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CHAPTER 1

IN ’IROLLJCTION

In th is paper t~o different types of discrete time Markov

maintenance models having repair facilities available will be investigated.

Because of their wide applicability in the practical world, a number of

author. have studied optimization problems for discrete time machine

maintenance models. Their main concern has been on the structure of an

optimal policy, and a simple repair rule called a control limit policy

has been introduced. When there is an operating machine, with its con-

dition deteriorating as time goes on, a control limit policy is def ined

as a policy where a repair or replacement action is taken if and only

if the degree of deter iorat ion of the operating machine exceeds some

critical value . Control limit policies are intuitively appealing

policies, and suff icient conditions under which a control limit policy

is optimal have been derived .

In 1963 Derman [2] introduced the basic maintenance model of this

type. In his model, two actions are available at each time period, i.e.

replace the current machine, or leave the current machine as is. If a

replacement action is taken, a new machine replaces the old one, and

the new machine begins to operate in its best condition at the beginning

of the next period. If the nonreplacement action is chosen, the mach
ine1



keeps operating, and its degree of deterioration evolves from I to j

in one period with transition probability p1~ , 
0 < I , j  < I. He deve1ope~

the notion of an increasing failure rate (IFR) distribution, which play s

an important role in reliability theory (see Barlow [1]), for a Markov

chain with a finite number of states. A Markov chain is said to be IF?

if a higher state is associated with a greater chance of f’u-ther

deterioration. More precisely, a Markov chain with the transition matrix

is said to be IFR if is stochastically smaller than

for 0 < I < I-i, and can be written as

= P~~ 1( .)  , 0 < i < I-i,

where

P
1
(k) = E pr., 0 < I < I

jcZk ~

Note that if F(t) and G(t) are distribution functions, F(.) c. G(.)

if and only if F(t) > G(t) for any t. Assuming a simple cost structure

and the IFR property on the transition probabilities, Derman showed the

optimality of a control lLit policy.

Kolesar [9] extended the basic model by introducing state depen-

dent operating costs, and Kalymon [6] further generalized the cost

structure by allowing replacement costs to be stochastic. Klein [81

expanded Derman’s a~ de1 to include a costly inspection. Eppen [14],

Taylor [114], and Rosen! ielc~ [12] developed their models along this line

with emphasis on trying to find simple types of policies which optimize

their models.
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A joint replacement and stocking problem was introduced by Derxnan

and Lieberman [3j, which was generalized by Ross [13] to allow for

deterioration of a machine.

The aforementioned models have the propert ies that the amount

of t ime needed for the repair of a machine is one unit of t ime, and an

unlimited supply of new spares is available, In that sense, they are

replacement models rather than repair models. In 1975 Kao [7] intro-

duced a semi-Markovian approach to the basic model. In his model, the

repair time of a machine is no longer instantaneous but takes some random

time according to its semi-Markovian nature, while the supply of new

spares is kept unlimited. Hatoyama [5] investigated some machine repair

models assuming that the repair time of a machine has a geometric dis-

tribution. A model with finite number of spare machines was also con-

sidered there.

In Chapter 2 of th is paper, the basic machine repair problem

is extended to allow for the existence of several repair shops. The

repair time distributions depend on the type of repair work required

on a machine rather than its condition. Here the condition of the machine

regulates the type of repair work required in a probabilistic manner

rather than deterministically. This extension seems suitable for the

maintenance problems where the state of the machine such as its age

does not completely coincide with the type of repair work on it. In a

manner similar to that presented for the type of models treated in [5]

cont rol limit policy is defined, and sufficient conditions for the

optimality of such control limit policies are obtained.

3
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Chapter 5 considers the machine repair problem in tne context

of optimal control of queues. Since the number of machines In the

system is fixed and finite, the mo~e1s treated here necessarily become

discrete time closed queueing systems. There appears to nave been

almost no research in optirnizatton of discrete time closed ~‘;eueing

systems. Discrete time queueing systems have been investigated by

Magazine [10 1 , [11], but his models are open q~e-~eing systemc . Models

for the optimal control of closed queueing systems have been studied

by Torbett [15], but his analysis is time continuous. In our models ,

the decision maker has an option of opening or closing the repair shop

when there are machines waiting for repair service, as well as the

option of repairing or leaving an operating machine alone. A set up

cost for opening a closed gate, a shut down cost for closing an open

gate, a holding cost for holding machines in the repair system, and a

service cost for operating an open repair shop are introduced as is

done in the usual queueing control models. A two-dimensional control

limit policy is defined, ~nd sufficient conditions for the existence

of’ such a policy minimizing the total expected a-discounted cost are

derived.
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CHAPTER 2

MULTI -REPAIR .;ryPE MAINTENANCE MODELS

This chapter t reats maintenance models when tnere is more than

one possible type of repair in the system, Here, the repair time distri-

butions, mater ial cost, and labor cost all depend on the type of repair

work required on the machine. Sufficient conditions which result in

the optimality of control limit policies of some kind are obtained. A

generalized model is then considered . Finally, a model where there

is one repairman for each type of repair shop is studied.

2.1, The Model

We consider a basic multi-repair-type Markov machine maintenance

model. The flow of machines in the system is schematically shown in Fig. 2.1.

There is an operating machine and S

operating _j spare 1 (S > 1) spare machines in the system.
machine units

The system is observed periodically and

at the beginning of each period an

I r- operating machine is classified as

being in one of 1+1 (I > 1) states,

• with each state showing the degree of
‘--

~~~~~ )ftype K
deterioration, 0 represents a machine

repair facilities

Figure 2.1. A Multi-Repair-Type
Machine Maintenance
System.
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in its best condition , while I denotes i ts  fail~ r e . When a machine

is operating, two choices are available at the beginning of each period:

to let it keep operating, or to repair it. If the former decision is

chosen, the state of’ the operating machine evolves from I to j in

one unit of time according to the transition probability p.. > 0.

If the latter is selected, the machine Is immediately sent to one of

K (K > 2) repair shops, and is replaced by one of the spare machines,

if any is available. The new operating machine begins to operate in

its best condition. Type 1 through type K repair shops are arranged

so that type 1 represent” ie easiest repair work and type K the

hardest. If a machine in the i-th operating condition is chosen to

be repaired, a type k repair facility is required with probability

> 0. Here, we assume 
~~~~ 

p
~~

•
~ 

= 1 for 0 < i < I. A failed

machine must be repaired. Furthermo re, suppose the type of repair

required if a repair decision is made is known to the decision maker

before he takes an action. Then the total information available to

the decision maker at the beginning of each period is the condition of

an operating machine, the type of repa ir work required if the repair

deci sion is chosen, and the number of machines in the type k repair

shop for each 1 < k < K. Later, the case where the type of repair

work required is not known to the decision maker will be considered.

If a machine in the i-th operating condition is sent to the

type k (1 < k < K) repair shop, the repair work starts immediately ,

and its repair time Tk, which is independent of I, is assumed to be

a randot~ variable having a geometric distribution with parameter ~~
i.e.,

6



P(T
k 

= jJ q~ (1_ q~)3~~, j 1,2 .

If all the machines are in the repair shops, the system fails

since no machine is available. In that case we must wait until one

of the machines is completely repaired~ A penalty cost, P, is assessed

per period during the system’s failure , A(i) is the operating cost

for a machine in the i-th operating condition, C(i,k) is the material

cost for repairing a machine in the i-th operating condition in the type k

repair shop, and B(k) is the labor cost for the type k repair work

for a single machine per period. The objective is to find a repair

policy which minimizes the total a-discounted cost.

Before proceeding further it is useful to give an example in

which the above model can be applied. Consider the problem of a taxicab

driver who owns several cars. He continues to use one of his cars until

he decides to repair it. He then begins to use another one, if any is

available. We assume that the maintenance, or operating cost (excluding

repair costs), of a car depends mainly on its age or the number of days

after its last repair. However, the actual deterioration of the car

does not necessarily coincide with its age.. Among cars having the same

age, some may require little repair work, while other s may requ ire

substantial amounts of repair work, A car with i-th age requires

type k repair work with probability ~~~~ If the taxicab driver is

familiar with the repair job, he can get the information on the type

of’ repair work required as well as the age of the car before he makes

the decision on whether or not the car should be repaired. Otherwise

he can utilize just the age of the car when he makes a decision.

7 
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The re p a i r  time distvit ..tion is assumed to be geomet r i c , and it~

parameter .iepen ~~ on the type of repair  work. Al so,  r epa i r  co~-t s

rn~tir~ j depend on the type of repair work , If all  t t e  cars a r e  in the

repair facilities, no car is available to him , and hence, he lo~-e~ some

amount of the expected revenue. If he ir. interested in tLe total ‘-- Ii. -.-

counted cost, then finding the best repair ~~r t , e . : i ~~le is an exampLe ~f

the type of problem which will be treated in this chapter.

The state of this system is represented by the K~ vector

0 1 2 K-I-I(X t ,Xt,Xt,...,xt ) (i,k,s1,.. .,sK
)

where at the beginning of the t-th period there is an operating machine

whose operating condition is i, type Ic repair worh is required if the

repair dec ision is chosen, and s
,~ 

(1 < i < K) machines are in the

type j repair facility. Here

K
O < i < I , l~~~k < K , 0 <  ~ s , - S , s >0 (l < j < K ~

j=1 ‘~

For notational convenience, we define

x~ = 
~~~~~~~~~~~~~~~ j~ l 

5i S+i , s . > 0  (i < j

if all the machines are in the repair facilities and none of the

rnachi’ies is operating at the beginning of’ the t-th period.

In order to simplify the repetitive use of the following sets,

define

8 
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1 :  integer )

K= k~ l < k < K, k integer)

L Sk < ~ s . ~~~
. < j K , nonnegative integer)

I i

((0,1,s , ., ,, s )
~ ~ s =m , s .  I l ~~ j~~ K : nonnegative integer).

k~1

Let ~~~~ 
be the probability that s (s ’ < s) macnines are

still in the type j repair shop at the end of the period , given s

machines are in the type j  (1 < j < K) repair shop at the beginning of

a period. Then

5 .

~~~~ = (f)  (1  q ) ~~
1 ~ , 1 < j K

since the repair time, ~~ has a geometric distribution with parameter

Before formulating the problem as a dynamic programming

problem, we make the following simplif icat ion. When a new machine

replaces the previously operating machine, the new one starts operating

in its best condition at the beginning of the next period , and the

least repair work, I e.,, type 1 repair is required if it is instantaneously

determined to be repaired.

Let V , X (i,k,sl,...,
sK;n) 

be the minimum expected n period

(1-discounted cost starting from state (i,k,sl,...,sK
). Then by setting

v(i ,k,sl,...,
S
K
;O) = 0 for any feasible

va(i,k,sl,...,BK
;n) (n > 1) satisfies the following set of recursive

equations :

.

~

. .  . ~~~~~~~~~~ ~ 



v
~

.r ( i . k,~~l, . . ., s K ; n)

K I K S
K

tnln (A (i) ÷ ~: B (j ) s . + 
~~ 

... 
~~ 

~
- •1 ’

i’~-O k’’l s1
-O s~~O ~

S1 ~C (i.k) ~- E k ) + . - : B 1j~ s . L~~~~ .
~~~~
. .“

j=i ~) ~~ -O 
ç~~

J sk=O l ’l

K

for (i .k.sl,...,sK) ~~~~~ ~~ 4S (2.1)

K S
K

p + ~~B(j)s.+.i 
.. ~~ q (~ . . .q ~~ K U  

V (O , l , s ’ , . .., s ’ ;n - l)
i~ l ~ s~ —O 8k

~° 
s1~~ S

K
S
K 

.~ 1 K

for ‘i,k,sl,...,sK~ 
€ Js+l

By letting

Ra (i ,k, sl, .. ., sK ;n)  ~~~~~~ ~~~~~~~~~~~ V(i~k,s~ sk;n),

we can simplify (2.1) as below: For n > 1,

10
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4’ V(i .k,s1 .

K I K
min ( A ( I )  ~ ~ F~ j)s ~a ~ ~~~~~~~~ R, ,(i’ ,k’,sl,...,sK

;n_l),
j r~1 i’ r~0 k - l  

1

K
c(i,k .*B

~
k ÷

~~~
B :
~
)si f .tR o,1,sl,.,.,5k÷l,.,.,sK;fl i))

J~
- 1

for (i .k,sl,....,sK
) ~~x ~

“x ~~ (2.2)

K
= P + Z~ B ( j ) s .  * ~~~~~~~~~~ . ,,S~ ,fl-lj r~l

/S+1for (1,k,sl,...,sK) 
.

~~

Let V ,~(i,k,s1,. ..,sK) be the total expected x-discounted cost

starting from state (i,k,sl,...,sK ~ x ~
‘x JS U . Then

V~~ i, k , s1, . .  ‘‘ 3K u r n  V ( i , k, sl , . . . , sK ;n)
n —~

Furthermore, the existence of a stationary policy minimizing the total

expected r-discounted cost is guaranteed since this model is a Markov

:e~’ision process.

Two kinds of control limit policies are now introduced.

Definition. An ! control limit policy is a nonrandomized policy where

there is a special operating condition i for each k (1 < k < K), for

each feas i~- e s - 

~~~~~~~~~~~ 
and for each period n (n > 1), say

such that for all (i,k,sl,...,sK ) with i < 1. , the decision,s,n k,s,n
11

.4 . - — _ _ _ _ _ _ _  — -



period n i~ to keep an ,peratir~g~~rl:~ :ri ~ ~ri or.pr~ tiorj , and for all

wifl1 ~ i~ t: :e~ isL)r, a~ Is ~a repii r it .

A k control li:Jt 
~~~~~~ ~ 

a nor~r~ n~ -~~ioe- i pc.1 i~~ wr;ere tLere i~ a

~~‘iaI. t p e  k of repair shop for each i (0 < i I), for ea d i

s - - (s s ~~, ari i for each r-er~o 1 n, s~-~y k . , r’uch that for all
1 K -

( i . k , s1 
,.J t r , ~. ‘ k .  , t I  J E r J S i O r  n iS  t o repair

an ope~~ ’.1n ~.’ macnine , and for all ~1,k,s1 ~. , vito k ~~ k .

t t .e  .leciolo r . at n i.- to keep i t  operating.

