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The Bhattacharyya, I-divergence, Vasershtein , variational and Levy distances

are evaluated , compared and used for the reduction of n data to one feature .

This reduction is obtained through a restricted linear transformation and the

original data are assumed to be originating from two different jointly Gaussian

classes.

It is found that the Bhattacharyya , I-divergence and Vasershtein distances

give the same “optimal’t linear transformation that applied on the original n

data result in one feature -with maximum possible distance between classes.

The distortion measures considered in the Vasershteii~ distance are

x-y~ and (x-y)
2. For the same distance measures and classes with equal covari-

ances the L~vy distance results in the ~ame “optimal” linear transformation.
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I. Introduction

Distances between probability measures have been used as valuable evalua-

tion and optimization criteria in signal selection [8], pattern recognition [22],

universal coding (16 , 18], and statistical robustness (21].

The choice of the proper distance must be the result of a carefully weighted

decision, where both the calculability and the power of the distance are considered .

An additional factor that is important for the choice of the proper distance

in statistically ill-defined environments is the sensitivity of the distance to the

changes of the underlined measures. 
-

In section 3 of this paper some comparative evaluation between Bhattacharyya,

I-divergence , Vasershtein, variational and Levy distances is presented.

In section 4, the above distances are used for the linear reduction of n

data coming from two Gaussian populations , to one feature .

2. Preliminaries

Let (ç~, a, ~
) be a separable, complete measure space, where G is a

a-algebra of sets in ~ and -i~~ is the measure. Let us now define two different

measures 
~~~ ~2 

in (ç~, C) such that

If A,B are set - members of the a-algebra G, and if p (A,B) is a penalty

function , or distortion measure defined on C, then the Prokhorov and Vasershtein

distances between the two measures 
~ l’ ~ 2 

are defined as follows:

Prokhorov distance: 
,
,,

.‘

d~~~4i1~~2
) inf [C:~ 1(A)~ ~~~~~~~~~~~ 

p (A,B) � C~, 
•

~~~~~~ ~t 1(UB:B~ L,p(A ,B) ~ e)+ c ;VAE ~2) (1) 
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Vasershtejn distance :

dv~~
(.1l~M2

) inf E~~~~~~fp (A,B)) (2)

all joint

measures r(A,B) :Ml(A) ,~ 2(B) marg
inals

The distortion measure considered is incorporated in the definition of the

Prokhorov and Vasershtein distances. Also, the Prokhorov distance is very sen-

• sitive to the changes of the measures, while for some choices of distortion

measure p(.,.), the Vasershtein distance is only a function of second order sta-

tistical characteristics (as shown in [16] and discussed in section 3). Finally,

while the Prokhorov distance is bounded from above by M](C~
) M2(O)

, the Vasershtein

distance is bounded only if the distortion measure p(A,B) is, for all A,BEG.

If the distortion measure p (A,B) is a metric and is such that p (A,A)=O ,

then it was shown by Dobrushin ([13] pp 496) that d.
~ 4~’1 ~~~ 

is also a metric
‘p

and dv ~~ 
= 0 if and only if 

~ 1~~’2~ 
The Ptokhorov distance has the same

‘p ,

properties for any p(.,.) choice. In Dobrushin the relationship :

dv~~~i~~2
) 
~~[dP~~~~l M2)] (3) -

is also stated. A formal proof of this relationship is given in appendix A.

If the space t~) is a Euclidean space, and f 1 f2 are cumulative distributions,

the Prokhorov distance reduces to the L~vy distance. For ç~ the x-real line, and

for being the one-dimensional cumulative distributions F1(x),F2(x) corres-

pondingly, the L(vy distance is given by the following expression:

dL p
(Fl,

F
2
) inf {e:F2@

in Y:p x~Y �  c))-c�F1(x)~F2(max(y:p(x,y))~ c) + c;Vx} (~)

The Levy distance has the same properties with the Prokhorov distance. Specifi-

cally, it is a metric , it lies between 0 and 1 and it is equal to zero if and only

if F~~.F2
. It is also obviously true that the Le’vy distance is very sensitive to

distribution F1,F2 
changes.
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A set of distances that are also very sensitive to distribution changes

and are defined on Euclidean spaces are the I~o1mogorov , variational, I-divergence

and Bhattacharyya. The three last assume existence of non-cumulative distributions

(density functions). If we concentrate on one-dimensional Euclidean spaces and

denote by f
1 
f
2 
the densities of F1, F2 correspondingly, we denote:

Kolmogorov distance:

dK
(F
l~ 
F
2
) = sup F

1
(x)—F

2
(x) 

- 
(5)

Variational distance:

dv i . f 2) =1 I f1(x)-f2
(~c)~~~ (6)

I-divergence distance:
f
1
(x)

d1
(f
1
,f
2
) = I [fj(x)_f 2(x)]log f2(x) dx (7)

Bhattacharyya distance:

d
s
(f
1~ 
f
2
) = ln [f~

”
f~ (x) f2~(x)dx] (8)

The Bhattacharyya distance Is well known to be an upper bound to the pro-

bability of erratic decisi~~ between f1 
and f

2
. Also, the variational distance in

addition to being over sensitive to density changes, it is also very demanding. A

more detailed comparative evaluation of the six distances covered in this preliminary

discussion is presented in the following section.

3. Comparative evaluation

The relationship between Prokhorov and Vasershtein distances has been al-

ready given by (3). The following lemma describes a simple relationship between

the L~vy, Kolmogorov , and variational distances , where multidimensional distributions

• are in general considered.
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Lemma 1

For Q1 Q~ 
multidimensional cumulative distributions and f

1
f
2 their corresponding

densities, the following ranking is true:

dL(QltQ2
) � d

K(Ql~
Q2
) � dV (f

l
if
2) (9)

Proof:

1. For the relationship between Levy and Kolmogorov distances, let

d~(Q1,Q2)=5
.tsiip1 Q1(X)-Q

2
(X) . 

- 

-

Then ,

Q1
(X) -Q2 (X)�

~Q1(X) -Q 2 (X)
~ �o�

�Q2
(UY:p(X,Y)~6)-Q2(X)+6,VX

and Q2(X)-Q 1(X)�j Q2(X)-Q1(X)f~ 5�

�Q1(UY:p(X ,Y)�~&)-Q1(X)+5;VX •

or

Therefore, 5 is a candidate for dL(Ql,Q2
) and d

L(Ql,Q2)�s dK(Ql,Q2).

