S~ ~( h )  = {wc. w ’d ), j=l ,2,3 ,4
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Table 4.5a: h-symmetry classes at A = 3. [Starting with s~(hY1 S

Previous level (A=2) Present level (X=3) 
S

Classes of the first Classes of the second S

Classes “new” set s~(h): “new” set s.~(h): S

m of “old” Uode Vari ables S

S 

— 

set pa i rs w and w ’ 
- 

S1~~(h)= (wa~w ’b} S~~~(h)= {wc~w ’d}

X
~~l =P aa w=x~~1~ w

’=x~~1 S~~1 (h)={Paaa ,Pbbb} S~~1 (h)= (Paac ,Pbbd}

¶ 
— 

‘ X l 1 Pbb W=X
1 W ’ =x 1 1  S1 2 (h)={Pbba ,Paa b } S2 2 (h)={Pbbc ,Paad}

2 x~ ~=Pba ~~~~ 2’ w ’=x~ 2 ~ 3(h)={Pbaa ,Pab b } S~ 3(h)={Pbac ,Pabd}2 S (Ii) ‘ ‘ ‘ ‘ ‘ H
1 ,2 3x1 2 =Pab w=x 1 2’ w ’=x 1 2  S1 4 (h) {Paba ,Pbab} S24 (h)={Pabc ,Pbad~

where the values of w and w ’ are given in the fourth column

of Tabl e 4.5a. The resulting “new” classes at the present

level A = 3 are given in the fifth and sixth column of Table S

4 .5a . In this case , m takes on the values 1 and 2, as shown

in the first column of the table.

2) Using the second “old” set 4(h):

Again , from eq. 4.35 the “old” set contains two classes

S~~1 (h) and S~~2(h), as shown in the second column of

Table 4.5b. The first class links the two nodes Pac and Pbd ,

while the second links the two nodes Pbc and Pad . Therefore,

~~~ = Pac , 4 1  
= Pbd , 

4 2  
= Pbc , and 42 = Pad , as listed

in the third column of Table 4.5b.
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Ta ble 4 .5b: ri-symmetry classes at ~ = 3. IStartin a with s~ (hy1 .

Prev ious level (x=2) Present level (A 3) S
— 

Class es of the firs t Classes ,~f the secon d
Classes “new ” ‘e~. s~ (h): “new ” set s~(h): 

S

ri of “old” Node Variables

— 

set 
- 

pa i rs w and w ’ 53 1 (h)={wa.w ’b } S43 (h)={wc ,w ’d}

x~~1=Pac w= 41, w
’= 41 S~~1 (h)= (Paca ,Pbdh) S~~1 (h)=~Pac c ,Pbdd}

1 4 1 (h) 2 
— 

1 3 3

— ________ 

x2 1 —Pbd W X ~~~1~ W~~ X 2 1  S3~ ;(h)={Pbda~Pac b~ S42 (h)={Pbdc ,Pacd}

42=P bc w=4 2~ w
’ x~~ S~~3(h)={Pbca,Padb~ S~~3(h)={Pbcc ,Padd}

x2 2 =Pa d w=x 2 2’ W ’ X 2 2  S3 4 (h)={Pada ,Pbcb} S4 4 (h)=~Padc ,Pbcd}

The varia bles w and w ’ 
are defined from eq. 4.3 and have the

S 
values l isted in the fourth column of the Tabli- . The two 

S

“new ” sets of the present level A = 3 are denc’:ed as s~(h) and

s~(h), and each contains four classes wh ose q~.neral forms are

as in eq. 4.42 above. These classes are show, in the fifth and

sixth columns of Tabl e 4.5b .

3) Using the third “old ” set

Aga in , the “old ” set con tains two classes S~~,(h) and S~ ,2( h )  S

as shown in the second column of Table 4.5’ . ~he fi rst class

links the two nodes Pca and Pdb , while the second links the two

- 

no de s Pda and Pcb . Th e refore , 4 1  
= Pca , 

4 1  
= Pdb

~~~ = Pda and x ’~~2 
= Pcb , as l isted in the third column of
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Table 4.5c : h-syninetry classes at ~ = 3. [Starting with 4(h)]

Prev ious  level (A=2) Present level (A=3)
— 

Classes  of the fi rst Classes of the second
S Classes “new ” set s~(h): “new ” set

m of “old ” Mode Variables
set pairs w and w ’ 

= 
S~~~(h)=~wa~w ’b} S~~~(h)={wc~w ’d}

S 4 1~~ca W—X 3 1’ 
w ’=4 1 ~ 1 (h)= {Pcaa ,Pdbb} S~ 1 (h)={Pcac ,Pdbd )

