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ABSTRACT

A sequence of empirical Bayes estimators is defined for
estimating, in a two-sample problem, the probability that X < Y.
The sequence is shown to be asymptotically optimal relative to a

Ferguson Dirichlet process prior.

1. TINTRODUCTION

Let X and Y be two real valued independent random variables
with distribution functions F and G, respectively. We consider
the problem of estimating the probability that X < Y, denoted by 4,

A =[FdG.

1This research was sponsored by the Air Force Office of Scientific
Research, Air Force Systems Command, USAF, under Grants AFOSR-74-2581B
and AFOSR-76-3109. The United States Government is authorized to
reproduce and distribute reprints for Governmental purposes notwith-
standing any copyright notatfion herecn.
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This problem was recently treated by Ferguson (1973) who used
a nonparametric Bayesian approach based on the Dirichlet process.
Ferguson's nonparametric Bayes estimator of A is as follows. [For

Dirichlet process definitions see Section 2, and for more details,

see Ferguson's (1973) paper.] To estimate A, Ferguson lets

: xl,...,xn be a sample from F where it is assumed F is a random

: 1

; distribution function chosen by a Dirichlet process Pl with para-
meter a,. Furthermore, Yl,...,Yn is a sample from G where G is

2
chosen by a Dirichlet process P2 with parameter Ay and P1 and P2

T

are independent. For squared error loss, Ferguson's Bayes esti-

mator of A is given by
n

2
a 1
A =p. _p A, +p,  (-p, )= }F(Y)
1,n1 2,n2 0 l,n1 2,n2 n2 =1 0*'j
n.
+(1-p )p S 21(1 - G, (X))
: l,nl 2,n2 n, ooy 01
‘ 1
+(1-p ya-p )— U (1.1)
: l’nl 2,n2 o;n,
;' where
E al(R) az(R)
PLo, T ® Fa; P2,n, T 5@ Fa, a.2)
Fo(x) = ul((-'-,x])/al(R). Gy(y) = az((-"'.y])/uz(k), (1.3)
8o = [FydGy, 1.4)

R is the real line and U, the number of pairs (Xi, Yj) for which

X, S Yis
i -
& Py (1.5)
] U= I (X,) 1 -
g_ i=1 j=1 ( W’Yj] =
e
@ is the Mann-Whitney statistic. Here
1 3£ =e &

E. IA(X) = (1.6)

e 0 if x ¢ A.
j 2
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Ferguson notes that the estimator X* is a simple mixture of four
separate estimators of A. As both o (R) and uz(R) tend to zero,
A converges to (n 2) lU the*usual nonparamntric estimator,
Motivated by Ferguson s A , we propose an empirical Bayes
estimator of A which requires less prior information about al(-)
and a,(+). Only a; (R) and a,(R) need be specified. Comsider,
then, the following set up appropriate for an empirical Bayes
estimation problem. Let (xU}, {X?}, 1 =1, 2,..., be two
independent sequences of independent vectors of observations from
F and G respectively. Here xij) = (x(i),...,xii)) j=1, 2 and
i=1, 2, ... . Assume independent Dirichlet pr{ors on (R, B)
with parameters oy and a, respectively for F and G. Here R is the
real line and B is the o-field of Borel subsets of R. Let the
action space be the closed interval [0, 1], and the loss function

be

L@, &) = (& - 8)2, 1.7

where A is an estimator of A. We assume al(R) and cz(R) are known.
We then propose the estimator An below as an estimator of A
on the (n+l)th occasion. The estimator is given by

-

LS ) (1), o62) . ot
An A(x1 ,...,X , Xl yoe egk )

n+l
n n n n
-P P 2 g (2) (xu i
181728 o n, 1e1 31 kel Lo C0K ?
n n n {
1 x2
+p (1-p Y 8(1) ((~= D (1.8)
Aol o, g e, jzl kzl 2=1 T+, 3
nl n ( )
1 1 |
+@Q-p Wy i 1- 8,(2) ((~=,X ))
bty SN 12-1{ s 321 k§1 Xik i } t‘
n n

1 L
+(1-p )1 -p e (Z) X ),
l,nl 2,n2 n;o, igl =1 (-=,X ] j] a+l,i

- —— Wy w4t s —————
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where pl,ni’ i =1, 2, are given by (1.2), and

1 if x e A
§ (A) = (1.9)
% 0 if x ¢ A.

Note that the first three terms in (1.8) are the natural
estimators of corresponding terms in the Bayes estimator based on
all the observations or only the past observations.