2. For~the relationship between variational ánd- KolmOgorov distances:.

�
~~lf l

(Y)-f2(Y)ldY�rIf1(y)~f2(y)Idy

~
dK(Qi~

Q2)SuPIQ l
(X)_Q

2(X)t�dVr(fiif2)

It can be seen from the above lemma that the L~vy distance is the weakest, the

variational is the strongest and the Kolmogorov lies in between.
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The Bhattacharyya and I-divergence distances consist a separate group

that is not directly comparable to the previously mentioned distances. In addi-

tion, as explained by Kailath [8], the Bhattacharyya and I-divergence distances

are not directly comparable either.

At this point it is interesting to make the peripheral comment that the

nonsymmetric I-divergence distance given by the expression

• f (Y)
d1(f1,f )= ff 1

(Y)log ~1 dY (10)2 2(Y)

is also the discrimination or relative entropy of f
2 
with respect to f1, defined

by Wyner [19] for a two-teceiver broadcast channel. The symmetric I-divergence

distance in (7) can then be looked at as the mutual relative entropy between the

two receivers of the same channel. Continuing on the comparative evaluations of

the distances, we will present two lemmas involving the Prokhorov, generalized

Kolmogorov and Vasershtein distances. The conclusion from these two lemmas is

that for particular choices of penalty or distortion measures p (-,.) both the

Prokhorov and Vasershtein distances degenerate to the Kolmogorov one.

Lemma 2

Let (~ ,G,~ 1) and (o,G,~2-) be two-measure spaces with measures-- such that:

~ 1(U)~~~2 (ç2)=S, ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

where S some real number .

S,A m B
Let also p(A,B) {

O’A n B

Then 
~~~~~~~~~~~~~~~~~~~

L ~~~ -

L..  ~~~~~~~~ - -~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~~ 
—

~~
- -~~~~

- -
~~~

- ,~~
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i!emma 3

For measure spaces, distortion measure p(.,.) as in lemma 2, and S 1 , it is also

true that

d
~
,( 

~~~~~~~~ ~j’M2~

The result expressed by lemma 3 was first found by Dobrushin [13]. An alternative

proof for this lemma and proof of lemma 2 are precented in appendix A.

Another property of the distances that is valuable for any optimization

problem involving them is convexity. It is easy to show that the variational,

Kolmogorov and I-divergence distances are convex IJ on closed linear manifolds of

any of the two distributions involved. 
-

The Vasershtein distance for distributions and the L~
’vy distance are con-

sidered interesting cases here and are examined in detail.

Let us first consider the Vasershtein distance for distributions , and

denote Q1(X~),Q2(?~) two n-dimensional distributions at X~ and 
y respectively

In addttion,--denote --by R , (X- --,Y~) any 2n-dimensional distribution with Q1,Q2
~~~~. ~ 2 ~

marginals. For -such distributions the Vasershtein distance~is given by the~fo1low-

ing expression:

dv p (Q1tQ 2)=inf E~~ ) (P(Xnt Yn)) (11)

-

- t’~~~q - -

S - 
R~.,A) - 

- (11)
-

The fQ
\
llowing lemma can then be stated.

Leiana 4 •

For distortion measure p(.,.)�O, the Vasershtein distance dv~ 
(Q1,Q2) in (11) is

convex U on any closed linear manifold of either Q1, or Q2 
- •

-1
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Proof

Let be the space of all joint distributions R(.,.) that have Q1~Q~ 
marginals.

- 

- Consider the B12,B13 spaces and let R1(.,.) € B12 , R2(.,.) E B13. Then, for every

hE (0,1], the distribution

has marginals Q1 
and hQ

2
+(l-h)Q

3
. Therefore , for every R1

(.,.)E612, hE[0,lJ,

R
2
(.,.)E813, the distribution

RC,.) h(R1
(.,.)+(l—h)R

2(.,.) (12)

is a member of the space 61h23 that has Q13 hQ2+(l-h)Q3 
marginals. In other words,

t he distr ibutions expressed ~ (12) consist a subspace of the space Blh23.

Therefore ,

dv~p
(Qi~

hQ (1 h)Q
3
)
~
inf E

R~~~~~
[p(X: ,YY))� 

-

R( . , . )E 131h23

� inf ER~ )[P(X~
)Y

fl)3i nf E~~
C
~~
(X
~~+~~~h)R( )

R(.,.) in the linear -

family described by (12)

~inf ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

R1(. , .) E 8 12

But since p(.,.)~ O, 
we can write from above:

dv~~~
(Qi~ hQ 2+( l_ h) Q

3) h  iflf ER~~~~~~ C P ( X ,Y ))+

R1( . , . )E g3 1+( 1-h) inf ER~~~~~~ Cp (X ,Y
fl

)) 2

R
2
(.,.)E813

=hdv,(Qi ,Q2
)+(l_h)dv, (Q

i
,Q
3
)

and the proof is here complete , since symmetric analysis leads to similar result

for the other distributions involved in the Vasershtein distance.
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I
We should make here the additional observation that the result of the

above lemma can be extended to arbitrary measures I1 1’I12 
and p (.,.)�O.