41 ( h )  
x~~l Pdb w= 41, ~~~~~~~ S~~2 h)~~Pdba ,P cab } S~~2(h) {Pdbc ,Pca d

42=Pda w=x~~2~ w ’=42 S~~3(h)= {Pdaa ,Pcbb} S~~3(h)={Pdac ,Pcbd}

2 S2 (h) — — 

3 3S 3,2 
42=Pc b w=4 2. w ’ =x 3~~ S5 4 (h)= {Pcba ,Pdab} S64 (h)={Pcbc ,Pda d )

Table 4.5c. The variables w and w are defined as in the

fourth col umn of the Table. The two “new ” sets of the S

present level A = 3 are denoted as 4(h) and 4(h), and 
S

each contains four classes whose general forms are again

as in eq. 4.42 above . These classes are shown in the

S fifth and sixth columns of Table 4.5c.

4) Usin g the fourth “old ” set s~ (h):

Again , the “old ” set contains two classes S~~1 (h) and

S~~2(h) as shown in the second column of Table 4.5d.

The first class links the two nodes Pcc and Pdd , while

the second links the two nodes Pdc and Pcd. Therefore ,

x~~1 = Pcc x~~ = Pdd x~ ,2 = Pdc and x~~ = Pcd ,

as l isted in the third column of Table 4.5d . The
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Table 4.bd: n-syrnmeta-y classes at A = 3. [Starting with s~ (h)]. 
S

Prev ious level (A=2) Present level (A=3)
— 

Classes of the fi rsi Classes of the second
• Classes “new ” set s~(h): “new ” set s~ (h):m of “ old” ac’~1e Variables

S set  pai r w ar,(~ W ’ 4 .(h) iea ,w ’b} S~ - (h)=~wc ,w ’d}

= 

~~~~~~~~~~~~~ 

~~~~~~ 

~7:i
(h=

~~
cca i Pddb 41(h)={Pccc ,Pdd&

1 S~~1 (h) x~~1=Pdd w=x~~1. w
’=x~~~ 4 2 (h) ={ Pdda ,Pccb i S~~2 (h)= { Pddc ,Pccd

x~ ,2=Pdc w=x~~2 , w ’=x~~2 ~~~3 (~ 1 -{ Pdca ,Pcdb} S~~3(h)-{Pdcc ,Pcdd~
2 ~~ L (h) - _________________ ___________________

S 

— 

4,2 x~~2=Pc d w=x~~2, w ’ =x~~~ S7 4 (h) ={ Pcda ,Pdcb} S 8 4 (h)={ Pcdc ,~ dco

varia bles w and w ’ are defined as in the fourth column

of the Table. The two “ne~. ’ sets of the present l evel

A = 3 are denoted as s~(h) and 4(h), and each contains

four classes whose general forms are again as in eq. 4.42

above . These classes are shown in the fifth and sixth

columns of Tabl e 4.5d .

Thus , for the h-symmetries at l evel 3, we have the following eight S

* sets of classes:

s~(h) = {S~~1 (h ) , S~~2(h), S~~3(h), 44(h)} S

s~(h) = {s~~1 (h), S~~2(h ), S~~3(h), s~~4(h)}
S 4(h) = ~~ 1 (h) , S~ 2

(h), S~ 3(h), 4 4(h)}
s~(h) = {s~~1 (h), ~ :2~~ ’ ~ :3~~ ’ 

S~ 4(h)} 
(4.43)

4h = ~s~~1 (h), S~~2 h), 4,3(h), 44(h)
}

4(h) = (S~~~1
(h) ,  S~~~2

” h ) ,  S~~~3
(h) ,  S~~~4

(h)}

s~(h) = (S~~1 (h), S~~2’h ), S~~3(h), 44(h)}

4h) = {S~~1 (h), S~~~ h), S~~3(h), S~~4(h)}

1!~ 61
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S 
Equation 4.43 is the same as eq. 3.6 of the previous Section 3.

S The classes in eq. 4.43 are as defined in Tables 4.5a , 4 .5 b , 4 .5c ,

and 4.5d , and they are the same as in eq. 3.5.

4.3.3.2 v-~yrnmetries

From eq. 4.37 we see that at the previous level ) = 2 there were
5

5 four different sets s~(v), 4(v), 4(v)~ and s~ ( v ) .  There fore , again
S our procedure is subdivided into four parts , one part for the classes

S 

of each of the above four sets . For each “old” set we have at most
3-1

two “new ” sets , each con taining t = 2 = 4 classes . The procedure is

as fo l lows :

1) Using the first “old ” set s~ (v):

From eq. 4.37 the “old” set contains two classes S~~1 (v)

and S~~2(v) as shown in the second column of Table 4.6a.

