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Abstract

The Bhattacharyya, I-divergence, Vasershtein, variational and Levy distances
are evaluated, compared and used for the reduction of n data to one feature.
This reduction is obtained through a restricted linear transformation and the

original data are assumed to be originating from two different jointly Gaussian

classes.

It is found that the Bhattacharyya, I-divergence and Vasershtein distances
give the same '"optimal" linear transformation that applied on the original n

data result in one feature with maximum possible distance between classes.
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The distortion measures considered in the Vasershtein distance are

Ix-y] and (x-y)z. For the same distance measures and classes with equal covari-

ances the Levy distance results in the same "optimal" linear transformation.
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) 22 Introduction

Distances between probability measures have been used as valuable evalua-

o sttt S e it e e e il

tion and optimization criteria in signal selection [8], pattern recognition [22],

universal coding [ 16, 18], and statistical robustness [ 21].

The choice of the proper distance must be the result of a carefully weighted

decision, where both the calculability and the power of the distance are considered.

An additional factor that is important for the choice of the proper distance
in statistically ill-defined environments is the sensitivity of the distance to the

changes of the underlined measures.

In section 3 of this paper some comparative evaluation between Bhattacharyya,

I-divergence, Vasershtein, variational and Lévy distances is presented.

In section 4, the above distances are used for the linear reduction of n

i data coming from two Gaussian populations, to one feature.

f ; 2. Preliminaries

Let (Q, G, u) be a separable, complete measure space, where G is a
o-algebra of sets in () and |y is the measure. Let us now define two different

measures \;, |, in (0, G) such that H1(0)=H2(0)°

If A,B are set - members of the g-algebra G, and if p (A,B) is a penalty

function, or distortion measure defined on G, then the Prokhorov and Vasershtein

S 03

E | distances between the two measures M1 Mg are defined as follows:

Prokhorov distance: f;;,w ’,////

dP,p(“l’“z) inf{e:u; (A)s pu,(UB;B:BeG, p(4,B) < e)+ e,; ;

H,(A)< yu; (UB:BEG,p(A,B) < €)+ ¢;VAER] (D)
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Vasershtein distance:
dv,p(“r“z) tat Er(.,.){"(A’B)} (2)

all joint

measures r(A’B)’Hl(A)’UZ(B) marginals

The distortion measure considered is incorporated in the definition of the
Prokhorov and Vasershtein distances. Also, the Prokhorov distance is very sen-
sitive to the changes of the “1,“2 measures, while for some choices of distortion
measure p(.,.), the Vasershtein distance is only a function of second orde; sta-
tistical characteristics (as shown in [ 16] and discussed in section 3). Finally,

while the Prokhorov distance is bounded from above by “1(0) “2(0)’ the Vasershtein

distance is bounded only if the distortion measure p(A,B) is, for all A,BeG.

If the distortion measure p(A,B) is a metric and is such that p(A,A) =0,
then it was shown by Dobrushin ([ 13] pp 496) that dv’pQJl’uz) is also a metric
and dv,pQJl’u2)= 0 if and only if M3, The Prokhorov distance has the same

properties for any p(.,.) choice. In Dobrushin the relationship:

2
dy, o1 1) = [ dp, W1 i) | 3)

is also stated. A formal proof of this relationship is given in appendix A.

If the space () is a Euclidean space, and fl’f2 are cumulative distributions,
the Prokhorov distance reduces to the L&vy distance. For () the x-real line, and
for My oMy being the one-dimensional cgmulative distributions Fl(x),Fz(x) corres-
pondingly, the Lévy distance is given by the following expression:

dL,p(Fl,Fz) inf {e:FZ' @in(y:p(x,y)< €)) -esFl(x)st(max(y:p(x,y))Se) + e;Vx} %)

The L&vy distance has the same properties with the Prokhorov distance. Specifi-
cally, it is a metric, it lies between 0 and 1 and it is equal to zero if and only

if Fthz- It is also obviously true that the Léby distance is very sensitive to

distribution F1 F2 changes.
b
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A set of distances that are also very sensitive to distribution changes
and are defined on Euclidean spaces are the Kolmogorov, variational, I-divergence
and Bhattacharyya. The three last assume existence of non-cumulative distributions
(density functions). If we concentrate on one-dimensional Euclidean spaces and

denote by f1 f2 the densities of Fl’FZ correspondingly, we denote:

Kolmogorov distance:

dK(Fl’Fz) = sup l Fl(x)-Fz(x) | (5)

Variational distance:

dVr(ff‘fZ) =.fb | fl(x)-fz(x)ldx (6)

-

I-divergence distance:
® £, (x)

1 1
d (£.£,) =3 [_w[fl(x)-fzcx)]m; Lo = Q)

v

Bhattacharyya distance:
1

“ % 3
dy(f £)) = 1n U £ £, (x)dx] (8)
-

The Bhattacharyya distance is well known to be an upper bound to the pro-
bability of erratic decisinn between fl and fz. Also, the variational distance in
addition to being over sensitive to density changes, it is also very demanding. A
more detailed comparative evaluation of the six distances covered in this preliminary

discussion is presented in the following section.

3o Comparative evaluation

The relationship between Prokhorov and Vasershtein distances has been al-
ready given by (3). The following lemma describes a simple relationship between
the Lévy, Kolmogorov, and variational distances, where multidimensional distributions

are in general considered.
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Lemma 1
For Q1 Q2 multidimensional cumulative distributions and f1 f2 their corresponding
’ t]
densities, the following ranking is true: e
d; (Q,,Q,) =< de(Q;5Q,) =< dy (£, £, 9)
Proof:
i% 1. For the relationship between Lévy and Kolmogorov distances, let
dg(Q),Q;)=6=swp| Q, ()-Q, () | - ;
Then,
g Q, (®)-Q,(®)s|Q, (X)-Q, (X) | <6
k| <Q, UY:p (X, 1)<8)-Q, (X) 46, VX
g and Q, (X)-Q; (X)<[Q,(X)-Q, (X)|<bs
<Q, UY:p (X,¥)<5) -Q, (X)+5 ; VX
'= or 5 R Ep R

QZ(X)SQI (UY:p (X,Y)<§)+5,¥X
i Therefore, § is a candidate for dL(Ql,Qz) and dL(Ql,QZ)S6=dK(Q1,92).

