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Abstract

Techn i ques for the solution of full systems of simultaneous

equations represent an important algorithm class for vector pro-

cessors. This report considers the data flows involved in solving

a full equation system on the Cray-i . This involves study of the

I/O and memory-processor path traffic vis -a-vis the capabilities

of the Cray- l to support it. The I/O is found to present problems

for small systems of equations and in the substitution phases of j
small and large systems. Using an algorithm proposed in the

report , the memory-proc essor path is shown to have excess bandwid th.

Suggestions are made for utilizing this bandwidth to increase the

arithmetic operation rate by modifyin g and expanding the pro-

cessor arcE i tecture .
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I. Introducti on

The comm unicat~ un links between the major components of the

Cray 1 system - the processo r , m ain memory, and mass memory devices

(backing store) - are the architectural features most critical to

algorithmic development after the vectorization feature itself.

Only a singl e data path exists between memory and processor , so

that even though the 16-way interleaved memory has capacity to

transfer words at four times the clock speed , only ¼ of this speed

• is available to the processor. This leaves potenetial ly 3/4 of

the memor y bandwidth (i.e., 240 megawords/sec. ) for I/O. However ,

the I/O channels have capacity for only 12.9 megawords/sec. when

operati ng ~ ith a full complement of 24 discs. The potenti al for

a communications bottleneck on both sides of memory is therefore

significant.

One can claim that in fact a three-level memory heirarchy

exists , by viewing the vector reg ister set as functionally a

sin gle or dual cache. However , the reg ister and functional unit

speeds are matched , so that no communication problem exists at

th is end of the memory he ir archy .

Al gorithmic remedies for these communication problems are of

the gen eral phil osop hy that computational complexity should be

max imized 011 data at each memory level. If the total arithmetic

complexi ty is independent of data organization i.n the memory

levels , this strategy insures that the fewest data movements are

required when maximum computational use is made of data at each

level. Prac tically, this procedure involves vector and small

matrix operations like inner- and outer- products on data in the

1
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reg ister cache before sending the result to main memory, and

large matrix operations on data in main memory before communication

with backing store.

This study will be concerned with examinin g the data flows

associated with solution of a full set of linear simultaneous

equations. it happens that , in movement and operations with large

data blocks , programming effort is increased to handle incomplete

blocks and intrahiock computation (e.g., the movement across the

pivot elements in sweeping throug h a column strip of a matrix) .

How ev er , the major communication problems can h e s t u d i e d  b y

e x a m i n i n g  two c r i t i c a l  loops in an equation solutior. algorithm:

( I )  t h e  o u t e r m o s t  l o o p ,  where  megaw ord  b l o c k s  are  moved be tween

the  h a c k i n g  s t o r e  and TRa in memory to s a t i s f y  the  g ros s  ne eLi 3 of

th e f u n c t i o n a l  u n i t s  on t h e  o the r  s ide  of memo ry f o r  opex - c~~d s an~i

to store results , and (2) the innermost multiplication-subtraction

loop in the solution , where the memory-to-reg ister flow is critical.

Before proceeding, it should be noted that in investigating

me thod s to r edu ce the impact of an apparen t da ta f low bo tt leneck ,

we w i l l  not only remov e the f low con stric tio n bu t have in one

case by algorithmic means exposed excess flow capacity. This in

turn sug ges ts that add it ion al fun ct iona l uni t ca paci ty could be

accom odated - either through p a r a l l e l i s m  or fas ter p ipe l ines .

If similar results could be obtained for a sufficient number of

ma jor appl ica t ions , this would indicate that future architectural

.redcsi gn and expansion be directed toward the functional units

rather than the data paths , heretofore felt to be the most critical

archi tec tural  fea tur e .

2
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I I .  E v a l u a t i o n  of t h e  I / O  Bandwidth

A. I n t r o d u c t i o n

It  i s  easy  to show that a Cray -i is capable of solving a

• l a r g e  s y s t e m  of n linear simultaneous equations in approximately

4.8n 3 nanoseconds , including a 10 clock overhead in the  i n n e rm o s t

loop to divide 1on~ vectors into ones of length 64. A system

with an 8 megab yte main memory can c o n s e q u e n t l y so lve  1000

e q u a t i o n s  - f i l l i n g  mai n mem ory - in 4 . 8 seconds . Thus , an equa tio n

set w o r t h y  of v e c t o r  p r o c e s s i n g  i n e v i t a b l y  i n v o l v e s  use  of a

b a c k i n g  s t o r e .

