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ESTIMATING THE TRUE PROBABILITY OF CORHECT SELECTION

FOR LOCATION AND SCALE PARAZ€TER FAMILIES

BY

I. 01km , M. Sobel and Y. L. Tong
Stanford University; University of California,

Santa Barbara; University of Nebraska

~~~~ Abstract

The usual formulation of the problem of selecting the best of

k populations has been studied from the point of view of designing

an experiment that will guarantee a certain probability of making a

correct selection (pcs) . However , in retrospective studies the sample

has already been taken and we wish to estimate the probability of

making a correct selection using this data. The present study deals

with obtaining a class of upper and lower boimds for the true PCS and

its estimator using the methods of majorization. We also study the

large sample behavior of the estimator of the PCS, ~‘ihich turns out to

be asymptotically normal.
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i. Introduction.

Consider an independent bservation, X1~~, from k populations

F(x,~~.), I = 1, .. , k , j = l,...,n. The experimenter wishes to select

the population associated with the largest parameter E l k ] .  To do this

~-e define an appropriate statistic

= Y (x . ,. .. ,x . ) ,
I ii in

and use the decision rule ‘designat e the population corresponding to

the largest Y . value as the one with the largest e -value .” If the

c . d . f . ,  G( y, E. ) , of Y . has the form G(y-e 1), then the prob ability

of a correct selection (PCS ) is

k-i
(
~~.i ) a (~~ ,.. ‘~ k-i~ [

~ 
G(y÷~.)] dG(y)

‘;here ~ K = — e— — licj ’ i L k I  [i~
:r. the usual methods employing the indifference z~ne approach,

as introduced into ranidng and ~e1ection by Bechhofer (i~~~ ), we

determine the smallest fixed sample size n needed in order to satisfy

a preassigned probability requirement. This led to a considerat ~ion of

e~ s’~ favorable configuration, which frcque i~ Iy takes the form

= ~ and suggests an inequality for a(~ ,. ..,~~ ,
I - 0 1

where we ‘move dowrthill ’ in the serse of majori za~ion to the case of equal

~~~values~ regardless of whether the common value is specified or

n t . Because this integral is often difficult t.~ evaluate (especially

in high dimensions), we are interested in both upper and lower bounds

1



• .hat hold, for any true configuration, without regard to any least

favorable configuration.

In the present paper we consider the problem of estimatiflg the

true P03 by using inf:rna~icn provided by the sample. This is

• extreme Ly important ±tor ~~~se problems in which we are carrying out

a retrospective stu ’3y -- ra ’~~er than 3esigning an experiment.

tf Y is a c o ns i s t en t  estimator of , then we may let

~ ~
‘
[kJ 

be the ordered Y-values, and defi ne

= 

~ [ic]  - Y 111 , i = 1,.~~. ,k..l

Then ~ = L, ...  ‘~ k l ~ 
will be a consistent estimator of ~~~, and

will be a consistent estimator of a(t
1,..

As a consequence , we ‘~‘.ish to further study the behavior of the

int egral ~~~~~~~~~~~~~~~ or 
~~~~~~~~~~~~~ 

as a ftnction of the

cc n f ~g~rat~ :n of the parameters. In j s r -t lcular, we are interested in

th e f -~~~owir .g quest-ion: ho~i -e~ the PCS behave if som e of the a —values

ote replaced Py their : era~e. ~~is ~r- b J e r n  is ~ t o  Led in the next

sec tio n.

rn~ r~ : Th’~ at-co ’e development.was b; : e. -n a io i~ ri ~ ~ etor family.

s imilar analysis holds f:-r scale par ameter ~irn i1 ie~ . In this

cas e the t~rue PCS (1.1) i~ replac ed by

(~~~r k—J 1
1. L 2 )  l ’”~~’~~k’.1~ ~J j .~’ G(~~~~)J d~~(y )
ç —c~

2
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where in the case of the largest scale parameter we define =

(i = 1,2,... ,k-1) and hence > ? ~k-l > 1. For the case of the

smallest scale parameter we define bk i÷1 = e [i] /~~ l] and then (1.2) —

and the above inequalities on still hold.

2. The Main Bounds.

The key motivating point is that under certain circumstances we

can approximate a(b) by

a 1~.~~ t p ) ~~~~~~~~~~~ ~2 ’ 2 ’~~~~ r’ ’~ r~
~
—

~~-
-

~ L~~~~ ~~ J
p1 p2

where p . = p k-i and the ~~~~~ are certain averages of the t ’ s.

If the approximation sign is an inequality sign, then we are “moving

downhill by averaging and further averaging will move us more downhill.

This suggests the use of ma,jorization, and we show h ow this arises.

We now develop the main result. For any fixed r < p, let

a1,.. .  ,ar be distinct numbers satisfying

L O a a  < a  < a  < . ‘ .  <~~ ~~
pI r

p = a
~
_a i, ‘i = 1, . . .  ,r , and define the partition

F (A~ - 

~ i~~
”’

~ a~’ a,4 1 a
2

3
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We also define the means within each closter:

-~. ~-l a
7, • 1~

= — — , v = l,...,r ,a -
~~~~ v—i-