2. " For-the relationship between variational and-Kolmogorov distances:

|Ql(x)-Q2<x>|=|[jf1(Y>-fz<Y)]dy| <

v
-

srx|f1(Y)-f2(Y)|dYsI”|fl(Y)-fz(Y)|dY

£ ”dx(Q1’°2)=;“p|°1(x)'Q2(x)|‘dVr(f1‘f2)

: £ It can be seen from the above lemma that the Lévy distance is the weakest, the

variational is the strongest and the Kolmogorov lies in between.
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The Bhattacharyya and I-divergence distances consist a separate group
that is not directly comparable to the previously mentioned distances. In addi-
tion, as explained by Kailath [8], the Bhattacharyya and I-divergence distances 1

are not directly comparable either.

e

At this point it is interesting to make the peripheral comment that the

nonsymmetric I-divergence distance given by the expression

( »=[£, (0 5 il
d.(f.,£. )=|£. (Y)log
I i Uity i [ | fZ(Y)

dy @ (10)

is also the discrimination or relative entropy of f2 with respect to fl’ defined
by Wyner [19] for a two-receiver broadcast channel. The symmetric I-divergence
distance in (7) can then be looked at as the mutual relative entropy between the
two receivers of the same channel. Continuing on the comparative evaluations of
the distances, we will present two lemmas involving the Prokhorov, generalized
Kolmogorov and Vasershtein distances. The conclusion from these two lemmas is
that for particular choices of penalty or distortion measures p(.,.) both the

Prokhorov and Vasershtein distances degenerate to the Kolmogorov one.

Lemma 2

Let'(Q,G,ul) and (Q,G*Jz) be two-measure spaces with measures-such that: -
by @, (Q)=S, 05, (A)sy, (B);VACB:A,B,€G;1=1,2

where S some real number.

S,A_s B

Let also p(A,B) { '
O’A=B

L dpsy upmp)=dg Gy suy)




Lemma 3

For measure spaces, distortion measure p(.,.) as in lemma 2, and $=1, it is also

true that

The result expressed by lemma 3 was first found by Dobrushin [13]. An alternative

proof for this lemma and proof of lemma 2 are precented in appendix A.

Another property of the distances that is valuable for any optimization

problem involving them is convexity. It is easy to show that the variational,
Kolmogorov and I-divergence distances are convex |J on closed linear manifolds of

any of the two distributions involved.

/
The Vasershtein distance for distributions and the Levy distance are con-

sidered interesting cases here and are examined in detail.

Let us first consider the Vasershtein distance for distributions, and
denote Q1(xn)’Q2(Yﬁj two n-dimensional distributions at %h'and !n respectively

In addition, denote by (xﬁth) any 2n-dimensional distribution with Q;,Q,

R,
D)
marginals. For such distributions the Vasershtein distance is given by the follow=-_

ing expression:
A 2 ) &4 q (11)
T
5 61sQ2 : -. : -

The fq&lowing lemma can then be stated.
Lemma 4
For distortion measure p(.,.)20, the Vasershtein distance dv’p(Ql’QZ) in (11) is

convex |J on any closed linear manifold of either Ql’ or Q2
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Proof
Let Bij be the space of all joint distributions R(.,.) that have Qi’Qj marginals.

Consider the 8123813 spaces and let Rl(”') = 312, RZ("') € 813. Then, for every

h€ [0,1], the distribution
R(.,.)=hR1(.,.)+(1-h)R2(.,.)

has marginals Q1 and hQ2+(1-h)Q3. Therefore, for every Rl(.,.)eﬁlz, hef0,1],

Rz(.,.)6813, the distribution

R(.,.) h(R; (o) )H(1-D)R, (., ) (12)

is a member of the space B that has Ql,hQ2+(1-h)Q3 marginals. In other words,

1h23
the distributions expressed » (12) consist a subspace of the space 81h23'

Therefore,

dv,p(Ql,hQé+(1-h)Q3)iinf ER(.’.){p(Xh,YH)}s

S R(., )Ry 0

g {p(X: . )}
< inf ER(.’,){p(XH’Yn)} ARE Eth(.,.)+(1-h)R2(-,-)

R(.,.) in the linear Rl(;,.)ealz
family described by (12) Rz(.,.)EB13

=inf [hERl(.,.){p(xd,Yﬁ}+(1-h)ER2(.,.){p(X&,Yn)}]
Rl(.,.)ea12
Ry(.s.)€B, 5

But since p(.,.)zo, we can write from above:

dv,p(Ql,hQ2+(1-h)Q3)=h inf ERl(‘,.){p(Xn,Yn)}+

Rl(.,-)EB12
+(1-h) inf ERZ(!,.)[p(Xh,Yh)}

Rz(‘ t )6313
and the proof is here complete, since symmetric analysis leads to similar result

for the other distributions involved in the Vasershtein distance.
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We should make here the additional observation that the result of the

above lemma can be extended to arbitrary measures MyoMg and p(.,.)=0.

Also, we will emphasize here that if the distortion measurc {Xﬁ,Yh) is
symmetric with respect to Xn and Yh’ the Vasershtein distance is also symmetric

with respect to the distributions QI’QZ' That is, dV’p(Ql’Q2)=dV’p(Q2’Q1) then.

At the study of the Lévy distance for convexity, it became evident that
such property is secured only if the distance is redefined on a closed internal
of the distribution domain. The reason that such redefinition is necessary is
that convexity of the underline distributions is required then, and such convexity
is not true on the whole (~,») for nontrivial such distributions. That will be

clear in the following detailed discussion.

To make the discussion as meaningful as possible we will restrict ourselves
to one-dimensional distributions F. The arguments and the results can be easily

extended to multidimensional spaces.

