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CHAPTER 1

INTRODUCTION

1.1. Preview

This study consIders optimal decision strategies with regard to

capacity expansion in a stochastic demand environment. Chapter 1 is an

introduction to the topic at hand and provides the preliminaries upon

which later model construction is based. As indicated in the next section,

there are two types of facilities which must be considered in a capacity

expansion model: permanent and temporary . With regard to temporary

facilities, a further classification is necessary according to whether

or not the temporary facilities are modular .

Model I, presented in [7], treats the case where temporary

facilities are non—modular . l4odel II, presented herein , treats the case

where temporary facilities are modular. For both cases, it is shown that

the determination of optimal expansion sizes can be expressed as a single—

variable , nearly—unconstrained , minimization problem of a very particular

form. The solution to this problem is treated in [8], where a revised

model is aiso introduced to demonstrate a number of generalizations that

are possible in both Models I and II.

1.2. Permanent and Tempprary Facilities

When one considers the growth in capacity of a singular system,

such as a plant , pipeline, superhighway or school, a common phenomena1



of ten arises. Specifically, when demand f irs t exceed s the initial capac ity

of the system, a permanent capacity expansion is not i ediately under-

taken. Instead, temporary opera ting measures are ins tigated in order to

satisfy excess demand over the short-run. Lu some cases, the temporary

measure taken may be simply to backlog excess demand. In other cases,

where backlogging is undesirable, the presen t system may be overloaded

beyond its planned capacity in order to accommodate excess demand. In

still other cases, where backlogging is undesirable and overloading is

infeasible, temporary capac ity may be ren ted from outside sources. In order

to distinguish between the normal aeco odation of demand and the emergency

acco~~odation of excess demand through temporary measures, facilities

will be categorized here as either permanent or temporary. That is,

“temporary facilities” will denote the measures utilized to accommodate

excess demand over the short-run prior to the implementation of a full-

fled ged expansion of permanent facilities.

The use of temporary faøilities usually involves some sort of cost

penalty over that of permanent facilities; otherwise, one might well ask

which facilities are really temporary. Thus, the economic advan tages of

temporary facility usage might, on the surface, seem questionable. There

are, however, two principal factors which promote the desirability of

temporary fa:4lity usage. Firstly, there is the problem of uncertainty:

when demand first exceeds the permanent capacity, is the excess a short-term

peak or a long term trend? If the time interval of excess is to be of

small duration , then an expansion of permanent facilities can be disastrous ,

since overhead costs on unused capacity can easily lead to financial

2

- . -~~~~



insolvency. Secondly, there is the problem of capitalization : permanent

capacity expansion costs often exhibit significant economies of scale,

which in turn dictate substantial expansion sizes requiring large capital

expenditures. Even if sustained demand growth is certain, bankrup tcy is

possible over the short-run if sufficient revenue cannot be generated from

new facilities to meet capitalization costs. Furthermore, capitalization

itàelf may prove difficult until excess demand is of sufficient magnitude

to convince investors that permanent capacity expansion is warranted.

While each of the above problems can in itself promote the use of

temporary facilities, the two taken together generate an even stronger

case for temporary facility usage under an expected discounted cost

criterion. Figure 1.1 provides some illustration. The demand peaks

at times t
1 

and t
2 

are short-lived; any large permanent expansion

at these times will result in a great deal of wasted capacity over a

significant portion of the time interval shown. Temporary measures

can be used to accommodate these excesses. Similarly, at time t3, the

long-term prospects for demand are unclear and temporary facilities can

be used. However, by time t~4, 
the excess demand has grown to significant

size so as to somehow “warran t” a permanent expansion (at which time, the

temporary facilities in use would be discontinued). If temporary facilities

are no t used, then a permanent expansion must be undertaken at time t1.

Thus, the use of temporary facilities forestalls the permanent expansion

for (t~-t1) 
time units. If coats are discounted, then the discount

savings alone , accruing from the prolongment of the permanent expansion

capital out lay, can easily exceed any cost penalties resulting from the

3
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use of temporary facilities at times t1, t2 and t~~.

In order to make these ideas more precise, let k denote the

spares level: the difference between present permanent capacity and

demand. Then -k denotes the excess demand whenever demand exceeds

permanent capacity. When k is nonn~~ative, the permanent facilities

suffice to serve all demand. However, when k is negative, excess

dei~and exists and temporary facilities must be used. Let K denote the

limit on temporary facility usage. Whenever k = -K (that is, excess

demand equals K) and a new unit of demand growth occurs, a permanent

~~ pansion of size X+l ( X � K )  is required . When permanent expansion

occurs, the temporary facil i t ies in use are discontinued and the spares

level k increases to X-K > 0. If demand consists of deterministic

constant growth, then the use of this type of recurrent (X,K) expansion

policy results in a saw-tooth pattern for the spares level, as illustrated

in Figure 1.2.

The value K serves as a “trigger”, forcing a permanent expansion

whenever a new uni t of demand growth occurs while k = -K. Thus, K+l

represents the point at which excess demand warrants a permanent expansion.

In cases of overloading, the value K may be determined based on physical

constraint s governing the degree of overloading that can safely be incurred .

In other cases, K may be determined according to a jud gment concerning

the willingness of investors to participate in capitalization and the

prospects of generating sufficient revenue to meet capitalization Costa,

given tha t excess demand has reached the value K. In such cases where

K is predetermined, the parameter of interest will be X*(K)+l, the

5
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optimal permanent expansion size to be utilized in conjunction with the

temporary facilities usage limit K. In other cases, a value K* will

be determined based on a cost minimization over all feasible operating

policies (X,K). Given a procedure for determining X*(K), this last

problem reduces to Lhat of a cost minimization over all feasible operating

policies (X*(K) , K).

1.3. Modular Temporary Facilities

Modu lar temporary faci l i t ies  can be viewed as a specif ic  case

of Joblet t ing where temporary faci lities can be rented from outside

sources in a fixed increment size.* An instance of this type

is the use of mobile “barracks” facilities (e.g., house trailers) as

auxiliazy classrooms to alleviate conjestion in overcrowded schools.

Another instance of this type is the use of “pair-gain” devices

to augment the capacity of over-subscribed telephone cable s. To illustrate,

consider Figur e 1.5. In order to simplify the illustration, consider only

the one-way communication from a subscriber telephone to the switching

equipment at the subs criber ’s local telephone off ice. As shown in Figure

1.3a, this communication is normally implemented by the dedication of a

single wire-strand from the subscriber telephone to the off ice .  This

single wire is typically one strand of a telephone cable between the

subscriber ’s neighborhood and the off ice . Suppose that the demand for

*Note: Modular cost behavior can also be found in cases of backlogging
and overloading; however , it is more prevelant in jobletting or
rental situations .

7
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telephones in this neighborhood increases to a point at which all wire-

strands of the ex is t ing  cable are used . The tele phone company , being

required to provide servLce to all so l ic i t ing  subsc r ibe r s , m u s t  somehow

increase the cable capacity in order to satisfy new demands . One obvious

possibility is the immediate placement of a new cable (i.e., an immediate

permanent expansion). Another possibility is the implementation of

mult ip le-party service;  however , this a l ternative  is usual ly unexceptable

to consumers and is, in fact, not used in many areas. Another alternative

to the placement of an additional. cab le is the utilization of pair- gain

devices on the exis t ing cable . As i l lus t ra ted in Figure 1.3b , a pair-gain

device consists of electronics that permit the transmission of a number

of simultaneous conversations over a single wire-strand by encoding the

conversations at one end and decoding the conversations at the other end.

As shown in the figure, these devices are typically available in a fixed

modular size allowing the transmission of L additional conversations

over a single wire-strand; the “pair-gain ra t io” of each such module is

said to be “L to 1” .

The cost cha rac ter i s t ic  which d i s t i n g u i s h e s  modular

temporary facilities from non-modular temporary f ac i l i t i e s  is the existence

of instaneous charges over and abov e the normal rental  costs . Spec i f i ca l ly ,

an installation charge is typically incurred whenever an additional

module is engaged and simi larly , a removal charge is incurred whenever

a module is returned to the outside supp lier . Thus, in the case of

modular temporary facilities , there is a sub—optimization problem

with regard to how modules should be engaged and returned in order to

av~id excessive installation and removal charges.

9
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l.~~. The Poisson Dem~rid Model

In order to account for th~ promotion of t:n~prr ary facility usage

due to uncer t3i nty , der~and will be recognized as being stochastic in

nature. Specifica1~ y, it will ~e assumed that demand increases (“arrivals ”)

are characterized oy a Poisson process [ h 1 ~it  rate > 0. SimilarLy , it

will be assum~J that demand decreases (“departures ”) are characterized by

a Poisson p r c ~~s~ ~it  rate > 0. Furthermore , the arrival and depart~ re

processes w i l l  he presume d to be independent  of each other and also

independent of the expansion policy chosen .

Given the abovc. demand characterization , define an “event” as

either an arrivd l or a departure . Then an equivalent , and more convenient ,

charac te r iza t ion  is as fol lows : events  occur accord ing  to a Poisson

process at rate ~ = A.~ + A2, the probability that an event is an arrival

equals p = and the probabili ty that an event is a departure equals

q = A~/X  ( q  = l- p) b 1. That is , the demand process t reated here can

be viewed as ~ random walk with exponential inter-event timcs .*

It should be noted th~.i t. the above demand characterizat ion is

pointed toward systems providing a homogeneous c’ntinuous service to a

fairly stable clientele, such as a power p lant or a telephone service area .

It is really not intended to model ac~ ualclienLcle movement for cases

where customers are rapidly flowing in and out , such as a job shop. In

these cases, it is suggested that “cust~ r~er demand” be viewed as the

maximum usage leve l required of facilities during short intervals of

time (e .g. , weeks or months ).

*Notice tha t ihe departure pru (e~-~s Is t i u t r u n c a t e d : even wh~~ th e  demand
lev el  is z~ rn , depar tti r~~; ar.* a l l o w e d .  The viabi l i t y ‘t this

~issumpt Ion Is d&’t!~~ I~~~t r3ted In ~ec lion t . 7 ot 7]

l() 
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It should also be noted that the demand process is assumed time-

stationary . For this reason, the system being modelled must be in the

midst of a relative ly s tab le  period of e i the r  sustained growth or sustained

negative growth .

Finally, notice that the arrival and departure rates are presumed

constant with regard to the demand level. From a practical point of view,

this is convenient  since only two est imates -- a single arrival rate and

a single departure rate -- are necessary to imp lement the model . However,

in most r e a l i s tfc  s i tua t ions, it appears that the arrival and departure

rates will vary according to the system demand level. In recognition of

this fac t, the revised model of E 8 1 permits these rates to vary.

1.5. Costs

The optimization criterion used here will be the minimization of

all future expected discounted costs; r will denote the continuous dis-

coun t rate, C) < r < 1. Three types of costs will be allowed: permanent

expansion costs, permanent facility operating charges and temporary

faculty charges . All costs are assumed to be time-stationary.

Permanent expansion Costs will be denoted by g(), where g(X)

is the cost of a pc’rm anent  expansion of size Xe- I . Notice that g ( . )

is presumed to be a function only of the expansion size, independent of

the level of existing permanent capacity and the value of the temporary

facilities usage limit, K. This restriction is relaxed in the revised

model of I 81 .

11
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It is important to note that g(0) represents rh.: cost of a unit

expansion . Thus , g( 0) is comprised f the fixed (i .e., “setup”) expar-

sion cost plus the marginal cost for the first unit jf increased capac ity .