Sufficient conditions for the existence of a stationary i control

limit policy which minimizes the total expected .- ‘-discounted cost of this

model are obtained first through several lemmas shown next.

Lemma . 1. Assume the following conditions hold:

1. B(k’ is nonnegative and nondecreasing in k for 1 < k < K.

2. > 

~k+1 
for 1 < k < K-l.

~~. P > C(0, l ) .

Then for (i,k’,s1. 
~‘• ‘~~K~ 

x K~. J ~-~ u A~, n > 1,

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ > y +(i.
k
~
,5l,...,Sk

+l ,...,sK;fl .

(b V,~(i , Ic ,S1,..., Sk+l, . .. , ~~~~ > V)(i ,k , S i , . ..,  S~~,.  * ‘‘ 5K’ °

Proof. Proof is by mathematical induction. For n = 1, it is easy to

check that both (a) and (b) hold for (i.k’ ,Sl,...,sK
) ) ~~4J \ 1S 

1
U d  ~~~

.

and the proof is omitted. Suppose both a\ and (b) hold for n = rn-i > 1.

Consider the case for n m. Take (a) first. 



Notice that for (i,k ’ ,sl,...,sK ) E~~~x~~~x 
45_i u

R~(i,k’,s1,. ‘• ‘~ k+l~
1
’’ 

. .,s~;m—l ) — R
a
(i
~
k’
~
s
i~ 

. * .,s~+l, * . .,sK;!n_l)

S S1 K
= (l-~~ ÷1) ~~~ 

* . .  ~~~ q(l) ..* q(K)

sj rO s~~-0 11 K K

•(V
a(i ,k ’ , sj , . .., s~ +i+l , .. ., S~ ; m — l )  _ V

a(i , k’ , sj , . . . , s~
; m_ l ) )

S S1 K
~ . ~l) ~K)

- (l_q~) ~~~ 
‘
~~~~

. ~ q q
sj =O s~ =O ~l 1 SKSK

(V~(i,k’,sj,...~ s~+l,...,sj~;m_l) 
_ V
a
(i,k’,sj,...,s

~
;m_l)),

by Lemma 
~.3 of [5)

S S1 K
> (i~q~ ,~~) ~~~ 

. . .  ~~~ q(l) . . .  q~~~ ,
sj=O sk=O 1 1 K K

.(V (i,k’~~s~,...,s’ + 1 ,...,s’;m...l) _ V
a
(i,k’ ,sj,...,s

~
+l,...,sk;m_l)),

from 2 and by inductive assumption on (b) for n = rn-i

> 0 , by inductive assumption on (a) for n ni-i.

Using the above result, for (i,k’,sl,...,sK) ~~~~~

- V
a
(0,1,sl,...,sk

+l,...,SK;m)

= p + 
j =l 

~~~~~~ 

+ B(k÷l) + aRa(O,1,sl,...,sk+l+l,.. .,sK;m_l)

— (P + 
~~~~ 

B(i)s~ + B( k)  + aRcx(O,l,si,. “‘~ k~~’~ 
. ., SK; m_ l ) )

~ 

1 . -



= B(k+l) - B(k)  +

- R
a
(0,i,sl,...,

s
k
+i,...,sK

;m_1))

> 0, from 1.

For (i , k ’ , s1,. . ., sK ) € 0Q~ /~
‘\ JS-l we compare the correspond-

ing values term by term ~see [5)).

( va
(i , k ’ , sl, . . ., sk f l~

i , .. ., sK ;m) )
i t

_ (V (i ,kt , sl , . . . , sk+l , . .., sK ;m) ) l t

K I K
A(i) + ~~ B(j)s . + B(k+l) + ~ ~j =i  i ’ =o jr- i.

•R

a
( i ’ ,i, s l , . . . sk+l

+l , . . . ,s
K

;m_ l)  - (A ( i )  
~ j~ 1 

B ( J ) s ~ + B(k)

I K
+ a p ,p~~ ~ R ( i ’ , j , sl, . . . ,sk+l,. . . ,sK;m_ l ) )

~~~~ 
.=l a

I K
= B(k+l) -B(k)+a ~ E p~~~~~~ ~(R ( i ’ , j , sl,. . ., sk+l+l, . . ., sK;m_ l)a

— 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
> 0 .

In the similar manne r , we have

(V ,~
(i ,k 1 , sl, . .. , sk+l+l , . .., sK;m) ) 2 f l d

_ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

-> 0.

Hence also for (i ,k’ , s1,.. ‘‘~~K~ 
E lJ x / r x  J

S~ l

va t
~
I , k f , sl, .. ., sk+l+l , . . . , sK ;m) > Va (i , k’ .s l, . . . , sk+l, .. . , SK;m)

I
which shows that (a) holds for a = m.

Consider the (b) case for n m. For (i,k’,s1,. 
~~~~~~~~~~~~~

x ~~~ ~~ we again compare the corresponding values term by term.  

.=..
~- ~~~~~~ .~:‘~I~-



(V
a(i ,k’ ,sl,. .., sk+l, . . . ,SK;m) )

l t  
- (v

a(i ,k’ ,sl, ..., sk , . .. , sK;m) ) l t
I K

= B(k) + a ~ ~(i 
~(R (i’,j,s ‘~~••‘~ k~

1’~ 
..,s ;m-l)

i’~~ =1

— R
a
(i’ ,l)Sl,...,sk, .. . , SK;m_l))

> 0, from 1 and inductive assumption on (b) for a = rn-i.

Similarly, the difference of the corresponding second terms can

be shown to be nonnegative.

Lastly, for (i ,k’ , sl, .. . , sK ) €

va(o,i,al,...,sk+l, . .., sKJm ) _ v
a(O , l,sl, ... , sk , . . . , 8K;m )

K
p + E B ( j ) s 4 + B(k) + aR (O,l,sl,...,sk+l,...,sK

;m_ l)
=1 a

K I K
- min(A(O)+ ~~B(J)s +a E ~ Rj  a

K
C(o , l) +B( l )  + E B(i)sj

+aR
a
(0,i,sl

+1,s2,...,sK
;m_l))

j  =1

K
> P + E B ( j ) s

1 
+ B(k) + aRa(O ,l,sl, . . ., sk+1, . .., sK;m..1)

1=1

K
— (C(O,i) +B(i) + ~ B (J)s1 

+ 
~~a

(0 ,l,5i~~
,52 , * * . , 5K

;m_ 1
~~jr:l

> (P - C(O ,i ) )  + (B(k) - B(l)) by inductive assumption on (a) for n=m -l

> 0, from 1 and 3.
Hence, for (t,k’,sl,...,SK) € ~~x i(x I~~ l U J~

, (b) holds for a =

completing the mathematical induction and yielding that both Msert ions

(a) and (b) hold for a > 1. o

15
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$ Lemma ~ .2. Suppose conditions 1. 2 and ~ of Lemma. 1.1 hold. Furthermore,

assume

i. . C(i,k’
~ is nondecreasing in k (1 < k < K) for each f ixed i

(0 
~: ~- ~~

T~ er~ V i
~
k,si,..., s~ Jn) is nondecreasing in Ic (1 < k < K) for each

f i xed ~~~~~~ ..,s~~) ~~ and for n > 1.

Proof. Mathematical induction is applied. For n = 1, for (i ,k , s1,.

€4 K
’xJS

K K
V (i ,k , s1, . . . , sx; l)  = min [A(i) + ~ B(j)s ,C(i,k) +B(k) + E B(j)s .)

-
~~ j=1 j=l

is clearly noxidecreasing in k, from 1 and 14, Suppose the assertion

holds for a = rn-i > 1, and consider the case for n m. The first term

of the right hand side of V
a
(i,k,si,...,sx

;m) for (i,k,sl,...,sK )

x A( -~.~ 4~ is independent of k, so it is enough to check the second

term. For 
~~~~~~~~ 

. .. , sK ) E. ~~ x , , and for 1 < Ic < K-i ,

(V
a
(i
~
k+1p s

i~ 
* •  .[~~S~(~

Ifl) 
~2—nd 

— (V
a
(i
~
k
~
s
i~ 

. .,SK;m))2fld

= C(i,k+l) ~B(k+l) +~~~B(j)s . +
~~ a

(0,1,si,...,sk+i+1,...,sK
;m_ i)

K
- (c .~1, k~ 1-B (k) + 

~~ 
B(j)sj+a.R~

(0,1,sl,...,sk
+1,...,sK

;m_l))
.J =1

-‘ 0, from 1, ~+ and the result (a) of Lemma ; .1.

Hence the assertion holds for a = m, completing the mathematical induction

and the proof of the lemma. 0
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Lemma 2.3. Suppose a function v(i,k) is nondecreasing in i ( o < i < t I )

for each fixed k (1 K k < K) and nondecreasing in Ic (i K Ic K K) for

each fixed i (0 < I < I) ,  and suppose

5. p .,(’) c 
~~~~~ 

for 0 < i K I-i where P1
( i)  = L pa,,, o< i< i .

i ~~3

6. ~(i) ( . )  ~_ p (i+l) ( . )  for 0 <  i ~ I-i , where p~~~ (k) = ~ ~~~~~~~ l < k < K .
k’< k

I K
Then, ~ E p1k , p~~ ~v(1 ’,k ’)  is nondecreasing in I for 0 K i < I.

i’~O k’=l

Proof. For 0 < i’ < I-i,

K , , K , ,

E p~~ 
+1) v(i’+l,k’) > E p~~ 

+1)

k’=l k k’=l k

since v(i’,k’) is nondecreasing in i’ for fixed Ic’

K , ,
> z ~~~~ 

v(i’,k’) ,
Ic ’ =1

by 6 and since V(i’,k’) is nondecreasing in k’

which gives that g(i’) =Z ~, 1  ~~~~~ 
V(i’ ,k’) is nondecreasing in i’

(0 K I’ < I ) .  From 5, this implies that ~~~~~~~ p~~ , g(i’) is non-

decreasing in i (o < i < I) ,  which is what we want . 0

Lemma 2. 1+. Assume conditions 1 though 6 of the last three lemmas

hold, and f urthermore suppose

7. c(i ,k) is nondecreasing in 1 (0 K i < I) for each fixed Ic

(i < k K K) .

17
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A(i) is nondecreasing in I for 0 < i K I.

Then V
~
(i,k,sl,...,

s
KJn ) 

is nondecreasing in i (0 K i < I) for

each fixed (k,sl,...,sK
) ~ /t

’x 4S and for n > 1.

Proof’. Mathematical induction is again used. For n = 1, for

(k,sl
,...,sK) ~

l ~~ it is obvious that V
a
(I
~
k
~
Si 

S
K;l) is

nondecreasing in I from 7 and :I~ Suppose the assertion is true

for a = rn-i > 1, and consider the case for n to. Then for

(k,sl
,...,s

K
) 
~KxJ5 ,

V ( i ,k, Si,..., 5K; m)

K I K
= niin(A(i)+ ~ B(j)s .+a ~ ~ ~~~~~~ ~

R
a
(i’ ,k’,sl,...,sK

;m_1),
j=l i’=O k’=l 1

K
C(i,k) ÷B(k) + ~ B(j)s. -i- aR (0,i,sl,...,sk

+l,...,S
K
;rn_l))a

The second term is obviously nondecreaSing in I from 7, and as

is nondecreasing in I by the inductive assump-

tion, and also is nondecreasing in k by Lemma 2.2, so is

R
a
(i,k,Sl,...,sK;

m_l) by definition. Using Lemma 2.3 indicates

-~I - -K (1)that 
~~~~~~~~~~~~ ~~~~ ~fl~~k’ 

R
a
(i ,k’,s1 sK;ni_1) is nondecreasing

In I (C’ K I < I). As A (i) Is nondecreasing in i (0 < I < I)

from 8, so is the first term of va(i,k,sl,...,sK;m), yielding that

V
a

(t ,k,sl,...,SK;m) is nondecreasing in i for 0 < i K I , which

completes the mathematical induction and the proof. 0
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Nov using the above lemmas, we can prove the following main theorem.

Theorem ~~~~~~~~ Assume the following conditions hold:

1. B(k) is nonnegative and nondecreasing in Ic for 1 < k < K.

2. C(i,k) is nondecreasing in Ic (1 < K < K) for each fixed i

(0 1 < I ) .

3. C(i,k) is nondecreasing in 1 (0 i K I) for each fixed k

(1 < k < K).

-
~~. A ( i )  - C(i,k) is nondecreasing in i (0 < i K I) for each

fixed k (l<k<K).

5. P > c(o , i) .

6. > ~k+l 
> 0 for 1 < k < K-i.

7. P1(’) cP1÷1
(.) for 0 < j < I-i.

~ ~(i)~~~ cp ~~~1) ( . )  for 0<1<1-i .

Then there exists a stationary i control limit policy which minimizes

the total expected a-discounted cost of the basic multi-repair-type

maintenance model.

Proof. First notice that if all the conditions are satisfied, Lemma 2.~4

holds since conditions 3 and ~~ of this theorem imply condition 8 of

Lemma 2. 14 and all other conditions are exactly the same.

For ( i,k,sl,...,sK) €~~ xA
”\ JS and for n >0 , let

f~~1(i,k, el’’

= (V
a
(i,k,8l,...,sK

;n+l))l st — (V
a
(1,k,sl,...,

sK;n+i))2 d

19
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K I K
= A ( i ) + ~~ P(~ )s. 

