
AD—A0 33 362 PURDUE UNIV LAFAYETTE INO DEPT OF STATISTICS FIG 12/1

p UNCLASS IFIED 

SOME RESULTS ON sU::E: SELECTION PROBLEMS. (U) 
N00014—75—C—O’455

1,2

I I

I _so un  
_ _

I 
__ _ _  _ _

I _ _ _ _  

_  

_  

_



I . ~: ~ IH~
5

~~ ~~~~ ~llI~.2

I . I ~~ :: 
•~

HH~1.25



-‘I’

.

~~~~~~~~~~~~~~~~~~~~

PURDUE UNIVERSITY

~~~~~~~~~~~J)
DEPARTMENT OF STATISTICS 1’\i / D D C

fl~f~ i~Ii~ Ti1T?f~~

DIVISION OF MATHEMATICAL SCIENCES DEC 16 1976

_ _ _ _ _ _  

UD~~~~ u~v i~s
A 1  F

; A~~~~~~ç~ for public release;
‘ution Unlimited



—
~ .— -.. ~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ 

.-.... .

~

,- ..— -.—.‘... ~~~~~~~~ — ~~
—-,— -.-.. - — —.——.- 

‘1

SOME RESULTS ON SUBSET SELECTION PROBLEMS*

by

Yoo n - Kwa i Leon g
Purdue University

Department of St~it is tics
Div ision of Mathematical Sciences -

Mimeograph Ser ies ~47 5
NTi S .

- .

Deceniber 1976 o~c
0- JUSTlI ~C*J,OA

- 

:

F

,

~

/

~~~~~~~~~~~~~~ #

~LL -
3

*This research was supported by the Office of Naval Research contr act
N00014-75-C-0455 at Purdue University. Reproduction in Wh o1 F~ or in part
I ~ ~ern i t ted for c1fl~ purpose of the United Std tes Governm~n t.

L



— . ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
—, -. — .—

~~~~~~ 
— —.—--..- ~~

-..--.-——--. - —. —-- —-----.---- ,—.
~

-—

I N TR ODUC T ON

The shortcomin ’~s of the classica l tests ~f h~ m o ieri eit y , i.e.,

tt’~,ti ng the h ypu thes is of equa li ty of parameters , ha .~ ~~~~~~~~ ~~~~~~~~~ kno~ir.

The only ques tion answered by such a test i~. wht ther the re is any

difference at aH ar~o~ q t ”e ava i lable population s . Bahadur t2~~,

Moste ll er [58] and Paulson [61] were among the e arlie st research

workers to recognize this and to formulate the proble n as a ~u l t i p l e

decision prob len cori ce~ ned wi th the selection and ord er in g c~ ~.

populat ions.

In the two decades since these early papers , r a n k i n g a nd se lec t io n

problems have become an act ive area of statistical research . There have

been two apDroaches to these problems , the ‘HdifFerer c ~’ 7one ’ ap~~rcach

m d  the 1 subset selec tion ’ approach. I n tb~ fi rst appr ach , a sH ql e

pop~~la t ion (or a fixed rumber of po tula ti ons ) is chosen and is qua r~ ntecd

to ~e the one or ir terest w ith a fixed probabilit y P .iheneve r the

unknown pa rameters lie  outside some subset , or zone of indifference , of

the entire parameter space . This formula tion is due to Bechhofer [11] .

Other contributions to this problem are Bechhofe r and Sobel [16],

Bechhofer , Dunnett and Sobel [114 ] ,  Sobel and Huyett [75], Chambers ~
-
~~~~j

Jarratt [20], Barr and R iz v i [7 ] ,  Eaton [26], and Mahamun ulti [561. A

quite adequate bibliography may he found in Santner [6D] and Bechhofer ,

Kie fer and Sobel [15].
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The second approach assum es no a priori information about the

~ar~1 r e t ’ r  space . 1. single pop ulation is not necessarily chosen; rather

.i subse t of the g iven k populat ions is selected depending on the out—

cone of the exper i ’ert . It is guaranteed to contain the population of

r,terest .iit ~ probability P , the basic probability requirement in thc-ce

proced ures . Th k, ‘ subset  se l ec t i on ’ formulat io n is due to Gu pta [38],

[U ]. Some recent contribut i ons to this aspect of the problem are

Gnanade sikan r30], Gnanadesikan and Gupta [31], Gupta and McDonald [1414],

McDona ld [57 ] , Panchapakesan [60], Gupta and Panchapakasan [145] , Gupta

arid Studder, [146], Santner [69], Huang [50], Huang [49], Gupta and

Huanq [421.

The sequential and multistage aspects of the ranking and selection

problems have been explored by Bechhofer , Dunnett and Sobe l r l14] ,

Bechhofer [12] , Bechhofer and Blumenthal [13], and Paulson [62], [63],

[64i~ , [65]. ~ear Iy all of this work in sequential and r-- ul~~ista qe

procedures is based on the ;ndifference zone approach. Barron and

G u p t a  [9 ami d Hu~~i’j [So) consider sequential procedures us i ng the

subset selection approach.

An opt imum theory was developed for the first approach by

Bahadur [2), Bahadur and Goodman [31 , Lehmnann [5~ ] and Eaton [26].

Contr ibut i ons toward optimum properties of subset selection approach

have also been made by Goel and Rub in [33], Govindar ajulu and

Harvey [36], Gupta [39], Deely and Gupta (25), Leh man n r51+] , Robbins

[68~~, Seal [70], [71], [72 ] and Studden [77].

The main purpose of this thesis is to study some problems using

h.~ ubse t s e le c t  ion approach and make sonic con t r I hut i ens

-i —, ~~~~~~~~~~ ~~~~~~~~ 
-
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Chapter I deals with some selection and ranking procedures for

the small est unknown parameter of k Poisson populations. In Section 1.2 ,

a procedure is derived to selec t a subset containing the best of

severa l Poisson populations. In Section 1.3, a procedure conditioned on

the total sur of the observations is proposed. A different selec tion

procedure of the type suggested by Sea l is considered in Section 1.14 .

In Section 1 .5, selection of populations better than a standard is

discussed. An app li c a tion to a test of homogeneity is describ ed in

Section 1.6. Tables related to the selection procedures are g iven at

the end o~ tHs chapter. These tables give the necessary constants

to carry out the procedure and also eva l uate the ef ficiency of the

procedure in te rms of the p robability of a correct selection and the

expeCtec prooortion ir the selected subset under specified confl qura-

tior s of ijararleters.

Chapt er II discusses some results on subset select ion procedures

for doubl e exponential (Laplace) di stribut i ons. Section 2.1 deals

~ i t k  sci~e char-~ct e r ist ics and use of this distribution as a m odel. In

Section 2.2, a - elec t ion procedure for the location ~,a r a- eters is

proposed and studied using the subset selection approach . I~1sr~

select ion w i t h respect to largest locat ion parame ter u sin ’~ the

indifference zone approach is considered in Section 2.3. Section 2.14

g ive s a discussio n of selecting the t-best populations . In Section 2.5

a procedure is rroposed for subset selection with respect to the scale

parameter . In Section 2.6, a test of homogeneity is g i ven which is based

on the sample median range . The distribut ion of a statistic associated

wi th the procedure in Section 2.2 is conside red in Section 2.7. Tables

II --—--- -- - - -~~~— - -~ —- .~-- --- -~~
.- - ,, . . - -

~
- - — -  
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of the upper percentage points of V = max (x. - X ) whe re
l<i<p °

are independent and i den t i ca l l y d i s t r i b u t e d  Laplace random

var iab les w i t h  scale parameter un i ty  are g iven at the end of t h i s

chapter.

In Chapter I I I , the subset se lec t ion  approach is used to the

pro blem of c l a s s i f i c a t i o n  of k un i va r i a te  norma l populat ions.  In

Sect ion 3 .2 , two c l a s s i f i c a t i o n  rules w i t h  respect to the mean are

proposed according as the k populat ions have ( i )  commo n known var iance

and ( i i )  comon unknown var iance T 2
~ In Sect ion 3.3, a c l a s s i f i c a -

t ion ru le w i t h  respect to the variance is g iven. These rules mi ght

not c l a s s i f y 
~~ 

as any one of the k populations. Hence d i f fe rent  c lass-

ification procedures , with respect to the mean and the reciproca l of the

coef f i c ien t  of va r ia t i on , which c l ass i f y n0 as at least one of the k

populat ions are proposed and s tud ied in Sect ion 3.4 and Sect ion 3 .5 ,

respect ive ly.

Chapter IV deals with some selection procedures for the negative

bino m ial populations. A statistic of type c max X. - X . is used
l’j<k ~

i n S e ct i o n  14 .2 where X . denotes th e number of f a i l u r e s  before the .th

success fro m the i t h  nega t i ve  b inomial  populat ion. In Sect ion 4 . 3 ,

a rule based on the same s t a t i s t i c  as in Sect ion 14 .2 but conditioned on

::x., the total  number of observat ions , is invest i gated . The problem o f

se lec t ing  a l l  popu lat ions better than a standa rd is  considered in

Section 4 .14. An app l i ca t ion  is g iven in Sect ion ~~~~ For k = 2 and

various va lues of r , t and P~ , the tab les of the constants c 15 (t)

requ i red for the procedure in Sect ion Z i .3  are given at the end of the

cha pter .

~ .
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CHAPTER I

ON SUBSET SELECTIO N PROCEDURES FOR POISSON POPULATIO N S

1. 1 Introductio n

Poisson distribu tion has been used as a model in severa l sta tistica l

problems . As early as 1898, Bortkiewicz [18] used it to fi t the data

pertaining to the deaths by kicks from horses in a reg iment. Poisson

process is used as a model in many appli ed probability problems , for

example , for the waiting time , for arriv als of calls at a telephone

exchange , for arrivals of radioa ctive particles at a Ge i ger counter ,

etc.

In this chapter our object is to study the probl em of comparing k

Poisson distribu tions. Not much work has been done on this problem.

More s peci f i ca l l y ,  we consider the prob l em of selecting a subset of k

Poisson populations includ i ng the best which is associated with the

smallest va l ue of the parameter. Gupta and Huang [i~3] have considered

the selection problem according to the largest va l ue of the parameter.

However , a procedure of the type proposed by them does not work for the

prob l em of selection with respect to the smalles t parameter. Goel [32

has shown that the usual type of selection procedures do not exist for

some va l ues of the probability P~
’ of a correct selection. In this chapte r ,

we propose a procedure different from that of Gupta and Huang [143] for

subse t selec ti on which  ex i s ts for all P~ . The rule is based on a result

of Chapman [21) who showed that there is no unbiased estimator of the

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- - - - -- - — -

~~~~ 
-
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ratio _
~
_!_ w i t h  f inite varian ce , where 

~~ 
‘2 are expected values of two

indepe ndent random variables X 1 , X
2 

w ith Poisson distributions , but that

the estir ’.ator ~~__!_

)

_ is “almost unbiased’’ .

Let 
~~

, 2 ’ •~~~’~~ 
ho k independent Poisson populations , i .e. ‘ . has

a PoI~~~~n d i s t r i L  t ion w i t h  unknown parameter 
~~

. , i 1 ,2,... ,k . Suppose

tba~ we t ) ~~
r
~ n indep endent observat ion s X. 13 ...,X . from each po rulati on

- ., I~~I ,...,h . A sufficien t statist i c for X~ is LX.. , hence wi thout loss o~

gene r ali t,  we ,il l  assume the samp le s ize  to be one. Let

~ be the ordered va l ues of the parameters; it is
H. L /.] — — [k]

assu med teat there is no a priori informa tion available about the correct

~a iri rq of the ordered )
[ i ]  

and the k given populations from which

observation s are taken.

r~iven any p~~(~~ < P~ < 1), we wish to select a non—er pty (s’aTl )

su hsc 0r these k popu Iat~ons such that the subset contain s t~~e

~) r ) )~~~
?
~~I t : r Jq  corresponding to the parameter 

~[li with r ;robab iMty at least

P~ , no r~atte~ ~ihat the configuration of A
1~ ~2 ’~~~~’

’L is. We use the

notation 05 for correc t selection where CS means that tb~ selected

subset includes the best popu lation. There fore we are ~~~~~~~~~~~ in

defi n i ni a selection procedures R such that

im i f  P
x (CSIR) 

> P~ (1.1.1 )

where ~ is the set of all k—tup les ~ = ~~~~~~~~~~~~~~ ~ 
: 0 ,

= l ,2,...,k.

Let X 1, X2,...,Xk denote the independent observat ions from

populations 1’ ~2~~~~~~k ’ respectively. Let X (i) 
be that va l ue of

which is associated with X t .j ; of cour se X
c i ) 

is unknown.
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In Section 1.2 , we discuss a subset select ion rule so as to sati sf y

t~ e basic pr onahi I ity renuire rnent ( 1 .1 .1 ) , and to f ind an upper bound

for the ~-x~ ectcd ~uhset size. In Section 1.3, we consider a conditional

selectio n :roceduru- conditioned on the total sum of the observations ; a

“ethod for co nst ru -t i n r~ the constants (conservat i ve) and an upper bound

fur the ~~~ected subset size are derived for this conditiona l rule.

Section 1 •h deals w i t h  a different selection procedure o~ the type

suggested by Sea l for the norma l means prob l em . ~/c also disc uss the

Sea l type procedure conditioning on the total sum of the observat or ,

i n  whi ch case the selection r ,stant car be determined precisely so as

to satisf y the basic prob ab iHty requirement. An exact expression for

the expected subset size of the conditional Sea l type procedure is

stated in Theorem 1 .4.5. Selection procedures for select ing a subset

which contains all populations better than a standard are considered

in Section 1.5 . An application to a test of homogeneity is mentioned in

Sec tion 1.6. Tables related to the selection procedures are g iven at the

end of thi s chapter.

1.2 The Unconditiona l Selection Procedure

(A) The Rule R
1 

and the Probability of Correct Selection

R
1 
: Select the population ~~~~ i n  the subset if and onl y if

X. < c  m m x. + c
j  1

where c1 
> 1 is to be chosen so as to satisf y the basic probabil ity

requirement (1.1.1 ).
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For i l ,2,...,k, let p~ (i) P~ (select population

Theorem 1.2.1. P, (i) is a decreasing function in A [i] when all other

A ’s are fixed and p~ (i) is an increasing function in 
~~~~~~~~~~~ 

j i~ I , when

all other \‘~~ are fixed .

Proo f. p (i) = P~ (setect population T
(i) 1R 1

)

= P
A
(X < c mm X . + c )

— 
(~) — 1 Vj<k (i) )

= P) (X ( . )  < ~1 X (J) + C 1 , j = l ,2,...,k, j ~ i)

x .

= 

x 0  
e ~~~~ ____ e~~

U] ‘4+~-j~~ i c 1

where < :~ > is the smallest integer > ct.

A . < 
~~ .— — 1>—i

~ ~~~~ A r.i k [j ]  I C
= 

~~ e -~~-~-~- 

•
ri f

x 0  j l 0 ~ (< — - I > )

x

= 

x 0  
f~~; A [l]~

...,A [.],...,A [kJ )e ~~ _ _ _

= E~ f(x; A [ I j~~~~,X [i]~~...)A [k]) (1.2.1)

< f-.— -1 >—ik A .  c
where f(x;A 11,...,A . ,...,X ) = 11 f [ii 1 1 e~

’dy
U 

[ [] [k] j=l 0 F(< ~— — >l )
C

j�i I

and ~ denote that a is delected. From (1.2.1), it is obvious that

is increasing in j � i , when all  other X ’ s are fixed . On the other

hand , for fixed ~~~~ j ~ i , f is a decreas ing function in x and

Po sson d istribut ion belong s to the SI (Stochastically increasing)

family, so by a lenria on P. 112 Lehmann [53),
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p~ (i) — 
~~ 

f(x; X
(l)~~

...,A (j) ,...,X [k)
) Is a decreas i ng function in

when other A ’ s are fixed. Hence , the Theorem is proved .

Let .-
~~ 

i A  (A l . A2,...,Ak), A 1 
= A

2 ... = Ak A , A > O}.

Coro lla ry 1.2. 1 . inf PA (CSIR I
) — i nf Px (CSIR 1

)
— Ac c2 —

— — 0

x £ k-l
= in e —

~~ 

{ E e
A ‘ 0 x—O ~~<x _

~~>C l

Proof. The proof follows directly from Theorem 1.2.1.

It should be pointed out that the infimum depends on the cornn~ n

unknown A , 0 < A . In Section 1.7, we discuss numerica l methods to

determine this infimu rn and the constant for the selection rule.

Unde r the parameter space , the join t dis t ribu t ion of Xl,X2,...,Xk,
k

given ~ X
1 = t , is a rnu lt in oml a l d i str ibution with parameters t;

where 0. = 

~~~~~~~~

, j = l ,...,k, i.e.

P(X
1 
= xl,...,Xk = xk l E X~ = t) 

X
l
I
~~~~

•X
k
I ~~ (1.2.2)

Lerrina 1.2 .1. For any t , t > 0, c 1 
(t) > 1 and for A c

k
P
x (Xi 

< c
1
(t) mm X . + c 1

(t) I Z X~ = t)
— 2~,j< k ~I

~ x1 1 •.. Xk
I

where the summation IS ove r all x
1

1 s such that x 1 
( c 1

(t) mm x. + c 1 (t),

k 
2<j<k~~

> 0, for I — l ,2,...,k, E x~ =

Let A(k,t ,c 1
(t )) 

1 

Z x t 
ti 

x 1~ 
(
1 )

x
1 <c1 (t) mm x ,+c1

(t) I ~~~~ k
2~ j<k ~‘

x 1 
> 0 , Z x1 t (1.2.3)

— ———— -—- - -.—-.. - 
-

_-—~ -
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Theorem 1 .2.2. For g iven P*, any t , t > 0 , le t c 1 (t) be the small est

non—negative number such that A(k ,t ,c 1
(t)) > P*. If c

1 su p {c1 (t):

t > 0} , then

inf P
x (CS

~
R

1
) > P*.

— 
—

Proof. For ! c 
~~~~~

‘ 
P
x (CSIR 1

) = P
A (X (l) ~ c 1 

l~~ <k 
X
(~ ) 

+ c1 )

> P
~
(X

c 1~ 
< c 1 (t) m m X (.) + c 1

(t ))
— l ,~j<k

k
= E P

x (X t 1~
<c

i (t) mm X (.\ +c1 (t)l~ x. =t)
t=O — ‘ / 2<j<k ‘~~‘ 1

k 
— —

.P
x (E X~ = t)

k
= E A(k ,t ,c 1 (t)) Px

(Z X ; t)
t=O — 1

>

Thus , the Theorem follows from Corollary 1.2.1.

(B) An Upper Bound on the Expected Subset Size Associated with

Let S denote the size of the selected subset , then S is a random

variable taking val ues l ,2,...,k. Let us conside r the special case

= iSA , 6 < 1 , A
121 

— ... = A
~i~1 

= A , A > A
0 

> 0, a nd deno te the space

of all sli ppage configurations of this type by f~~. We disc uss the

expec ted subset size as follows .

Theorem 1.2.3. E~ (SIR 1 ) 
< k — r inf g(t)+(k—1) inf h(t)]
— 

L.t>(c ]+1 t>(c
1
)+1

(i +iS)A (c I —r 0 1 1 y
~~

~ 
e uy

0 ~ ~~ 

*~~- ——-----—--- -~~---‘-—--- — — —-- ~- - . - ---- --—
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where.

t -c

9(t) = ~ (t ) (1.L~.)~ (T~~)
t s  (1.2.4)

s=0

and
t -c

I ~. ,t~ , 6 ~s , I it—sh~tj  = ~ j 
~~~~~~~~~~ ‘

~
.1 .) 

~l.2.5
s 0

Proof. For A c

Ex (SIR ) Px
(X ,1~

<c 1 
m m X (.~

4C l
)+ (k’J)Px (X (k)<C l 

mm X (.)+c 1
)

— — ‘ ‘ 2~~j <k -~~‘ — l<j<k— 1 -~

k P
x
(X >c

1 
mm X .\+cl

)_ (k_ .l)P
X

(X ,k~>cl 
mm

— ~ 2~,J<k ~~
-
~~
‘ — ‘ ‘ 1~~J<k- 1 

‘~ /

~ k - P
x

(X (I) > C
1 
X (2) 

+ c1 ) 
— (k 1) PA

(X
(k) 

> c 1 X (1) +

= k - 

~~
P
A
(X (I) > ~~X (~ )

+C
1 I X (1) +X (2) t)Px (x (l) +x (2) =t)

- (k-I) 

~~~ 

PA (x k, > c l X ( l )~~ l IX (l)
+X (k) =t)P X

(X
(l)

+X
(k)

=t)

= k - E P
A

(X
(2) 

<
~~~~~ I X~~~+X~~~ = t) PA (X( l) +X (2) = t)

- (k-l) E P
A

(X (J )  X ( l ) +X (k) = t) Px (X ( l ) +X
(k) 

t)
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t-c

= k - 

t=[~ 1 ]+l s 0  ~~ ( 1 ) 5 
(

6 ) t ’ $  
e 

1+6)A [( ,+o)A] t

( —I) E Z t 6 s I t— s — (1+iS )A [(l+*S)A ]tk 
t= [c 1 ]+1 s 0  ~) 

~~~~~~~~ ~~~~ 
e

where [a] is the greatest integer < a.

< k — inf g(t) Z e 1 +iS
~~ 

[(1 +6)A]t
— 

t>[c
1
]+l t(c

1
]+l ti

— (k—l) inf h(t) e’~~
1+6

~~ 
[( l+o)x I t

(l +6)A Ic I
= k — [ inf g(t) + (k—l ) inf h(t)1 

~ 
1 

i 
,
,
, 

1 
e~~

’dy
t> [c 1 1 +l t> (c 1 J+1 

([c
1 J )

(l+6)A
r -, 0 Ic]

< k— I inf g(t)+(k—l) inf h(t)J f l~~~ 
~
, 

1 e~~
’dy

Lt>[c1
]+l t>[c

1 ]+l 0

Th is completes the proof.

1.3 The Cond i tiona l Procedure R
2

R
2
: Selec t the population IT

1 
in the subset If and only if

k
x. < c

2(t) mm X. + c2
(t), given Z x 1 = t (1.3.1)

l< j<k ~ 1

wher ,i ~ > 0 and c2(t) > 1 is the smallest non—negative number chosen to

satisf y the basic probabIlity requirement (1.1.1).

For this rule R
2 
we ob tain an exact result for k — 2 In Theorem

1 .3 .1. For k > 3, we have a lower bound for the probability of a correct

se l ection In Theorem 1.3.4.
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(A) Proper ty of the Rule R
2

A monotonic lty property of the rule R
2 

Is discussed in the follow-

ing theorem. As before, let pA (i) denote the probability of selecting

population 1r~~~ us in g ru le R
2
.

Theorem 1. 3 .1 .  For I < j ,  we have 
~~~~ ~

Proof. Si nce

= P~ (s e1ec t population 1r (1) )

k
= 

~A~~ ( m )  < c
2
(t) mm X

(~) 
+ c

2
(t) I ~ X

(~) 
= t)

— ~~i

=

x l,...,x.,...,x .,...,xk 
_ _ _ _ _ _ _ _ _ _ _ _

x.<c2
(t) mm x~, + c2(t) 

X~ — 1+c
2
(t)

_ _ _ _ _ _  _ _ _ _ _ _ _  

X
j

P[I]+P[J] P1j]~ P[j]

t

~~~~~~~~~~~~~~~~~~~~~~~~~~

x x. x . x x.+x.
P 11 1 

• . .  Pjjj ... P1j) • . .  P1~] 
(P [m ] 1.P[J] ) ‘

A [ ]  A

where p 1.1 and x~ denote that x 1 is deleted. Note that

R.=l
when x~ and x . are in terchange d , the second par t in the above sumrnand

remains unchanged , and Binomial distr ibut ion belongs to the SI family,

Pr 1 i
hence is decreasin g in L ~ So, If I < j, we have

4 
— P[irP(J ]

P)~(I) > 

—-—-- ---,-- - - .- - - - . -- — ~~-
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(B) The Probabil ity of a Correct Sel ection for R
2

Theorem 1.3.2. For a given N’, < P* < I , k = 2 and any t > 0, let

c2(t) be the smallest va l ue such that

c (t )  (1+t )

1 + c
2(tJ 

+ = t) > P* . (1.3.2)

Then , inf PA (CSIR 2) = inf Px (CSIR 2) 
> N’.