The first class links the two nodes Paa and Pcc (Table 4.2a),

2Table 4.6a: v-symmetry classes at A = 3. [Starting with s1 (v)]. 
S

Prev ious level (A=2) Present level (A=3) 5
-

— 

Classes of the firs t Classes of the second
Classes “new” set s~(v): “new ” set s~(v) 

S

m of “old” Node Vari ab les

— 

set pairs w and w ’ S1~~ (v )= { wa ~w ’ c} 4 3 (v )= { wb ,w ’d}

x~~1=Paa w=x~~1~ w ’=41 S~~1 ( v )=~Paaa ,Pccc} 41 (v)= (Paab ,Pccd}
1 S~~1 (v) 1 3 3x~~1 =Pcc w=x~~~. w ’=x 1 1  S1 2 (v)={Pcca ,Paac} S22 (v)=(Pccb ,Paad}

x~~2=Pca w=x~~2~ w
’=x~j~~ 43(v)= {Pcaa ,Pacc } 43(v)= {Pcab ,Pacd }

x 1 2 =Pac w=x 1 2’ w ’=x 1 2  S1 4 (v)= {Paca ,Pcac } S2 4 (v)= {Pacb ,Pca d }
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• w h i l e  tre s 9 c o rS~~
’ links the two nodes Pca and Pac . H

T~~: -etore , x~ ,~ 
= P~a x~~1 = PC .  X~ ,2 

= Pca

and x~~2 Pac , as listed n the thi~d column of

Table 4.6a. The ~our t h  co l umn of the ta b le l i s ts

the values of the variable , w and w as they are

defined in eq. 4.3. At tha present l evel of refine-

• mea t ?. = 3 , there are at m~~s t  two “new ” sets--denoted

as s~(v) ard 4(v) — -  e~t~r con t a in in g four classes

which , from the propositio t eqs. 4.11 and 4.13 , have

the general forr~s:

th~ classes of the s~(v): S3 .(v) {wa ,wc} , j=l ,2,3,4 
‘

S1 ,j 
I (4.44)

the classes of the s2(v): S~~~(v) = {w b ,w d}, j=l ,2,3,4

where the valu es of w and w are given in the fourth S

column of Table 4.6a. The resulting “new ” classes at

the present level A =  3 are given in the fifth and sixth r.

col umn of Table 4.6a. Agai n , l ike in the h-symmetries , S

the w takes on the values 1 and 2.

2) Using the second “ol d ” set 4(v):
hq ain p rom eq. 4 .37 the “old” set conta ins  two classes

and 42(v), as shown in the second column of

• Table 4.6b . The first class links the two nodes Pab

and Pcd , wh ile the second lirks the two nodes Pcb and Pad.

‘ SI
• p
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Table 4.6b : v-symmetry classes at A = 3. Starting with 4(v)].

Previous le vel (~ =2) Present level (\r3)
________ _____— 

Classes of the f i rs t C l a s s es o f the second
Classes “new ” set s~(v) :  ‘ ‘letI set

S m of “old” Node \ Sa r iab les -~

set pairs w and w ’ S 3~~(V ) ~n[w a~w ’ c} S~~~(v)= ~wb~w ’d )

x 1 =Pa b w=4 1’ w ’ x~ 1 S3 1 ( v )~~Paba ,Pcdc} S~ 1 (v)={Pabb ,Pcdd }
2 2, , , ,

S2 1 (v) 2 2 1 3 3x2 1 = Pcd w=x 2 1’ w
’=x 2 1 S3 2 (v)= {Pcda ,Pa b c} S4 2(v)={Pcdb ,Pabd}

— 

2 42 Pcb W X ~~~~2 , w ’ x~~2 S~~3(v) {Pcba ,Padc } S
~ :3

v = P c b b ,Pad d

—

,

____ 
42=Pad ~~~~~~ w ’=4 2 44(v)= {Pada ,Pc bc} S~~4(v)={Padb ,Pcbd }

Therefore , 4~ 
= Pab , 41 = Pcd , 42  Pcb , and

4 2  = Pad , as listed in the third column of Table 4.6b.

The var i a b les w and w are def i ne d from eq . 4.3 and h ave

the values list-ed in the fourth column of the table.

The two “new ” sets of the present level A = 3 are denoted

as 4(v) and s~ (v), and each contains four classes whose

general forms are as in eq. 4.44 above. These classes

are shown in the fifth and sixth co l umns of Table 4.6b.

3) Us ing the third “old ” set 4(v):

Aga i n , the “old” set contains two classes 41(v) and

42(v) as shown in the second column of Table 4.6c.

The first class links the two nodes Pba and Pdc , wh i le the

second links the two nodes Pda and Pbc (Table 4.2b).