Hence, any presumption regarding a specific functional form (e .g., con-

vexity) for g over 1O,c.~) will
~~~! 

preclude the existenc e of a fixed

expansion cs;t .

With regard !c oti -er costs , the temporJr~ facility charges arc of

principal in~ eres~ ~n ~~is study. In order to provide sufficient generality

with regard to these costs , the permanent facility operating charges

will be pre sumed to be proportional to the amoun t of 2ermanent capacity used.

The following theorem indicates the modelling siuip lifications that result

from this assumption .

Theorem 1.1. Suppose tha t  pe rmanent f a c i l i t y  opera t ing  charges are pro-

portional to the amount of permanent capacity used, at rate y per unit-

time. Then an equivalent cost model is given as fo l lows :

(i) When permanent facilities satisfy all demand , no operating charges

are incurred .

(ii) When temporary facilities are necessary (i .e., k <0) marginal

costs equal to the temporary facility charges , less an adjustment

rlkI = -ft > 0 per unit-time, are incurred .

1 ~~t . Su . Theorem 1. 1 of (7 I

12



The presumed independence of the permanent operating costs from

the permanent facility capacity may not be that restrictive, since pro-

portional fixed operating charges which depend solely on the permanent

capacity level can be included in the expansion cost function g. To

illustrate, suppose that the actual permanent operating costs include

a proportional. fixed charge of ~4 per unit-time for each unit of per-

manent capacity available. Let Y
0 

denote the initial permanent capacity .

The expected discounted cost resulting from the t~r charge on the initial

capacity is then f Y
0
4r e~~

t 
dt = ~jrr~~ Y0

; this cost is independent of

the expansion policy chosen. , The expected discounted costs resulting

from the ~s charge on future capacity expansion increments can then be

accoun ted for by def ining g as

g(X) = g~(X) + f (X-4-].)* e
tt 

dt

= g~(lC) + *r (X+].) ,

where g5 represents the actual. expansion function alone.

Temporary facility costs will be represented by a per—module

rental charge it per unit—time , installation charge c, and removal

charge d; notice that the later two costs are instantaneous charges.

All restrictions (except time-stationarity) on the facility

charges, both permanent and temporary, are also relaxed in the revised

model of [8].

13 



1.6. Remarks ard Nota t ion

Related results are discussed at length in Se~ t 1in 1.6 ol [7].

Pertinent related models include those of Manne (5], Freidenfelds [2],

and Koontz t 4I . [7 1 also demonstra tes  a near-analogy between the mode l

at hand and s i n g l e — i t e m inventory models wi th both r e t u rn s  and backlogs .

As introduced previously in this cI~apter , ~(t) wi]l denote the

demand at time t ‘ 0, A will der,ote the event rat& with arrival prob-

ability p and departure probability q, k will denote the spares

level, K will denote the temporary facilities usage limit , X41 will

denote the expansion size and g will denote the permanent expansion

cost function , where g(X) represents the cost for an expansion of

size X+l .

fl~
m wi ll denote the space of all real vectors having si com-

po nents , m > 1. Both row and column vectors will be uti l ized ; however ,

a vector is a column vector unless otherwise noted . Given V E ~~
m 

v
T

mx ~will denote the transposed vector. R will denote the space of all

real matrices having m rows and n columns. Given A E ~~
mXn 

A 1

will denote row I of A and similarly, will denote column

j of A (A~ 
E 1R5 and A~~ E fl~

m
)

I
14 



CRAPTER 2

MODEL II: ThE MODULAR CASE

2.1. Introduction

This chapter characterizes the uniruncated Poisson model under two

basic as sumptions:

Assumption 2.1. Permanent facility operating charges are proportional

to the amount of permanent capacity used, at rate per unit-time.

Assumption 2.2. Modular temporary facilities are available to satisfy

excess demand, Each module provides L units of capac ity. The installa-

tion of a module incurs an instantaneous connect charge c > 0; simi larly,

the disconnection of a module incurs an instantaneous charge d > 0.

While a module is connected, a tental charge of ~t > r1
L per unit-time

is also incurred.

Ass umption 2 .1 is a restatement of the hypothesis for Theorem 1.1.

Therefore, using Theorem 1.1, the constr uction o f Model II will proceed

under the  equiv.i lent  assumption :

Assumption 2.1’.

(1) When permanent facilities satisfy all demand, no operating costs

are incurred .

( i i )  When temporary facilities are necessary (i.e., k < 0) marginal costs

equa l to the temporary fac i l i ty  charges , less an adjus tment

= -r 1k > 0 per unit-time, are incurred.

15 
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in [ 1 J  (Example 2 . 5 ) ,  it was ~.hown that if the temporary

facility charges satisfy Assun~tion 2.2, and if the ‘~t1lizatton of

temporary modules is required to track the demand pattern , then Model I

of [7) was applicable. This situaticn can be represented in a trunsitlon

as shown in Figure 2.1. In the diagram , spares levels are de-

picted vertically and spar es levels using the same number of temporary

modules are alignee in columns . Each circled number denotes the number

of temporary modules necessary for the corresponding spares level given

horizontal to the circle in the righthand margin. Transitions occurring

due to departures are denoted by solid lines , while transitions occurring

due to arrivals are denoted by dashed lines.

Connection and disconnection (i.e., Installation and removal)

charges are denoted by triangles. Whenever all modules are fu l ly  used

(k — —nL for some integer n) and an arrival next occurs , two possi-

bilities occur . If k = —K (— -NL for some integer N), then a permanent

capacity expansion is undertaken and the N modules are disposed of;

otherwise (n < N), a new module is connected at cost c , increasing the

total number of modules in use to IL+l. Similarly , whenever a module is

being used to serve a single customer (I.e., k = — ( n — l ) L — l  for some

n > 1) and a departure next occurs, a module Is disconnected at cost d ,

decreasing the number of modules in use to n—l. In addition to the in-

stantaneous connect and disconnect charges, a cost rate of it per unit—

time is incurred for each module in use.

Given “free rein” on module usage, optimal disconnections will

usually not track the demand pattern . Specifically , the optimization

16
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dilemma to be res~~’. ed is whether or not one should f o r e s t a l l  a feas ib le

disconnection , willfully incurring the penalty of rental charges on an

unnecessary module , to  protect against a subsequent i~~ ar-future reconnection.

To illustrate , consider Figure 2.2. Suppo~;e the current spares leve l

is k .1; that is, one unit of temporary capac i ty in a single module

is necessary. Suppose that demand now decreases by one (i.e., a departure),

so that the spares level passes to k 0; that is, the temporary module

is no longer necessary to serve demand .

Question: should the module, now unnecessary , be disconnected

immediately? If the disconnection is made, then the disconnect charge

d will be incurred and there is the risk of a near-future reconnection,

at added expense c, whenever the net demand (from now) next increases by

unity . On thc other hand, if the disconnection opportunity is declined,

then the rental charges on the unnecessary module will continue to accrue.

Expanding on the above question, interest will be focused on determining

precise ly when module disconnections should be made.

With regard to module connections, there is really no question

involved with respec t to economic optimization. Assuming neglible Lead

times, it will always be economically advantageous to defer connections

until necessary to serve demand (since c > 0 and i > r~L ~ o). Hence,

the connection path of Figure 2.1 is optimal and analysis will now be

focused on the determination of optima l disconnect paths.

2.2. Disconnection Policies

St ates will, be denoted by (n ,k) ,  where n denotes the number

18
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of temporary modules currently connected and k denotes the current

spares level. Since all demand must be served, (n ,k) is a fe~sible

state if and only if nL > IkI = -k , whenever k < 0. It should be

emphasized, however, that k is independent of n, being only a function

of the demand and permanent expansion processes.

With regard to the policies to be considered, note that the

“inemoryless” property of the exponential distribution dictates that

disconnect actions need only be considered at demand epochs. Furthermore,

since the demand process is both time-stationary and Markov, it suffices

to consider only time-stationary, Markov policies.

A disconnection policy will in general be denoted by w( ,.) where

0, if no disconnection occurs just prior
to entry into state (n,k)

w(n ,k) =

1, if a disconnection occurs just prior
to entry into state (n,k).

Note that when operating under a poi.icy with w(n,k) 1, then state

(n,k) will never, in fact, be entered, since a disconnection moves the

system to state (n- i, k) just prior to entry into state (n,k).

Definition 2, 1.. A policy u (’,•) is feasible if and only if w(O,k) = 0

for all k and (n- l)L > -k whenever w(n,k) = 1., k <0. A feasible

policy 
~~~~~ 

is an s-po~~çy if w(•,’) is determined by nonnegative

scalars ( i ., , s~, .. .)  such that

20



0 ,

w(n,k) = n > 1

1 , k�_ (n
~
l )L+S n~~

An s-policy is a constant s-policy if there exists a nonnegative scalar

s such that s = s n > I .n ~ —

Notice that Figure 2 .1 i l lustrates a constant  s-policy with

parameter a = 0; hence, this was the form of the disconnection policy

considered in the restricted modular case of Model I. Figure 2.3

Illustrates the form of the transition diagram when operating under a

constant s-policy , assuming 0 < s < L. Figure 2.4 illustrates the form

of a constant s-policy , assuming L < s < a.
Physically, a general s-policy can be interpreted as followi~~

the rule : “whenever n modules are connected, disconnect a module if

and only if atleast s units of unused capacity will remain available.”

In the next section, it is shown that a constant s-policy is an optima l

disconne~..J.on policy .

2.3. The Optimality of Constant s-Policies

Definition 2.2. Let the random variable denote the first time that

the net demand reaches I:

= min(t >0 : ~(t) — ~(o) = i), i = 0, ~ 1, ±2, ...

In the absence of intervening permanent expansion, the excess demand

21 
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(-k) tr.i~ k s demand . Hence , i f  t h e r e  L~ no intervening permanen t expan-

sion , T. is also the first time that the spares level decreases by an

amount i, i > 0. Similarly, if there is no intervening permanent expan-

sion , T 1 
is the first lime that the spares level increases by an

amount i, i > 0.

Definition 2 . 3. Define h (.,.) by

-rT
h (u s) = E[e UPT < T I P(T < T )

‘ u S U S

Define H(.,.) by

0, u = s

H(u,s) =

(d — .
~

) ( c  + .
~

) h (u*l,u—s) - (d - -~) h(u-s,u÷l), S > u ,~~~ 
0

To understand the rul: f H( ,.) with regard to disconnections ,

suppose that the ~y~ tt~m i~; in state (1 , u- l), u > 0 , and that a departure

now occ ur s. It is desired to economically compare t~io alternative courses

of action :

Ac tion 1; inu~cdi.i ’e1 y disconnect the unnecessary module ; or

Ac tion 2: do not disconnec t the unnecessary module until a departure

occurs when the ~v ; tem is i t .  slate (I , s— I), s > u•

Figure 2.5 depicts these two alternative action s. As illustrated there ,

the system will be “restored” to the same state whenever eithe r of the

t ates (0,s) or (1,-i) are again first reached -- these two states
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will be called the reentry states. The correspond in~, inL remcntal reentry

time is obviously distrihw.d as min (T T ) . To make the economic
u ÷ l ’  u-s

comparisen , the ~xp icted sivings which accrue from following Ac tion 2

instead of Action I w i l l  h~ computed over this reentry interval of time.

The calcu lati ~‘n is done b~ mdit ioning on (lie reentry state.