!cc~ 
— —

Proof. For A C 12,

P
x(~~

IR 2
) = P

A (X(l) < c2(t)X (2)
+c2(t)IX (1) 

+ X
(2) 

= t)

c (t)(l+t)
= P

A
(X

(1) 
< 2 

c2(t) 
I X

(1) 
+ X

(2) 
= t)

c (t)(l+t )
• l + c ( t )  x t x

= ( t ) ( 1 
~ 

— 
11] 

~
x 0  X A [1] 

+ A
121 

A
113 

+

For fixed A , 
1 

increases with A to , and since Binomial

l + A
J

~[1]
dis trIbution belongs to the SI family, so the r i ght hand side of the

above expression decreases as 
~ 

~~~~~ increases to the va l ue
[1] [2]

Hence, inf PA (CSIR 2
) = inf P

A (CSIR 2
). Thus complete the proof.

— Aec2
0 

—

For k > 3, we need the following definitions in order to discuss

the least favorable confi guration of the probability of a correct

selection of the conditIonal rule.

DefinitIon 1.3.1. If a1 
> a2 

>...> am , b 1 > b
2 

> ... > bm ,
r r m m
E a1 > E b. for r 1,2,...,m—1 , and Z a, = ~ b 1, then

i— i 
— 

i=1 1=1 i=l 

~~~-— ~~~~~~~~~~~ - - - -  ~~~~ — • -~~~~- - - -~~ - -
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a = (a1 , a2,...,a) is said to inajorize b — (b 1, b2,...,b ) ,  written

b o r  equivalently b .~ a.

Def,nition 1.3.2. If a function (9 satisfies the property that

r(x) <(f (~,) (~‘(x) > (~,f (,~,)) whenever x~ ~~~, then ~ is call ed a Schur—con-

cave (Schur-convex) function.

We need the following l ema, due to Rinott [67], wh i ch Is stated

below without proof.

Lema 1.3.1. Let X =  (X
l ,...,Xk) have the multinomial distribution

N k x.
P(x x) “( ) II 0.’— — X l , . . . , X

k i=1 ~

k k
where x (Xl , . . . ,x k

), ~ x. N, and E 0. = 1.
i= l i=l

Let 
~
(xl,...,xk

) be a Schur function. Then E04(X) i s a Schu r

function .

Let 12
2 = {A = (Al,...,Xk): A

[1] 
= ... = A Ek_ il 

= A ,

A
lk] 

= A’, 0 < A < A} .

Theorem 1.3.3. inf Px (CSIR 2
) inf Px (csIR 2

)
Xc12 — Ac12~, —

L k
Proof. P

x (CSIR 2
) = P

A
(X ( l)  < c2

(t) mm X (.) + c2(tfl ~ 
= t)

— — 2~ j<k ~ i=l

t t y
1 

t —y
1 

t —y
1 

k p.
= 

~ 
( ) p

1 
(l— p~) . 

~( ) fi )

~~
=0 y 1 ~

‘2’’”’~k j=2 ~1

where P1 = 
k 

i = 1 ,...,k and the summation Is over all those

=1 
A
[~ ]

-~ y -c(t) k
such that Vj 

> 1 
(t) i — 2,...,k and E y. = t-y

2 j=2 ~

Let

IL -~~- ~~--—-~~~~~ - - -~~~~



16

— c (t)
I if m m y >

S r 2<i<k 
— c2 ft)

‘
~1 
~y2, ‘‘~

‘k~ 
—

0 otherwIse

then PA (CS
~
R2) can be wr itten as E~ (E[4 (

~2,...,v ) I V
1 

= y 1 ]] where
— 1 ‘

~
‘1

the joint distribution of 
~l ’’’~~’~ k 

is a inultinomial distribution with

parameters t; 
~1’’ ’~ k~ 

It is easy to see that for a fixed

~~ (y2,...,y~) is a Schur—concave funct i on . By Lemma 1.3 .1. ,
1 p

2 
_____E[~ ~~~~~~~~~~ 

V
1 

= y
1
] is a Schur-concave function in 

~~~~~~~~~~~~~ 

.

Now, si nce p . > p1, j = 2 ,...,k and p
2 
+ ... + 

~k 1 — p1, we have
p p p 1 p 1 l (k—l)p1

~~~~~~~ .‘~ ~~~~~~~~~~~~~~~~ 
). Hence Px (cs I R 2 ) Is minImized

when p 1 p
2 . . .  = 

~k 1  and 
~k = - (k-l) p1, or when

= ... = A
1~ _ 1 1 = A , A lk] 

X
# 
> A . Thus the proof is completed .

Unde r the parame ter space 122, the joint distribut ion of
k

given 
~ 

X~ = t , is a mult inomia l d is t r ibut ion w i th  parameters t;
i= 1 Awhere = = 

~k-l = 
(k—1 )A +X 

=

A
T k—l) X+A = q, p < q, .e., k—I

P
A

(X
1 x1,...,Xk 

X
k I 

~~~ 

x~ = t) = ~~~~~~ Xk! 
p 

i
q
Xk

Theorem 1.3.4.

x
t

i nf PX (CSIR 2) = inf 
t i 

i ~ 
I

— O<X<X’ x1
-<c
2(t)rnlnx .

+c
2
(t) X 1 ...xk k-i +

j~~~~
i ~

X i 
> 0, Ex. = t

~



r ~~~~~~~~~~~~~~~~~~~~~ 

-

~~~~~~~~~~~~~~~ 

- - ____ - 
—

~ 

— —

17

P roof. For C

k
P
~

(CSIR 2
) — PA

{X
(l) 

< c2
(t) m m  X (.) + c

2
(t )  I ~ — t }

— — i,’1 i-’l
k-I

x
~ 

I ~— kt i  r A 1 4
- 

x 1
<c

2
(t)m inx ,+c

2
(t) x l

!...X k ! 
~~~~~~~~~~~~

— 

j~ i J

x~ > 0, Ex 1 = t

The Theorem follows from Theorem i .3 .3.after simplification .

Theorem 1.3.5. For k > 3, and for any P*, let P~ — I - 
, 0 c r t ,

let c2 (r) be the sm allest va l ue such that

< c
2

(r) X
2 
+ c

2
(r) 1 + X

2 
r) >

If c
2 (t) 

= max {c
2

( r ) :  0 < r < t}, then

inf PA (CSIR 2
) >

Xcll —

Proof. For A c 12,

k
P
A (CSIR ) = PA (X (l) < c

2
(t) mm X (j ) + c2(t) I E t)

— — 2~j<k i =1

~ 1 - 

j=2 
P
X (X(l) > c2

(t) X (.) + c2 (t) I E X. = t)

= I - [1 - P
A

(X (l) < c
2
(t)X (J ) + c2

(t) I E  X 1 t)

= 2 — k + ~ P~ (X (1) < c2
(t )X (.) + c2(t)I ~ 

x . = t)
J— 2 —

now , we note that for fixed j (j 2,...,k),



— — —_ -~~— .= -

18

P
X

(X
(l) 

< c
2

(t )X
(J)

+c
2 (t)I Z X 1 -t) - 

r~ O 
P
A

(X (l) < c 2
(t) X (.)

+ c2 (t)
!X (,)+X (.) _ r) . PA (X

(l)
+X (.)= r)

t c (t)(l+r)

~~~~~~~~~~~~~~ ~~+ c 2 (t) X (1) +X ( J )  r) P
A

(X
(1) 

+ X (.) =r )

c (t)(l+r)

I + c  (t)

= 

r-O 

r P1 P
A

(X ( l) + X ( .)  - r)

where p~ = k , bu t BinomIal dis tribution belongs to the SI family,

~~A .
i—i [II

so infi mn umn of the expression

c2
(t) (1+r)

+ c (t ) 1
2 p, s p. r—s

(
r) (  P 

) ~ 
J )

~ p 1
+p . p1

+p .

takes place when p
1 

p~ , i.e., when A [1] — X [.]. Hence,

i nf P
A

(X (l) < c .,(t)X(.)+c2(t)I E = t) = inf P
A
(X (l) < c 2(t )X ( .)

AcQ — -~ i=1 Xc120 —

+ c 2 ( t ) I  
~~~~~ 

x
~ 

= t)

and for A c

_  -~~~~~~~~~_ - _ - - - _ _ - - - - - - .
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P
A (X ( l)  < c

2
(t ) X (.) + c2 (t) ~ 

X~ = t)

= Z P
A

(X
l 

< c2
(t ) X2 + c2 (t) 1X 1 

+ = r).P~ (X~ + = r)
r—0 — —

r~O 
~~~(x 1 

< c2
(r ) X2 + c2(r)~ X 1 

+ X
2 
= r) .P(X

1 
+ X

2 
= r) 

S

-
~~. 

P~

Thu s , we have the resul t.

Hence , for each k and N’, Theroem 1.3.5. guarantees the existence
k

of c
2
(t) and gives a method to find c

2(t) for g iven E X~ = t such that

P
x (CSIR 2

) > P* for any A C 12

(C) An Upper Bound on the Expected Subset Size for R
2

For the p rocedure R2, the subset size S of the selected subset Is

a random variable wh i ch can take on only Intege r va l ues from I to k,

i nclusively. For any fixed va l ues of k and N’, the expec ted size of

the selected subset is a function of the true configuration

A —  (Al,...,Ak
). Now, consider the special case , A

111 
iSA, 6 < 1 ,

A
121 

— ... = A~1~ 
= A , A > 0. Let us denote the space of all slippage

confi guration of the type discussed here by 12
3
. We i nvestigate the

expected subset sIze as follows :

S r-c
2(t) 1

~ 
1+c 2 l~tJ

1’

Theorem 1.3.6. E12 (SIR 2) ~~~ k — (~~) 
{6r 5  

+ (k—1)6
5
}

3 r=O s 0

(t ) • 
(k=2) t

~~
’

r (k—l + 6)

- 

• --- ---- - • - ----- - • - ~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Proof.

E12 (S~ R
2
) = P

A
(r

(l) is selected ) 
j=2 

P
A
(IT (.) Is

= P
A (X ( l)  < c~ (t) m i r i X ,.~ + c2

(t) I Z x~ = t)
— 2~,j<k 

‘~~‘ i=l

k
+ (k—I) P

A (X (k) c2(t) mm X ( .)  + c2 (t) I E X~ = t)
— l<j<k—l ~ i=l

- k - PA (X ( l)  > c~ (t) 
2<j<k 

X ( .) + c2(t) I Z X i t)

- (k—l) P
x

(X (k~ 
> c2

(t) mm X ,..~+c2(t)I E X. .t)
— ‘ ‘ 1~ ,i<k— l ‘~~‘ i=l

< k - P
x

(X ( l) > c2(t)x (2) + c2(t)I Z = t)

- (k-l) PA
(X
(k) 

> c~ (t) X (1) 
+ c

2(t)I 
E ~ : t)

= k — 

k PA (X ( J )  > c~~(t )  X (2) + c2 (t ) ,  E X~ — t )

~~~ 
x. =t) 

—

- P
A

(X
(k) 

> c~ (t) X (1) 
+ c2 (t), 

E = t).

P x (E X~ = t) 
—

Now, we no te that S

P
X

(X (I) > c~ (t ) X
2
(t) + c2(t), E X~ = t)

= E P~ (x ,1~ > c,(t)X ,.,~+c (t), ~~~~~~~ = r , E X 1~~ = t—r)—o I 
~~~~~ 2 i~~l 2 ‘ /

= E PX (X ( l) > c
2
(t)X (2) +c2(t)~r—O —

X +X 12)nr I Z X (l .~=t—r ) .P A
( E X (1) 

= t—r)
~ i~~ ,2 

/ 
— i~ l ,2

r—O 
P
A
(x
~~) 

> c2
(t )X (2) +c2 (t)~ x (l) +X (2)_r).PX (~~~~2 

X(~)
=t_r)

-- - -- -~~~~~~ S~~~—- - -~~~~~~~~~~~~~
_ _

~~~~—- - —  _— --_ _ _S = ~~ S
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s ince  the event ( Z X (.~ = t-r} is lndependent of the event
i~~1 ,2 

‘ ‘

{X (1) 
> c2

(t ) X (2) + c
2
(t), X (1) + X (2) r}.

- 
r=O 

Px
(X (i) 

> c
2

(t )X (2) +c2(t) IX (i)
+X

(2)
_r) .P

X
(X

(i)
+X (2)

r)

~~~~~~~ 
E X - — t— r)

i i~l ,2 ~~~

k

and a si m i la r exp ress i on for PX
(X (k) > c (t)X 11~ +c2

(t ), Z — t). So,
— 

,
‘ ~~~~ 1 1— 1

t
E
~ 

(SIR 2
) < k — 

k 
1 E PX (X (i) > c

2
(t )X (2)

+c
2
(tHX (1) +X (2)

r)

x.=t) 
r 0  —

— i-I 
. P

X
(X (I) +X(2)=r).PX (1~~~ 2 

x
(1)

_ t
~ r)

- 
k-I 

~~ 

P~ (X~~~ > c
2
(t)X (l)

+c
2
(t ) IX (l) +X (k) r)

~ x .=t) r —

— i=i
P (x ~+X , ~—r)’P ( E x (.~=t—r).?. (1, ~ — I~ 1 k

t r — c ( t )
= k - E PA (X

(2) 
< T + c2(t)P ( E X 1 =t) 

r 0  —

.1 i— i
. P (X +X , ~

=r).P
~
( Z X ,..~ — t—r)

A (1) ~2, — i~ l 2 ‘ ‘ ‘

t r—c (t)
- — — 

r~O 
P
A

(X (l) < 
i+c

2T~T 
I X (1)+ X (k)=r)

z x ,—t ) —

~~I— 1

. p (x +X =r) .P
~
( E X 11~=t- r)

A (1) (k) 
— i# 1 k ‘ /
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r— c 2 (t)
t l+c (t~~~

1
t 2 s r— s

= k - 

[(k_ l +iS )A]te~~~~~~
iS
~~ r—0 s=0 

ç) 
~~~~

[(,.~S)A] r 
e

_
~~

46)A 
[(k_2) AJ

t”
~ e~~~

’2
~~

ri Ct—r) !

2

(k—i ) t! ~ 
i+c

2 (t) r 6 S I r—s
- 

((k_ l +~~X ] te k
~~~~

TA r O  s 0 ~~~~~~ ~~~~

[(1 +6)X)
r 
~~~~~~~ [(k~2)X]

t
~~ e

2
~~

ri (t—r )i
After s impl i f y ing , we have the result.

1.4 A Diffe rent Selection Procedure

(A) The Selec tion Procedure R
3 

and I ts Expected Subset Size

In this section we consIder a selection procedure of the type

suggested by Seal [701.

R
3
: Selec t popula t ion 7t~ if and only if

c
X. < c  +J~~ E X .

~~~~
— 3 k— i 

j~~i S

where c
3 

> 1 is the smallest constant determined from P (CSIR
3
) >

The~~em I .4 .i. inf PX (CSIR 3
) = inf Px (CS I R 2 )

XC12 — X C12
0 

— -,

Proof. For A c 12,

P
x (CSIR 3

) Px {X ( l )  < C
3 

# 

~~~ j-2 
X (J ) }

= ~ e~~
h 1 1 

A~ 11 e j~ 2
A
tjl 

j=2 
x 1.3 )~

—0 - £—< (k-l)(!— —i )>
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k

- e~~~~ 

A~~ [j~2 
A
[J]

i=0 [a
C

3

y e~~
’ dy

The proof fo l lows by observin g tha t the expressio n i n  the square bracke ts
k

is a monotone increasing function of E A r .
j=2 Li

By using an analogous argument as in the proof of Theorem 1.2 .2.,

we have the following theorem .

Theor&’ 1.4.2. For any P*, any t , t > 0, le t c
3
(t) be the smallest va l ue

such tha t

(k—I)c (t)+tc (t)

k—I + c
3
(t)

t 1 k 1

If C
3 
= Sup ~c3

(t): t > 0), then i nf P
x (CSIR

3
) > N’.

ACI2 —

Consider the special configuration A
11 1 

iSA , 6 < 1 ;

A
121 

— ... — A
1~~ 

= A , A > A0 > 0. Using the same notation as In

Section 1.2, the space of all such slippage configuration is denoted by

12 1 . In the fol lowing theorem , we give an uppe r bound for the expected

subse t size S.

Theorem 1.4.3. E12 (SIR 3) < sup g(r) + (k—sup
r>2 r>2

where

_ _ _ _ _  
-_
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c (r+k—l)

c +k-l —

g(r) = E {(
~

) (
k~~~~

) ( 1  - k-1+~s—O
S r—s

+ (k—1)(
~

) ( k_~+iS
) (1 — 

k—i +iS~ ~

Proof.

E~, (SIR
3
) = P( X~ 1~ ~ 

C
3 

+ 
~~~~ 

j!2

X
(J)

}+

~

k

~

l )P (X (k
~~

C
3 

+ X~~~}

= E PCX (1 
<C + —.

~~~ 

E X (.)I E X
1’~
r}P{ E X.=r)

r=0 
)— 3 k j=2 ~ i=l 1=1

+ (k-l) 
~ 

P{X (k)<c3 
+~~~~~~~X (J) I~~ X~

=r}P (~~ X. =r}
r=0 jul =1 i—i

c (r+k-i) k k
= E P{x < --

~~~ I E X. — r} P~ E X. = r}

r=0 
(I) — c

3
+kl  i 1  ‘ i= 1

c (r+k—1) k k
+ (k—i) E P{X (k) 

‘ i-k-i I E X
1 
= r}P{ E x. r}

r’O 
— 

1—1 i—i

c (ri-k-i)

c +k-i
6 S 6 

r—s
= E (1 k-~+6~r=0 s=0

+

(k1 +d)A [(k—l÷6)X] ”
e ri

< k{e~~~~~~
6
~~ + e 

6
~~ (k- l +6)X} + sup g(r)

• —

• ~~~~~~~~~ 
[(k—l÷iS)X]’

ri
r=2

• • _ _ • • • • • • _ - _ • - _ - -—_—

~

--

~

-——- ~~—----~~~~~ - -
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- sup g(r) + (k-sup g(r)) {e k + 6 +e iS )A (k_l +6)A}
r>2 r>2

< sup g(r) + (k-sup y(r)) Ii + (k-I+iS)X ] - +5)A

r>2 r>2 0

The proof is completed.

S (B) A Cond itiona l Procedure R
4

We also consider a conditiona l rules as follows .

Select the population ~r . if and only if

C
4

( t )  k
< c4

(t) + k—i E X. give n E X. = t
j~~i 

I 1=1
k

We know tha t X l,...,Xk g iven E X~ = t is distributed as mult lnom ia l
i=i

A
1 

A
k

k 5
wi th parameters t; ~ A.,..., E A., and the marg inal dis trib ut ion of X 1j=l i j=l J x i

k
given E X. = t is binomial with parameters t and E A..

1=1 ‘ j=l -~

Theorem 1.4.4. inf PA (CSIR 4) 
= inf PA (CSIR 4)— Ac12 —

— — 0
Proof. For A c 12,
_ _ _ _  — 

c(t) k k
Px (csIR 4) = PA

{X
(1) < C

4
( t )  + 

k 

J 2  
X (j) I Z X~ ti

= P
A

{X (l) < D(t) I E — t}
— I i  S

c (t)(t+k—1) k
where D(t) = c (t)+k—1 • Since X (1) given E X~ — t is distributed

4 i—i
A

ll ] -

as B(t, E A
11 1
) which belongs to the SI family, hence

j—1 ~ - .

- S - S - -~~~~~~~~~~~~~~~~~~~~~~~~~~ S S S - ~~~~~~~~S S S * ~~ ~~~~~~~~~~~ _ S _  - -
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(D ( t ) ]  i
jflf PA (c s IR 4 ) — inf P

x (csIR 4
) = E (t )(~ ) (k l )

Ac12 — Ae12 — i—o k k
— — 0

Note that the infimum of the probability of a correct selection is

independent of the common va l ue A and c4
(t) is the smallest constant

determined from the following inequality

[D(t)] i t—i
t l ~~~~~j *

1=0 
—

[ D( t ) ]  6 S

Theorem 1.4.5. E12 (SIR 4) E “s~~k— l +6~ ~k—i+6~s0

S t—s
+ (k-i) 

~s~~k- +6~ 
(
~:~

-
iS) ~

Proof. E12 (S~R4) = PA
{X (I) < c4 + ~~~ X (.)I Z X~ = t}

c4(t) k—i k
+ (k-I) P{X (k) < C

4
(t) + k—i Z X (.)I~~ x~ — t}

k k
=PA {X (l) < D(t) I E = t }+(k_ 1)P{x (~)~p(t) l E x. — t }

— i— i I—i

The theorem follows easily.

1.5 Selecting a Subset wh ich Contains All Populations

Better Than a Standard

In this section , we discuss a related problem.

Let IT~~ ff l,..., lT
k 
be k+1 independent Poisson populations with

parameters A0, A l~ .••~
Ak respectively. We use the same notation and

definitions as in Section 1.2. Population iT~ Is said to be better than

the standard if A 1 < A0. The procedure described in this section control 

-~~~~~~~~~~~~~~~~~~~ -~~~~ - - - —  
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the probability that the selected subset contains all those populations

better than the standard and guarantees this probability of such a

correc t decisio n to be at least P~. Let X 1 denote the observation from

it
1 

(I i ,2,...,k). Let r 1 
and r

2 
denote the number of populations

w ith A < and A > A
0 

respectively. We discuss the follow i ng cases :

Case (ii: Known Standard

We assume A0 i s known, and propose a procedure as follows :

R
d 
: Retain in the sel ected subset those and only those populations Tr

~
for wh i ch

X~ < d 1
(A~ + 1) (1.5.1)

where d 1 
> 1 is the smallest number to be determined below.