Smaller full ma tric e s are o f t e n  encountered as part of larger

sparse matrix solution; these full components reside on a

back :iig store , arc L a d e d  at  ap p r o p r i a  L i m e s  d u r i n g  ti ’e overall

s o l u t i o n  p roce s s , and  u n d e r g o  a sequence of c o m p u t a t i o n s  s i m i l a r

to the  f a c t o r i : a t i o n  of a s i n g le f u l l  m a t r i x .  Such m a t r i c e s  are

t y p i c a l l y  in the  o r d e r  of 20 � n � 100.

The b a c k i n g  s t o r e  i t s e l f  can c o n s i s t  of be tween  1 and 12

disc  u n i t s  on both input and output , each capable of a tran sfer

r a t e  of 3 4 . 5  m e g ah i t s .  This  y i e l d s  a t o t a l  i n p u t  cap ac i ty of

. 5 4 - 6 . 4 8  m e g a w o r d s/ s e c o n d .  In the f o l l o w i n g  s e ct i o n s ,we w i l l

e s t a b l i s h  t h a t  t h i s  r a t e  can be i n a d e q u a t e  to suppor t  the gross

c o m p u t a t i o n a l  needs of the  a r i t h m e t i c  f u c t i o n a l  u n i t s  bo th for small

and for  very l a r g e  se ts  of s i m u l t a n e o u s  equa t ions , but  is adequa te

fo r  many  t y p i c a l  m a t r i x  p rob lems  of i n t e r m e d i a t e  s i z e .

B. S m a l l  n ’a t r i c e s  i n i t i a l l y  on back ing  s to re

To read  a m a t r i x  of d i mension  n w it h m i n p u t  ch annels from

b a c k i n g  s t o r e  r e q u i r e s  1.85 n 2 /m p s .  ih i s  becomes equal  to the

___  _ _ _ _ _
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s o l u t i o n  t i m e  ~~~~~~ n s )  b-hen n= 335 /mn or n=32 for full input

channel capacity. For smaller values of n , the processor will be

busied nm /3S5 of the time , a some what alarming result for the

range 20 ~ n < 100 , even w ith full channel activation .

C. Large full m a trices

In the I.U trian gular factoiization of a matrix too large to

be co fl tainL J in real memory, i t become s nec ess ary to reca l l  from

backi ng store factored parts of the matrix to participate in

operations on a part of the m a t r i x  c u r r e n t l y  b e i n g  f a c t o r e d .  For

the  sake of discussi on , it will be assumed that the matrix is

p a r t i t i o n e d  i n t o  colum n strips , so t h a t  f a c t o r i : a t i o n  takes  p lace

on a s t r i p  c u r r e n t l y  in m ain m e m o r y  by rec zillin g rreviously-

f a c t o r ed s~ rips.

A s nit ex ;~rp1 e , i n }:igt ~re 1 , a f u l l  m a t r i x  of s i z e  n ( = 6 )  is

d i v i d e d  i n t o  k p a r t i t i o n s  of s t o r a g e  Sk ,  each havin g p = n / k

columns. The number of w r i t e s  to b a c k i n g  s to re  is n 2 , a s s u m i n g

