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CHAPTER 1

INTRODUCTION

In this paper two different types of discrete time Markov
maintenance models having repair facilities available will be investigated.
Because of their wide applicability in the practical world, a number of
authors have studied optimization problems for discrete time machine
maintenance models, Their main concern has been on the structure of an
optimal policy, and a simple repair rule called a control limit policy
has been introduced, When there is an operating machine, with its con-
dition deteriorating as time goes on, a control limit policy is defined
as a policy where a repair or replacement action is taken if and only
if the degree of deterioration of the operating machine exceeds some
critical value., Control limit policies are intuitively appealing
policies, and sufficient conditions under which a control limit policy
is optimal have been derived,

In 1963 Derman [2] introduced the basic maintenance model of this
type. In his model, two actions are available at each time period, i.e.
replace the current machine, or leave the current machine as is. If a
replacement action is taken, a new machine replaces the old one, and
the new machine begins to operate in its best condition at the beginning

of the next period. If the nonreplacement action is chosen, the machine




keeps operating, and its degree of deterioration evolves from i to

in one period with transition probability pij’ 0<1i, j<I. He developed
the notion of an increasing failure rate (IFR) distribution, which plays
an important role in reliability theory (see Barlow [1]), for a Markov
chain with a finite number of states. A Markov chain is said to be IFR

if a higher state is associated with a greater chance of further
deterioration. More precisely, a Markov chain with the transition matrix
(pij) is said to be IFR if Pi(') is stochastically smaller than Pi+l(-\

for 0 < i< I-1, and can be written as

P(+) = Py, (e) 0

IA
=
IN

I-1,
where

P, (k) = & P
J<k

o
IA
-
1A
—

¥ g

Note that if F(t) and G(t) are distribution functions, F(:) < G(-)

if and only if F(t) > G(t) for any t. Assuming a simple cost structure
and the IFR property on the transition probabilities, Derman showed the
optimality of a control limit policy.

Kolesar [9] extended the basic model by introducing state depen-
dent operating costs, and Kalymon [6] further generalized the cost
structure by allowing replacement costs to be stochastic. Klein [8]
expanded Derman's model to include a costly inspection. Eppen [4],

Taylor [14], and Rosenfield [12] developed their models along this line
with emphasis on trying to find simple types of policies which optimize

their models.
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A joint replacement and stocking problem was introduced by Derman
and Lieberman [3], which was generalized by Ross [13] to allow for
deterioration of a machine.

The aforementioned models have the properties that the amount
of time needed for the repair of & machine is one unit of time, and an
unlimited supply of new spares is available. In that sense, they are
replacement models rather than repair models., In 1973 Kao [7] intro-
duced a semi-Markovian approach to the basic model. In his model, the
repair time of a machine is no longer instantaneous but takes some random
time according to its semi-Markovian nature, while the supply of new
spares is kept unlimited. Hatoyama [5] investigated some machine repair
models assuming that the repair time of a machine has a geometric dis-
tribution. A model with finite number of spare machines was also con-
sidered there.

In Chapter 2 of this paper, the basic machine repair problem
is extended to allow for the existence of several repair shops. The
repair time distributions depend on the type of repair work required
on a machine rather than its condition., Here the condition of the machine
regulates the type of repair work required in a probabilistic manner
rather than deterministically. This extension seems suitable for the
maintenance problems where the state of the machine such as its age
does not completely coincide with the type of repair work on it. 1In a
manner similar to that presented for the type of models treated in [5]
control limit policy is defined, and sufficient conditions for the

optimality of such control limit policies are obtained.
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Chapter 3 considers the machine repair problem in the context
of optimal control of queues. Since the number of machines in the
system is fixed and finite, the models treated here necessarily become
discrete time closed queuveing systems. There appears to have been
almost no research in optimization of discrete time closed queueing
systems. Discrete time queueing systems have been investigated by
Magazine [10], [11], but his models are open gqueueing systems, Models
for the optimal control of closed queueing systems have been studied
by Torbett [15], but his analysis is time continuous. In our models,
the decision maker has an option of opening or closing the repair shop
when there are machines waiting for repair service, as well as the
option of repairing or leaving an operating machine alone. A set up
cost for opening a closed gate, a shut down cost for closing an open
gate, a holding cost for holding machines in the repair system, and a
service cost for operating an open repair shop are introduced as is
done in the usual queueing control models. A two-dimensional control
limit policy is defined, 2=nd sufficient conditions for the existence
of such a policy minimizing the total expected a-discounted cost are

derived.




CHAPTER 2

MULTI-REFAIR-TYPE MAINTENANCE MODELS

This chapter treats maintenance models when there is more than
one possible type of repair in the system. Here, the repair time distri-
butions, material cost, and labor cost all depend on the type of repair
work required on the machine. Sufficient conditions which result in
the optimality of co;trol limit policies of some kind are obtained. A

generalized model is then considered. Finally, a model where there

is one repairman for each type of repair shop is studied.

2.1, The Model
We consider a basic multi-repair-type Markov machine maintenance
model. The flow of machines in the system is schematically shown in Fig. 2.1.

There is an operating machine and S

operating | __| spare (8§ > 1) spare machines in the system.
machine units

The system is observed periodically and

> type 1 t— at the beginning of each period an

operating machine is classified as
type 2 p——
being in one of I+l (I > 1) states,

with each state showing the degree of

£
SNy

type K

deterioration. 0O represents a machine
repair facilities

Figure 2,1. A Multi-Repair-Type
Machine Maintenance
System.
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in its best condition, while 1 denotes its failure. When a machine
is operating, two choices are available at the beginning of each period:
to let it keep operating, or to repair it., If the former decision is
chosen, the state of the operating machine evolves from i to j in
one unit of time according to the transition probability pi; > 0.

If the latter is selected, the machine is immediately sent to one of

E (K > 2) repair shops, and is replaced by one of the spare machines,
if any is available. The new operating machine begins to operate in
its best condition. Type 1 through type K repair shops are arranged
so that type 1 represents e easiest repair work and type K the
hardest. If a machine in the i-th operating conditicn is chosen to

be repaired, a type k repair facility is required with probability

(1) (1)
Py Kk

machine must be repaired. Furthermore, suppose the type of repair

> 0. Here, we assume Z§=1 P =1 -for G<Ei<I, A falled
required if a repair decision is made is known to the decision maker
before he takes an action. Then the total information available to
the decision maker at the beginning of each period is the condition of
an operating machine, the type of repair work required if the repair
decision is chosen, and the number of machines in the type k repair
shop for each 1 < k < K. Later, the case where the type of repair
work required is not known to the decision maker will be considered.
If a machine in the i-th operating condition is sent to the
type k (1 < k < K) repair shop, the repair work starts immediately,
and its repair time Tk’ which is independent of i, is assumed to be
a random variable having a geometric distribution with parameter Qs

i.e.,

6
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If all the machines are in the repair shops, the system fails
since no machine is available. In that case we must wait until one
of the machines is completely repaired. A penalty cost, P, is assessed
per period during the system's failure. A(i) 1is the cperating cost
for a machine in the i-th operating condition, C(i,k) is the material
cost for repairing & machine in the i-th operating condition in the type k
repair shop, and B(k) is the labor cost for the type k repair work
for a single machine per period. The objective is to find a repair
policy which minimizes the total Q-discounted cost.

Before proceeding further it is useful to give an example in
which the above model can be applied, Consider the problem of a taxicab
driver who owns several cars. He continues to use one of his cars until
he decides to repair it. He then begins to use another one, if any is
available. We assume that the maintenance, or operating cost (excluding
repair costs), of a car depends mainly on its age or the number of days
after its last repair. However, the actual deterioration of the car
does not necessarily coincide with its age. Among cars having the same
age, some may require little repair work, while others may require
substantial amounts of repair work. A car with i-th age requires
type k repair work with probability péi). If the taxicab driver is
familiar with the repair job, he can get the information on the type
of repair work required as well as the age of the car before he makes
the decision on whether or not the car should be repaired. Otherwise

he can utilize just the age of the car when he makes a decision.

7
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The repair time distribution is assumed to be geometric, and its

parsmeter depends on the type of repair work. Also, repair costs

mainly depend on the type of repair work, If all the cars are in the
repair facilities, no car is available to him, and hence, he loses some
amount of the expected revenue. If he is interested in the total a-dis-
counted cost, then finding the best repair schedule is an example of

the type of problem which will be treated in this chapter.

The state of this system is represented by the K+2 vector

K+1

(0 =0 [ ;
Xt = (Xt,Xt,Xt,...,Xt e e

ey 8

(i K

where at the beginning of the t-th period there is an operating machine
whose operating condition is i, type k repair work is required if the
repair decision is chosen, and Sj (1 < J £ K) machines are in the

type j repair facility. Here

K
Bl <t 1Tkl D w58, a0 i<
S PGl = = %5 = 3=
J=1
For notational convenience, we define
K
U 8 (A B0 RT3 1N Los, =B84, 8,50 (1<igK
t 2 X 3=1 J J

if all the machines are in the repair facilities and none of the
machines is operating at the beginning of the t-th period.
In order to simplify the repetitive use of the following sets,

define




< = {ilo
K: (k|1

1 <1I, i: integer)

IN

1A

k < K, k : integer|
K

B {(8.,...,8.)} & s _<m s, (1 <j<K): nonnegative integer)
1 A e T 4 \HE5 42
7 K 4
lgg = {(o,l,sl,,.,,sK)l 3 S "M 5 (1< j<K) : nonnegative integer}.
k=1
Let qég) be the probability that s (s' < s) machines are

still in the type j repair shop at the end of the period, given s
machines are in the type j (1 < j < K) repair shop at the beginning of

a period. Then

(- i 3
‘o 3 gl g =8'
qéJi.=< )(1-qj)3qj‘]", tzick,
Jd s
J

since the repair time, Tj’ has a geometric distribution with parameter

qj-
Before formulating the problem as a dynamic programming
problem, we make the following simplification. When a new machine
replaces the previously operating machine, the new one starts operating
in its best condition at the beginning of the next period, and the
least repair work, i.e.,, type 1 repair is required if it is instantaneously
determined to be repaired.
Let Va(i,k,sl,...,sK;n) be the minimum expected n period
a-discounted cost starting from state (i’k’sl""’sK)’ Then by setting

Va(i,k,s .,sK;O) = 0 for any feasible (i,k,sl,.,,,sK),

l,o-

Va(i,k,s ,...,sK;n) (n > 1) satisfies the following set of recursive

1

equations:




<

O(i,k,sl,...,SK;n)
K FoE 5 °K
= min{A(i) + ZB(j)Sj o), L. L ses 2, Fig
j=1 1'=0 k'=1 ser Sg™
F ' / \ ‘
p;{? >QQlé."'QiKéc V(’(i',k',s',u‘,,SI'(;D'-‘I),
b 3 i
K 5 W S K (1)
C(i,k) +B(k) + L B(j)s, +a L <o+ L svc 7 %
iz J Y o 1 L Lo
j=1 51’0 sk=0 sK-O 3L
: :
(k) . (K) S
qsk+1,sl" dsKsK vu(o’l’sl’ ’SK’n-l)]
for (i,k,sl,...,sK) <.°Qx /(x AS (21}
s s
K 1 K \
- 1
=P+ 7 B(,j)s'jr;z bR e qé iqixs’ v (O,l,s',...,sk;n-l)
J=1 5170 8 =0 171 EE
S+
for (i,k,sl,...,sx) € 4{0 : ‘
By letting
1 °k

Ra(iyk;slyouysxin) i Vu(i,k,S‘,...,Sk;n:‘,

we can simplify (2.1) as below: For n >1,

10
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Vj(i,k,sl,...,sx;n)
K R (1)
= ) ”\ ; o 1 t -
min{A(i) +j§l B\J,sj ta 1>Eo k‘:lpii,pk. R, (i',k 3810 ey Sg3n-1),
K
c(i,k) +B(k) + Z B{,j)sj +(xR(_I<’.o,1,sl,.,.,sk+1,...,sK;n-1)'}
J=1 ;
for (i,k,sl,..,.sK) € Qx A/x 48 (2.2)
K
=P+ B(j)sj + aRa(O,l,sl,..,,sK;n~l)
J=1

: o S+1
for (1,k,sl,...,sK) € 4{0 .

Let Va(i,k,sl,...,sx) be the total expected a-discounted cost
i 'S S+1
starting from state (i,k,sl, P .,sK) €9 x A/x J U JO . Then

Vv (i,k,s

S l,...,sK) = J4m Va(i,k,sl,,,.,sK;n)

b S
Furthermore, thne existence of a stationary policy minimizing the total
expected (x-discounted cost is guaranteed since this model is a Markov
decision process.