S The probability P. of a correct decision is g i ven by

p
1 

=r i  P{X(.) < d 1 (A 4- 1))
—I

r
1

~~~~ 

P~~{X~ 1~ < d
1 (A0 + l) }

-

~~ rId1 (x0+l)) -A A~ 
1k

> J  E e ~ (1.5.2)

L j—0

Remark 1.5.). By solving for the smallest val ue d 1 sa t isfy ing

[(d1 (A0+1)) -x
0 

A~ 1

k 

~

L J 0

we obtaIn the procedure.
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Case (Ji): A unknown.

Let X0 be an observa ti on from ii . Then we propose the follow i ng

procedure .

R
d : Retai n in the selec ted subse t those and only those popu la t ions it~
2

for wh i ch

X~ < d 2(X + i) (1.5.3)

where d
2 

> 1 is the smallest va l ue to be determined below.

Then the probability P
2 of a cor rec t dec i s i on i s give n by

P
2 

= P{X ,1~ < d~ (X
0 

+ 1), i=l ,...,r
1
}

~ r 1 [d 2(x+l)] —A . A —A A X

= E { TI Z e } e ~x ix 0  J 1  x~~0 J

[d2(x+l)] —x A~ r —X AX

> E C E e 0 
—

~~
- )1

e 0 4

x 0  y—0
[d
2

(x+1)] -x ~~
‘
~‘ -A AX ro o~~ o o~~~l

> t E  i~ E e
x 0  y O

~ (d2(x+1)] -A ~ —A Ax k
> C E  ( E e ~ 4)  e ~ 4) (1.5.4)

x 0  y 0  y.

— {P(x1 < d2
(X
0 

+

where X0, X 1 are 
iid Poisson with parameter A0.

— { E P(X1 < d2
(X0 + 1) x0 + — r) • P(X

0 + X 1 — r)}
r—O

For any fixed r > 0, let d2(r) be the smalles t number such that

A(2, r, d2
(r)) > kJ~ 

-- --~~~-SS-- —~~ _
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where A (2 , r, d
2
(r)) is defined in (1.2.3) . Let d2 — sup{d

2
(r): r > 0),

we have P2 
> P~ .

1.6 ~ppllc ations to a Test of Homogene it y

for — A
2 

— •

5 In some practica l situations one wishes to know whether A
~ 

are

si gnificantly different or not. This is the prob i em of the test of

homogenei ty of the Poisson popula tions. in order to test the homogeneity

of k experiments , i.e. to test H: A 1 = A
2 

= ... = A k A0 against the

HA. not H, we proposed the follow ing rules and

(1) The procedure 
~ l

: H is accepted if , and only if ,

- c X~~0 < c, where c is some constant depend-

ing on k , A0, and the l eve l of significance a.

(2) The procedure 42
(T): H is accepted if and only if

k
- c( t) X

mi n 
< c(t), gIven that I — ~Z X 1 = t.

I— )

For the procedure q 1, if we choose c — supfc(t): t > o}, where for

any t, t > 0, c(t) is the smallest constant such that

A(k , t, c(t)) > i — 
~~

-

then, for A c  
~~ 

i.e., when H Is true

max x. - c mln X < c}
— l-< j<k ~ l~,J<k

1 - max X > c mln X~ + ci
1~ j <k

k
> I - E P

A
{X

I 
> c mm X~ + c}

— 
i—i — 1~ ,j<k 

‘

L - - - - - - —..-. —-~~~-- --“ ~~~~~~~~~ 5 --~~ - 5 —  - _____~~~~~~~ _ __ 5~~~~~~~~~
i • __
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k
— 1 - k + E P~(x. < c mm X. + ci

1—1 I l~,J<k ~
j~~~r

k k k
I—k + Z Z P

~
{X 1 < c mlii X~ + c Z t} P( E • t)

1—1 t=0 — 1<j<k ~ I— i i— i

j~~i

k k k
> 1—k + E E Px{Xi < c (t) mm X. + c(t)I E x 1 —t } P( E x.—t)

i— I t—O — l~~j<k ~ i—I i— l

j~ I

> 1 - a

by Lema 1.2.1. Hence P
~~12 [Reject H) <a.

The p robabili ty of the error of the first kind for 
2(T) is then

g iven by

k
E(
~2(T)IH ,t) P( max X. — c(t) mm X~ > c(t)I E X 1 t)

i<j<k ~ i~ J<k -j 1—I

k
— P(X

1 —c(t) mm x. > c(t) for some i E X 1 ’~t )l -<j<k ~ i-i

k k
< E P(x1 > c(t) mm X . + c(t) 

~ 
E X . — t)

1—1 1<j<k ~ i=l

k
= k P(x1 > c(t) mm X. + c( t) I E x . = t)

l<j<k ~ i= l

= kl l  — A(k, t, c(t)]

S 

by Lema 1.2.1. Hence, for gIven significance level a, we can find c(t)

such that E(~2 (T) I H ,a) < a~

1.7 Explanations of the Tables

(1) Tables I, II and I I I  list the infimum of the probability of a

correct selectIon (approximate va l ue) for the rules R
1
, R

3 
and

L~ _ _ _  
_ _ _ _ _ _ _ _ _ _ _ _

5--S

~

-- 5 - - - 5 _.

~

—- -  5 - 5 - - - ~~~~~~~~~~~-- - - - -- -  - 5 - - _ -~~~ ‘- -~~~~ -
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R .  P 1 5ir ’ d ~re proro’o-d :4fld studied in this paper and R~

st-l y c t i o i  ~- - C e i j r 4 -  fo r t~ Iec t i nq  a subset  to inc lude

h~- ~~~i u l a t  iün 5 ssoc iate d ~-~i t f !  A
[k]  d i s c u s s e d  in Gupta and

H~~s n~ ( 143]. it should be pointed out that the probability

1 correct ‘.- !~;c r o n  for al these rules is decreasing

H ~ -.S~ H~~5 r s small and then i t  is increasing again with

~~~~~~~~~~~~ t r ~~- p~~r o ipot e  inf Hur~ can he deterH ned n u m e r i c a l l y

h-j cOr’ p~~t icy t o -  ~ r c , L ~~b i  1 ity as a function of A , for fixed

vaLe s of c. For g i ven and P~ , the selection constants

ca n be fo und ~rr~r these tables. For examp le ,

for P~
- = .05013 , a nd k = 13 , the approxima t e value of c

a’, ,o~~ia r .- - : o i  R is 2 . L,.

(2) r T a b l e s  i~JI , VP , I V C  ~nd yb , t he  first entry denotes the

p r o h - i D i i i t ~ of selecting the tjest population , the second

entry notes the probab ili ty of selecting a non—best

~o~- l at io n anti th e third entry is the expected proportion ,

all unde r the sl i~ -~~ -~ confi gurat ion A
1 1 1 

= ~X , ~ I;

A = . .. = A )- , when the rule R 1 is used. The three 
S

[2 1 1 K ]  ‘

en t r i es  i n  Table VA , Vb , VC , VO d e f i n e  the same quantities

for  he ru~ e Fo r example , from Table IVC , we find tha t A

~or the rule if A = 2.50 and C = 1. 5 0 , ( k 5  and ~~.3, the

probab i l i ty o1 a correc t select ion is .9461 , the probability

of selecting a non—best populat ion is .4879 and the expected

propo rt ior’ o~ popu 1 
~t ions in the selected subset is .5796.

- - ---5 - 5 -
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1

1 .8 Some Rer-i arks on the Comparison of and R
3

We def ine o ru le  R to be better than another ru le  R i f  the

expected propor tion for R is smaller than the expected propor tion for

R . We compare the perfo rmance of the rules and R
3 

in the aspect.

For example , when fr = 5, P~ = 0.92, we obtain the approx ic-at ~’ va l ues of

selection constants for R
1 

and R
3 

as c
1 
= 3.0, C

3 
= 1.55 f rom Tanl e I

and Table II respec tive l y. For these constants Tables IV , V show that

i f  ó i s  kep t f i x e d  R
3 

seems to be bet ter than R 1 when A is sm all , wh i l e

R
1 performs better tha n R

3 
for large values of A .

— --5--—-—-
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T a h i s — IV [s

U’s - i~ cj th~ ru l s .  and - nder the confi qu ration .X ,X ,...,X), th i s

tuhi e q i i~ - n order ~he t r i p l e  (a) the probab i lit y of $ e lfC c ti n q a best

po~~i Iat ~ on , (h) ‘he probabi l it y of se l ectin g any non-best popu lation and

(c) y~~- ~~,
; I,~CC I C ~ pro ;inrt ion of the selected populations

k = 3, ~ 0.3

____ 
L5 L75  2 .0  2 .5 3. 0 3 .5 1+.O 1+. ~~ 5 .0

2 5 0 2.9913 0.9913 0 .9995 0.9995 0.9999 0 .9999 0.9999 0.9999 0 .9999

0.31146 O . 9 l L ~6 0.9863 0.9864 0.9983 0.9983 0.9998 0 .9998 0.9999

0 .94 02  0 .9 14 02 0.9907 0.9907 0.9988 0.9988 0.9988 0.9998 0.9999

0.75 C.9842 0.98142 0.9988 0.9988 0.9999 0.9999 0.9999 0.9999 0.9999

I~) 2 L 5 L 4 3 0 .8144 3 0 .9636 0.9637 0.993~4 0.993 14 0.9990 0.9990 0 .999 8

0i~)0 9 0 .8909 0 .975 1+ 0 .975 1+ 0 .9956 0.995 6 0 .9993 0 .9993 0 .9999

1.00 0 .9777  0.~~777 0.997 8 0.9973 0.9998 0.999 8 0 .9999 0.9999 0 .9999

0.7761 0.776 1 0.9322 0.9327 0.98141 0.981+1 0.9969 0.9969 0.9995

0.8433 0.°~+33 0.9541 0.9544 0.9893 0.9893 0.9979 0.9979 0.9996

1 .5 0  0 .9695 0.9696 0.995 6 0.9956 0 .9995 0.9995 0.9999 0.9999 0.9999

0.66514 0.6658 0.8580 0 .8615 0.9526 0.952 7 0.9866 0.9866 0 .9967

0.7668 0 .7 67 1 0 .9038 0. 9062 0 .96 82 0.9683 (‘.99 10 0 .99 10 0.9978 
5

2.00 0.9678 0.9679 0.9940 0.9941 0.9991 0.9991 0.9999 0.9999 0.9999

0.5889 0 . 5 9 1 2  0. 7857 0 .797 14 0 . 9 1 1 14 0 .9 12 5  0.9678 0.9678 0.9898

0.7152 0.7168 0.8551 0.8630 0.9406 0.941 3 C.97 85 0 .9785 0 .9932

2.50 0.9699 0.9702 0.9932 0.9935 0.9988 0.9988 0.9998 0.9998 0.9999

0.5333 0.51405 0.7239 0.7491 0.8698 0.87314 0.91434 0.91+37 0.9783

0.6788 0.6837 0.8137 0.8306 0.9128 0.9152 0.9622 0.96214 0.9855

L - _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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T i - 5 1 5 . s i  ~c r ~

\

S 5 5 3 5  14.0 14 .5 5.0

3 . 0 0  - -  7~~~ I • ~~~~~~~~~~~~~ 0. ’)~ 97 ~~~~~~ ~~~~~~

- 
‘ 1 .833 210.~ !s l 5 O . C l ’ )  0 . 9 1 3 0  0.9632

- 
- ~ o . °’~8 3 o . 8939 0 . - ’ 2 ~ C- .94 5~ 0 . 9755

3 .50 0 . 9 7 7 5 , .  
- 

.
5 

- S 0 .99 -B6 -~ .9986 0 .99 9 7  0 .9 997  0.9999

- (‘-i 3.6090j0.3025 0.~-l 82 0.091+7 0.8972 0.91+69

~~(~ !.s-’. ~~~~~~~~ -~ .. 3 - o. 3 o . 0681 0.8783 0.9297 0.9311+ 0.96146

-~- 5 ~. 0.931 ~0~~s - 3 .  .o s~ 0.935s14 0.9907 0.9987 0.9997 0.9997 0.9999

0.~~1 I ~ -  
- - Sss r~~ 7781 0.8020 0.8752 0.8803 0.93114

0. . Dl  
- 

- ‘ . 7 7 1~ ~0.35 l8~0.8€7G 0.9167 0.9201 0.9542

9 .02 0. 9 9~E.~ ’..9 ‘ .~~- ,~~0.5, ’0i 0.91-~ 1 0.9997 0.9997 0.9999

0.31+3) ~J .  - -~~ 
. ~. ‘-- - ;~~D.7~d 1 0.7~ 22 0.81+80 0 .800 9 0.9075

- )  ~~ j.,~~~8 -).o~ 7l .89~~ 0.098(5) 3.9072 0.9383

0.00 0. 0;0.9  3 5 9 - 5 Q 3  0~~’ -’)3 -s- c . ’ ) 14  0 .9 9 9 8 0 .99 9 1 0.9999

~.56 3 0 . 7 1  . -4 ~ 0 .7~-7 9 0 .83 13 0 .8 537 0 . 89 1+0

T~ C .?~
s-)2 t0 .8CS7 c

~.21+5 1 0.3671+ 0.90214 0.9293

C- C C ,  n .s-39~,?~~o .9 9 7 3 O.9~~0s-3 3 .59 ’) .0-997 u.999 B 0.9999 0.9999 0.9999

~~~~~~ u.3O~ 2 ( • .~~00.Y400 0.(723 0.71400 0.8108 0.8466 0.3837

0. 1+0
~~

3
i

(1 s - 53b9  o .c oa 2.6931 ~0.7815 0.3200 0.8739 0.8977 0.9225

10 .0— ) 0.592rc0 .39.-~s 0 j 3.99’)80.9’)99 0.9999 0.9999 0.9999 0.9999

0.1738
~
0.2079

t
J .35 . -~~0.-’-~996~ O .61+21 ~0.7i?6 0.7981+ 0.8382 0.3797

0. !, s S 5 ! 0 . ’4 3 s - S2~~~ . C /  0.6353 Q.76
~~

I0.8124 0.8655 0.8921 0.9198

13 .00 0.99Y 0.9993~~- .999 ~~ ~~95 s0~~~ Q T 1 ) T q  0.9399 0.9999 0.9999 0.9999

- 

~~~~ç ~
j  - ! 5 5  ~~~~~~ ()~~~ jfl~ q C -~~~o 9 7833 ~~~ 7 0.8810

~~ I C 3.726710.7 11+7 .8559 0 . 0k 9 1 0.9206

-.5-- ~_ ,  -S-ST 
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T s -~ L 1 e  I V O

r~q t r ~~
s- r i e R 1 and u n d - r  tnt  confi guration (~~A ,2 ,... , ).)  , t h i s

e qi -ies in order ~S- t ~ r ~Ie (a) the r—h ~~tj i  Ii t y  of se1ec ~ ing s-i best

~op~~1a t~ on , 1 h) tOo- ~ r o 9 a L i 1 it , - of se l ecting any non—best popula tion

s-v. d (c) t 5 - t - ( C S ç e C t I S C  p r U p C r t  ion of t - ,s - selected popu la t i-: - n

([(a)±tO - I )  ( b )~~/~~).

= -
‘ 0.5

C

~ 
1 .5 L75 2.0 2.5 3.0 3.5 ~i .0 ~.5 5.0

3.50 0.97~’5 0.97~ 5 0.9981 0.9981 0.9998 0.9293 0.9999 0.’/- -’5 0.9599

C .9l714 0.9)71+ 0.9863 o.9P08 0.9984 0.9981+ ‘).9990 0.C9 ~~ 0 .9999

0.9375 0.9375 0.9936 0.9906 0.9988 0 . 5~ 86 Q 9 o),~~ ~~~~~~~~~~~~~ 
( j (~999

0 .7 5 I 9. - - s 5 0 1  0.~~00- l 0 . 9 C - 5~ 0 . 9 9 5 2  0 .9995 0. -~9 95 0.9’~i . -  0 . s-
~~~~

- - Q 0 ~99

0 5 15 1 0 85’ 1 0 966C C 9 r ( J  C 9339 - 9~ 39 0 ~~
5 - ” !  ~~ l i~~9~

0.0031+ 0 .8894 0 . 9 7 57  0. 9758 0.9957 0 .999 7  0. 9 s - 5T. 
~~~~~~~~ s-

~
- . 2 9 2 5

1.00 0.~ 452 0.9452 0.9913 0.9913 0 .3989 0. 99 89 0 .999 9 0- .9 ’~ -~9 ‘)•59597

0.7071 0.7901 C.~ 388 0.9395 0.9857 0.9857 0.9977 2.9972 0.99’~9

o.-31+65 0.81+65 0.9563 0.9568 0.9901 0.9901 0.998) 0.9931 0.9390

1 .50 0.9281 0.9232 0.9635 0 .9 8 3 5  0.9971 0.9971 0.9995 0.3995 0.9999

0.7159 0.7168 0.8809 0.8357 0.9609 0.9612 0.9890 0.9890 0.9973

0 .7866 0 .787 3 0 . 9 ) 5 1  0.9184 0.9730 0.9731 0.9925 0.9925 0.9982

2.00 0 . 9 2 -~9 0 .92 56 0 .97 82 0 . 9 7 9 4  0 .995 1 0 .9952 0.9990 0.9990 0.9998

0. Y 7~ 0 .6 770 0 . 0 3 2 0  3.84 67 0 .9334 0 .93 1+7  0 .9760 0 .9001  0 .992 1+

0 .7536 0 .7570 0.8809 0 .89 10 0.95 1+0 0 .95 1+9 0 .9837 0 .9837 0 .99 1+9

2.50 0.9284 0.9306 0.9761 0.9786 0.9938 0.9939 0.9985 0.9985 0.9997

0.631+9 0.61483 0.7960 0.821+8 0.9105 0.911+6 0.9619 0.9623 0.9854

0.7327 0.71+24 0.8560 0.876) 0.9383 0.9141 0 0.97141 0.9744 0.9902

S -  
S S
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rju le IVB (cont nued)

K r  1 , = 0 . 5

C -

_____ 
2 . 5  3.0 3 .5  4 .0 4 .5 5.0

3. 00 .93 39 0.9324~ fl.9702~ 1.9802~0.9933 0.9935 C.9901
1 -0 .998 1 0.9995

C.  500 0 . 6 ) 3 2
~ 0. 7 0 95 1f l . 1

~~3R 0 . 091+ 5 0 .9 02 9  9.95o~L.951 2 0.9779

0 . 7 ) 5 7 0 . 7 350 n 93 3 4 0s- .969’2 0.927’o .933 1-0 .300 -1 0 .9668 0 .985 1

3.50 0. .~95 L ’- 1~~~~~~~~ s- s- j,
~,797 0.90

28 0.9935 0.9939 0 . 5 9 C 0 ~~0 . 5 C - 8 0  0.9991+

0. 9o5 ’~) . 01 ’ o. 7 1+35 0 .9076 o . 32 1+!  0.8982 0.9419 0.9442 0.9713

0.70-01 0.78~~ , C.3255 0.2060 0.9206 0.9301 0.9606 0.9621 0.9807

0 .j (3~~U . 9 5 ) / S 3 . ~~~/ 9 8  0.9857 0.934110.9946 0.9980 0.9980 0.9993

0.5570 O. 6Tb’5
~ 0.7338 0.8028 0.8777i0.8977 0.9372 0.9413 0.9666

0.0861 0.7279 3.8190 0.8638 0.9105 0.9300 0.5974 0.9602 0.9775

5.~ ’- o.9534~O.9967 o.s21+2 o.59’)~41o.9957 0.9964 0.9901
, 0.9985 0.9994

O.5~ 3 7_ 0.0 0+
~
0.7l08I0.7954-0 0.87114 0 .9007  0 .934 5 0 . 9 1+31  0 .9629

0. 36~ 0 . 7 2 2 5 0 . 8C !9~ 0 .8591+ 0 .9 12 8 10 . 9 3 2 6  0 .9558 0 .9616  0.9751

6.00 0.96170.9,.60 .~ 381 0.95~ 6~ 0 .9 9 7 1  ~0 .997 8 0 .9989 0.9990 0.9995

0.1+897~o.59 1+5~0.6943
5
0.787l ~0.b 093 ,0.9037 0.9359 0.9483 0.9641

o. ,;o~o .71 o.i923 1.).5859,0.91: 0~ 0.9351 0.9569 
0 q 1 8~ 0 .9759

8.oo  0 . 9 7 3 0 C- . 96 -6 ~ 0. 993 0 0 .09 7 0  0 .9988 0 .9992 0 .9996 0 .95 7 3 .999 8

-o. 1+y 1+ 0.~~-+ 1 0 . 6 7 l 9~ 0 . 7 c 2 7  0. 0 7 ) 3  0 .9081+ 0 . 9 4 1 7  0 .9563 0 .9696

3.6 19 0.691+2 0.779l~~3.8542 0.9138 0.9386 0.9610 0.9708 0.9797

10.02 3.j~ 39l 0.9917~ 0.990-6~ 0.9986 0.9995 0.9997 0.9998 0.9999 
0.9999

0 .4118 C.5.~~’ ~C .b508 0.7837 0.8761 0.9158 0 . 9 1 484  0 .9 621  0 .975 0

0.6020 r .6 /00~ T .7700 0.3~50 0.9172 0.9438 0.9655 0.9747 0.9833

15.00 0.5)147 0.9979 0.39 ’j 0.3993~0.9-)99 0.9999 0.9999 0.9999 0.9999

~~3 147~ a . 1 + 1 + 9 L.0325+o.7909
1

0.8911 O.93~s7 0.9634 0.9750 0.9853

‘) . 0031  ~~. 0 YOI . s+0~0. 0605 0. 91 7 jfl .95f~4 ~C . 97 - f - 0. 9839 0 .99 02

------S—-— ~~ -~~ — -  - S  -— —-S
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Table  IVC

S Us i ng the rule R
1 

and under the confi guration (~ A ,? ,...,—- ) , th i s

table g i ves ir- order the tri ple (a) the probability of selectin g a best

population , (b) the probability of selecting any non—best population and

~c) 
t4- e expected proportion of the selected populations

( [ ( a ) + ( k - 1 ) ( b ) ] / k ) .