+ r, 
~ 

p1.,p~~ 
‘

j=l i’~-O k’=l 
1

K
- ( c ( i , k~ + B (k )  + ~ B ( i ) s ~ 

4- C~R,(O ,1,s1 
3 1

Now by Le~nma~ 2. 2 and 2.- , Va
(i’ ,k’.sl,...,SK,;n) (n >0) is both

nondecreasing in i’ (0 K i’ I~ for fixed K’ . an.~ nondecreasthg

in K ~]. < k’ < K) for fixed i’ . So is

(n -- 0), by definition. Therefore, using Lemma :~.3, we have that

~~‘ =o ~~‘=i 
~ 111~~~~~’)  

~~~~~~~~~~~~~~~~~~~~~~~~ 
(n 0) is nondecreasing

in i (o K I < I). The only other expression containing i is

A(i) - C(i,k ) ,  which is assumed to be nondecreasing in i (0 < i < I),

by ~~ . Hence for n > 1, f
fl
(i,k,sl....,

s
K
) is nondecreasing in i

(0 < I I) for each fixed (k,s) = (k,si, . . . , sK) ~~~ 
~ 

~~ That

means , at the beginning of each n (n > 1) period problem, for each

(k,s) EA  ~ JS there exists an ‘k,s,n 
such that 

~~~~~~~~~~~~~~~~~~~~~~

is smaller than or equal to (V (i ,k,s1,. *.~~
5
K~

1
~
) 1_st, i.e., to repair

an operating machine is optimal if and only if I. 
~ ~k,s,n

’ Thus, the

existence of an I control limit policy optimizing a finite horizon

problem is guaranteed. Now using the fundamental results of Markov

decision theory, the existence of a stationary i control limit policy

minimizing the infinite horizon problem can be easily obtained (see

Theorem ~.2 of [5)). o

Interpretation of each condition is given now. Conditions 1,

2 and 6 characterize the fact that the types of repa ir works are arranged

so that type 1 is the easiest and type K is the hardest, since they say

20



that the labor cost, the materiaL cost, and the expected length of repair

time, all increases as the type number of repair work increases. Condition

3 states that the worse the machine is. the more expensive its material

cost is. Condition ~ requires that the operating cost roust increase more

than the increase in material cost for each type of repair. Condition 5

gives a simple lower bound on the penalty cost. Condition 7’ is the so—

called IFB property of a deteriorating system. Lastly condition 8

indicates that the worse the state of the machine, the harder it is to

repair (stochasticaily). All of them seem reasonable, and none of them

is seriously restrictive.

Suppose all the conditions of Theorem 2.5 hold. Then for each

(k,s) ~Kx ~~~~~ there exists an 
~k 

such that for all (i,k,s) with

~ < ~~~~~ to keep a machine in operat ion is opt imal, and for all (i,k,s)

with ~
( 
~ 

1k,s 
to repair it is optimal at any period. If, in addition,

we can show that the optimal policy obtained is also a k contro l

limit pol icy, then 
~ic , s become s nondecreasing in K (1 < Ic K K) for

each fixed s ~ 
4S Then one reali-

operating condition
0 1 2 ... 1-2 I--i I zation of an optimal policy for each

y 2 ~~~~~~~~~~~~~repair fixed s ~ JS is as shown in Fig. 2.2.

e : not 1 The above argument is justified

K 
repair

by the following theorem.

Figure 2.2. An Example of an
Optimal Policy.
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Theore:~~2.t . If conditions 1, j- ’, 5 and 6 rf Theorem 2.5 hold , then

t~T.ere exists a stationary K control limit policy ~i r i im iz i n g  the total

expe~te — 3 tz~ discounte~ cost 91 ti~€~ m~1ti-r~ja: r-~ype ~aintenance model.

Proof. Just as in the previous theorem . it is eno igh to check that

f (i ,k,s1,. ‘~~‘~ K~ 
is nonincreasing in K (1 < K < K) for each

(i
~
sl,...,sK) 

~~~ and n > 1. Now if crjnd~~tiur~ 1, 5 and (

of Theorem 2.5 hold , then Lemma 2.1 holds and hence.

~~~~~~~~~~~~~~~~~~~~~~~~~ 
Cm > 1) is nondecreasing in K

(i K K < K). From conditions 1 and 2 of Theorem 2.T, both B(k) and

C(i.k) are nondecreasing in k (i < K K). As all other terms do

not contain K in their expressions , we have f~(i,k,s1
,. 

~
‘‘
~ K~ 

is

nonincreasing in Ic (I K K < K) .  o

The long-run expected average cost version of Theorems 2 . 5

anl 2. 6 can be easily ohtain~~ an] stated as below:

Theorem .7. S.rco:-e all ~~ cor~fltior4s in Theorem 2.5 (2.6. hold,

an-I f~rthermor~ ~~ppose that any ~erat.ing machine e~rentually fails.

Then t~~re exist~ a stationary i contr l limit policy (k control limit

policy, respective ly ) m~nirnizing the long-run expected average cost of

the ba. ic multi-repair—type maintenance model.

Proof. Zince any operating machine eventually fails, and a fa iled

machine must be repaired at once , and > 0 for any k (1 K k < K),

(i , k , si , . .. , s
~~

) (0 , 1,0, . .  ., O) is accessible from every other state

22



no matter ~r t.~~ t~i~ i onary policy is employed. Hence, the existence of

a :~~ tlonary ooli cy opti’r~izing the problem is 
g~arantee :. The rest of

the pr oof ~s . :~ trIC same as that of Theorem 2.3 of [ 5 ]  an~ hence can

be om itte :. 0

In the aforementioned model, we as:u’~ied t’at the type of

repair work required was kno-m t . the ~ecision maker cef.ore he male a

decision, Now we briefly discous the ~‘a:~e wt .er ’~ tr.e type of repair work

required is not known to the ~€Lcision -aker r. his modified model, if

an operating machine in the i-tb operating c-a n~~i t  ion is chosen to be

repaired, it is randomly sent to the type k repair shop with probability

and the decision maker has no knowledge of where it is to be sent

before he makes a decision, We can define an i control limit policy for

this model as in the previous model , and the suff ic ient  condit ions under

which an optimal policy is of an I control limit form are to be studied.

Though the model description is not much different from the basic model,

t’-~e analysis becomes mucn more complicated, and some bounding technique

on the value of the cost criterion must be applied to derive sufficient

conditions (see [
~]), The main difference in the results is in the

condition which relates the operating cost and other repair costs. The

following inequality replaces condition ~~ of Theorem ~.5:

A(ifl - -A( ii >

~~~~ 

p~~~~~(C( i±l,k) 4 B(k)) -~~~ p~~~(C(i,k) t B ( k ~ )

+ ~~~ max (p~
1
~~~ - p~

’
~ ,0) (~i~ - i)(P + B(kl

k l
K (~~\

- min~A (0), ~ p1
’
~ 

/ C(0,k + B ( 1 )) )  , 0 <- I < I-i.
k-i

.5

I’ _________________________________________________________



The third term of the rignt hand side of the above expression

gives the effect of the penalty cost . and its va1-~e can be comparatively

la rge . B t  if we £ 1rt her assume that the repair t ime dstrib~tion is

in~epen~ent of the type of repair work, then the penalty term vanishes ,

ar;~ tse property that A (i) - p(i) 0(i k B(k /q)) is u or~-

e9reasing in i (0 K i < I) can be shown to be sufficient . Other

conditions are essentially the arse as those in Theorem h.5.

2~4



2.2. Extension

In this section we generalize the basic ms]ti-repair-type

maintenance mo iel in the following manner The operat ing cost of a

m a c h i n e  iepenis on the type of repair work assoning it is repaired ,

as well as its operating corslitiofl. Al so , ttie type of repair work

on a “a ct . ine  t o  be repair e i epen ds on the ype of repair work which

ha~ be en req s ire - i  on t he  machin e if the repair  decision had been chosen

one p e r i o d  earl ie r . Define

A(i ,k operat ing cost for a macnine in the i-th operating condition

which requires type K repair work if it is repaired.

~~(i .k), probability that a machine in the I’ -th operating condition

requires type k’ repair if the repair decision is chosen given

that the type K of repair has been required ono period earlier.

This generalization seems to be reasonable when the previous

example in Section 2 .1 is considered There , the age of a machi ne and

its degree of deteriorat ion correspon i to t - .e operating condition of

a machine , and the type of repair work on i~ if repaire d , respectively.

It is re a . .onab ie to view the operat ing c o t  a~ d ep ending on toe degree

~f ieterioratlon , ar~r t h e  degree of ie ter io ra t ion  of a machine as depending

On th e degree of de t e r io r a t i on  one period eari ler

T
~ni er this generali:ation , the  fol lowing theorem holds~

Theorem 2.8. Ass~ rne the following conditions nold:

1. B(k Is nonnegative and nondecreasing in k for 1 < k < K .

2. C ( i , k is nondecreasing in K (i K k K K) for each fixed i

(0 < i < I).
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~~. C ( i , k is nondecreasing in i (0 1 1) for each fixed K

- . 1 < k K K ) .

A(i,k is nondecreasing in K ) l  K K K) for each f i x e ~ I

K I ) .

~). A (i ,k) - C(i ,k) is nondecreasing in 1 (0 < j  < I) for each

fixed K (l < K K K .

h . p >c(o ,i,i .

7. q~~> q ~~1 >O for l < k < K - l .

-
. i-~~( . )  C~ ~~~~~ for 0 < i < I-i.

~ p(i’~ k~~~ ~~~(i~~k+l)(.) for 1< K K K-i , 0 K i’ ~ I, where

~~

j <K’

10. (‘) cP
(1’

~~~
.k (.) for 0 1’ ~ I-i, 1 < k < K.

Then there exists a stationary i control limit policy which minimizes

t h e  total expected c~-1iscounted cost of this generalized multi-repair-

type maintenance model. For the long-run expected average cost criterion,

t~ c eventual failure property on any machine is also needed.

Troof . The dynamic programming formu1atio~ of th is generalized model

is exactly the same as (h .l ; if A , i,k) and ~(i ,k . 
replace A(i) and

respectively . Lemma 2.1 still holds after these replacements,

and Lemma 2.2 also holds if conditions 14 and ~ are added since they assure

that - V 1 (i ,k,s1 is nonclecreasing in K in the proof.

It is clear that Lemma 2.3 holds if condition 6 of Lemma 2.3 is replaced



by condition 10 of Theorem 2. 8. As in t he  proof -of Lemma 2.., we can

show that ~~~~~~~~~~~~~~~~~~~ is no nue creasing i n  i (0 < i K I for

each fixed (k , sl , . . ., u K ) C / ~’ \ ~~~~~~~ , anu fo r  n ‘1 , if c o rj i t i o ns 1

th rough 7 and -~ and 10 r A o l l , a r i  if 7~~i , k is nondecreasing in I

(0 K ~ K I )  for  each ic (i K K K K . Finally it can cc shown that

~~~~~~~~~~~~~~~~~ 
is nondecreasing in 1 for k , s1, ., s~~’ c ,1” 2~’

ans fo r  n > 1 if all the condit ions hold , ~tflich yiel ls tce ~esire i

r e su lt s .  o

Condition -
~~ says that the heavier the current repair work

required on a machine is, the heavier that its repair work will be in

the fotore. Tonlition 10 means that the worse condition a machine is

in , the m ore  repair work r equir e-i  on it if it is repaired.  None of

the conditions in Theorem 2. 8 are very r e s t r i c t ive  s on l i t i o n s .
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:;.5. One Repairman for Each Repair Shop Case

We return to the basic multi-repair-type maintenance model.

In this model, the repair work begins immediately on any machine sent

to any type of repair shop . This Is equivalent to saying that each

repair shop has more than enough number of repairmen. In this section,

we consider the other extreme case, where there is only one repairman

In each type of repair facility. In this case, if a machine is to be

repaired at some type of repair facility, it must wait until all the

machines which have arrived earlier at the same type of repair facility

are completely repaired. Machines waiting for repair form a queue in

fro nt of each type of’ repair facility. The system is schematically

shown in Figure 2.3.

F 

operating 
Let (1 ~ K ~ K)

machine units be the probability that a

machine in typ e K repair

ype 2 
shop at the beginning of a

per~.od is completely re-

____ _______ 
paired at the end of the

> LJJIJ- >Itype kj- —
period. Let q”~ be the

Queues repair ss

shops probability that s’ machines

F igure 2 .5 .  A Multi-Repair-Type are still in the type j
System with One Repair-
man for Each Repair repair system at the end of
Facility.

the period given that s

machines are in the type j  repair system at the beginning of a perio d .

Here the type k repair system includes the type K repair shop and the

queue formed in front of the type K repair shop . Then
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l-q If s’~ = s. and 1 K s < S+l
3 3 — 1 —

q If s ’~ s . —l and 1 < s. < S~ 1
q ( 3 )  

= ~ 3 — 3 —
5
1

S
1 0 if s,~ / s~ ~ s,~-i and ~ s .~ ~ S+l or 0 = s

,~ / s,~

1 if s. -~ s’ ~
- 0.

3 1

The dynamic programming formulation of this model is the same

as (2. 1) where q (3~~,~~s are not binomial distributions as before but

are given as above. As we can see from the proofs of Lemma 2.1 through

Theorem 2.5,  q~~~ , ’ s explicitly appear only in the proof of Lemma 2.1.

Hence , if Lemma 2.1 can be proved under this modified model, we can

obtain the sufficient conditions for the opt imality of a stationary i

control limit policy by using the result of Theorem 2.5. Now in the

proof of Lemma 2.1, it is sufficient to show that for (i,k’,s1,.. .,sK
)

and n > 1 ,

V ( i,k’,sl,...,sK+l~
s
~
l,. ..,SK;

fl ) > V (i ,k’,s1 
s
k
+1,...,sK;n)

implies

R
a(i~

K’
~
si~

• •  
~‘~ k+l

1’~ “‘
5K~~

’

and

v
a
(i,k’ ,sl,...,sK+l,...,sK;n) ~

> v
a
(i,k’

~~
s
l,...,

sk,...,sK
;n)

implies

Ra
(i,k

~
,8l,...,sk

+l,...,sKJn) ~~~~~~~~~~~~~~~~~~~~~~~~~~~

since the other argument s do not contain ~~~~~~~ explicitly. The
Ii

29
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.iefinition of R and t~~~~~~ simple sobstit t ion of q~3), def i ne~

above g ive the desired reso]t. As a conclusion of this section ,

we have Theorem 2.~~,

Theor em ? .~~. if all tL.~ conditions in Theorem Lh5 hol i , then there

exIsts a stationary I contro’ limit policy which minimizes the total

ex~~ect e i i- c l i scoun teo  cost of the Fr fiti-repair-type maintenance model

with one repairman for each repair shop. For the long-r’m expected

averag e cost cri’ erion, the eventual failure propert y on any machine

is also needed.
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CHA tEh 5

~~~~~~~~ ~~~~~~~~~~~ °Y ~~.