Therefore , 4~ 
= Pba , 41 = Pdc , 42 = Pda and 42 = Pbc ,
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Ta b le 4 .6c: v-symmetry classes at A = 3. [Starting with S~~~~( ,5 ) ] .

I 
Pr ev i ous_lev el (~~2) Present l evel (~=3)

Classes of the firs t Classes of the second
Cl asses “new ” set s~ ( v ) : “new ” set s~ (v):

S m of “ old” Node Va riables 3
se t paiN w and~ v ’ S5~~(v)=

i\ I a~w ’ c} S6~~(v) -.wb~w ’d}

2 41 Pha W~x~~p w ’~ x~~1 41 (v) {Pbaa ,Pdcc} 41(v~~{Pbab ,Pdcd}

1 S3 1 (v) 
x~~1 Pdc w= 41, w ’ x~~ 42(v ) {Pd ca ,Pbac} 4 2(v)=~Pdcb ,Pbad}

S 42-P da w-x~~2~ w ’-42 43(v)- {Pdaa ,Pbcc } 43(v) 5 Pda b ,Pbcd)

2 S3 2 ( v )  

~;2
5-PbcF

~
x
~~

2, 
~~
-4,2 44(v)-{Pbca ,Pdac} 44(v)-R bcb~Pdad}

as listed in the third column of Table 4.6c. The two

“new ” sets of the present level A = 3 are denoted as

4(v) and 4(v), and each conta ins four classes whose

general forms are again as i n  eq. 4.44 above . These

classes are shown in the fifth and sixth columns of

S Table 4.6c.

4) Using the fourth “old ” set

Again , the “old ” set con tains two classes S~~1 (v)  and
S S~~2(v). The first class links the two nodes Pbb and

S 
Pdd , wh ile the second links the two nodes Pdb and Pbd

(Table 4.2h). Therefore , x~~1 Pbb , x~~1 
= Pdd . x~~2 = Pdb ,

-~nd x~~2 
= Pbd . as listed in the third column o~ Table

4.6d below. The two “new ” sets of the present l evel .\ = 3

• 71
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Table 4.6d : v-symmetry classes at A 3. i Starting with

Prt v~ous level (~ =2) 
— 

Present level (~~~S =3)

S S 

Classes of the first Classes of tile second
Cl asses “new ” set SS~(v ) : “new ” set 5~(vof “old” ~odc Va n ab les

set pa i rs ~~ and w ’ 4~~( v )~~wa ,w ’ c} ~~~~~~~~~~~~~

1 1 S2 (v) 

x~~1 Pbb 
~
1= 1

~~~l ,  w ’ =x~~l S~~~(v) {Pbba ,Pddc} 41(v) fPbbb ,Pddd }

— 

4,1 x~~1 Pdd w=x~~1~ w
’ x41 S7 2 ( v )~~Pdda ,Pbbc~ S8 2 (v) {Pddb ,Pbbd~

2 S2 (v) 
~~~2=Pdb w =x ~~2 , 

_-__ -~_s~_~~ 

43(v)=fPd ba ,Pbdc } 4,3(v)={Pdbb ,Pbdd}

— 

4,2 x~ ,2~Pbd w=x~~2. w
’ x~~2 44(v)=~P bda ,Pdbc ” 44( v )~~Pbdb~Pdbd}

are denoted as 4(v) and 4(v), and each conta ins four

cl asses whose genera l forms are again as in eq. 4.44

above. These classes are shown in the fifth and sixth

S 
colu mns of Table 4.6d.

Thus, for the v-symmetries at le ’el 3, we have the foilowinq eight

sets of c lasses :
S 

4(v) ~S~~1 ( v ) , S~~2(v), S~~3(v), S~~4(v)}

4(v) {S~~1 (v), 42(v), 43(v), 44(v)}

s~~v [4 1(v ) ,  4 2 (v), 43(v), S~~4(v)

4(v) ~S~~1 (v), S~~2(v), S~ ,3(v). S~~4(v)} (4.45)

4(v) ~S~~1 (v), 42(v), 43(v), S~~4(v)}

= [41 (v), 42 v), 43 v , 
~
s6 4 ( V ) }

~4,~
(v ),  42(v), 43 ( v .  4 4 v ~

4~v) ~S~~1 (v), S82 (V)’ 4j(v)’ 44(v )}

S S 5 SS ~_ -  ~~~- ~~~- - ‘~~~.: ~~~~~~~~~~ 
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Equation 4.45 is the same as eq. 3.13 of the previous Section 3.

The classes in eq. 4.45 are as defined in Tables 4.6a, 4 .6b , 4 .6c and

4 .6d , and t hey are the same as i n eq. 3.12 .