/
Let us consider two constants a,b such that a<b and define the Levy distance

in the following way:

dL,p(Fl,F2)=inf {etFZ(min(ytp(x,y)se) -esFl(x)sFZ(max(wp(x,y)se)ﬁ:;Vxe[a,b]} (;j)

What is implied in the definition (13) is that the domain of interest is

[a,b], which means that the values of F in the remaining domain are either kept

1°Fo

fixed or they have no influence on the system under consideration.

Now, we can present the following lemma:

Lemma 5

The Lévy distance expressed by (13) is convex |J on the closed linear mani-

fold of distributions FI’FZ that are convex  on [a-1,b+1].

SU—

st

p————
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Proof: _

We will prove the lemma for F2 only. Due to symmetry the proof for F1 ;

will be the same.

Let F_,F be three distributions that are N convex on [a,b], and form

I? 21’F22

the distribution F2=hF12+(1-h)F22; where O<h<l. The distribution F123 is also 1

convex N on [a,b]. We can write as discussed in [ 21]:

dL,p(Fl,F21)=inf{§:F21(x)-[F1(max(y= p(x,y)se))-fe]so;

FZl(x)-[Fl(min(y:p(x,y)se)):—e]zO;Vx.E[O;b]}=e1

dL’gFl’Fzz) =inf{e:Fzz(x)-[Fl(max(y:p(x,y)se))+e]s0;

F22(x)f[Fl(min(y:p(x,y)se))-e]zO;VxE[a,b]}ﬁ=ez (14)

4, (o F =ing {e:Hf 1{21{3)_-[1?1(max(y:p(x,y)se>)+e.]]+_<1-_h)[F22(x)_-
-[Fl‘(maxw: b (x,y)<é) 5~fe)]$0',p’é"22 (x)-[-F1 (min(y: o(x,y)se))-e]}

+(1-h)[F22(x)-[(min(y:p(x,y)se)-e]];O;Vxe[a,b]} (15)

Since dL,p(Fl,F21)=c1, for every §>0 there is some eslzelsc61<e1+5 that satisfies:

Fn(x){Fl(max(y:p(x,y>se61)>+e61]so ]

vxe[ a,b] 16) |
Fn(x)-[Fl(min(y:p(x,y>se51>)-e51}zo ~

Similarly, from dL’p(Fl’FZZ) we obtain that for every §>0 there is some
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€. ..e.<e. <c.t that satisfies:
62 2 62 2
Fzz(x)-[Fl(max(yw(x,y)seéz))ﬁ:bz]go
Vxe[a,b] 17)
; \’Fzz(x)-[Fl(min(y:p(x,y)saaz))-ebz]zo
3 From (16) and (17) it is impligd that:
h le(x)-[Fl(max(ym(x,y)seél))ﬂél:ﬂ+(1—hﬁF22(x)-[F1(max(y=p(x,y)sesz))ﬂzazjso
_ - —
v a,b] (18)
A ‘ hl;1.~"21(:r.)-[F1(min(y=p(x,y)se:,(sl))-e:ts;ﬂﬂ‘(l-h){l’zz(x)_[F1 (min(y=p(x,y)se62))-esj 20
; S J 3
or that:
! thl(x)+(1-h)F22(x)shF1(max(y:p(x,y)sea1))+(1-h)F1(max(y:p(x,y)sesz))+'[he61+(1-h)e62]
! vx¢e[ a,b] (19)
_‘ hF21(x)+(1-h)F22(x)th1(min(y=p(X.y)seél))+(1~h)F1(min(y=p(x,y)sc61))-[he61+(1-h)e62]
:
4 Due to the N convexity of Fl on [ a-1,b+l] we have:
: F, (hmax (y:p (x,y)se, )+(1-h)max(y:p (x,y)<e, )=, Gethe ™ (e, I +H(1-h)p” (e ))
E ‘ 1 2 1 2
! H ‘ =1
i ShF. (xkp 1(561)>+(1-h)F1(x+p €5 ) (20)

3 } 3

where p-l(ek max (y:p (x,y)<e)-x

Substituting (20) in the first part of (19) we obtain:

RTS8

e hrzl(x5+<1;h)rzz(§>s?1(x+hp'1(e51)+(1-h)p'1(eaz))+he61+(1~h)e62

-
E vxel a,b] (21)
¥
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The second part of (19) can be treated the same way as dicussed in [21]. If

D-l(e)se it is directly then derived from (21) that

d (Fl,hF21+(1-h)F22)ghe6 +(1-h)e6 <5+hc1+(1-h)52;v5>0,p(x,y)=lx-y'

y
Lop 1 2

)+(1- h)d (F ,F__.) and the

Therefore, d 1’F22

(Fl,hF21+(1-h)F22)shdL,p( 1’ Fo1

L’p

proof is complete

We can observe here that a distribution F(x) that is convex N on [a-1,b+l] is
a distribution with negative second derivative in [a-1,b+l] which corresponds to

density monotomically decreasing on the same interval.

As a conclusion from lemma 5 we can observe that due to the convexity expressed
there, given any distribution F there is a unique best approximation of it in the
Lévy distance sense given by (12), where the approximation is taken from the linear
manifold of distributions that are convex (| inside a certain closed interval

[a-1,b+1].

As we see in the following section, the convexity of the distances besides
been valuable for best approximation problems, it is also useful in the search for

optimal linear data transformations under restrictions.

& The distances and data linear transformations

Let ((),G) be a space with a g-algebra defined on it, and let T be a

transformation on the w elements of the space (. The transformed space will be

called T(), and the transformed oc-algebra will be denoted TG.

Corollary 1

TG is a g-algebra if () is a countable space.

T T ST A A R S 8 3 T S AT L3 eI 3 ATl 6% ST 050 a5,
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Proof
Let A,B&0 and denote by TA, TB the transformed sets. Then TAYTB and TANTB
are obviously equal to TAUB and TANB correspondingly. But, A,B,AUB,ANBEG.

Therefore, TA,TB,TAUR,TANBETG. The same is easily extended to U']:Ai and -

i
n

lim UThi.

e i=1

We want to point out here that if () is not countable the statement of the
corollary is not necessarily true. Also, if () is countable so is T(), while T is

not necessarily a one-to-one transformation.