In Section 3 we prove that the sequence D -’{85} is asymp—
totically optimal in the sense of Robbins (1964). Thus even though
one need only specify al(R) and az(R), the procedure is asymp-
totically as good as though al(-) and az(-) were known exactly.

Empirical Bayes methods, based on the Dirichlet process, have
also been used by Antoniak (1974) for a model based on mixtures
of Dirichlet processes, by Korwar and Hollander (1976) for estimating
the mean of a distribution, by Korwar and Hollander (1976) and
Hollander and Korwar (1976 ) for estimating a distributiom function,
and by Susarla and Van Ryzin (1976) for estimating a distribution

function when the observations are censored on the right.

2. DIRICHLET PROCESS PRELIMINARIES

In this section we present some Dirichlet process definitions
and results that will be used in our proof of asymptotic optimality.
See Ferguson (1973), (1974) for more comprehensive coverage of
results pertaining to the Dirichlet process.

Definition 2.1 (Ferguson, 1973). Let Zl""’zk be independent

j having a gamma distribution with shape
parameter “j 2 0 and scale parameter 1, j = 1,...,k. Let uj >0
for some j. The Dirichlet distribution with parameter (al,...,ck);

denoted by D(al,...,ak), is defined as the distribution of
k
Yk)) where Yj L j/ Z zis J= 1. o-’k-

random variables with Z

(Yl,...,

This distribution is always singular with respect to Lebesgue
measure on k-dimensional Euclidean space. Also, if any a, = 0,

the corresponding Yi is degenerate at 0. However, if a; > 0 for

et




E all 1 = 1,...,k, the (k-1)-dimensional distribution of (¥;,...,Y, )
' has density, with respect to Lebesgue measure on the (k-1)-dimen-
sional Euclidean space, given by

f(yl"“’yk-l,al’“"“k)

| ‘ j (2.1)
I'(a +”‘+°k) k-1 a_-1 k=l o -1
1 i !
ey Tay (M ¢4 1§1y1) Ig(Tyeeses¥yy)s

where S is the simplex |
k-1

S = {sernsyp P: ¥, 20, Iy, <1k
i=1

—

For k = 2, (2.1) becomes the density of a Beta distribution,
i >0 for some i = 1,...,k,
k
is required in Definition 2.1 so that Z Zi is not degenerate at 0.
i=1
- Let (X, A) be a measurable space. Ferguson defined the follow-

ing stochastic process {P(A), A € A}.

Be(cl, az). Note that the condition a

Definition 2.2 (Ferguson, 1973). Let (X, A) be a measurable space.
Let a be a non-null finite measure (nonnegative and finitely
additive) on (X, A). Then P is a Dirichlet process on (X, A) with
parameter a if for every k = 1, 2,..., and measurable partition
(Bl”"’Bk) of X, the distribution of (P(Bl)""’P(Bk)) is Dirichlet
with parameter (a(Bl),...,q(Bk)).

If F is chosen by a Dirichlet process, then F is discrete with
probability one [ see Ferguson (1973), Berk and Savage (1975), :
Blackwell (1973), and Blackwell and MacQueen (1973)1]. 4

A sample from a Dirichlet process is next defined.

o e

Definition 2.3 (Ferguson, 1973). The X-valued random variables
xl,...,xh constitute a sample of size m from a Dirichlet process
P on (X, A) with parameter a if for any £ = 1, 2,... and measurable
sets Aj,...Ap, CpyeeeyC oy QX € CpueensX € leP(Al),...,P(Al),

R

: m
™ p(ci),...,p(cm)} = I p(ci) a.s., where Q denotes probability.
i=1




Roughly speaking, we may view a sample of size m from a
Dirichlet process as follows. The process chooses a random distri-
bution F, say, and then given F, xl,...,xm is a random sample from
F.

Theorem 2.4 gives the posterior distribution of a Dirichlet

process P, given a sample xl,...,xm from the process.

: Theorem 2.4 (Ferguson, 1973). Let P be a Dirichlet process on
(X, A) with parameter a, and let . SPRETTS & be a sample of size m

from P. Then the conditional distribution of P given xl,...,xh

m
is a Dirichlet process on (X, A) with parameter B = o + Z 6x 5

i=1 "1
where, for x € X, A € A, Gx(A) is given by (1.9).

Theorem 2.5 is a generalization of Fergusom's (1973)

Proposition 4.