k = 5, - = 0.3

1.50 1.75 2.00 2.50 3.00 3.50 4.00 4.50 5.00

0.50 0.9900 0 .9900 0 .9995 0.9995 0 .9999 0 .9999 0 .9999 0.9999 0 .9999

0.9105 0.9105 0.9857 0.9857 0.9982 0.9982 0.9998 0.9998 0.9999

0.9261+ 0.9261+ 0.9884 0.9884 0.9986 0.9986 0.9998 0.9998 0.9999

0.75 0.9798 0.9798 0.9985 0.9985 0.9999 0.9999 0.9999 0.9999 0.9999

0.8315 0.83)5 0.9606 0.9606 0.9929 0.9929 0.9989 0.9989 0.9998

0.8612 0.8612 0.9682 0.9682 0.9943 0.99143 0.9991 0.9991 0.9998

1. 00 0.9689 0.9689 0.9969 0.9969 0.9997 0.9997 0.9999 0.9999 0.9999

0.7518 0.7518 0.9247 0.9249 0.9822 0.9822 0.9965 0.9965 0.9994

0.7952 0.7952 0.9391 0.9393 0.9857 0.9857 0.9972 0.9972 0.9995

1.50 0.9516 0.9516 0.9930 0.9930 0.9992 0.9992 0.9999 0.9999 0.9939

0.6221 0.6221 0.8382 0.8406 0.9453 0.91+54 0.9845 0.9845 0.9963

0.6880 0.6880 0.8692 0.8711 0.9561 0.9562 0.9876 0.9876 0.9970

2.00 0.91447 0.91+47 0.9896 0.9897 0.9985 0.9985 0.9998 0.9998 0.9999

0.5399 0.5408 0.7568 0.7665 0.8975 0.8985 0.9626 0.9627 0.9882

0.6208 0.6216 0.8034 0.8112 0.9177 0.9185 0.9700 0.9701 0.9906

2.50 0.91461 0.9463 0.9877 0.9882 0.9978 0.9978 0.9996 0.9996 0.9999

0.4879 0 .49 19  0 .6 9 15 0 .7 152  0 .8515 0.8550 0.9352 0 .9354 0 .975 1

0 .5796 0.5828 0.7508 0 .7698 o.88o8 0.8836 0.9481 0.9483 0.9800
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Tab le IVC c o n t i n ue d )

k = 5, ~ 
= 0.3

1.50 1.75 2.00 2.50 3.00 3.50 4.00 4.50 5.00

3. -~~ - 0.1518 0.9521+ 0.9274 0.9882 0.9975 0.9975 0.9995 0.9995 0.9999

o.91+~ 7jo.4595 0.6408 0.6827 0.81 35 0.8221 0.9078 0.9088 0.9587

0.51+93 0.5581 0.7101 0.743810.8503 0.8572 0.9261 0.9270 0.9669

3.50 0.9985 0.9598 0.3681 0.9893 0.9974 0.9974 0.9994 0.9994 0.9999

O•1+l 39
f
O~43S3 0.6004 0.6609 0.7840 0.8002 0.8841 0.8868 0.9416

0.5223 0.51+02 0.6780 0.7266 0.8267 0.8396 0.9072 0.9094 0.9532

4.00 0.9648 0.J~ 7( 0.9394 0.9910 0.9975 0.9975 0.9994 0.9994 0.9998

0.38)2 0.4154 0.5671 0.6437 0.7612 0.7865 0.8654 0.8708 0.9260

o.~,96o 0.5257 0.6510~ 0.7l32 0.8084 0.8287 0.8922 0.8966 0.9408

5.00 0.971+3 0.973710.9923 0.934310.9981 0.9982 0.9995 0.9998 0.9998

0.321+2 0.3825
~

5D.5 13 9l0. 6l22 0.7278 0.7715 0.8406 0.864310.9032

-2.4542 0.50170.6096 0.63-36 0.78)9 0.8168 0.8724 0.9321 0.9225

6.oc 0 .9 01 8 0 .9866 0.9948 0 .9966 0.9987 0.9988 0.9996 0 .9996 0.9998

0 .279 1+ 0 .3530 0 .14 718 0 .58 17 0.7034 0 .7603 0.8261 0 .8496 0 .89 12

3.14199 0.1+797 0.5704 0.661+7 0.7621+ 0.8080 0.8608 0.8796 0.9129

8.00 0.9908 0.9946 0.9978 0.9988 0.9995 0.9996 0.9998 0.9998 0.9999

0.2141 0.2940 0.4062 0.5315 0.6668 0.7360 0.8084 0.8448 0.8825

0.3694 0.431 1 0.5245 0.6250 o.7334 0.7888 0.81+67 0.8758 0.9060

10 .00 0 .9955 0 .9977 0.999 1 0 .9996 0.9998 0 .9999 0 .9999 0 .9999 0.9999

0. 1673 0 .2 1+03 0 .3552 0.4 94 8 0.6392 0.7 166 0 .7972 0 .8374 0.8792

0.3329 0.3922 0.1+81+0 0.5957 0 .7113 0.7733 0.8377 0.8699 0.9034

15.00 0.9992 0.9997 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999

0.0937 0.15914~0.2628 0.421+4 0.5859 0.6917 0.7837 0.8336 0.8809

o.~~;1+~ 0.32i140 . 1+l0 2~0.5395 0.67’6 0.7533 0.8269 0.0009 0.901+7

- “ — S  - —  -
~~~~~~~~ - -
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Table (V I)

Us ing  the rule and under the confi guration ( , s-~~ ,... , .) ,  t h i s

table g ives in order the tri ple (a) the probabili ty of selecting a best

population , (b) the probability of selecting any non—best populat ion and

(c) the eA pec t e d  proport ion of the se lec ted  populat ions

([(a)-’- (k-l) (b)]/k).

k = 5, 0 .5

1.5 1.75 2.0 2.5 3.0 3.5 4.0 14.~ 5.0

0.50 0.9741 0.5741 0.9978 0.9978 0.9998 0.9998 0.9999 0.9999 0.9999

0.9109 0.9109 0.9858 0.9858 0.9982 0.9982 0.9998 0.9998 0.9999

0.9236 0.9236 0.9882 0.9982 0.9985 0.9985 0.9998 0.9998 0.9999

0. 75  0. 9492 0 .9492 0.9938 0 .9938 0 .9994 0 .999 1+ 0.9999 0.9999 0.9999

0.83 42 0 .8342 0 .9 6 13  0 .96 13  0 .9930 0.9930 0.9989 0 .9989 0.9998

0.8572 0.8572 0.9678 0.9678 0.9943 0.9943 0.9991 0.9991 0.9998

1.00 0 .92 39 0 .9239 0 .9 878 0.9878 0.9985 0.9985 0 .999 8 0.9998 0 .9999

0.7601 0.7601 0.9273 0.9276 0.9829 0.9828 0.9967 0.9967 0.9994

0.7929 0.7929 0.9394 0.9396 0.9860 0.9860 0.9973 3.9973 0.9995

1.50 0.8873 0.88714 0.9739 0.9742 0.9953 0.9953 0.9993 0.9993 0.9999

0.6516 0.6519 0.8518 0.8551 0.9503 0.9505 0.9860 0.9860 0.9966

0.6988 0.6989 0.8762 0.8789 0.9593 0.9595 0.9886 0.9886 0.9973

S 

2.00 0.8748 0.8751 0.9629 0.9643 0.9915 0.9916 0.9983 0.9983 0.9997

0.5954 0.5973 0.7899 0.8029 0.9139 0.9)51 0.9687 0.9688 0.9902

0.6513 0.6529 0.8245 0.8351 0.9294 0.9301+ 0.97147 0.9747 0.9921

2.50 0.8776 0.8792 0.9576 0.9610 0.9887 0.9888 0.9973 0.9973 0.9994

0.5651 0.5730 0.71478 0.7772 0.3853 0.8895 0.9507 0.9511 0.9811

0.6 276 0 .63 1+2 0.7898 0. 8140 0.9060 0 .9094 0.9600 0.9603 0.9848

- S - ~~-~~~ ‘_r- -- -~~~~~ . ~~~~~
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1,

Ts -~ L ; l e IVD (continue d)

= 5, - 0 .5

1.5 1.75 2.0 2.5 3.0 3.5 4.0 4.5 5.0

3.00 0.886 1 0.8904 0.9569 0.9620 0.9875 0.9878 0.9965 0.9965 0.9991

— 3.51+1 5 0.5615 0.719) 0 . 7 0~s-4 0.8 674 0 .8770 0 .9367 0 .9379 0 .97 18

0. 110 1 , 0.0273 0.7673 0.8073 0.8914 0.8992 0.91+60 0.9496 0.9773

3.50 0.3390 0.9035 0.9589 0.9673 0.9876 0.9882 0.9961 0.9962 0.9989

0.5186 0.5554 0.7008 0.7661+ 0.8577 0.87144 0.9282 0.9309 0.9645

0.5933 0.6251 0.7524 0.8065 0.8837 0.8971 0.91+18 0.91+40 0.9713

4.00 0 .9030 0 .9 16 3  0 .962 3  0.9724 0.9886 0.9895 0.9961 0.9962 0 q9 88

0.4971 0.5520 0.6869 0.7651+ 0.8531 0.8769 0.921414 0.9294 0.9598

0.5783 0.6249 0.7420 0.8068 0.8802 0.8995 0.9387 0.9427 0.9676

5. 0-0 0 . 9 1 7 1  0 .93 8 1 0 .970 1 0 .9 8 14  0 .99 16  0 .9929 0.9969 0.9970 0.9988

o.4631+ 0.5474 0.6687 0.7622 0.8512 0.8856 0.92147 0.9349 0.9576

o .554 1 0.6256 0.7289 0.8060 0.8793 0.9071 0.9391 0.9473 0.9659

6 .00 0 .930 6 0 . 95 0 3  0 .977 2 0 .9875 0 .9944 0 .9957 0 .997 9 0 .9 9 - 81 0.999 1

0.4A02 0.5395 0.6573 0.7599 0.8534 0.8923 0.9288 0.9429 0.9605

0.5383 0.6225 0.8213 0.8055 0.8816 0.9130 0.9426 0.9539 0.9682

3 .ao 0.9536 0.9737 0.9875 0.99142 0.9976 0.9985 0.9992 0.9991+ 0.9996

0.14 061 0 . 5 12 3  0 .6 1+39 0 .7644 0 .8614 0 .9 01 9 0 .93 81 0 .953 8 0 .9681

0.5156 0.6045 0.7126 0.8103 0.8886 0.9212 0.9503 0.9629 0.9744

10.00 0 .9696 0.9839 0.9933 0.9973 0.9990 0.9994 0•9q97 0.9998 0.9999

0.3799 0.14934 0.6358 0.7714 0.8701 0.9123 0.91466 0.9609 0.9743

0.4979 0.5915 0.7073 0.8166 0.8959 0.9298 0.9573 0.9687 0.9794

15.00 0.9897 0.9959 0.9986 0.9996 0.9999 0.9999 0.9999 0.9999 0.9999

ri .329I) 0.1+700 0.6224 0.7864 0.8895 0.93140 0.9631 0.9758 0.9852

o. 4(, l~ o .s/s : ’  0.6977 0.0791 0 . 9 1 1 6  0.947 :’ o.~~7o5 0.)OOh 0. 99 82

s - S  ~~~~~~~~~~~~~~~~~~~~~~~~~~~ -— — -  —~~— - -  -~~ — 
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Table VA

Us ing the rule R
3 

and und e r the c o n f i gura t ion (-~~~, 
- - ), th i s

table g ive s in order the triple (a) the prob ab il ity of selec ting a best

population , (b) the probability o~ selecting any non—best popula tion

a n i Cc) the expected propor tion of t1+e selected populations

([(a)+ (k—1 ) (bf l/k )

k = 3, 6 = 0.3

1.50 1.75 2.00 2.50 3.00 3.50 4.00 4.50 5.00

.50 .9960 .9962 .9998 .9998 .9999 .9999 .9999 .9999 .9999

.9477 .9521 .9918 .9924 .9990 .9990 .9999 .9999 .9999

.9638 .9668 .9945 .9948 .9993 .9993 .9999 .9999 .9999

.75 .9945 .9950 .9996 .9996 .9999 .9999 .9999 .9999 .9999

.9179 .9305 .9817 .98143 .9971 .9972 .9995 .9995 .9999

.9434 .9520 .9877 .9894 .998 1 .9981 .9997 .9997 .9999

1.00 .9939 .9948 .9994 .9995 .9999 .9999 .9999 .9999 .9999

.8931 .9)65 .9701 .9766 .9945 .9947 .9989 .9990 .9998

.9 267 .91+ 26 .9799 .98 142 .9963 .9965 .9993 .9993 .999 8

1.50 .99i40 .9957 .9992 .9994 .9999 .9999 .9999 .9999 •9999

.8530 .8974 .9461 .9662 .9891 .9903 .9973 .9973 .9993

.9000 .9302 .9638 .9773 .9927 .9935 .9981 .9982 .9995

2.00 .9948 .9969 .9991 .9995 .9999 .9999 .9999 .9999 .9999

.8 176 .8782 .9227 .9605 .9848 .988 1 .9958 .9960 .9987

.876 6 .9 17 8 .9148 2 .9735 .9898 .992 1 .9972 .9973 .999 1

2.50 .9956 .9977 .9992 9996 .9999 .9999 .9999 .9999 .9999

.7855 .8583 .90 10 .9559 .98 11+ .9876 .9949 .9955 .9983

.8555 .9043 .9337 .9705 .9875 .99 17 .9966 .9970 .9988



____ 

__________________ 
-- --S- S ~~~~~~~~~~~~~~~~~~~~~~~ - - I

t- 0, - (con t

= 3,~ -S — -0 .3

1 .50  1 . 7 9 1  2 .00  ? .SOj 3 .00 3.50 4 .00 1+ .~ o 5. 00

3. - - .3219 .~ 1-0~ . 9 9 2 - 3 .9397 .9999 .9999 .9999 .5999 .9999

. 75 9 0 .314 2  . °d~?8 .95 11 .9701+ .9875 .9945 .~ 357 .

.833 1 .8930 .9216 .5173 .9856 .9516 .9963 .9971 .3937

3.50 .59~-5 .998~ .927 1+ .9998 .9999 .9999 .9999 .9999 .9999

.‘3 87 .2 2 7 9 . 8~ -32 .‘~1+03 .9758 .9871 .9941 .9962 .9982

~~~~ .0849 .91 26 .96141 .9839 .99114 .9961 .9974 .5938

4 .00  .~-~~:5 .9990 .3995 .9999 .9999 .9999 .9999 .9999 .9999

.7 2 3 9  .9 175 .3599 .9419 .9739 .9865 .993] .9966 .9983

.1149 .8780 .906~4 .9612 .9826 .99 ) 0  .9958 .9 5 7 7  .9988

0. 00 .5935 .?9~ 5 .999 7 .9~ 99 .9999 .9999 .9999 .9999 .997?

.700 6 .7996 .8503 .9365 .9724 .9857 .9931 .9970 .9985

• 7 Q 99 .506 3 .900 1 .9577 .98 16 .9905 .995 1+ .9980 .9990

6.00 .E’-~9l .9997 .9998 .9999 .9999 .9999 .9999 •9 9 9 ~ .9999

. 031~ .7826 .8 1+7 1 .9363 .9734 .9964 .9933 .997? .92 80-

.7 1+76  .8550 .8980 .9575 .9822 .9909 .9955 .9981 .9990

8.00 .99 97 . ~999 .9999 .9999 .9999 .9999 .9999 .9999 .9999

.6537 .7637 •31475 .2’426 .9780 .9900 .9951 .9979 .9990

.769 0 .81+25 .8983 .9617 .9853 .9933 .9967 .9986 .9993

10.00 .9999 .9999 .9999 .9999 .9999 .9999 .9999 1.0000 1.0000

.6336 .764 1 .8514 .94914 .9827 .9930 .0969 .9987 .9994

.7557 .81+27 .9009 .9662 .98814 .<“~53 .9979 .999 1 .9996

15.00 .9990 .9999 .9999 .9999 1.0000 1.0000 1.0000 1.0000 1.0000

.6003 .7107 .8658 .761+7 .9909 .9973 .9991 .9997 ~~~~

. 7 335 . 9” 21+ . 2 1  05 .9701+ . ~9 39 . 9~’62 ~9 9 1 +  . 
s-
~~(4 (4 ~~

- -

~

--
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Table VB

Using ~~~ ‘
- rule R

3 
ari d under the confi gurat ion (~~- ,2 ,...,A ) ,  th is

tab ) . ’ g i - ~es r order the tr i p l e Ca) the p robability of selecting a best

populat ion , (b) the p r o b a b i l i t y  of se lec t i ng  any non—best populat ion

and Cc) ~h~- expected propor tion of thf~ selected populatio ns 
S

(~ (~ )-+- (k— l ) (b)j, ’-~)

k = 3, -~ 
= 0.5

1.50 1.75 2.00 2.50 3.00 3.50 14.00 14.50 5.00

0.50 .9 89 1+ .990 1 .999 1 .9992 .9999 .9999 .9999 .9999 .9999

.95 20 .9565 .9925 .993 1 .999 1 .999 ) .9999 .9999 .9999

.9644 .9677 .9947 .9951 .9994 .9991+ .9999 .9999 .9999

0.75 .9852 .9873 .9982 .9984 .9998 .9998 .9999 .9999 .9999

.9268 .9394 .9838 .9864 .9975 .9976 .9996 .9996 .9999

.9463 .9554 .9886 .9901+ .9983 .9983 .9997 .9997 .9999

1 .00 .9830 .9868 .9975 .9980 .99~7 .9997 .9999 .9999 .9999

.9068 . 294 .9743 .9806 .9955 .9957 .999 1 .9991 .9990

.9322 .91+85 .9820 .9864 .9969 .9970 .9994 .9994 .9999

1.50 .98 18 .9883 .9964 .9977 .9996 .9996 .9999 .9999 .9999

.8750 .9 160 .9 5 04 .97 140 .99 17 .9928 .9979 .9980 .9995

.9 106 .94 01 .9691 .98 ) 9 .994 3 .9950 .9986 .9986 .9996

2 . 1Y- .9819 .9901 .9958 .9981 .9995 .9996 .9999 .9999 .9999

.81+72 .90(9 .9377 .971) .9891 .9919 .9971 .9973 .999 1

.292 1 .93 13 .957 1 .980 1 .9926 .99 1+4 .9980 .998 1 .9994

2. 5 0 .9 82 5 .9~ l~4 .9956 .9985 .9996 .9997 .9999 .9999 .9999

.82’1 5 .8 5 1 1 i .921’ 1+ .9687 .9873 .9920 .9968 .9972 .9989

~ . S i : -
.’ / •5 1i+ S .~~~ 

1 9 /  .9 9 1 1 4  .99 1+6 .‘4 5 / R  .9~~ I .9983 
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Table  VB (cont inued)

k = 3, ‘S = 0.5

1.50 1 .75  2.00 2 . 50  3.00 3.50 4 .00 4.5o 5.00

3 .00 .9837 .99 25 .9957 .9989 .9997 .9998 .9999 .9999 .9999

.005 9 .~~782 .9 1 H  .5603 .9858 .9923 .9967 .997 6 .9989 —

.3 652 . 9 l f 3  .9393 .977 1 .9904 .9948 .9978 .9983 .9993

3 .50 .9 854 .9936 .99 6) .999 1 .9997 .9998 .9999 .9999 .9999

.79 1+1 .8713  .90 1+0 .9639 .9847 .9924 .9966 .9980 .9990

.8479 .9121 .9347 .9756 .9897 .9948 .9977 .9986 .9993

14.00 .9873 .991+6 .9966 .9993 .9998 .9999 .9999 .9999 .9999

.7860 .8662 .9005 .9622 .9942 .9923 .9965 .9983 .9991

.353 1 .9090 .932 5 .9746 .9894 .9948 .9977 .9988 .9994

5.00 .9908 .9963 .997 8 .9995 .9998 .9999 .9999 .9999 .9999

. 774 3 .8568 .8996 .96 17 .9849 .9926 .9966 .9986 .9993

.8 1464 .7033 .9323 .974 3 .9899 .9950 .9977 .9990 .9995

6.00 .9934 .9971+ .9986 .9997 .9999 .9999 .9999 .9999 .9999

.7655 .8489 .9023 .9645 .9867 .9937 .9970 .9988 .9994

.041 4 .8984 .93 1+4 .97 62 .99 1 t  .9958 .9980 .9992 .9996

8.00 .9965 .9987 .9995 .9999 .9999 .9999 .9999 .9999 .9999

.755 L~ .8 149 1 .9 107 .97 19 .9907 .9962 .9983 .9993 .9997

.8358 .8989 .940 3 .9~ 12 .9938 .9975 .9988 .9995 .9998

10.00 .9982 .999 1+ .9998 .9999 .9999 .9999 .9999 .9999 .9999

.7507 .8588 .9198 .9781 .9937 .9978 .9991 .9996 .9998

.8332 .9057 .9465 .9853 .9958 .9985 .999 1+ .9997 .9999

15.00 .9996 .9999 .9999 .9999 .9999 .9999 1.0000 1.0000 1.0000

.8488 .8742 .9402 .9886 .9977 .9994 .9998 .9999 .9999

.832 1+ .9 161 .960 1 .9924 .9985 .9996 .9999 .9999 .9999

S s-~~~~~~~ ~~~~~~
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Ta b l e VC

Using the rule and unde r the configuration (6A ,). ,X), thi s

tab le g i v e s  in order the tri p l e  (a) the probability of selec ting a best

popu la t i on , (b) the probability of selecting any non-best population and

Cc) the expected proportion of the selected populations

(a )+ (k— I ) (b) 1/k) .

k = 5, ‘S = 0.3

1. 50 1.75 2.00 2.50 3.00 3.50 4 .00 14.50 5.00

0.50 .9982 .9983 .9996 .9999 .9999 .9999 .9999 .9999 1.0000

.972 )  .9739 .9886 .996 1 .9995 .9996 .9999 .9999 .9999

.9773 .9788 .9908 .9969 .9996 .9997 .9999 .9999 .9999

0.75 .9979 .9982 .9992 .9998 .9999 .9999 .9999 .9999 .9999

.9562 .9635 .9759 .9929 .9988 .9993 .9998 .9999 .9999

.9646 .9704 .9805 .9943 .9990 .9994 .9998 .9999 .9999

1 .00 .9977 .9983 .9990 .9998 .9999 .9999 .9999 .9999 .9999

.9394 .9540 .9655 .9899 .9979 .9990 .9996 .9998 .9999

.9510 .9629 .9722 .99 19 .9983 .9992 .9997 .9998 .9999

1.50 .9976 .9986 .999 1 .9998 .9999 .9999 .9999 .9999 .9999

.9097 .9359 .956 1 .9861 .9962 .9987 .999 1 .9997 .9999

.9272 .91485 .9647 .9889 .9970 .9990 .9993 .9997 .9999

2.00 .9979 .9989 .99914 .9999 .9999 .9999 .9999 .9999 .9999

.8871 .92 18 .9526 .98149 .9953 .9985 .9989 .9996 .9999

.9092 .9372 .9620 .9879 .9962 .9988 .9991 .9997 .9999

2.50 .9983 .9992 .9996 .9999 .9999 .9999 .9999 .9999 .9999

.8704 .9150 .9505 .9845 .9950 .9983 .9989 .9996 .9999

.8960 .931~ .9603 .9875 .9960 .9987 .9991 .9997 .9999 
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Ta ble VC (continued)

k = 5, 6 = 0 .3

1.50 1.75 2.00 2. 50 3.00 3.50 1+.0o 14.50 5.00

3.00 .9987 .9994 .9998 .9999 .9999 .9999 .9999 .9999 .9999

.8597 .9 114 0 .9499 .981+5 .9953 .9983 .9991 .9997 .9999

.8875 .93 11 .9599 .9876 .9962 .9986 .9993 .9998 .9999

3.50 .9990 .9996 .9998 .9999 .9999 .9999 .9999 .9999 .0000

.8539 .9154 .9506 .9853 .9957 .99814 .9993 .9998 .9999

.8829 .9322 .9604 .9882 .9966 .9987 .9991+ .9998 .9999

14.00 .9993 .9998 .9999 .9999 .9999 .9999 .9999 .9999 1 .0000

.8508 .9 167 .95 19 .9865 .9963 .9987 .999 14 .9998 .9999

.8805 .9333 .961 5 .9892 .9970 .9989 .9995 .9999 .9999

5.00 .9997 .9999 .9999 .9999 .9999 .9999 .9999 1 .0000 1 .0000

.81+62 .9176 .9555 .9892 .9973 .9992 .9997 .9999 .9999

.8769 .934! .96 141+ .99 114 .9979 .9993 .9997 .9999 .9999

6.00 .9998 .9999 .9999 .9999 .9999 1.0000 1.0000 1.0000 1.0000

.8437 .9 193 .9596 .99 14 .9981 .9995 .9998 .9999 .9999

.8750 .9355 .9677 .9931 .9985 .9996 .9998 .9999 .9999

8.00 .9999 .3799 .9999 .9999 1.0000 1.0000 1.0000 1.0000 1.0000

.8446 .9265 .9676 .9946 .9991 .9998 .9999 .9999 .9999

.8757 .9 14 12 .97 1+1 .9957 .9993 .9998 .9999 .9999 .9999

10.00 .9999 .9999 .9999 1.0000 1.0000 1.0000 1.0000 1 .0000 1.0000

.81481+ .9357 .974L~ .9967 .9996 .9999 .9999 .9999 .9999

.8787 .9 1486 .997 14 .9996 .9999 .9999 .9999 .9999 .9999

15.00 .9999 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

.8621+ .953 14 .9861 .9990 .9999 .9999 .9999 .9999 1.0000

.8899 .9627 .9889 .9992 .9999 .9999 .9999 .9999 1 .0000

- - -—--------~~~~~~~~~~~ -~~~~ ~~~~~-- - S --_ -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Ta b l e VD

Using the rule R
3 

and under the configurat ion (6A ,)4 ,. ..,A) , th is

table g ives in order the triple (a) the p robab i l it y  of se lec t ing  a best

populat ion , (b) the p robab i l i t y  of se lec t i ng  any non—best populat ion and

(c) the expected proportion of the selected population

( t ( a ) 4 ( k — l ) ( b ) ] / k ) .