Now, suppose that a measure space (Q,G,,) and a closed convex family F of
transformations T are given, such that for every T€¥, TG is a o-algebra. Then,

each T€F induces a unique measure space (TQ,TG:vT(u))'

Let two different measures MMy assigned as ((,G) and let T be some trans-
formation from the family ¥. Then, two measures vTQJl) and vTQJZ) defined on
(TQ,TG) are induced by T’ul’uz' I1f some distance d(VT(ul),vT(pz)) is convex N
with respect to T for T&F, then there is a unique transformation T,€F that applied
on the measure spaces (Q’G’Ul)’ (Q’G:Hz) induces measures vTO(ul)u VT,(“Z) that

realize the maxd (v, (u,)svn(u,))-
Tng\’Tz

In this section we will be concg;ned with a particular space ((),G), and
particular measures pl,uz‘and transformation T. Specifically, Q will be the_En
Euclidean space.and Fhe g-algebra-G will include al} sets («m,Xn) where_xn an n-di-
mensional vector defined on E". The family G of transformations will be the family
of row vectors Cn of dimensionality n that satisfy soﬁ; restriction. .If this re-
striction is CnRC; <y, where o some constant, and R same nxn nomegative matrix, the

family of transformations is convex. The- measures MpsHy will ‘be, in general, pro-
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bability measures, and more specifically Gaussian probability measures defined on
E"a). Pt | e, i s e g o
Let

X
n
“i(-m,xn)=J £ (Y )Y ;i=1,2 (22)
-0
where
-n e, |
2 2 1 I <1 . l
= - - - - °.=1 2
fni(Yn) (2m) | Rni ‘ exp{ 2<Yn Mni)Rni (Yn Mh;} v (23)
Then, for T=Cn we obtain from (22),(23):
.
vl (=, 2)=] €7 ()dwsi=1,2 (24)
-0
where 2
°2 - 1 Cn ni)2
= R g - - 4 - =
£p(=m) Mo R cl] exp L2 o g el (25)
nnin |
Finally, let the convex family of transformations 7 be expressed by the
restriction
/
A
Canlcn < (26)
where Rn1 the positive definite covariance matrix in (23) corresponding to i=l. — 3

it 3 The optimal transformation Cn (if any) that has the best discriminant effects
will be sought, where this effect is measured by the Bhattacharrya, I-&ivergence,

Lévy, Vasershtein, Kolmogorov and variational distances. Each of the distances will

P T T T Y O

g T N A

P t =] =
be examined separately, for the two cases of Mnl an, Rnl an

s Mnl=Mn2=Mn

I. Bhattacharyya distance

In this case, the Bhattacharyya distance in (8 beéomes:
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Let Rn =ww‘; where W the matrix of the relative eigenvectors and Rn2=WLW';

1

where L the diagonal matrix with the eigenvalues )

the optimal transformation c. that midximizes: d}'s(f

.T.t. L
of an wv.r.t Rnl hen,

fZT) under the restriction

j
1T’

in (26) is actually a set of infinite values lying on a line and described by:

c =K max-,()\ms +1 -3 N £ +\ % ) (28)

n x "max’"min’ "min

where K any constant that does not exceed absolutely /:

that realizes the

D
n

max’*min “min

- \ -" "y x i
max-}(}m§¥+x * A §-+x ko this C_ from Cnmln,

s fuum betveen l.ga,;:ﬂ‘;} x’ )‘Einﬂ‘ r:n%n

Ry i
and ¢ ™" < [0,..010..0]W : (29)
n

t
position corresponding to the minimum

L eigenvalue

b 2
¢ ™* = [0,..010..0}¥ 1

t

position corresponding to the maximum-

(30)

eigehvalue in L
The proof of this result is in appendix B.

The maximum distance.is.given by the following expression:

wkl noadil T R '%) '
dBmax- 2 i nmax("m.’:xx*')‘x':xaxx’ min Amin (31)
1L, Variational distance
o e— PR ST
J : CanZCrli CanZCr’l
dV (flT’fZT) =4 |§ Zgn——-—-r-c R .G Ycr ¢ 2{.n-———'-rC WG (32)
r ‘ n nl n n_n2 n n nl
cr _c’\%| | Cafnin cr .c'\?
nn2n 1 n n2 n|f -1
CRK.C CR .C
n nl n n nln
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2
where @(x)=['x L exp {-2 du
J 2 2
-0
as shown in apperdi: B. Again the maximum distance corresponds to
- CanZC; -1
SRkt ol B L max(xm;x’xmfn) (33)
: n nln
:i s xmax,xmin the maximum and minimum eigenvalues in L correspondingly. ?
) The corresponding linear "optimal" transformations are again given by (29) and (30) ]
multiplied by any constant not exceeding(irl = ]

The maximum value of the distance is:

R 24m) 24n) ,
3 " Z%max) _ {__m_a_)s 1
}J dVrmax—4 b é( >‘2 -l) §()‘max et {

max
2"m‘min
(| =) o,
) - N min
)\minl (34)
! IIT. Kolmogorov distance
f
|
! It can be found easily that--
' crR.c |- cRrR..C
i - (- n2n | (D D2 n
f Lo PPe R cr- 28nc R C7
4(~C'* -~ n ol o= - nnanl-n - =
A(E s, £.0)s @fu T2 T g (35)
KV IT =27 TS1C R €' HIC K '\ . C:R _.C/\V2
n nl™m n n2 n a1 nn2n -1
C.R.__Ef T e g
5 n nl n/- -n nl n
The same transformations anmin,cnkmax in (29), (30), (28) stand and
| 4.7 =&q
Kmax -4 ~Vrmax. (36)

where dVrmax is given by (34)
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IV. I-divergence distance
It can easily be found that:
‘ 1. 1 [ %5% . SRt
dx(fn’fzr)"'z”'??[ca e YR ¢ ] G7
nl n nn2n
! It is obvious that in (37) the same symmetries that appear in (27) exist.
'; ) Therefore, the "optimal" linear transormation is the same with the one in !
the Bhattacharyya distance. The maximum distance value is given by: ;
*' e P %—+ % mx(’*mxﬂ‘m;i];’ )‘minﬂ‘m-i.!]; l (38)