Two kinds of control limit policies are now introduced.

Definition. An i control limit policy is a nonrandomized policy where

there is a special operating condition i for each k (1 < k <K), for
each feasibe s = (sl,...,sK), and for each period n (n > 1), say

, such that for all (i,k,sl,...,sK) with 1<% o> the decision
’

k)s,n k,S

il




at period n 1is to keep an operating machine in operation, and for all

£ N ISy with 1 > 4§ the decision at n is to repair it.
1 K - K, 8;1

A k control limit policy is a nonrandomized policy where there is a
special type k of repair shop for each i (0 < i < I), for each

fsl,...,sK), and for each period n, say ki e such that for all

g Sy 8

(i’k’sl""’SK with k< k. n* the decision at n 1is to repair
is8,

with k > k

an operating machine, and for all (i,k,s.,...,s :
1 K i,s,n

the decision at n 1is to keep it operating.
Sufficient conditions for the existence of a stationary i control
limit policy which minimizes the total expected G~discounted cost of this

model are obtained first through several lemmas shown next.

Lemma 2.1, Assume the following conditions hold:
1. B(k) 1is nonnegative and nondecreasing in k for 1 <k <K

o 9 >q for 1 < k < K-1,

G PR EC(O,I).
Then for “’i,k',Sl,...,SK) tgx K\( Js-l U [{S’ n>l,

(a) Vu(i’k"Sl”““’sk+l+l”"’sK;n) > Vq(i,k‘,sl,...,sk+1,...,sK;ni.

(b Va(i,k',s .38 +1,...,sK;n) >V <i’k"sl”""sk""’SK;n\

2 ity k o
Proof. Proof is by mathematical induction. For n =1, it is easy to
check that both (a) and (b) hold for (i,k',sl,...,sK) G.J x/f/x JS°1UJ(S).
and the proof is omitted. Suppose both (a) and (b) hold for n = m-1 > 1.

Consider the case for n = m. Take (a) first.

12




Notice that for (i,k',sl,...,sK)é£=9><k/x AJS-l U 4{8,

%a(i,k',sl,...,sk+l+l,...,sK;m-l) -Ra(i,k',sl,...,sk+1,...,sK;m-l)

gt
- 1D AT o qili ceegq(®)

= (1-q,..)
k+1 s S8
s1 0 SK"O i S KK

’(Va(i,k',s',...,sk+l+l, ,sx,m—l) -V (i,k',si, ,sk;m-l))
s s
T K .
3. K
= (l'qk) Z . Z qé il o QQ iv
s!=0 s'=0 11 K"K
'(Va(i,k',si,...,si+1,...,sk;m-1) -Vd(i,k',s',...,sk;m-l)),

by Lemma 3.3 of [5]

* Sk
> (1-q.,,) X Z qili. . qul.
s} 8= : g ) K°K
~(Va(i,k',si,...,si+l+l,...,sk;m-l) -Va(i,k',s',...,si+l,...,sk;m-l)),

from 2 and by inductive assumption on (b) for n = m-1

>0 , by inductive assumption on (a) for n = m-1.
~‘<(s
Using the above result, for (1,k',sl,...,sK) €0,
Va(O,l,sl,...,sk+1+1,...,sx;m) - Va(O,l,sl,...,sk+1,...,sK;m)

K
=P+ 2 13(3)3._j + B(k+1) + aRa(O,l,sl,...,s

+1 eesy8 'm-l)
] k'l ¥ g K,
J

K
- (P + ng B(J)BJ + B(k) + aRa(O,l,sl,...,sk+1,...,sK;m-1))
13
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= B(k+1) - B(k) + a(R (0,1,8,,.0.,8,4,*1,...,8m-1)

- Ra(O,l,sl,.. & #1 .. 8 tme1))

- K

>0, from 1.
For (i,k',sl,...,sx) Eng /{x Js-l, we compare the correspond-

ing values term by term (see [5]).

(va(i,k' 155+ .,sk+l+1,‘_.,sK;m))l_st- (Va(i,k‘,sl,. o8yl .,sK;m)>l_st

K & K (i')
=A(1) + £ B(j)s, +B(k+tl) +a L T PyjPs
3=1 ; 1'=0 =1 7

K
-Ra(i',j,sl,...sk+l+1,...,sK;m-l) - (A(1) + ? B(,j)sj + B(k)

j=1
+ o é g pu,p(i') R (i',J,sl,...,sk+l,...,sK;m-l))
1'=0  j=1 SR
= B(k+l) - B(k) + g‘. g pii'p,gi’)(Ra(i"j’sl""’sk+1+l’""SK;m-l)
1'=0 j=1

o Ra(i')\j}sl"-.,Sk"'l,.-.,sx;m‘l))

In the similar manner, we have

<Va(i,k',sl,.. 18y tLs e .,sK;m))2_nd- <Va(i’k"sl""’sk+l’ ...,sK;m))2_nd

>,

, . S5-1
Hence also for (i,k ,sl,...,sK) eJx/(x 3 5
Va(i,k',sl,...,sk+1+1,...,sx;m) > Va(i,k',sl,...,skﬂ,...,sK;m)

which shows that (a) holds for n = m.
Consider the (b) case for n = m. For (i,k’,sl,...,sx)

6& X /(x As-l, we again compare the corresponding values term by term.
14

b 1




(va(i,k',sl,..-,sk"'l,'--'sK;m))l-st - (Va(i)k')sllﬂ 'O’skl'O'tsK;m)>1_Bt

it

QR ,
Bl +a Z & @ ,p(i )(R (1%,3:8. 5000 pB. %, ..., 845051)

Ra(i',j,sl,...,sk,...,sK;m-l))

> 0, from 1 and inductive assumption on (b) for n = m-1.

Similarly, the difference of the corresponding second terms can
be shown to be nonnegative.

Lastly, for (i,k',sl,...,sK) € JS,

Va(o,l,s il +1,...,sx;m) -Va(o,l,sl,...,sk,...,sK;m)

s Liagh oy |

K
=P+ 2

= B(J)sj + B(k) + aRa(O,l,sl,...,s

k+1, co ey SK;m-l)

K & K

min(A(0)+ L B(J)s,+a L L p .p(i') R A%, 38050 pagpmsl),
jo1 3774 g0 o1d o 1 K’

K
c(0,1) +B(1) +j§1 B(,j)sj+aRa(O,l,sl+l,32,...,s

K; m'l) ]

v
o
+

K

X 113(‘1)8.j + B(k) + C!Ra(o,l,sl,...,sk+l,...,sK;m-l)

m-1))

+1,s2,...,s

K

K
(c(0,1) +B(1) + T B(J)sj + OLRa(O,l,sl

J=1
> (P ~c(0,1)) + (B(k) - B(1)) by inductive assumption on (a) for n=m-1
>0, from 1 and 3.
S-1 S
Hence, for (i'k"'l"""x) € ng Kx J U J , (b) holds for n = m,
completing the mathematical induction and yielding that both assertions
(a) and (b) hold for n >3 0

15




Lemma 2.2. Suppose conditions 1, 2 and 5 of Lemma 2.1 hold. Furthermore,
assume
L. C(i,k) 1is nondecreasing in k (1 < k < K) for each fixed i

0L 1< 1),

Then thi,k,s

s

...,sK;n) is nondecreasing in k (1 < k < K) for each
fixed ;i,sl,...,sK)'lQR><A5° and for n > 1.

\

Proof., Mathematical induction is applied. For n =1, for (i,k,sl,...,sK)

K ds,

Va(i,k,s

K K
1) =min{A(i) + 2 B(j)s.,C(i,k) +B(k) + L
j:l J j:l

ERETE B(J)SJ}

is clearly nondecreasing in k, from 1 and 4. Suppose the assertion
holds for n = m-1 > 1, and consider the case for n = m. The first term

of the right hand side of Va(i,k,sl,...,sx;m) for (1,k,sl,...,sK)

C-Q X ﬁ(x (fs is independent of k, so it is enough to check the second

term. For (i,sl,...,sx) (-.J-x js, and for 1< k < k-1,

(Va(i,k+1,sl,...,sx,m)52_nd - <Va(i’k’sl’""SK;m)>2-nd
K
= C(1,k+1) +B(k+1) +j§113<3)s3. +aRa(0,l,sl,...,sk+l+l,...,sx;m-l)

K
- (c(4,x) +B(k) + ZB(J)sj+aRa(O,l,s L

+],...y8,5m=1))
3=1 .

[ (s k

>0, from 1, 4 and the result (a) of Lemma 2.1.
Hence the assertion holds for n = m, completing the mathematical induction

and the proof of the lemma, 0O
16




Lemma 2.3. Suppose a function V(i,k) is nondecreasing in 1 (0<i<I)
for each fixed k (1 < k < K) and nondecreasing in k (1 < k < K) for
each fixed i (0 < i < I), and suppose

5. K1 CPRi,alt) for 0<i<I-1 where Pi(J)=iEjpn., 0<j<I.

6. M) cp* V() for 0 <1 <I-1, where Py = ¢ pl(:), LEELK.
k'<k

pii' pkl

K
) (i')V(i',k') is nondecreasing in i for 0< i< I.
=1

kl

Proof, For 0 < 1i' <I-l,

K

: K
T pf‘f 1) y(11+1,k') > I p

kl= kl=1

(1'+1)

i (1 O ¥

since V(i',k') is nondecreasing in 1i' for fixed k'
K

> 2 p) vk,
k'=1l

by € and since V(i',k') is nondecreasing in k'

which gives that g(i') = 2§'=1 pkgi ) v(i',k') is nondecreasing in i’

(0 <i' <I). From 5, this implies that Zi,so Pige g(i') 4is non-
decreasing in i (0 < i < I), which is what we want. 0

Lemma 2.4. Assume conditions 1 though 6 of the last three lemmas

hold, and furthermore suppose

7. C(i,k) 1is nondecreasing in i (0 < i < I) for each fixed k
(1 <k <K).

17




8. A(i) is nondecreasing in i1 for 0 < i <1,
Then Va(i,k,sl,...,sK;n) is nondecreasing in i (0 < i <1I) for

each fixed (k,sl,...,sK) £ /‘/x JS and for n > 1.

Proof. Mathematical induction is again used. For n = 1, for

n

: S ; : . €1 e
(k,sl,...,sx) € f{x:<g it is obvious that Va(l,k,sl,...,sK;l; is
nondecreasing in 1 from 7 and 8. Suppose the assertion is true

for n =m-1 > 1, and consider the case for n = m. Then for

(kysly---;sx) L.KX /XS’

va(i’k) sl’ L . SK;m)

K I K (1)
= min{A(i) + 2 B(j)sj-fa & > L N Ra(i',k',sl,...,sK;m-l),
j=1 i'=0 k'=1
K
c(i,k) +B(k) + 2 B(j)sj-+aﬂa(0,l,sl,...,sk+1,...,sx;m-l)} "
J=1

The second term is obviously nondecreasing in i from 7, and as
Va(i,k,sl,...,sK,m-l) is nondecreasing in i by the inductive assump-

tion, and also is nondecreasing in k by Lemma 2.2, so is

Ra(i,k,sl,...,sx;m-l) by definition. Using Lemma 2.3 indicates
I K (1') L ;
that Xi,:o xk,:l PygrPy Ra(i yK'y8)5..0,85m-1) is nondecreasing

in 1 (0<1<1I), As A(i) is nondecreasing in i (0 <1 < 1I)
from 8, so is the first term of Va(i,k,sl,...,sx;m), yielding that
Va(i,k,sl,...,sxym) is nondecreasing in i for 0 < i < I, which

completes the mathematical induction and the proof. (m]
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Now using the above lemmas, we can prove the following main theorem.

Z

Theorem 2.5, Assume the following conditions hold:

1. B(k) is nonnegative and nondecreasing in k for 1 < k< K,

2. C(i,k) 1is nondecreasing in k (1 < k < K) for each fixed i
(0<13<1).

3. C(i,k) 1is nondecreasing in i (0 < i < I) for each fixed k

L. A(i) - c(i,k) 1is nondecreasing in i (0 < i < I) for each
fixed k (1 < k < K).
5.1 5 elo.aY.
> *
q 29, >0 for 1<k<K-1,

T Pi(') < P,

1+l(-) for 0 < i< I-l.

8. PV oy cp(* )y gor o <1i<I-1,

Then there exists a stationary i control limit policy which minimizes
the total expected G~discounted cost of the basic multi-repair-type

maintenance model,

Proof. First notice that if all the conditions are satisfied, Lemma 2.4
holds since conditions 3 and 4 of this theorem imply condition 8 of
Lemma 2.4 and all other conditions are exactly the same.