aad generate a vector cf ‘averaged -oaiues:

~ (A)

— ‘ i ’~~~~’ 1~ ~~~~~~~~~~~~~ ~ -~~~~• .. , ,.. . ‘~ r ” ‘

p2

where A denotes the set A = ~a ,. . .,a1 r

Let A c B mean that B is a refinement of A. A question that -
•

arises immediately is whether we can compare the a..vaiues of two

ar~.itions A and B if A c B?

Theorem 1. Ii ’ log ~ v) is co-r,’a1re, and A ~ B, then

~~ j . S • ~~ p ) ~~~~~~~~~~~~~~~~~~ < n ~~1(A) , . . . ,~~~(A) )

he or: -01 c -f  thio res~~ io gi ven in the next section. We note
,.1-.at tn e  O’ S in (2 . 1).  to~ough wrioJ,en as a single integral, are

ac thai ly p-fold integrals. H- -wever , we woul d also like to have

Lounts ;~~~~~~
‘; reduce the dimensionality. To accomplish this we consider

the f~Y owthg integral. For any partition A, define

H 
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(2.2)

r a1 a2

if IT G(y+~~ ) dG (Y ) ]  I f -r-r G (y+~1) dG(y)L _-c~ i=l I -
~‘-

[E ar~~~
1 

G(y+~~ ) dG( Y)]

Here the reduction in dimensionality is in terms of the size of the

intervals a - a 1 (v  = 1,2,.. .,r). Note that when r = p, then

~~~1~~~~~ bp ) = a 1~ .~~~~hp ).

Theorem 2. If A c B~ then

(2.3)  ~ (h 1(B ) , . . . , b ( B ) )  < ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~

Of particular interest are the extremes obtained by the partition

A = 1,... ,pl , in which case we obtain

-

~~~~

- 

~~~~~: 

G~y~~1) dG(y) ~~~~~~~~~~~~~ =1 1~
iG(y+

~~
) dG(y)

Remarks: (i) We should note that Theorem 2 is due to Kimball ( l95l ~~.

(ii) If G is a normal distribution, then the right-hand side of

(2.3) can be regarded as the integral of a multivariate normal distribu-

tion with variances 1 and correlations p = 1/2. This integral has

been considered by Milton (1970, 1972). If G is normal then the left-

hand side of (2.~~) is easily shown to be ~~1G(~~/./~ ), so that no

integration is required.

5
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(iii) If G(y,~~) G(y/~)), with G(o ) = 0, is a scale parameter

family, then we define geometric means instead of arithmetic means.

For any partition A we have

a1 1/a1 a2 ~ l/ (a 2 -a1)

= 
~~~~~~ 

‘ 
= ( ~1 a + 11

-

= f l b- r a +1 ‘

r-l

The results of Theorems 1 and 2 hold, with the obvious changes.