In  ~.Li s - . .- : .~~~‘~ -i . — i~~n t e nc~~-~~- models ass o in the ‘ - sr ; t ex t

- , ms.  of ~~..e ~ ~~ ‘ L e s e  noicl s. ‘ 1 ;  ‘ ~~sior; ~ak r Las t~~e opti:-!.

of ’ o t :~~r~ s or c ! o ; i ng  the ‘ f ç t ~ r shop -he r t ,.cre ~ rr- r r ~c-n in€. s waiting

tn - s ?~ - :a :.t se~ vi -e , as ~ :ll as ~~ : .  .w ion ‘St re;airir3g c r  leaving an

o r ~ t ln ~’ machine alcr.e . .4 uo - - : : . ‘ : . .  io n a i  control limit policy is

det an :- .flici ef t ~-w a t  io n ; ;  I or ~ - : ~~~ i:alit~ of a two—itnens.ional

r -  r;t col li~-it p o l i c y  ar~~ ob~ air;~ for er -n -cn i e l  Lastly, some computa-

t io:.nl r em ark :  an ~oricl si o rs- are s ta t e

5.1. T~ -~ 1o el en t Pome £sxs;ple -

~e c o n .  i o r  t he  t o t  ) - i n ~’ o - r e~ ‘- to: ~- ,ri rksv maintenance mo ;el,

who-e mechanism is iflns t,tate1 In ~~~~~ ‘~,1 . Th ’re is an operating

a: S ~l ~

Cr Ct  i r ~~ - .  -~~~~ 1o~~ar * I cot i :~ l s-at -c macnines in
1 cc n i t

)fl of ~nir 
~:.e 5:: ; t ern . At the beginning

or leave
I of each per~ od , an operating

op tIon of open
or close ma - h i n t  is  classified as

i n  one of I~ 1 (j  -
> 1)

s t a te s  as was done in the
Figure ~.l . A M a c n i r e  Mrniritenance

y S ’ em w i  . a r t  r o t  r re”i.ous models - There is
o f ,  

‘1 

— -



a repair shop in the system, and an operat ing raHiine can be sent to the

repair shop for the repair work at any period. We assui~.e that there is

only one repairman in the repair hop, or only one machine can be

repaired in the repair shop -luring any time period . Therefore a machine

sent to the repait shop must w el t  ~nti1. all the machines which have

already arrived at the repair shop are completely repai red. Waiting

machines form a quei.e. No waiting is necessary if there has been no

machine in the repair shop .

At the beginning of’ each period , just  after  the observation of

the state of the system, the decision maker has the option of opening or

closing the repair shop, as well as the option of repairing or leaving

an operating machine alone. Therefore at each period, four actions are

available. They are denoted as 
~~~ ~~~~ ~~~~‘ 

and a~~ respectively,

where L, R, C and 0 mean to leave an operating machine in operation,

to repair an operating machine , to close the repair service gate, and

to open the repair service gate respectively . For example, 
~~ 

is the

action: leave an operating machine in operation and close the service

gate. If there is no operating machine , or if all the machines are in

the repair system consisting of’ a repair shop and a queue, the option

of repairing or leaving an operating machine is not available. Only

the option of opening (a
0
) or closing (a

c
) the service gate is

then available. Closing the repair service gate means closing it if it

has been open and keeping it closed if’ it has been closed. Similarly,

opening the repair service gate implies opening it if it has been closed

and keeping it open if it has been open. The repair work can be performed
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only when the service gate is open. If a repai r job on a machine is

interrupted by the decision to close the gate, the rest of the repair

work is postponed until the gate reopens. Repaired machines are avail-

able as spare ,nits

If the decision to leave an operating machine in operation is

chosen, it keeps operating and ~~ stat e evolves from i to j in

one period according to the transition probability p.. -> 0. If the

decision t o  repair  an operat ing machine is selecte t , it is immediately

sent to the repair system , ani Is instantly replaced by a spare unit,

if any are available. The new operating machine begins to operate just

after replacement in its best condition.

The costs associated with the system are:

A(i) : operating cost for a machine in the l-th operating condition

(o ~— i < I) per period .

material cost for repairing a machine in the i-th operating

condition (0 i < I).

K(s,k’ : holding cost per period of s (0 < s < s+i) machines in

the repair system when the gate is closed (K = 0) or open

( k  - 1) at the beginning of the period.

E : set up cost of opening a closed repair shop.

F : shut down cost of closing an open repair shop.

G service cost of operating an open repair shop per period.

P : penalty cost as sessed per period while no operating machine

is available.

The objective function is the total expected a-discounted

cost, and the structure of an optimal policy minimizing such a criterion

Ic studied . 33



Befo re proceeding f u r t h e r . ye give some ex~~rnp -ies to clarify

the applicability of this model in the practical world .

The f i r - -;t example is an a irp lan e  repair pr -s b ic’s f o r  a privately

owned flying sLCool . Suppose the instructor in the flyir~ school owns

two airplanes arid a repair shop for repairing them . Pc t ea - -he: flying

using one airplane at a time. He Inspect-s tue condit ion of tue airplane

in service p er io -t ica f ly ,  ani he classifies it as being in one of a

f in i te  number of s tates.  He continues using 4 re same airplane, until

he ~; lges that it shou l-l  be repaired . Then the o th e r  airplane , if

available , replaces it and begins to operate in its best condition.

The previo sly used airp l ane is sent to the repair shop , which is

either open or closed. Repair work can be performed only when the

repair shop is open, and a repaired airplane will be ready for future

use in i~ s best condition. Keeping the repair shop always open may

not be economical since he must pay salary to a repairman, and other

costs to keep it open, even when no repair work is flee-le t . Keeping

the repair shop closel too long is also undesirable since it may

prevent airplanes from being available, thereby resulting in a loss of

revenue. The problem of finding the best schedule for hiring a repair-

man Crd for replacing an operating airplane can be formulated as a model

to be st u - l i e l in thin chapter.

Another examp le pertains to cleaning suits. Suppose a person

has ,..everal suits. He wears one suit continuously until he finds that

it requires cleaning , and then he changes the suits using one remaining

in his wardrobe. Assume the degree of cleanliness of’ a su it is

3 ~



observable . The cleaner the suit ne wears the better the impression

he gives, and hence , the more comfortable he himself becomes. In

this sense , the cost of wearing a s-sit- is associated with its cleanli-

ness. When he decides to change toe suit to the clean one, it does

not necessarily follow ttaat he immediately senis the 1; 5e - 1 suit for

dry-cleaning since such an action may be laborious and time consuming.

However, too infrequent visi4: to the cleaners may lead t o the situation

where he has no clean suits avai~ able. Assuming that a suit is avail-

able in its cleanest condition after dry-cleaning, the problem of

determining the best schedule for suit changes and laundry visits

can be formulated as a model to be studied.

3.-~. Contro l Limit  Policy with Bespect to Operating Machine

In the last sect ion, we did not specify the repair time distri-

but ion. It is clear, though, if the repair service gate is closed, no

repair work can be performed. When the repair service gat e is open ,

we assume the following in this section: The number of machines in

the repair system solely determines the distribution of the number of

machines in the repair system one period later. Let q~~, be the

probability that s’ machines are still in the repair system at the

end of the per iod, given that s machines are in the repair system

at the beginning of a period.

In order to describe the model , we n’~ed to specify the number

of machines in the repair system and the state of the repair service
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Icgate , as ~eL i as ~~e cori -lition of as upex’ating machine Let V 11 i ,s;n)

te the minimum expected n period a-discounted cost given that the

op er a t .~ng mach ine  is in the i-th operating condition , the number of

machines in the repair system is .; , and the state of the repair

service ~‘a te is K (k 0 means the gate is closed, and K — 1 means

it is open) at the beginning . Tren  by letting V~~ i , s ; n~ = 0 for

any feasible i , s, a o l  Ic .  vk i ,s~ r1 ,: (n >1 ) s ot i r f i e . ;  a set . of

rec~~r sive  equations:

For O ’ o i K I , O < s < S,

0 .V (i , s ; n)

I
A ( i  + K ( s ,O)4 a p .V°(j,s;n-l~ ,

/ j=O( A ( i )  ~ K(s,O) + E + G + a 

~~~~~ ~~
= mm

C ( i )  K ( s ,O) a 

~ 

p0. V~
(
~~,s+l;n-l),

\ I s+l 
1C(i) *- K(s,O) ~ E + G 4 Tx :~i. p0. ~ ~~+l 

V~ (j.s ’ ;ri~ l)
j=O ~ s’=O

A~ i) K (s.1) F + a ~ p. V (j, ;- ; n—l),

(AK I) 
K (s,l) + G + a 

:~: ~:: ~ q , V1( j , s ’ ; n - l ) .

~~~ c ( i )  + K~s,l) F a L p0. V~~j,s~ l;n- l),

c - i )  + K ( s , l~ + G a ~ q +1 ~ 
V1(j , s ’ j n-l~j 

~~~~~~~~~ 

s , a

~ €



I

(~ + K(S+l,O) 4 Tx 
~~

, p0. V ; ~,~~- -~~;n-l),

= mm

~~~P +KçS÷1,0) + E G ~ ~ ‘ P.- .~ q5÷1 5 , V1(j,s’ ;n-l

V~ (i , S+l ; n

~ K(S+l,1 F -a 
~ 

p
~~. 

V
0 4 l ~~n - i ) .

= min~~

P + K(S+l,l. + G + - - -i . :-~ - ,
~~ 

V~°j,s ’ ;n-1;
j~C 

- s ’ =O -

5. 1)

Note that V
k

ci ,s,n 
~1-st’ 

(V k(i,s;n))
2 1~ 

(V
k;i ,s;n))z ,, and

are the n period costs of taking 8
LIY

ani ~~~ respectively at the L e i T i n n i n ~t followed by the best policy.

When s = S+l, a
~ 

and a0 are the only available actions . Also note

that the i in Vk(i,S+l;n) is a dummy, and is use- I h~st for

notational simplicity. When all the machines are in the repair system ,

no operating machine is available, and i in the above expression has

no meaning.

As the system is a Markov decision process with discount

factor 0 < z  < 1, the existence of a stationary policy minimizing the

total ‘4- ’llscounte-I cost is guaranteed. For further discussion on the

~t r ,~’tu re f an optimal policy, the following simplif icat ion is useful .

t.
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0
I-i (

~ ,s~ n
’ .t p .. V (j,s.rI )

.2 0 13 -J

I s
~. (i .s ; n  - - 

~ p .  q ,  ‘T -j , s ’ .n)
- s’=O • =

hr ’r ,  tsr n > ~~. 0 < i I , 0 s c 3 , ( 5 . 1 )  can be s 1 ; T p t i f t e : to

V~~i .s .n)

= ~i~ n -A ~ i) --  K . - ) )  4- I-~ ~i,s:n-l), A ( i ) -t K~ s,0) + E ~ G

t ~~ (i,s;n—l) . C ( i )  -
~ K(s ,0) 1- s--l~ n— l ) , C ( i )

K(s,O ,- ~- E + G

5; n)

= min(A(i) ~
- K(s.l) ~ F + R ,s ;n ~1), A(i) ~ K(s ,1) + 0

Q ( i , s ; n — l ) ,  C ( i ~ + K (s,l~ + F -
~ R (0, ;-~~l;n—l),

c(~~) ~ K ( s ,l )  G + Q (0. :4 l ; n - l ) )

S~ 1; n ’

min~ 
-
~ K 3~-l , ) + ~ 0,~ ; il;n-1), I- t K~G+l ,O) ~ E 4 G i - Q t 0 , 3 f l ; r~-~~’l ,

= m i n  t K ( S ’ - l, l)  f F + H
~

(O .$
~

1; f l_ l ) , P
~~

K(S + 1 . l ) + G 4 Q
a

(O . S f l ; n _ l ) )

( 3 . 5 )

The prob l em is now to find the str sc-t re of an optimal policy.

It is conceivable that an optimal policy ha.- the t’-s i-m that the repair

5-h



decision is taken if ans only if the condit ion of an operating machine

becomes ‘.:or~-c Us: some critical vaL e, an: that the :ecision to open

the repair  service gate is taken if an only if t he  n smu e r  of machines

in thE- repair  sy st e m excee is some cr i t ical  val .e The fo~ tow ing types

of control  limi t p o l i c ;e .  will  then be niita€ - I e c a n - u  lates as the class

of polici es sat isf ied by an optimal policy.

Def in i t ion .  A cont rol l imi t  pol icy  with  respect to an operating machine

is a nonrando mise-~I policy where , as the option of repairing or leaving

an operating ma chine is concerned , there is an i for each K

(K = 0, 1), s (0 < s < S ) ,  anl n (n > 1). say 
~~~~~~ 