For (i,k,s ..,sK) €l x k/x AJS and for n >0, let

el
fn+1(i,k,sl,...,sx)

= (V1,08 5000y 8p5mt1) )y 0 = (V (1,080,000, 8,5040)) o
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K I
=A(L) + X B(J)s,i +o 2 f Py ,Pé% 3 Rg(i',k',sl,...,sK,n)
3=1 s 1'=0 k'=1
' K
- (C(i,k) + B(k) + j?lB(j)sJ + aRa\O,l,sl,...,sk+l,....sK;n)).

Now by Lemmas 2.2 and 2.k, Va(i',k',sl,...,sx;n) (n >0) 1is both

nondecreasing in i' (0 < i' < I) for fixed k', and nondecreasing

in k' (1 <k' <K) for fixed i'. So is R (1',k',8,,...,8.5n)
(n > 0), by definition. Therefore, using Lemma 2.3, we have that

i 0 Zk ‘l pii'pk' i) Ra(i',k',sl,...,sK;n) (n > 0) is nondecreasing

in i (0 < i < I). The only other expression containing i is

A(i) - C(i,k), which is assumed to be nondecreasing in i (0 < i < 1I),
l,...,sK) is nondecreasing in i

(0 <1 <I) for each fixed (k,s) = (k,sl,...,sK)fil‘ X <f L

by 4. Hence for n > 1, fn(i,k,s

means, at the beginning of each n (n > 1) period problem, for each
(k,8) € A x js, there exists an ik,s,n
is smaller than or equal to <Vq(i’k’sl""’SK’n)>l-st’ i.e., to repair
an operating machine is optimal if and only if i > ik,s,n' Thus, the
existence of an i control limit policy optimizing a finite horizon
problem is guaranteed. Now using the fundamental results of Markov
decision theory, the existence of a stationary i control limit policy
minimizing the infinite horizon problem can be easily obtained (see

Theorem 2,2 of [5]). a

Interpretation of each condition is given now. Conditions 1,
- and 6 characterize the fact that the types of repair works are arranged
so that type 1 is the easiest and type K is the hardest, since they say
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that the labor cost, the material cost, and the expected length of repair
time, all increases as the type number of repair work increases. Condition
3 states that the worse the machine is, the more expensive its material
cost is. Condition 4 requires that the operating cost must increase more
than the increase in material cost for each type of repair. Condition 5
gives a simple lower bound on the penalty cost. Condition 7 is the so-
called IFR property of a deteriorating system. Lastly condition 8
indicates that the worse the state of the machine, the harder it is to
repair (stochasticaily). All of them seem reasonable, and none of them
is seriously restrictive.

Suppose all the conditions of Theorem 2.5 hold. Then for each

(k,s) € /(x AS, there exists an i such that for all (i,k,s) with

k,s
i< ik,s to keep a machine in operation is optimal, and for all (i,k,s)
with A >k to repair it is optimal at any period. If, in addition,

k,s

we can show that the optimal policy obtained is also a k control

limit policy, then ik - becomes nondecreasing in k (1 < k <K) for
b 4

each fixed s € 4!8. Then one reali-
operating condition

Q. 1L 8 ses LTl Bw]l T zation of an optimal policy for each
: 7R | 3
y 2 repair fixed s € > 1is as shown in Fig. 2.2 .
P
e not The above argument is justified
K repair

by the following theorem.

Figure 2.2, An Example of an
Optimal Policy.
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Theorem 2.6. If conditions 1, 2, 5 and € of Theorem 2.5 hold, then
there exists a stationary k control limit policy minimizing the total

expected a-discounted cost of the multi-repair-type maintenance model.

Proof. Just as in the previous theorem, it is enough to check that
fn(i,k,sl,...,sK) is nonincreasing in k (1 < k < K) for each
(i,sl,...,sK) <<9~x,fs and n > 1. Now if conditions 1, 5 and 6

of Theorem 2.5 hold, then Lemma 2.1 holds and hence,
RO(O,I,sl,...,sk+1,...,sK;n) (n > 1) is nondecreasing in k

5 < k < K). From conditions 1 and 2 of Theorem 2.5, both B(k) and
C(i,k) are nondecreasing in k (1 < k < K). As all other terms do

not contain k in their expressions, we have fn(i,k,sl,...,sK) is

nonincreasing in k (1 < k < K). D

The long-run expected average cost version of Theorems 2.5

and 2.6 can be easily obtained and stated as below:

Theorem 2.7. Suppose all the conditions in Theorem 2.5 (2.6) hold,
and furthermore suppose that any operating machine eventually fails.
Then there exists a stationary i control limit policy (k control limit
policy, respectively) minimizing the long-run expected average cost of

the basic multi-repair-type maintenance model.

Proof. OJince any operating machine eventually fails, and a failed
machine must be repaired at once, and 9 >0Q forany k (1 < k < K),

(1,k,s ) = (0,1,0,...,0) 1is accessible from every other state

17008k

a]
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no matter what stationary policy is employed. Hence, the existence of
a stationary nolicy optimizing the problem is guaranteed. The rest of

the proof ‘s just the same as that of Theorem 2.3 of (5] and hence can

be omitted. O

In the aforementioned model, we assumed that the type of
repair work required was known to the decision maker before he made a
decision. Now we briefly discuss the case where the type of repair work
required is not known to the decision maker. In this modified model, if
an operating machine in the i-th operating condition is chosen to be
repaired, it is randomly sent to the type k repair shop with probability
pﬁi), and the decision maker has no knowledge of where it is to be sent
before he makes a decision. We can define an i control limit policy for
this model as in the previous model, and the sufficient conditions under
which an optimal policy is of an i control 1limit form are to be studied.
Though the model description is not much different from the basic model,
the analysis becomes much more complicated, and some bounding technique
on the velue of the cost criterion must be applied to derive sufficient
conditions (see [5])., The main difference in the results is in the
condition which relates the operating cost and other repair costs. The

following inequality replaces condition 4 of Theorem 2.5:

X K
A(i+1) -A(1) > Z f(“l)(c(ia&l,k) +B(k)) - X p}({i)(c(i,k) +B(k))
k=1 k=1
K ;
. (1+1) (1) 1
+ max (p - p ' ,0) (= = 1)(P + B(k)
k=1 k * Gy
£ (o)
- min{A(0), 2% P~ C(0,k) +B(1)}) , 0<1i<I-L.

k=1
23




B

The third term of the right hand side of the above expression
gives the effect of the penalty cost, and its value can be comparatively
large. But if we further assume that the repair time distribution is

independent of the type of repair work, then the penalty term vanishes,

vk
Y=

(

and the property that A(i) - pﬁlj(C(i,k‘ + B(k)/q)) 1is non-

jecreasing in i (0 < 1i < I) can be shown to be sufficient. Other

conditions are essentially the same as those in Theorem 2.5.
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Extension
In this section we generalize the basic multi-repair-type

maintenance model in the following manner The operating cost of a

machine depends on the type of repair work assuming it is repaired,

as well as its operating condition., Also, the type of repair work

on a machine to be repaired depends on the type of repair work which

has been required on the machine if the repair decision had been chosen

one period earlier, Define

A(i,k): operating cost for a machine in the i-th operating condition
which requires type k repair work if it is repaired.

p;?"k)‘ probabilivy that a machine in the i'-th operating condition
requires type k' repair if the repair decision is chosen given
that the type k of repair has been required one period earlier.

This generalization seems to be reasonable when the previous
example in Section 2.1 is considered. There, the age of a machine and

its degree of deterioration correspond to the operating condition of

a machine, and the type of repair work on it if repaired, respectively.

It is reasonable to view the operating cost as depending on the degree

of deterioration, and the degree of deterioration of a machine as depending

on the degree of deterioration one period earlier

Under this generalization, the following theorem holds:

Theorem 2.8. Assume the following conditions hold:
1. B(k) 1is nonnegative and nondecreasing in k for 1< k <K,
2. C(i,k) is nondecreasing in k (1 < k < K) for each fixed i

(0<1<1I).

IA




3. C(i,k) 1is nondecreasing in i (0 < i < I) for each fixed k

(1 < k <K).
L, A(i,k) 1is nondecressing in k (1 < k < K) for each fixed i

o<t < 1),

— —_

5. A(i,k) - Cc(i,k) 1is nondecreasing in i (O i <I) for each

fixed k (1 < k < K).
&, B >100;11,

i Gy O O for 1<k« K-l

8, P TS P {-] tor 0 <1 <150,

q. P(i”k” ) \_P(l ’k+l)(-) for 1<k <K-l, 0<1i' <1, where
P(i"k:)(k') - 5“ p(i‘,k}
Jskl j
2! \ Jis (3 \
0. P8 cp"L® ) fr 0<t <14, 1<k<K

Then there exists & stationary i control limit policy which minimizes
the total expected G-discounted cost of this generalized multi-repair-
type maintenance model. For the long-run expected average cost criterion,

the eventual failure property on any machine is also needed.

Proof., The dynamic programming formulation of this generalized model

'k
is exactly the same as (2.1) if A(i,k) and Pé% s %) replace A(i) and
(.,\
pk? ; respectively. Lemma 2,1 still holds after these replacements,

and Lemma 2,2 also holds if conditions 4 and 9 are added since they assure

that /Vq(i,k,s is nondecreasing in k in the proof.

n))
(b sl PO

It is clear that Lemma 2.3 holds if condition 6 of Lemma 2.3 is replaced
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%‘ by condition 10 of Theorem 2.8. As in the proof of Lemma 2.4, we can

show that Va(i,k,s ..,sK;n) is nondecreasing in i (0O < 1 < 1) tor

1'.
each fixed (k,sl,r . .,sK) /[/x é;”, and for n > 1, if conditions 1
through 7 and 9 and 10 hold, and if A(i,k) is nondecreasing in i
(0<i<1I) for each k (1 <k<K). Finally it can be shown that
fn(i,k,sl,..,,sx) is nondecreasing in i for (k,sl,.. »8y) € ﬂ/x A&o’
and for n > 1 if all the conditions hold, which yields the desired

results. O

Condition 9 says that the heavier the current repair work

required on a machine is, the heavier that its repair work will be in

the future. Condition 10 means that the worse condition a machine is
b in, the more repair work required on it if it is repaired. None of

the conditions in Theorem 2.8 are very restrictive conditions.

——
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2.3, One Repairman for Each Repair Shop Case

We return to the basic multi-repair-type maintenance model.

In this model, the repair work begins immediately on any machine sent
to any type of repair shop. This is equivalent to saying that each
repair shop has more than enough number of repairmen. In this section,
we consider the other extreme case, where there is only one repairman
in each type of repair facility. In this case, if a machine is to be
repaired at some type of repair facility, it must wait until all the
machines which have arrived earlier at the same type of repair facility
are completely repaired. Machines waiting for repair form a queue in
front of each type of repair facility. The system is schematically

shown in Figure 2.3.

Let qk(lgkgx)
operating spare
machine units be the probability that a
Tr machine in type k repair

- T—fe 1]

shop at the beginning of a
period is completely re-

paired at the end of the

e (1)

period. Let q %, Dbe the
queues repair e
shops probability that s' machines
Figure 2.3. A Multi-Repair-Type are still in the type j
System with One Repair-
man for Each Repair repair system at the end of
Facility.

the period given that s
machines are in the type j repair system at the beginning of a period.
Here the type k repair system includes the type k repair shop and the
queue formed in front of the type k repair shop. Then
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[;-q £ al'mopo and - L <o qBEl
J J BT B
A q if sl '=g.,«5 ‘abd 1 < g; €< BFL
qm . J J e
8,8
; 0 if - . gaowd oand L <, € Stor 0= 8. % &
J J SR R =55 = 3 ¥ 5
1 G h g G N S
J J
-

The dynamic programming formulation of this model is the same
as (2.1) where q(J),'s are not binomial distributions as before but
JJ
are given as above. As we can see from the proofs of Lemma 2.1 through
(J)
8.8}
J J
Hence, if Lemma 2.1 can be proved under this modified model, we can

Theorem 2.5, q 's explicitly appear only in the proof of Lemma 2.1.

obtain the sufficient conditions for the optimality of a stationary i
control limit policy by using the result of Theorem 2.5. Now in the

proof of Lemma 2.1, it is sufficient to show that for (i,k',s s.)