k = 5, 6 = 0.5

1.50 1.75 2 .00 2 .50 3.00 3.50 4 .00 14.50 5.00

0.50 .9948 .9952 .9985 .9996 .9999 .9999 .9999 .9999 .9999

.9737 .9756 .9890 .99614 .9995 .9996 .9999 .9999 .9999

.9779 .9795 .9909 .9971 .9996 .9997 .9999 .9999 .9999

0.75 .9930 .99141+ .9970 .9994 .9999 .9999 .9999 .9999 .9999

.9589 .9663 .9773 .9935 .9989 .9991k .9998 .9999 .9999

.9657 .9720 .9813 .99 1~ 7 .999 1 .9995 .9998 .9999 .9999

1.00 .99 15 .9941 .996 1 .9993 .9999 ..9999 .9999 .9999 .9999

.9435 .9580 .9686 .9910 .9982 .9992 .9996 .9998 .9999

.953 1 .9652 .9741 .9927 .9985 .9993 .9997 .9998 .9999

1.50 .9898 .9940 .9963 .9993 .9999 .9999 .9999 .9999 .9999

.9 175 .942 1+ .96 17 .9883 .9968 .9990 .9993 .9997 .9999

.9320 .9527 .9687 .9905 .9974 .9992 .999 1~ .9998 .9999

2.00 .9898 .99~43 .9972 .9995 .9999 .9999 .9999 .9999 .9999

.8985 .93 13 .9596 .9876 .9962 .9988 .999 1 .9997 .9999

.9 168 .9439 .9672 .9900 .9970 .9990 .9993 .9998 .9999

2.50 .9905 .9952 .9979 .9996 .9999 .9999 .9999 .9999 .9999

.8854 .9274 .9587 .9876 .9962 .9987 .9992 .9997 .9999

.906 14 .9 1+10 .9665 .9900 .9969 .9990 .9991+ .9998 .9999

~ 

-S~~~~~~~~~~~~~~~~~~~~ —S - s - --~~~~~~~~~~~~~~~ 
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Table VU (continued)

k = 5, ‘S = 0 .5

-~~3 1.50 1.75 2.00 2.50 3.00 3.50 4.00 14.50 5.00

3.00 .9917 .9963 .9985 .9997 .9999 .9999 .9999 .9999 .9999

.878 ! .9 284 .9592 9881 .9965 .9988 .9994 . 9998 .999 9

.9009 .91+20 .967) .99014 .9972 .9990 .9995 .9995 .9999

3 .59 .993 1  .9573 .9989 .9998 .9999 .9999 .9999 .9999 .9999

.875: .9307 .9606 .9891 .9970 .9989 .9995 .9998 .9999

.8988 .91+40 .9683 .99 12 .9976 .999 1 .9996 .9999 .9999

4.00 .991+5 .9980 .9992 .9999 .9999 .9999 .9999 .9999 .9999

.8~4o .9326 .9625 .9903 .9975 .9991 .9996 .9999 .9999

.898 1 .945 7 .9698 .99 22 .9980 .9993 .9997 .9999 .9999

5.00 .9964 .9989 .9996 .9999 .9999 .9999 .9999 .9999 .9999

.8726 .9350 .9666 .9927 .9983 .9995 .9998 .9999 .9999

.8971+ .91+78 .9732 .9941 .9986 .9996 .9998 .9999 .9999

6.00 .9976 .9993 .9998 .9999 9999 .9999 .9999 1.0000 1.0000

.8733 .9382 .9708 .99 L~1+ .9989 .9997 .9999 .9999 .9999

+ .8982 .9504 .9766 .9955 .999 1 .9998 .9999 .9999 .9999

3 .00 .999 0 .9998 .9999 .9999 .9999 .9999 1.0000 1.0000 1.0000

.8787 .9 1+70 .9783 .9969 .9995 .9999 .9999 .9999 .9999

.9028 .9576 .9826 .9975 .9996 .9999 .9999 .9999 .9999

10.00 .9996 .9999 .9999 .9999 .9999 1.0000 1.0000 1.0000 1.0000

.8858 .9560 .981+0 .9983 .9998 .9999 .9999 .9999 .9999

.9086 .96 1+8 .9872 .9986 .9998 .9999 .9999 .9999 .9999

-

S 

15.00 .9999 .9999 .9999 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

S .901+6 .9720 .9927 .9996 .9999 .9999 .9999 1.0000 1.0000

.92 37 .9776 .994 1 .9997 .9999 .9999 .9999 1.0000 1.0000
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CHAPTER I

SOM E RESULTS ON SUBSET S E L E C T I O N

PROCEDURES FOR DOUBLE EXPONENTIAL POPU LATIONS

2 . 1  In t roduct ion

In this chapter we study the selection prob l ems and some other

related statistical infere -ce problems for the k double exponential

(Laplace ) populations. Before we do th i s , we g ive some discussion of

the Laplace distribution , its characteristics ( v s .  no rma l , logistic and

Cauchy) and its use as a ~‘ode 1 in statistics and probabili ty.

The double exponential distribution aris es as a model in some

statistical problems as explained later. This distributi on is also

considered in robustness studies , which suggests that it provides a

-~~de 1 with diFferent characteristics than some of the other commonly

used mo dels such as the norma l distribution . In particular , the tails

of the double exponentia l distribution are thicker than the tails of

the norma l or log ist i c , but not as thick as the Cauchy (see p. 143,

Hajek [47)). Yet the double exponential has not been used very cx-

tens ive 1-~ as a model. This could be due in part to the lack of available

s t a t i s t i c - i l techni ques for th is  d i s t r i b u t i o n , a l though it s l i ke l y  that

the experinento r has sh ied away from using the double exponential be-

cause it has a sharp peak in the center. However , many applications

would be primaril y concerned with tail probabilities , and it would seem

~
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that the double exponential would be a useful model i f exponential tails

are required.

The double exponential has some application as a model in  the area

of Ac tuarial Science , and i t has been suggested as a model for the

dis tribution of the strength of flaws in ma terials by Epstein [27] .

Using the weakest link principle , the strength of the material should

dec rease as the number of flaws or vo l ume increases. In particular ,

from extreme-va l ue theory the double exponential assumption leads to

the result that the mode or most probable strength decreases in pro-

portion to log n , where n represents the size or number of flaws of the

material. In comparison , the assumpt i on of a norma l model leads to a

decrease in proportion to (log ~)~~ 2• For most applications to ma terial

S s t rength. on ly the minimum f law strength would ordinaril y be observable;

howeve r , Epstein [27] suggests that there may be many other types of

prob l ems , such as a system of componen ts in series , which mi ght be

s i m i l a r  from a statistical point of view . Other possible applications

of the double exponential are suggested by the fact that the difference

of two independent (not necessary ident ica l) two parameter exponent ia l

variables fol l ows the double exponential distribution , and that the

logarith m of the ratios of unifor m or Pareto variables follows the

double exponential distribution .

In class ical theory , once having assumed the form of the parent

distribution , we can derive a criterion which is appropriate to this

assumpt ion . For example , under the assumption of norma l i t y ,  for the

com parison of two means we would der ive the t — s t a t i s t i c .  It i5 then

CU~. tornary to u~ t I fy t ht~ u s - c  of such s - i norma l theory cr 1 t et i (in i ~ t he 

- - 5- _ _  _ _ _ _
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pract ica l circumstance in whi ch normal i ty  cannot be guaranteed b y

arguing that the distribution of the characteristic is but little

af fec ted  by non-normali ty of the parent d i s t r i bu t ion  — that is , it is

robust under non—normal i ty .  Howeve r , th is  argument ignores the fac t

that i f  the parent d i s t r i bu t i on  real ly  d i f fe red from the norma l , the

appropriate criterion would no longer be the normal—theory statistic.

Box and Tiao [19] reconsidered the analysis of Darwin ’ s paired data

on the hei ghts of sel f and cross—fertilized p lants quoted by Fisher

in “The Design of Experiments (1935)” . In this development the parent

distribution is not assumed to be norma l , but only a member of the

fo l low ing c lass of symetr ic d i s t r i bu t ions

21(1+6)
= 1 exp {— .

~
. ) (2.1.1)

l+~ ( 1+9)
r[1+~(~+e)]2 

2

where — c° < y < ~ , 0 < a < ~~ — ~ < 0 < ~ , - 1 < 6 < 1. This class of

distributions inc ludes the normal (6 0) and the double exponential (6=1),

and its kur tos is  parameter is 6.

If the p robab i l i t y  dens i ty  function of the double exponential is

given by

f(x ,0,a) = ~j . e a 
, - < ~ < o~, < 0 < a > 0

( 2 . 1 . 2 )

then  the mode of the dist ribution is x = 0 where it has a sharp peak.

The expected value and standard deviation of (2.1.2) are 0 and

respectively. Moments of the standard i zed double exponential order

statistics can be obtained by usi ng the closed—form express ions for the

- -S ---—5- —---- -- - --S-s-— ~~~~~~~~~ S S  ~~~~~~~~~~~~~~~~~~~ -_ ~~~~~~~~~~~~~~~~ - 
-
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moments of the standardized negative exponential orde r statistics

derived by Epstein and Sobel [28]. Govindarajulu [34] has given

the expressions for these moments.

Chew [23] g ives the graphs of the standard i zed density functions

of norma l , log istic and double exponential distribution s , from which

i t is clear tha t the tail s  of the double exponential distribution are

thicker than that of the norma l or logistic , in the sense that the

curve of double exponential is above that of the others to the left

and right of some points. In the case of the norma l distribution this

point is 2.64.
1 2x -~~~u,~~ I tIf the cumulative distribution functions G 1~ x) = — j e du

-~
1 f2x
— e  , x < 0

and G 2 (x ) = of the standardized norma l and double
1 -~~x , x > 0

exponential distributions are compared , (also si milar comparison between
IT

standardized log is tic G
3
(x) = 1/(1 + e 

~~ 
) and the double exponential

d i stribution) the differences G2(x) 
— G 1 (x) (as well as 02(x) - G

3
( x ) )

vary in the way shown in the graph below. Since G 1 (x), G2
(x) and

6
3
(x) are symmetric about x = 0 only the va l ues for x > 0 are shown .

-
~ With regard to point estimation , it is well known that the maximum

likelihoo d estima tes based on the complete sample of size n are g iven

-. 1
n — —

by 0 = X and a = -
~~~ Z lx i - X l ,  where X denotes the sample median.

Also best linear estimators (based on order statistics) under symmetric

censoring are given by Govindaraju lu [35] for sample sizes up to 20,

and some alternate estimates are suggested by Raghunandanan and

Sriniva san [66]. Interva l est imation for the parameters of the

5 ~~ 5~~~~~ 5 55 ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~ •-S~~~~~~~~ -S-S~~~ s - • • 5s--S S
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G2(x)—G 1 (x )

- G~ (x)-G
3
(x)

.06 0 -  i

.056 -

.052 4

.048

.01+4 -
~

.040 -

.036 -

.03 2 .  ‘

.028 -

.0214 - -

.020

.0 16

.012

.00 8

.00 4 - 
- (in multiples of the

standard deviat ion)

0 L - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- - 4 --- _— $ X

-.0014 - 

.2 .4 .6 .8 1.0 1.2 1.14 1.6 ‘is-s-. 8 2 :O 2.2 2.4 2.6 2.8

- .008 .s-

a
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two-parameter double exponential distribution is considered by Bain

and Enge lhardt [4].

Now we d i scuss  the problem of comparison of k (> 2) double

exponential distribut i ons. Firs t we study the selection prob l em for

the largest mean ( locat ion) .

2.2 Se lect ing a Subset Containing the Best of Several Double

Exponential Populations with Respect to the Location Parameter

(A) Formulation of the Prob l em

Let X~ , i = 1 ,2,...,k be k i ndependent random variables from

double exponential population iT
1, 

i = l ,2 ,...,k respective ly, with

probab i l i t y  densi ty function

f(x; 
~~~~ 

= ~~~ex p [-~ X—0 .j/o] , - < x < ~, - < 
~~~• 

x . Q > 0

where a is a common , known constant for each of the k populations. We

S may, without loss of generality, assume a to be one. The ranked para-

meters are denoted by 0 (1] .~~. ~~~~ .~~. .
~~
. ° rkF As before , i t  is

assumed that there is no a priori information available about the

correct pairing of the ordered 0 [ i )  and the k given populations from

which observations are taken. Any population whose parameter va l ue

equals 0 [k] 
w i l l  be defined as a best population . A correct selection

-
~ (CS) is defin ed as the selection of any subset of the k g i ven popula-

tions w h i c h  con ta in s a t least one best population .

Suppose we take (2n+1) i ndependent observations from

i = l ,2,...,k; the sample size (2n+l) is assumed to be given in the

primary prob l em below . Let ~~~~ < P~ < 1 ) be a preassigned constant.

----5 -5-- S -— - — - - -  -
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Let P(CS; k, n , 0 , R) denote the probabili ty of a correct selection

when the procedure R is used with the given k, n and when the true

confi guration of parame ter va l ues is 0 = (01, 02,...,Ok); let the space

of all possible va l ues of U be denoted by ~~.

The problem of primary interest is to define a procedure R wh i ch

selects a subse t of the k g iven population s that is small , never

empty, and large enough so that it contains the best population with

prob ability at best P~ , regardless of the true configurations ~i in

:~, i.e., so that

inf P(CS; k , n , 0 , R) > P* . (2.2.1)

After having defined a particular procedure R = R(k , n , P~) for each

possible set of va l ues of k , n and P-b , we discuss the expected size

E~ S; k, n , ~ P~
s-
~ R} of the selected subset when the procedure R is

used w i t h  the g i ven k, n , ~* and where 0 is the true parameter con-

f i guration in P-.

Let Y~ denote the sample median of the (2n+l) observations

from the ith population , and let Y (i) denote that

unknown variable which is associated with 0 [ i] •  The probability density

and the cumulative distribution G (.) of are given by

(2 +1)’ 1 
—~y—O . n+l 

1 ~~~~~~~ n

~~~~ ~~ = 

n ! n l 
‘ 

) (1 — ~~ ) (2.2.2)

2 +1 1 ) f O• J 1 
y— 0 . 2n+ l—j

I — ( ~ )(.T e ‘ ) ( 1 — ~e
.J =0

C (y; 0.) = {

n 2 +1 I ~~~~~~~~~~ 
-i (y0 1 ) 2n+l—j

( 
T

~j 
)(-~~ e ) (l— ~e ) 

~
J =0

(2 .2 .3 )

_ _  
S -
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How , we propose the selection pr ocedure R
5 

as f o l l o w s :

R
5
: Retain in the selected subset only those populations iT .

for whi ch

> max V . — d (2 .2 .4)
ls-~~j <k ~

where d = d(k , ri , P~~) is the smallest nc~n—n egative constant to be

determined that will  satisf y the basic probability requirement (2.2.1)

for all configurations 0 = (0~~, 02,...,0k).

(B) Probability of a Correct Selection and Its Infimum

The following result concerning the rule R
5 

can be proved .

Theorem 2.2.1. inf P
0(CSIR ) = inf P0 (CSIR

5
) = 

f 
G~~~ (y+d)g~ (y)dyocc~~— ~~ 0cc20 — -

~~~

where = = 
~~~~~~~~~~ 

: = 0
2 

= = 0
k 

= 0} , G (y), 
~~~~ 

are

the cdf and pdf of the sample median of (2n+l) observa tions from the

standard double exponential dis tribution.

Proof. For 0 ~

P
0(CSjR ~

) = P
e

{V
(k\ 

> max Y ( . )  — dl
— — ‘ ‘  l< j< k ‘~

= PQ (Y
(k)~

0 [k] > y - O  + O (.]~
O
(k]

-d , j=l ,2,...,k-l}

~~ rk-l y+0 -0 . +d 1
= I [.

~ 
~~ 

tk] 
~~~~~ g~ (z) dzJ~~~

(Y) dy (2.2.5)

~ 
j l  °

Note that 0 [k] 
— O [ J ]  > 0 for j = l ,...,k—l ; thus the result follows .

Hence , i f  we choose d to be the sma l l e s t constan t to sa t i s f y

~ 
~k-l (y+d) 

~~~~ 
dy P~ , (2.2.6) 

— ~~~~~~~~~~~
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then we have deter mined the constant d for wh i ch

inf P0(CSIR 5
) = P* . (2.2.7)

—

(c) Some Properties of R,.

For 0 c and 0 = (0 [1])...~~O (k] ) de fIne P
0

( i )  = P
0 

{R selec t

populat Ion s-TT
(.)

} ) and recall the follow ing definitions (see Santner

(69]).

Defi n i t Ion 2.2.1. The rule R is strongly monotone in  1T (j )  means

~ in 0 r •i when a l l  other componen ts of 0 are f ixed
p

8
( i)  ~~ 

L ’J —

— 4 in 
~~~ 

( j # i )  when a l l  other componen ts of 0 are f ixed

DefinI tion 2.2.2. R is a monotone procedure means for every 0 c S
s-

~

and I < i < j < k, P0
( i )  < P

0(j).

Defini tion 2.2.3. R is an unbiased procedure means for every U c ~

and l < j  < k ,

P
0

(R does no t selec t 1T (.)} > P8(R doe s no t select 11 (k)
)

Of cou rse , if R is monotone It is also unbiased.

Theorem 2.2.2. For any I l ,2,...,k, the procedure R
5 

i s  st ron g l y

monotone in 11 (j).

S Proof. The proof follow s eas ily from the expression

k
p
0
(~) f { G ( y  + ° (i]  

- 

~~~~ 
+ d ) }  

~~~~ 
dy

— -~~~ 
j =l
j~~~~

i

Corollar y 2.2.1. The rule R
5 

is monotone and unb iased.

Proof. I t is known and easy to see that if R is strongly monotone In
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for all I — i ,2,...,k, then It Is monotone .

Now we cons i der some special configur ations of 0 c ~2.

0(i] = 0 , I = l ,2,...,k— l S

{ (2.2.8)

0
(k] 

= ~ + ~ ~

0 [l s-J = e + (i—l )t ~ , ~ > 0, I = l ,2,...,k. (2.2.9)

Under (2.2.8),

p0
( l )  — 

~-: 
[G~(y+d)J ~~

2 G~ (y~~-~) g~(y) dy for t—l ,2,...,k-l

(2.2.10)

p8
(k) = f (G~ (y+d+~)) k~~ 

~~~~ 
dy . (2.2.11)

While under (2.2.9),

~ k
pe e) 

= 1 { .~‘ Gn (y+d+(i~
j)A ) } 

~~~~~~~ 
dy , i l ,2,...,k.

— -
~~~ 

j — l
j~

I

From the above equations we can make the fo l lowing  remarks :

Remark 2.2.1. For fixed P*, k, n , 1 (1 = l ,2,...,k—1) , the p r o b a b i l i t y

of selecting populat ion lf (j) decreases from P~ to zero as ~ increases

from zero to Infinity.

Remark 2.2.2. For fixed P*, k and n , the p robability of selecting lt (k)

increases from P* to one as ~ increases from zero to infinIty.

Remark 2.2.3. For fixed P~, k, I ( l ”l ,...,k l )  and ~~, the probability

of selecting population TT
(j) 

tends to zero as n ~~. W h I l e  the

probabili ty of select ing 11 (k) tends to one as n

Conclus i on: Under eithe r configuration (2.2.8), (2.2.9),

- s- -~~—~~- -—- ---.- ~~~~~~~ -— s- - - - — - - -  - — 5 - — - ~~~~~~ -— ---
~~~~ 

- --.5 --
~~~~~~

-

~~~~~~~~~~
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E
0
(SIR

5
) = 

~ 

p
0

( i )  ÷ 1 as A ~ ~ for fixed n and E0 (SIR 5
) ~ 1 as

n -
~ for fixed A .

(D) Asymptotic Results for the Procedure R
5

It suffices to consider the parameter space 
~,
. For i large ,

we discuss an asymptotic prop erty of the procedure as follows . Let V

be the sample median from a sample of size (2n+l ) with pdf

f ( x ; 0 )  = ~~~~~~~~ - < x < ~~ . Then it Is known (see Chu [24]) that

under 
~~~

, -s—— ~s asy mptotically normally distributed (here 0n 
= 

2n+l~~
Let Z denote a ra ndom v a r i a b l e wh i ch has a standard normal distribution ,

then ~~~~~~~. is asymptotically distributed as Z. Hence , under ~~ the

p r o b a b i l i ty

y > max V . - d

is asymptotically, the same as the probability that

Zk > max - /~~~ j d (2.2.13)
l< j<k ~

where Z~, I = 1 ,2,...,k, are i l d standard norma l variables. Hence ,

in f  P0(CSIR 5) ~ Pe
{Z
k 

> max Z. — /~~T) d
— — 1<j k ~

= f [.(z + /~~~l d)] d~ (z)

where ~~(.) is the cdf of the standard normal distribution .

(E) The Monotone LIkelihoo d Ra t io Property of the Sample Median

Suppose V is the sample median of (2n+l) observations from the

p opulation with double exp onential density function f(x ;8) = 4-e Ix e l

- -s- s-5. s-_5~~~~~~~~~~~~~ S~~~~~~~~~~~~~~~~~~ _~~-S-- --~~~~-..-. - - - --- - -5-5-- -5-- — -—— ---—-- ---- j
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The pdf g~ (y ;0) and cdf 6 (y;0) of V are given by equations (2.2.2)

and (2.2.3).

After some al gebraic computations , we see that Gn (0;e) ~~
. ; also

it Is easy to show that g~ (y ;0) is differen tiable at y = 0.

Let g (y;0) = 
~n

(y
~
0)
~ 

i t is shown in Lehmann (53, p .330] that a

necessary and sufficient condi tion for ~~(y—0 ) to have monotone I ike~ I—

hood ra t io i n y is that -log 
~ 

Is convex. Our main  goa l i n  th i s

section is to prove this asser tion. Now

= c~ (f e )n+I (1 - ~~e~~
’
~’)

” where c~ . ic,,

- log ~~~(v) = - log ~ + (n+l) log 2 + (n+1 )Iy I-n log (l-~ ~~~~~~

Le t h (y) = (n+i) fy ~ - n log (1 - ~~e~~ ’’ ) = { h 1 (y) , y < 0 wh i ch is

h2 (y) , y > O

a continuous function. For y < 0,

h (y ) h 1
(y) = — (n+l)y - n log (1 — .

~
. e’

~
’), we have

h~ (y) = - (n+i) + 2 
1 — < 0 since for y < 0 , 2 

1 
< 1

1 - T e ’

and h~~ (y) = 
2 

1 
> ~(I -

Hence , for y < O , h 1 (y) is a decreas ing, convex func tion. Similarly,

f o r y > O , 
/

h(y) = h
2(h) 

= (n+l ) y — n log (1 - ~-e y )

h (y) n+l - 

1 

2 
~ -Y > 0 s ince  for y > 0, 

1 - 
~~~ 

<

2 e 2

1 _ 2 > 0
~~(1 - re 

Y) 

—-5- - ~~~~~~~~~~~ _ _
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He nce , for y > 0, h2 (y) is an incr easing, convex function. Note that

h(y) is continuous at y = 0, decreas in g, convex for y < 0 and increas— 
S

ing, convex for y > 0. Hence , this concl udes that h(y) Is a convex

function , which i mplies — log ~~(y) is also a convex function .

Theorem 2.2.3. gn (y ;e) has monotone likelihood ratio in y . S

(F) Expected Size of the Selected Subset

The procedure R satisfies the basic probability requirement

(2.2.1) and is defined by (2.2.4). Consistent with the basic probab il ity

requirement , we would like the size of the selected subset to be small.

Now S, the size of the selected subset Is a random variable which takes

in teger va l ues l ,2,...,k. Hence , one c r i te r io n of the e f f i c i e ncy of

the procedure R is the expected va l ue of the size of the subset. Now ,

we derive an expression for E (SIR
5

) ,  the expected size of the selected

subset using procedure R
5
.

E (S IR
5
) = E P{Se lecting the population with parameter

k
= ~ P {Y ,..~ > max Y 1 .~ - dl

i= l  ~~ l<j<k ~~

= 

~~, ~~~: 
[~~~~~~~ 

G (y + d  + 0
~ ’~ 

— e rj i )] g~ (y) dy (2.2.16)

j~~i

— If we set the m smallest parame ters e
~ 

(I < m  < k) equal to a comon

val ue 0 (say) and define

Q = E (S ( 0 (1) - 0 (m) o) (2.2.1 7)

________ _  —5
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then by an ana l ogous argument as In Gupta (41] one can prove the

following theorem.