called the

control l imit , such that for all (i , k , s) with i < ~~~~ rj~ 
the decision

at perio d n Is to leave it in operation , and for all (i , k , s ) with

~ ‘k , s , n ’ the decision at period n is to repair it . A control l imit

~~~~~ with respect to a repair sh~~ is a nonrandomized policy where ,

as th e option of opening or closing the repair service gate is concerned ,

there is an s for  each Ic (Ic = 0, 1) , 1 (0 < i < I), an; n (n > 1),

say 8k i n ’ called the control limit , such th at for  all (i ,k , s ) with

s < 5 k 1  
, the dec i sion  at period n is to close it , an : for all ( i ,k , s)

w i th ~ ~ k ~~~ 
the decis ion at period n is to open i t . A two -

dimensional control l imit  policy is a control l imi t  policy with respect

to both an operating machine and a repair shop .

The rest of this section concentrates on finding sufficient

conditions for the optimality of a control limit policy with respect to

an operating machine. The following lemma holds:

5-)



4 Lemma 5.1. Assume the following con-t i t ions  hold ;

1. A(i) is nondecreasing in I fo r 0 i < I .

2. C i )  is nondecreasing t~ i for 0 < j  ~s

3. P~() C F1~1
() for 0 i 1-1.

The n fo r  each fixed s (o < K S ) ,  k Ic = 0 , 1’ , and n > 1, V~ (i,s,n)

is nondecreasing in i (0 < I < I ) .

Proof. Mathematical induction is applied. For n = 1, for each s

(0 < s < S) and k k = 0,1), V~~i,s;l~ is clearly nondecreasing

in i (0 ~— i I), by 1 and 2. Suppose the assertion holds for

n = rn-i > 1. Then by the definitions of and both R
a
(i,s;m_l)

and %(i,s;m_l become nondecreasing in i (o <: i < I) because of 3.

Hence, all the terms on the right hand sides of both V0(i,s;m) and

v~(i ,s;m) are nondecreasing in 1 (0 < i I~ if 1 and 2 are satisfied.

which completes the mathematical induction and the proof. 0

Next theorem assures ~~.e optimality of a stationary control

U m i t  policy with respect to an operating machine.

Theurem~~ . .  I f  co n litions 2 and 3 of Lemma 5.1 hold, and if

14 . A~ I - c(i) is nondecreasing in i for 0 < i < I,

th en There exists a stationary control limit policy with respect to

an operating machine which minimizes the total expected a-discounted

cost of the maintenance model with control of queue.



Proof. We first consider the n-stage problem. For n -> 1, 0 < i I,

0 < s < S, an~ K = 0,1, let

k . . k . - Ic .fL , n (1 t 5) = m ln (-V (1,c;n )
1 t~

min(
~
V
~~

i,s ;n ’)
) d

, (V
~
(i,s;n))14th

)

Then f~~~(i~s) can be interpreted as the minimum n-stage a-discounted

cost given that a machine is in the i- th operating condition, the number

of machines in the repair system is s, and the state of the repair

service gate is k at the beginning, and only the decision to keep a

machine in operation is allowed at the beginning. If only the decision

to repair an operating machine is allowed at the beginning, we have

4~~(i , s).

Now, for 0 < 1 < 1 , O < s < S , and n > O ,

0f R f l ~ l (1 , s)

= A (i) + K s ,0) m i n ( P I i , s; n ) ,  E + G + Qa ( t . s ; n) )

— C(i) — lYs ,0) — min~R l0.s-i-l; n~ , E ~
- G + Q(0,si-l ;n- )

As con-:Itions 2 and L of Theorem 5.2 imply condition 1 of Lemma 3.1,

Lemma 3.1 hol d:, which shows that both R ( i ,s;n and Q ( i , s ; n )

are nondecreasing in i (0 < i < I). With this, and by 5, we have that

f~~~(i.s) - f~~~(i s) is nondecreasing in 1 (0 < i I) for each s

(0 < s < S) and ti > 1. Similarly, it can be easily shown that

f~~~~(i~~s~ - f~~~(i~s) Is nondecreasing in 1 (0 < i < I )  for each s

1 ,1
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(0 < s 3)  ani n 5- 1. Hence , there exists a set of critical numbers

i~~ 5 l. k 0.1, 0 s < 3) for each ti > 1 such that

Ic . Icf’i , n 1
~~’~~ 

f 1~~ 0 
i , s for  any i 

~

~ 
f~~~(i~s) for any i > i~

Therefore , as far as t-he option of repairing or leaving an operating

machine is concerned, at tne beginning of each n-stage problem, if the

state of the system is (i,s,k) ,  to leave a machine in operation is

optimal if its operating condition i is less than ~~~~ and to repair

it is optimal if i is greater than or eq~al to i~~~, which is a

control limit policy with respect to an operating machine. For the

infinite horizon problem , the technique of Theorem 2.2 of [5] can be

applied here to show the optimality of a stationary control limit

policy with respect to an operating machine .. J

At the end of this section , we make a few remarks on the

relations between optimal decisions when the repair gate is closed

ant the corresponting optimal -ten sions when the gate is open. For

this discussion , we ass-cne t hat H, F are nonnegative.

Lemma 3 3. When the repair service gate is closed at the beginning

nf a period , if a~~ (arn) is optimal for some (i,s), then

(a.~~, respectively) is also optimal for the same (i,s) when the

gate is open.



Proof. We prove the statement for In a similar fashion, the state-

ment for a.~~ can be proved .

Let

Q, (i,s) lirn
n- - -,~~

P~ (i ,s) = lirn R (i ,s;n ’
n —~~~

For a f ixed ( i,s), and K = b , aLO being bet ter than

implies

A(i) + K(s, ..) )  + E + G + Qj i,s) ~ A ( i ) + K(s,0 + R
a
(i
~
s)

Hence ,

A(i) + K ( s ,l) + 0 + 
~~~~~~ 

A(i) K(s,l) + E + G +

< A ( i ) + K~s,l) + R
a
(i
~
5)

~- A(i) + K ( 8 ,L) + F + R~(i,s).

Thus , for (i , s) and Ic ~ is better than a.~~. Similarly, the

statement that a~~ is better than for K = 0 implies that

is better than aRC for K = 1, and the statement that &L0 
is better

than a.~ for k = 0 Implies that &LO 
Is better than a~~ for k 1,

yielding that for (i,s), aLO is optimal when the gate is open. 0

Lemma 3..~ 
When the repair service gate is open at the beginning of a

period , if a~~ (au) is optimal 
for some (i,s), then

respectively) is also optimal for the same (i,s) when the gate is closed.

Proof. Sitr.ilar to Lemma 3.3, and hence can be omitted. 0
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The same arg-~merit till hold: for ‘he case where there is no

operat ing machine . In that ca.e . if opening the gate is optimal when

the cal e is c l o s e d , t e n keep i :j - i’ scen i s op1 I n s t  when t he  gate is

open. Co nver :el . - , If c l o s in g  tne gate Is ~~~tmai whe n the gate to open ,

t h e n  keeping it close is - >p ’.imal when t h e  gate is close ; .

5.3. Tase ~ h er  i r r i ne  is Ne~~~~ ible

In t h i s  :- ec- t ion ~f f i c i e n t  conditions t o  ensure the existence

of a . -on t ,r o l  l im i t  policy w i t t  respect to a repair snop minimizing the

total ~ - - i i s - o u n t e I  cost are of I n t e r e s t . The following asu ’;mp t ion  is

male on th e  r ep a ir  time of a machine throughout this section. For

1 if s ’ -~ O

0 i f  s’~~~~O

The ‘~bove a.— :-- .mçtion i: ics that the repair time of each ni acL:l ne is

negi~~-Ible c-onpar~~ wito the i e rW t h  of a c e r i o l , aol he nce, all the

ma chl. se - hro~ght into the repair system can be repaired completely in

- - doe period when t h e  . ervice gate is open . This assumption ~i1l be

r~- 1:onable tf purcoa~ ing or ordering machines takes place instead of

repairing t-ri e;~ when the “ gate is open.”

f i r s t  show the following lemma .

Lemma n
’ .. Assume the following conditions hold:

1 . C i is nondecreasing in i for 0 ~-. I < I.

2. K s .k ’I is noridecreasing in s (0 < s < S+1) for K 0 , 1.

L~L



3. P > c ( i ) .

Then V
k(i ,s;n is nondecreasing in s (0 < s < S+l) for each

0~~~1 < I , K = 0 ,1, and n > l .

Proof. Proof is by mathematical induction . For n = 1, 0 < I < I,

and O < s < S ,

V~ (i,s; l) min (A(i) + K(s,0), c ( i )  + K(s ,0)}

which is nondecreasing in s (0 <
~ s < S) by 2. Also

V~ (i,S+l;l) — V~ (i,S;l)

= P + K(s÷l,O) - (min(A(i), C(i)J +

P - min(A(i), C(i)), by 2

;‘P- C (i)>O, by i and 3.

Hence , V~ (i,s;l) is nondecreasing in s for 0 < s < S+l. In a similar

manner, it is shown that v~ (i,s;l) is nondecreasing in s for

0 s Si-i. Suppose the hypothesis holds for n = m-l > 1. Then for

o < s < S,

V~ (i, s ; m)

= K(s,0) + min(A (i) + R~(i,s;m—l), A(i) + E + G + Qa(i,
s;m_ 1),

C(i)+R
a
(o,s+l;m_1:

~
, C(i~ +E+G+Q(0 ,s+l,m-l))

Now both R,~(i,s;m-1) and R
a(0,

s+l ;m
~

l) are nondecreasthg in s

(0 < s s) by the induction hypothesis and by the def inition of

and Q
a
(i,s;m_ 1) is constant in s since

1
~5

-j



I

~ - i ,s,m-l - 
~~

. p . - V
1 

;i, O;m-l)
- )  ii

Also K ~~~ is non ;~ creasing in : (0 ~ s < ~
) ,  yielding that

is nondecrea sing in s (0 3). Also ,

V~~( i ,~~~] ; m )  - V ’~(i, 3~m)

> P K ( I i ~-l ,O) + rn i r s R ( O , S-- 1 , m - l  E + G ~~ Q ( O ,~~+ 1 ; m -l ) )

- ( c ( i ) 4 K(S ,O ) + m i n l Ra
(O ,S+1; m _ l ) ,  E ±

~
J + Q

a(O ,S+ l ;m_ l ) ) )

= P - C(i) + K(S+ l , 0) - K(S ,O) 0 , by 1, 2 and 5.

Thus, v~(i,s;m) is nondecreasing in s (0 < s < S4- l ’l for each f ixed

0 < i < I. Similarly, we can show that V~ (i,s;m) is riondecreasing

in s (o ‘ s S+1), completing the mathematical induction and the

proof. 0

‘~sing the above lemma and the simplfying assumption on q , ,

we can prove the following theorem , which gives suff ic ient  conditions

for the optimality of a control limit policy with respect to a

repair shop.

Theorem ~.6. If all the conditions In Lemma 3.5 hold , then there

exists a stationary control limit policy with respect to a repair

shop which minimizes the total expected a-discounted cost of the

simplified maintenance model with control of queue.

-J



Proof. For ri 1, 0 i I, 0 s < 5 , and K = 0,1, let

K . - K . —
= m m :  V i , r : n  

~1-st ’ (V , (i , ::fl ; ) S_ rd )

k , .  1 , , k . K -

~ , i ,s~ = ‘sin- ( i ,s:n)) 
~ 

(V( i,s;nj ) 14~~

r~~ (I , s~ can be ~erpre~ e as the ml nim im n-stage -u -d iscounted

co st  given t~-.at the state of the :~~~:~~~~- -~ i: (i,s ,k) at the beginning,

a n d  only the j ec is ion  to close the repair soop is allowed at the

beginning . If only tne decision to open the repair shop is allowed

at the beginning , we have f~~~ (i , s) .

The proof of this theorem is similar to that of Theorem 3.2 ,

an-i it is sufficient to verify that f
~~n

(i
~
s - f~~~(i,s) is non-

decreasing in s (0 < s S) for each fixed 1 (o < i <- I), K

(k ~ - 0,1), and n > 1. But, for ti > 0, 0 < i I , and k = 0,1,

K K
—

= minfA(i) R ( i , s; n- , C(i) + P (O, s+l; n

~~m In~A (i )fE + G 4 Q I i , s;n ’, C(i)~~ E-4 G +Q. (0,s+1;n)) V

and both R,(i ,s;n and H (0,s+1;n~ are nondecreasing in s

s < s) by Lemma 3.5, and both Q~ (i , s ,n ” and Qa (O , s+l;n)

are constant in s by the s impl i fy ing assumption on q
8,. Hence ,

~~~~ n~~’~~ 
- 

~~~~~~~~ 
is nondecreasing in s (0 < s < S) for

n -‘ 1 an- i 0 < I I. In a similar manner , f~~~ (i , s) - f~~~ (i , s)

is shown to be nondecreasing in s (0 < s < S), which is what

we need. 0



Combining Theorems 5.~ ant 5.b gives s u f f i c i e n t  condit ions under

which a two-dimensional control limit policy is optimal.

Th eorem ~~~~~~~~ Assume the following conditions hold :

1. C ( i )  is nonu eu re a s in g  in i for 0 < I < I.

2. A ( i ~ - C( i  is nondecreasing in i for 0 ~ i I.

5- K ( s , k~ is nondecreasirig in s (a — s S~ 1) for  k = 0.1.

b . p -~ c ( I ) .

~~~. 
i~~( )  ~~~~~~ for 0 1 < I—i.

Then there exists  a stationary two --dimensional control limit policy

minimizing the total expected a-discounted cost of the simplified

maintenance model wi th  control of queue ,

Line realizat ion of an optimal stationary two-dimensional control

limit policy is illustrated in Fig. 3.2, As previously pointe d out in Lemmas