172 Sg)
€°9><A/XAS'1UJ§ and n > 1,

B ¥y 54 503

Va(i,k',s K0

l,...,sK;n) > Va(i,k',s

1,...,sk+1+ e

implies

Ra(i,k',sl,...,sk+1+l,...,sK;n) > Ra(i,k’,sl,...,sk+1,...,sK;n),
and

Va(i,k',s cees 8 tl, Ll 850) > Va(i,k',sl,...,sk,...,sK;n)

l! K;

implies
Ra(i,k',sl,...,sk+1,...,sK;n) > Ra(i,k',sl,...,sk,...,sK;n),
since the other arguments do not contain q(J),'s explicitly. The

s
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definition of R and the simple substitution of qi”s, defined
( s8]
above give the desired result. As a conclusion of this section,

we have Theorem 2.9,

Theorem 2.9. If all the conditions in Theorem 2.5 hold, then there
exists a stationary i control limit policy which minimizes the total
expected -discounted cost of the multi-repair-type maintenance model
with one repairman for each repair shop. For the long-run expected
average cost criterion, the eventual failure property on any machine

is also needed.




MAINTENANCE MODELS WITH CONTROL OF QUEUE

In this chapter, maintenance models are treated in the context
of control of queues. In these models, the decision maker has the option
of opening or closing the repair shop when there are machines waiting
for repair service, as well as the option of repairing or leaving an
operating machine alone. A two-dimensional control limit policy is
defined, and sufficient conditions for the optimality of a two-dimensional
control limit policy are obtained for each model. Lastly, some computa-

tional remarks and conclusions are stated.

5.1. The Model and Some Examples
We consider the following discrete time Markov maintenance model,
whoge mechanism is illustrated in Fig. 3.1. There is an operating

machine and S (8 > 1)

operating | _ spare identical spare machines in
L_machine units
. ; the system. At the beginni
, option of repair A A € e
‘ 5" RRbe of each period, an operating
! . option of open |

| or close [ machine is classified as

being in one of I+l (I > 1)

queue
states as was done in the

Figure 3.1, A Machine Maintenance
System with Control previous models, There is

of Queue,
i




a repair shop in the system, and an operating machine can be sent to the
repair shop for the repair work at any period. We assume that there is
only one repairman in the repair shop, or only one machine can be
repaired in the repair shop during any time period. Therefore a machine
sent to the repair shop must wait until all the machines which have
already arrived at the repair shop are completely repaired. Waiting
machines form & queue. No waiting is necessary if there has been no
machine in the repair shop.

At the beginning of each period, just after the observation of
the state of the system, the decision maker has the option of opening or
closing the repair shop, as well as the option of repairing or leaving
an operating machine alone. Therefore at each period, four actions are
available, They are denoted as a0 aLO’ aRC’ and aRO respectively,
where L, R, C and O mean to leave an operating machine in operation,
to repair an operating machine, to close the repair service gate, and
to open the repair service gate respectively. For example, aLC is the
action: leave an operating machine in operation and close the service
gate. If there is no operating machine, or if all the machines are in
the repair system consisting of a repair shop and a queue, the option
of repairing or leaving an operating machine is not available. Only
the option of opening (ao) or closing (ac) the service gate is
then available, Closing the repair service gate means closing it if it
has been open and keeping it closed if it has been closed. Similarly,
opening the repair service gate implies opening it if it has been closed

and keeping it open if it has been open. The repair work can be performed
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only when the service gate is open. If a repair job on a machine is
interrupted by the decision to close the gate, the rest of the repair
work is postponed until the gate reopens., Repaired machines are avail-
able as spare units

If the decision to leave an operating machine in operation is
chosen, it keeps operating and its state evolves from i to j in
one period according to the transition probability pij >0 Jf the
decision to repair an operating machine is selected, it is immediately
sent to the repair system, and is instantly replaced by a spare unit,
if any are available. The new operating machine begins to operate just
after replacement in its best condition.

The costs associated with the system are:

A1) . operating cost for a machine in the i-th operating condition
(0 < i < 1I) per period.

c(i) : material cost for repairing a machine in the i-th operating
condition (0 < 1 < I).

K(s,k) : holding cost per period of s (0 < s < S+1) machines in
the repair system when the gate is closed (k = O) or open

(k = 1) at the beginning of the period.

E : set up cost of opening a closed repair shop.

F : shut down cost of closing an open repair shop.

G : service cost of operating an open repair shop per period.

P : penalty cost assessed per period while no operating machine

is available.
The objective function is the total expected a-discounted
cost, and the structure of an optimal policy minimizing such a criterion

is studied. 33




Before proceeding further, we give some examples to clarify
the applicability of this model in the practical world,

The first example is an airplane repair problem for a privately
owned flying shcool. Suppose the instructor in the flying school owns
two airplanes and a repair shop for repairing them. He teaches flying
using one airplane at a time. He inspects the condition of the airplane
in service periodically, and he classifies it as being in one of a
finite number of states. He continues using the same airplane, until
he judges that it should be repaired. Then the other airplane, if
available, replaces it and begins to operate in its best condition.

The previously used airplane is sent to the repair shop, which is
either open or closed. Repair work can be performed only when the
repair shop is open, and a repaired airplane will be ready for future
use in its best condition. Keeping the repair shop always open may

not be economical since he must pay salary to a repairman, and other
costs to keep it open, even when no repair work is needed. Keeping

the repair shop closed too long is also undesirable since it may
prevent airplanes from being available, thereby resulting in a loss of
revenue, The problem of finding the best schedule for hiring a repair-
man and for replacing an operating airplane can be formulated as a model
to be studied in this chapter,

Another example pertains to cleaning suits. Suppose a person
has several suits., He wears one suit continuously until he finds that
it requires cleaning, and then he changes the suits using one remaining

in his wardrobe. Assume the degree of cleanliness of a suit is
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observable, The cleaner the suit he wears the better the impression

he gives, and hence, the more comfortable he himself becomes. In

this sense, the cost of wearing a suit is associated with its cleanli-
ness. When he decides to change the suit to the clean one, it does

not necessarily follow that he immediately sends the used suit for
dry-cleaning since such an action may be laborious and time consuming.
However, too infrequent visits to the cleaners may lead to the situation
where he has no clean suits available, Assuming that a suit is avail-
able in its cleanest condition after dry-cleaning, the problem of
determining the best schedule for suit changes and laundry visits

can be formulated as a model to be studied.

3.2. Control Limit Policy with Respect to Operating Machine

In the last section, we did not specify the repair time distri-
bution. It is clear, though, if the repair service gate is closed, no
repair work can be performed. When the repair service gate is open,
we assume the following in this section: The number of machines in
the repair system solely determines the distribution of the number of
machines in the repair system one period later. Let Qg be the
probability that s' machines are still in the repair system at the
end of the period, given that s machines are in the repair system
at the beginning of a period.

In order to describe the model, we need to specify the number

of machines in the repair system and the state of the repair service
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gate, as well as the condition of an operating machine. Let Vg(i,s;n)
be the minimum expected n period a-discounted cost given that the
operating machine is in the i-th operating condition, the number of
machines in the repair system is s, and the state of the repair
service gate is k (k = O means the gate is closed, and k = 1 means
it is open) at the beginning. Then by letting V:(i,s;n) = 0 for

any feasible i, s, and k, Vg(i,s;n) (n > 1) satisfies a set of

recursive equations:

Bor @< L1, 0 < g <i5;
Qo
Va.(l)s;n)
I o r
A(i) + K(s,0)+ a L pi.Va(j,s;n—l),
j=o ™
I s %
A(1) + K(s,0) +E+G+a X Py Z A iV, (358'5n0-1),
§=0 9 g'=0 .
= min
1
[ o 1 O '
c(i) + K(s,0) +a X p.. V. (j,s+l;n-1),
; (5 & v
J=0
I s+1
C(i) +K(s,0) +E+G+a L Po & u e Vl(j,s';n-l)
520 J groo stLs' «a
Vl(i,s;n’
o I 0
A(L) + Kis;1) + F+a L p..V)(J,s;n-l).
j= *°
‘ Pt = 1
A(1) + K(s,1) +G+a L pyy 2 a..V, (3,8'50-1),
j=0 g'=0
= min I 0
C(i) + K(s,1) +F + o 2 Po 3 Vq(j,sfl;n—l),
Jj=0 ‘
1 s+l 1
£a) _ . ‘ 3 yiarl
C(1) + K(s,1) + G + & }f Poj L 9, g v, (Jss'sn-1) .
Jv.. s "_O
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Vg(i,s+l;n)

X

Gl AT
P + K(S+1,0) + a 2 By V__I(J,Sfl;n-l\,
0 i
= min
I S+1 1
{ + ¥, S ] 'enal)
P+K(8+1,0) +E +G + « -fo Po; e A4y, 50 Vpldss'sn-1)
Vlii,S+l;n3
o
13
P+ K(S+1,1) +F + a 2 Py s vV {j,5+1l;n-1),
j=0
s I S+1 1
P i K(S+l!l> + G + a J-Z_:O pOJ "O u’S‘rl,s' Va'\j,S';n'l)
(3.1)
K, ¥ i Y
Note that (Vq(l,s,n;/l_st, \Vakx,s;n;)P_nd, \Va(l’s’n’/B-rd’ and

(Vg(i,s;n))u_th are the n period costs of taking a ., & o Bpes

and aPO respectively at the beginning followed by the best policy.
When s = S+1, a. and ao are the only available actions. Also note
that the 1 in Vg(i,s+l;n) is a dummy, and is used just for
notational simplicity. When all the machines are in the repair system,
no operating machine is available, and i 1in the above expression has
no meaning.

As the system is a Markov decision process with discount
factor C <@ < 1, the existence of a stationary policy minimizing the
total a-discounted cost is guaranteed. For further discussion on the
structure of an optimal policy, the following simplification is useful.

Let
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R (i,s;n A TS MR T TN
L : =0 " ©
!i
i S .
LS C A
Q (i,s;n X P, P | V. {i:ssn
Y : 3 2 SS e
j=0 =0

Then for n ST AT <A IR 5 B S, (3.1) can be simplified to

min{A{i) + K(s,0) + Ry(i,s;n-l), A(i) + K(s,0) + E + G
B Qu(i,s;n-LA. c(i) + K(s,0) + R (0,st1;n-1), c(i)

+ K(s,0) + E + G + Qa(O,s+l;n-l)} "

: 59 \
Vq(l,s;n)
= min(A(i) + K(s,1) + F + Rﬂ(i,s;n-l), A(i) + K(s,1) + G
- Qa(i,s;n-l), c(1) + K(s,1) +F + Ra(o,s+l;n—l),

c(i) + K(s,1) + G + Qa(o,s+1;n-1‘}

B0 g8 \
wal,S*l;n,

min(P + K(8+1,0) + R_(0,8+1;n-1), P + K(S+1,0) +E+G+Q_(0,5+1;n-1)],
Y \

V;(i,S*l;n}
o
miniP'?K(S+l,l} *F-*Rq(0,5+l;n-l ,P'*K(S*l,l)‘*G"QO(O,S+l:n-l>‘

(3:3)

The problem is now to find the structure of an optimal policy.
It is conceivable that an optimal policy has the form that the repair

zZ R
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decision is taken if and only if the condition of an operating machine

becomes worse than some critical value, and that the decision to open
the repair service gate is taken if and only if the number of machines
in the repair system exceeds some critical value. The following types
of control limit policies will then be suitable candidates as the class

of policies satisfied by an optimal policy.

Definition. A control limit policy with respect to an operating machine

is a nonrandomized policy where, as the option of repairing or leaving
an operating machine is concerned, there is an 1 for each k

(k =0,1),; 8 (0<8<8), and 0 (n>1), say 1 called the

ke, n”

control limit, such that for all (i,k,s) with i< the decision

g
k,8s,n’

at period n is to leave it in operation, and for all (i,k,s) with

2 21 , the decision at period n is to repair it. A control limit

K,8.0
policy with respect to a repair shop is a nonrandomized policy where,

as the option of opening or closing the repair service gate is concerned,

there is an s for each k (k =0, 1), i (0<i1i<1I), and n (n>1),

say Sy 4 o called the control limit, such that for all (i,k,s) with
’ b
5 < 8 B the decision at period n is to close it, and for all (i,k,s)
with s > Sk 1.p’ the decision at period n is to open it. A two-
’ - 4

dimensional control limit policy is a control limit policy with respect

to both an operating machine and & repair shop.

The rest of this section concentrates on finding sufficient
conditions for the optimality of a control 1limit policy with respect to
an operating machine. The following lemma holds:
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Lemma 3.1, Assume the following conditions hold:
L. A(1) 1s nondecreasing in 1 for 0 <1< 1,
2. C(i) 1is nondecreasing in i1 for 0 < i< I,

) Pi(-i + Pi+l(') for 0 <1< I-l.

Then for each fixed s (0 < s <8), k (k =0,1), and n > 1, vg(i,s,n)

is nondecreasing in i (0 < i <€ I).