Also, we will emphasize here that if the distortion measure ~X.,Y.) is

symmetric with respect to X~ and ~~~ the Vasershtein distance is also symmetric

with respect to the distributions Q1,Q2. That is, dv, 
~~~~~~~~~~~ 

(Q 2, Q 1) then.

At the study of the L~vy distance for convexity, it became evident that

such property is secured only if the distance is redefined on a closed intei~nal

of the distribution domain. The reason that such redefinition is necessary is

that convexity of the underline distributions is required then, and such convexity

is not true on the whole (-~ ,~
) for nontrivial such distributions . That will be

clear in the following detailed discussion.

To make the d isc u s s ion as mean i ngfu l as poss ib le we wi ll restr ict  ourselves

to one-dimensional dis tr ibut ions F. The arguments and the results can be easily

extended to multidimensional spaces.

Let us con3ider two constants a ,b such that a<b and define the Le~ry distance

in the following way:

dL, (Fl,F2)=inf {~
:F
2
(min(y:~~(x,y)�~) _e�F1(x)~F2(max (y:p(x ,y)�e)4e ;VxE[a,b]} i 1.1)

What is implied in the definition (13) is that the domain of interest is

[a ,b], which means that the values of F1,F2 
in the remaining domain are either kept

fixed or they have no influence on the system under consideration.

Now, we can present the following lemma:

Lemma~~

The L~vy distance expressed by (13) is convex u on the closed linear mani-

fold of distributions F1,F2 that are convex fl on [a-1 ,b+l].
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Proof:

We will prove the lemma for F2 
only. Due to symmetry the proof for F

1

will be the same.

Let F1,F21,F
22 be th ree distr ibu tions that ar e fl convex on [a ,bJ, and form

the distribution F
2

hF12+(l-h)F22; where O�h�l. The distribution F123 is also

convex fl on [a,b]. We can write as discussed in [21]:

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-

F21 (x )- [F 1(m in( Y :p (x ~Y) �e))_ e]~ o ;vxE[o;b]} 
~~ l -

dL,(Fl,F22
) =inf{c:F22 (x)~~F1(max(y :p(x~y)�c))~~~~0;

F22 (x)_ [F 1
(mi n (y :p (x ,y )�~ ))_e] �O; VxE[a,b}..E 2 (14)

dL, (F
l ,F 2

)
~~

inf {c:~ [F 21(x )_ [ F1(ma~c ( Y :p ( x ~Y) �e)) .ic.J]+( l_h) [ F 22 (x) _

+( l_h) [F
22

(x) -[ (min(Y :p (x
~

Y) �c)-e]]�O ;VxE[a
~b]~

. 
(15)

Since d , (F
1,
F21)=€ 1, for every 5>0 there is some c :c 1~e <e i.+5 that satisfies:P 5 ]

(F 21(x)_[F1 1
~
ax(Y:ø (x~y)~~8

))~~5}O

VxE[a,b] (16)

‘- Similarly, from dL, (F 13 F 22 ) we obtain that for every 6>0 there is some
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C5.:C 2�€ <e2
+6 that satisfies:

2 62 -

IF22 )_[F1
(max~y:Ø (~~ ~~a2~~~~o2

]�0 
-

VxE[a,bJ (17)

~~F22
(x).fF1(min(y:p (x

,y)~~5
))_e

6 ]�O

From (16) and (17) it is impl ied that:

h

Vxt a ,b] (18)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

or that :

hF 21
(x )+ ( l_ h)F 22 (x)�hF 1(max(y:p (x ,y) �€

6
) )+( l h)F 1(maX(Y p (X ,Y)�C 6 ) ) + [h C 6

+( l_ h) C
6 ]

VxE[ a ,bJ (19)

hF21
(x)+(l_h)F 22

(x)~ hF
1
(min(Y:P(x y)�C

6
))+( 1_h)F

1(min(Y P(XtY)�t
6
))_[h€

6
+(l_h)C

5 ]

Due to the fl convexity of F1 
on (a-1 ,b+1J we have:

F (hmax(y:~~(x,y)�e )+(1-h)max(y:p ~x,y)�c ))F1
(xThp~~ (€ 5 

)+(l-h)p~~ (~ ))
1 6 2 1 62

~hF (x+p 1
(c ))+(l—h)F (x4p~~~(e 

)) (20)
1 6 1 

1 
~ 2

where p ’(c).max(y:p (x,y)�c)—x

Substituting (20) in the first part of (19) we obtain:

- - . 
‘ hF21 (x)+(l~ h)F 22 (x)�F 1(x+hp

1(e
5

)+( l -h )p 1(c
5

))+l~~5
+(1 h)C

5

VxEt a,b] (21)

I 
-
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The second pa rt of (19) can be treated the same way as dicussed in [21] . If

i t  is direct ly  then derived from (21) that

d L ,Q
(Fl, hF2l

+ ( l_ h)F
22 )�hc

S
+( 1_h)c

Ô <5+hc l+( l_ h)c
2

;V6>0 ,p (x ,y) =t . x_ y )

Therefo r e , ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
and the

proof is comp lete

We can observe here that  a d i s t r ibu t ion  F(x) tha t is convex fl on [a-1 ,b+1] is

a d is t r ibut ion with negative second derivative in [a-1,b+1J which corresponds to

dens i ty  monotomic ally dec reasing on the same interval .

As a conclusion from lemma 5 we can observe that  due to the convexity expressed

there, give n any d i s t r ibut ion F there is a unique best approximation of it in the

L~ vy distance sense given by (12),  where the app roximation is taken from the l inear

mani fo ld of d i s t r ibut ions  tha t are conve x fl inside a ce r ta in  closed interva l

[a-l ,~~~1].

As we see in the following section , the convexity of the distances besides

been va luable for best approximation problems , it is a lso use fu l  in the search for

optima l l inear da ta t r ans fo rmat ions  under r e s t r i c t i ons .

4. The d is tances  and da ta l inear t r ans fo rma t ions

Let (Q,C) be a space with a a-a lgebra def ined on it , and let T be a

r 
- 

tra nsformation on the w elements  of the space ç~. The t ransformed space wi l l  be

-• cal led Tc1, and the t ransformed a-algebra wil l  be denoted TG.

Corol la ry I

TG is a a-algebra if ~ is a counta b le space .

I i

--- --

~ 

—
-

~~~~~~~~~~~~~~~
-
~~
-----

~~~~~~~~
- ---—---- -
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Proof

Let A J EEC and denote by TA, TB the transformed sets. Then TAUTB and TACTI~B

are obviously equa l to TAUB and TkflB correspondingly . But, A ,B,AUB,AflBEC.

Therefore , TA ,TB ,TA~~3 .TAflBETG. The same is easily extended to UTk . and -

i i- 
-

u r n  UTe 2
.

n—.~~ i=l

We want to point out here that if c~ is not coun table the statement of _ the

corolla ry is not necessari ly true . Also , if ç~ is coun tab le so is Tf~, while T is

not necessa rily a one-to-one t ransformat ion .

Now , suppo se tha t a measure space (Q, G ,~~) and a closed convex family ~ of

transformations T are given , such that for every TE~, TC is a a-algebra . Then,,

each TE~ induces a unique measure space ~~~~~~~~~~~~~~

Let two different measures 
~1’~2 

assigned as (ç~,G) and let T be some trans-

formation from the family ~F. Then, two measure s ~~~~~ and 
~T c.L2

) defined on

(Tcl,Tci) are induced by ~~~~~~~ If some distance 
~~~~~~~~~~~~~~~ 

is convex fl

with respect  to T for T~~~, then there is a unique t ransformat ion T O E~ tha t app l ied

on the measu re spaces ~~~~~~ (c~,a,~2 ) induces measures VT ~~~~~ 
VT 0~~ 2 ) tha t

real ize the maxd (VT (
~ l

) , .
~~

(
~ 2 ) ) .  