Theorem 2.2.4. For giv en k , P~ (~.< P~ < I) , the expected size of the

selec ted subset E(S I 
~ [l] = 0

(2] 
= 0

[~~] 
= 0 , m < k) in using the

p roced ur e R
5 

is s tric tly increas ing in 0.

Corollar y 2.2.2. ~~~ E0 (SIR
5
) = k 

~ : 
Gk~ l (y+d) g~ (y) dy = k P*~

Corollar y 2.2.3. In the subset c~(6) = (0: 0 [.] I 0
[kJ 

— 6,

= l ,2,...,k— l }, the func t ion E0 (SIR
5
) takes on i ts maximum va l ue when

0(i] = 0 [k) — ~~ = I ,2,...,k— l , and so

su p E
0

(S~R
5
) f G~~~(y+d+6) g~~y) dy0c~2( 6 ) — -

~~~— 

+ (k-l) i : G~~
2 (y+d) G~ (y +d~6) g~ (y) dy

(G) M i n i max Pro per ty of the Ru le  R
5

Suppose that 
~l ’~~••’~ k are the samp le medians  from the k popu la t ions

iTl,...,iTk ,  respec ti ve ly ,  and wi th this set of observations , we selec t

the ith population with probability 
~~~~~~~~~~~~ 

The n the selec t io n

rule R is said to be invariant or symetric if

for a l l  i and j ,  i.e. if y~ is observed from it~ and y
~ 

from ir~~, then

we select the Jth p opulation with the same probability 
~~~~~~~~~~~~

No t ice tha t the ru l e  R
5
: V. > max V. - d satisfies the equations

inf P0
(CS~R5) in f  PØ (CSIR

5
) P

0 
(CS$R

5
) — P* (2.2.20)

Oecl0 — -.0

_ _ _ _ _ _ _ _ _  

—4
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an d su p E
0 (SJR

5
) = sup E0 (SIR

5
) = E

0 (SIR ) k P~ (2.2.21)
—°

where = (0~~,...,0) .

For any invarian t rule R , 
~~ 

c ~

k
E0 (- ; 1R ) = E P

0 
(select popula tion TT .1R )

-o 1 =1 -o

= 

i= l ~ ~~i l ’~~~~~~~~~
’
~~
’
k~~ [i~~~~

, 
~n~~j)] dy 1 ... dy

k

= k P
0 (CSIR ’).

Hence for 0 c ~-o o

EQ (SJR ) — E0 (SJR
5
) = k [P

0 
(CSIR-’ , — P0 (CSIR

5
)] (2.2.22)

I f  the r u le R sa t i s f i e s  the bas ic  ~* c o n d i t i o n , i t follows f rom (2.2.20)

that the ri ght hand side of (2.2.22) is non—n egative . Thus

E0 ( S 1 R ) > E0 (SIR
5
) = sup E

0 (SIR
5
)

-o -o

So that sup E0 (SIR ~)> sup E
0(S(R

5
)

0c1~
i.e. the rule R

5 
is minimax among all Invariant ru le s  sa t i s f y ing the

P*-cond lt ion .

2.3. Selec ting the Population with the Largest Location

Para mete r - Indifference Zone Approach

In  th i s  sect ion , we would like to use the indifference zone

approach of Bechhofer (11 ] to select one popula tion which Is guaranteed

to be associated with the largest location parameter with a fixed

probabili ty P* whenever the unknow n parame ters lie outside some subset ,

_ _ _ _ _  _ _ _  S - -~~~~ -~~~S~~~~~~~~~~~~~~ —-
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or zone of I ndifference , of the en tire parameter space . The goa l is

to define a sequence of rules {R
6 (n)} each of whi ch se l ec ts a single

population 11 (k ) and f i n d  the s m a l l e s t n so tha t 
S

P
0 (CSIR 6

(n)) > P* , v ~cc2(6*) = fQ :  0
[kl 

- 0(kl] 
> e} (2.3.1)

where P* and 6* a re preassigned numbers.

For the sake of c l a r i ty, we w i l l  use the no tat ion 
~[k] n to denote

the largest of the sample medians each based on (2n+l) observations.

R6(n): Sele ct the population corresponding to V
Ek]

.

Le t c7 (&
*
~) = (0: 0 [l] = = 0(k— l] 

— 0
[k] 

- 6*). Then we have the

fol low i ng theorem.

Theorem 2.3.1. inf P
0

(CS~R
6(n)) 

= in f  P
0(CSIR 6

(n ))
0cc2 (6*) — 0c~2 ( 6 *) —

Proof. For 0 c

P
0(CSIR 6

(n )) = P
0
{ max Y (.) <

— — l< j<k— l ~

= P
0

{V (.) < 

~
‘
(k)n ’ ~ = l ,2,...,k— l }

= P
o

(Y
(.)fl

-O
(J] 

< “(k)n °(k]~°(kr °(j]’ 
j = l ,2,...,k 1 }

= G
n
(y + ó

kJ)]
d G (y) (2.3.2)

where Gn (Y) Gn (y; 0) is the cdf of the sample median of (2n+l )

inde pendent observation from the standard double exponential distribu-

tIon with de nsity function .~~. e~~~~, - < x < ~ , and 6
kJ 

= 0
[k1

0
tj] ~ 

0.

Hence the i n f i m u m  of the probability of a correct selection occurs when

0 (1] 
0(2] 

= - 0[k-1] = 0 [k] - p rovided 0(k] 
- 
°(k-ll 

~ 6
*
.

Thi s  proves the theorem.

L. - - —-5-.-~~~ S-S.S -S -5---
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The minimum sam p le size requir ed to achieve the P* condition

(2.3.1) is the smallest integer n such that

[G~ (y + 6*)]~~~ d G~ (y) > P~ . (2.3.3)

2.4 Selecting the t-Best Populations - Indifference Zone Approach

Now , we cons ider  the p rob l em of selec t i ng the bes t t population s ,

i.e., the populations with location parameters 0
[k— t+l]’0[k— t+2]’ ’0(k]’

wi thout regard to order. We are us i ng the ind i fference zone approach

based on the samp le median  V 1 of 2n+1 Independent observations f rom

popu la t io n its ,  I = i ,...,k. Define a sequence of procedures as follows :

R
7
(n): Selec t the t populations associated with t largest va l ues of V~.

Let ~Y(6 ) = (0: 9
(k- t+l l 

- 0(k-tJ > 6) and Jet

ç~~(6 ) = {0: G
[l1 ~~~

.
~~~

O (k_t] 0
~ 

0[k— t+I ]=~
’
~

=0 [k] = 0+6*).

Theorem 2.4.1. i nf P
0{CSIR 

(n)} = i’,f P
0

{CS~ R (n))
— Oc (6’) —

Proof. I t was shown in Theo rem 2.2.3 that the pdf g~ (y; 0) of the

sample median  has monotone l i k e l i h o o d  ra t io i n  y, wh i ch implies that

It Is stochast lcally increasing In 0. UsIng a theorem of Barr and

Rizvi (8], i t follow s that , for 0 c

P0(CSIR (n)) = P
0
{ max < mm

— ~
‘ 

— 1<I<k— t ‘ ‘ k— t+l<j<k ~j’

is a non—increasin g function of 8
(l1 ’•

~~ ’
0
Ek— t] and a non—decreasing

function of °(k— t+l]’’”’°(kr 
Thus P0{CSIR 7(n)} a ttains its infimu m

when 0 (l]’”~~’
0
(k—t ] 

a ttain their maximum p o ssible va l ues , w h i l e

5--—-- -.--S——- -- --.-—-
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attain their minim um p o ssible va l ues subject to

0 C cr(6 ). The proof is thus completed .

Usin g the same notation as in Section 2.2, le t G~ (y;G.) deno tes the

cdf of the sample median V~ wi th parameter 0~. Since 9. is the location

para me ter , G~ (y ; 
~~ 

= G~ (y 
— O~~; 0) and G

n Is  stochas ti ca l l y increasing

continuous in both y and 0~ . For 0 c cY(6*)

P
9{CSIR 7

(n ) } = P
9
{ max V i.) < mm

— — l< i< k - t “ k-t+l<2.<k ‘

k S

= P
8
( Li ~~~~~ = mm Y

(~) 
and

— j=k-t+l ~ k-t+l- (2.<k

max V . < V . I)

l<L<k—t ~~~ ~~~

k ~~k—t k
= E f 11 G (y;O ra~

) fl
j=k-t+l -

~~~ 3=1 ‘~‘~‘~ c~=k—t+l
c~ j

(1 — Gn (Y;o [ ~ )}  d Gn (y; 0[.])

In par t ic u l a r , for 0 c c2 (6*) c~Y(6*),

~ 
t— l

P
0
(CSjR

7
(n)} = t f Gk~~ (y;0) (I — Gn (y;e+6 )) dG~ (y,0+’S

”)

.‘ t-l 
*= t f G~~

t (y_0;O) {l—G~ (y—0—6~
’;O)} dG (y—8—6 ;0)

-: = t J Gk t
(y+6

*;O) (1 — G~ (y;O)} t 1 dG~ (y;0)

wh i ch is inde penden t of the parameter 0. Hence for specified va l ues of

6* and P~ ( ..f.— < < 1), we can solve the equation

t f G~~t (y + 6*; 0) (1 — G~ (y; 0)}
t_ l 

dG n
(Y ; 0) =

for n.

-—- S  5 5 5 -5~~-5~ ~~~~~~~
-S -- . -
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2.5 Subse t Selection with Respect to the Scale Parameter a

Let X~ , i = 1 ,2,...,k be k inde pende nt random var i ables fro m doubl e

exponen t i a l  popu la t ion IT 1 , I = l ,2,...,k, res pectively, wi th ii . hav ing

the probability density function

f(x;O .,a 1
) = ~~— exp (—Ix- 01 I/a1 ], —

~~~ 
< x < ~~, 

— 
~ 

< 0. < 
~~
, a. > 0.

Take r~ i ndependent observations from IT1, I = i ,2,...,k. From these

da ta one w i s h es to selec t a subset contains the population with the

larges t a 1 . Le t 
~ [ l )  ~~~~~~ 

10 [k] be the ordered parameters. We

consider two differen t cases.

Case (i) : 0l’02’”~ ’
0k known.

In  th i s ca se, the max i mum likelihood estimator of a. is

V . = E Ix. . - 8.~ which  is d i s tr i bu ted as a ganra variable wi thn .~~ i j I

parame ters n and ~~~ , i .e. V~ has density a r~n) 
(~~ -) e , y > 0.

Thus the prob l em reduces to the one considered by Gupta [40]. The

selec t ion p rocedu re is

R: Selec t the popu la t ion r~i in the subset if and only if

V. > c max V..
l<j<k ~

Case (ii) : O r
’s are unknown .

— When is unknown , i t  is well known that the maximum likelihood
A 1

es timate of a~ is given by a i 
= 

~ lX ~~ x 1 I , where X~ deno tes the
j = l

sample median from population iT
~~

• For this prob i em , we propose the

followin g selection procedure.

R
8
: Selec t the population iT

1 
in the subset If and only if

A A

> c
8 

max a.
— l< j<k ~

_ _  

_ _ _

-S. 
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where 0 < c
8 

< 1 is so determin ed as to satisfy the basic probabili ty

req u i r emen t regardless of wha t the unknown a. ’s may be.
A

Le t V . = ....~.L. , = l ,2,...,k. Then

P(CSIR8) = P(O
(k) .1 C8 max

l~,i< k—l ~

~~rk- l a 1
= J J IT F~ ~ 

L [k] x) I dF
v 

(x) .
0 LJ= l (j) c8 a ( .] J (k)

So

inf P(CS~R8) = inf P(CS~R8
) = f ~~~ (i— ) dF (x) ,

S ac~Y ac~2 0 V C
8 

V
— — — o

where ~2 = {a (a l,...,ak), a1 
> 0 , I =

= {a= (a,...,a), a > O} and Fv(~
), F

~~~~
(.), j = l ,...,k are the

cdf ’s of V = -
~~

— . = , j = 1 ,...,k, respec tively.
[J]

Hence if the dis tribution F
~
(.) is known , then the constant c8

S 

can be de termined by the equa t ion

f F~~
1 (~~ ) dF

v
(x ) ~ P~.

The exact distribution F of V is worked ou t for n = 3 by Bai n and

Enge l hard t (4], and a chi-square ap proximation Is also given by

them wh i ch is quite good even for small n . However , i t fol lows from

Che rnoff , Gastwir th and Johns [22], tha t .~— (V—n) = iW [ 
~~
. — I]

S 

is asymptotically a standard norma l variable. When all a
~ 

are i den t ica l

- . 5- -  - 5 —
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P(CS ~R
8
) = > c

8 
~~~ 

j = l ,...,k— l }

= P {V~~(-~ .- 1) > c8 v
’
~~(-~~-

- 1) + ,‘
~
(co l), j  = l ,...,k l }

k-l x-v’~ (c 1)
~ 

( ) d ~ (x).
-~~~ C

8

2.6 A Test of Homogene i ty Based on the Sample Median Range

Let 11
1 ~~~~~~~~~~~~~~~ 

be k i nde penden t double exponential p opulations

such tha t the observa t io n s X j l ~~~ •~
X i 2n+l from IT~ has den si ty

I ~~~~~~~ for I — l ,2,...,k. As before , let the samp le med ia n of

these (2n+l ) ob~.crvatIo r , s be deno ted as V 1 , I — l ,...,k. In some

practica l situations one wishes to know whether 0~ are si gnificantly

diff erent or not. This problem is to test the homogeneity of the double

exponential populations. We are interested in using a test based on the

sam ple range of V ’s and hence we wish to derive the distribution of the

sample median range R = max V . - m m  V ., con s i d e r i n g all 0. to be
l< j <k -~ l~~j<k ~

equa l to a common unknow n 0. When the va l ue of R is large , the

hypothesis of homogeneity is rejected . We wish to find a Constant r,

such that P(R > r) < c t  under the hypothesis H0: 0 1 
= = 0

k 
= 0. Thi s

will provide an ct— l eve l test.

Theorem 2.5 .1. For a , 0 < a < 1 , let r be a constan t such that

max V. - r } > l  -~~~~~
..

0 l~j<k- ~

Then Pç~ (R > r) Ia.

Proof. When H
0 

is  t rue , i. e., unde r

~ 

- 5 - - —---
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P(R > r) — P( max V . - mm V . > r}
l<j<k ~ l<j<k ~

k
< k - ~ !){y~ > max V . — r }

i— l  ‘ — 

I~,j<k ~

— k — k P { V  > max V . — r }k _
l~~ < k_ l ~

Ik k .(l
1~

)

= a.

The above theorem es tablishes a Connection between the selection

ru l e R
5 

and the above test for equali ty of 0’s.

2.7 On the Distribut i on of the St atistic Associated with

Le t X. (i = 0,l ,...,p) be (p+l ) independent and identIcally

dis tributed random variables each representing the median in a random

sample of size (2n+J) from a population with standard double exponential

densi ty function f(x) = ~~~~~~~ Consider the d i f ferences  V 1 
-

(i = l ,2,...,p). The random variables V~ ( I  = l ,2,...,p) are cor related

and the distribution of the maximum of V. is of interest in prob l ems of

selection and ranking for double exponential distribution as explained

earl ie r  when d i s c u s s i n g R
5
. In this section , we g ive a closed form of

the dis tribution of V = max V. for some special cases. We have also
1<i<p

computed tables of the uppe r percentage points of V — max
TI1IP

corresp onding to the probability l evels a = P* = 0.75, 0.90, 0.95, 0.99

for p = 1(1 ) 9, n = 1 (1)10.

For the special case P = 1 (k—2), n = 1 (sample size — 3), s t r a i ght

forward integratio n gives the cdf of V(see formulae (2.2.2), (2.2.3)) 
S

as

______ - - - s - ~~~~~~~~~~ S -
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P(y 
I~~~~~

) - 1
:
G x  + y) g(x) dx

— 1 - 
~~
. ye 2

~
’ - 

~

3
T ~je

3
~
’ + ~~~~~ 

- 

~~~~~ 

e 3
~
’

Aga i n , for p — 1 (k—2), n — 2 (sample size 5),

P(V 
I 

y) = - 
~~~~~
. ye 3

~
’ - 

~~~~~~~ ye 4
~
’ - 

~~~~~~~
. ye 5

~
’ + ~~~~~ e 3’

~
’

5225 -4y 203 -5y
B96~~

All computations related to and given at the end of this chapter

were made on a CDC 6500 using Gauss Laguerre quadratue based on

fif teen nodes to perform the numerica l integration . Checks on the

accuracy of the program for p = I , n — I showed that these va l ues seem

to be correct to three decimal places.
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CHAPTER I I I

SOM E CLASSIFICAT I ON RULES FOR k UNIVAR I AT E NORMAL POPULATIONS

3 .? in t roduct Ion

In prob l ems of classification , one usually assumes that an

I ,~.Il -.-J •Ii ~~) ~.oI.,,(’jq •.. ririo ~,f $ ho I’ i,,.,,i,I~ t iin,~ . R~ cp I 1111 t u e  t hsp rv~—

(JIth tru i i Lhe~.e piip u la t ion s olle w i e,heb t J  db~~I ij n It  Lu t he

L population . Such problems of classification often arise in sever al

b ranches of science. About forty years ago Fisher was consulted by

S 

Barnard (6) as to the best method of classif y i n g skel et al rema i n s

unear thed by a rchaeolog ica l excavations. Fisher [29] suggested the use

of the now well—known discriminant function . A gene ra l mathematica l

theory of statistica l taxonomy was built by Welch [79] on foundations

l a i d  by Neyma n and Pearson ’s theory of tests of hypotheses . The

techn i q ue of discr im inant functions wh i ch was devised by Fi sher [29]

has proved to be i nva l uable in tackling classification problems . but

the construction of the discr im inant function is possible only when

we know the va l ues of the parameters characterizing the populations

to be discrimi nated between. This ra i ses the question as to what is

to be done when such knowledge is absent. In this chapte r we describe

some classification procedures sui ted to such situations.

4 The problem of classifying an individua l Into one of two categories ,

discr im inan t function analysis as some prefe r to call it in the pa rametric

case , has been considered by many authors in the stat istical literature .
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For an extens i ve biblio graphy, the reade r is  referred to Anderson ,

et.al. ( I ]. The probability of misclassifi cation , i nhere nt i n such

classifica tion procedures is not necessarily known to the experimenter.

S 
Severa l au thors have treated the prob l ems d ealing with the misclassifi-

ca tion (e.g., see Smith [74], John [51], [52], Okamo to [59],

Sedransk (73], Hi l l s  [48], and Sorum [76]). It should be stressed that

the above papers dea l with the case of two populations only.

In  th i s  cha pt er , we use the subse t se l ec t ion a pp roach to the

prob l em of classification where the probability of cor rect classifica—

-

- tion (P (CC)) is guaranteed to be at least a preassigned numbe r P~

(~
. < p* < 1) regardless of what the unknown 3tate of nature might be.

The classification rules proposed here are different from those con-

sidered by Gu pt a and Gov i n d a r a j u l u  (37].

Let IT
1 

deno te a normal population with an unknown mean 0~ and

var ia nce o~ (i  = O,l ,...,k). From population in
1 

one observes a random

samp le X~~, ~ = ~~~~~~~~ i = O ,l ,...,k. Based on the above data we

allocate to one of the k populations with respect to the mean , var iance ,

and the reciproca l of the coefficient of variation . In each case it is

assumed tha t the pa ramete r , for example , the mean 00 of Is equal to

one of the 0~ , I =

3.2 Classification Rules with Res pect to the Mean

Case (I). Comon known variance ~2.

Withou t loss of generality a2 will be taken to be unity. Let

n
1

E X 1~~, I — O ,l ,...,k. (3.2.1)
n 1 J—l

- A
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Then we propose the following classification rule , 
S

R
9
: Classify rn as If and onl y i f

t X ~ 
- < C

9
A + ~~~~ (3.2.2)

where c
9 

Is chosen such that P (CC~ R
9
) is a t least P~ (L<  j

~* < 1) wh i ch

is a specified number. Then P (CCIR
9
) is give n by

P(CC~R9
) — P ( I i 1 —~~I < c

9 
p~JJ~-.. + ~~ I O j = e~

) P(01 = 0~~)

k
= E [2~ (c9 ) - I] q 1

S — 24 (c
9
) — 1 (3.2.3)

where 1(.) deno tes the distribution function of the standard norma l

5 var I a te and q 1 is the a priori probab i lity of O~ = 0~
, i

Since P(CC IR
9
) > p* we obtain C

9 
as the smallest non—negative number

which sa t i s f i e s  the eq ua t ion

24 (c
9

) - 1 =

or equivalently

c
9 

— ‘i~~ (.!f.) (3.2.4)

Theorem 3.2.1. Let A
~ 

be the even t “classify rr~ as in
1 when 0. t~

Then P(A 1 1R 9
) + 0 as each of n0

, n 1 
+ 

~~

Proof. P(A 1 1R 9
) — 

~(R1—~0I < c
9
,~/~

_ + .L_. 
I 

,‘

S r 0 —0 T ~~ (O —0 ) 0 0
= P I - c  + ° I I 0 I ° <c~~ ° Io~ o

-~~ I ~ / i~+i ~
- k I . t +L 9 A 1L+ L I 0

L vn i n0 ‘4n 1 n
0 

y n
1 n

-‘ 0 as n
0
, n 1 ~ 

(3.2.5)

_ _   55 ~~~~~ - - - -- - - -
~ 
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Case (ii). Comon unknown varianc e ~
2
.

n. 
2 k ~iLet — ~ s = .!_ E ~~ 

(X .. —

— n 1 ~~~ ~~~ j = l  ~

k
where v = E (n~ 

- 1). In this case , we p ropose the c l a s s i f i c a t ion
I —o

r u le as fo l lows :

R
10 : C l a s s i f y in as iT

1 
if and on ly if

Ix~ ~ I < C 1O 5~
/i:-;-L (3.2.7)

where , as before , c 10 Is determI ned as the smallest non-negativ e num er

wh ich satisfies P(CC~ R
10
) > P’~. Here , we have

P (CC IR 10) = i—l 
P (t~~

-
~0I .~~. 

c10 ~~~~~ ~~~~
- 

I 
0~ = O

~~
) P(0

1 
= e

~
)

k
= 

~ 
P(~T1~ < d O) q 1 (3.2.8)

1= 1

where T~, I = 1 ,...,k are identically distribute d (not i ndependent) as

Student ’s— t with V degrees of freedom. Hence

P (CCIR 10) — P(ITI < c 10)

where I is dis tributed as Studen t ’s— t with v degrees of freedom. It

should be poin ted out that the j o i n t  d i s t r i b u t ion of I., I —

is a mult lvariate t as stud i ed , for example , in  Gup ta (39]. The

covar lance ma trix is Z = (a 1~ ) whe re 
~~ 

= ~
2 for i — J and

2

0
iJ

_ 0 2 [1 +~~~~~1 + ~~~~
] 

for I~~~j.

P(CC R10)— F1
(c 10) — F1(—c 10) 2F1(c 10)—l (3.2.9)

—5— -- --~~~-~~ - —5 5 S-—-- -- - -— ---- 5--- --- —5555- - 55
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where F
T
(•) is the cumulative distribution function of T and c10 Is

determined to be the smallest non-negative number which satisfies

the eq ua t ion 
S

c10 
F~ (.! j~~.) . (3.2.10)

If A. is the same event as defined in Theorem 3.2.1., then we have a

similar result for the rule R10. —

Theorem 3.2.2. P(A. 1R 10 ) 
-, 0 as each of n , nl,...,nk 

+

Proof. The proof is straigh tforward and hence omitted.