If T~~5 
< T

~~ j, 
then state (O ,s) is the reentry state. Following

Action 1, an inui ediatc disconnection charge d is incurred; following

Action 2, the rental charge ,t per unit-time is incurred over the

in terval [o, Tu c
} and a deferred disconnec tion charge d is incurred

at ru_s. Hence, the sav ings ~ Action 2 over Action 1 are given by

ru_ s
S = d - (J ~ 

rt d t • d e~~ Tt~~8)
0

it ~ 
-rT

(d - —) - (d - —) e U S  
, if T < T

1 . (2.1)

If T < T then state (1 -1) is the reentry state.u-sd u-s’

Following Action I, an imoediate disconnection charge d i~ incurred

and subsequently, a reconnection charge c is incurred a the reentry

time T 1. Following Action .
, 
only the rental charge a per unit-time

is incurred over the time interval [0, T I. Thus , the savings ofu÷ 1

Action 2 over Action 1 are given by

-rTu-+.1 -rtS = (d + ce ) 
- f it c dt
0

-rT
= (d — 1~) ( c  + iL) e U f  if T 1 < . (2.2)

26
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Us ing (2 .1) and (2 .2 ) ,  th e expected savings of Act ion  2 over

Action 1 are given by

ES = E[S T < T ) P(T < T ) + E [SIT < T I P(T < Tu-s u+1 u-s u+l u÷I. u-s u-s- I. u-s

= E[(d - ~) - (d 
- 

~
) e~~~~~

5IT < T ] P(T < Tr r u-s u-s-i u-s u-s-i

+ E [(d - —~
) s- ( c  

~
) e

_rT
ti*lIT < T p (T < r )

r u+l  u-s u-s- i u-s

-rT u i(d - —) (c —) Efe + IT  < T I P (T < T )r r u-s- i u— s u+1 u—s

- rT
- (d - -~) E &r c 

U_ s
~~ < T ] P(T < T )u-s u-s.1 u-s u -s- I.

= (d - .
~ ) + (c .

~
) h(u÷L, u-s) - (d - .

~
) h( u_ s, u-t-l)

= H ( u , s) . ( 2 . 5 )

Thus, H(u,s) represents the ex pected savings accruing from a single

disconnection deferral up to spares lev e l s when an opportunity to

disconn ect in to s ta te  ( 0,u) is at hand . In par t icular , the expected

savings accruin’-’ from the disconnection deferral previous ly illustrated

in Figure 2.3 is given by H(0,s).

Leimna 2.1.

}1(u,s) = H(u,v) + H(v,s) h(u-v, u-s-I), 0 < u < v <

t

Proof. The reentry states are (0,s) and (1,
_ i), with respective

reentry states T and Tu-s u-s-i
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5~ Case 1: T < T . In this case spares level v is reached prior
u-v u.s-i

to reentry since v < s imp lies T < T . Sin e 0 u < V  < su-v u-s —

T ~~T + T ’  and T ~~T -s- T’
u-s u-v v-s u-s-i u-v v+l ‘

where (T’) is a sequence of random variables independent of fT .) and

with distributions identical to those of [T.J.

Case la: T ’ < T ’ . (=
~ 
T < T ) .  In this subcase reentry in

v-s v~ 1 u-s u-s-i

state (0 s) occurs at reentry time T + T’ . Proceeding as before
‘ u-v v -s

we have

S = (d - •
~
) - (d - •

~
) e~~

T
~~ 8 e

_r T u_~

if T < T and T’ < T’ . ( 2 .i~-)u-v us-i v-s v-s-I.

Case ib: V < T’ . ( -~ T < T ) .  In this subcase reentry into
v-s-I v-s u-~-1 u-s ‘

state (I, -I) occurs at reentry time T
u v  ~ 

T’
1~ 

Proceeding as before,

we have

S = (d - ~ ) + ( c  s- -
~

) e
_
~
T\+l e

_rT
~~

if T < T and T ’ < T ’ • (2.’)u-v u-s-i v-s-i v-s

28

A



Case 2: T < T . in this case reentry into state (1 -1) occur s
ii-+ l u—v ‘ ‘

at reent ry  time T~~1, without an intermediate visit to spares level v~

Hence, as before,

S = (d - - )  + (c  + 
~

) e
rTt~d if T < T . (2.’)r r u-s- i u-v

For notat iona l convenience , denote the per t inent  events by

e = {T < T ) ~ = (T ’ < T’ ) P = (T ’ < T’ ) and
i u-v u-s- I ‘ Ia v-s v-s-i ‘ ib v.s-l v-s

= (T
~+i 

< T ) .  Note that P(~~1 U £~) ~~
) = ~‘te ia ) , P(~~1 U

= P[~~~~~~ ) and P(~ 1 ) s- 1. Also denote a = - a/r and

b = c + i t/r . Rewritting (2 . )  - ( 2.6) in new notat ion gives

-rT~_ 5 -rT~ ~a - a e  e , if ei u
~~ la

-rT~~ 1 -rTu_v
S =  s i - b e  e ~~ ~i

U
~~~ b

-rT~ ~a + b e  + if

Thus,
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H u ,s ) = ES

-rT~~5 -rTu v 1  
~ ~

•
~~~i U 

~la~
E[a~~~a e  e

-rT.~s-i -rTu_ v 1
+ E [a + b € e p 1 U 

~lb 1 ~~g1 U elb i

- rT~1÷ ~+ E [ a ÷ b c  I e 2 I P t ~~~J

-rT~_ 3 -rT u .v 1r E [ a  - a e e ~1~~i ~1a
3

= + J e 11 P(e1)

L E[a -s- b 
-rT~÷i - rT0_~~1 I .1e e elb I ~~elb )

+ E[a + b e

- 
El 

-rT~_ 8 1
1 &la~~

a -  a e

= 
{ _ rT

~~~-s

E El 
_ rT

~+ i I~~~~i P(e lb )) 
e
1 

P(g
1)a + b  e

+ (a  - a e
T
~~~) 

~~~ &la ) + elb ))

-rT~+l+ E l a  + b e  ~~~J P(s)

- r Ta.. v
= EIU(v,s) e e11 PIe1)

.s Eta - a e 1e11 P(e1) ÷ E ( a  + b e
_ZT

t14d!f
2] ~~~ 2~

= U (v ,s) h(u-v , us-I) + H(u,v) . 0
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Defin ition 2.1s-. Let 5* denote the greatest supremuni of H(0,s)

= sup(s ’ : H(0,s ’) = sup h I O ,s) ) .
s > 0

Lemma 2.2. ~* < + ~- = ~~d < -r/ r.

Proof. The proof of necessity (—+) is by contradiction . Suppose d > ,t/r.

Then, for s > 1,

H(s-1, s) = (d - -
~

) + ( c  + .
~) h(s,-I) - (d - .~ ) h (_i,s)

= (d — 

~ ) (I — h (—i, s)) (c ÷~~
) h(s, —1) >0 ,

since, by Definition 2 3 , 0 < h(u,v) < 1 for u < 0 < v and v < 0 < u~

Thus, using Lemma 2.1,

E(0,s) = H(0, s—i) + H(s—1 , s) h(1—s, 1) > H(0, s—i) , ~~.? I,

since 0 < h( l-s, I) < 1 for s > 1. Hence, d > -? 5* —s - -~=~ a contra-

diction. Thus, the original supposition was false and we must conc lude

d <~~~~.r

To prove sufficiency (t--), suppose d < .~~. Then

H(s-1, a) = (d — 
~ ) (1—  h(-i,s)) * (c ÷~~

) h(s, -1)

= (d - £) ( 1  - a ? )  (c + ~
-) b

8(l—
P
8) , (2.7)

_ ~~~ _



-rT .1 Twhere a
5 = Ele tT 1 < T5 1, b~ = E[C

_r 
sIT < i~~J , and = P(T_ 1 < T).

Since )~,p,q > 0, it follows that a decreases, P5 
increases and b

5

decreases. Furthermore P -s I as s —‘ + . Since 0 < b ~ I, S S ~

b ( l_P
5) —‘ 

0 as s —~~ -s-~~. As (c  + .
~) b~( 1-P5) • 0, s ’ such that

0 < (c -s- —p) b~( l-P5) < (-
~ 

-. d) (1_a 1) ,  for all s > s ’ . Hence , from

(2.7), H(s_ l, s) < 0, for all s > s ’~ Thus, using Lemma 2.1, we conc lude

that 1l(0,s) < H(0, s_ I), or all s ~ s ’ and IL follows that s* < S ’ -i-’- - .

fl

The economic in te rp re ta t ion  of Leimna 2. 2 is simple. The lemma

states that disconnection will be advantageous if and only if the dis-

connection charge is less than the cost of renting a module over an

infinite horizon. Henceforth, it will always be assumed that d

The nex t lemma will prove to be quite important from a computational

standpoint (see Secti on 2 . 8).

Lemma 2•.~~ si- j s independent of X, K, N, g(~~) ,  y 1.

Proof. Since T
1 and T (s > o) are dependent only on the demand

process, H(0,s) is completely determined by the demand process and the

parameters c, d, it and r . 0

Lemma 2.4. H(s,s*) ~ 0, s < s* and H( s*,s) < 0 , S > 5*~
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Proof. In view of Lemma 2.1 and Definition 2 . 1, anything to the contrary

would contradict Definition 2.1~.

The next two lemmas establish bounds on the behavior of h(.,.)

with regard to each of its arguments.

Lemma 2.5.

h(u,s+1) = h (u,s) ÷ E[e UIT < T~ < T54-1] P(T8 < T
0 
< T

5÷1
) ,

U < 0, S > 0.

Proof.

- rT
h(u,s-s- l) Etc ulT < T

5i- 1
] P(TU < Ts l )

= E[e 
TLSIT < T T < T ~ P(T < T T < Tu 5’ U s-s- i U 5’ U s-s- I

+ E{e 
T
UIT < T < T I PfT < T < T

s u s-s-i a u s+l

- r
El e Ir < T i  P(T < T )

+ E[e 
T111 < T < T } P(T < T - T )

s u s-s- I S U s+1

- rT
= h(u , s) + E(e u I~~ < T

~ < T
84-1

] P(T5 < T
~ 
<

The next-to- last equality follows since fT < T9) =~ fT < T9 1 ). 
0
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Lemma 2.6.

h ( u , s) h(u+ 1,s) + Ele UIT
u 
K T < T 1} P(T < T3 < T~~~

) 
~

u 0, ~ K 0

Proof.

h(u,s ) = Ete 
rT

uIT < T~ J P(T < T j

-rT0
= E[e IT < T  T < T J P ( T  < T  T < T Ju s’ u-s- i s u s’ u+I S

-rT
E[e SL I T -( T < T I PIT < T < Tu s u-sd u s u-s-I

-rT
= E[e UIT <T ]P (T < T J

u-s-i S u-s-I S

-rT~
+ Etc I T < T < T I PIT < T < T )

u s u-s-i U S u+l

> E[e~~~~
’
~
1
IT < T I PIT < T 1

u-s-i S u-s-i s~

- rT
+ E[e 

U
~ T < T  <T  ] P(T <T  < T  )

u S u-s-i u S u+l

-rT
= Is(u-,- l s) .s- E[e UI

T - Z  T T I P(T K T < T
u s u-s- i u s u.s- I.

The third equality follows from (T s T ) > fT < T ) for u > 0.- ui-i s u s —

-rT
~ 

-rT~1 ~The inequali ty follows since: (i) for u >0, T 1 
> T

~ 
-
~ e -> e

(with probabili ty 1); and (ii) P(T
1 
< T 3  ~> 0 for u > 0, s < 0. T~

The economic interpretation of the following theorem is that the

marginal savings of disconnection deferrals are decreasing.

34
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Theorem ~ .7. H(s, sf1) is decreasing, s >0.

Proof.

H(s, si-I) = (d — 

~) (c + 
~

) h(s-s- l, — 1) — (d - _ )  h (_l, s-s-i)

H (s—l , s) = (d — -
~ ) - (c + ~

) h1 s, —1) — (d — 
~

) h (— l, s)

Thus,

H(s, si-I) — H (s—i, s) = (c 
~

- -
~ ) (h(s+l, —1 ) — h(s. —1))

- (d — -
~ ) (h(—l , s-s-i) - h (-i~ s))

To prove the theorem, it suffices to show that the right-hand side of

the above expression is negative. Using Lemmas 2.6 and 2.5 gives

-rT~h (s,—l) - h(s+- i, -1) > Et c I T 5 < T 1 < T5i-11 PIT5 < T~~ <

>E[e IT < T  K T  J P(T < T  < T  3s -l s-s-i s — l s+l

= h (— l, s-s-I) — h (_1, s)

Also, (c + .
~ ) > -(d - .

~ ) = (-
~ 

- d) > 0. Combining this with the above

inequality yields

(c  + .~ ) (h( s, — 1) - h (s÷l, —1 )) > — (d — ~
) (h(—i , s+l) — h (— l, s))
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wh ich imp lies

(c 
~

) ( h ( s~~1 , _ 1 ) — h( s_ l) ) — (d — -s-) (b ~~~— 1
, s-s-i) — h r — i , s)) <0

0

Definition 2.. j s o . )  w; II he said to be strictly unimodal about

[s ’ , Sn] if: (i) ~I ; 0 ,s, < H O , s.sl), s < s ’; (ii) !i(0,s) <H(0, s.sl~ ,

a ’ - . s K s”; ai~ i (iii Ii (O ,s# I) < U l ) , S) , s ~> s ’ .

The following t t & r ~ will be importan t later with regard to

computing s~.

Theorem 2.8. H~0,.) is str iLs ly unimodal about [si--i, s*~ .

Proof. From Lemma 2.1-s-, 11(s*_ i , s*) > 0 > H(s*, s*÷I). Therefore, by

Theorem 2.7, H(s-i, s) > 0 for s < s* and H~s, s-s-I) < 0 for s > s*.

Hence, using Lemma 2.1 and the fact that h (-s,i~ > 0 for all >0,

> H(0,s), s < s*_ l

1l~0, s-+-i) - 1-1(0, s) s- U( s, s-s-I) h( — s, 1) -> 11(0, ~;‘ — 1), s = s*~ 1

s > s* 0

Thus, the maximizing set of 11(o,) contains either the sing le

component s-~ or the two cc-’nponen ts s~ -l and ~ 5 • The opt imal  of

the constant S-policy with parameter s-* will now be established .
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Lenuna 2.9. if w is a feasible  disc onn e ’~ t i u n pol icy  and if , fo r any

n > 1, inf (i : rL ’ ( n , — ( n — l ) L  i) Ii  > s~ , th en  ft is not optimal .

Proof. Suppose ~- and n arc such that

s = inf (i : - (n , — (n- i)L .s- i) = 1) > sX

To demons trate the non-optimality of - - , we construc t an al terna t ive

pol icy i- ’ (possib ly nonstatfonary) realizing expected costs strictly

less than those of . Spec ifically , define ~~
- ‘ as follows:

0, k < -(n-i)L ÷ s*

(a)  e’ ’(n ,k) =

1, k = -(n-i)L -s-

(b) Whenever i ’ disconnects from (n , -(n-l)L + s~ _i) to

(n-l , -(n_l)L + s*), u ’ makes no fur ther disconnections until

(jus t prior to) first reaching either (reentry) state

(n , -(n- l)L_l) or ( reen t ry) s t a t e  (n— I, — (n-l)L-s-s).

(c) o’ is otherwise identical to

If s = s-~~, then ( reentry) s tate  (n- i, _ ( r s _ 1)L + s) is interpreted as

an unreachable state in (b) . If s < ÷- and w( n- l , -(n- l~L-s-s) = I,

then (b) and (c) are interpreted to mean that w ’(n- I , -( n- i)L÷ s) = 1.

Because of (b) , to ’ need not be stationary . h owever, we can st i l l

represent the two alternative strategies in a tr-tnsition diagram by

defining “duniny ” states [( n -1 , k ’) ~, -(n-i)L < k K -(n-l)L -+- s.), asshown
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in F i ~~ur~- 2.6. Given this enhirgemer t of t }  state space , ~~~ and ~~
- ‘ can

be represented by

i (n— l , (n_l)L + s) ‘ = 1

0, -(n- l)L < k K - (n_1)L + s

L~~’ ( f l — i , k) ‘ =

1, k ~ - — ( n — 1 ) L  S

and
f

I / n

0 , i = n , k <_ ( n_ l )L + s*
w ’(i,k) =

1 , i = n, k = - (n- I)L + s*

i = n, k > — (n— 1)L + s~

where it is understood that to ’ disconnects from (n , _ (n_ 1)L + sX - 1)

to (n-i , - (n— l)L + s*) ’ .

To compare to and to ’, we suppose that the system has been in

state (n , -(n- 1)L + s-~ - J.) and that a demand decrease now occurs . As

ill ustrated in Figure ~~~~ policy u:’ immediately disconnects , moving

to st ate (n- i, - (n-l)L + s-*) ‘ . Under policy - , the disconnection is

deferred until s-s’ additional demand decreases occur . At tim e

T = m i n  -r T ~h c sys tem wi l l  be “restored ” to identical condi-- 