3. Proof of Inequalities via Maiorization.

We firgt review several facts concerning the partial ordering

majori za~.~on . A vector u1,.. . ,u~ is said to majorize a vector

v1,...,v , written u ‘, v, if, upon a rearrangement with u1 > ~~~~ > u~,

V 1 > > v , we have ~ u. > ~ 
v., m 1,.. .,p-1, u. = v.. The

class of (differentiable) order preserving functions f(x
1
,.. ~~~~ are

called Schur functions, or Schur-con-vex functions, and are defined by

i-he property

_ _ _  - ~~~2)~~~ (x.~ xj) >0 for all i,j = l,...,p.

k (For the Schur-cor ~cave functions we merely turn the inequality around. )

Then one characterizat ion of the Schur functions is through the fac t that

u v if and only if f(u) > f(v) for all Schur-convex functions.

6

.4 

~~~~~~~~~~~~~ -- - - -



r ~

_— ----~--- ~., tr~~~~~~~~~—~~~~ -_- 
~~~~~~~~ 

- - - --‘~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~

Fi nally, t h e r e  is anuI ,ner c ar -ac t- er i:- ’ - i t ±~ n in terms of doubly—

s~ -~c~o ic r i -o  matrices P ~p 1 - ) , 
~~~~~~ 

~~~~°- :~~~ 
= 

~~~ij  
1, namely,

u >- v if and on~ v if v = uP for some do~i-L iy stochas’~ic matrix P.

This s a r c  ha ’ 01: 5 m o v e s  d-o wmth i st from u t o  v (in the sense of

ms~~rizalion) by t~ki~g a c- :n ’ex - ombinat ion of a. • -ment s of u.

Wd need th e foio. - k i ng  fact

Fast ,  I M  sh~~ I sod G-~~c~ n (.i n o ) J .  If log G( y ) is conca v e , then

~~~ is Scr , - i-y - ccncave. )ns e~~sent i-y . a(s ) f ~~~G (y+~ . )  dG(y )

i s Soh~ r~ no - ‘a.

The pr :  -f of Theo re m 1 is a direct conseo~uence of the above

fac~ s. R stT that  in ( 2 1 )  we have t n a t  if A c  B then

n ( t ) < a ~ 5 ’B~~ <~~ ( s A )

We m~ee~ c-n~ r ~o I e f o~.nand i r ~en~ ~~~~~~~~~ ~ir ,ce the right-hand inequality

Li ob’ a.i eJ b,.’ a r ceo ad :~r~ or:en ’ where Cl 5- p-)) is used in place of -
•

~ ( L- )  ~ id a~ 0(~.) )  IS ~ sed in ~ J s . e c-f  a( S ’ B , ).

i t  i~~ cmm e’is ’- ’ e ~~~~~~~~~ 5:- - t B )  s i r ~ . e 5 - B :  ~~~~. 
-~~er e

P r~ c :K n o ’~ P - ... ~P ) i~~ -.- d -~~h ss ,r — s ’ - o he s  ir: mo or ic es  with blccks

• -~i the dia~~ r -a ~l c.~r astin~ of l(~a- a  ~~. This ma~crizat ion

pLis ‘n ~ S - n c r  c r oao io c or . yes Theorem .1 -

rem 2 fn~ lows f rom an inequality of Kimball [l -~5I I  and to

apply t h i s  i is :i. .f f i  ~en 4 - 4 n e;’. the d i i o -r o b u~ io.n functions G ( y 4 5 1)

~~ ~~ p~s ioL ’ - e and m - - ’ .~ o - r e in ‘he same direction for all real y .

4~
.
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We c - a -  ~ use c~ ‘~~~ bc’ind~ ~~‘ 
- c- -e -o s irn o t- e -‘Y- (E ) .  A 1th~~:crh

~ 
‘
~~ ) can ~~ o~ra ote.I exoc il’s on cb the h e i r  of cua:.trature meth - ’d:  , the

es~ -:~r-~- - I - - ’F.r ’oL~:ng is not a~i voys available and tl.e con n ot at i o n s  ma~

Se - - ,‘. . T}-~~s. L is iecir’atl e to b e able to  aoor :- Inate the intcgr s. 1:.