Theorem 2.5. Let P be a Dirichlet process on (R, B) with parameter
a and let X,,...,X_ be a sample of size m from P. Then
1 m

P R S I W TOy ST

UK, € x ;.08 S} = {alA )...{alA ) + m-1)}/{a(R)...
1 1 m m x(l) x(m)

(@(R) + o-1)},

e

DY

where x(l) SeeeS x(m) is an arrangement of XyseeesXy in increasing
order of magnitude, Ax-(-e,x], and Q denotes probability.

S alediaiine

Proof. Observe that Ax c Ax , k=1,...,m~1. We write
(k) (k+1)

A =B

x(l) 1
A=A+ A: A, Het A: A
(k) (1) (1) 7(2) (k-1) “(k)
=B, + B, +...4 B, k=2,....m,
1 ;
B A, o 7 B




B

Here Ac denotes the complement of the set A. Then

Q{X, sx .,xmsxm} = Q{XleA . ek },

x(i m X(i )

1,.-
1) m

where (11,...,im) is a permur.tion of (1,...,m). Now

Q{Xl € Ax ,...,Xm € Ax }
(11) (im)
= E[Q{XleA.x

,...,XheAx

lP(Ax )sseesP(A }
i) (CH)

X
(1, (1)

= E{P(A )s+sP(A )1,
*w)) *1)

by Definitiom 2.3. Since (P(Bl),...,P(Bm+l)) is D(u(Bl),...,u(Bm+1)),
using the moments of the Dirichlet distribution we can obtain

E{P(A )ee<P(A )}
, *1y) )

= E{P(Bl) (P(Bl)-!-P(Bz))---(P(Bl) +...+ P(Bm))}

= (e, a(a, I (@@, DR @R
ay e (m)

(a(R)+m-1)}. [

Theorem 2.6 (Ferguson, 1973). Let P be the Dirichlet process

(Definition 2.2) with parameter a and let Z, and Z, be measurable
real valued functions defined on (X, A). If [ lzllda <o, [ |22|da <
and flzlzzlda < =, then
Ef2,dP[Z,dP = {g,,/(a(X)+1)} + uu,,
where
ui - fZida/a(X). i=1,2

and

1012 = {flezdu/c(X)} = UyH,-




3. ASYMPTOTIC OPTTMALITY OF {An}’

We now establish the asymptotic optimality of D -'{An}. In

our empirical Bayes framework, Ferguson's Bayes estimator of A

4 based on (Xéii, Xﬁii) is
5 i |
837P PR tP (1 pZ)jleO(Xn+l,j)/n2+(l PPy b (1-Gp(Rpyy )/my
o, n, (3.1)
+ (p)-p) ] I 1 ) 3.
1 PUT SR ntl,i’/%1%

>“n+l, j

where p; S Pl’nl and P, = \;:2’n2 are given by (1.2), Fo and G0 by

~d
(1.3), Ao by (1.4) and IA(x) by (1.6). The Bayes risks R(An,al,az)
and R(An,ul,az) of (3.1) and (1.8) respectively, with respect to
the Dirichlet priors, are

3 ~t def _ ~ % 2
R(8,01,05) = R(Aj,a,a)) = E () (E (1) ()88, 3.2
S avql Ne1b S Sued
and
i a s Ty
n+l’ " n+l n+l’“n+l

Let Rn(D,al,az) be the expectation of R(An,ul,uz) with respect to

(1) (2 1)
: X7, X X

2 Definition 3.1. The sequence D = {Bn} is said to be asymptotically
optimal relative to (al,uz) E Rn(D,a

9c ey

5 Xlgz) (the past observations).

1,az) converges to the minimum

Bayes risk R(Z*,ul,az), as n + o,

Definition 3.1 of asymptotic ontimality is given here in the
specific setting of the problem under discussion. For a more
general definition see Section 2 of Robbins (1964).

H,,..,,Y‘.J,-._v.,,w.‘.uw,”
.