~~~~ s*~ s ~

Lion regardless of which Strategy is chosen. Hence , any expe ct ed savings

of u~ over i ’ must acc rue over the L ime intervals of the form [0,TJ

(since to ’ is iden t i c a l  to to elsewhere).
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if i T~~ ~
, LIleL policy to incurs an addi j o-si rental cha r~ &-

u S  it per unit—tim e “er the in t.urv .:1 [o,T], while policy ‘ i ncu r s

an immediate disconnection charge d, f ollo~ ed by a rs--cunn ect ion charge

c at T 
~~
. (Nut ice t }~u t  t O ~~ adjustments — -

~~ 
k~ do not ILter in he

differential , since the spar~ level is not a l t e r e d  by t h y  choice  of

disconnection policy; both policies will incur equa l adjustments .) Hence ,

T
-ri. .s s - i — rtS = (d  + ce ) - 

- ;:e dt
0

-r — rT~~~,1= (d - -
~

-) (c - f 
~

) e 
- 

, i f T K T~~ (2 . 
~

)

If T = T5 _ 5  (s < f-~~) ,  then policy to incurs an additional rental

charge of it per Unit-time over the interva l [0,T) followed by a dis-

connection charge d at T ÷ . Policy c i : ’ incurs onLy an immediate

disconnection c1rarg~ d. Hence,

T
—sT

S = d - ~e
tt 

dt  + de S*_ S
)

0

- - rT3~. _ 
~= (d - .-

~~) 
- ~d — — ) e , i.f T~~ < T

~~~ 1 (2.9)

(2 .-~) is (2 .2) evaluated at u = s~ and (2. ) is 2 .1) eva lua ted  at

U . ~~ Hence , from (2 .3) , the expected savings of to over to ’ are

given by ES = 11(s*,s). But , by Lenina 2~~-i , HC8* ,s) K 0 for 8* K S < ~~~~~.

F u r t h e r m o r e ,
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p.-

- - — rT~+ ~H(s*,oo) (d - -
~~) 

(c  s- -j -) E (e  - s- ] < lE( s*,s) for all s > s*,

since ( 2 . -)) is p o s it i v e  for all s > s~ ; hence, H(s~ , =
~
) K 0. Thus, to

realizes (strictly) negative expected savings over to ’; that is, to ’

rea l izes  expected cos ts  s t r i c t l y  less than those of -i . Hence, to is

not optima l . 0

Lemma 2 . 10. There exis ts  an opt imal  d i sconnec t ion  policy # with

0 , k < s *

wSt( l,k )  =

I , k = s *

Proof. R e f e r r i n g  to Figure 2 .2 , suppose that  the system has been in

state (1, -1) and that a departure now occurs (i.e., k —~0 from -1).

Compare the two alternative strategies of either an itiunediate disconnection

or a disconnection deferral until s > 0 units of spare capaci ty will

remain. The savings accruing from the deferral strategy is H(0,s),

s > 0. We can do no better than maximize this savings with

by assigning w5~( 1, .) as above . 0

Theorem 2. 11. There exists  an optima l disconnection policy w* with

0 , k <_ (n- 1 )L i- s*
ws
~(n ,k) = ; n = 1, 2 (2. 10)

1 , k = -(n-l)L + s*
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Proof ( induc t ion) . By Lemma 2.10, the t~~eurci; is true So :- n 1 and

we new assume t h ot  , in general , i t  ic true v’:r L , 2, . . . , n-i , for

some n - I ?  1 .

Let i . be an arbitr ary policy agreeing wi th (2.10) over

1, 2 , . . . , u — i . T e l

s = inf (i : ( n , .-( n. 1)L + i) = 1)

By Lemma 2 .9, it suffices to assume that s<  i~~ . Let ~i ’ be a pol icy

ag r eei ng wi th ti- everywhere excep t f or w ’ ( n , - (n-1 ’iL ÷ i) = 0, 0 <  ~ s*

and o ’( n , _ ( n - l ) L  -+- s*) 1. We shal l  show that  t i r e  expected savings

ut to ’ cvr r  i- are nonnegat ive . If s = s~~, then to ’ i- and there

is nothing to prove; hence assume s K s*.

The two alternatives are illustrated in Figure 2.7. Suppose, the

system is in state (n , 
_ ‘n_l)L ~ a - 1) and that a demand decrease now

occurs . Let T min(T T 3. Under poli~ y an inmrediate dis-
sil’ s_s* -

connection to state (n- I , 
_ ‘n_l)L ÷ s) occurs . Furthermore , under

policy , the system actual enters state (n- i, - (n_1)L s- s) and no

further disconnection s are made over the time interval (0,T] since , by

the induction hypothesis , -rc ( n_ l, (n- i’~L ÷ [) - -~(n- 1 , ~n-~~)L + (i-L)) = 0

for i c~ L+s~ (and s* K L÷s*). Under policy to ’ , the d i s c o n ne c t ion  is

deferred until s* units of spare capacity will remain. At time T,

the system is restored at one of the two reentry states (n, -(n-1)L - 1)

or ( n - i , (n-1)L + s*) (regardless of which  p o l i cy  is chosen) depending

upon whether T = T or T T respectively .
s+ i s-sf’
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If I = T then ~c incurs an immediate disconnection charge

d and a subsequent reconnection charge c at t ime T 1. ~~
‘ i ncu r s

an addition rental charge of it per unit-time over the interval [0,Tj.

(Notice that the adjustments -r1 tk ! do nor enter in the differential ,

since the spares level is not altered by choice of disconnection policy;

both policies will incur equal adjustments .) Hence,

T
-rT 1 s÷l

S = (d + ce ~~~~ ) - f  :-e
r 

dt
0

-rT
= (d - IL) .j (c + 2~) e 

S~~ if T 1 K T~~~~ . (2 .11)

If T = I then to incurs only the immediate disconnection
8~~5*’

charge d. to ’ incurs the rental differential it per unit-time over

the interval [0, T~~~~
) followed by a disconnection charge d at

T . Hences_s*

I8_ 8*
-rt -rj.5_8*

S = d - ( :  cc dt -s- de )
0

= (ci - IL) - (d - -
~~) 

e~~~
I9_8* 

, if T
8* 

<~ T 1 . (2.12)

Comparing (2.12) with (2. 1) and (2.11) with (2.2), it follows from (2.3)

that ES = H(s, s*). But, by Lemma 2.i~, H(s, s*) > 0, since s < s*.

Hence, nonnegative expected savings accrue from using c~ over c - .

Since w was arbitrary, it follows that the theorem holds over

1, 2
, ..., n. The theorem then follows by induction on n• 0

Thus, the optimality of constan t s-policies is established .
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2.~4. 
The Transition Equations for Constan t s-Poli ies, S > 1

Recall that K denotes an upper limit on the ~cmporary facilit y

capacity that can be used . Since tire temporary facilitie s are modular

of size L, only those values of K being nonnegative integer multip les of L

are of interest hc-re. Hence, K will be denoted as K = NL, where N

represents the limiting number of temporary modules allowed.

C~(X , N, s) will denote the E xpected toial discounted cost when

the initial spares level is k, the initial number of temporary modules

connec ted is it , the limit on temporary module usage is N, the permanen t

capacity expansion size is X÷1, and when the module  disc onnec tion pa tt ern

adhers to the constant s-policy having parameter s; X .? NL, N .? 0,
s > 1, k> -NL, 0 < n < N. The constan t s-policy having parameter s 0

is not considered here, since that case has previously been treated by

Mode l I of [7].

Similarly, F~ will denote the expected incremental discounted

costs (until the next arrival or departure) while the spares level has

value k, when there are n modules connected. Notice th at, by Assumption

2.2, these costs are independent of N. Also, by Assumption 2.1’,

F~ = 0 for k > 0 ard F~ includes an (expected) adjustment term

I r1
kr~~(1 - e

_ rt
)?t e~~~

t 
dt = (?~÷r)~~ r1k , k<  0

Recall that p is the probability of arriva l and q = i-p is

the probability of departure . Denote:
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a ?~q(7~-s-r)~~ and = Ap (7~-r)~~ . (2 .15)

Also, denote :

n = (?~÷r)~~ it and = (A÷r)~~ i-
1 . (2 .lb)

When a constant s-policy is in use, there are four different types

of states: (a) potential module connection states, (b) potential module

disconnection states, (c) states where neither connection nor disconnection

possibilities exist, and (d) a potential permanent expansion state. The

incremental expected costs for each of these state types are derived below .

(a) Potentia l connection states are of the form (n ,k) where

k = -nL , 0 < n < N-i. At these states, an arrival Lr iggerS the connection

of an additional module at cost c~ Conditioning on the time and the

type of the next event gives

F~ = f  (pc e~~
t 

(nit + 
~~~ 