4.3.3.3 r-~ymrnetries 
S

From eq. 4.39 we see that at the previous level A = 2, there were

4 three different sets 4(r), 4(r) and 4(r). Therefore , our procedure

is now subdivided into three parts , one fo r the classes of each of the

above three sets .

1) Using the first “ol d ” set 4(r):

From eq. 4.39 the “old” set contains two classes 41 (r) and

4 2(r) as shown in the second column of Table 4.7a. The first

class links the two nodes Pbb and Pcc , while the second links

the two nodes Pcb and Pbc (Table 4.3). Therefore , x~~1 = Pbb ,

41 = Pcc , x~~2 
= Pcb and x~~ = Pbc , as liste d in the third 

S

column of Table 4.7a. The fourth column of the table lists
S I

the values of the variable w and w . At the present level of

ref inemen t A = 3, there are a t mo st three “new ” sets , denoted

as 4(r), 4(r) and s~ (r). The number of classes tha t each

new set conta ins was derived in paragraph 3.4.4. In th is case ,

the firs t new set contains four classes , wh ile the other two

new sets each contain two classes. From eqs. 4.15, 4.17 and
0

4.19 of the proposition , the classes of the respective three

new sets have the fol l owing forms:
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Table 4.7a: r-symmetry classes at A = 3. I Starting with 4(r).

‘ r - v l O u S  ev,, ‘ — 2)  ~rese ’ t leve l  f~~ 3) 
—~~~~~~~~~

~~~~S 5

J

S S 
1 

— 

~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~ C l8
5
S~ es f th e econc f ~ i asses  ( ‘ the th~ rl

S I new Set 
~~~~ ~ 

‘ new ” set s~(r): “ new ’ set

S ~~~ D F - 1 j ’ I I  V sr iab 1e~

—~ 
~~~~ A~~d~~’I ‘~~ 

3
( r )  ~ a w a ( r )  w i  d

L~j s i l
r

j

~~~ 

~5 ~~~~~~~~~~~~~~ ______ ________________

I w S~ Pch b Pbc c~ S~ r a 
— 

I P bi Pbcd

the classes of the 4(r): 4~~(r) = {wb ,wc} , j=1 ,2,3,4

the classes of the s~~r :  S~~~(r)  = ~wa ,w a } , j 1 ,2 (4.46)

the classes of the 4(r): S~~~(r) = ~wd ,w d ’ , j l ,2

The resu l t i n g  “new ” class es at the present l evel A = 3 ,

are g iven in the f if th , sixth and seventh columns of Table

4.7a.

2) Using the second “ol d ” set 4(r):

From eq. 4.39 we see that at the previous level ~ = 2, the

“ol d” set contains only one class 41 (r) wh ich , from 
S

Table 4.3, l inks the two nodes Pba and Pca. Therefore ,

4 = P ba and 4 1 = Pca , as shown in the third column of

Table 4.7b . At this present level of refinement A = 3,
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Table 4.7b: r-symmetry classes at A = 3. [Start ing with 4(r)] .

- 

l OUS l ev e l  =2)  F ____ ___
— S __  — 

f~1asset  s f  ‘ - ~~~~ ~i~ ç5e , of t S ~~ se~~
,
~T nosses of ‘‘ t ’,irlI C l a ~~~=, SC ~ SC ’ ~r) ‘ C w  Set s~~(r): 