?i Theorem 3.2. Let ul(R) and az(R) be known. Then

~%
o R (3.4)

R
A ,al,az) = EA




3 % o
R (D,a,,a,) = (EA"-EA °) + (EA -EA 7), (3.5)

where
Ea? - Pl st ¥ (1-p, ,)(1-p, ,)A
1,1P2,1% 1,1 2.1/%
(3.6)
+ (Q-py Py 1T Py, APy )T
EX*Z =g.2 A2 + (1-g,)(1-g,)A, + (1-g.)g.I
1%2% 81/ 01-8,)8, 8,)8,1;
(3.7)
+ 81(1_82)12’
B2 = h b A% + (1-h.)(1-h.)A. + (1-h,)h.I
n 17270 Rl e e o |
(3.8)
+ h; (1-h,)1,,
where
Iy = [Fo(y (1,046, (y,)dG(y,), (3.9)
1, = [F2(y)dG,(y) (3.10)
2 0 y 0 Y ] -
and
pl,lpl,nl Pz,lpz,nz
-4 = g e T = g B ———————
17 Thay P1,0,+1 2 Ry P2,0,+1
(2.11)
i P
Eiei P -l,n1+l S - 2,n2+1
e l,n1 1 nn; Y 2,n2 2 nn, .

In particular D = {An} is asymptotically optimal relative to (al,az).
Our proof of Theorem 3.2 uses the following lemma.

Lemma 3.3. Let Xil) = (X(l) X(l)), i =1,2, be two independent

Flper N2 inl
samples, each of size n;, from a Dirichlet process on (R, B)
with parameter as and let X(z) = (X(z) ..,Xii)), i=1,2, be two

i il 2 @ .
independent samples, each of sgize n,, independent of (X1 ¥ xz Vs

o g.-.a.p.u..u..‘




from an independent Dirichlet process oa (R, B) with parameter

Assume that each of a, @ is o-additive. Then

(1) (2)
EI ( ) = EF (X'.7)
(‘“’Xii)l et 0°"1j

s 2)
E6f1) (==X 1) = EF (X2,
RN e
ij
()<
(-
E(l-GO(X‘k,Z )) = Ao:
(2) L)y o (2) (2)
EFo(xij )I(.w x(z) (Xkl) EFO(Xij )Fo(xi'j' s
9 i'j'
(L)- 42 (- g (1)
’ ij
(2) (2)
ES ((-=,X;.°1S ((~=,X,; 75,1 =
(1) Gt (€9) i'j
x.kl xkvzv
( (2) (2) '
EFO(xij )Fo(xi'j') s k=zk
| oy RER TR + ERy&EDY @y ® + 1),
k=k', £=2L'
' LEFO(Xgig) ,k=k', 2=¢'

02.

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

N
(3.18)

(3.19)




(1)
EI( - x(2)] (X )1 x@
1ij Xivge
( (2) (2)
BF (X, )P (X413 0)

(2) (2)

(1) (1)
(2) (X »=2)8 e (X g

Xy Kieye

(2) (2)
{a (R)EF (xij )F (xi 'y

)
EF (X 1))
),
EI
“ ,,x(z)] X x{l)

,

(2)yp (x(2)
EFo (X1 )F(X{150),

i'j'

(2)
(l))’

EF 10.¢

) |
(Xerpr)
kzk'
(3.20)
)
YHER (K{T0 (o) (R)41),
k=k',
w)) =
(3.21)
Y4EF (X{2)) }/ (a; (R)41)

(1) 1 i
£22'
2=’

e
3D
k=k'
(3.22)

{ oy ®ER e x (D) ver 221 (o) R4,

(¢H)
k=k", £=L'

k=k', £=L£',

M bbb et i L S o s ol




(1) ) -
» 1j ilj'

( (2) (2) .
BF o (X 5 )Fo (K150, k=k',

2)yp x? (2)
{ o) (RIEFG (X TIF (X T HEF (X 1) (@) (R+),

k=k', £=2'

(2) =L '
(1)) , k=k', £=£".

L EFO(X

In (3.19) - (3.23), X2 15 the smaller of X2 and x{2)

Also,

(69) i3 iy

[Fg(y 1))46 (7 )dGy(y,), 121’

(2), .
EFo(x(l))

(3.23)

(3.24)

IENCIRLINCAR AR 1=1,
; Ag i=i'
e k(27 3]0 = § [rg0 Ry a7 1m17u3R" (3.25)
L IFg(y)dGO(Y) 1=1',3=3",

where Y1) is the smaller of Y1 and Yoo and

1) (1)~

r

A , kzk'

2
0

1 [(1-65(x1)) (1= (x) )l (xy »%,) s K=k, £=L!

RLRCRIAC ek, £=L" .

12

(3.26)




B

In (3.24) - (3.26), Ho(xl,xz) and Ko(yl,yz) are the distribution
functions of (x{t),xéiz), £2£' and of (xig),xiie), j2j' respectively
which are given by Theorem 2.5.