r~~(l - e~~
t
))X 

?~t dt

k =  -nL, 0 < n < N - l

(b) Potential disconnection states are of the form (n,k) where

k = -(n- l)L + s - 1, 1 < n N. At these states, a departure triggers

the disconnection of a module at cost d. Notice tha t these states are

distinct from those of (a), since s > 1. Conditioning on the time and

the type of the next event gives
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F~ f  (qd e
_ i t 

+ ( r i - inin(0,k) s~~) 
r~~
’(l - c ) ) ~~ e~~

tt dt
0

-~zd + n~ + min (0 ,k) r’ , k = - (n-l)L ~ s - 1, 1 < n N

(c) Intermediate states where there is no potential for either

connection or disconnection arc of the form (n ,k), where -nL+l < k

< -J’ n- l)L÷s-2, 1 < n < N. These states are distinct from those of (a)

and (b). However, in the special case of s = L = 1, these states wi l l

be nonexistent. Conditioning on the time of the next event gives

F~ = f  (nrc + min (0,k) r~
) r~~( 1 - C~

rt
)A e

_?
~
t 

dt

= n.. ÷ min (0,k)~ , -nL÷l K k K -(n- l)L÷s-.2, 1 K n K N

(d) The potential expansion state is (N , -NL) and an arrival

in this case triggers an expansion . Conditioning on the time of the

next event gives

I (No - 

~~ r~
) r~~( 1 - C

rt
)~ e

_
~~

t dt

Nil - NL . -

When expansion occurs , the r e may be extraordinary costs (seperate from

the expansion cost) for disposing of the temporary facilities . These

costs wi l l  be denoted 0 (N) . For computational reason s, i t  wi ll prove

convenien t to write
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r ~c ~ l~ - NL I ’

it will be demonstra ted - ;ho~ t ly that this cou s e r n i  inaccuracies provid ed

t h a t  a term ‘ — c ” is included il the disposal cost func lion Ø( .) . For

Examp le’, 
~~~ 

N) - c w o u l d  - cc lin t for lu disc or in c i~~n of  li N

mod u les when pe r m an en t  c -  I O n S  i - n  occurs , as we l l  as rec t i f y i n g  the non-

existent c or tiec t ion ch~t~ ~ r I n c  ludet -~ in the above e xp r e s s i o n  ol

It wil 1 also be ~issume d ih~it  0 .) is rc ndc-c r cic~ing and t h a t  c ~-

is nonnegati-’ ( h i 1 .  O l l , e u w c s e  ~rb~ trari1y given).

Summarl~ i :g~ the expe cted incremental costs are given by:

0 , k > 0, n = 0

÷ ri . .  i- k. , k -nL, n > 0

“xi
r
k -

+ mc * min (0,k)r , k = -(n - l )L-+ - s - l , xi > 1

n :I  I- min (0,k)i , -nL+1 K k < ..(n- l)L+s_2, xi > I

By conditionin g on the t ime and type of  the next event , t he cost

transition equations have the general form

C~ (X ,N,:;) = f  _ ?
~
t

( q C~~~1(X ,N , s) + pC~~~1(X ,N , s) )  e~~~
t 

dt

= F~ s- (~~~~1(X ,N,s) ÷ t3C~~~1(X ,N , s)
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where n ’ E [n— l ,n) and n ” ‘ (n ,n+1 } depending on whether or not

either a connection or - r disconnection state is involved . Given the

expected incremental costs d€i rvc d in (o) - (c), the cost transition

equat ion s for  a c o n s t a n t s -po l i cy  a re :

C~(X ,N,s) = C~~ 1
(X ,N ,s) ÷ f3C 1(X ,

N,s) , k >0 ( 2 . l~~)

C~(X ,N,s) = F~ + OC~~1(X ,
N,s) -i- 13c~~t (x ,N , s) .

k=  -nL , 0 < n K N - i  (2 .l~-~)

C~ (X ,N,S) = F~ ~~~~~ (X ,N,s) F

k = —(n- 1)L+s-1, 1 K n K N (2 .1’)

C~ (X,N,s) F~ + QC~ 1(X ,N , s) +

-nL -+-1 ‘-. k K - (n- 1)L÷s-1, 1 K n K N . (2 . ib)

Notice that no uppe r bound is imposed upon k in (2 .15). This cori~espond s

to the “un t runca ted  deman d assumpt ion ” discussed in Chapter  1.. Therefore,

th e comments in [7 1 (Section 1~. 7) regarding the viability of this assumption

ar e app licable here.

When k = -NL and an arriva l next: occurs , a permanen t expansion

of size X+l (X > NL) is  under taken  at cost g~X). Whenever this

happens , the spares level  increases to the value X-NL > 0 and all
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t e mp o r a r y  modules are disros& ’d of ~~ t ~~~~~~~ Ø ( N  . r he i& ’t ,r - , condit i n in g

on h it -  n ex t  t~ cot t i me  and t~~ ~~~~~~ the boundary t r w s  L b ,. equa l ion become s

C NL(X ,.~, 
s)

f c ( q C~~~J 1
X ,N , s) + P(0~

(N) . g(X) + CX N L (X ,N,s)) ~
,_ rt dt

F
~~ L 

,CN
N L I (X ,N ,s) + ~ (Ø~

( N )  ÷ X) + C~~~~ (X ,N,S)) . (~~. 1~~)

Not ice that the inclusion of t h e  “—c ’ term in 
~~~~~ 

will indeed cancel

the n o n e x i s t e n t  “ i~c ” charge  t 3rm of ~~~~~

The soluti ons t o  e 1u 0 t  ions (2 . L )  — (2 .l~) are treated in ftc

next four sections . A final n o t e :  when N = 0, the system of equations

consists of only (2. ) and (2 .19).
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2.5. Solutions for the 1 r a n s it  i o n  E futtIel e-c , k > 0, ri = 0

The specl.i i nature of the linear equat I on~ (2. 1 ~ ire wel 1— kn owi -

[11 , [3]. As the solutions to these  • - i i j a L ions  or , ’ de r ived  in 1 7 ] ,  the

corresponding results 01 simply 1 j o t  ed h e r e .

Lemma 2 . 12. For -~ rio 1 
~i given by (2 . 15) :

(i) 1.~~0, ~r > 0 ,

(ti; a÷~ < ~~~,

(iii) ~~ < 1/ - .

Proof . See Lemma 2~.l of [7]. 0

Theorem ~~~~~

C~(X ,N ,s) z k C~(X ,N,s) , k > 0 , (2 .20)

where

z = 
1 - 1 ~~~ (2 .20a)

Furthermore, Z is real and ~3 < Z < a÷~3. Also , 0Z2 
- z + = 0.

Proof. See i l ie c ir em 2.2 of 17] .
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(or lL~_ 2 . L . For X > NL , X ’ ’ N ’L , s >  1, s ’ —’ l  and k > 0,

~ X ,N,s) < C~ X ’ , N ’ , s ’) s —~.C~ (X ,N ,s) < C~ (X ’ ,N ’,s ’)

Pr b c  The r e s u l t  is a d i r e c t  c o n c ; L q r u n c t  o f  the theorem since Z > ~i > 0. D

\s shown in [7], 7
1 

Is the Laplace  transform of T1, evaluated

it  the discount  r a t e  r , fo r  ~ > 1.

-rT.
Lemma 2,j5. Z

1 
= E[e L

j  ~ > ~~

Proof. See Lemmas 2.~ and 2 . - of [ 7 ] .

2~~~. The Form of the Functionals {C~ ( . ,N,s))
When temporary  modules  are in use, thc  expected costs  behave

a c c o r di n g  to  ( 2 . l’~) - (2 . I i ) .  Since X > NL, it follows f rom Theorem 2 . 1

tha t  (2 . 19) may be r e w r i t t e n  a~;

C
~~ L (X ,N , s) 

~~ NL +

+ ~3(Ø (N)  + g(X)  i- ~~~~~~ C~ (X ,N ,s)) . (2 .21)

Also, C~(X ,N,s) = ZC~ (X ,N , s ),  so the f i r s t  equa t ion  of (2 . 16) can be

r e w r i t te n  as
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r

C~ (X , N , s) ( l ~ - 
~~~ 

- 
-+ ~ l-~7)~~ C 1

1(X ,N ,s)

Let X = N N i~~d s ~~- s —~ I be fi”c-d . Denote = C~~(X . N , s) .

Then (2 . 1 ) — ( 2 . 1- - -) at-r d (2 .21) yield a - ; q l I a e c  (N~ s±L) 1) nonsingutar

l inear system t h i t can be J v e d  t o  yield t h e costs (C~~ f or the f ix ed

val ues X , N and S . By C rollary 2. ~~~ it s u f f i c e s  t o  co m p u t e  only C0.

Obv iously , t :  is  r-p ra c t i c a l  o solve such syst  er r s  t or a l l  poss ib le

values (X , N , s), so sorn . ’ so r t  of c r i c i w - t r t z a t  i o n  is necessary . Suppose

that the b o u n d ~~r i -  - i t  ion (2 .2 1.) f o x  t i lL  f i x e d  v a lu e s  (X , N , s) is

rep lac ed by an equation

~~ NL -NL + 
~ -NLsl + pC 1

where C
d 

is a dununy variab le . Then the resulting linear sys tem is

independent of the value X and solving for C
0 

in terms of C 1 wil l

y ield C0 = a + bCd .  Making the substitution C
d = + z

x
~~~ c~ +

then yields C~ = ( a  bg (X~ +b~~(N)) ( 1  - hz
NL
)
_ l
. Since this is true

for any value X chosen , it follows that C~ (X ,N,s) (a * hg(X) + b~~ (N~ )

(1 - bZ ) , fo r a l l  X -> NL . Hence , using the dummy substitution ,

the system need  on l y be solved once f o r  g iven  v a l u e s  ( N , s) to obtain

the  functional C~ ( , N , s ),  which can then be minimized over INL , co) .