~~~~~~ anu ‘ . . , the region v.her- e 
~~~ 

(a~0
) is optimal, called the opt imai

~Ec1 . ~-~f a~~ ¼ a RQ . 
r e~ pec tive1y), when the ~a’~e is open covers the

optima l region of a,1. (arn. mespec tive ly) when the gate is closed.

k 0 (close- I ) k~~ l (open)

_ _ _ _  __ S 2-~-l j~’&O 12  . S S+1

~Lc /5

Figure ~ .2. A Typical Optimal Two-Dimensional Control Limit Policy



Further, the optimal region of a~~ (a
RC) when the gate is closed covers

that of aLc ~aRc’ 
respectively ) when the gate is open. That also implies

that the boundary of two opt imal regions of aLo and aRO for K = 0

is also a boundary of the corresponding optimal regions for K = 1, and

that the boundary of two optimal regions of and aRc for K = 1

is also a boundary of the corresponding optimal regions for K = 0.

Not ice that for both K = 0 and K = 1 cases, the boundary of

optimal regions of a~~ and &RC is vertical, and that of aRO and

is horizontal. This can be seen by comparing the appropriate

terms In (5.3~. For example, to verify that the boundary of optimal

regions of’ a~~ and aRC Is vertical for K = 0, it is enough to

see that the direction of the inequality

c(i) 
~-K i ,s.O) R

a
(O ,s+1;n

~
l ~ C(i) +K(s,0) +E+G+Qa

(0,s4
~
l;n)

does not depend on I for each fixed s (0 < s < S).

In the theory of control of the service process by turning on

and off servers, there is a clas s of policies called hysteresis loop

policies which are optimal under a wide class of cost functions. The

form of the policy is: provide no service if the system size is m

or less, and when the system size increases to M (M > m), turn the

server on and continue serving until the system size again drops to m.

In this model we not ice that the control limit on the action

of closing taLc or a.~~) or opening 
~aLo or a.~~) the repair

service gate for K = 0 is no less than the corrc’sponding control

limit for K = 1, keeping the condition of an operating machine fixed.
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Thus. if m:e keep the Conlitlon i of an operating maci joe fixes , an optimal

policy 0 5 :  tI:e Iolio -~ing form Keep t h e  g~ te cl o s e- i  (a.~, or a~~, is taken)

j~ ‘ ne r~~mber o~ m a c h i ne s  waiting for re~~ i~ se~ vire is m . or less , ant

when toe n~ m’iter of machines waiting for repair service increases to M .

> m ) , open toe gate or a~~ is t~Jceri ), and keep it open ‘ir~ti d

the n~sore r  of machines to be repai red again slop s to m1. This is a

hysteresis loop policy dosever , the act~~el sample paths or tra ,~ector~ es

are -nLikely to be hysteretic since the operating condition of an

operating maL. hine may change as time passes

. Case_~ he~~~~~~~~~ ir Time Distr ibut ion is Geometric

in or te~ to assAre the optitnality of a two-~iimensional control

limi t policy, ,-e asszoe i in t~i~ last section that the repair time of a

machin e was negligibLy small as compared with the length of a period .

~hi~ ass Ari~ tion is re~ axes in toi s section at toe cost of sp t - i moa l i t y

of a t~’o .dimerj:ional control limit poitcy . Here ~€ assume that  the

rF-~;a1r ime of a m~ oir ,e  ~-oer~ t he  repai r serilce gate is open has a

~ eomn et r 1 c  :is~~r i b  t ion w i t h  parameter q. Toen ,

q if a ’ s- i , 1 -~ S o

l- q If s’ s, 1 s < S-fl

q
55

, = a ~f / ~ s- 1. 1 s < h-~-1 . or if 0 ~ 
/

1 If’ s - - s = 0 ,

since a~ most one machine can be repaired In the repair shop at each

perio-~ no matter how many machine - are in t~ie repRir system.
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l~~C( 1 1 c r  a ‘ i s r S o r - /  ~~r i t t 1 l imi t rolii- ~ wit-r b c e-~t ~c- an

erat in ’iac }.ine . !~~c- exi s te n c ’p of ou ch  a policy -sir im i zing se ‘o t a l

~x—dis co nte- .i co - , is c s ir aof  C :  if t ~ i sonriitions ii I r E- or es 5. are

all  seti ofie l . In e - ;t: c of a st n ’ r -  s t ~ r y control j j t  col d sy ~ i 1 0

r e z p e & ~t t o  a repai r s r c p ,  toe analys is  t:e o-:f-: mico more compl i ca t e  I -

In come pap~ rs , a c-snv~-x anal -s-i. : or a i e c - e i-:ise ~~n - ’e~-: ariulysis ha:

-ce:. - iggeste~1 ~~r his t ,- o e  of mc ci , b~ t it is r r ca i  I s ti c  o expect

our - -ost  criterion to be convex . ar I a p i e - c o d  se c o r v e x  anal y s i s  toes

not seem t o  xork for -liscrete t ime models, Thernto rr , toe analysis

m ~~t be perfot -m e witos-~t ass -sing a nice :t r sc t  re on toe cost criterion.

IA boon ting technique -one I in [
~ 1 t oen  ee!rs to e the only can :i late

for the analysis of this type of -no lel.

Lemm a ~.8. Assume tb following con ri ion : hold :

1. A(i) is non:lecreasing in i for 0 ‘ i K I.

2 . c(i) is non Iecreas ing in i for 0 < i ~~. I ,

5. K(s,k’ is nondecreasing in s (0 <~ s ~-L) for K = 3,1.

14, ~ ~-‘ minIA (0), c(o)).

~ c 
~

( . )  for 0< i <  i~ i~

Then, for 1 K s < ~Lit- l , 0 K I I. k = 0, 1 , and n > 1,

- V
k

l,s_l ,n \ 

~
where

= 
~~~~~~~ _ (P - minlA(O), C(0)] +

an-I

max ( K ( s . k ’ )  — K(s-1 ,k’))
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Proof, Mati ematical induction is applied . For n = I , it is easy to

see toat for 0 < i < 1. 1 <s S ~ S+l, k = .1,

V~~ i ,s~ l) - i .s-l ;l) < P - min~A (O), C(0)) + =

he argument hol i n  for n = rn-I > 1, ar~1 consider the case

for ci - so For k -~ 0 on: 1 < S K .~~, be compare the corresponding

t e r m :  of the right han i side of (5,5).

-

A 4)  K(s,O) R ( i ,s  ; s — i )  — ~A(i) ± K (s— 1.0) + R,~(i,s—l ;rn—l)

I -
= K~s,O) - K : - i ,O) +t~ p. .(V

0
(j,s;m- i -V

0
(~~.s-1;m-l13 -

I
< K~ s,O) -K( s-~~,O~ -f- a p. . i~ < R ÷
— - - 

. 13 rn-l — rn-I

d 101. lar ly,

(V~ (Ls ,m))2 . - (V~(i,s-l;m )

=A (i) + Ki s,0)-- E~~GfQ (i .s ;m_ I )_ (A(i )+K(s _ l ,0 )+E+G+Q ,ji ,s_ 1;rn_ i )

I
-K ( s - 1 , O )  i - ~ ~ p .  [ ( l - q~~ V 1- j , s ,m-l ) -v ~~ j .s-1;m - l ) )

- 

i
+ q(V (j,s-l ;m-l)-V,~(j.s-h;m- ) ) )

- for 2< s K S

I
K (s ,O) -K(s-l ,O) + :~ ~ p. .(1-q~ (V~ (j,1;m-1) -V

1
(j,0;m-1))

1 a

for s = 1
I

p ~1— i , i rn— i rn-i
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In a similar manner, the comparison of the corresponding third terms and

that of the fourth terms yield the same upper bound K + 

~~m-l 
Hence,

for 1 K s < 3 , 0 1 I ,

V°’i,s;m) - V0(i,s-l;m) < +
— m—l

For s .1 E ~~~~, and 0 K i K I ,

v
~
(i,S+1;m ). t 

-

P + K(S+l,0) + Ra (O ,S+1;m_ l )  - (A(i~ + K(S,O) + R
a
(i,S;m_ 1))

= P - A (i) + K(S+l ,O) - K(S ,O)

I I
+ a [ ~ p0 . V°(j,S+1;m-l) - p V~(j,S;ai-l)]j  a ij

< P - A (i i- K(S+l,0) - K(S,O)

I
+ tr ?~ p0. V

0(j , S+l;m-1)-v°(j,s;n-1 ) by 5 and Lemma 3.13 a

< P - min(A(O), c( o))  + K + 
~~m-l

Similarly , using P0 ( ’ )  C and that V~ ( j , s ;m- i ~ is nondecreasing

in j  (0 < j  < I) ,  (V
~

(i ,S+l ;m) ) 2 f l d
_ (V

~~
( I , S ;m )2 d can be shown to

have the same upper bound . Also ,

(V~ (i , S+l ,m 
~l-st -

= P + K(S+l,O) + Ra (O , S+1;rn) - (c(i + K(S ,O) + Ra (O , s+1; m_ l ) )

< P - min (A(O), C(O)) + R

C, ~~



p.-

We r an  show the same - :pper  boon : also on V°~ i,S+l ;m ) _fld~~~~~
(i ,S;m 

~I tC’

v i e d  :1 rig that for 0 K I K I ,

- V~~( :  , h ; r n ~ < F - min~A(0), c ( o )) + 
~ ~~rn- l

As F mir !A~0), Ct~0)J from condition ~+ , we have for 0 < i < I,

a r ot 1 < s <

it (i . :o ~~(i ,s- l ;rn  P - ‘nin A ( O ) ,  c(0)) + R + 
~~m-l 

= M
m

A similar ar-g~ nerr t lci-I t - ’~ trs that for 0 < i K I, and 1 < S K S+l~

V 1(i , s ;m  - V1
~ i , s-i ; m -  < M

c o m p i e t i r s ~ the m atb , en a t i c a l  indoction , and hence the proof. D

Fo r the fu t ir e  use , let

n’ff~ 
M ~~ ~~~~-- t~P - rn in ~A ( 0 ) ,  C~0)) + Ri~.

Before deriving a lower bound on the same expression, we make

i,e following remark: If C x ,  is a sequence with the following

re - . r c  ly e relation starting from x0 = 0,

x min ~a - f c~ c , b) for n > 1n n-i —

tn en we have for 0 < a ~- 1,

n
a, b) for n > 1
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Lemma 5.9. If K~s,k) is nondecreasing in s (o < s < S+1) for

k~~- 0 ,1, then for 1 K 5 K S + 1 , 0 < 1 < 1 , k~~~0,l, and n > 1 ,

- vK :~i,s 1 ;n) > Ma -
where

M miniK l-(aç l-qfl~ , P - c(I) + nu n ~K(S+1,k’) - K~S,k’))

and

IC — mm (K(s ,k’) — K(s—1,k’))
s, K’

Proof. Proof is again by mathematical induction. For n = 1,

0 K I < I, and 1 K s < S,

V~~i,s;l) — V~(i,s—1 ;1) = K(s,0) — K(s—l ,0) > K

And ,

V~ (i , S+l~ l) - V~ (i ,S; 1)

= P - min [A(i), C(i~) -4- K(S+l,0) - K(S,0)

> P - CCi ) + min (K (S+l,k’) - K(S,k’))

Hence, for k 0, the hypothes1’~ is true for n = 1. By a similar

argument, the hypothesis is shown to hold for k = 1 and n = 1.

Suppose the hypothesis Is true for n = rn-i - > 1, and cons ider the case

for n = m . We compare the corresponding terms as in the previous

lemma. Fix i (0 ‘ I < I). For 1 <- s : S,
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-

I
lc(s,o) - K s-l ,0)  + a Pi j

[
~~~(i~

s; m 1
~ 

- v~~~ , s-l;m-1 ,- ]
j = 0

I
-> K(s,O) - K(s-1,0) + a p M ~ K + o~415 —rn -i — — -in-i

j=0

For ~- ‘~~~s < S ,

0
- (v

~
(i,s_l;m) )2~~~U

I

K(s,0) - K(s-1,0) + a ~ p 1.[(i-q) (V ~ (j,s;m-l) -V ~ (j,s-l;m-l))

j =o
+ q(V~(j,s-1;m-i) -V~(j,s-2;m-1))]

I
-> K + a ~~~ p~~.((1_~ )M + qM ) K + aM

—tn-i —in-i — —rn-ij =o

For s 1,

- (V
~
(i,0;m))2nd

I
K l ,0) - K(0,0) + a ~ p.~~[(i-q)V~(j,l;m-1) +qV

1(j,0;m-1) -V~(j,0;m-1)]
j=0

> K +
—rn— i

Comparison of’ the corresponding third terms and that of the fourth

terms can be performed in a similar manner , yielding that for 1 < s < S,

v°(i,s;m) - V~(i,s-1;m) K + cx(l-q)M
—rn-ia

For a r
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V0 (i , S+1 1 & - V° ( i , I : m ~ 

I)
> P + K ( S+ 1 ,0)  + min( u ::, p0 1  V ( , j , :1 - t 1 ; rn— l , El F i

j~ 0 -

I
- ‘ V’F - - p - - . q 

- 
, s ,rn—i)j

. _ ,- , -~ -t
s

I
- [C(i) + K(S,0’ + min{~ ~ p V~ (j,~~4- d ;m-l), E + d

5=0 .1 -

° P~j ,
~~ 

~~~~~~~~~ 
V~ (j,s ’ ;m -l ))J

= P - c ( i )  + x(s+i,o) - K(S,0)

> r - c ( I )  ~ K(Sfi,0) - ic(S ,o)

Therefore , for I s K S+l , and 0 ‘— I < I,

V~ (i,s;m - - v~ (i ,s-i;m > min (K+r~(l-q)M ~
, P _ C ~ I ) + K ( S + l ,0) - K(S,0) ) .

A similar argument yields for 1 < s K S+l and 0 ‘ I < I,

V~ (i.s;m ) - V~~i,s-l ;m) >min1K~~rr 1-q)M ~~
, I-C( I ) ÷K(S+l,1) -K(S,l))

Therefore, for 1 s K Si-i, 0 <- I I . an1 k -

v
1
~(i,s;m ) - Vk (i , s_ 1 :0

> mini K + ~ ‘:l-q)M_- , 
P - C ( i )  + min [K(S-t-l,k’) -K(S ,k’fl)

k’

= 

min (K ~ (a(i-q)~~ P - C(1) + rnin(K(S+l,k’) - K(S,k’fl)

which completes the mathematical induction. 0
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Analogous to M , we define

K
= u r n  = m m 1

1 — a~i-q~ 
, P - C~ I)  + min (K 3+l,k’) - K 13 ,k’)}}.

It. is easy to see that

M - M ’ - M  - M  K M - M
0 —n — fl+~~. —n+l — -~~~

Lemma ~.10. For 0 < i K I, 0 ‘— s < Si-i, and n > 1,

V~(1,s;n) — V~(i,s;n) = K(s,0) - K(s,1 4- ~~ (i , s)

where -F < b~ (i~s) ~-. E.

Proof. For O K s < S + l , 0 < 1 < 1 , and n > 1 ,

— (v
~
(t ,s;n)).

~~h 
= K( s , 0) — K(s,l) — F ,

for j = l a n d 3 ( j = l o n l y i f s = S + l )

- (V
~
(i
~

s ; n ) )
j th = K(s,0) - K(s,i~ + E

for j  = 2 and ~4 ( , -i = 2 only if s = S+1).
Therefore ,

K(s,0)-K(s ,i)-F <V~( i ,s;n) -V ~ (i,s;n) < K (s,0) - K(s,1) + E

which impl ies

—F ‘- e ( i , s) V~ (i , s ;n)  — V~ (i , a ;n )  — (K(a ,O) — K( s , 1 ) )  < E . 0 



In this section we have failed to derive o:fficient conditions

for the optimality of a control limit policy w i t h  respe-- tj a re~~a i r

sh op. However , it is possible to obtain suf f ic ien t  c o n -E t i o n s .rj er

which a controi limit type of property holds between ~w- actio ns

and a
Lc~ 

and between aRC and a~~ . The next lemma is ‘isef i for

this purpose.