-

TE~

In this section we will  be concerned with  a par t icula r space (C) ,G) ,  and

particular measure s ~~~~ and t ransformat ion T. Specifica l ly , ci will be the E~
— 

Euclidean space.and the c-algebra- C will incLude all sets (-~ ,X )  where X an n-di-

mensiona l vector defined on E
n. The family C of transformations will be the famt-l-y

of row vectors C~ of d imensionality n that, satisfy som~ restriction.. If this re- -

s

striction is £~RC~ �~ , where ~~. some constant , and R- same nxn nomegative majrix, the

fami ly  of t ransformat i on~ is -convex. The- measures 
~ l’~~2 wi ll -be , .  in genera l , pro-

- .. -

— —----- ,---—-- —-.-.- --- --—-— — —-— 
—-- -~~~~~~~ —~ 

~~~~~~~~~~~~~~~~ 
- 

~~~~~~~
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bability measures , and more specifically Gaussian probability measures defined on

(EnG) .  -
~~ 

- - - - - 
- 

- - - - 
~~~~~~~~~~~~~~~~

Let

x
Mi~~~~

Xn $ f nj~~ n~~
Vn ; i=l,2 (22)

where
n _ l

f .(Y )=(2n) R . ~~expJ~
_ 
~
(Y _M i)R i

~
’(Y

n
_M .

~i} 
;i=1 ,2 (23)

Then , for T=C we obtain from (22),(23):
n

~~
(
~~

.)
~~~~

,Z ) $ f .T (w ) dw;i= 1 , 2 (24)

where 1

I -
~~~~ .

exp i 1 ,2 (25)

Finally , let the convex family of t ransformat ions  ~ be expressed by the

• re striction

C R  C’ �A (26)
n nI n

where R 1 
the positive definite covariance matrix in (23) corresponding to i’=l.

The optimal transformation C (if any) that has the best discriniinant effects

will be sought, where this effect is measured by the Bhattacharrya , 1_cihivergence ,

L~ vy, Vasershtein , Kolmogorov and variationa l distances. Each of the distances will

be examined separate ly , for the two cases of M =M , R =R
ni n2 ni n2

a. N =14 =14
nl n2 n

I. Bhattacharyya distance

In this case , the Bhattacha ryya distance in (8Lk~comes :~~~
_

dB(f IT’ ~~~~~~~~ 
(n

~
n1:t

~) + I ~
C R

2
C

) 
(27)
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Let R =WW ’; where W the matrix of the relative eigenvectors and R =WLW’;ni n2

where L the diagonal matrix with the eigenvalues of R
n2 

w.r.t. R
1
. Then,

~he optima •l transformation C~ ’ that máximizes.d
B
(f iT,f2T) under the restriction

in (26) is actually a set of infinite va lues lying on a line and described by:

= K m a x (x I +x~~~, x t +~~~ ) (28)

where K any constant tha t does not exceed absolute ly

max~~(
’
~ ~ +) ,X ~ +)~, 

= this C from ~~
m1n

~~~
max tha t real izes  the

- - \ max max m].n m~n n n

maximum between ’X~ +X. 1 , X~~. 
+)~ -~• - -  - max max m].n mm

x .  — l
and mm 

= (o ,..olo..ojw (29)
n

position corresponding to the minimum

L eigenvalue

C
Xmax 

= (0,..0l0..0]w 1
n (30)

position corresponding - to the maximum-

eigenvalue in L

The proof of this result Is in appendix B.

The ma,cimuui distance.As given by the following expression :

d =-
~~~~~~ n2+~-~’fl maI~ ~ +~ +,

~ 
(31)Brnax 2 2 max max mm mm

II. Variational distance

. C R  C’ C R  C’
d
V
r
(flT~

f
2T) =4 ~ 

2tnc~~~~c~ ~ C R
2
C’ ~~~~~~~~~~~ ~ (32)

Ic- R. c’\2 
C R

1
C’ C R c I\2 I

I n n2 n~~ n n 2 nl -1I
i C R  c ’r~ C R  ~~~

“

~ 
n n l nj n n l n
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f
X 

~ 1u2? d— where ~(x)=~ 2TT 
exp 

~~~
as shown in appe~’di • B. Aga in the maximum distance corresponds to

• C R C ’ - l. - n n 2 n .  -
.- - : 

~~ R C~ 
max(X ,X ) (33)

- nnl n

where x >~ the maximum and minimum eigenvalues in L correspondingly.max , mmn

• The corresponding linear “optimal” transformations are aga in given by (29) and (30)

multiplied by any constant not exceeding (r.

The maximum value of the distance is: -

- 
- / 1~~j  I 2nX

dv =4 max ( ~(t1~; 
max) 

~(Xmax~~2 
‘

~~~~~~ 

)
max max -

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
)~
) (34)

III. Kolmogorov dista nce

It can -be found easily tha t --

1 C R  C~ I C R  C’
- , n n 2 - n- .- i , nn2 n2

~
n<, R C’- I 2Ln ~ R ~~~

‘
-R —C — n n-I-_n -~~~ I — n ni ~~i - -

-I ~~~ ~ ~ .,~ n n2 n 
_____________ _______________ 

( 5u
K~

i
~lT

,•L2T /_ ‘~~ C R C’ /C R C’t2 - 

- ‘9 Ic B. C’ 2 
-

- n n l n l n n 2 ni -- . t I nn2 n
- 

- tc B. c’) L 
~ ~C R C’ 

-

- ~~n nln~—

The same transformations C~~ min ,C~~’ max in (29) ,  (30), (28) stand and

d~~~~ =~~ dv (36)

where dv is given by (34)
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IV. I-dive rB.ence distance

It can easily be found that:

- C R  C ’ C R  c’l
dI(flT, f2T) 

= - + 
~ 

+ C R 2C ’ (37)

It is obvious that in (37) the same symmetries that appear in (27) exist.

- There fore , the “op t ima l”  linear transormation is the same with the one in

the Bhattacharyya distance . The maximum distance value is given by:

d~~~ = - + ~ max (X +X~~~ , Xmin+Xmi~ 
) (38)

1

V. Levy distance

We fel t  the L~ vy and Vasershte in distances last because they both involve a

penalty or distortion measure and therefore consist a separate group .

If p(.,.) is the distortion measure used; denote by p 1(c) the maximum y

- I that gives p(x,x+y) e for any x. Then, the L~vy distance for the equa l mean

model considered here is given by:

1- :  C R  C’ 1 C R  C’ I

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~
nn2 n •nn2 n ~. nn2 n - nn l n

As shown in appendix B, finding the L~ vy distance for given Cn transforms-

H tions or even more finding the ‘~optima1” discriminant transformation in this case—

becomes a task that can be only approached numerica lly. This is a strong indication

of the- fact that the Prokhorov and I4vy distances are--characterized by the disadvan-

tage of difficult calculability . In cases that the inclusion of a penalty or dis—

tortion measure is desirable , the Vasershtein dista nce is a better choice as we will

show below.

VI. Vasershtein distance

We will work with specific distortion measures here. The first such distortion

measure to be examined will be the popular ~ (x ,y)=(x-y)2.

IIi_I•~ - --• —— - - -— - — -‘-- - - -  — • - --- --- — -•-- -..-- --
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- For the equal mean case we are considering here, it can be shown directly:

d
v p

(f lT~f2T)=inf .)with - 
{CnRn1CI ~

R
~2
C
~
_2E 

.)~~~~fm
( f m )} (40)

marginals

As shown in [16] the Vasershtein distance dv p . (f lT~
f2T) can be actually

found if the knowledge of some structure involving the intial data X ,Y is assumed .

Specifically, let X be n samples from or Gaussian, wide sense stationary

process whose nth order statistics are described by f (X ) in (23). Then, -the auto-
ni n

correlations matrix R is a Toeplitz ma trix. Let Y be from a Gaussian wide sense
• nI n

stationary process also whose nth order Statistics are described by 
~n2~~n~ 

in (23)

and R is aga in Toeplitz. Then the scalar variables C X ,C Y are samples from
n2 n n  n n

Gaussian , wide sense stationary processes also. In fact,- the power spectra of the

variables c x C Y exist and are given by the following expressions correspondingly .
n n , n n  - - - 

-

- 

P(X) = 
~ 

C
n
R
ni

(k)C
~ ~~~~ 

(41)

~lT k=-cx

k=-~ 

e~~~ 
-