Proof. Mathematical induction is applied. For n = 1, for each s

(0 <s<8) end k (k =0,1), V:(i,s;l) is clearly nondecreasing

IA

ini (0 <i<1I), byl and 2. Suppose the assertion holds for
n=m-1>1. Then by the definitions of R and Q, both Ra(i,s;m-l)
and Qa(i,s;m-l) become nondecreasing in i (0 < i < I) because of 3.

Hence, all the terms on the right hand sides of both V°(

o i,s;ym) and

V;(i,s;m) are nondecreasing in i (0 < i1 < I) if 1 and 2 are satisfied.

which completes the mathematical induction and the proof. 0

Next theorem assures the optimality of a stationary control

limit policy with respect to en operating machine.

Theorem 3.2. If conditions 2 and 3 of Lemma 3.1 hold, and if

4. A(4) - C(i) 1is nondecreasing in i for 0 < i <1,

then there exists a stationary control limit policy with respect to
an operating machine which minimizes the total expected a-discounted

cost of the maintenance model with control of queue.




NSO s -

Proof. We first consider the n-stage problem. For n>1, 0 <i <1,

0<s<8S, and k = 0,1, let

(Vk(i,s,nlhj }

, LESEIE
(1,8) = mln{(Va(l,S;n)>l_st, a5 Dund’

fL.

£X (1,8) = mn{(Vi(4,85m)), ., (VE(3,850))) )

3-r >b,-th

,

Then f:,n(i’s> can be interpreted as the minimum n-stage a-discounted
cost given that a machine is in the i-th operating condition, the number
of machines in the repair system is s, and the state of the repair
service gate is k at the beginning, and only the decision to keep a
machine in operation is allowed at the beginning. If only the decision
to repair an operating machine is allowed at the beginning, we have

k

fR,n(i’s)‘

Now, for 0<i<1I, 0<s8<85, and n >0,

P ¢ B

L,n+1'"? R,n+1(178)

= A(1) + K(S,O) e min{RQ(i,s;n), B G+ Qa(i)s;n)J

- C(1) - K(s,0) ~ min{Rﬂ(O,s*l;n), E +G + Qa(o,s+1;n)}.

As conditions 2 and 4 of Theorem 3.2 imply condition 1 of Lemma 3.1,
Lemma 3.1 holds, which shows that both Rq(i,s;n) and Qa(i,s;n)

are nondecreasing in i (0 <i<1I). With this, and by 3, we have that
0
fL,

(

f n(1,s) - f; n(1,s) is nondecreasing in i (0 < i1 < I) for each s
’

’

(i,s) - fg n(i,s) is nondecreasing in i (0 < i < I) for each s
’

IN B

s <8) and n > 1, Similarly, it can be easily shown that

- o

e

b1
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(0 €8S S) and n > 1. Hence, there exists a set of critical numbers
i o (k=0,1, 0<s<8) for each n>1 such that
b
k &R ! A A oo
fL.n(l’s fﬂ’n\i,o for any 1 < lk,b
and

n(i,s‘) for any i > i

Rl
»

Therefore, as far as the option of repairing or leaving an operating
machine is concerned, at the beginning of each n-stage problem, if the
state of the system is (i,s,k), to leave a machine in operation is
optimal if its operating condition i is less than ii,s’ and to repair
it is optimal if 1 1is greater than or equal to i;,s’ which is a
control limit policy with respect to an operating machine. For the
infinite horizon problem, the technique of Theorem 2.2 of [5] can be

applied here to show the optimality of a stationary control limit

policy with respect to an operating machine. a

At the end of this section, we make a few remarks on the
relations between optimal decisions when the repair gate is closed
and the corresponding optimal decisions when the gate is open. For

this discussion, we assume that E, F are nonnegative.

Lemma 3.7, When the repair service gate is closed at the beginning
of & period, if a (aRo) is optimal for some (i,s), then &5
(aRO’ respectively) is also optimal for the same (i,s) when the

gate is open.
ke




Proof. We prove the statement for &0 In & similar fashion, the state-

ment for 80 can be proved.

Let
Qa(i,s) = 1lim Qa(i,s;n)
n —o
Ra(i,s) = lim Ra(i,s;n)
n — o

For a fixed (i,s), and k = O, &5 being better than &
implies
A(1) + K(s,0) + E+ G + Qa(i,s) < A(1) + K(s,0) + R,l(i,s) .
Hence,
A(i) + K(s,1) + G + Qu(i’s) < A(i) + K(s,1) +E + G + Qa(i,s)
< A(1) + K(s,1) + Ra(i,s)

< A(1) + K(s,i) +F + R (4,s).

Thus, for (i,s) and k =1, &5 is better than a .. Similarly, the

statement that a5 is better than Ape for k =0 implies that a0
is better than e for k =1, and the statement that aLO is better
than 2ro for k = 0 implies that QLO is better than aRO for k = 1,

yielding that for (i,s), is optimal when the gate is open. O
%10

Lemma 2.h. When the repair service gate is open at the beginning of a

period, if &g, (aLC) is optimal for some (i,s), then ap. (aLC’

respectively) is also optimal for the same (i,s) when the gate is closed.
Proof. Similar to Lemma 3.3, and hence can be omitted. a

L3
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The same argument still holds for the case where there is no
operating machine. 1In that case, if opening the gate is optimal when
the gate is closed, then keeping it open is optimal when the gate is
open., Conversely, if closing the gate is optimal when the gate is open,

then keeping it closed is optimal when the gate is closed,

3.3. Case Where Repair Time is Negligible

In this section sufficient conditions to ensure the existence
of a control limit policy with respect to a repair shop minimizing the
total a-discounted cost are of interest. The following assumption is
made on the repair time of a machine throughout this section. For

0 < s < S+1,

The above assumption implies that the repair time of each machine is
negligible compared with the length of a period, and hence, all the
machines brought into the repair system can be repaired completely in
one period when the service gate is open, This assumption will be
reasonable if purchasing or ordering machines takes place instead of
repairing them when the "gate is open."

We first show the following lemma:

Lemma 5,5, Assume the following conditions hold:
1. C(i) 1is nondecreasing in i for 0 < i < I.
2. K.s,k) 1is nondecreasing in s (0 < s < §+1) for k = 0,1.

Ly




3. ¥ 2 (1),

Then V:(i,s;n\ is nondecreasing in s (0 < s < S+1) for each

0<1<1I, k=01 and n > 1,

Proof. Proof is by mathematical induction. For n =1, 0 <i<I,
and 0 < s <35,

Vg(i,s;l) = min{A(i) + K(s,0), C(1) + K(s,0)} ,

which is nondecreasing in s (0 < s <8§) by 2. Also

0 0

va(i,s+1;1) - Va(i,s;l)
=P + K(s.‘-lio) 5 (min{A(i), C(l)} + K(S,O))
> P - min{A(1), C(1)), by 2

>P -C(1) >0, byl and 3.

Hence, Vg(i,s;l) is nondecreasing in s for 0 < s < S+l1. 1In a similar
manner, it is shown that V;(i,s;l) is nondecreasing in s for
0 < s < S+1. Suppose the hypothesis holds for n = m-1 > 1. Then for
c<s8<S,
Vg(i,s;m)

= K(s,0) + min{A(1) + Ra(i,s;m-l), A(1) + E + G + Qa(i,s;m-l),

C(i)+Ra(O,s+1;m-l), C(1) +E+G+Q (0,s+1,m-1)} .

Now both Rq(i,s;m-l) and Ra(o,s+l;m-l) are nondecreasing in s
(0 <8< S) by the induction hypothesis and by the definition of Ra,
and Qa(i,s;m-l) is constant in s since

Ls

P s s >




Qq\i,s.m-l B e j Vi(j,o;m-l}

Also K(s,0) 1is nondecreasing in s (0 < s

0 2 \ : . 2 s . \
V)(x,s;m; is nondecreasing in s (0 < s < §),

0 ! T
vq’i,b+1;m/ - Vq(:.b;m/

v

< 8), yielding that

Also,

P + K(S+1,0) + min{Ra(O,S*lgm-l}, E-+G-+QI(O,S+1;m-l}}

- (C(i)+'K(S,O)-*min(Ra(O,S+l;m-1§, E-+G-an(O,S+l;m-l)l)

Thus, Vg(i,s;m) is nondecreasing in s (0 <

0<1-

I. Similarly, we can show that V;(i,

P - Cc(1) + K(5+1,0) - K(8,0) >0, by 1, 2 and 3.

s < §+1) for each fixed

s;m) 1is nondecreasing

ini s {0 <s E_S+1), completing the mathematical induction and the

proof.

O

Using the above lemma and the simplfying assumption on Qg2

we can prove the following theorem, which gives sufficient conditions

for the optimality of a control 1limit policy with respect to a

repair shop.

.

Theorem 3.6. If all the conditions in Lemma 3.5 hold, then there

exists a stationary control limit policy with respect to a repair

shop which minimizes the total expected a-discounted cost of the

simplified maintenance model with control of queue.
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Froof, For n> 1, 0<31<I, 0<e<8, and k=01, let

k : A T O
S I { (4,8; (i,ssn)) }
fcynni,q min V) $.8:n Seats (Vq\l, ‘n//i-rd’
k S i i
f@,n i,s min{{(V_(i,s;n) -nd’ \vq(i’s’n)’h-th}

k {

f‘C,n‘

i,s) can be interpreted as the minimum n-stage a-discounted
cost given that the state of the system iz (i,s,k) at the beginning,
and only the decision to close the repair shop is allowed at the
beginning. If only the decision to open the repair shop is allowed
at the beginning, we have fg’n(i,s).

The proof of this theorem is similar to that of Theorem 3.2,
and it is sufficient to verify that fg’n(i,s) - fg,n(i,s) is non-
decreasing in s (0 < s <S) for each fixed 1 (0 < 1 <1I), k

(k =0,1), and n>1l. But, for n>0, 0<1i<1I, and k =0,1,

k k
( - J
fcyn+1\i,s fo’n+l(i,s_

= min{A(i) + Ra(i,s;n), cl{1) * Rq(o,s+l;n)j

- min{A(i) +E +(}+-Qu(i,s;n), et1) fE-+G-+Qq(O,s+1;n)1 2

and both Ra(i,s;n) and Ra(o,s+l;n) are nondecreasing in s
(0 < s<8) by Lemma 3.5, and both Qa(i,s;n) and Qa(o,s+1;n)

are constant in s by the simplifying assumption on Qg Hence,

fo (1,8) - £© (1,8) 1is nondecreasing in s (0 < s < 8) for
Cy,n O,n -

’

n>1 and 0 < i< I, In a similar manner, fl (4,8) = fl (1,s)
- - - Cy,n O,n

is shown to be nondecreasing in s (0 < s < 8), which is what

we need,

b7




Combining Theorems 3.2 and 3.6 gives sufficient conditions under

which a two-dimensional control limit policy is optimal.

Theorem 5.7. Assume the following conditions hold:
1. C(i) 4is nondecreasing in i for 0 < i < 1I.
A(i) - C(i) 1is nondecreasing in i for 0 < i < I.
3. K(s,k) 1is nondecreasing in s (0 < s < 8+1) for k = 0,1,
L, Pp 2 (31 )
Bl Bt ) Boe) - Eor 0L 1S Tk,
i I+l e o
Then there exists & stationary two-dimensional control limit policy

minimizing the total expected a~discounted cost of the simplified

maintenance model with control of queue,.

One realization of an optimal stationary two-dimensional control

1limit policy is illustrated in Fig., 3.2, As previously pointed out in Lemmas

5.% and 3.4, the region where & o (aRO} is optimal, called the optimal

regicon of aLO (aqo, respectively\. when the gate is open covers the

optimal region of a0 (&PO’ respectively) when the gate is closed.
k=0 (closed) K (open)
s D18 - 8 g ™=012.. .8 81
7 O T
i S ‘0 1 II!
o1 % 21 %e
v e
%10 . %0
- ks ®ro I'} & | ®Ro

Figure 3.2. A Typical Optimal Two-Dimensional Control Limit Policy




Further, the optimal region of aLC ( when the gate is closed covers

8pc)
that of o (aRC’ respectively) when the gate is open. That also implies
that the boundary of two optimal regions of a5 and aRO for k=0
is also a boundary of the corresponding optimal regions for k = 1, and
that the boundary of two optimal regions of & - and ape for k=1
is also a boundary of the corresponding optimal regions for k =0,

Notice that for both k = 0O and k = 1 cases, the boundary of
optimal regions of 810 and e is vertical, and that of &0 and
&5 is horizontal., This can be seen by comparing the appropriate
terms in (3.3). For example, to verify that the boundary of optimal

regions of &0 and a is vertical for k = 0, it is enough to

RC
see that the direction of the inequality

VI A

Cc(1) +K(s,5; +Ra(o,s+1,-n) c(i) +K(s,0) +E+G+Qa(0,s+1;n)

does not depend on i for each fixed s (0 < s < 8).