As i. o’ ’~
-
~~~ I~~- rJ of ‘ la  S - in -o s , : r o c d e r  a r, -:mer ~~ o~~ i e:: asori c l r r

• n e c e se  of o- rma~ :rv  wi n - -mm o -o 1, ana the. ic-cation i arar:e. C er

-‘ (~~.2 ,  2. 1’-. 1 . 5 .  1, - , 1.7 ; we wish t o  e’~-~ buate cY~(b

ll: C ex e c ’ - value is Cl - . 81115. To compute our smallest lower bound

rol e ‘- : - ~~~ G - ’ - - - ) ~.; ‘y )  - ~ -T , so that we or’ ain ~~~~ t (~ . ~~~
1

‘ne Is r~ est ioper b - un i t is f ~i~~~~or t o ) dt (y) = -: . 8Y: , ob tained thorn

Mi on (1 o 7: ).
— WC now coon - er s~ rne r e f i nem ent s .  Suppose ye use A = [1, 3, 5)

so ~h~o we o L ~ so.er in ’ - 5 gr :-une (;. .2~ , (2.7, 2.5 ) , (l. , 1.7). then

c — s  ‘.~ ar  c- - c d  ~~5 - A ) )  in l . t )  is gi --w ni 5;

- . 1)  1 t ’y - - , 2 )  di: ,r)  . -‘ f (~ r~~:~~.7 )  ii~~
’ .5)  ~~~~

~~y~.l. 9) i- (y~ i .7 ) d~~y )

~-h~ oc rn~.) he i o s : z e c~ f r m  ~~~~~~~~~~~~~~~~~~ 
(~.‘-7u ) t a b l e s  to be - . 7 : 1 .

H~~ i~ -la In - s  a p o r o zi ma t e ~4~~J )  by

~ 
-
~~~

‘ “ “)  d-t~y)  f 
~~~~ v ’

~~
() i-~(y) r ~~ (yfl.8) o~ (y)

t
:-~,en we - htain the resu t 3.7’17.

6
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If we use fewer clusters , namely, A = [3 , 5) , yielding [ o .2 , 2.7, 2 .5)

Cl. - ~ , 1.7) then we obtain the approximation

(~ .3) f -~~~~ (y~2. 8) d~ (y) f ~° (y+l . 8) d~- (y )

tc:- yi eld a value of 0 .7502 .

It is intuitively clear that if we can take advantage of the close

proximi ty of any two g values , then the worst case for getting close

bounds and approximations may be the equally spaced case. We have ,

therefore, attached at the end of this paper a table (Table 1) for the

normal distribution under equally spaced configurations with a common

spacing d. The table gives the numerical values of the integral

f ~~ ~ (y+ id) d~ (y )  = P{Z. ~ 1d/~~, ~ = l,.: ,P] for

d = 6 .UO (O .02)0 .2C (0 .lO ))4.00 and k = 2(l~ lC , 12, 15 and 26 ;

where -I is the standard normal cdf .

5. Limiting Distribution of the Estimator of the PCS for the Normal

Location Parameter Model.

In this section we obtain the asymptotic distribution of the

estimator, C L ( t  ), - - f the true scs Cl ( s ) when the underlying distri-

bution is normal. Although results for the location parameter case

are :ht.aineo , similr,r resulto may be obtained for scale parameter

famili es .

Let Y = 
l”~~ ’~k~ 

and T = ~~~~~~~~~~~ where

Y [1] < • •  < 
~k -  are the ordered Y-values . Similarly, we def ine

I.
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~~~~~~~~~~~~~~~~ and = 

~~~~~~ 
. ., E { k]  ) .  Finally we let

1,1 e - ~j  < ~~~~~~ with strict inequalities betweco

-
- -vaLuer:. 0or any two “ect .cr s u and v we write u < v ~

mean u. < v . for all i.

Now -oup oc-se J (,~~~I . -~- - 
~~ 

-~~~~ r~(o: ,1). We rirst obtain th e

o s s m p to td .c  distribution of ~~~, then of es t in iu l : ro , f . ,  c f  h ,

and fi nal ly of a ( f) .  In the following development a’ is ain med

‘o be known , and we take it to be unity.