~~~~~~ 

-- -

~~~~~ 

-

where P~j; i=l,2 denote s power spectrum under corresponding n order statistics in
f .

(23), and C transformation . Also , R~~(k) E {(Xn
_M
ni) (xn÷k

_M
fl+k,f)

’ }
~ 
where the

expectation is taken over the statistics that in n order ar2 given by f in (23),
ni

and what has been denoted by R~~ till now is actually R .(o).

Let us restrict ourselves to cross-stationa ry processes. Then the infimum

in (40) will be taken over all cross-stationa ry statistics with 
~1T’~ 2T margu 1~~5,

and the cross power spectrum exists and is denoted by P(X)

~IT’~~2T

As expla ined in (16] p. 324, the Vasershtein distance under the above re-

strictions is given by the following expression :

~~ll~i - - - - - - — - -  -- -•---~~--- ---“-- - -- •- ~- 
___ _ _

~~~
_

— — —_ ~_v_~~~
__ _ _ _ _ _ _ _ _  - -
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~ir
u ~d , (f ,f )=(2~) ~~ 

(x ) — p ~~~ d)~ (43)V p  1T 2T , f f
-

~~~ iT 2T

where PjT(X) are given by (41) and (42). We want to point out here that for the

existence of P.T (X) it is sufficient that the vectors X~Y~ form cross stationary

processes in time. In this ca se , the mat r ices  R qf l~ Rq)) do not h~ve to be Toeplitz.

Let x (j), 
~~~~ 

denote n-dimensiona l data, collected at time j from popula-

tions distributed as in f 1, f 2 
correspondingly. Let both X (j),Y (j); j=0,l,...

be first order Markov. Then, the spectra in (41) and (42) become :

Pf (X~~C R  
1

(o)C ’+2C R
ni(l)C:t

.cosx (44)
lT t’ fl

P (x)=C R (o)C’+2C R (l)c’~ cos~ (45)
~2T nn2 n nn2 n

If expressions (44) and (45) are substituted in (43) the following expression is

obta ined :

dV p (f lT~
f2T)=Cn

(R
nl
(O)+R

n2
(O)]C

fl 
-

_
~

_
lr{CfltK (O)+2COSXE (l~C

s
.C
flLR (O)+2COSXR (l)]C1 }~dX (46)

Calculating the expression in (46) ana lytica lly to study extremes with respect to the

linear transformation C is not possible . For that reason we are using bounds . In-

deed , app lying the Schwartz inequality on the integra l in (46) we obtain :

H I ~~12 
-

dV p
(f lT,f2T)~~1

~~~ inl(ó)C
fl 

- 

t~~~~~~2
(0)C

1 
(47)

with equality if and only if there is some constant B such that:

for a:ost 511

~~~~~~~~

1

~0 BR~2(0 2c0sx[~~~(1~~2~~~~c~~= 
0 (48)
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To maximize d
v~~ ~~1T’~ 2T~ 

with respect to the C choice we will maximize
S

the lower bound in (47) instead. Since this bound can be written:

~~ (o)C ’l~~
B(p )=C R

1
(o)C ’ 

[1 -y C R 1(O)C ’j

C K (o)C ’
and due to the fact that, as shown in appendix B, the ratio C R

1
(o)C’ 

can only

vary in [X i ~~~X ms ] with C~ changing (where X . the eigenvalues in L), the bound in
(49) car increase to infinity for unrestricted C~ transformations . However, if (26)

is true the bound in (49) is maximized for :

c =  [0.. .010. .01W 1 (50)

where the value I in [0. . .010. .0] corresponds to this position in L that belongs

to max (x ,X
1
min). The value of this maximum bound is given by:

B(p
5
)~~[l_ max(X~~~~X~~min)] (Si)

We want to emphasize here that the Vasershte in distance as well as the bound

in (49) depend only on the second order statistics of the da ta X (j),Y (j) and they

are totally insensitive to the exact underline distribution. This property is valu-

able in the case of ill-defined environments.

If the distortion measure is ~ (x,y)=~x-y~ instead of (x-y)
2
, the Vasershtein

distance d
v ~~lT’~ 2T~ 

is bounded from below ([16], th. 5) by

B(p~ )=(2n)~~[ C R
1
(0)C ’-CR

2
(0)C ’J (52)

The bound .in (52) is obviously maximized for the transformation in (50), where

the restriction (26) is again true . This maximum is given by the following express-

ion :

A
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- 
Bmax (P.~)= 2rr ~ A [l_max(X~~ x ,X ’

mj n) ] (53)

Vu. Genera l Observations

It is evident from the preceding analysis that for data X
n~
Y distributed

as described by f
1

(X ),f~2(Y) in (23) correspond ingly wi th 
~~ l

=
~~ 2’ and res tric ted

linear transformations C , where the restriction is described by (26), the Bhattac-

haryya , I-divergence , Kolomogorov and variational distances are all maximized by

the same transformation :-~~~~~ - 
-

C =K[O. . .010.. .0]W~~ (54)

where R
1

WW , R 2
=WLW, L=(X.) and the digit 1 in (54) corresponds to the position

of max (X max~X~~~ 
The amplitude K is such that: KE [-~~ ,~~ ].