In the theory of control of the service process by turning on
and off servers, there is a class of policies called hysteresis loop
policies which are optimal under a wide class of cost functions. The
form of the policy is: provide no service if the system size is m
or less, and when the system size increases to M (M > m), turn the
server on and continue serving until the system size again drops to m.

In this model we notice that the control limit on the action
of closing (aLC or aRC) or opening (aLO or aRO) the repair
service gate for k =0 1is no less than the corresponding control

limit for k = 1, keeping the condition of an operating machine fixed.

L9
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Thus, if we keep the condition i of an operating machine fixed, an optimal
policy has the following form: keep the gate closed (aLC Or aq. is taken,
if the number of machines waiting for repair service is mi or less, and
when the number of machines waiting for repair service increases to Mi

gMi > mi\, open the gate \&LO or & is taken), and keep it open until

RO
the number of machines to be repaired again drops to m, . This is a
hysteresis loop policy. However, the actual sample paths or trajectories

are unlikely to be hysteretic since the operating condition of an

operating machine may change as time passes.

3.4, Case Where Repair Time Distribution is Geometric

In order to assure the optimality of a two-~dimensional control
limit policy, we assumed in the last section that the repair time of a
machine was negligibly small as compared with the length of a period.
This assumption 1s relaxed in this section at the cost of optimality
of a two-dimensional control limit policy. Here we assume that the
repair time of a machine when the repair service gate is open has a

geometric distribution with parameter gq. Then,

[ q if 8' = 8-1, 1 < 8 < 8+l
log 12 3" =3, 1< 85 <841

q = { 0 if efs' ¢s-1, 1 <g<8+, orif 0 =& £ s

¢ - o R LR N ) e

.

since at most one machine can be repaired in the repair shop at each
period no matter how many machines are in the repair system,

20
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Consider a stationary control limit policy with respect to an
operating machine. The existence of such a policy minimizing the total
i~-discounted cost is guaranteed if the conditions in Theorem 5.2 are
all satisfied. 1In the case of a stationary control limit policy with
respect to a repair shop, the analysis becomes much more complicated.
In some papers, a convex analysis or a piecewise convex analysis has
been suggested for this type of model, but it is unrealistic to expect
our cost criterion to be convex, and a piecewise convex analysis does
not seem to work for discrete time models. Therefore, the analysis
must be performed without assuming a nice structure on the cost criterion.
A bounding technique used in [5] then seems to be the only candidate

for the analysis of this type of model.

Lemma 3.8. Assume the following conditions hold:
1, At1i) 1is nondecressing in 41 for 0 < i < I,
€(1i) 1s nondecreasing in 1 for 0 <1 < I,

3+ Kl{s,k) 1s nondecreasing in s (0 <8 < 8+l) for k =0,1,

Then, for 1<s8 <S8+, 0Ki<TI k=0,1, andn > 1,

P K, =
del,s;n) - VJ&l,s-l;n\ < Mn :

where
P -
M, = o (P - min{A(0), c(0)} + K) ,
and

K = max (K(s,k') - K(s-1,k')} .
8K’




Proof Mathematical induction is applied. For n 1, it is easy to

gae that for 0 €1 <1, 1 <5 <58%l;, k = 0,1,

Kr. \ 5o \ : o R
Vol1,8:1) = V. (i,8=131) < P - min{A(O), C(0)} + K - Ml ;
X x =~

Suppose the argument holds for n = m-1 > 1, and consider the case
for & m For k=0 &and 1< s < S, we compare the corresponding

terms of the right-hand side of (5.3).

V[; i,s;m) VO'_‘L s=l:m))
Y s 531 1-gt \ ,»1- s S s "'l_st
A(i) +K(s,0) +R (i,s;m-1) - (A(i) +K(s-1,0) +Rq<i,s-l;m-l))
X (
(s,0 & 0 0,
K(s,0) -K(s-1,0) +a & p, . (V (j,s;m-1) -V (j,s-1;m=1)
: ;2 [f o
J=0
i
 K(g.0) «Kla=1 Y ey Y‘ = .(,-+'-— :
= »0) -K(s-1,0 X ! pij Mm-l <K QMm-l
J=0
Similarly,
(vO(1.&em) O e PR
./,"l,f,‘,.'fz,‘ wnd - ‘V‘tkl’s_l’m )\» s
A(1) +K(s,0) +E+G+Q,(1,85m-1) - (A1) +K(s-1,0) +E+G+Q (i,s-1;m-1)
I 1 :
K(s,0} -K(s~1,0) + P Piié(1‘q'{VI{J,S;m—l‘-Vq(j.s-l;m-lj\
i =0 J C (
: X, O P
+ q(V (3, s-13m=1) -V, (3, 5-2;m-2))]
'< for 2<s<S8
I 1 A
K(s,0) -K(s-1,0) +a 2 p,.(1-q)(V_(J,13m-1) -V_(j,0;m-1))
; ij o a
J=0
for 8 = ]}
% X
< 4 ) Y BIg - AT
- i b Pij “m-l Sl Y
j=0




.

In a similar manner, the comparison of the corresponding third terms and

that of the fourth terms yield the same upper bound K + Oﬂm-l' Hence,
for L<aesg, Qi ol
0, \ 0/, =
Va i,s;m) - Va(l,s-l;m) <K+ =
For s = 5+1, and 0 < 1 < I,
0,, ; (3 PRI
<v(1<l’S+l’m)>i—st i <VQ<1’S’m)>1-St
= P + K(8+1,0) + Ra(O,S+l;m-l) - (A(1) + K(s,0) + Ra(i,s;m-l))
=P - A(1) + K(s+1,0) - K(s,0)
x 0 & 0
+o [ L py, Vi(5,8m1) - T p, .V (§,85m-1)]
ga 30
<P - A(1) + K(8+1,0) - K(s,0)
2 (0] 0
+a 2 op,. (Vv (3,8+1;m-1)-V_(j,8;m-1)) by 5 and Lemma 3.1
5=0 O a

< P - min{A(0), c(0)) + K + oM

Similarly, using PO(') K.Pi(-) and that Vé(j,s;m-l) is nondecreasing

’ p 0 0
in §J (0 §<1), (Va(i,S+l;m)) - <Va(1’5;m)>2-nd can be shown to

2«-nd

have the same upper bound. Also,

0 0
<Va(i, S+l’m\’>l-st = (Va(iyslm) >5-I‘d

n

P + K(8+1,0) + 33(0:S+13m) - (c(1) + K(s,0) + Ra(O,S+1;m-1))

IA

P - min{A(0), C(0)) + K .
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We can show the same upper bound also on (Vg(i,s+l;m;>q_nd-(vg(i,s;m}
yielding that for 0 < i <1,

vo(i,s+1;m) - vO(i,8;m) < P - min{A(0) c(0)] + K + oM :

- e b L ’ & m-1

As P > min{A(0), C(0)] from condition k4, we have for 0 < i < I,

and 1 < s < S+1,

.4 (s P8 ; , ¥ = P -
v (i,sm v (i,8-1;m) <P - min{A(0), C(0)} + K + ot . =R .

A similar argument indicates that for 0< i < I, and 1< s < S+],

1,
o

Y

=

i,s;m) - V;{i,s-l;m) <

completing the mathematical induction, and hence the proof. (]

For the future use, let

M = lim M =
w n

n — o

l 7 ’ . -
o = min{A(0), c(0)} + K).
Before deriving a lower bound on the same expression, we make
the following remark: If {xn} is a sequence with the following

recursive relation starting from Xy = o,

X min{a + ox b} o a>1l,

n-1’

then we have for 0O <

,
R
A

=

n
X = min{%f%— a, b) for a2>1,

‘Leth?




Lemma 3.9. If K(s,k) is nondecreasing in s (0 < s < 8+1) for

E=0,1, then for 1 <a8< 8l 0<i<T, k=01 and n>1,

k k,, -
Va(i,s;n) - Va(1,s-l;n) >M

where

: 1 - (a(1-g))" = - e S S
M = min(K =5— ali-q) » P =C(I) + mi? (K(s+1,k') ~ K(S,k')}

and

K = min (K(s,k') - K(s-1,k"))
s, k'

Proof. Proof is again by mathematical induction. For n = 1,
QLi<I, and L <88,
0] 0
Va(i,s;l) - Va(i,s-l;l) = K(s,0) - K(s-1,0) > K .

And,

0 0
Vo, (1,5+151) - V(4,8;1)

n

P - min{A(i), C(i)} + K(s+1,0) - K(S,0)

>P - C(I) + min(K(S+1,k') - K(S,k'))}
k'

n

Hence, for k = O, the hypothesis is true for n = 1. By a similar
argument, the hypothesis is shown to hold for k =1 and n = 1.
Suppose the hypothesis is true for n = m-1 > 1, and consider the case

for n = m. We compare the corresponding terms as in the previous

lemma. Pix' 4 (0<1<I). Por 1< <8,
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0
b <Va(i’s-l’m”l-st

I
- K(s,0) - K(s-1,0) +a L pij[Vg(,j,s;m-l) -y jys=1;m-1)]

(
Jj=0 g

I
K(s-1,0) + a L

> K(s,0) - L Py B TEREOR,, -
J=0
For 2< A< S,
0 0
( " ~ wis
(VO(1,85m)), 1y = (Vlhhs=Lim), g

I
= K(s,0) - K(8-1,0) +a L pij[(l-q)(vé(j,s;m-l) -V;(J,s-l;m-l))
§=0
+ q(VE(d,s-13me1) = Vo(3,8-25me1))]

i3
>K+a X p

- W ,) =K+ ol
3=0

—m -

For 8 = 1,

¥ 0 .
(V(4,5m), 4 = (Vo(4,05m)), 1y
z - 1 g
= K(1,0) - K(0,0) +a Z pij[(l-q)Va(J,l;m-l) +an(J,0;m-l) -V:(3,03m-1)]
3=0 "
>K+ a(l'Q)Mm-l :

Comparison of the corresponding third terms and that of the fourth

terms can be performed in & similar manner, yielding that for 1 < s < 8,
Vo(i s;m) - Vo(i s=-1;m) > K + a(l-q)M
o - paisaite B k. —m-1 °

For s = S+l,
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X 1IN : Qi L
\a(l,b+l,m; - Va(i,n;m,
i i

/ \ M < () 2
> P + K(8+1,0) + min{a L Py V' (j,8+1;m-
- P (9

j=0

1), B #+ G

1 S+l i
+ O 1;6 Pos S';b qS+1,s' Vq(J,s';m-l;}
£ 0 :
- [c(1) + K(5,0) + min{a ¥ Py ; v, (J,5+1;m-1), E + G
- 3 S+1 Fa,
% g P03 o e Vo (dss'3m=1))]

"

i

Therefore, for

0
va(

A similar argument yields for

i,s;m) - Vg(i,s-l;m) > min{K +a(1-q)

P - C(i) + K(8+1,0) - K(S,0)
P - C(I) + K(s+1,0) - K(S,0)

1<s8<85+l, and 0<1<1I,

fn-1’

P-C(I)+K(s+1,0) -K(S,0)}.

1<s<8+1and0<1i<1,

o o Y : i
Va(l,s;m) - Va(i,s—l;m);imlnfﬁi-a(l-q)gm_l,l -C(1) +K(S+1,1) -K(S,1))

ot

Therefore, for 1 < s < S+1, 0 <i<1I, and k = 0,1,

k,. « k
Vu(l,s;m) - Va(i,s-lzm)

> min(K + a(l-q)M_, P - C(I) + min{K(S+1,k') - K(S,k")})
k'
ek (a(l'q))n 1y '
- mta(g 1RGP - o(1) + min(k(SeLK) - K(S,K)))
=M ,
-m

which completes the mathematical induction.

+ 14
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Analogous to @», we define

K
?L = l1lim En = min{m - C\’I) + mirll(K(S‘*l,k',l - K(S,k')}).
n —»ow k

It is easy to see that

Lemma 3.10. For 0 <1<1I, 0O<s<S+l, and n >Ny
Vo(i s;n) - Vl(i s;n) = K(s,0) - K(s,1) + & (i,s)
o ’ b o ’ b ’ » n )

where -F <8 (i,s) <E.

Proof. For 0< s <8+l, 0<i<1I, and n i

- (V2(1,83m)), . = K(s,0) - K(s,1) - F,

0. \
(Va(l,s,n;) j-th

j-th

for j=1and 3 (j =1only if s = S+1) ,

(Vg(i,S;n)) o <V;(i,8;n)> = K(s,0) - K(s,1) +E ,

j-t j-th

for J=2and 4 (j =2 only if s = S+1).