4
‘f ) Ve Levy distance

We felt the Lévy and Vasershtein distances last because they both involve a
penalty or distortion measure and therefore consist a separate group.
If p(.,.) is the distortion measure used; denote by p-l(e) the maximum y

that gives p(x,xty)=e for any x. Then, the Lévy distance for the equal mean

model considered here is given by:

dy o £y ) 108 fes2 -3 Canlcn pernw c )‘e o(vorrrer ey ) ‘(Y*L‘U" ) =% Y9

C R C C R C

é As shown in appendix B, finding the Levy distance for given C, transforma-

tions or even more finding the "optimal! discriminant transformation in this case-— |3

becomes a task that can be only approached numerically. This is a strong indication

of the fact that the Prokhorov and Lévy distances are characterized by the disadvan-
i tage of difficult calculability. 1In cases that the inclusion of a penalty or dis-
tortion measure is desirable, the Vasershtein distance is a better choice as we will

show below.

VI. Vasershtein distance

We will work with specific distortion measures here. The first such distortion

measure to be examined will be the popular ) (x,y)=(x-y)2.
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- For the equal mean case we are considering here, it can be shown directly:

4. (£,.,£. )=inf {CR C’4C R
V,p 1T 2T (., .)with - nnln nn2

flT’fZT marginals

c’-2E
n

N ){y-cnnn) (x-cnun)} (40)

As shown in [16] the Vasershtein distance d (f..,f,.) can be actually
V,pé 1T’ 2T
found if the knowledge of some structure involving the intial data xn’Yn is assumed.
Specifically, let xn be n samples from or Gaussian, wide sense stationary

process whose nth order statistics are described by f 1(Xn) in (23). Then, the auto-
n

correlations matrix Rn is a Toeplitz matrix. Let Yn be from a Gaussian wide sense

1
stationary process also whose nth order statistics are described by fnz(Yn) in (23)
; and an is again Toeplitz. Then the scalar variables Can,CnYn are samples from

Gaussian, wide sense stationary processes also. In fact,.the power spectra of the

variables C X C Y exist and are given by the following expressions correspondingly.
nn, nn : o o . - o i &

@
. 2 v 1k
% ;fa(p =) CR () e (41)
g 1T =
i ) f
> i
v. i anr LiKL
g PO =Y cR,00c] e (42) f
2T k== eemTE s = — .
where () ); i=1,2 denotes power spectrum under corresponding n order statistics in
fiT /
- ion. k)=E (X - -
(23), and Cn ransformation. Also, Rni( ) {(?n %ni) (?n+k Mn+k,J }, where the

expectation is taken over the statistics that in n order arz given by fn in (23),

i

and what has been denoted by R.n till now is actually Rni(o)'

i

Let us restrict ourselves to cross-stationary processes. Then the infimum

in (40) will be taken over all cross-stationary statistics with flT,f2T marginals,
and the cross power spectrum exists and is denoted by P() .
fi.T’fZT

As explained in [16] p. 324, the Vasershtein distance under the above re-

strictions is given by the following expression:
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a3 2
dysp EpEpp=Cm [ o )-eta) a 43)

V’p
s o TIT for

where PiT(x) are given by (41) and (42). We want to point out here that for the

existence of PiT(X) it is sufficient that the vectors ann form cross stationary

processes in time. In this case, the matrices Ré?)’Rég) do not have to be Toeplitz.

Let xn(j), Yn(j) denote n-dimensional data, collected at time j from popula-

tions distributed as in fnl’fnz correspondingly. Let both xn(j),Yn(j); j=0,1,...

be first order Markov. Then, the spectra in (41) and (42) become:

=| ! I.

Pf1r(x) Ca®n1 (0Cat20, Ry (1€ oo (44)
=l ‘ ‘.

pf2T(X) G g OICHEE B p (LIC, SO0 (45)

If expressions (44) and (45) are substituted in (43) the following expression is

obtained:

7
dv,ps(flT’f2T)=Cn[Rn1(°)+Rn2(°)]Cn %

_n'lfﬂ{c{xnl(o)+zcosxxn1(1]c;-c ian(o)+2cosan2(1)]C,: }é"k (46)

Calculating the expression in (46) analytically to study extremes with respect to the
linear transformation Cn is not possible. For that reason we are using bounds. 1In-

deed, applying the Schwartz inequality on the integral in (46) we obtain:

L — ~7]2
dV,Ds(flT’fZT)z qéanl(o)Cn ¢ véanZ(o)cn (47)

with equality if and only if there is some constant B such that:

4

c, ([Rnl(O)-BRnZ(O)] +2cos)\[Rn1(1)-BRn2(li)Cn =0 e (48)

for. almost all } €[-m,n].




To maximize dV,ps(flT’fZT

) with respect to the Cn choice we will maximize

the lower bound in (47) instead. Since this bound can be written:

' CanZ(o)C;
= - —_——ﬁ—
B(ps) Canl(o)Cn : C R _(o)C (49)
n nl n
o 2(o)c'
and due to the fact that, as shown in appendix B, the ratio L0 T can only
C R _(o)C
n nl n
vary in [xmin’xmax] with Cn changing (where xi the eigenvalues in L), the bound in

(49) can increase to infinity for unrestricted Cn transformations. However, if (26)

is true the bound in (49) is maximized for:

=1 :
c_=|A [o...010..0w (50)

where the value 1 in [0...010..0] corresponds to this position in L that belongs

to max (xmax,x-lmin). The value of this maximum bound is given by:

2
B(ps)#\[l- maX(xmax,x'lmin)] (51)

We want to emphasize here that the Vasershtein distance as well as the bound
in (49) depend only on the second order statistics of the data xn(j),Yn(j) and they
are totally insensitive to the exact underline dist;ibution. This property is valu-
able in the case of ill-defined environments.