W ith regard to the parameter N, it should be obvious that the

r e sp ec t i v e  l inear  systems t r  N and N1 1 would be very similar . In

fac t , the first N (s+-L) equations of the system for N are part of

the system for N+- l. Hence , it seems reasonable’ to expect that  solving
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for  t ic func t i ot i s  1 C ) ( . , N , s) sh ou l d  aid ii r ;e l ,  I rig f o r  the  func t ional

C ° , N~ 1, ~
) . The next  two sect b u s  develop ) r e t e d l l r l - r; or r e c u r s i v e l y

obtaining t u e  f un c t  coals C~ ( . , N ,‘ ) t or ii 0, 1, 2 

W i t h  ci gard to t u e  parame te r s, recal l  i a :  the  op t ima l paramc t r

va lue  s’ is independen t  of X , it and gi~ .)  ( Leimna 2 .5 ) . Given t h e

i t , - -~c i ions of the  m x  t s t-  L i o n , Lb I ,  ta c t is li ce,! - )  d e v e l o p  a

simp le proced u re  f o r  d e t e r m i n i n g  ;‘ at t u e  onset  i~ f t h e  c o m p u t a t i o n s .

Once s~ is de t e rmined , on ly the functionals tC~ ( ,N,s~ )) need be

computed .

The remainder  o~ th is section uses probabilistic arguments to

invest igate the functional form of C~ (.,N,s) that can be anticipated .

Let G~ (N ,s) denote the expected discounted costs until the first expan-

si on, starting from spares level  k > 0 ( w i t h  no modules initially

connected) , when N is the limit on temporary module usage and the

cons tan t  s -pol icy  w i t h  parameter  S is in use .

Lenuna 2 . l r .

G~ ( N , s) = z
k 
G~ (N ,s) , k .? 0 . ( 2 . 2 2 )

Proof.  S t a r t i n g  iroin spares level k > 0, no costs  are incur red  unt i  1

the spares level h r - st becomes nonpositive; the t ime of this event is
_rT k k

g iven by Tk 
and E [e  } Z by Leu~na 2 . 15. The expected cos ts

beyond Tk, until the first expansion , are given by G~(N,s) (discounted

rel:tive to Tk). 
Hence, G~(N,s) = E E G ~ ( N , s) e

rTk i = G~ (N ,s) E[e
’
~~

= G0( N , s) L  . o
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When an r’xpan S i  c I L  curs , all t en ipor iry  ii od ej I - a c  c disconnected

i - u  the :~pr-i r is l e v e l  ci d i - o X — N L  > 0. H - n - . , t h i .  expec t J i I u 1 ~ - r —

costs a x e - g~~~ - n by

N I ( :
~~, Sj  Z~~~~~ C~ ( N , s)

I hiLci r i n u  2 . 1 -

çX .N,s) N + ~~~~~~ , X > NL (2.23)

where

ø ( N , s) = G~ ( N , s) ~~~~~ > o . ( 2 .23a)

Proo f. S t a r t i n g  f rom spares level zero , the t ime until the first expan-

sion is given by T
N~~~l 

and E~ e~~~~~~~~ ] = 1
N1~~~, by Lemma 2.1- . At

time TNL 1, an expansion of size X~-l occurs at cost g~X) and the

expected cos t s Fleet eafter are 
~~~~~~~ 

-X ,N,s) zX~~
L c~~;x , N , s) ( d i s c o un t e d

relative to T ). He nce
NL-i- l

C~ (X ,N , s) = G~ ( N ,s) + E [ ( g ( X )  i~ z~~~~ C~(X ,N,s)) e~~~~~~
1]

0 X NI -rT NL I= G0( N , s) ~- (g(X) Z - C0(X ,N , s))  E[~ 
+

= G~(N s) -~ (g(X) + ~~~~ C~(X ,N ,s)) z t
~~

÷1

= G~(N ,s) e g(X) z~~
’
~~ zX~~ C~~X ,N , s)



N L t I
C ) N , s) ~ ~-U i ~ Z

C~ ( X , N , s) I 
—

G~ ( N , s) z~~
M 1 )  -

~ g(X )

-

~~~
- N ~ - c - X i  NL

—-—-----l-___-.---- -.-—-i- -—- zI 
-

where p N , s) Is given ‘-r y  (!.. 3a~~. ~y Asstu t u p t i n  2 . 2 , ,~~L, c > 0

and d > 0 . f h - i u e e - , a l l  c o s t s  i n c u r r e d  are n nn , - ; , t h v r . Thus , G~~ N , s) > 0

and it  then  fol1ow:~ t h a t  ~Y N , s) -‘ 0, since Z > 0 . 0

Rearrang ing (2 .23a) gives G~ c N ,s) P-N ,s) Z ”
~~~~ = p N , s ) E L e ~~~~~~~

h I.
Similarly , using (2 .22) give s

G (N ,s) = P(N,s) ~~~~~~ E[e NL
~~~~J , k > 0

When the initial sparer level is Ic > 0, the t i m e  of the f i r s t  expans i  a

is TN L k I
. Thus, in an expectation sense, P’N ,s) is the equivalent

lump sum payment  t h a t  wou ld be incur red  at the f i r s t  permanent expansi on

tim e in lieu of the incremented charges over the t ime span previous to

the expans ion . Since the expected inter-expansLon t~~st S  are G
~~NL

(N ,s)

Tx i= ~ :N ,s) E:e ~ ] and t h e  inter-expansion time intervals are (in

distribution ) of size Tx i ,  a simi lar lum p sum i n t e r p r e t a t i o n  of P (N , s)

can be given with regard tee the inter-expansion costs .
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Lenuna 2 , 1. ~ ,s) is noxxdc•creasing , s > 1.

Proo f . The expec t o  c o s t s  over  t i r e  time interval [ C i , TN L I ) are

t, N , s) - ~~~ N~ ~~~~~~ i gird less of w h e t h e r  the  module  l i m it  is N

or N + 1 . The ex pe~ t ed L iSts over the greater (with probability 1)

t i m e  i n t e r v a l ~O, T
( N 1)L l) are G~ ( N ± 1, s) - ~0 ( N + ) . )

Hence, us ing  ( 2 .23a) ,

G~ (N ~~l , s) - 
~~~~~~~ 

1(N+l)L÷1 > G~ (N ,s) - ~~ (N ) ~~~

( ø ( N + i , s) - øe~~~~~~~~~~~~~
t
~~
5) -

P( N + l , s) - 

~~~~~~~ 
>~~( N , s) -

~ ( N ÷ l , s) > ø(N , s) 
~~~~~~~ ) - p - N )  > Ø (N , s)

s ince  the d i s p o s a l  costs p( .) are assumed nondecreasing. 0

By Theorem 2. [7, the coefficient p (N,s) comp letely determines

the functional C~(.,N,s). Hence , the next section focuses on develop ing

a pr o eduru for recursively computing ~(N ,s) over N 0, 1, 2 
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2 .7 .  r (ecu r r ~ iv c  C~~~~u t a tj o u oi the Functionals (C~ ,~ i , s) , N > 0)

As d~- -c ci st  rated in t i l e  p r e v i ou s  S e c t ion , the C i e l f i c i e n t

~(N ,s) e_ omp let il v i t - t e r n u i n c the functional C~ ( . , N , s) .  Far a g iven

val ue s 1, this section provides a procedure far recursively com-

puting the coefficients ( P N , s ),  N 0 , 1 , ...~~~ and hence , the

functionals (C~ ’ • , N , s) , N 0, 1 , . . . ) .  The uu xt section provides a

pr ovedirre for determining tire optima l disconnect parameter s~ at

the riis et of computations. Thus , the a l g o r i t h m s  p r esen ted  here need

only be imp lemented fo r  t he  given v a l u e  s = s w- .

D e f t h it i o n  2 .t :. For i n -  0, let A (m) denote  the square tridiagona l

matrix of dimension mi- I with nonzero elements given by

A~~ (tn ) = 1 , 1 = 0 , 1, . . . . zfl

= -~~~ £ = 0, 1. .. . rn—l

A~ , 1_ 1 (m)  -~ -a i 1, 2~ .. . , in

DeF inition 2. ’. Let ~ ~ ~ m f l  and Q ~~( m-+ 2 ) s ( m + 2)  The square

linea r system

J/
CO~\ ~~~~

Qte ) = (
~

is a Q-system if Q is nonsingular  and

58



1 U

Q-
V A

where A = A( m) , uT E R m ÷i 
~ I R

mf 1

‘ 0 ,

U .
J

b ,

and

a , i = 0

V . =
1-

0 , i / o

fo r  some a , b and some £ > 0.

The following lemma demonstrates that the solution to a Q-system

is determined by A ’.

Lenuna 2 .19. II the square linear sys t em

Q(°) = 
60)

is a Q-system , then
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C
0 ( 1 - abA , )  ~R (1 - bA~~ ~ ) ( 2 . ~)

and

- aC
0 

A~~ . (2 .2 )

Proof. P a r t  ~ i i on  Q ’ i

U

Q
_ 1

C

wher e e ~ R , u
T 

~ 
~ m+1 

i~~~
d I and a R ( m u l )x ( m+ 1) Then , from

Definition 2 . , Q~~Q = I imp l i e s  that

€ + ~~~~ = 1 , (2.26)

cU ~A = (0 , . . . , o) . (2.27)

~2 . 2 7 )  gives , u s i n g  D e f i n i t i o n  2 . b ,

U = -€U~~~
1 

= -~ bA ’
~~ . ( 2 . 2~~)

Thus, U0 = -€bA~~ . Substitutin g this result m t  (2 .26) gives

= ( 1  - abA;~)
’

60



hliii . , f r om ( 2 . 2 F )

IA -( 1  - alA ’~~)
1 bA~~

and thus ,

CO = ( )  (~~. U) 

C)

(1 - ah\ ) (R 0 - bA~~ ~ )

Using Def ini ti -n 2.~ - ,

aC
0

e(O) , A~~= k

where e(O) = ( 1 , 0 , ... , 0) T ]Rin
~~ Henc e,

- aC
0 

A~~

The next leTinna treats the special case N = 0.

Lemma 2 .20.

0A0,5) = 
~~~~~~ ~ Pe(0)

where

s > 0 .



I r of . 4 o N = 1 , i i i  u a r s c t i c r -, - q - - r  i - t ~~ r u e  : -  i 1 e ’d . ru t of s (s~~rc’
n ; -  a t o ~ l I f t  f e - c x c -  e v e r  c i s e e l )

k > O

- uC
1 

C F° P~~~X ) c’ 0) ~ C~ z x j

~u b -~t j t u t j r c ’  
H ~~~ in t h e  sec i u d  U:  e r s ~~ j~~~I r i d  c o l  i c t  j ru ~ ‘ erqo

y xc ids

d~~ 
1 F° 0 : 0 )  + g(X)c.~ x , 0 , s) = -~~~~~~9—-_-~~_ ~~~~~~~

p u 1~~ - Z

~~ F -r ~ (o i le -
=

- z

The l as t  c q u a i i t y  f u ! l o w ~ since Z s a t i s fi e s  ~~~ - Z + p 0 , by

Th eor e: iu 2 . 3. l i n e s , P~ 0, s) ~~~ s) -e ø
~
(o), where ~~~~~ a) 0 ~ F~ ,

independent of s 
~ 

0.