Lemma 3.11. Assume all the conditions of Lemma ‘~.8 hold , and furthermore,

assume the fo1lowi n~l condition holds:

~~~. K s+l ,0) - K ( s ,0 ) > K ( s + l , l 1 - K( s , 1 ) + E + F + q ( M -M , 0< s  <3 .

Then , for 0 < s < S+i, 0 < I < I, and n > 1, R)i,s;n ’ - Q~ (i , s ; n )

is nondecreasing in s.

Proof. For 1 < s < S + l , 0 < i < I , and n : - l,

P (i ,s ;n  — Q (i ,s;n)
-
~~ a

a ~~ p 1. [v~ (i , s ;n )  - a , V1( :~,s’ ;n~ J
j =0 ‘~ s ’ =O

I
E p 1 {K(:,0) - K (s,1) 

-÷ ~ (j,s) + V
1
(j,s;n)

i n a

- (l-q)V~ (,j,s;n -qV
1
(j, s-l ;n~ J , by Lemma 5.10

= a ~ P1~
[K(S~0) -K(s,

1, 
~ ~~~~~~ 

+ q{V~~j,s;n) -V~(j,s-l;n1]} .
j=0

Hence , for 1 a K 3, 0 < i K I, and n > 1,
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P i ,s+1;n) - Q (i .o’l;n )) - (h , i , s; n :  - Q(I ,ci ;n ,)

I
= 

~~ 
p~ .~~ K(s~ l,0) - K~ s+l , 1) + 8 (1, s~ l~ + ‘

~ 
s+l; n - v~ (j ,  s; n))

3 .

- [ K ( s ,0 -  - K (s , l) +~~~( j , s)  F q ( V ’ j , s ; n )  - V ~ (j , s-i; n~ ) I J

I
> - x  Z p .  . [ K ( s + l , 0 ) — K ~ s+l , l) — K(s,0) -K(s ,l)) - E - F + q(M -M }

j 0  - -

by Lemmas 
~~~.

- , 5. ~ , and 5.10

> 0, by ~ and since M - M > M - M
— —n n — ~~~ ~

For s = 0, 0 K I K I, and n > I,

I
R (i ,O;n - Q (i ,0;n~ = ~~~ p

1
jV°(j,O ;n )  - V1(j,Ojn)Ja a j a

Hence,

— Q
a
(1.,1;n

~~ 
— (R (i,0~n, —

I
= ~ ~T p1.[K(I,0) -K (l,1) 

~~~~~~~ 
+ q (V 1

~ 5,i ;n ~ -V~ ( j , 0 ; n ) )
j =0 ~

- V~ (j,0;n~ + V~ (j,0;n ]

I
= cx ~ P~~.[K(l,0) —K (i,l; - (K(o,o) _ K ( 0 , l i )  ÷e (j,i)

j =O ‘~

- t (j , O) + q(V1(j,l;n - V~ (j.0~ n ) J

I
o E p

1 
IK( l,0) -K(l,1)-(K(0,0) - K(0,1)) -F -E+qM Jj

by Lemmas 3.9 and 3.10

- 0, by condition 6 and since -> 0,

which completes the proof. 0



No ’ ice that i f  r e  ccri-i iti ci. of Lemma 5.11 are all satisfiF- I ,

t h e r ~ f c r  0 < I < I, R ( i ,s~ - 
~~ t i ,s)  is also nondecreasing in ~ for

0 ~ S ~ S-’ 1.

.p p o se  1o.~~’ all the -o nl irions ic : oh 1,emmas 3.2 and 5.11 are

- atis fie I. By Lemma 3.2, ‘rere is a --tation ary contro l limit policy

with respect to an operating machine which rsini’~ I -e. the total expected

t - : ii~~L o r ) t e - 1  cost . Consi- ler t i l E -  str ~ nt~~re of tri e optimal policy further,

and we f i n :  t r .at it i— s i i a cr a rn . as is seen in Fig. ~.3 is div i l ed into

p-per ani lower divisions for each K. The action of leaving an operating

machine in operation is taken

N 0 1 2 - . S S+1 in each state in the upper
0
1 a~~ or aLC 

region, an-I the action of

5 repair ing an operating machine

io taken in each state in the
• 

aRO
o r a R C \

I-i lower region. The former has
-r

two alternatives a~~ and

F i g  re 5. ~~ . A T yp ical Op timal Con t rol
- . . . , while the atter has two

Limit Policy wit Respect
‘ o an h-perating Machine . alternative.c a~~ and a~~ .

We now I o - - ~s or. t :  ~- possibility of ni b livi i1r~g each region having two

al te rna t ives .  When t i l e  s ta te  of the system at- t I e  beginning is (i,s ,k)

with k 0, 0 K i I, ani 0 ~- s < ii , tn e -iiff~rence between the

total cost of choosing a~~ at the beginning followed by the best

policy and that of choosing &LO at the beginning followe r by the best

policy is

A(i + K(s,0) -~ R (i , s) — ( A ( i )  K ( s , 0)  + E 4- G Q ( I , s ) )

R ( i ,s) — Q ( 1 ,s) — (E  f G)

E l

- -



which is nondecreasin~ In s (0 ‘ a K S) by Lemma 3.11. For k = 1,

the corresponiing -iifference becomes R~(i ,s) - Q
a
(i
~
s) + (F-G),

wh ich  is also nondecreaslng in s (0 < s < S). Therefo re, there exist

critical numbers for each fixed k (k = 0,1) and i (0 K i < I)

such that for all (i,s,k) with S < S
j k ~ ~~~ 

is better than a
L~~

and for all (i , s , k) with s > 
~
‘
~~k’ 

a~~ is no worse than a..~~.

This implies that the upper division where a
LO 

or a
LC 

is optimal

can be divided into left and right subdivisions . a
1~ 

is optimal in

each state in the left subdivision, while aLO is optimal in each state

In the right subdivision . In a similar manner, we can show that there

exist critical numbers s~ for each fixed k and I such that for
i,k

all (i,s,k) with s < 
~~~~ k’ 

aRC is better than a~y and for all

(i,s,k) with s 
~ ~~~k’ 

a
RO 

is no worse than a.~~. The lower division

can be divided into two subdivisions . There, aRC is opt imal in each

state in the left subdivision, while a~~ is optimal in each state in

the right subdivision. We call this type of policy a stationary two-

dimensional weak control limit policy. One realization of a two -

dimensional weak control limit policy, optimizing our problem, is

shown in Fig. ~~

The control limits found in this kind of policy are those

on the action of repairing or leav ing an operating machine, those on

the action of a~~ or 8’Lc4’ 
and those on the action of aRC or

a~~. Control limits on the action of opening or closing the repair

shop might not exist . In this sense, this type of policy is weaker

than a two-dimensional control limit policy.

F:



Ic 0 (c ia: c I )  K 1 ~a ; r - n )

1 .1 ~~~ —
~ 0 1 2 - I; S~ l1 

~~ 
0 

~ 7~~’ ~J
~ /~~ ~“ \ 

-

\ ‘~l-~i--I 
~~~Fig .rc S ~. A Tv: I C . :,? I t  ~rnal Two-P~oen:i ;ro. ~~ar. - o - n t r c i  Li’:.it Policy.

~ a conc i ~s1or~ of th is se -tion , we r~- tate t i e  above ilscussion

as a treorem

T eure ’n ’ 11 . i - n :  ~me The foilowtng condition: hold:

1 , C (i~ in noci :ecrea: log in i for 0 K ~ K I

2. A~~i~ — 1 ;  nar.::ecreaslng in i for 0 < 1  K

‘. K s.k) is non ie: rc an ing In  s (o < s K 3+1) f o r  each K 0,1.

o m i r ~~A( O - . C (O) F .

~ C - )  P ( for 0 < I < 1—1- . - I i—i — —
‘ . K(:-l.0) — K l~~,0) 

-
> K ’s+l, i)— K s.l) ~ F f F -I- 

~~~~~~ — f~l )  . :~he r e

= ~~-- (P - mm A (O). c(o)) +-

M = min
~
F_ -_ _T-:;_ , P -C (i) f r i l i  (K 3±1,k )  K:S ,k )))

Ic

K max K~~ ,k  ) - K s  i , k ’ ) J
s,k

K = mm ( K ( n , k )  •- K i s— l ,k’fl -

s ,k ’

Then there exj:~ts a stationary two-dimens ional weak control limit policy

which minimi -r the total expected a-disco n te - l c o t  of the model.

~~
2)

.14 
- -

~~~~~~



~~ . ~. Exchange Options

In the previous secti)n: , the role of the spare machines was

t o  s .pply a machine fa t -  operation when the previously operating machine

was - - a u  ‘~ r to be repai cci Therefore, as long as the repair decision

.-;aS not :ele te i , we i id  n a t l o ng with the spare units even if they were

in letter COS lition than the operating machine . In this section, the

action :pa-~ is ex pan ~ e- : t o  allow for the case of exchanging an operating

machine with one of the available spare :ni ts  at any time period so that

the operating machine can always be in better condition than any spare

unit . The option available at any perio .: is to exchange an operating

machine with one of the available spare units , or to send an opei-ating

machine to the repair system and introduce one of the available spare

units as a new operating machine . A decision to keep an operating

machine in operation is concliere l as a decision to exchange an operating

machine with itself . Machines sent to the repair system are repaired

in one period --:herI the repair serv ice gate is open, and repaired

machines are available a: spare units in t i e  ir  best cond i t ions . The

con t tr— ..nt~~res are the same as before. An exchange action may take

pTace at no extra cost . The :-tr- rture of an o p t i m a l  policy mi n imi z ing

the total expected -cx-discounte i cost is of interest .

In oTh er  to describe the model , we mont specify the number of

spare machines in the i-th condition for each 0 K I K I, since

spare onits are rio longer guaranteed to be in the best condition. Let

w - :  (i.s ,s
0 

s1, k ’ denote the state of the system where there is an

operat irr~t machine in the i— th  condition, the number of machines in the

6~



repair system is s, the number of spare units in the j-th condition

is s,~ 
(o < j < I ) ,  and the state of the repair service gate is k.

Necessarily,

I
0 < i < I , s -> 0, s

1 
> 0 (o < j I), s + ~~ S

1 
= S.

i=0

We denote (-,s+l,0,0,. ..,0,0) to represent the state where no

operating machine Is available .

For w = ( i ,s,s0,...,s1, k), let

U(w) = (j1s ,~ 
> 1, 0 < i < I)

There is at least one spare unit in the j-th condition if j ~l U(w).

Define the following actions:

exchange an operating machine for a spare unit in the j-th

condition.

aR~~ 
: send an operating machine to the repair system and introduce

a spare unit in the j-th condition as a new operating machine.

send an operating machine to the repair system.

a~ (a0) : close (open, respectively) 
the repair service gate.

The action space A (w)  of this systemdepends on the state of

the system w = (1,s,s0,...,s1,k), and can be represented as

A(w) = A
1
(w) x A2(w)

~~ere for U(w) ~ 0, A1(w) = ~~~~ 
a~~~1,  Ii ~ U(w) U (I), j’ € U(w)),

and for U(w) = 0 and a = S, A1(w) = (aEl , a.~~), and A ’ ( w )  = 0

if a = S+l, and A2(w) = (a
~
,a0

) .
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Let V~~ i , s , - n ... .,s~ ;n) ae the minimum n period expected

x- -iiscounted cost starting from state (i,s, s~ ,...,s1,k). Then we have

the following recursive equation:

For U(w~ ~ 
0. 0 < I K I, 0 s < S, and n > 0,

V~(i ,s.s0,...,s ,...,s1;n+
1)

I
= niin( ruin (A (i) ~ K (n,0) + -

~ E p . . ,
j~U(w)U(ii j’=O ~

.V~ ( j ’ , s , s0 , . . . , s
1

_ 1, . . ., s i +l , . . ., s1;n ) )

mm ( C ( i  ÷ K(s,0) + a E p . . ,
jEIU(w) •i’ =O ‘

~~
‘
~

s+l, s
0

, . . .  ~~~~~~~~~~ 
~~ 

n ;)

I
ruin (A(i) + K(s ,0) + E + G + a ~ p.

jCU(w)U(I) j’~O ~

I
ruin fC(i + K(s,0) + E + G + u p . . ,

juU w) j’=O ‘~~‘~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ) )

I
= mini ruin (All ) + K n , 1) + F + a E p

j€U(w)IJ(i) j’

66

- --—---- _ _ _ _ _-



I
ruin (C(i + K(s,1’ + F + a p ..,
U(w) j’=O ‘~~~ 

s .-? ,...,s1
; n ) )

I
ruin (A(i) + K(s,l) + G + c~ p.. ,

j- U(w)U[i) j’O ~ 

s.+l,...,:1~
n )

I
ruin (C i) + K~s,l) 

-
~~ G + a 

~ p..,
j’=O ~

1

For U ( w -  = 
~~, 

s = S, 0 < I < I , and n > 0 ,

vP(i,S,O ,...,O;n+l)

I
= minIA(i) + K IS ,0) + ~ ~ 

p1. ,  V~ (j’,S,0,.. ., O;n-
j,=O ~

C(i) + K(S,O) + a

I
A(i) + K( S ,O) E + 0 + a ~~ p . . ,  V1(~ ’ .o ,s,o,. ..,0;n~ .1•

c( i) K(3,0) + E G + aV~ (0,0,S,0, . . . , o;n)}

.14 -



v~(i ,s.o ,.. .,0;n+1)
I

minlA(i + K~S,l~ + F ± ~ - p.., V~~ .l’ ,.0 .

j ’ =-O ~~

C(i) + K S ,l) f F + w°(-,i41 ,O O;n)

I
A ( i  + K(S , l) + 0 + a ~~ p r .,

-~ ‘ -J -’ J ~

C ( i )  + K(S , l) f G 4-

For U ( w )  = ~~, s = S~1, and n > 0,

v~
(_ ,S±l,O,...,O;n+l~~r:minfP+K(S+l,O )+aV~

(_ ,S+~~0,...,0;n),

P ÷ K ( S + 1 ,O ) + E + O + a V ~ (0 ,0,S,0, .. ., 0 ; n ) ) .

v~ (- ,S+l ,0 , . .. , O j n+1 ; r m i n f P + K ( S + 1 , l)  +F+~~T~ (-,S+l,O,...,0;n ) ,

P+K (S+l,1)+G+aV~ (O,0,S,0,...,0jn)) . (3. 1k)

This model Is much more complicated than the previous models

without the exchange options. Fortunately, the analysis on the structure

of an optimal policy can be performed in a similar manner.

Lemma 3.1’. Assume the following conditions hold:

1. C(i) is nondecreasing in I for 0 K I K I.

2. A(i) is nondecreasing in i for 0 K i K I .

~ ~i+l~~ 
for 0 ~ i -

~ 1-1.

Then for n —~ 1, and k = 0,1,

( 8



K . . .

(a) v i 1 ,s,s0,...,s.+1,...,s1;n is nondecreasing in j (0 < < I)

for 0 K i I, and for each fixed (s,s0,...,
s1
) with s >0 ,

S
h 

:- 0 (o K h I) and ~ + L h..0 5h

(b) V
k(i,s,s0,...,51

;n is nondecreasing in 1 (0 ~ 
< I f or each

fixed (s ,s0
,. ..,s

1
) with S > 0 , 3h >0 (0 < h < I) and

I
~ + 

~ h=O 
5h 

=

Proof. Mathematical induction is applied simultaneously on both (a)

arid (Ii). Both (a) and (b) hold for n = 1. Suppose the claims (a)

and (b) both hold for  n = rn > 1. Then from (3. l.~) ,  for

w (i,s,s0 ,s
3
, . . . , s1,0),

(V~ (i ,s,s0, . . ., s1+1, . .  .,s1
;m+l))

15~

= A (i) +K (s,O) + ruin(a 

~ 

p11,

ruin (a 
~ ~hhCU(w)U(i) j’=O

Now by the inductive hypothesis on (b) for ri = ru, and by condition 3,

p~1, ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
is nondecreasing in

j (0 -
~ 

j -
~ I). Also by the inductive hypothesis on (a) for n = rn,

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
is nondecreas ing in

j (o < j  I). Therefore, the f irst tens of

• .,s1
,m+l) is nondecreasing in j (0 K j < I). In a similar manner,

other terms are shown to be nondecreasing in j (o < j K I), yielding

• .VA- a -

-



that ~~~~~~~~~~~~~~~~~~~~~~~~~~~ is nondecreasing in j (o < j ~ I ) .

The same argument follows for V
1
(i , , s

0
,..., s

1
+1,...,s

1
;m-~-1), so that

(a~ holds for n = rn-fl.

For tJ(w) / ~ with w = (i ,s,s
~
,. ..,s1,O),

0-

I
A(i) + K(s,O) ÷ rnln ( mm a p . V°(j’,s,s0

, . . . , s -1,...,s1+1,jCU(w) j’=O ~ a 1

I
a ~~ p 14 ,  ~~~~~~~~~~~~~~~~~~~~~~~~~

By the inductive assumption on (a) for n = m,

. . ., s~
+l ,. . . ,s~,m) is nondecreasing in i, and by the inductive

assumption on (b) for n = ru and by condition 3, ~~~~ p~1,
is nondecreasing in 1 (0 < i I). Hence , the f irst

term of v~ (i,s,s0,...,s1
;m+l) is nondecreasing in i (0< i < I),

using condition 2. The same argument follows for the third term.

For the second and the fourth terms , notice that they depend on i

only through C(i), and hence, they are nondecreasing in 1 (0 < i < I)

by condition 1. Therefore , V~(i ,s,s0 ,s1
;rn+1 ) is nondecreasing

in i (0 < I I) for U (w) 
~ ci. In a similar manner ,

V~ (i,s,s0,...,s1;m
+1) can be shown to be nondecreasing in I

(0 1 I) for U(w) ~ çl. For U(w) = ~~, the only possibility to

be considered is the case (s , s0 , . .. , s
1

) = (s,0,...,0), and it Is

70



clear that V~~ I,~~,O ,...,O;mtl) is nondecreasing in i (o < I ~ I) for

k 0,1 from (3.1,). Therefore, :~b) also holds for n ru4-1, completing

the mathematical induction and the proof. 0

Lemma 3.l~4. Assume the following conditions hold:

1. K - s , k Is nondecreasing in s (0 K s K S+l) for K ~
. 0,1.

2. P > C(I).

Then for k = 0 ,l, 0< ~~i < I , l < m < S , O K S < m - l , ‘
~~~i~~j 