- -~~~ se t s r ) .
ri i t  ~~l - J ’ 5  ‘Pod ’ V a r i a ~ le~ 

‘ 
3

~et la i r s  SiC SI C ’ 5~~~~ ( r)  ~,l ,w
’ C P  ~5 1 ~~

r ) v a ,W ’ d) ~(r)
5
~~d .~~~~

5

,
~~~ =Pb~ w=x ~ ,~~~~~~~ ifS~~~~~ HPbab ,Pca c 1 ~~~1 ( r J~ t Pbaa .Pcaa S~~ 1 (r) ’ Pbad ,Pcdd

$ LL± ,
~~2i~~21 1~

-S--S
~ __ ___

there are at most three “new” sets , denoted as 4(r),

4(r), and 4(r). The first new set contains two classes ,

wh ile the other two new sets each contain only one class ,

whose general forms are as in eq. 4.46 above. These classes

S are listed in the fifth , sixth and seventh columns of

S Ta b le 4 .7b . S

* 
S

3) Using the third “old” se t s3(r):

S From eq. 4.39, the “ol d ” set conta i ns only  one c lass

which , from Ta b le  4 .3 , links the two nodes Pbd and Pcd.
S 

1 2Therefore , x 3 1  = Pbd an d x 3 1  = Pcd as shown in the third

column of Table 4 .7c . At the present l evel of refinement

= 3 , there are again at most three “new ” sets , denoted as
• 3 3 3s7(r), s8(r) and s9(r). The first new set contains two classes ,

while the other two each contain onl y one class , whose genera l

t
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Table 4.7c: r-symmetry classes at A = 3. [Starting with 4(r)

~~ ~~~~~ level ( ‘ S~~ 2)  Present level (‘=3)
— 

I Classes of t i e first C1e- ~~es of the secon d Classes of third
I Classes I “new ” - Set r) ‘ ‘nw set s~(i’) ‘new ’ set s~~ r)

in of “old” Po le I Var iab les 3 3-

‘ 

pairs w and w ’ S 7 J ( r ) = S w b .w ’ c }  S
8~~~

l - ~
l - Swd . aP S 9~~ ( r ) = wd .w ’ d

S S 
x~~ 1 l’bd 1 w x ~~ 1 ,  w ’ x~~~~~ S~~ 1 ( r ) IPbdb ,Pc dc ’  S~~ 1 (r)~~- Pbda ,Pcda ’ S~~ 1 (r )={ Pbdd ,Pc dd}

1 ~ 1 (r) 
- 

~5- ~~ x : ; ~~~~

j

~~ s

_

~~
,i, 

w ’ x
3,1 

S7 2 (r)=IPcdb .Pbdc } 

-______________

C

forms are as in eq. 4.46 above. These classes are listed

i n the f i f th , sixth and seventh columns of Table 4.7c.

Thus , for the r-symmetries at level 3 , we have the fol lowing nine

sets of classes :

4(r) = {4 1 (r), 4 2( r ) , 
~1 3

(r)~ S1 4(r)}

4(r) = 4:l
(r , s~~2(r)

s~~r = {4i (r), 42(r)} 
S

4ir) = (S~~1 (r), S~~2(r)}

3 3 (4.47)
s5( r )  = {S5 1 (r ) }

4r) = {S~~~(r)}

s~~~r = ~~~ 42~
4(r) = 

~4,i(r’)}
s~ (r )  = {S~~1 (r)}
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p

S 
p Equa t ion 4 .47 is the same as eq. 3.20 of the previous Section 3.

S The classes in eq. 4.47 are as defined in Tables 4.7a, 4.7b and 4.7c ,

and they are the same as in eq. 3.19.

S t
4.3.3.4 ~-~yniIietries S

a
S From eq. 4.41 we see that at the previous level A = 2 , there were

three different sets s~ (2,) , s~ (~ ) and s~ (~ ). Therefore , our proced ure

- is again subdivided into three parts , one for the classes of each of

S the above three sets.

1) Using the first “old” set 4(z) :
From eq. 4.41 the “old” set contains two classes 41

(z) S

and 42(z ) as shown in the second column of Table 4.8a.

The first class links the two nodes Paa and Pdd , while

the second links the two nodes Pda and Pad (Table 4.4).

Therefore , x~~ = Paa , 41 = Pdd , x~~ = Pda an d x~~2 = Pad ,

as listed in the third column of Table 4.8a. At the

present level of refinement A = 3, there are at most three

“new ” sets , denoted as s~(fl, 4(z) and s~(Q,). The number

of classes that each new ~et contains was derived in para-

graph 3.5.4. In this case , the first new set contains

four classes , while the other two new sets , each contain

two classes. From eqs. 4.21 , 4.23 and 4.25 of the proposi-.

tion , the classes of the respective three new sets have the

followin g forms :

,
~~~~S

g 

j  

* 

— -- _
~~~ S ~~~~ —

~~~~~~~~ ~~~~~~~~~~~~ 

~~~~ --~~~~~~~~~ S- - ~~~~~~~~~~~~~~~ — S —
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Table 4.8a : z-syn,netry classes at A = 3. [Starting with 4 ( i) ] .

C

S Previous leve l  ~‘ - 2 )  Present level (-= 3) ___________________

-

~~ 

5- 1 Cla~~ t’s of t h e  f i rs t  Classes of tne secon’ Classes of the trih rd
Cl U S S i ~ Sit U ~‘tt s~ ( ‘ ) ‘ i ’e w ” set 54~ ) : ‘new ” set S 3 - S

- ci of “o ld ’  ‘~Ode si a r l a d l e s  3 3
~et  F i i s ~ and ii S 1 - ~~~ wa ,~~~’ d ’  S 2 . ( ~~)= i , a t ,w ’ h .S ‘

~~~~3 ( ’  w c , w ’ C

S 

~~1-p~ w =x~ ~
. w ’~~x~ .1 S~~ 1 ( t )~~ Paa, ,Pddd S~~ ,(~~~~ raab ,PS3SJh )=lPaac ,Pddcj