The Vasershtein distance with the implication of X (j),Yn(j); j=0,l... being

n dimensional stationa ry , first order Ilarkov processes and with underline distortion

measures either p (x,y)=(x-y)2 or p~(x,y)=Ix-yI, 
does not require the specific

statistics described by (23). In addition,a certain lower bound on this distance

is maximized again by the transformations C in (54), where the amplitude K is - -

—- 
equal to - —  -

b. R =R =R ; M = M -M - —

ni n2 n n n2 nl

I .Bhattacharyya distance

p
The Bhattacharyya distance is siven in this case by the following expression :

(CM )
2

d
B
(f

lT ,
f
2T
) 

~ ~ 
~~‘

n n n

Our objective i s to maximize the rat i o i n (55) with respect to linea r transfo—

rmat i ons C that satisfy the restriction in (26).

I t  i s stra i ght forward to obtain the fol lowing expression for the “opt i mal” C :  

- - - - - - - - -~~~~~~~~~~ - ---~~~~~~~~~~~~ - - ~~~~~~~~~~ - - - - - - - - -- - - - .
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C =KM’R
1 

; KE(-fA,J~) (56)

The maximum value of the d istance is:

1 1 —1d m - M R  M (57)8 8  n n  n

I .Variationa l distance

I t  is easy to find that here:

- C M  C M
dVr (flT~

f
2T
)=2 

~~~~~~~~~~~ ~~ 
-(58)

n n n  n n n

where , 2
~(x)=I X~~ exp[-~)du

The distance in (58) is maximized for this C that realizes the max i mum

C~M~ wh ich is the one in (55) again. 

n

2J~~~~~n n n
The maximum distance value is given by:

d =2f~ (2 l4l~R
l
M )  - I(-2 ’/WR~~~ )1 (59) - -V rmax~~ n n  n n n  n -

I . Kolmogorov distance

Then , - C M 
- 

C M - -  
-

d
K
(f

lT~
f2T)= 2~~~R ~~ 2~~~~~C’~~ 

- (60)
n n n  n n n

d =2
1 d (61)Kmax V rmax

where d
~ 

is given by (59) and the “opt i mal ” C is again the one in (56).

IV .1-divergence distance

It can be easily foun~ again that in the present case:

1
(CM)

d
I
(f lT ,f

2T
)2 

~~~~~~~~~~~~~ 

(62)

and of course the max i mum u s also obtained by the C m  (56) and
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/ — 1d =~~~M R M
I max n n  n (63)

V. L~
’vy Distance

As we w i l l  see , in this case of equal convariances the “optical”

transformation in the L~vy distance sense can be found, It is shown in

appendix B that in the present case: 
-

- C M
d
l p

(f
iT~

f
2T

) = inf (e :~ (-
~~~ -~~--~~ ~ 

- 

~ 21C R ~ 
€ )

n n n  j n n n  (64)

where p
1
(c) = max (y:(x ,x + y)

For momenta r ily f i xed power C R C’ , the transformation that obtains-n n n

maximum ci in (64) is the one that maximizes C M . That is because for C
n
M
nL,p n n

val ue equal to x
1 
< x2 

it is obv i ously true that every c candidate for

d
L p

(f 1T~
f2T ) wi th C~M~ = x2 ins tead.

So , let ting n~~i C R C ’ vary in [o,A), we obtai n the max i mum L~vy d i stance

in (64) for C as in (56) with K amp l itude fixed and equal to IA

VI . Vasershtein Distance - -  - -

Let again (as in a
~ 1
) X (J) , Y (J) ; j = o,... be stationary

n—d i mensiona l processes that are also first order Markov . Let X (J)

come from a popula tion with M 
1 

and R (o) , R (I) and let Y (j) come

from another population with and :ame R (o), R (l). The spectra

‘
~~lT~~~ 

, Pf
(X) in (42~ , (43) are then equal and the Vasershtein distance

for cross—stationary X (J) , Y (J) is real ized for joint spectrum

- - - ~~~~~~~~~~~~~r~~~~~~~.---~~~~--
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Pf f(A)= ( P~ (x) P
f 

(x) ]
~ and it is equal to:

IT 2T IT -2T

2 *d (f , f ) = ( C M )Vp 11 21 (65)

where p ( x ,y) = (x - y)2 .

The distance in (65 ) is obv iously maximized for C g iven by (56) wi th

f i xed amplitude K = /A

The maximum value of the distance is:

d = A(M R 1 M )2 (66)Vp max n n n

If the d istortion measure is p~,
(x ,y) = x — y , th en

- - - 

E {p~,
(x ,y)) = E 

~~~~~~~~~~~~~~~~~~~~~~~~~~ (67)

wh ere the expectat ion is  over a l l  j o i nt  stat i s ti cs w it h 
~l1- ’~ 2T marg inals.

For this case of equal spec t ra , and due to the lower bound given by theorem 5

in [16] we have from (67):

E (p~,
(x ,y)) � IC~M~I - E (I (x—C ~M~ 1

) — (Y-C~M~2)I) �

� I~~M~l - 
-l [f~~y - 

~2T 
d~J~ =

= C M In n

*Foot Note: For the structure considered here and in general R
1
(k) ~1 R 2

(k) ;

k = o,1 ,... 11
nl ~ 

M
2 

the Vasersh te in di s tance is g i ven by the expression :

= (2-rT)
1 

~~~~~~ 

~~~1
?’-

~ 

— 

~2T 
I d~ + ( C M )  .

-1

r.
4? 

—~~~~~~~
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and the rate d i stort i on theory , have been evaluated and used for the linear

reduction of Gaussian data to one scalar parameter . It was found that

while the Bhattachayya , I— div ergence, vatiational , kal mogorov and Le’vy

d istances are over— sensitive to the underline statistics , the Vas ersh te i n

dista nce depends only on second order moments.

Also , whi le the L~vy distance is hard to cal cu l ate analytical ly

even -i-n the simple case of Gaussian data , si mple lower boun d on the Vasershtein

d istance can be found for the distortion measures p(x ,y) = (x—y)
2

p~,(x ,y) = lx-y~

F in ally, for the Gaussian data and the linear reduction mentioned above,

it was found that all distances (whenever the result analytically feasible)

— g ive the same “opt imal” transformation with the most hi ghly class—discrimination

properties . Th is is true in both equal mean and equal covariances cases.

:1

I,

- - -  ~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~ ~~~~~ ~~~~~~~~~~ r.  - - - - - _ _ - ~~~~~r~~_ - 
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~pp.end ix A

For the proof of inequality (3) in section 2, the followin g theorem

by Strassen ([7], Th. 11) i s needed .