Ix n , n T S4 LF = 
~~-~ n-1)L+s~ l’ F~~ n-1 ) L a-~ 

)

Let (e( j) 3 denote  t h e  u n i t  vectur s ( w h e r e  t t y  di  c c e t u ~~1 on of c( j )  s

d et erm ined  by the contex t In w h i c h  f t  I a  u sed) ;  L h r t i s , ( e ( j ) ) .  = 1

and (e  i ) ) 1 — 0, i / J , t~~~
- j 0, 1,

6 ’



floore r 1 .21 . Let > 1. Denote m s+L~ 1 , A = A m , i ,s) = 0

and 
~
ia ( 0, s) 

- I 
F~~. Th a , f r  N 1,

~1 N , s) = ~~~~ N , s) 0 ( N )  , (2. 2~)

wh e re

~~~N,s) 
~~ 

(~13
(N~~l ,s) + A l (F N 

~~;i ’ N - l , s)  e(0))) (2.30)
iA

Sm

and

~(N ,s) = ~~~~ (F N C~~(N- l ,s) e(O) - ~~a
(N
~
S) e(nt)} . (2.31)

Proof. The proof is lengthy and is, therefore , only outlined here.

See Theorem 3.21 of [9] for details.

The proo f was the “dummy variable” substitution C
d 

prev iousl y

discussed In Section 2.6. For N 1, the t ransi t ion equations form

a Q—system of dimension m + 2. Recal l  (Section 2.6) that the first

N(s+L) equations of  the linear systems for N and N + 1 are

i d e n t i c al .  In  general , the proper substitution of the results for N

into the transition equations for N + 1 will similarly yield a

Q—sys tem of dimension m + 2. The theorem then follows by induction

on N u s i n g  Lemma 2.23. 0

hi

1~~ - _ ___



Thc~~i - e n  2 .11 ~) r o v i d e s  t h e  ecc as a r y  r e c u r s i  ii . Hur— .~~ -r , in ,rth r

t i  ir ~ -lement  the  t e c u r s i ~ e xu and ~~~~~~~~~ mu s t  f i r s t  be irrputed

( where A A~ s-s- L—1 ) . The next lenmia provide s a s~ rei le al-ans far  can~u c c t  lag

A;’ and A~~~1 .

Lenmia . ..~~~~~~~~ A~~~(0)  = E l ]  and fo r  m >  0,

A ’(m+l)  = (A ~~ ( m) + csp~:- (m ) A~~~(m) A ’ ( m) , ;3~ 
‘ rn ) A~~ :rn)),

i 0, 1 , ... , 
in ( 2 . 32)

and

A~~ 1 (m+l) = (~~~( m) A
rn
’( m) ,  ~ ( m) )  , (2 .33)

wher e

b(m) = (1 - :
~

1\
:~~~mfl

h 
. ( 2 . 3 4)

Proof . By D e f i n i t i o n  2 . - , A (O) L i ]  A~~~(O) ; a l s o ,

A m) B
= , ( 2 . 3 5 )

C 1

where
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B = (
~, o, ... , 0, 

~~~~~)i  c I~ (2 . ~5a)

C = (0 . 0 . 0 , -u) ; cT 
~ 

1 ( 2 . 35b ,

— IP a r t i ti o n  A ( m i - i )  ta

I I C?

A ( nx ÷I ) - 
- 

, ( 2 .  ~h)
L~

-, h i e r t -  ~ 
~ m÷I)~~- r  1) 1 ~~i F

mel 
and b (m i F. Since

A ( m l l )  A ’( u u e 1) 1, it i n f lo w s  f rom (2 . 35) and (2 . 1 r )  t h a t

A(m ) C + B~ ~- I ,

A( m) ~9 ÷ 8(m) B = (0 , ..., 0) T 
, (2 .~~7b)

Ca = 0, ... , 0) , ( 2 . i7 c~

i- ~~( nx) 1 • (2 .17 d)

From ( 2 . 3 7 b ,i ,

~~ = -b (m) A~~(m)S . ( 2 .3 8 )

Subst itut ing (2.18) into (2.3~ d) g i ves

() ‘)



-- -- - - - -

- c u )  CA 
1 
‘n) B ô( nfl — I

~ b( ni) - r (1  - CA 1
( x n)B)  

I 
- 

~~~
. ~~)

U s i n g  ( 2 . ~
-

~ r)B -~~~~~çni ) . (2 .-c”)

L ! T l~~ e~~, U S in g  (2 . b )

C~ ~( n) B - —
~ 
; .(  m)

Substittitir : ~I ue :~ ‘ye express~ or in ~a (2.3 ) gives

b ( m) = (I - - 

~ \~m 
in) ) 

- 1

Whj ~~h v e r i f i e s  ( 2 . 1 - . ) .

Us ing (2.37a) ,

C \
l
() - 

1
)~~ (2. r

From (2 .37e), (2.1- c ) and (2.41),

‘ c i



CC + = C( A ( i c ( - A 1
(m) BC)

= CA 1
(m) - (CA ~~ (m)B-1)&

CA ’(rn) (CA ~~ (r~)B - 1)~

= (CA~~ (m)B - I)~~ CA 1
(m)

- ( rn) CA
1
m) . (2.~~2)

Using (2 .35b),

CA~~~m) - - A 1: m) .

Substitutin g (2 .43) into (2 .42 )  y ields

d (m) A~~(m) . (2 .44)

S u h . t - i :  c u t  iri g (2 .~ c u ) into ~2 . 38) s imi l a r l y  g ives

~~ 1 m) 
~\:~

(
~

) (2.45)

Us i ng ( 2 . 4 0 )  and (2.44) yIelds
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\ 
1 ( m ) - :~A pt ~ ( n~ ! 

( in )

- - rn) A (xn ) A ’( rn)

S uibc- t i t u L i n ~, the a l e - c  e xp r e s s i o n  l o t  ~~2 ’ e l ) gives

a - A 1
(ri) ‘~~~~~

- (in )  A
. u~i ( r n )  A~~~( i:c )  . (2.4~~)

I~~~ng ~2 c i ,  (2. 32) Ic-lIons I rorn ( 2 .  ~5) and ( 2 . 4 b )  ; ( 2 . 3  
~)

fol I ’wcc simi lec jv ir ccc  ‘ 2 . 4 4 ) .

Usir~ I~~ c n. c.e 2 . 2 2 . :~ c u e  a 1go~~i i h r n  t o Y  c ’n c pu t i ng  (s~L—l )

arid A
:l

(scL_ l ) can be -~~u i t t e n . L-L m
1 ;s i n (s , ~- -1 J and r~ = ui-a-: (s ,L— i 3 .

Then t ic a I g n it l~m arc Cc I ii i~ed 5 I i )  It air

( a )  CI ~T~ p~ u t e  A~
1 ( n u 1) t i s 1 u ~ ’ (2.33) , o r r u  0 , . . . , m 1— l .

(b) I - -~~u j t r  A 
1 

( tic ) u s  c c  (2. 32) :tru 4 A 1 
( ii .  ) us i n ~- 2 .  33), for

in = ‘cc 1,  . . . , r n — i .

(c) Compare A
1 

(s i - i ) arid A 1 - I-I ) us fu xo (2.32), fur

in u . , . . . , s -- L— 2.

It shou lC be i -~~ ed t h a t (2.31) :ccc u stc a l s o  bc icce d  in - a r  ( c )  in 3 - ~

L u  maint ‘in A (in) I or in — - ,  . . . , • I- - . c i t e  a c t u a l  al gor i  t h e m  is

1 . 0  4 -~~~ -ind uses t I t ~~~-~ v ec i  i’r ~~ B~ , I , 5, of arbitrary d im ens ier - .

cli - - ~~~~— _ _ _ _ _ _ _



-~~

1 1 I
_________ 

1cc . B
1 

(Cornptt ’.e B A t~e L — I )  , u i u d  B’ = A.~ - ~~~~ 1)).

( 1.) L s .~~L— l , go to si0p (2); o t cc , l wis e , I .— 1 , ~~~~~~~~~ in
1 ‘

L- 1 , in 0, rn
: 

•- c c  1.-i , B
1 

- (1) and go t o  siep (s).

(1) 1 ~~2, j 1, m
1~~

— 1 .~ 1 , ci . •~~L-1, m — 0 , c-- s C - i , B ~~~~~~

(~~) I f  m >  rn
1
-i , go t o  step (5); otherwise, con t inue .

(~~) ~ ~~~( 1  - c~~~
’) , B

1 
~_ (,.e: B

1
, r ) ,  m~~~ m4 - l ;  go t step ( 5 ) .

( - )  B 1 
~~B
’.

(cv ) If m >  ni -l , go t i  s t ep  (~); otherwise , continue .

(7) C 
~- (l - -i1~~~~

1
, B’ -(B ’ (4i- 111 13 , ~~~BH , B

3 • - - (c~~B3 , • ) ,

m4— m+1; go t O  c t e p  ( ) .

( - -
~
- )  B~ ~~~~

( c )  Ii in .> m~ - l , st op; otherwise , continue .

(10) — (l - ~iB~)
1
, B

1 
•-(B

1 e - ~3 1 3
1 
B5, ~3bB1

), B
2 

e — ( B + u 4 ~~ B B2,

P- 
~~

) , B ( (  b~~, c ) ,  m c- 
~ I: go to step ( 

~)

When th e algorithm terminates in step ( )) vector B
1 

i.s

~~~ s+L- l) and vector B
2 

is 
~~

1
1 

(s+L_l). G i v e n  these vectors, the

r e c u r s i o n  of  Theorem 2.21 can then be used to compute the coefficients

~ ( .,s).

Al gor i thm B . (Compute  Ø ( N , s ) ,  N . - 0, 1, 2, • . .  , F~).
1 2

(1)  Compute v e ct or s  B and B ( use Algor i thm B 1) .

(2)  0a 
c-- F~, a .-~0, in e— s+L- l , N c - U , a c — ( ~3B1~) ~

(5)  ø(N,s) 
~~~~ 

fl~ ( N ) .

(~ u )  I f  N > N, stop; otherwise , continue .

(5) N ~ Ni-i, B
’ — F

N
, l3~ • -  B~ Ce2 , 

~a 
°. a(Øa + B

1
~ B

5), B~ ~— B~ -

‘-i .- - l1 B5: go to step (5).
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The vector B3 used in step (5) is a work vector . The calculation s in

step (5) follow the recursions (2.30) and (2.31), given B’ = A~
’1(s÷L-1)

and B2 = A~~~1 (s+L.l) from Algorithrn 
~I.

•

Al gorithms B
1 

and B
2 

provide a means for determining the functionals

N >0) for a fixed given value s > 1. By Theorem 2.11,

only the functionals (C~ ( . ,N,s*), N >0) need be. computed . Therefore,

the next section focuses on the problem of determining the optimal dis-

connection parameter s* prior to initiating Algorithms 
~~ 

and B2.

2.8. Determining 9*

In this section, a procedure is derived for computing s*, the

optima l disconnection parameter. By Lemma 2 .3 , the value a* is independent

of X, N, r1 and g. Therefore , let X = L, N = 1, y1 = 0, g 0 and

denote

~~(s) = C~ (L,l,s; g 9 0, r1 = o), s >0

The only costs contributing to ë~(s) are the charges c, d, n and

e0~~ 
Øe(l) is incurred only at expansion epochs and those epochs are

independent of the disconnect parameter s. Therefore, only the temporary

module costs resulting from connection (c), disconnection (d) , and rental

(it ) charges vary with s. TL~ r is, the difference ~~(s+l) - ~~(s)

must be a positive affine multiple of -H(s+l,s), s ? 0. Henc e it

follows from Definition 2.4 that
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m m  ~~(s) . (2.47)

Furthermore , i t follows from Theorem 2.~ that -ë~ (~~) is strictly

unimodal about 1s~ -1, s - X ] .

The results of the last section pr ovide express ions fo r

s > 1. When s - 0, Model Ii reduces to Model I. The next 1enrn~a

provides a means for identifying instances where s* = 0; in these cases ,

Model I wi ll be app l icable . Pr oceedi ng as b e f o r e , the t r ans i t ion  e q u a t i o n s

for the case s = 0 and N = 1 are

C~ (X ,l,0) - t~( l-o2) ’ c°1(X,1,o) = (l_oZ)
_ 1 

Fg

+ c~(x ,1,o) - 1(x ,l,o) = ~~ -Li-i < k < -l

-Lf 1~~,
1,0) + C L(X ,l,0) F~~ c ~(Ø (1) ÷ g(X) ~~~ C~ (X ,l,o))

Leimna 2 . 2 3 .  Denote A = A c L-l). Then

0a ’ 1,0) 0e~ 
1) g(X ) LC0(X , l ,0) -

~ 
~-1 - 

Z , (2 .48)

where

ø~(1 ,o) —