Therefore,
0 1
K(s,O)-K(s,l)-Ffﬂd(i,s;n)-Vd(i,s;n)i K(s,0) - K(s,1) +E ,

which implies
0 1
-F <8 (1,8) = Vo(i,8;5n) - V (i,8;n) - (K(s,0) - K(s,1)) <E. O
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In this section we have failed to derive sufficient conditions
for the optimality of a control limit policy with respect to a repair
shop. However, it is possible to obtain sufficient conditions under
which a control limit type of property holds between two actions &
and a and between a and a_.. The next lemma is useful for

10’ RC RO

this purpose.

Lemma 3,11, Assume all the conditions of Lemma 3.8 hold, and furthermore,
assume the following condition holds:
6. K(s+1,0) -K(s,0) >K(s+1,1) -K(s,1) +E+F+q(M -M ), 0 < s < 8.

Then, for 0 < s < S+, 0<i<I, and n>1, Ra(i,s;n§ - Qu(i,s;n)

is nondecreasing in s.

Eycof. For 1< g <8+l 0 <1<1, audnzl,

Ra(i,s;n} - Qa(i,s;n)

: 0 - 1
e L p, 0V (J8358) - Vg _, V(58;n))
4=0 5 il P ss o
: : 1
=a L p,.[K(s,0) - K(s,1) + & (J,s) + V_(3,s;n)
j=o " a

| 5 dp s
- (l-q)Va(J,s;n) -an(J,s-l;n)], by Lemma 3.10

1
] A 5. : I8

= L pij[K(s,O) -K(s,1) + ’)n(J,S) * q[Va\J,S;n) *Va(a,s-l;n)]]-
10

Hence, for 1<s8<S§, 0<i<I, and n>1,
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(R,x(i,sﬂ;m - Q,I(i.S'*l;n)) - (R,,l(i,S;n) - Qn(.i,s;n))

I

=a L pjj".K(sf-l,O} - K(s+1,1) + 51(j,s+1; + q(Vi(j,s*»l;n) -Vi(j,s;n )
S0y ’ x -
- [K(s,0) -K(s,1) +&_(3,s) +q(Vi(3,s;n) -V_(4,s-1;n))]]
n Q (04

I ; <
5 D ¥ pi.lK(s+l,O) -K(s+1,1) - (K(s,0) -K(s,1)) -E-F+q(M -M_)] ,
= i"o J -n n

by Lemmas 3.4, 5.9, and 3.10

>0, by 6 and since M -M >M - M,
-n n — =o oo

For 8=0,0<41<1I, and n>1,
: 0 1
R,(1,0in) - Q (1,0;n) = a J{; Py5(Vy(3:05m) - V. (3,05m)] .

Hence,

(Ra(i,l;n) - Q,(1,1;n)) - (Ra(i,o;n) - Qa(i,O;n)}

I
=a L T -{K<1’O\:‘ 'K(lyl) +5 (Jvl\ +Q(V,l(j)13n) -Vl(j,O;n))
320 B n o a
- VO(3,05m) + V(3,050 ]
I
=a L pi.[K(l,O) -K(1,1) - (K(0,0) -K(0,1)) +&_(J,1)
: J n
j=0
- 8,(3,0) + a(V.(3,150) - V1(3,05m))]
1
>0 1 p, ;[K(1,0) -K(1,1)~(k(0,0) - K(0,1)) -F-E+gM ] ,

by Lemmas 3.9 and 3.10
> 0, by condition 6 and since M, >0,

which completes the proof. 0




Notice that if the conditions of Lemma 5.11 are all satisfied,
then for 0< 1< I, R)(i,s} - Qﬁti,s‘ is also nondecreasing in s for

0 < 8 < S+l.

2z

Suppose that all the conditions in both Lemmas 5.2 and 3.1l are
satisfied. By Lemma 3.2, there is a stationary control limit policy
with respect to an operating machine which minimizes the total expected
a-discounted cost, Consider the structure of the optimal policy further,
and we find that its i-s diagram, as is seen in Fig. 3.3 is divided into

upper and lower divisions for each k. The action of leaving an operating

machine in operation is taken

S

i Q.3 25, i B Skl in each state in the upper
0 )
l .
| aLO or aLC region, and the action of
3 repairing an operating machine
& o is taken in each state in the
4 "™ “w
I-1 lower region. The former has
i

two alternatives aLO and

Figure 3.3. A Typical Optimal Control
Limit Policy with Respect
to an Operating Machine.

aLC’ while the latter has two
alternatives &r0 and o
We now focus on the possibility of subdividing each region having two
alternatives. When the state of the system at the beginning is (i,s,k)
with k=0, 0<1i<1I, and O < s < §, the difference between the

total cost of choosing o at the beginning followed by the best
policy and that of choosing a0 at the beginning followed by the best

policy is
A(1) + K(s,0) + Rau,s) - (A(1) + K(s,0) +E + G + Q (1,5))
= Ra(i;S) - Qa(iys) - (E + Q) ,
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which is nondecreasing in s (0 < s <S) by Lemma 3.11. For k =1,

the corresponding difference becomes Rq(i,s) - Qq(i,s) + (F -G),

which is also nondecreasing in s (O

IA

s < S). Therefore, there exist
critical numbers sg’k for each fixed k (k =0,1) and i (0 <1i<1I)
such that for all (i,s,k) with s < Si,k’ a . is better than a o

and for all (i,s,k) with s > S%,k’ & is no worse than a ..

This implies that the upper division where &LO or &LC is optimal

can be divided into left and right subdivisions. & o is optimal in
each state in the left subdivision, while &5 is optimal in each state

in the right subdivision. In a similar manner, we can show that there

exist critical numbers s? Kk for each fixed k and 1 such that for
)
R
all (i,s;k) with s < Si,k’ &RC is better than 8po? and for all
(i,s,k) with s > o a is no worse than a,.. The lower division

can be divided into two subdivisions. There, &xc is optimal in each

state in the left subdivision, while a is optimal in each state in

RO
the right subdivision. We call this type of policy a stationary two-

dimensional weak control limit policy. One realization of a two-

dimensional weak control limit policy, optimizing our problem, is
shown in Fig. 3.4.

The control limits found in this kind of policy are those
on the action of repairing or leaving an operating machine, those on
the action of & o or aLO’ and those on the action of a or

RC

8o Control limits on the action of opening or closing the repair

shop might not exist. In this sense, this type of policy is weaker

than a two-dimensional control limit policy.




k = O (closed)

a o

) T 5 L0 8 S+1 h S+1
0 !& I 0
0 ‘ 0
: /\%C\}'% |
0
LE RO\
I-1 RC I1-1
i I

Figure 3.4, A Typical Optimal Two-Dimensional Weak Control Limit Policy.

As a conclusion of this section, we restate the above discussion

as & theorem.

Theorem 3.12. Assume the following conditions hold:

1. C(i) 1is nondecreasing in i for O S T

2. A(1) - Cc(i) 4i; nondecreasing in i for O A G

3. K(s,k) 1is nondecreasing in s (0 < s < S+1) for each k = 0,1.
4, P > min{A(0), C(0)}.

P,(-)CP

L e, for O <3 < Tel.
i i+l - -

6. K(s+1,0) - K(e,0) > K(s+1,1)=K(s,1) + E + F + q(M_ - M) , where
K -t [P - min{A(0), C(0)} + K]
° - A il :
X
- ‘fw = § ( /S+ ' = t\ )
M, = minlg—Zrgy » P-C(1) +min (K(s+1,k') -K(S,k')))

k ¥

K = max (K(s,k') - K(s-1,k'))
s,k

K = min (K(s,k') ~ K(s-1,k'))
s, k'

Then there exists a stationary two-dimensional weak control limit policy

which minimizes the total expected a-discounted cost of the model.
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Exchange Options

In the previous sections, the role of the spare machines was
to supply a machine for operation when the previously operating machine
was chosen to be repaired. Therefore, as long as the repair decision
was not selected, we did nothing with the spare units even if they were
in better condition than the operating machine, In this section, the
action space is expanded to allow for the case of exchanging an operating
machine with one of the available spare units at any time period so that
the operating machine can always be in better condition than any spare
unit. The option available at any period is to exchange an operating
machine with one of the available spare units, or to send an operating
machine to the repair system and introduce one of the available spare
units as a new operating machine. A decision to keep an operating
machine in operation is considered as a decision to exchange an operating
machine with itself. Machines sent to the repair system are repaired
in one period when the repair service gate is open, and repaired
machines are available as spare units in their best conditions. The
cost structures are the same as before. An exchange action may take
place at no extra cost. The structure of an optimal policy minimizing
the total expected a~discounted cost is of interest.

In order to describe the model, we must specify the number of
spare machines in the i-th condition for each 0 < i < I, since
spare units are no longer guaranteed to be in the best condition. Let
w = (i,s,so,...,sl,k3 denote the state of the system where there is an

operating machine in the i-th condition, the number of machines in the
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repair system is s, the number of spare units in the j-th condition
is s (0 < § <1I), and the state of the repair service gate is k.

Necessarily,

T
Cci<I, 20,2 20(@<3xcT), 8+ L 5. =8,
J 3=0
We denote (-,S+1,0,0,...,0,0) to represent the state where no
operating machine is available,

For w= (i,s,s .,sI,k), let

. il

U(w) = (3ls3 21, 0<3<T1)

There is at least one spare unit in the j-th condition if j € U(w).

Define the following actions:

&y 3 : exchange an operating machine for a spare unit in the j-th
’
condition.
ap 3 : send an operating machine to the repair system and introduce
;i

a spare unit in the j-th condition as & new operating machine.
an : send an operating machine to the repair system,
, -

& a

0) : close (open, respectively) the repair service gate.

o (
The action space A(w) of this systemdepends on the state of

the system w = (i,s,so,...,sI,k), and can be represented as
Alw) = Al(w) X A2(w) 3

where for U(w) # ¢, Al(w) = (aE |3 € U(w) U (1), §' € U(W)),

e
and for U(w) =¢ and s = 8, Al(w) = (a'E,i’ aR’_J, and A'(w) = ¢

2
if 8 = 8+1, and A (w) = [ac,aol.
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Let V;(i,s,so,...,sl;n) be the minimum n period expected
a-discounted cost starting from state (i,s,so,...,sI,k). Then we have
the following recursive equation:

For U(w) #¢, 0<1<I,0<s<8S, and n >0,

0,.
Va(l,s,so,...,sj,...,sl;n+1)

= min{ min (A{1) + K(e,0) +a L p...
JEU(w)U(1) j'=0 99

.vo

Ol(j',s+l,s

O,...,sj-l,...,s

I
min (A(1) +K(s,0) +E+G+a X p,.,
JEU(w)U(1) jre0 99

ke
‘VQKJ ,O,SO+S,Sl,...,sj-l,...,si+l,...,sI;n)I -

I
min {C(i) + K(s,0) +E+G+a X p.,,
FEU(w) j'=0 99

R \
'Va(J »0,8 +S+l:311'-~)sj'l)---xs-;---)sIln/‘]]

0 i

1
Va(i,s,so,...,sj,...,sI;n+l)

I
- min{ min (A(1) +K(s,1) +F+a I p

JEU(w)U( 1) jr=o 99

O,...,sj-l,...,s *lsisnaBes)]

0
'Va(vj')s)s i
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min (G0 Klgl + F+a 'L p...
J¢ U(w) jt=0

B .
-V”(J ’S+l’s,""’sj-l"‘"Sl;n" 5

I
min (A(i) + K(s,1) + G+ 2, P eas
FU(w) (1) jr=0 99
'Vl(*' 0.8 BB o B0 csfarl s sn))
P A sV 0 ) ] ’ ] g oo ey 5 ) ey i ’
I
min {C(1) + K(s,1) +G+a L p..,
JEU(w) Jrap o
'Vl(j' 0,8 +t8+1,8. 5. s s s_;n)})
C1- ) ’O /. l) L | J-_l"") i"") I’
For U(w) =¢, s =8, 0<1i<1I, and n>0,
(1,8,0,...,0;n+1)
I 0,
= min{A(1) + K(8,0) +a L Py vqmys,o,. ;050)
J":O 3

c(1) + K(8,0) + ¢ vg(-,s+1,o,...,o;n,,

51
A(1) +K(s,0) +E+G+a Xp,., Vl(j',O,S,C,...,O;n",
il:o lJ a

C(i) + K(s,0) +E + G + avi(o,o,s,o,...,o;nﬂ
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e 20 RS il

1

V,.l(invO,---,O,'n"'l)
L 0
= min{Ali) + K(8.1) B %' & Py VA3 ,8,0,...,03m),
; ij' o
J =0
c(i) + K(s,1) + F + ava(-,s+1,o,...,o,n .
I
Ei1) + RS, Ly + 6+ a & DB, ©15,0,80,...,0:n) ,
31=0 <51 e

c(i) + K(s,1) + G

-+

ON;(0,0,S,O,...,O;n)‘

For U(w) =¢, s =S+1, and n >0,

vg(-,su,o, ...,0;n+1) = min{P + K(S+1,0) +avg(-,s+1,o, ...,03n),

P +K(S+1,0) +E +C—+ON;(0,0,S,O, ...,03n)}.