1 
~~~~~~~~~~ x~~1 =Pdd w=x~~1. w ’ =i ~~ 1 S~~2

(2)= Pdda .Paad} 
______________

S 

x J~~
-Pda 

~~~~ 2 ’  W
~~~ 1 ,2 ~~~~~~~~~~~~~~~~~~~~~~~~~~~ S 2 2 ~~~~

5 S
~~

t .
~~~~~~

5 
~~~? (

~~~~
O dS c .Pa dc}  I

H 2 S ~~- ,~ ) 2 1 3

— 

X
1 2 Pa d lw_ x i 2 ~ ~ l 2 s 1 ~ ~ a I ia  Pdad l

- the classes of the s~(i): 4~ (z) = {wa , w d}, j=1 ,2,3,4

the classes of the 4(z ) : 4~~(z) = {wb , wb} , j=l ,2 (4.48)

the classes of the s~(z): 4~ (z)  = {wc , W C } , j=l ,2

The resulting “new ” classes at the present level A = 3,

are listed in the fifth , sixth , and seventh columns of 
S

• Table 4.8a .

2) Using the second “old” set 4(z) :
From eq. 4.41 we see that the “old” set contains only one

class 41(z) which , from Table 4.4, links the two nodes

S Pab and Pdb. Therefore , 4 = Pab and 4 1 
= Pdb , as

shown in the third column of Table 4.8b. At this present

78

S - ~~~~~ .~~~ z, ’-- - ~~~~~~ —



f

S 

, Table 4.8b: i-symmetry classes at )~ = 3. [Starting with s~(R,)].

S — 
Pi -evious level (~ =2 ) Present level (A~3) ____________________

II Classes of the first Classes of the second Classes of the third
Classes “new ” set s,~(t): new ’ set s~(i): “new ” set s~(Z):

in o~ “old ” Node Va riables 3 3set pairs w and w ’ 
jj S4~~

(iL )={wa .w ’d} S
5~~

(t).twLi .w ’b : S6~~(~~) ’ wc ,w ’ c}

I ,1=Pab ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ S~~1 (i)=~Pabb ,Pdbb1 S~~~
(
~~

= ’Pah c ,Pdbc }

~~ 1 
1 S~~~ 1

( t )  

Ix~ l = PdbIw~
x
~ l~ 

w ’~x ,2(~~~{Pdba ,Pabd }

iS 

-

~

level of refinement A = 3, there are at most three “new ”

sets, denoted as 4(z), 4(z) and 4(z). The first new

set contains two classes , while the other two new sets
S 

each contain only one class , whose general forms are as in

eq. 4.48 above. These classes are listed in the fifth ,

S sixth , and seventh columns of Table 4.8b.

3) Using the third “old”  set s~(i):

S From eq. 4.41, the “old” set contains only one class I

which , from Table 4.4, links the two nodes Pac

and Pdc . Therefore, 4~ 
= Pac and 4 1  = Pdc as shown

• in the third column of Table 4.8c. At the present level

A = 3 , there are again at most three “new” sets, deno ted
- as 4(z), 4(z) and 4(z). The first new set contains

two classes and , each of the other two, one class , whose

general forms are ~is in eq. 4.46 above. These classes
- are listed in the fifth , s i xth an d seve nth co 1 um~s of

Tabl e 4.8c.
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Table 4.8c: c-symmetry classes at A = 3. Startin g with 4(z)i.

—- 

rre v~~uus leve l  ( 5 = 2 ’  
— 

S , .1” s~ level  (~~ 3)

S Classes of the ~~~~~~~ l a s s ’ s  of the second C lasses  of the third
Classes ~~w ’ set s~ P - ‘ ew set s~ , “new” set s9(i)— P1 _S i  “old” ‘Pode ,art atles - I

= 
se t  pa irs ,, ar,d w S~~~(~ )~ -wa .w ’d l 

— 

- 
~~3

( ) = - w b .w b ’  ~~~~~~) = t w c ,w ’ c !

~~~1 =Pac w=41 . w
’ = i~~ 1 S~~~1 (= ) =  Pa~ a ,Pd c,t - ~~~~~ j ’-Pa c b ,Pd~b ’ S9 1 ( , P c }

1 ~2 
1 1’) 2 

— —  ________

~~‘ 
~~~~~ 

ic w =x 3 ~
, w ’ =x 3 1  S~~ 2 ( s ) ’ Pdca ,°ac U I

Thus , for the i-symmetries at level A = 3, we have the following nine

sets of classes : S

s~~~) = {S~~1 (z), 4,2 (z), 4 3 (z ) , S~~4(z)}

s~ i) = ~s~ 1 (z ), S~~2(Q)}

:~:~ = :~‘~: :~‘:~ (4.49)
s~(i

’
~ = CS~~1(z )}

4(i) =

4(z) = {S~~1 (z), s~ 2(z)}

s~(~) =

4(z) =

Equation 4.49 is the same as eq. 3.26 of the previous Section 3.