~~~~~~~ 

(~3
_ l 

F~ + A~
’ F1) . (2.49)

0,L-1

Proof. See Lemma 3.23 of 19] .
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Denote  P 3( s )  Ø~c l,s; r 1 = 0~~, s 2 0. Then, by Theorem 2.21

and Letmn~e 2.25,

P
~ 0e~

’
~~~(s) = 1 , s > 0 . (2.50)

7. - z

Hence , b y ( 2 . 4  )

= iniru P(s) , (2 .51)
s > 0

and furthiermire , -P~~(~~) is unimodal about [s*_ i, 8*]. Using Theorem 2.21

and Lemma 2.23 , a recursive procedure will be derived for evaluating

~~~~ 
s = 0, 1, . . . )  in order to determine s*.

Lemma 2.2k . A~~(0) = I i ]  and for m >  0,

A~
1
(m+1) = (b ’(m), ~b ’(m) A~~(m)) , (2.52)

and

A~
’(m+1) = (C~~’(m) A1

1
10(m) , A1~ 1 (m) + c~b ’ (m) A~~10(m) A~~( m)) ,

i = 1, ... , rn-i- i (2.53)

where

= (1 - ~~A~~ (in))~~ . (2.54)

Proof . By Definition 2.5, MO) = . 1] = A~~(0); also,
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r i  i
A (m+1 ) J I ,[ C Ai m) 

J

where B = (-p , e, .. .
, 0); B

T 
€ I(

m~~ 
, and C = ( _ t , 0, ... , 0)

T

Partition A t
(m1.l) in a manner analogous to (2.55). The lemma then

follows as in the proof of Lemma 2.22 using A~~ (m+ 1) A( m+l) = I. See

Lemma .3.24 of [9] for deltils . 0

Defin ition 2.7. For s -~ 0, let

a
1( s) = A~~( s+L- 1)

a
2(s) = A~~(s4-L— 1)

a ,( s) = A
~~ L 1 (s

~~~1) ,

a (s )  = A ’ 
L l (S

~
L I)

= A~~(s+L-l) 1

~~(s) = A~~(s+L-l) I ,

where

I = (1, 1., ..., 1)
T

Lemma 2 .25. For in > 0,

A~~(m+l) = f’(rn) , (2.56)

= ~~~ ‘(m )  A~~(m) (2.57)

and
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A~
1 

(m+ - l )I=~~’(m) [1 (u’)1j , 
(2 . 8)

where b’ (m) is given by (2.54).

Proof. The results follow direc t ly from (2 .~ 2) and (2 .54) ot. the

previous lemma.

Lenmia 2 .26 . For s 0,

a 1(s~ t ) = (1 - ~~ai(s))
1

a0(s-i-l) = aa 1( s+ l )  a2(s) ,

a7( s+1) = ~a1( s+l) 
a
5
( s) ,

(2.59)

aj s+l) au (s)  -F t3a2(s÷ 1) a
5

(s)

~
,,( sc - i) ~‘~ ( s) + a

2
( s-i-I) (1 ~

- 
~ &,( s)

= a~ (s-i-l) (1 +

Proof. Using Definition 2.7 with Lenunas 2.24 and 2.25,

a
1
(s4 1) = A~~(s÷L) = b ’( s÷L-l)  = (1 -

(1 -

a
2(s÷1) = A;~i 1 o (

s÷L) = czb’(s.s-L-l) A;~(s÷L-l)

= aa1( s-i-i) 
a2( s)
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a
5
(s~ i) = A~~ 1 (s+ L) = ~~

- (s+L-l) A ’
L l (s

~
L
~
l)

- f3a 1
(s+.l) a5(s)

a (sd ) - A;~~l SfL(~~~
L)

+ ~~b’ (SfL-1) A 0 (s+L- i) A~~~~L l (s+L~~1)

= a (s) + a2
(sc - l) ;

~
A
~~~~ L l (s4L_ l)

= a)( s) + ~~a , ( s + 1) a
5
( s)

~i
(5÷1) = A~~

’-
1 

(s+L) 2

= c~~
’(s+L-I) A~~ (s+L-l) + A~~(s÷L- l) I

-
~
- c4~~’(s.i-L-I) A~~ (s+L-1) A~~(s÷L-l)1

= e1(s) 
cz~’(s÷L-1) A;~(5+L i) (1 +

÷ a
2(s+l) (1 + ~~~2

( s) )

= A~~(si-L)1

= b’ (s÷L_ I) + pc”(si~
L_ i) A~~(s÷L- l)I

- -  ~
‘ (s÷L—1) (1 + ~A~~(s+L— 1)1)

= a1(s÷1) (1 + ~~e2
(s) ) .

The significance of Definition 2.7 is given by the following

theorem .
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3 Theorem 2 .2 1.

- + (, c ( ) Y ’ (c (~~ a ( s)  :e~~( s ) ) , s >0 . (2.60)

Proof. By ‘l’lu or .-rn 2.21 and Lemma 2 . 2 3 ,

= ~~~~ 
F~ + 1ç’(s +L_ l) ~

1 
(2.61)

Given that -

~ 

- 0,

F~ =

and

F’ = (C~ 1 + 
~, , ~ , ~c + ~ ) ~

Substituting these expressions into (2q61) and Definition 2.7 yields

= 
;~a ’s) ~ + adA~~(s÷L-l) 1~

cA ’
s+L i(

s+L_ 1) + JlA~~(s+L-l)1)

= (c ÷ cxda2( s) ~ca~ ( s) 4 ii e1( s) I

c + (~~
a
!( s) ) ’ (c + c~da2(s) + ~~e,(s) ) . 0

The desired recursion can nOW be outlined as follows:
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(a) tY se ( 2 . S~ ) — (2 . 5ti )  m o  c o mp u t e

a
1(0) = a2(0) = A~~(L-1)

a,(0) = a (0) = A~~L i
(L
~
l)

and

= ~~(o) A~~~(L- I)l

(b) Recursively compute 
~a~~~ ’ 

s -- 0 us ing (2.60) w i t h  (2.59) until

s is identified by ~a~~*) 
<

The relationshi p identifying s* in part (b) follows from the unitnodal

property of 
~~~~~~~ 

The algorithm is stated below.

Al gorithm B7 (F ind s*).

(1) a1 ~~
— 1, a3 

+— 1, 
~~ 

~~
- -  1, m ~— 0~

(2) If m > L-l, go to step (1~); otherwise, continue .

(3) a
1 ~- (1 - ~4~ i !)

1
, a7 .-- ~a1

a3, ~~~~ 
~— a

1( 
I ÷ ~~~~~ 

in —m ÷ l; go to

step (2).

(
~~) 

s~ ~— 0, a~ i— a , a~ • - -  a
3, ~~ ~1’ ~a 

~~~~~~~~~ (c i-  ~ da2 +

(5) a1 *— ( l_ Q~3a
1)~~~ , a2 — ~ a 1a2, a~ — a~ + ~~a2

a
3, 

a
3 

— ~a1
a ,, v ~ ~~~~~

~~ 
—~~~~i- a~~v , &2 

<—a
1
v, 

~a ~~
(p a )~~~(c + ~~~a

2

(6) If  
~a 

~~~~~ stop; o t h e r w i se , 
~ a ~~~ a ’ ~ 

_ s*+1, and go to step (5) .

Steps (1) - (3) of the algorithm compute a1(0), 
a , ( O )  and 

~~
(0) using

(2 .56) - (2 .58). Step  ( 14) computes 
~a
(0) - c. Step (5) successively

computes 
~~~~~ 

- c , s > 1, and step f~-) compares ~~~~~ 
- c with
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~8(s.i) - c~ The algorithm terminates since s* < ~~~ by Leimmia 2.2.

When termination occurs, the optima l disconnection parameter is given

by s*.

2,9. Suimnary and Statement of the Expansion Size Optimization Problem

Let +~. = L0, L, a, ..., ~L) , where ~ denotes an upper bound

on temporary module usage based on physical considerations. For K € K ,

denote

0(K) = Ø(KJL, 9*) and C
k(x,K) = c~(x , K/L, s*), k > 0 . (2.62)

Given K € K and an initial spares level > 0, an optimal

permanent expansion size X*(K)+1 for Model II is given by

C
0(X*(K), K) = min[C0(X,K) : integer X >K) , (2.63)

where

c0(x,K) = 
Ø(K)+~~(x) ~~ , X > K . (2.64)

fl(-.) is nonnegative and nondecreasing over 
~; 

(2.65)

o < Z = 
- 

- 1, given a and ~

satisfying (2 .15) (~~
2 

- z + = 0) ; (2.66)
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C k(X ,K) zk C0 X , K ) ,  k > 0 (2.67)

and

E[e ‘ 1 , k >  I - (2.68 )

(2 . 64) f o l l o w s  from Theorem 2~ 17 , (2.65) foll ows f rom Theorem 2 . 17 and

Lemma 2.1 - - , (2.66) and (2.67) follow from 1lie r emn 2 . 1) , and ( 2 . 6 8 )

fo l lows  f r o m  Lemma .. 15. Fhi  f a c t that X~ (K) is given by (2.63)

independen t  of k
0 

U , f o l l o w s  f r o m  C i r c i l l a r y  2 .  1- - .

A l g o r i t h m  B . ,  p r e o c .mt e d in the  p rev ious  sec t ion , p rov ides  a

s imp le means for determining ~~ if s* = 0, then Model I of [71

is a p p l i c a b l e . If  5* ~ 0, then Al gorithms B1 
and B0 of Sec tion 2.7

provide recursions for compu t ing  the  c o e f f i c i e n t s  0 (K )  = Ø (K/L, s*)

over K t. ~- . Or,ce t h e s € -  c o e f f i c i e n t s  are known , the  task of de t e rmin ing

X (  .) over becomes the series of sing le-var iable minimization problems

given by ( 2 . 6 3 )  under c o n di t i o n s  (2 .64 )  — (2.68). Notice that this

m i n i m i z a t i o n  prob lem is  i d e n t i c a l  to that resulting for Model I of

[7). The optimization r c! ~~~o i~. treated In [8]. By

Coro l l a ry  2 . 1 
, 

t he optimal temporary faciliti es usage limit K*

(al ternative ly, the optima l temporary modules limit N* = K*/L) and

the associated op t ima l expans ion  s ize  X~ ÷ l  are then given by

C
0( X* , K-~ ) = minj ~~ X~- K) K) K
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