3.3 Classification Rule with Respect to the Variance

I t is assumed tha t the population 11~ has unknown mean 0
~ 

and

variance a~, I = l ,...,k. As before we assume that one of the variances

i = l ,~~ ..,k is equal to a~. We, then, wish to a l loca te iT
0 

to

one of the k populations 1Tl ’~ ••’1T
k 

wi th respect to the variance . Assume

we take n
1 

> 4 observations from u I, 1 O,l,...,k. We propose the

c l a s s i f i c a t ion ru le :

R 11 : Classify in as in . if and only If

2
s

o .2.-l < c— 1) — 11

where s~ = .L ~ (X - X 1
) ,  I — O,l ,...,k and c11 is the smallest

‘
~i j = l

non-nega tive number wh I ch satisfies the inequality P (CC IR 11 ) > P
’. We

have
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k n(n —3) s2

P(CCIR 11 ) = ~
E

1 
~‘1~ n~ (n —l) .4~ 

1~ < c11~a~—a0} P{a
1—a }

k n s2/(a2(n —1)] n
1
—l n.—1

= 

i= l  
1’{ 

n s ~/(a~ (n
’

~—l )] 
— 

~1
_
~ ~ 

c 11 a.—a }P{a
1
= a }

= 

i~~l 

q~ {F~~~1 i [:~:~ 
l+c11~ 

- Fn _ l ,n
i _l[::3 

l-c 11~~

(3.3.2)

where F
~ ~ 

is the cdf of an F random variable with V
1 

and V
2 

degrees
1’ 25 

of freedom , and qj ~ is the a p r i o r i  p robab i l i ty of = I n the

special case when n 1 
= n2 = .. — 

~k 
— n , (3.3.2) becomes

P (CCIR 11 ) F~~_ 1 4~ ..1 !I~~~~ 

(l+cl l )] 
— F~~ _ 1 ,~~_ 1 

~~~~~~ 

(1_c
1l )]

(3.3.3)

and c11 is the smallest non—negative constant determined from the

5 equation

Fn _ l ,n_ l 

~~~ 
(l+cl l)] -F~~_ 1 ,~_ 1 [~+ (l_c 1l )]= ~~~~.

In using the rules R9, R 10, R 11,  we migh t c l a s s i f y ir
~ 

as none, one ,
S 

two or k of the k populations. In the following sections , we use the

subset (non—empty) selection approach to propose rules that will

classif y in~ to be at least one of the k populat ions. This overcome s

the objec tion that in
0 

may not be classified as any one of the k

populations. - 

------—-- - -5- -~~~~~~~~~~~~~~-- -- -- 5 - -  55 -- 55
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-~ 3.4 A Subse t Se l ection Approach to Classification Rule

wi th Respec t to the Mean

Wi thout loss of generality, we may ass ume that ~
2 

= ~ Again we

assume that there is exactly one population with 0. 0. In this

case , we propose the rol lowing classifica tion rule

R12 : C l a s s i f y rr
~ 

as if and only if

- 

~~I < c 1~ mm Ii.. - 

~~ 
(3.4.1)

l<j<k ~

where c12 
(>1) is the smallest number wh i ch satisfies the i nequality

P (ccIR 12 )> P
~.

The classification rule R12 has the follow i ng des irable asymptotic

property, i.e., the probab ility of misclassi fication approaches

zero as the sample sizes nO
,nl,...,nk 

become large. Before we prove

this we need the following leriwna .

Lema 3.4.1. P(MCIR 12) < E E P(~X. -X0f > C 12 I~~-i~I~0~ = 0 )

I—I j=l
j~~~i

where MC deno tes m i s c l a s s i f i c a t ion.

Proof. Since

k
P (MC~R 12 ) = E P(rr is not classified as ‘Ti.

i=l 
P{ I~ .~~~ I>c 12 min l J~~I 1 $ ~~~~~)~~

.~ . •
E P{I~1 -~0I>c12 l~~-r0f for some j#I~0.=0}

S —1

E ~{I~1~ 0} > cl2 Ii-i~I~o 1 = o
~

} (3.4.2)
i—i i— i  

J

j~ i
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thus proved the lema .

Theorem 3.4.1. With the above notat ion , i f  ..~L.+ x~~ j = O ,l ,...,k,

then

P(MCIR 12) 
+ 0 as N -‘.

k
where N = n..

i=O

Proof. By Lema 3.4.1., we have

k k 1

P(MCIR ) < E Z P{ Ix . —x I < —
~—— R. — 

I e . = 0 }
12 — 

i= l j=l ~ ° — Cl2 I 0 I 0

j~ i

p 
= 

i=l j=l 
~~~~~ (

~~~~~ ~~~~~~ ~~~~~~~~~~ m~~~ ’ ~~~~~~~~~~
j,’i

+ p [_ .J... (
~ 

-
~~~~ 

) <i.. _~~~ <J_ (
~ 

-i.), ~~~ <~~ . =0 ] }
5 c12 0 I — j  0—C12 0 I (—0 I 0

k k
= z E 4 [~~~- -~—(1 -~~)<r.<1+ — — (i.-~~~~ ), i.>~~~ 0.=0 ]o c I o—j— o c i o u o 0

=1 j=l 12 12
j~~~i

+ P(r - —i-- (
~~~

-
~~ )<r.-<r + .J..... ~~~~~~~~~ ~~ .<r e. =e ]}

o c12 0 i — J — o C 12 0 I 1 —0  I 0

= 

i~~l ~~~ Z0- ~ 
(
~J~ ~ ~~ 

z0) + v~3 z
i

j~~~i

z + J. (
~J~ z. - z ) + ,4~ (0 -8.),— n0 0 C12 n

1 
I fl 0 J 0 J

z > ./ i_ z 0. = e ]
I ‘n 0 o I 0

F
+ P[ i-J- z — !._( IJ- z - A!_ ILZ .)  + b’~~~(O -0 . )  < Z.

~n 0 C 12 y f l
0 

0 V f l
1 

I J 0 J — J
S 

<~J~ii Z0+ ~
.!_(1J~ z0

_
~j i Z~)4 ~~~~~~~~~~~~~~~ z0~e1 80

]}

_ _ _ _ _ _ _  - -  S~~~~~~~-
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where Z.,, I — O ,l ,...,k, are lid standard normal variates.

i-i j 1
’
-: ~ ~~~

. 
[~4~i~ + ._!_. ~~~~~~~~ -~J~~

.x) + ,i~~(O -O.))

4 x

- 

~
( AJ~- x- ~.L_ 

~~~~~~~~~ 
y- ,1J i. x) +4~~ (O~~O~ )~~

+ 

~~: 
s

~~~~~~~

X 

~~~~~~~~~ + ~4— (~f ix - +

k k 

- x - ~~~~~~~ ~j:.. x- 
~~ ~

)~~‘ 1O~
-O
~ )~

J 

d~’ (y )d ’~’ (x ) }

= ~ { 1 1 (i ,j ) + 1 2 (i , j ))
i=l j — l

S 
j~ i

where I 1 (i ,j), 12(i ,j) are the first and second double integrals inside

the double summation sIgns.

Now, for every c > 0, there exists S(c) such that

f d~ (x) < c (3.4.7)

Ix I > 6(c) 
—

Hence, we get

1-

~
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6(c) 6(c) Wi I~T
I 1

(i ,j) ‘-6(c)’-6(c) 
- ~i—) ,J_iL x +~ J_ 

~~~~~ +

- •(( l+ _J__)
,j
ix_ _J_.

d4 (y)d~ (x) + c
2

6(c) 1 1
‘-6(c) 

(~ ((l- __.••4 ,j_.IL x+ ~~~~~~~ 

j
._1L 6(c) + 

~~ 
(o~-o. ))

- 1((l + __L) ,j i x_ _J_

,j~~~~6 (c )+vc~. (O _O .) )]  dc~(x)+c
2

< 
~~ w- _L_) A1.. 6(c) + ._.L_ ,J1 6(c) + ~4~j (O -O~

))

- 

~(-(l + ~~.L
)J 

6(c) - ~~~ 6(c) + ~‘~T (° -° .) )  + c2.

(3.4.7)

For every T) > 0, there exists an N(c ,ri) such that for N > N(c,ri),

~ ((l- ...~L_) j ~ 6(c) + _L 6(c) +~/i~5 . (8 -0.))

- 
~ (- (l+ 

..~L-) 6(c) - ~~~~— 6 (c ) + i~5 (e
~

-o
~

)) < n

(3.4.8)

Now since c and TI are arb i t ra ry, 1
1
(i ,j) + 0 as N + ~~ . U s i n g an

iden tIcal argument one can show that 1 2 (i ,j) + 0 as N .1. ~ • Th us ,

P(MC IR 12 ) + 0 as N 4 ~ . This completes the proof of the theorem .

Suppose n0 = = = 
~k 

fl , we have the followin g.

Theorem 3.4.2. If c 12 is chosen to be the smallest cons tant such that

I ~~( 
&) d~ (x) <

~ r~~4 
l~~~P* (3.4 .10) 

— —55-- S ~~~~ __ ~~~ ~5S -5~~~~~55 _S~ 55 - S~~ S - -  - 
~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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then

P( CC I R 12
) 

.

~~

. 
P~. (3 .4 . 1 1 )

S Proof. Since

D( cC I R 12
)_ l~P( MC IR 12 )

k k
> 1 - E { p(~ 

- .J~ (1 -~~~ )<T.<T + L (T -
~~~ 

), •L>’i o.=o
— 

i—I j=l 
0 C 12 

I 0 J 0 C 12 
I 0 I 0 I 0

j~i

+ p [
~ 

- ..J_ (
~ -L ) <L ~ + 

....L. 
~ ~~ ~ ~~ 8. =0 1 }o c 1~ 0 I J 0 C

U 
0 I 1— 0  I 0

= I - E E {P[z J_(z 1 z )+,~(e o )<z . <z +  ~~ (z m z )
i= l j=l 12 12

j~i
+ /~ (8~,—8), z~ >Z~

+ Pfz + 1 (z.—z )+v’~ (8 — 8 . ) < Z .<Z - .J...... (Z. z )
0 C 12 I 0 0 j  j  o C 12 

I 0

+ ,4~ (e~—e~), z~ < z~1} (3.4.12)

where Z~ , I = O,l ,...,k, are i i d  standard norma l variabl es . But

P[z0+~
/
~(e0—0~) -

J_— (z
1—z )<z~<z+~4~o —e.) + ._i~~ (z1-z), z~ -z0 > 0)

-

~ 
< ~ 

r_ ~~~ 
(z

i
-z
0
) 

< 
~~~. 

< £ 
(z1 -z0) z1 -z0

L ~12 ~~~ J C 12 ~~~

= r ~~~~~ - 4(- ~~
_
x)] d~ (x)

= 
~ : [2~ (~~~ x) - 

1] d~ (x) . (3.4.1 3 )

S imi la r ly ,

_ _  _ _  --- 5-
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-

~ P{z + J__(Z 1~Z0)+4~c~(o —O s ) <z ,. < z0— ~
!__(z i_zdF,c(e _ e .) , Z~— Z < 0}

< f (2~ (- 
‘l2 

- 1) d~ (x)

— 
~ : [2~ (~~ _ x )  — 1] d~ (x). (3.4.14)

So that

k k
P(CC~ R12

) > I — 2 E Z f [2~
(_L_

~~) — 1] d~ (x)
1=1 j —l 0 12

jøi

— 1 - 2k(k—1) .1 [2,(—21 x) — 1] d4~(x) (3.4.1 5)

Hence , for any P~, let c12 be the smalles t non— negative number such that

C l2 
<

~~~ 
+ 

4k(k-i)

then P(CCIR 12) > P~.

3.5 A Subset Selection Approach to Classifi cation Rule

with Respect to the Reciproca l of the Coefficient of Variation

— 1 n1
Let 

~~~~— 

.
E X

1~~, 
I = O,l ,...,k (3.5.1)

I J= l

n 2
= .z

1 
(x ii — 

.•_ ) 2 n 1 5
~ 

~~~~~~ 
(3.5.2 )

= 

~~~

= 

;

0 e e ~~ of variat Ion i—O ,1 ,...,k (3•5•3)

We assume to be known and further that ther e ex is ts  onl y

one population with The classification rule proposed In this

case is 

—--5--—-— - S . S ---—--.5- ------ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —S 55555 - j 
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R13 : Classif y rr
~ ~

‘s in
1 

If and only if

.J.. - c~ < c mm - (3 .5.4 )13 
1$j<k 

S
j 0

where c13 (>l ) is chosen to be the smallest nonnegative number such that

P(Cc1R 13) .
~~

. 
P~.

The classification rule R13 has the asymptotic optimum property that

P(CCIR 13) approaches un i ty as the sample sizes n i ’s, i =

become large . This result is proved in the following theorem where as
k n

before we w r i t e  N = E n 1 and -~~~- -‘ A~ , i =
i= l 

k
Theorem 3 .5 .1. P(M C IR 13 ) + 0 as N -‘~ ~ , where N = Z n.,.

i—I
Proof. Using a similar agru ment as in Lema 3.4.1 , we have

P(MC IR 13 ) 
~~~ i=l j=1 ~~~j 

> c 13 ~~~~~
—— 

~~~~~~ 

=

J~~i

1=1 ~~ [P{~0 - ( ~~- -~~0)~ ~~~~~~~~~~~~~~~~~~ ‘

I 
~ 

= a ~,}

k k Z 
~- < a ~I — a0

)] 

1
— Z E (P{(l+ J—)cs - _____ - ___.IS_

u
o 

- _____ < < (1- 
~~~~~~~~~~~~~~

i—i J —l C 13 0 C13 C 13 i j 13
j~ I

z ,#c~ cz /~~a
+ I + i o  

_ _ _

c 13 U 1 c 13 U 1 U~
z
—1- > c z  - 

l o  a - a )
U i — 0 U 1 I 0 

—-- - • —— — - -  -- — - - - —-— —~~~~ 



- - 
S 5 _S~~~~~~~~~~~~~~~~~~ 5 5_S.5 - 55 ~~~~,,~~~~~~~~, 

____

Z ~‘~~a /~~a Z.
+ P{ ( I_ ~ -L) c * +  I 

+ 
i o _ 

~~~~~~~~~ (J + J—)ac 13 o c 13U 1 c 13U 1 Uj — U~ — C 13 0

Z v~~a ,‘~~a Z
— 

i 
— 

i o _ _ j J  I ‘y b
c
13

U 1 c 13U~ U.  ‘ 
- a

1 
— a0

where

— o~) 
_____Z 1 = a. U m a 

= 1 ,... , k.

S 1 + S2 (say)
I;

Now,
k k

S 1 = Z E f f f  (~ (( l_ _!
~ )ct t+ xt 

+ 
1 

~~~~~~~~~ 
,‘~~a.)

i=l j — 1 0 0 ct v-v4Ta0 13 C 13 13 ~
j~ i

v’~~a t
- 1l+ J—)a ~~ 

xt 
- 

1 0 
- vi~~a.)]C l3 0 c 13 V C 13

V j J

d’~(x) dF . (v) dF~(t)

where •(.) is the cdf of un i te norma l variate and F1 (~) represents the

cdf of the square root of a X2 random variable wi th  (n 1 — l )  degrees of

freedom.

For any c > 0, there exIs ts 6(c) such that

f d~ (x ) < c
lx i  6(c )

-4 and

5 dF (x) < c for r — l ,2,...,k.
JxI>6 (c) r —

Hence , we get 

_S~~~~ _ 
- --
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k k

S1 < E  z f  5 5— 
I—I j I  ftI (6 (c) Ivl<6 (c) 1xk6(c)

J �i

v4~ a t
(~ ((1- _.L)c& ~~ ‘~t + ° ,4~ a.)-4((l+ 

....L.) a ~~~~ 

xt 
- 

1 0
C 13 0 C 13 V C 13V j J c 13 0 c 1~ v c 13 n

— i/~j a.)] d~(x) dF~(v) dF~(t) + ~~~~~

k k
— E ’ f  I I

i—i j —l I tl<6 (c) vk6(c) lxl< 6 (c)
j~ i

t

S ($(( l - —.L)ct ~~ 
xt - (cx ./r- I 0 

~ 
,fl~)c 13 o c 13 v j j c l3 v

~~~a t
—4’((l+ _

~!~.)c&0t- Xt - (ci .ñ +  ° )v’Fi)] d~ (x )dF . (x )dF .(t )  + c3.C 13 C 13 J J C 13V $ J

If t, v and x are bounded , then for any c > 0, there exis ts an N(c)

such that whenever N >

t
4((l- ~~~~ t+ Xt 

- (a.v ’5 - 
0 )~4t)

C 13 0 C 13 V J J C l V

V~~a t  
S

- •((l+c )a t - Xt —( a .v 5 +  ~ ° ),41) < c
13 o C1 v j  j  c 1 v

Since c > 0 is arbitraril y, hence S 1 + 0 as N -‘~ °°. S i m i l a r l y ,  one can

show that 
~2 ~ 0 as N ~‘ ~°. Then P(M C IR 13 ) + 0 as N -‘ ~~ .

Theorem 3.5 .2. Suppose n 1 — ... nk = n. If C13 is  the smal lest  non—

negative number such that

— •~~~~~~~_. 
-
- ----55----. 

. —  
— 

. 
_555 5 - S _~~~~

~’
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f f  {f 24(_L_(-~+ 
~~

.+  °)t)d~(x)0 0 a0v-1~a0 13

a

2
~
(
~
-1— (-a

0
+ 

~
- +  

~
°)t )d

~
(x) + 2

~
(cz
~
v-J a

~
))

dF (v) dF (t) < 1 + k k:1

Then P(CCfR 13) > P
~.

Proof.

P(ccIR 13
)=1 — P( MCIR

13
)

k k cx Z ~ca /~a. Z a
> 1 —  E E (P{-.2.--— I 

— 
o + a —

— i—l j —l C 13 c 13U 1 c 13U~ 0 U.  — U i  — C 13
j ,~ I

/;;~;~ z
+ 
c13U 1 

+ c13U 1 
+ a0

- u~j
5-’ P tji- > a -  

U1

a Z ,‘~a ~~~ Z. a
+ P{- ~~~~ + + ° + a - -~ < < 2.

c13 c13U 1 c13U 1 o U
i 

—

Z i4a ,4~a. Z.
- 

I 
- 

0 
~s.ct - -~ - J - <c t  - 

0 )]
c13U 1 C13U i o U

i 
‘ U~ o

k k a Z via Z. a Z
> 1 -  E E (P{—2. - i 

- 
0 

< ? 1 h 1 < _ _ ~~_ +  I 
+

— i=1 j— l ~13 c 13 U 1 c 13 U 1 — L i .  — C
13 

c 13
U~ c13

U
1

j~~l Z. /~a
~~
- > a

~~
- -

~
-
~~

}

a Z 1~ct Z. a Z v’~~a
+ 0 < ....L ( .....2. ... I 

- 
0
,

~13 c 13 U 1 c 13 U 1 
_ U

~ — C
13 

c 13 U 1 c 13 U.

Z
~ji- <a 0 ~

‘I
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k k
— 1 - E E ( 5 f f  {$(J—(-a + 

~~
.+  °)t )

— 1 1—1 0 0 a v -vc a C 13 0 V

J~’I ° 0

- •( ct - °)t ) }  d~ (x) dF~ (v) dF (t )

ci v-,4aCO5~~~ ~

~~111 {~(_.L(a - ~~.- °)t )
0 0 - a, C 13 0 V V

—,(_..L(—~~+ 
~~~~~~~ 

°)t ) }d ~ (x )dF (v) d F (t)

where F ( )  is the cdf of the squa re root of a x2 random var iab le  wi th
S 

- 
(n- l) degrees of freedom.

~ca

— 1—k(k— 1) ( f f 5  {2~ (~-1—— (—ct0+ ~~~+ °)t)— 1) d4’(x) dF (v) dF (t)
S O O c i 0v- (~a0 13

a,-
~~ 0 0

+ f f f  {1-2~ (.=!._(-ci0
+ 

~~ + °)t) ) d~ (x) dFn (V) dF~ (t)
O 0 - ~ 13

So If c13 Is chosen to be the small est nonnegative number such that
S 

a v-v1a

rrr 2G(_..L(-a + ~~
. + °)t) d~ (x)-f 

° 0 
+

O O c z v-4 x 13 -
~~~ 130 0

+ °)t ) d4’ (x)

+ 2~(a v—,4kt0
)} dF (v) dF ( t) < 1 + k(k-i)

then

P(CC I R 13 ) ~~

. 
P~.

I
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CHAPTER I V

SELECTION PROCEDURES FOR NEGATIV E BINOMIAL POPULAT I ONS

4.1 In troduc tion

Let X 1, 1 = l ,2,...,k be k independent random observations from

p opulation in 1, i = 1 ,2,..., k, respec t i v e l y ,  which has a negative binomial

dis tribution with parameters r., p.. To select a subset of popu l a t ions

which contains the population associated with the largest p 1 when

r 1 
— ... — r

k 
= r, Bartlett and Govindarajulu [10] proposed a rule

which Is based on the statistic b mm X. — X , where b is a constant.
I~ ,j k  ~

However , i n  many situations one may be interested in sma l l  va l ues of p1.

In this chapter , our aim Is to select a subset of k negative binomial

populations wh i ch contains the population with the smallest P~ based on

a statis tic of the type c max X. - X 1. It should be pointed out that
1-<j<k ~

although the two prob l ems seem sim i lar , they are not equ iva l ent , i.e.

the procedures proposed here cannot be obta i ned from the above paper

(10]. I n Section 4.2, we present a result wh i ch gives a conservative

S 
constant for the unconditional rule we propose, wh i ch i s  based on an

exact computation of the conditional distribut i on of the statistic

c max X . - X i,. In Section 4.3, we propose a si milar rule as in
l<j<k ~

Section 4.2, except that the rule Is conditIoned on the tota l number of
k

observations I E X 1. We obtain a l ower bound for the infimum of the
1—1
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probability of a correct selection . It is shown that when k — 2, the

Infimum of this procedure is atta i ned when p 1 p2 p, and it is

independent of p. A method leading to a conservative solution for the

constant c(t)  depending on I — t is also g i ven. An upper bound for

the expected subset size is derived which holds for all va l ues of the

parameters. The problem of selecting all populations better than a

standard is also considered in Section 1~•4 •

4.2 An Unconditiona l Subset Selection Procedure

Let X be a random variable wh i ch has the negat i ve binomial

distribution with parameters r, p, i.e. X denotes the number of failures

before the rth success is observed , p being the probability of a success

in an I ndependen t trial. Then X is distributed with the p robability

mass function

P(x x) = (
r+x_ l ) pr(1_p) X , x = 0,1 ,2,... (4.2.1)

it is known tha t the sum of n Independent and identically distributed

negative binomial random variables with parameters r, p is again a

negative binomial random variable with parameters nr , p. We may, there-

fore, think of the selection problem as bei ng one of picking a subset

containing the negat i ve binomial populations with the smallest p va l ue,

based on a sing le observation on X from each of the k populations.