.
¥ (=,5+1,0,...,0yn+1) =min{ P+K(S+1,1) +F + ozvg(-,s+1,o, ves,030),

P+K(s+1,1)+G+av;(o,o,s,o,...,o;n)] o (3.8)

This model is much more complicated than the previous models
without the exchange options, Fortunately, the analysis oun the structure

of an optimal policy can be performed in a similar manner.

Lemma 3,1%., Assume the following conditions hold:

1. C(i) 1is nondecreasing in i for 0 < i

IA
—

2. A(i) 1is nondecreasing in i for 0 < i

IA
—

3. Py(+) TP, () for 0<i<I-l

Then for n > 1, and k = 0,1,

€8




(a) V;(i,s,s ..,sj+l,...,sI;n) is nondecreasing in j (0 < j <1I)

i [
for 0 < i < I, and for each fixed (s,s

3! o
“h=0 “h

O""’SI) with s >0,

s, 20 (0<h<1I)and s+ = §-1.

(b) V;(i,s,so,...,sl;n\ is nondecreasing in i1 (0 < i < I) for each

O,...,SI) with s >0, s

S.

fixed (s,s >0 (0<h<1I) and

1
s+ 0o Sy =

h

Proof. Mathematical induction is applied simultaneously on both (a)
and (b). Both (a) and (b) hold for n = 1. Suppose the claims (a)
and (b) both hold for n =m > 1. Then from (3.4), for

w = (i,s,so,....,sj,...,sI,O),

0
(va(i,s,so,...,sj+1,...,s1;m+l)>1_st

I
= A(i) +K(s,0) +min{a 2 p

13 TR
J'l=0 qu : 5

0
Va(j',s,so,..., ; +1,...,sI;m),

i

: 0
min (& 2 p Va(J',S;S

heu(w)u{i) J'=0

O,...,S

h‘l, s ey Sj+l’

hj"'

,..,si+l,...,sI;m)]] A

Now by the inductive hypothesis on (b) for n = m, and by condition 3,

f§,=0 Py Vg(j',s,so,...,sj,...,si+1,...,sI;m) is nondecreasing in

3 (0 < j<T). Also by the inductive hypothesis on (a) for n = m,

Vg(j',s,s sopB~ly s v yB s veeyB +1,---,SI;m) is nondecreasing in

4 il h J i
J (0<J<1I). Therefore, the first term of Vg(i,s,so,...,sj+1,
...,sI;m+l) is nondecreasing in j (0 < jJ < I). In a similar manner,

other terms are shown to be nondecreasing in j (0 i I), yielding
69
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Al e

that Vg(i,s,s E T

RRRELY yeeesSy)

i
The same argument follows for Vq(i,s,s

m+l) is nondecreasing in j (0 < j < I).
O"“’Si+l""’51;m+l>’ so that
(a) holds for n = m+l.

For U(w) #¢ with w = (i,s,so,...,sI,O),

0
(Va(i,s,s ,...,sI;m+1))

(0] l-st
I 0
= A(1) + K(s,0) + min{ min a X Pyyr Va(J',s,so,...,sj-l,-..,si+l,
EU(w) j'=0 Y
...,sI;m),

3 &
o e el R gt O T ST

jio 1" @ 0 i I

By the inductive assumption on (a) for n =m, Vg(j,s,so,...,sj-l,
..,si+1,...,s1,m) is nondecreasing in i, and by the inductive

assumption on (b) for n = m and by condition 3, E%,:O pij' Vg(i',sy

so,...,sI;m) is nondecreasing in i (0 < i < I). Hence, the first

term of Vg(i,s,s ,sI;m+1) is nondecreasing in i (0 e W e 4

NEEE
using condition 2. The same argument follows for the third term.

For the second and the fourth terms, notice that they depend on i

only through C(i), and hence, they are nondecreasing in i (0 <1i<I)
by condition 1. Therefore, Vg(i,s,so,....,sI;m+1) is nondecreasing

in 1 (0<1i<1I) for U(w) #¢. Ina similar manner,
Vé(i,s,so,...,sI;m+1) can be shown to be nondecreasing in i
(0<i<1I) for U(w) #¢. For U(w) = ¢, the only possibility to

be considered is the case (s,so,...,s ) = (8,0,..4,0), and it is

I
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clear that VZ(i,S,O,...,O;m+1} is nondecreasing in 1 (0 <3< I} for
k = 0,1 from (3.4). Therefore, (b) also holds for n = mtl, completing

the mathematical induction and the proof. O

Lemma 3.14. Assume the following conditions hold:

1. K(s,k) 1is nondecreasing in s (0 < s < 8+1) for k =0,1,

Then for k=0,1, 01 <1, 1<m<8, 0<8 <ml, Zg:l sj = S-m,

} £ 1) and B> L,

.
|
|

[

\

k k
Va(i,s,m-s,sl,...,sl;n) < Va(i,s+l,m-s-l,sl,...,sI;n).

Proof. Mathematical induction is again applied. From (3.4), it is
clear that the claim holds for n = 1. Suppose it holds for n (2 1),
and consider the case for n+l. Comparisons of the corresponding terms
of the right-hand side of (3.4) will give the desired result. For
example, we compare the corresponding second terms. Let

w = (i,s,m-s,s "SI’O)’ and let w' = (i,s+l,m-s-1,s

vy Besl) e

e N et 1’

Then for 1<m<8S, 0<s<m-2, and for 1< m<S-1, s =m-1,

(0]
(Va(i,s,m-s,sl,...,sI;n+l))

2~nd
(1) +K( 5 S
= min {C(i) +K(s,0) +a S il & LPT B TN SRR T TRNRRY W V)
JeU(w) g 33" @ 1 j I

I
< min (C(i)+K(s+1,0)+a Zp.., Vo(j',s+2,m-s-l,s gvssaB oLy e supBsiil}s
ol ,‘jGU(W' ) .j' .j.j a 1 J . X

by condition 1, inductive hypothesis, and U(w') < U(w)
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Q, :
= (Va(i’5+l’m's-l’sl’""sl;n+l)>2-nd

Notice that if conditions 4 and 5 are satisfied,
0 , 0 : fe p
va(-,s+1,o,....o;n, - Va(i,S,O,...,O;n) > P-C(1) +K(8+1,0) -K(s,0) > 0,

for any 0 < i < I. Therefore, for m =85, s = §-1, and Q < L <1,

0
<va(1,s-1,1,o,...,o,n+1)>

2-nd

I
c(i) + K(s-1,0) +a ¥ p

0
VQ(J',S,O,O,...,O;R)
310 ‘

0j'

c(1) + K(s,0) + avg(-,s+1,o,o,...,o;n>

IA

0
(va(i,s,o,...,o;n+1))2_nd .
Thus, the claim holds for the corresponding second terms for n+l. In
a similar fashion, the claim can be proved for other corresponding

terms, and also for the case k = 1, 0

Suppose all the conditions in Theorem 3.7 hold. Then we notice
that both Lemmas 3.13 and 3,14 hold. Furthermore, notice that as
A(1) - C(i) 1is nondecreasing in i (0 < i < I), and since both the

second and fourth terms of the right-hand side of Vg(i,s,s ..,sI;n)

+ i
in (3.4) depend on i only through C(i),

k k
min{(Va(i,s,so,...,sI;n))l_St, <Va(i’s’so’""SI’n))i-rd]

k k
- min((va(iss’so)0--’51;n))2_nd) <Va(i’s’so’""SI’n))h-th}

T2




is nondecreasing in i1 (0 < i < I) by Lemma 3.13. This provides the
following: For each fixed (s,so,...,sI,k), there exists a critical
number on i, say i“ depending on (s,so,....,sl,k), such that for
all states with 1 < i‘, exchanging an operating machine for a
suitable spare unit is optimal, and for all states with i > i*,
repairing an operating machine (or sending it to the repair shop)

and introducing a suitable spare unit is optimal. Similarly, if

Lemma 3.14 holds, then

min{(vz(i,s,m-s,s (Vg(i,s,m-s,s

1,...,SI;n)>l_st) l""’sI;n)>2-nd]

(Vg(i,s,m-s,s

k
- min{(Va(i,s,m—s,s

1""’SI;n)>3-rd’ l’.."sI;n))h-th]

is nondecreasing in s (0 < s <m), since both the third and fourth

terms depend on s only through K(s,k). This provides the following:

For each fixed m (1 <m<S§), 0<1i<I, and (sl,...,sI) with

Z§T1 sj = S-m, sj >0 i o I), there exists a critical number on s,
»

say s depending on all m, i, anc (sl,...,sI}, such that for all

*
the states with s < s , closing the repair service gate is optimal,
*
and for all the states with s > s , opening the repair service gate
is optimal. This enables us to divide each i-s diagram with fixed m,

k and (sl,...,s into L4 regions as shown in Fig. 3.5. Moreover, the

I)
optimal region for the decision of repairing an operating machine
and opening the repair service gat. 1s shown to be rectangle as in

the corresponding model without exchange options.

7>




s
i o Bl e o s oW Thus far, the structure
5
2 exchange axchanige of an optimal policy for this
3 close
open

problem resembles that of the

simplified maintenance model

repair | repair
close open with control of queue, where

a two-dimensional control

Figure 3.5. A Typical Optimal Policy

with Exchange Options. limit policy is assured to

be optimal., But we must
realize that the statement "exchanging is optimal" implies only that
exchanging an operating machine for a suitable spare unit is optimal,
and it does not specify which spare unit should be introduced. Similarly,
there remains an ambiguity when it is said that "repairing is optimal."
It seems reasonable to consider that a spare unit whose condition is
the best among all the available spare units should be introduced to
minimize the total cost, but it has yet to be proved. What we can see
from the structure of the formulation of the model are the following:
In the repair-close optimal region, the condition of a spare machine
to be introduced as an operating machine does not depend on the con-
dition of the previously operating machine. In the exchange-open
optimal region, the condition of a spare machine to be exchanged with
an operating machine, does not depend on the number of machines in
the repair system. In the repair-open optimal region, the condition
of a spare machine to be introduced depends neither on the number of
machines in the repair system nor on the operating condition of the
previously operating machine.
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35.6. Computational Remarks

All the models treated in this paper are Markov decision
models, and the usual techniques to compute an optimal policy for the
Markov decision process such as the policy improvement procedure and
the LP approach are applicable here too. However, when an optimal
policy is known to possess some special simple structure, it seems
reasonable to explore whether the computational work will be signi-
ficantly reduced if the search for an optimal policy can be performed
emong the policies with the same simple structure. A policy improve-
ment algorithm among stationary control limit policies has been intro-
duced in [5], but the conditions needed for the application of the
algorithm are too restrictive to be applied to our models. A policy
improvement hybrid algorithm, seen also irn [5], would be a suitable
method. In this algorithm, better policies are searched iteratively
among a set of policies with the desired special structure as long
as it is possible, and then usual policy improvement procedure is
applied to obtain an optimal policy. Although this algorithm has been
investigated to obtain an optimal simple structured control limit
policy, it can be easily modified to solve more complicated models

such as our models treated here.
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3.7. Conclusions

In this paper, two different kinds of discrete time maintenance

models with repair shops have been studied. 1In each model, sufficient

conditions have been obtained under which the optimality of some kind

of control limit policy is assured.

The first type of model has a multiple number of repair shops

in the system.

When information on the type of repair required is

available at the moment of each decision, simple optimal maintenance

policies are obtained under the mild conditions. On the other hand

very restrictive conditions are required for the case when such

information is

In the

to include the

as well as the

not available,
next model considered, the action space was expanded
option of opening or closing the repair service gate,

option of repairing or leaving an operating machine

alone, A two-dimensional control limit policy was defined, and the

optimality of such a control limit policy was assured when the repair

time of a machine is negligibly small, a very reasonable condition.

When the repair time is not negligible, but has a geometric distribution,

a restrictive condition on the holding costs must be satisfied.

Since the discrete time queueing control problem has not been

fully studied,

second control

there are several extensions that can be made on our

of queue model. Controlling the queue length by

changing the repair service rate, controlling a multiple number of repair

service stations by opening or closing them, or assuming the repair time

distribution is other than geometric are some topics for future research.
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