S-tu,

s
1

> 0 ( O K J < I ) ,  and n > l ,

V~ (i ,s,m— s , s1,..., s1;n) ‘~ V~ (i , s+l , m — s — l , s1, . . . , s1~ n

Proof. Mathematical induction is again applied. From 
~~~~~ 

it is

clear that the claim holds for n = 1. Suppose it holds for n (> i ’ ,

and consider the case for n+l. Comparisons of the corresponding terms

of the right-hand side of (3. L~) will give the desired result . For

example, we compare the corresponding second terms. Let

w r. (i,s,m-s,s1,...,s1
,0),  and let w’ = (i,s±1,m— s— l ,s1,...,

s1,0).

Then for 1 -
~~ rn < S, 0 < S < m-2, and for 1 K m < S-i, s = m-l,

(V~ (i,s,m-s,s1, . .

I
= ruin (c(i) +K(s ,0) +a ~ p , V°(j’,s+l,m-s,s1,...,s -1,..
j~.~U(w) 

ii a

I
ruin (c(i) +K(sfi,0) +a 

~ 
p. , V

0(,~’,s+2,m-s-l,s1,...,
s.-1,...,s ;nfl,

— j CU(w ’ )  j j  a ,j

by condition 1, inductive hypothesis, and U(w’) C U(w)
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= (V~ (i,s+1,ni-s-l ,s1, . .

Notice that if conditions ~ and 5 are satisfied ,

V~(-,S+1,O,...,0;n) - ~~~~~~~~~~~~~~~ > P-C (i)+K (S+1,O) - K(S,O ) >  0,

for any 0 K i < I. Therefore, for tn = S , s = S-i, and 0 < I < I ,

(V
~

(i ,S_ 1, 1,O , . . ., O
~

fl+i) ) 2 d

I
= C(i) + K(S-1,0) + a ~ p0 . ,  V°I j ’ ,S,O,O, . . . ,O;ri )j a

< C( i )  + K(s,0) + av~ (- ,S±l,0,0, . . . ,0;n ’

= (v~(i ,s,o,. .., 0;n+ 1)) 2 f l d

Thus, the claim holds for the corresponding second terms for n+l . In

a similar fa sh ion, the claim can be proved for other corresponding

terms, and also fo r the case k = 1. 0

Suppose all the condit ions in Theorem 3.7 ho1d . Then we notice

that both Lemmas 3.13 and 5.124 hold . Furthermore, notice that as

A(i) - c(i~ is nondecreasing in 1 (0 < I K i ’ , and since bo th the

second and fourth terms of the right-hand side of

In (3~ i4) depend on i only through C(i) ,

mIn ((V
~
(i,s.s0

,...,si
; n ) )

i 5t, ~~~~~~~~~~~~~~~~~~~~~~~

- min ( ( V
~
(i,s,s0,...,si;n))2~~~

, (v
~

(I ,s,sQ,...,aI;n))24th)
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I

in  nondecreasirig In 1 (0 < 1 < I )  by Lemma ~l . l3. This provides the

following: For each fixe l (s,s01...,s1,k), 
there exicts a critical

n :mi er on i, say I depending on ,s1,k:, such that for

all states with i < I , exchanging an operating machine for a

s- .itable spare unit is optimal , and for all states with i > i ,

repairing an operating machine (or sending it to the repair shop )

and intro 1.51mg a suitable spare unit is optimal . Similarly, if

Lemma ~~ . 1-. holds, then

K . K .rriin ( (V
~~ 1, c , m_ s , s11. . . , si~

n I ) 1 t , (Va(i
~

s,m_ s , sl, . . . , sI ;n) ) 2 f l d
)

- min ( (V
~
(i,s,m_s .sl,...,

s
I;
n))

3rd , (
~~

(i,s,m_ s,sl,...,
s
I

; n ) ) 24~~h)

is nondecreasing in s (o K s < m) , since both the third and fourth

terms depen 1 on s only through K(s , k ’ . This provides the following :

For each fixed ru (1 < m S ) ,  0 < I - I, and (s 1, . . . , s1) with

- - . S . = S-rn, s . > 0  1 <  j < I ) ,  t ’:ere exists  a critical number on s,
_ J -’- 3

say s depending on all m, 1, anc 
~~~~~~~~~~~ 

such that for all

the states with s •. s , closing th.~ repair service gate is optimal,
*and for all the states with s ~- s , opening the repair service gat e

is optimal . This enables us to divide each i-s diagram with fixed m ,

K and 
~~~~ 

. . , s1) into 24 regions as shown in Fig. 3.5 . Moreover , the

optimal region for the decision of r epairIng an operating machine

and opening the repair service gat . ~s shown to be rectangle as in

the corresponding model without exchange options .
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1~
— Th f t~- t0 / us ar , ~~ s~ruc ure

exchange 
/

�/exchaflge of an optimal policy for this

5 ( open 
problem resembles that of the

• \
~..~

__S~—~- simplified maintenance model
1j  repair repair

close open with control of queue, where

a two-dimensional control

Figure 15.5. A Typical Optimal Policy
with Exchange Options, limit policy is assured to

be optimal. But we must

realize that the statement “exchanging is optimal ” imp lies only that

exchanging an operating machine for a suitable spare unit is optimal ,

and it does not specify which spare unit should be introduced. Similarly,

there remains an ambiguity when it is said that “repairing Is optimal. ”

It seems reasonable to consider that a spare unit whose condition is

the best among all the available spare units should be introduced to

minimize the total cost. but it has yet to be proved. What we can see

from the structure of the formulation of the model are the following:

In the repair-close optimal region , the condition of a spare machine

to be introduced as an operating machine does not depend on the con-

(lition of the previously operating machine. In the exchange-open

optimal region , the condition of a spare machine to be exchanged with

an operating machine , does not depend on the number of machine s in

the repair system. In the repair-open optimal region, the cond ition

of a spare machine to be introduced depends neither on the number of

machine s in the repai r system nor on the operating condition of the

previously operating machine.

714

——--

~

- -  ________________ —~~~~~~~~~~
- -



3.~1 . ~~~~- .tatIonal Icernarks

All the models t r eated in this paper are Markov -lecision

models ,  ari d the usual technique s  to compute an optimal policy for the

Markov iecicion process such as the policy Imprcvement procedure and

the  LF approach are applicable here too . However , when an optimal

policy is known to possess some special simple structure , it seems

reassnable to explore whether the computational work wIll be signI-

ficantly reduce i if the search for an optimal policy can be performed

among the policies with the same simple structure. A policy improve-

ment algorithm among stationary control limit policies has been intro-

duced in [51 , but the conditions needed for the application of the

algorithm are too restrictive to be applied to our models. A policy

improvement hybrid algorithm, seen also ir [5], would be a suitable

method. In this algorithm, better policies are searched iterat ively

among a set of policies with the desired special t-tr cture as long

a: it is possible , and then usual policy improvement p r c w - e i . r e  is

applie r to obta in ari optimal policy. Although this a1gori~ r .m has bee n

investigated to obtain an optimal simple structured control limit

policy, it can be easily modified to solve more complicated models

such as our models treated here.
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3 .7 .  Conclusions

In thi s paper , two di fferent kinis of !iscrete tis:e rnain ten ance

models with repair  shops have been s tu -l ied .  In each no !eL , su f f ic i ent

cond i t ions  have been obtained under which the optimality of some kind

of control limit policy is assure!.

The first type of model has a multiple number of repair shops

in the system. When information on the type of repair required is

available at the moment of each decision , simple optimal maintenance

policies are obtained under the mild conditions. On the other hand

very restrictive conditions are required for the case when such

information is not available.

In the next model considered , the action space was expanded

to include the option of opening or closing the repair service gate ,

as well as the option of repairing or leaving an operating machine

alone. A two-dimensional control limit policy was defined, and the

optimality of such a control limit policy was assured when the repair

time of a machine is negligibly small, a very reasonable condition.

When the repai r time is not negligible, but has a geometric distribution.

a restrictive condition on the holding costs must be satisfied.

Si nce tL~ d i sc r e t e  t irn e queueing control problem has not been

filly s~~1d1e-1 . there are several extensions that can be made on our

second contro l of queue model. Controlling the queue length by

chang ing the re~ ai r  ~ervice rate, controlling a multiple number of repair

service stations by opening or closing them, or assuming the repair time

distribution in other than geometric are some topics for future research.
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., O .  AI’stract

- - - I n  th is  s-s ’c : , t w  d i t  f e r ~~i c t  k h c d ~ of d l s -rt-t . - tim e I : , - - : ~~~i

mode ls w i t h  repair rIcop~ ,rre studied.

The f i r s t  type of model has a :~cc~~:1sJt number  ci repair shops

in the ~vstem. When i n f or m a t t u n  on the type of rc i  ~i i  r e q u ir~- d 1-,

ava i l ab l e  at tI,,’ mome n t of each d~~o i S i c , b imp Le uptir’al , c 1 d i n ~~~-n an c c

pol icies  are obtained udi . - r  the dId condi t  ion s.  On the  ot h -  - r hand
ve r y  r e s t r i c t  i v , - conditions aro r e qu i r ~- d f r  t h ~ cu -,c ,-‘i Cfl ouch

in format ion  is not avail— ibie.

In the next mode l considered , the. .-cc t iori space i’~ o-:~ -cod ~ d

to : I 1~ [id e the cp t ion of opening or closing the rt’pair servi-s~ ~~~~~~

as well as the option of repairing or leaving an operating machi ne

alone , A two—dimei u ion aL control. li lt policy is defined , and the

optimal4~ y of such a control limit policy is assured whie n t h e  topoi r

time of a machine is neglig ibly small , a very r o s — u c i s h l e  condition .

When the repair time is not negii~~ible , but tca ~ a geomet ric ui stribu ri on ,

a restrictive conditIon on the ho ld ing  costs must Ne satisfied.
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