Sketch of Proof of Lemma 3.3. To prove (3.12) - (3.14), use the

(1) (2)

independence of Xk and xi and Theorem 2.5. We prove (3.12):

(1)
’ ij

(1)
) = E(ECX (2)]<xk£ )X
i

(-Q’Xi

(
i i]
Equations (3.15) - (3.16) are readily verified from Theorem 2.5 and
the definition of A,. Equation (3.17) follows from Theorem 2.5

0
and the independence of X{l) §2) and xé%), and (3.18) follows
2 1) 1)

and xk. .

To prove (3.19) - (3.23), use the independence of (x{l),xéf)) and
(Xiz) (2)) and Theorem 2.5. We prove (3.19). It follows from

from X

from Theorem 2.5 and the independence of Xi from

i'
the independence of (xél),xﬂ)), (xf),xﬁ)), 508 Thaotel 2.5, thet

(2) (2)
ES ((~=, s ((==,X;7%: D)
(1) ij 1) s
Xe Kergr
(2) (2) (2) L(2)
= E(E(§ ((~=,X,;5"1)6 (==, X, 70 DX 57X 730))
(1) ij (1) i b - G [ |
e Xop
;
Ero(xﬁ))ro(xg;.), k#k' (by the independence of xﬁl) ’X'S))
el o )
=J Eal(( ’X(l)])(al(( ’x(z)])+1) k-k' £:£|
r 3, ) (a; (O+1) et
(2)
Ea (('“’!x J)
1 @ PO
al(R) k=k', £=L',

which reduces to (3.19). Equations (3.24) - (3.26) are readily
verified. ||
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Remark 3.4. By using the conditional distribution Lo(yzlyl) =
az(n)+1 of X ij" given xij (3#j'), we can show

that

fFo(y(l))dKO(yl,yz) = [a, (R)I;+441/ (a, (R)+1), (3.27)

JF (7P ()R (7,7,) = Loy (RIATHL, 1/ (ay (RI+1) . (3.28)

(2)

The function K (yl,yz) is the distribution function of x( ), U

(3=3'), and y(l) is min(yl,yz) Similarly, by considering the

conditional distribution of xﬁiz given Xﬁi) (£2L') we can show

J (164 (6])) (1G5 (x7) )l (x, »x,) = Loy (RIAZHT, 1/ () (RI+1). (3.29)

~%
Proof of Theorem 3.2. To prove (3.4), expand (A - A )2, and note

~%
that A , being the Bayes estimator with squared error loss, is

E(Alxéii, X(z)) To prove (3.5), expand (A - Z )2, and note that

(1)

E(a8) = E(EC88_|X! D x2) = £ _Ea]xD),x2y)

x1 R NEED N a1 Xnel

- g8 a") = ea” E(A |x(1) (2))) EA*2,

a+l’ n+1 (Here we used the fact

that E(A lxéii,xéii) = A , which is easily verified.) To prove

(3.6), use Theorem 2.6 twice. Thus,
EA? - E([F(y)dG(y))?
- EE([F(y)de(y))?|F)
= E{([FX)dGy () / (a, RMD) +u, (R) ([ (3)dCy (7)) */ (a, (RI+1)}

{(ff'o(y) (a1 (R)F,(y)+1)dG oM/ (a; (R)+1)+a, (R)E(I(I-G (x ))dl-‘(x)) }
;¢ (R)+1

| [Ty Ry} (a; (R)#D)m, R (] (1-Go (x) 2dFy (x) 4y (R85 HAay (RI+1)]
F 5. az(R)+1 5

B Oy e T P S TN SRy St o e TP Prwopw.




which is (3.6). (In the above derivation, use the second moment of
a beta distribution to get from the third equality to the fourth.)
To prove (3.7), expand A *2 into ten sums, take expectations and use

Lemma 3.3 repeatedly. For example one of the sums in the expansion

n2 n

is jzl g 21 Fo(xiii’j)Fo(Xsii,j,) (apart from a multiplicative constant).

To evaluate its expectation use (3.25) of Lemma 3.3. Equation (3.8)

-~ h*
is similarly proved by using Lemma 3.3. To simplify EAZ and EA 2
use Remark 3.4. The asymptotic optimality of D = {A } follows from

~2
the fact that lim EA = EA 2, which follows by letting n +> «» in (3.8). |

N
Note, that from (3.11), it is seen that the rate at which Rn(D,al,az)

converges to the minimum Bayes risk is 1/n.
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