Theorem~~~. As n 
~~~~~~~~, ~~~~ (~~-~~

) )  —~~ 1-( ,Ik ) for eve~~ 1’ €

where is the identity matrix of ~— r d e r k.

i- r~ c f ’ . The result follows by bounding the right-h cio-3 side of

(-5 .1) P C  ~~~ ~~-~~) 
< z )  - TI ~(zj I

< p ~~ ,~y ” ) ~ ~ = ~) - ~~~~ ~~~~~~ ~~~~~~~~~~ < z i l

+ P 1~”~ (~~-~~
‘ < z , y ~ + ~~~~~~ (y Th .-

~ - ~~~~~

for  eoeyv z = (z 1 zk ) and every 0 £1

> ~ > 0 be arbitrary fi’-:eo r eo l  r o c u e~ -
. 

IO -~~~ tha t

2- . < nhirl :’b .  . — S . 2 Since ~ is a consisoent e n t i m -~t r  ot ’
— i :il [ i — i ,

an ’s the Y . ’ s are independent , it f ollows that, ± 1-n ev~:ry € ~~

and e - r e r ~ z (z L .. .., zk ) there e x i st  numbers N1 (~~, o~~) and

r ( ~ ,~~) such that for n > N1. ~~~~ = <

I = l , , . , , s~ >1-~~ , and for  n > N ~, P i~ n 1- , < s) - 7~~~u. . 
~2

1:
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Here is small enough so that I~~ . -- j  
~ ~l 

implies that Y =

so that the first difference on the right side of (5.1) is zero. Then

for n > ma.x[N1,N2
), (5.1) is bounded by 2€

2, which completes the proof.

As a consequence of Theorem 3, we have the

Corollary 4~ For every E :± , 
~~~~~~

-‘
~~~ 

(~ -~ ))  is asymptotically normal

with mean vector serc , variances 2 and ccvariances 1.

Now consider the PCS f:.r the normal case

a( t ) ~~~~~~~~~~~~ = 

f,~ 
~ (t ÷~~~ ~~

. )  d~~(t )

and its estimator,

a (~~) ~~~~~~~~~~~~ = ~ (t ÷~~~ ~~) d~ ( t )

Theorem 1.~ ~~~ [ a 2 ) - a ( t ) ] )  -
~~
-

~~~ 
!i(O,v~ ) , where v

n(~~
) =~~~ d~

and

( 5 . 2 ) d . 

~ 
5~~

) fl ~~~ . 
~~~~i) d~ (t- )

~~~~~

- 

~~ 
•
,~~

, 
~~~~~~~

Proof, A Taylor expansion about I = = 
~~li; ’ ~

Ipo) yields

:. ~~~ (a(~~ -a(5~~) )  =~~~~~~ d .(L -5.0 ) +(4 
~~i~~i0~

r 
~~ ~

•

~~~ 2 i~~ 
‘ i iO j  - 

jO 
~~i ~~

÷ w2 (n) ,

11
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where th <‘ i . <F - .. C -r-~~i ary~~ an~ t’~ ~‘~~~~~~~c~ -’o

< C / ~~~~ imp f le s that ~~(a - 1n ,~ ~~~~~~~~ - ,v ,. I’ noe -~

one r -r 0o f  wil l  be cox n o l& -e if we nd-to ,: the’, plus e, ‘
~~~~J - “. ‘Ic see

this, we use the fact that xl~ X )  and- x 1 - ~ x )  ar e bcan i -: , so  that

t,he re exist  :--csi t- ive con s ta n t s  , 0 .  ~~~~~~~~~ that

_____
H 

_____ - 

C , C ..

Ht ~~~~- -f~ - - i - 1’ 1
1 1 1

If we defi ne

U~n) 
~~ ~~~ ) 2 

i~ j  ~ i~~ic~~ j~~:u
) (
~ ~

)
then  olin U(n) 0. Consequently, if 0 = > i~~, = 1, . . .  ,p )

fo r any ~ * I , it follows that

- - ) p( w n f l  > d = p( w . ’n ) t  > r
, ~( W ~n ,’l > , ‘Ti

< P[U c) ~ ~CT°~ •

(ho f- - i  f ixed € ‘
~ 0 an-I su f f i c ’ cn t I y  large n, cud te rm i n  th e  nigh ’.-

hand side of (5 .3) is < € .

The asymptotic variance defined in Theorem 4 iS -Tuite

c-:mplicated. We may use 1. in v (b) to yield a -~c n f i d e nce in terva l

for the F-CS, a((- :, namely,

12
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~~ (a( ~-) - a~ t i ~
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However, we may also wi sh to approximate the asymptotic variance v~ ( E )

or its estimate vn(i)~ 
We again use majorization to obtain some bounds.

T~ do this we require the following facts .

Fact 1. For fixed i , and any z ,. the function

i)

~~i 12 1 2

is a Schur-concave function in 
~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

This follows from the result of Section 5.

Fact 2. For fixed i and 5 > ~~~~~~ > 51—  — p

P. 5.  5.
‘“ ‘ ti~l ~~ ‘ F- i±l - ,... , -

~ ~~~~ 
-
~