Theorem I

Given two measures 
~~~~ 

defined --on the separable complete space

(Q ,a) , the inequality -

i nf (e:u
1
(A) � ~2

(1J8;8
~~

, 0C4,B) < e) ÷ ; VA eQ) < C (a
1
)

is true if and only if there is some joint measure r(A,B) with

marginals such that

r(A ,B: p(A,B) > C) < C (a
2
)

Using Theorem I we will prove the following l emma .

Lemna I

If ~~~~ l’~ 2~ 
d
v~~
(
~ 1,~ 2

) are the Prokhorov and Vasershtein distances

correspondingly as defi ned by (1) and (2), then for every ~
(.,.) and measures

defined on (ç2,~) and such that = 

~~~~ 
the foJ Iow ing inequality 

- -

is true:

dv ‘u1,~ 2
) > [d~ l ’~’2~~ 

(a 3
)

‘p

Proof:

d~~~(~ 1~ i.i.2
) = i nf (e:~~1

(A) � ~2
(U8;~~~ , p(A ,~’B) < e) + e; VAeCZ) c

For 6 > o , there is some €
6 € < c + 6 and there is some A giving:

p ô p 0

> 
~2 (IJB;B : Beap (A,B) < €~

) + e
~
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By theorem 1 , there is then no joint measure r(.,.) such that

r(A,B: ~(A,B) > €f~
) < €

5

That is , for every r( - ,- ) choice it is true that

r(A,B: ~(A,B) > 
~~ ~

Since E(o(A ,B)) = E 
~ 

t~ (A,B)) ÷ E 1p ~A ,B)J >r ,

A ,B: p(A,B) > a A ,B: p(A,B)< a

> a r(A ,B: ~(A,B) > a) ; V a

we can obtain that for every r(.,.) choice i t is t u e  that

E
r(..)

(
~~

A
~
B)) > 

~8 
r(A ,B: ~ A ,B) >€~ ~ >

Therefore, if by c we denote the Vasershtein d i stance, we have:

e = i nf E ~o(A ,B)) > ~
2 
>v ~~~~~ 

— 8 p

- 
‘
— every r(~~,~~) wi th 

~l’~ 2 
marg inal s.

Proof of Lemna 2 
- - - -

If p (A,B) = : ~ 
, then the inequalit y: - - . - -

< ~~(UB ; BCC ,0(A,B) < € ) + €

- 
is equivalent to

p
1
(A) < ~2

(A) + C ; € <S

p
1
(A) � 

~~~~ 
; B€a) ÷ € = 

~~~~ ~ 
€ € ~~S (a

4
)

~~~ 
~~~~ 

= 

~~~~ 
> max (p

1
(A), ij.2(A)) V Aea

then the second part of (a
4
) is always true (for all AeC) because

p,
1
(A) 

~ ~2
(UB ; BeC) = 

~~~~ ~ 
VAeC .

H
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Thus , the

inf (e-~~1
(A) � ~2 B

~~~~~~~~
,8) < e) + € 3 ; VAeC) (a

5
)

is equal to s if for every c < .5 there is some M~ such that ei ther

> p.
2
(A) ÷ € or ~2

(A) > p.
1
(A) + e

That is because then :

~~~ I 11. (A) - ~~(A) > € , V € < S , wh ich leads to:
A€a

sup J p.1 (A) — 

~2
(A) J > S . But since o < ~1

(A) < S ; VAeC
Aca

= 1 ,2 , the supremun above can not exceed S and i t can only be equal

to it.

On the other hand , if for some e < S , the inequalities ~1
(A) < ~~(A) + e

are true V Aet2 , then the inf imum in (a
5
) becomes equal to:

inf (e:e < S , ~ 1
(A) < ~2

(A) + € , p2
(A) < u.1(A) + e ; V Aea 3

= inf Ce ; e <  S , ! ~ 1
(A) - ~j.2

(A) 
~ 

c ; V A€a )

= sup ~1
(A) - ~2

(A) J =

- I 
AcQ

— The proof is now comp l ete.

Proof of Lemna 3

- 
‘- We have in this case:

d
v p
(;.L

l IIJ.2
) = inf r(A,B; A ,B € a, A $ B)

r(.,.) wi th u1
,u
2 

marg ina ls

— inf r(A,B; A ,B € a , p(A ,B) = 1)

r(~~,~ )w.m.

— i nf r(A ,B; A ,B C, p (A,B) > 1) (a
6
)

r(. , )
Let d

v 0 (u 1,u2
) C ’, ~~~ 

1 .
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Then, we obta i n from (a
6
): 

-

inf r(A ,B ; A ,Bea , p(A ,B) > 1) = e

r(.,.)

So , for every 5> o there is some r(.,.) wi th 
~l ’~ 2 

ma r g i n a l s  su ch that

r(A ,B; A ,Bca , p(A,B) > 1) < e + 6

From theorem I we obtain then:

~1
(A) � ~2

(UB;B~~ , p(A,B) ~ 
e ÷ ~~ + c + 8 ; VAeC (a

7
)

Expression (€
7
) is true only for 6 > o

Therefor e,

inf [€ :p. 1
(A) � ~2

(UB ;~~a , p (A,B) < €) + C ; VA€C ) = € (a
s
)

But, as shown in the proof of l emna 2,

inf (e:~ 1
(A) � ~ 2

(hjB ,B~~~ , o(A ,B) � c) + € ; VACU)

= sup ~1
(A) - i.2

(A) I = d~(~ 1,~2) (a
9
)

AeQ

From (a
8
) and (a

9
) we concl ude that for the measure p(A ,B) as expressed

by lemna 3, it i s tr ue that:
~~~~~~~~~ 

= d
K
(
~ l,~ 2

)

• Append ix B

Proof of result in 4a1
C R  C’

. - n n2 n
Denote x . Then ,

C R  Cn n l n

~~~n R~2 ~~~~~~~ (C n Rnl C
n)
~~~ 

~~x~~+ ~~x~~~= g(x) (b
1
)

~ 
C~ R~2 ~

monoton cally decreasing from x < 1 to x — 1 and monoton i cally increasing

— from x I to x > I . Therefore, if there are any restrict i ons on the value 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - - ~~~ -- - - -
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of x , g(x) will assume its maximum for either the minimum or the

max imum x allowed . Now, if we define D Cd . ; i = l ,-~ ~~~~~~~ 
= C

n
W

where R = WW , we obtain:ni

C R C ’ fl
— -l _ f l f l 2 fl = E X i— 

C R 1 C’ 
i=1 ‘ 

~~~d
2 (b

2
)

-- fi “‘ r~ j=l j

where L = tx 1) R 1.~2 = WLW
1
. 