If the distortion measure is &'(x,y)=|x-y| instead of (x—y)z, the Vasershtein

distance dV, (flT’fZT) is bounded from below ([16], th. 5) by

Pe
& i ’_ !

B(pL) (2m) [Canl(O)Cn Canz(O)Cn] (52)

The bound.in (52) is obviously maximized for the transformation in (50), where

the restriction (26) is again true. This maximum is given by the following express-

ion:




: -1
Bmax(pl,)= 2n ?_A[l-max()‘mx,)\ min)] 3

VII. General Observations

It is evident from the preceding analysis that for data xn’Yn distributed
as described by fnl(xn)’fnZ(Yn) in (23) correspondingly with Mn1=Mn2’ and restricted
linear transformations Cn’ where the restriction is described by (26), the Bhattac-
haryya, I-divergence, Kolomogorov and variational distances are all maximized by

the same transformation Sz

¢_=K[0...010...0)W " (54)

] ]
where Rn =WW , Rn =WLW, L=[xi} and the digit 1 in (54) corresponds to the position

1 2

of max txmax’x;ig' The amplitude K is such that: KG[-ﬁg,ﬁ; 1

The Vasershtein distance with the implication of Xn(j),Yn(j); j=0,1... being
n dimensional stationary, first order Markov processes and with underline distortion
measures either ps(x,y)=(x-y)2 or p&(x,y)=|x-y|, does not require the specific
statistics described by (23). 1In addition,a certain lower bound on this distance

is maximized again by the transformations Cn in (54), where the amplitude K is

equal to YZi e i e

o Rnl=Rn2=Rn; Mn= MnZ-Mnl

| .Bhattacharyya distance

The Bhattacharyya distance is given in this case by the following expression:

1 (chn)2
TR o
nnn

f
dB(flT’ 27

Our objective is to maximize the ratio in (55) with respect to linear transfo-

rmations Cn that satisfy the restriction in (26).

It is straight forward to obtain the following expression for the ''optimal" Cn:
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¢ =1
=| . - A ¥
C =KM R : Ke[-/A,/A) (56)
The maximum value of the distance is:
e (57)
B8 nn n
I.Variational distance
It is easy to find that here:
. CM CM
- nn nn
y Nelfirf™2 G FRe)- Yt A
nnn nnn
1 where, 1 u2
‘ Q(x)=[f¢:7§ﬁ exp{-i}du
The distance in (58) is maximized for this Cnthat realizes the maximum
CM : . - :
nn which is the one in (55) again.
2/T R C’
nnn
The maximum distance value is given by:
{ -1 -1 -1 -
d =2[8(2 /- - - e
; F 2[3( MR M) - 8(-2 ,/Man'Mn)l (59)

| . Kolmogorov distance

Then, CM CHM - AT
f_,f. _)=|&& ) - ’ -
K fr)= Poere) "z/c—rff}l L
nnn nnn
g, =2 (61)
Kmax V rmax
, " ; i e s : ;
where dVrmax is given by (59) and the "optimal Cn is again the one in (56),
IV .I-divergence distance
It can be easily foung again that in the present case:
-I(chn)
d|(flT,f2T)=2 e (62)

CRC
nnn

and of course the maximum is also obtained by the Cnin (56) and




ol

-1

%M’R M
1 max n n n (63)

V. Lé&y Distance

As we will see, in this case of equal convariances the ''optical’
transformation in the Lévy distance sense can be found. It is shown in

appendix B that in the present case:
= CM

d = 1 . _Q—lﬁl— = N
L,p(flT’fZT) inf {e:2 ( 5 CanC; ) % (

-1
where o (e) = max (y:(x,x + y) = e)
For momentarily fixed power Can6; , the transformation that obtains-

max i mum -J in (64) is the one that maximizes CnMn . That is because for chn

sP

value equal to X, < X, it is obviously true that every ¢ candidate for

i M = x, instead.
(flT’fZT) with Cn , = %, instea

d
L,p g
So, letting now C R C; vary in [o,A], we obtain the maximum Levy distance
nn

in (64) for C as in (56) with K amplitude fixed and equal to /A .
n

VI, Vasershtein Distance s

Let again (as in av') Xn(j) - Yn(j) ; J =0,... be stationary
n-dimensional processes that are also first order Markov. Let X (j)
n
come from a population with Mnl and Rn(o) 3 Rn(l) and let Y (j) come
n

from another population with an and same Rn(o), R (1). The spectra
n

e, D), P

p (\) in (42), (43) are then equal and the Vasershtein distance

1T fIT

for cross-stationary Xn(j) 5 Yn(j) is realized for joint spectrum
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’
g
Pf f()\)= [ Pf o) P,c ) ]% and it is equal to:
1T 2T 17 5
2 r
d (f._, f.)=(C M)
Vps 1T 2T nn : (65)
", 2
b where DS(X:Y) = (x -y} .
The distance in (65 ) is obviously maximized for C, given by (56) with
§ fixed amplitude K = /A . -
: The maximum value of the distance is:
5 ; -1 2
8 d =AMMR M) (66)
i Vpsmax nn n
If the distortion measure is pL(x,y) = ] X =y l , then
E {pL(x,y)) =E {|(x-chn])-(y-cnnnz)-cnmnl} (67)
where the expectation is over all joint statistics with flT’fZT marginals.
For this case of equal spectra, and due to the lower bound given by theorem 5
in [16] we have from (67):
E {p, (x,)) 2 |chn| - E {'("’chnl) -yt M) >
=1 [ om
2lcM | -m [f IP%(A) 5 qg% o | d)\]% =
, - T 27
| =GR
L
i *Foot Note: For the structure considered here and in general Rnl(k) # an(k) -
k =o0,1,... Mnl # an the Vasershtein distance is given by the expression:
-1 3 3 .
f.) = - P2 +
"vos(fn’ o7) = (2 J:"| pflgx) Pfﬂm fa +@hy .
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and the rate distortion theory, have been evaluated and used for the linear
reduction of Gaussian data to one scalar parameter. |t was found that
while the Bhattachayya, I-divergence, vatiational, kalmogorov and Lévy
distances are over-sensitive to the underline statistics, the Vasershtein
distance depends only on second order moments.