-
~~~~5 —~~ --~~~~

-

- 
(p÷1)~~ =~~~

‘~ p-l - 2 (p-l ) i’” ‘ p-i 2(p-l ) i L ‘

-~~~~~~~~~~where S = ~~ 1./p
1

To prove this result we note that the elements of are means of’

the elements in F .

Fact 5. For fixed i and 1-~ > 
.‘. > 5

.ç

l~

— - ‘—_ ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~ ‘t..r ,t-~ At t t  t a ,,



- — - 
--—- -~~ --— — - 

- 5, o.c .cc o- — - i-’~
-—-— - --’— —~~~~ 

-

F- .
1 1F~- =  5

~~~
. . 

~~~~~~~~~~~~~~~~~~~~~

~ (~
-
~ 

- (p-2 s - 11, t~ - f, ., . , - 

~~~~

- ) a
Tn prove this majorization we first no-ta t - ,tai , pt ~. ~~~~~~~ -‘ F

> -. 
~~

_ / 2 .  F\~rther , the sum of all the elements in CadS -sec t - i  t - eu -~ai
— p  1
tc- - ~ (p± i ) t . . Consequently, we need show that for m 1.. ~~~~~~~~~~~~~~~

- 

p-rn-i-i ~~~~ 

- 2
j~ i

But this inequality is equivalent to

£
~ 5 ./ ( m—l ) B

~p-m+j
j  ~i

di i ch clearly holds.

— As a consequence of the majcrizat.icn

°L~ ~~~~ ‘ 
- -

‘-aa h a v e  that for every z and every i

~ -~~+1~~F. . -i~~ -~)/1 
,,,c~~ j  2

— <~~ p-l t ÷ j ~~~~~~~~~ (p+l ) 
~~~. ~~~~~~~~~~~~~~~~~~~— 

~~~~ p— l 2 p-1) 1 -

> +
~~~~~ p~ (p-2 )~~~ 

~~ 

- ~~~~ ) ‘
~L~ 

2~

1~4
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~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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~
- 

~~~~~~~~~~~~~~ ~~
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Remark. The upper bound is a monotone decreasi ng function of 
~~~

., and

the lower bound is a mono tone increasing function of Consequently ,

if > 5’~, we may obtain the bounds where S
.
~ is inserted in place

of 5. in D2(t) and in place of F in D
1
(t). Call these functions

~~.( t ) ,  j  = 1,2, From the definit ion of v , we see that

~~ H( s ) I f  ~~~(t )  d~ ( t ) ] 2 < v~ < ~~ H( F ) [f D2 ( t )  d~~( t ) ] 2

where

H(I ) = ~~ exp(-nF.~/2) + (
~ 

exP(~ns~/~ ))2 .

The mai n point is th at under certai n circumstances we may approximate

Vn by n H(I )/~ir , which is small for large n. This holds when the

dispersion of the 5—values is not too large, so th at 
~l 

< 2F *. In this

case both integrals above are close to 1 as n -~~‘x

Finally, we note that H (t ) is Schur-convex in (5~,. . ., ), So

that further bounds on H may readily be obtained. In particular, it

can be shown via such bounds that v decreases exponentially in n,

so that we can expect reasonably good approximations for moderate

values of n.

I
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