The classes in eq. 4.49 are as defined in Tables 4.8a, 4.8b and 4.8c,

and they are the same as in eq. 3.25.
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CONCLUSIONS AND FURTHER WORK

In this report we have treated the general problem of extracting

s t ructural  informa tion from an object in a scene .

The scene is first decomposed into reg -ions (subgrids ),through

S the application of the regular decomposition procedure described in

Section 2. The outcome of this decomposition is a dimensionally
S 

reduced tree data-structure where only the “informative ” sections of

the picture have been retained. Each tree node represents information

about a particular zone of the picture , whose (the zone ’s) size and 5 5
,

position depend upon the level and the location of the node in the H

tree. We have identified the nodes of the tree data-structure that

correspond to picture subgrids at various directions, and have given

their interrelationships. Only four directions are treated in this

report , i.e., horizontal , ver t ical , left-dia gonal and ri ght-diagonal

(although th is can easily be extenued to include other directions ,

too), and we have proposed a recursive al gorithm which specifies the 
S

tree nodes-- i.e., picture subregions of various sizes--that must be

paired (or compared ) to identify (or extract) possible directional

syni-netries present in the picture . This prop osition has been tested

on various symmetry data-structures and the results--given in tabular

form , at various tree levels , for each of the four directional synine-

tries--proved to be valid.

For extensions to this work we plan to cover many other directional

symmetries , for example , directions at ang les of l5
n 

apart . Having

done this , we will present a complete ALGOL -like description of the

• 81
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al gorithm and results obtained by applying it to various pictur?s of

both artificial and real scenes . Included in these experimenta l runs

we propose to: (1) perform the regular decomposition tree data-

structure based not  only on avera-e subgrid intensity but also on

di rec t ional  symmetries ; (2) incorporate statistical parameters to each

tree node , thus combining (or comparing) them to identify symetries

based on statistical measurements ; (3) perform tree-mapping, i .e.,

transform one tree data-structure to another , in which the relation-

shi ps between directional-sy mmetries and tree-nodes will be explicitly

shown.

Althoug h the sub grid sizes and shapes are fixed in this report ,

we can readily extend the method to include variabl e (and adaptive)

sizes and shapes in performing our data-structure generation .

Our process may also be part of an on-line system (or picture-

language) where the complicated object to be “decomposed ” (fragmented ,
S 

atomized) is identified through an algorithm which operates with

guidance. For examp le , the operator may point out the part of the 5 5’

image that he proposes to the machine. The algorithm then can do all

the necessary decomposing and matching .

Our process may also be used for performing a nonuniform and

• adaptive scan of the picture. Thus , under digital control , scene

symmetries may be located by using a refl ection of the scan-—a dual

scan--about a “stepped” test symmetry-axis. The width of this dual

scan may also be adaptively varying, according to the level of the

desired resolution of the scanner.

Finally, we believe that such a hierarchical decision based prob-

lem subdivision may well be compactly hand l ed by forma l grammars .
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S 
This work may be extended as follows :

1 . Improve the regular decomposition algorithm by finding

criteria that subdivide a region not necessarily in

four equal parts , but in a number of parts , of various

sizes , and along “directions of importance ” . For

exam p le , it may be fruitful to partition the picture

along a certain direction where a strong symmetry has

been identified.
S 

2. Per form a map pi ng from the “re gu l a r  decom pos iti on tree ”

to a “d i rec tional  symme try tree ” , i.e., a tree whic h

explicitl y reflects symmetries present in the p ic ture .

3. Increase the number of directions along which symmetries

S are being examined , e.g., at ang les  of 15°, an d ge t the
S “symmetr y h i s t o grams ” of real scenes or objects (i.e.,

S “degree of symmetry ” vs. “angle ”).

4. Investigate how are certain patterns directly recognizable

from their tree structure.

5. Modify the algorithm to dynamically (or, maybe , inter-

actively) vary subgrid dimensions and/or shape , so tha t

effectively the procedure will be focusing on “interesting ”

• areas of the picture .

6. We plan to investigate the subquadrants ’ spa t ia l  and

topological relationships (e.g., A [JACENT , A BOVE , etc .)

wi th regard s to their position on the tree representation

of the image .

7. Simulation of adaptive picture scanning to locate scene

symmetries .
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8. Inves tigate efficient data structires for image representa-

S tion 3nd processin g, so that parts of the data structure can

be pag ed to pe ri phera l storage.
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