Also, while the Lévy distance is hard to calcul ate analytically

even .in the simple case of Gaussian data, simple lower bound on the Vasershtein

distance can be found for the distortion measures ps(x,y) = (x—y)2

P (x,y) = Ix-y| .
Finally, for the Gaussian data and the linear reduction mentioned above,
it was found that all distances (whenever the result analytically feasible)
give the same ''optimal'' transformation with the most highly class-discrimination

properties. This is true in both equal mean and equal covariances cases,
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Appendix A

For the proof of inequality (3) in section 2, the following theorem

by Strassen ([7], Th. 11) is needed.

Theorem |

5; Given two measures by ok, defined on the separable complete space

2 (Q,@) , the inequality -
, inf {G:u.'(A) < u,(UB;BeQ, p(A,B) < €) + ¢ ; VAea) < C (a))
? 1 is true if and only if there is some joint measure r(A,B) with “I(A)’“Z(B)

marginals such that

r(A,B: p(A,B) > ) < (a,)

Using Theorem | we will prove the following lemna.

Lemna |

Al Cb Ll L et e L o

Prok : i i

I f dP,p (u],uz) . dV,p(ul’HZ) are the Prokhorov and Vasershtein distances
correspondingly as defined by (1) and (2), then for every ®(-,-) and measures
sty defined on (,3) and such that ui(ﬂ) = uz(Q) the following inequality

£

is true:

{
i g
SRR I e e e (TS

2
Proof:

dp,p(“l’“z) = inf {e:u](A) g_uz(UB;Bea , p(A8) < €) + €; VAeQ) = ep

For 6§ > o , there is some €g : € < 665 ep+ 8 and there is some Ao giving:
p

ul(Ao) > W, (UB;B : Belyp (A,B) < € + €5 .

B 0T

X

+
5

e — -




By theorem 1, there is then no joint measure r(+,+) such that

r(A,B: p(A,B) > es) < £

That is, for every r(*,*) choice it is true that

r(A,B: p(A,B) > 66) < 66 s
Since El0(A,8)) = € {p(A,B)) + E_ {pfA,B)] >

A,B:o(A,B) > a A,B:p(A,B)XX a

> a r(A,B: po(A,B) > a) ; ¥ a
we can obtain that for every r(-,:) choice it 1is true that
2
A : ) .
Er(.’.)fp( (B)) > € r(A,B: o(A,B) >.?,6 > €

Therefore, if by ev we denote the Vasershtein distance, we have:

: - S0
¢, = inf Er(.,.;o (A,B)) 2 ¢ > €

every r(-,*) with By ok, marginals.

Proof of Lemna 2

S, A
A

If p(A,B) = { g , then the inequality:

u](A) g_uz(UB ; Be@ ,p(A,B) < e ) + ¢
" is equivalent to

u.l(A) S_uz(A) +e ; e<s

( p.](A) < uz(UB ; BeQ@) + € = uz(Q) e 5 ¢3S (84)

| f _u.](ﬂ) = uz(ﬂ) > max (ul(A), “'2(A)) ¥ AeQ

then the second part of (aa) is always true (for all AeQ) because

u-l(A) < uZ(UB ; Be@) = p.z(Q) ; VAeQ .
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Thus, the

inf (exu (A) < p,(UB;BeQ,p(A,B) < ) + ¢] ; VAea) (ag)
is equal to S if for every € <.S there is some AeQ such that either
4 w (A >, (A) + & or uy(A) > (A) + ¢ .

That is because then:

sup | uy (A) = p,(A) | >e , ¥e<S, which leads to:
Aed

18 sup | By (R =, (A) ] >S . But since o< u,(A) <'S ; VAeQ ;
AeQ
i =1,2, the supremun above can not exceed S and it can only be equal

to it.

% ' On the other hand, if for some ¢ < S , the inequalities ul(A) < pz(A) + €

are true ¥ AeQ , then the infimum in (as) becomes equal to:
! inf {e:e< s, (A S (A) + €, ) (A) S u(A) + e ; ¥Aea )
=infle; e<s, | u@ -u@®) [<e; VA
{ = A) = =
sup | (A = ) (R) | dK(u',uz)
AeO. ;
The proof is now complete.

Proof of Lemna 3

; We have in this case: H

dv,p(”'l’”'z) = inf r(A,B; A,B € 0, A # B)
r(-,*) with By oty marginals
= inf r(A,B; A,Be 0, p(A,B) = 1) =

r(e,dw.m. Wy oy

Pad
b

| s
v

¥

= inf r(A,B; A,B ¢ @, p(A,B) > 1) (a6)
r(".)
Let dv’o(ul ’uz) = eV S I




R T il e A A3 5 31015 S IS 8 S5 i e SR sl W -7 3 SR 4 I 0 oD S’ 3

Then, we obtain from (a6):

inf r(A,B
r('n')

; A,Bed , p(A,B) > 1) =

So, for every §> o there is some r(-,:) with By by marginals such that

r(A,B; A,BeC , p(A,B) > 1) < €, + &

From theorem | we obtain then:

u.'(A) < u.Z(UB;BeO » p(A,B) < e, + 8) + €, + 8 ; VAeQ (a7) ;

Expression (37) is true only for 6 > o0 .