~~ cI~ 

-

For every ‘~ 0 ‘ 2 < 1 , A. > o and E .....L.. 2 —

~~~~~~ 
i=1 ‘1E d.

j=l J j=l J

Therefore, the max imum value x 1 can take i s equal to A , whi ch is

the max imum eigenva l ue in L , and this is realized by D = [o,’..o,k,o~ ..o] = C W

f (b
3
)

Posit ion correspondingwhere k any constant, 
to x

max
From (b

3
) we obtain

c~~ax= k [o ,•’o , l ,o.oJ W 1 
(b )n 4 4

position of A.
max - ~~- - --

The mi nimum value x 
1 

can take is Amin and is similarl y leading to:

cA mi n~ k [o,”o,1 ,o,.,o) W
1 

(b
5
)

posit i on of A . :-
m~n

apply ing the restriction C~~R~~1 C
’
~� A  to (b

4
) and (b

5
) we obtain: IK I �IA

Proof for 4a]t

C R  C’
Denote x fl n2 n

C~~R~~1 C~

~~ 
_

Then

‘~Lnx 12tnx
dv (fi , f2 ) = 1 ~ 

(x~~4 
).. 

~ ~Y~
2_ l ~

~ .
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- ~~
.

For x > 1

2-tnx is monoton i cally decreasing from to zero wi th x i ncreasing
2

x - l

from x I to infinity.

Also , (x-l)iI~~’~ i ncreases monoton ica l ly  for x i ncreas i ng from x =

1 x 2-l 
-

to inf inity.

• Therefore, ~(x{~~
’i~ — 

4(

’

~~~~~~
) 

is increasing monoton ical l y w i t h

uf2Lnx \ I Ii~-~~x incr eas i ng from x = I to infinity. Similarly , ~~ ~ J — 
~~~~~~~~~~~~~ 2- 

- t I X  — 1 /  ~ x —l

is monoton ical ly increasing w i th  x decreasing from x = 1 to -
~~~

- Proof for 4àT:
C R  C’

Denote x = n n2 n a~ C~ R,,-~ C~
C R  Cn ni ri -

and let us cons i der~that x < 1 . For x > 1 symetric procedure holds.

Then , the Le’vy dis tance in (40) becomes:

d
L p

(f
IT~

f
2T
) = inf (e:~ (~) 

- 

~ 
(~~ + 

P 1
~~~~ < c  ; Vy) (b

if the inequality in (b
6
) should be true for every y and for given c ,x,

it is sufficient that it is true for this y that obtains the g(y) = ~(!) —

— ~(y + P ~~~
)) 

max i mum . Taking the first derivative of g(y) we f ind

g’ = - 

~ 
(~~÷ 

p~
1 (e) 

) ; where ~
(u) = 

exp(4 )
x x  a

1 /2~

The derivative g’(y) is nomegative for these y’s that satisf y:

rn~~~
_
~~~
12 > -~~(y÷

0 (
~~ ) (b7)
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Or for:

- 

1 1 

-t.n I 

~~

p (€ ) + 
~~ 

()~~~ ) + 2(4 -1) ~a1 a1 X X

(b8
)

Due to this and the fact that g(-~ ) = o , we see that g(g) obtai ns

maximum at -l
~ 

(c) + J L P (€) 
)
2 
+ 2(L ~1) C~n

~~~
2 01 x2 x

2 - 1

~nd for x < 1 the distance in (b6
) becomes :

~
j (€) ~~~ (

0 (6 ) )  
+ 2(~~ -1)

d
L p

(f lT~f2T) = inf e: 

- —  

! 
- 

-

- 

-
~~ 

(~~~~~ 

p~~~
e) +~~~~(P ’(€

~~~
2
÷ 2 i) ~~~ 

� €

If this x < I that makes the distance in (b
9
) maximum can be fcvnd,

the transformation C that obtains this x can be found also as in then
cases of Bhattacharyya ,j_ ~ ;verge~c~, variati onal and Kolmogorov dis tances.

However, the task proves to be such that only numberica l methods can approach it.

l
-
-~~~- ~~~~~~-- -~~~~ - - - ~~~~~~~~~~~~~~~~~~~~~ --~~~~~~ -~~~~~~~~~
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Proof for 4b~

For the equal covaria nce case in 4b, the L~vy dis tance is given by:

d
L p

(f
lT~~2T

) = inf Ce:  ~(x) - ~(x ÷ ~l () 
+ R~~~ ~ € .

n n n  n n  n

C—M - -l
~(x + C

m

~~ C’~ 
— 
~(x ÷ ° ~~~~~~ ) < € ; Vx I (b 10)

n n n ~i n f l  
-

Denote:
-1 C M . .

= ~(x) — ~(x + ° ~~~~~~~~~~~~ + ~~~~~~~ — ) (b )C,., ~ ,., ~~~~~~ II

C M  -l
= ~(x + 

~~~~ C’~ 
— ~(x + ~~~~k€) 

(b )
n i-i n n n n 12

~~g (x) -i H1 — = g~(x) = ~p (x) - q,(X + 
~ I~~~C’ ÷ C R 

~~~ 
~ (b

13
)

~‘ n n n n  n

_____  
/ 

C M  -l
= = cp(x ÷ C R  C’~ ~ -c9 (x + ~~~~ - ) (b

14
)

g~(x) is positive for:
-l C M  —l C M

p (€) ‘ (e) n n
(2x + 

C R ~ 
+ C R C’ ~ R C 

+ 
C R C’ ~ > °

n n n n n n n n n n n n (b 15
)

g~(x) is posi tive for:

(2x + 
~l ( )  

+ - ) >0
n n  n n n n  n n n  n n n (b

16
)

Let e be a candida te for d . (f. ,f ) in (b ).L,p iT 2T 10
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Then ,

~L1. 
If p

1
(e 1

) 
~ 

C ,, TM n —Ip ( € ) + C  Mbot h g
1
(x) , g

2
(x)  are positive for x > — I n n

2 C R  C
n n  n

That means that both g
1
(x), g

2
(x) obtain max i mum at either x = +~ or

x —~~ and this value is zero. So this case is trivi al.

ii. If 
l
() < C M~ ; 

1
(6

1
) >

p 1 (C
1) + Cn i4~g

1
(x) is positiv e for x > — 

2 C R C’

and g’(x) is pos itive for : x < ~~~~~~ 
± C~ M~

2 2 C R  C
n n n

That means that g
1
(x) obtains max i mum for x ± ~ and this maximum is

zero (trivial) , whi le g
2(x) obtain s maximum for x + C~~M~

2 C R C
n f l  n

• and this -maximum is equal to:

I ( s )  C M ~~—~(~~ P ‘ 7 ) _ 1 ( _ ~~~f l f l- )~~~ (b.— ) .. —

2 C~~~~~~~
; 2 C P~C-’~ 

- 17

and (b 
~ reduces the search for - d (f ,f ) to findin g the infinu im17 L ,p - - IT 2T-

such that the expression in (b 17
) does not exceed .

i i i .  The case C -M < o p 1 (€ ) < - C M is synmetric to i i .n~~n 1 1 n f l
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