Suppose then that X~, i — l ,2 ...,k are independent observations

from populations 7r
~
, I — l ,2,...,k, respectively, which have negative

binomial distribut i ons with parameters r, 
~i • Wi thout loss of generality

and in order to avoid a more complicated notation , we assume that

P1 ~ ~ ~k 
Any populat ion whose parameter value equals p 1 will

-~~~~~
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be defined as a best population . A correct selection (Cs) is defined

as a selection of any subset of the k given population s wh i ch conta i ns

at l east one best population. Let P{CS; k, 2.’ R} denote the probability
of a correct sel ection when the procedure R is used with the given k

and when the true configuration of parameter val ues in 
~

Let ~2 be the space of all configuration 
~~~~

= ~~~~~~~~~ such that

0 < p
1 

< 1 , I — l,...,k.

(A) The Rule K14 and its Associated Probability of a Correct Selection

We propose the following selection rule:

K 14 : Retain population ir~ in the selected subset if and only if

r r
r + X  

< d  mm r + X  .2.
l5,i<k j

where d > I is the smal lest  number such that the basic probabil i ty

requi rement

*inf P (CS~R 4 ) > p (4.2.3)
—

is satisfied .

Letting c14 
= ~j , the rule in (4 .2.2) becomes

K
14: Retain popula tion it

1 
in the selected subset if and only if

> c14 max x. - (1 — c14)r (4.2.4)
— 

l~ J<k ~

where 0 < c
14 

< 1 is the largest number for which the basic probability

requirement (4 .2.3) is satisf ied for all parameter po ints 2.
In ~

______________________________________ S - -  — - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Now for any 
~~c

P
2.
(CSIR 14) - P2.

(X (1) > c 14 X (j) 
- (l-c 14 )r , j - 2,...,k)

x+( l—c )r
I— C

k
— E (l~+X~l

) r~ q~
( 

~ (r+y-l
)~ r 

q~
9

x 0  j — 2 L y—O ~ ~

(4.2.5)

where q
1 

— 1 — p1, I — l,2 ...,k and (a] denotes the greatest integer

less than or equa l to a.

Us ing the well—known i dentity for the incon~ lete beta function

q
r s~ 1 

(r+J—l ) ~,i — I (r ,s) — ~S E (s+J— l ) qJ (4.2.6)
j—0 ~ 

q 
j—r

where I
q
(r~s) r~~~

i
~~ 1

q 
~
r—l (l_ ~)

s—l dt , it follows that

P
2.

(cS~R14 ) — ~ (r+x_ l) ~~I qX ~
x 0  J 2

x+( l—c )r x+(l—c )rr r (r + ( 14 
~~~ ~

, 14 -

~I x+( l—c 4 )r f ~ ~
r_ l (l_ ~ ) dt

Lr(r) r ( [ 1
15

It is imediately evident from the above that P
2.
(CS~R14) is an Increas—

ing function of p.,, for j — 2,...k and consequently P
2.
(CSf K14

) is

partially minimized as we let each Pj approach p1 from above. Hence

we have the following result.

_ _ _ _ _
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Theorem 4.2.1. lnf P (CSIR ) — inf P (CSIR )
2. 14 14

x+(l-c )r14
Cl4 k—l

— inf E (r+x~ l )p
r
q
x { (

r+y—l
)~

r y
}

O<p<l x’O y 0

(4.2.7)

where 
~~ 

{
~., (p ,...,p), 0 < p < 1}.

It is difficult to determine analytically and also numerically

where the infimurn of the above expression with respect to the comon

p (0 < p < 1) takes place. If we could find the infimum then we can

solve for the constant c14 to satisfy (4.2.3). In order to overcome

this difficul ty, we give a method leading a conservative solution for

• the constant.

For any fixed non—negative integer t, let

(t c ) ) r
~At 

-lN(t,c(t),r) — (r+x ) (r+t:x_ l ) (4.2.8)
x0

where (a] is defined as before and a A b = mm (a,b).

Theorem 4.2.2. For given P~, let P~ 
= (p*) 

k—i 
, and t > 0, let c14 (t)

be the largest val ue such that

N(t, c14 1t , r) > (2r+t—l ) ~ (4.2.9)

If c 14 — lnf {c
14(t): t > o}, then

inf P (CS1R 14 ) > P~.

_ _ _-

~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —S- -~~~~~~~~~~~~~~~~~ ~~~~~~~~ 
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Proof. For 2. c ~0

P
2.
(CS(R1i~

) - P
2.
(X(1) ~~~~ m~x~ X (~ ) 

- (I-c
14)r)

x+(l—c )r

I c14
~ (r+x— l )~r~x (r+Y~l )prqY
x”O L y—0

x+(l—c )r
— r( 14

] -l

> C z (r+x~l
)p

r
q
x J (r+y l

) prq
y }

x 0  L y 0  y

- {P (x1 > c14 X2 
- (I-c 14)r)}~~

- {
~~ P ( X 1 > c14 X2-(l-c14)r I X1 +X2 t)•P (X 1 +X2-t)}

~~~ P ( X
1 > c14(t) X2— (l—c14 (t))r~X1+X2—t)~P ( X

1 +X2—t)1~~
1

t+ (l—c 14(t))r
— 

~~ 
P
2.

(X 2 5. l+c 14 (t) I X 1 +x2—t)~P2.
(X

1 +x2—t)}
’~

•1

~ N(t, c14
(t), r) k—l

= 

~t~0 (2r+t—1 ) 
.P (x

1 + — t)}

> (p*)k l  ~,*

From Theorem 4.2.1., the proof is completed.

(B) Some Properties of the Procedure K14

We now discuss some properties of the rule K14. For ac c~,
define

p
2.

( i ) — P
2. 

{R
14 selects
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Theorem 4.2.3. p (i) Is { + In p1 when all other components of t are
fixed .

+ in Pj (Jt’i) when all other components of 2.
are fixed .

Proof. p
2.
(l) P(R 14 se’ects 1T

(1)
)

x+(l-c 4)r

k
— 

x 0 
(r+x~l )prqx 

y~0 
(r1~~ l) ~~ ~

Y]

x+(l—c 4)r
r k r(r + ‘

= E (r+x— l)~ r qx J ~~ 14
x—O i—i x+(l—c 11 )r

Lj~ l r (r)r([ ‘‘ ] + 1)C14

x+(l—c ,)r
_ _ _ _ _

.1 t~~ (1—t) dt
0

It is obvious that p
2.~~
) is increasing In ~~(J~ i) when all other

components of a are fixed . On the other hand , p
2.
(l) can be written as

p
2.
(i) E

~ 
f(x; 

~~~~~~~~~~~~~~

x+(1-c 4)r

k C14A r+y-l r y  Awhere f(x; 
~~~~~~~~~~~~~~ 

— ( ) p
~
q
~ and p.J—l y 0

j ,’i
denotes that is deleted. Note that f(x; 

~
1’•• ’~ i’•••’~k~ 

is a

non—decreasing function in x and the cdf F~(x) of a negative binomial

random varia ble ~s stochastically Increasing in 1—p. Then for

p m .5. P ,  
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E
I x 0

>
x 0

f (x+l ; p1.... 
~~~~~~ 

,P~ )] F

E ..f(X;

Hencs p (i) is non—Increasing In p
1 when al l other components of 2.

are fixed .

Corollary 4.2.1. For every 2. c ~1 and 1 < I < j  < k, p ( i )  > p (j).

Proof. The proof follows easily from the above theorem hence is

omitted. We also have the following corollary .

Corollary 4.2.2. For every 2. c 1~ and 1 < j  < k,

does not select ‘
~(1)~ 

< P (K14 does not select

Remerk 4.2.1. It also follows from Theorem 4.2.3. that p
2.

(1), the
probabili ty of a correct selection , atta i ns its minimum when

tend to p1 from above.

4.3 A Conditional Subset Selection Procedure

In this section , we use the same notation as in Section 4.2.

We propose a rule R 1~ , s im i lar to the rule R14 except that this rule
k

Is based on the total number of observations T — Z X 1, as follows :
— 1

Select ion it
1 

if and only If

k
> c15 (t) max X 1 — (I—c 15 (t))r , given E X 1 — t,

l5J<k ‘ I—! 

-— — - -—~~~~~~~ -- -
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where t > 0 and 0 < c15 (t) < I I s chosen to satisf y the basic proba bility
requirement. For this rule K15, we ob ta in  an exact result for k = 2
in Theorem 4.3.1.. For k > 3, we have a lower bound for the probabili ty

of a correct selection in Theorem 4.3.2.

Theorem 4.3.1. For a g i ven P~ (
~• < p* < 1), k = 2, and any t > 0, let

c15 (t) be the largest va l ue such that

N(t, c15
(t ), r) > ~*(

2r+t_ l
) (4.3.1)

Then, inf P (CS~R15) = inf P (CS~R15) > P .
ac~ 2

tc
1~~(t)— (l—c

1 (t))r
Proof. Let D(t) = 

I + c15 (t~ 
> , where < ci > deno te the

smal les t  intege r > c z , then for any ac ~~,

P (CS(R 15 ) = P ( X
(1) 

> c
15
(t) X(2) 

— (l—c 15 (t))r

tc1 (t)—(l—c (t))r
= P ( X

(1) ~ ~ + c15 (t) 
I X~~~ + X

(2) t)

t
Z P (X ,~~ = x, X 1~~ = t—x)

x D(t) 2. ‘. ‘1  ~ 1

= 

x~O 
P
2.

(X
(1) 

= x, X(2) = t-x)

t r+x— l~ ,r+t—x— 1~ r x r t—xE 
x t—x ,p 1 q 1 p2 q

2x’.D(t)

~ (
r+x_ 1 )( r+t:x_l) ~r qX ~r qt X

x 0

~ (
r+~— 1 ) ( r+

~::_
l ) Ax 

q 1
= 

x D(t) 
where A — —

E (r+x-1 ) (r+t:x_ l ) A
X q2

x 0  

—- - - - - - — -- - — - —--~~~~~- --—- -----. ——- -- — - S ~~~~~~~~~ -~~~~~
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D(t ) —l
E (r+x-l )( r+t-x- 1 ) Ax
1% X t -x -IX u }
~ (r+x—l )( r+t—x— l ) Ax

x”D (t) X t x

— C l  + q ( A ) } ~~ (4.3.2)

By differentia ting •(A) with respect to A , we get

~~(A) - 
1 [D(t)_i r+x i r + t i x i

{ E (r+x_l )( r+t:x_ l )A x}2 L x 0  X t x

x”D(t)

{ E (r+x_ 1 ) ( r+t:x_ l ) AX)
x D  (t)

— { 
~x ’ D( t )

D(t)-1
1 1 ]

x 0

Hence ~(A) is non-increasing in A and the right hand side of (4.3.2) is

non—decreasing in A. Since A > 1 , the infimum of P
2.
(CSIR 15) occurs at

A i i.e. when p1 
= p2. Thus inf P (CS1R ,5) inf P (CSfR ,5). Note

2.

that this infimum probability does not depend on the comon va l ue of

p1 — p
2 —

For k — 2 and selected val ues of r and t, tables of the constants

c15 (t) satisfying (4.3.1) are given at the end of the chapter.

Theorem 4.3.2. For 2. C ~~, 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ - -— .- - - -— ~~~ — - — - -— - - -—-~~~~~~~~ ~~~~~~~~
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P (CS~R15) > 2-k + 
J~2 ~~~ P ( X (,) >

p (x , )+X l ) 9.., E x 1—t)/P ( 
~ x — t)}

2. ‘ i— I 2.i=1

Proof. The proof is straightforward and hence omitted.
** 1  * * 1 PTheorem 4.3 .3. For g iven P , < P < 1, let P2 1 k—i ’ 0 

< 9. < t ,

let c
15
(&) be the largest value si~ch that 

-

N( 2. , c 15 (&), r) > P~ (2r~L_l )

If , c15 (t) — mm {c15 (L): 0 < 2. < t), then

inf P (CS~R ) >
2. l5

Proof, it follows from Theorem 4.3.2. that for 2. ~
k t

P (CS~R15
) > 2—k+ Z{~~~P(X (1j >

k k
P ( X

(1)
+X (.) Et~ E x i=t)/P2.

(E x 1 =t)}

k t
> 2—k+ E C Z P (X ,1 .~ > cl~ (2.)X,.~—(1—c 1C (t))r~X (l~

+X(.) t)
j—2 L—O ~~ 

‘ ‘ — ‘ ‘

k k
• P ( X

(1)
+X (.) aR., 

1—1 
X 1 — t)/P(Z x~=t)}

and from Theorem 4.3.1., for any j , j — 2,...,k,

inf P (X~ 1~ 
> C~5

(t) X
(j) 

— (l—c l5 (&))r X (1) 
+ X (.) = 9.)

— ~nf P
2.

(x 1 > c15 (9.) X~ — (1—c 15 (L))r ~ 
+ X.. 9.)

N(L, c1~ (&), 
r) 

*
a > P  ,,2r+t— l~ — 2

‘ 2. ‘
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we have
k t 

* 
k k

P (CSIR 1~ ) 
> 2— k+ ~ ~ 

p
2 
. P (x ,1~+x 1.~—t , Z x~— t )/ P ( ~ x —t)

2. ja2 £ 0 2. ‘ ‘ ‘~~~ ‘ ‘ 2. ~~

— 2—k+(k—l) P~ — P~,

Thus the proof Is completed.

Hence, for each k, P*, Theorem 4.3.3. guarantees the existence of

c15 (t) for the rule K15 and gives a method to find c15 (t) for gi ven

k
E t such that P (CSIR

15
) > p* for any 2.C

1=1 2.

An Upper Bound on the Expected Subset Size for R
15

For the procedure R15, the subset size S of the selected subset Is

a random variable which takes on only integer va l ues from I to k,

Inclusively. For any fixed values of k, and P~ then expected size

of the selected subset is a function of the true confi guration

£ lI~~~hI’k )

t c~ (t)—(1—c (t))r t+(l—c
1 

(t))r
Lemma 3.3.1. For k — 2, a = < 

~~ c15 t~~
5 >, b = 

~ 1 + c 15 (tJ ~

sup E (S I R ) < I +
2. 15 

~ (
r+x_l )( r+t:x_l)

1 + x b+l

~ (
r+x_l ) (r+t—x— 1 )

x a  t-x

Proof. For 2. C ~2, let A — , then A > I 

~- ~~~~- -  55— . --- . ———-—S. ,-,-— ~~~~~~~ 
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E (SIR ,5
) - P ( X

(1) 
> c

l5
(t)X

(2)-(l-c 15(t))rIx +x~~yt)

+ P(X
(2) > c 15 (t) X ( l) -(1-c 15

(t))rIX (1)
+X ( )  t)

tc15 (t)— (l—c 1 (t))r— = P (X (1) ~ 1 + c15 (t)

t+( l—c (t ) ) r
+ P (X (1) ~ 1 + c 15 (t) X (1) +X (2) = t)

tc
15
(t)— (1—c 15(t))r t+(1—c (t))r

- 1 + P
2.
( 1 + c

15
(t) 1 X (1) 1 1 + c15 (tf 1 X (1) +X (2) =t)

- I + P (a < X
(1) 

< b I X (1) 
+ X

(2) 
- t)

b r+x- l r+t-x’- l r x r t-x
x~a ~ ~ t-x ~ ~1 q 1 ~2 q2

- 1 +
r+x- i r+t-x- I r x r t-x

~ ~ t-x ~ ~1 q 1 p2 q2x 0

~ (
r+x_ 1 )( r+t:x_1 ) Ax

= + 
x=a

~ (r+x— l ) ( r+t—x— 1 ) A’(
x 0  x t-x

= 1 + a—I r+x— l r + t x 1  AX ~ (
r+x_ l ) ( r+t:x_ l ) Xx

x— 0 x b+l x t x
1 + b 

(r+x— i ) ( r+t:x_ i ) AX 
+ 

b 
(
r+x_ i )( r+t:x_ l ) \

X

x a  x a

(4.3.2)

L~~~~~~~~. — _ _  _ _  _ _  -
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a l  
(
r+x— l )( r+t-x— l ) Ax ~ (

r+x_ l ) ( r+t:x_l )A x

Let g (A) = x 0  
x 

and h(A) — x b+l x t X

1r+x— l~ ,r+t—x— 1~ XX ~ ,r+x_ l
~~,

r+t_x_ l
~~

x
x ~ t—x ~ t—x

x—a x=a

Then , by d ifferentiating g(X) and h(X) with respect to A , it Is easily

seen tha t g (A) is a non— i ncreasing funct ion of A , h (X) is a non—

decreasin g function of A. Hence, from (4.3.2) the Lemma follows.

9.+(l-c (L))r
Theorem 4.3.4. For k > 2, 0 2. 

~ 
t, let b(2..) = [ 

+ 

15
( )  Ic

15

2.c (R.)—(l—c (2.))r
a (L) = < ~~

+ c
1~~

(&) 
-

sup E (SIR ) 
4 

max Cl + 1 }
p 15 — O<2.<t z (

r+x_ 1 )( r+2.:x_ 1 )

1 
x=b cL? +1
b(9.) 

1r+x— 1~ 1r+9.-x—l
x ‘‘x a(9.)

Proof. For 2. c Q,

E ( S1R 15) = Z P
2.

(X
(1) ~. c~~

(t) max X
(J)

.(l.c
15
(t))r I Z x. = t)

~~ 

P ( X ~ 1~ 
> c~~ (t) X (.) _ (l_ c

,5(t))rI Z X
1 
= t)

1 E E E P (X(.~>c IC (t)X(.~—( l— clC (t))r,
—l ~~~ &—o 2. ‘‘ ‘ -‘

(k—l)P ( E x~—t) 
‘ ~I

~ i— I

X, ~~~~~~~ E X , ~=t—2. )!~i J ‘~JJ s#i ,j ~~

k t
E E E P (X ,1~ >c 15 (t)X ~—( l—c 5 (t ))r I

k 1—1 ‘~ i ~.o 
2. ‘ ‘ (iF

(k-I) P ( Z x 1 —t)2. m .i
X , %+X f ~—2.).P (x, ~+x 1 ~—z, ~ X , ~—t-2.)~~ ~~ 2. ~I1 ‘.1’ s~ i ,J ~S 1

5 - -  - — - 5 -  - - - 5 -  -—- - - - — . 5 . - --5- - --- - - -- - - 5- - - -~~~
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- 

(k-1)P X
1 -t) ~~ 

~~
{P (X (l) >C (t)X~~~~(l~ C (t))ri

2. 1 l
X (1) + X (.) = 9.)

+ P (X
(J) > c 15 (t)X (1y (1.c (t))riX + X

(~) 9.))

~P(X (1) 
+ X (.) 9., 

~ 

X~ 1~ 
= t)

1 t

k 
— E {sup [P (X (.~ > c (t) X

(k— l)P ( Z X — t) ~<J ~=o ~ 2. U , — 15 (j )

2. i 1

— (1—c
15 (t))rIX ( )  + X (J) = 9.)

+ P (X (.) > c1~~(t) X (.) — (I— c
15
(t))r(X ( ) +X 9.)])

P(X (1) + X(.) = 9., z x 1 = t)

k ~ Z { l + I

(k-l)P ( ~ x =t) i<j ~=o (r+x- l )( r+L-X-1 ) 
}

2. 1=1 + 
x’.b(2,.)+l 

— 

X -x
b (9.)

(r+x— l ) (r+2.—x— l
)

x=a(9.) x

P ( X
(i)+x (.) 9., 

~~~~ 

x~ - t)

-

r 

by Lemma 4.3.1.,

max { l +  I
i<j 01t1t 

(r+x-l ) (r+2.-x- I

1 + x—b (L)+l ~ 2.-u
b(2.)

(r+x— 1 ) (r+L:x_ 1)x

The proof is thus completed.
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4.4 Selec t ion of all Pppulations Better Than a Standard

Case 1. Known St andard.

We consider the problem where k negative binomial populations it.

with parameters r1, p 1 (i = l ,...,k) are to be compared with a standard

wi th parameters r , p
0 
where p

0 is the known value of the probability

of a success in the standard population . Since p~ is the probabili ty

of a success, we define it. to be better than when 
~i > p0. Let

X. denote the number of failures before the r
~
th success is observed

in population it
,
. Then for selecting all populations bette r than the

standard we define the following procedure :

RD : Retain in the selected subset those and only those populations

( = l ,...,k) for wh i ch

X~ I p0 
+ D1

. (4 .4. 1)

Let and denote the number of populat ions wi th p
1 
> p

0 and p. 
<

respectively, so that 
~l 

+ 

~2 
= k. in genera l , 2.i and are unknown.

Then the probabili ty P1 
of a correct decision is given by

- 

- 
P1 — IT P{X1 5 P0 + D~}i=1

2. (p +D ]
1 o 1 r.+x— 1 r

= ‘~ ~ 
I ) I q~•X }

i~’1 x 0  I

where primes refer to the L~ populations with p~ > p0. Let m —

Then

r (r  +m+l) ~i r — l

i~ l V(r1 )r(m+l) 
f (l_ ~)

m dt

~~~~~~~~~~~~~~~



A lower bound on the above probability is obtained by setting 
~

(I — l,..,,k) and = k. Hence the I nequality determining D1 becomes

k [p +D
1
] r +x— 1

IT { E ( 
~ 
~~ q

X > p* , (4.4.2)
i ’I x 0  X 0 0

and the solution is the smallest va l ue of 01 satisfying (4.4.2). If

r. = r (i — 1 ,...,k), then (4.4.2) reduces to

[p +D
1
]

0 r+x-l r x
~~ 

~ 
)p~,q0 > (P ) .

x 0

This is easily solved by consulting a table of cumulative negative

binomial probabilities .

Case 2. Unknown Standard.

The assumptions are the same as in case 1 except that p0 is not

known. Let X be the number of failures before the r th success is
0 0

observed in population ir
e
. Consider the following procedure :

R
D 
: Retain in the selected subset those and only those populatIons

it.(i = l ,...,k) for which

X. < j~j— 
x + (.

~— — 1) r 1 (4.4.3)
° 2

The probability P
2 

of retaining all the 2.i populations with 
~

attains a minimum where p1 
= p
0 (i = l ,...,k) and 9~ = k and is given

by

(Lx+(L_l)r ]

~ k 02 2 r +y— l r r +x-l r
P
2 (p0, 02

) — 
x~O i ~i y~O 

y ~ p0
~ q~ ~ x ~ p0

° q



_ _ .  - -._- . _ _ _ - 5
~~;

_’ __SS_5 ._’_’_____5- 5
~~

S.  - ~~~
--S.

~~~~
- ----

Ill

Then the desired value of 0
2 

for the rule defined In (4.4.3) is the

largest number for wh i ch

mm P2(p, D2) > 
p* (4.4.4)

O<p <1

For r
1 — r (I — O,l ,...,k),

(.L.. x+(.!_ -1)r]

P
2 
~ 

(
r+x_l

) r q~ 
[ 

02 

y

~~2 
(r+- l )~~ q

~
] 

}
k 

—

— {P (x 1 <~ -.x + (k- - l) r) } k
2 0

1 2

For a give n P~ , let P~ — 
(p*)k and for any t >O , let 02(t) be the largest

va l ue such that

N(t, 02
(t), r) > (2r+t—1 ) *

where N(t, D2(t), r) is defined in (4.2.8). Let 02 
— inf {D2(t): t > 0).

Then a conservative va l ue of D2 is obtained such that P
2 

> P~. The

arguments for the above statement are essentially the same as those in

Section 4.2.

4.5 Application

If a structure consists of n components it will be called a

structure of order n. The state of all components of such a system

will be described by a vector x (x1,...,x~) where x1 1 means

“ith component performs” and xi 0 means “i-t h component fails”. in

reliability theory, structures satisfying the fol lowing conditions

(i) 0(1) — 1 where 1 —  (l,...,1)

(ii) 
~(2.) — O  where a— (o,...,o)

(iii) 0(x) > 0(y) whenever x i > y 1, I —

— --- - - -- - - -5  
.A
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are called coherent (see Blrnbajn, Esary and Saunders (17]) or monotonlc

(see Barlow and Proschan (5]).

Now consider k independent structures each of which consists of

n components in parallel. We put each of the components of the

structure on test. Suppose a component might not perform at the first

trial. Let denote the number of failures of the jth component of

the structure ir~ before it performs, j — l,2,...,n, i l ,2,...,k.

It is easy to see that Z~ min(Y 11,...~Y1~) Is a geometric random

variable with parameter p 1 
= 1 - 

~ 
(1—p

11 ) where p~ is the
i— i

probability that the jth component of the ith structure will perform.

Hence, the problem of selecting the structure with the smallest

rel iabil i ty Is the same as that of selecting the geometric population

with the smallest parameter as discussed in this chapter when r l .

_ _ _  - - _
~~~~~~~-5 - - —-— - - S
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