Therefore,

inf [e:ul(A)‘g uw,(UB;Be@ , n(A,B) < €) + ¢ ; VAeQ) =

But, as shown in the proof of lemna 2,

inf fe:u.l(A) < u,(UB;BE , 0(A,B) < €) + ¢ ; VAeQ)

= sup | u (R) - p,(A) | = d iy ouy) (ag)
AeQ

From (a8) and (a9) we conclude that for the measure p(A,B) as expressed

by lemna 3, it is true that:

dv’p(u,.uz) - dK(ul Wy)

Appendix B

Proof of result in 4al

Denote X

} !
o] 4 (c R e (b))
R G Rn2 G

monotonically decreasing from x< 1 tox=1 and monotonically increasing

from x =1 to x> 1 . Therefore, if there are any restrictions on the value
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of x, g(x) will assume its maximum for either the minimum or the

maximum x allowed. Now, if we define D = {di ; i =1,°°*,n} = Cn\rl 1

where Rnl =WW , we obtain:
’
2
n
x'bﬁc_n__ e 2
R C Sl SR . (b,)
=13
/ -
where L = {l.i] 3 Rp2 = WLW .,
d2 dz
For ever iy 0< i X i
Yy 1 —"‘E—d?SI’ ; > o and Z:.___l ﬁz:_.d;%=]
j=| j j=] J

-]
Therefore, the maximum value x can take is equal to A , which is

max

the maximum eigenvalue in L , and this is realized by D= [o,---0,k,0°+0] = CW

(ON
Position corresponding
where k any constant. £ i
max
From (b3) we obtain
c)ynaxs k [o0,++0,1,0-0] w-l 5.3
- 4 4

position of A
max

The minimum value x-l can take is Amin and is similarly leading to:

" k [o,70,1,0,,0] W' (by)
position of A
min

’
Applying the restriction EaRpi CuS A to (b4) and (b5) we obtain: 'Kl <,

Proof for 4all

ER &
nn2n
—
CoRnt &5

Denote X =

20nx 2 nx

dVr X< =

Lo A S
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For x> 1

24nx is monotonically decreasing from « to zero with x increasing

x2-l
from x =1 to infinity.

Also, (x-1) 24nx increases monotonically for x increasing from x = 1
x2-1

to infinity.

2
Therefore, & x id) B8 2tinx is increasing monotonically with
x“=1 x“=1

s 24nx 24nx
X increasing from x = 1 to infinity. Similarly, Q( —Z_T) = §<'X 'TF")
x-

is monotonically increasing with x decreasing from x =1 to -w .

Proof for 4aV:

CRrR C/ /
Denote x = _Jl_EZ_E7_ H o = Cn Ra1 Cn
¢ Rnl cn

and let us consider:ithat x < 1 . For x >.l symetric procedure holds.

Then, the LéVy distance in (40) becomes:

-1
: P (e "
dL,p(flT’fZT) = inf (e:8(%) - & (y + :: )‘S € ; Vy) (b6)

if the inequality in (b6) should be true for every y and for given ¢€,x,

it is sufficient that it is true for this y that obtains the g(y) = Q(;) =

-1
- ¥y + P_;Sﬁl) maximum. Taking the first derivative of g(y) we find
1 2

| »
g () =tody -0y Ly e gruy = PLT)
X X o'l /211

The derivative g"(y) is nomegative for these y's that satisfy:
2 -1 )
1 (e)
*'n"é??.-é(v+9-&-——) (b_)
1

X




A

Or for:
S B 2 TR R R | |
. 2 ( o ;2— ) in X

X 1

IA
<
IN

(bg)

Due to this and the fact that g(-®) = o , we see that g(g) obtains

maximum at ) 1
WO} +JJ;(__$£L)2+2('_2_,) e
X

1 X

Q |1

X

L -
X

and for x < 1 the distance in (b6) becomes:

: o R ol
dL,p(flT’fZT) = inf {e: 8(x e
e et
x‘ -
- -1
1 1 2 1 1
= p _(e) ""_’-_(7;.(9—0%_31 )+ 2(=1tng -
-8 ( = - : ) <e
L4
(by)

If this x < 1 that makes the distance in (bg) maximum can be found,

the transformation % that obtains this x can be found also as in the

cases of Bhattacbaryya,l-divergence, variational and Kolmogorov distances.

However, the task proves to be such that only numberical methods can approach it,
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Proof for 4bY

For the equal covariance case in 4b, the Lévy distance is given by:

-1 €M
&5 » b € G U (T
dL,p(flT’EfZT) inf (e: 8(x) @(X+H—?—c7‘+ g, <%,
n n n nn n
C-M - -lm
Wx + TR - Bk ) Lo g W) (1o
n n n (;'I n n )
Denote:
o-lgez Qhﬂn—
g, (x) = 3(x) - &(x + o ) (b, .)
1 ETRE ek G, 1
chn -1
g, (X} = B(x + ——Dry o g(x + 282 (b_.)
2 E R AR T 12
3 g,(x) -1 C M
1 / € n n
x| Hou =gt "“"*%JR,_)'E"“L C. R C.° (b)3)
N n n n n n
d g, (x) CM -1
2 / nn p_(e)
= = + 7
> x B0 =glxt bR ) Pt ) (b;,)
n nn n'n n
g;(x) is positive for:
o “n''n © “n'n
e € [} €
’ - > + >
et i we T e o c e ”®
n n n n n n nnn n n n (bIS)
g;(x) is positive for: ;
= C M ] CM ’
p_(e) _nn o (e) n_n ) S0
WEtT R T et AR O
n n n n n n n n n n n n (bl6)
Let el be a candidate for dt,p(fiT’fZT) in (b‘o).




R

i

Then,

. -1
e f o (ep2]C M F
P (e)+C M

both g;(x), g;(x) are positive for x> -
$2C.%- €
n nn

That means that both gl(x), gz(x) obtain maximum at either x = += or

x = ~» and this value is zerc. So this case is trivial.
Lo -1 . -1
iy o (e')~< Cn K. 4 9 (e]) > o0

-]
o (e]) + Cn ”n

2 C; Rn Cn

-1
0 (e]) +’CnM
2€, R €

n n n

4 -
g](x) is positive for x> -

and g;(x) is positive for : x < -

That means that gl(x) obtains maximum for x = + ® and this maximum is

-1
P (eJ)+ CaM,

zero (trivial), while gz(x) obtains maximum for x = -

2C R_C
n n n
and this maximum is equal to:
p-l'(e ) CM -
e e Crehs
2 C R R
’ : findi et
and (b|7)_reduces the search for dL,p(flT’fZT) to finding the infinuim

€ such that the expression in (b'7) does not exceed € -

e _ =] . : . 3 :
iii. The case cnr_nn< 0,0 (el)< chn is synmetric to ii. |
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