that the entire factored matrix must reside on backing store. Tile

numb er of r eads i s
kth  2nd 1st

s t r i p  s t r i p  s t r i p
\~~~ X X  X X X

X \X X X X X

x x x x
\

X X  X~~~ X X

X X X X ’\X X

x x x x x x  -

9x2 ÷ 5x 1 = 23 reads

Figure  1. C o u n t i n g  reads in a f a c t o r i z a t i o n

4 
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N = 
k - i  

~~~~~~ r + p 2 (k-r) 2

r r=l 2

t p(p~~~~~~ 1”~~ + 
p2 ( k - l ) ( k ) ( k - l / 2)

4 3 (1)

With total storage S and strip size Sk, then k S/Sk and p Sk
/ S .

The second term of (1) easily dominates the expression , and this

dominant term can be written *

-, 0 3
S~ p’k

N r 3Sk 3 (2 )

With half of main memory devoted to the current and the re-

called strips , the fraction a = (computation time)/(I/0 time)

can be computed from (2) as

= 3.9 x lO 3m

Thus , a single disc could suppl y operands up to n 3900 ,

which requires 4.7 minutes of computation time. Th.is appears more

than adequate I/O bandwidth.

*Equa t i on  (2 )  a lso ap plies to a large class of sparse equations [21 .

5
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D. The I / O  problem in the substitution process

The I / O problem is proportionally more severe for the forward

and back substitutio n steps , w here on ly a few num er ic  compu tat ion s

are p e r f o r m e d  with each element of the recalled factored matrix.

C o n s i d e r  an a r i t h m e t i c  c o m p u t a t i o n  sequence  where K arithmetic

c o m p u t a t i o n s  a re  performed Ofl the average  on every  L words  in m a i n

m e m o r y ,  by a p roces so r  w i t h  an o p e r a t i o n  r a t e  of M f l o a t i n g  p o i n t

operations/second (FLOPS). Then the memory  m u s t  he s u p p l i e d

from the backing store at the rate of

M L / K words / se c. (3)

In the forward and back substitution stages , the inne r  loo p

i n s t r u c t i o n  w i l l  be of the general form

X ( T )  = X ( T )  - L U ( J ) * Y D  (4 )

wher e LU(J) contains the elements of L and U. Each such element is

used a s i n g l e  time in the two substitutions , so tha t  ( i g n o r i n g

a r ray  X and s c a l a r  YD ) L = 1 and K = 2 in (3) . I f  the LU a r r ay

is on b a c k i n g  s t o r e , t hen  t h i s  s to re  is r equ i r ed  to supp ly

operands  fo r  ( 4 )  at M/2 words/ s ec .

This  is a p r o h i b i t i v e  r a t e , as evidenced by c a l c u l a t i o n  of

y = (arithmetic computation t i m e ) / ( I / O  t ime)

(cha ined  m u l t i p l y- s u b t r ac t  t i m e )/ ( w o r d  t r a n s f e r  t ime)

l 2 . Sx l O 9i n/ l . 8 5 x l O 6

.00 68m -

Thus , the processor will be busied less than 1 percent of the

t ime  w i t h  a s ing le d i s c  c o n t r o l , and less than  10% w i t h  f u l l

i n p u t  channe l  a c t i v a t i o n .

Th i s  is a w e l l - k n o w n  p rob l em in the  s o l u t i o n  of sys tems  t h a t

cannot  h ’~ c o n t a i n e d  in m a i n  m e m o r y ;  because of the C r a y - i  p r o c e sr o r  
•

6
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speed , i t  is  s i m p l y  aggravated . It is an interesting aspect of

the  prob lem that fo r  t h e  g e n e r a l  c l a s s  of s p a r s e/ f u l l  m a t r i c e s ,

t h e  above r a t i o  is i n d e p e n d e n t  of m a t r i x  s i z e , d e n s i t y ,  or equation

o r d e r i n g .

r
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I l l .  Evaluation of F’rocessor-Memorv Path

A. LU f a c t o r i : a t i o n

The da t a  flow between the memor y and processor is associated

with the inner loops of the triangular factori zation process.

As a result , it becomes necessary to consider notation and details

related to the LU factori: ation.

Let the m a trix A he factored into

A =  L U

whore

L = 1 0 0 . . . 0 , U = u11 U
12 

U 13 .

0 . , . 0 0 U2 2 U 23 . . U
2

31 32 0 0 0 U 33 (5)

~nl~ n2 1 0 0 U

One me thod  of p e r f o r m i n g  t h i s  d e c o m p o s i t i o n  on the Cray 1 was

given in [2] and will be te rmed the inner product algorithm . It

is d e s c r i b e d  as follows.

At t he  k th  p i v o t  s t e p ,  assume th a t  the  u .~ has been compu ted
for 1 ~ i ~ k—i , i 

~ 
j ~ n , and tha t Z jj have been formed for

I 
~ 

j � k 1 , j + 1 � i � n.

‘
I

8
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Th en ~-~c c~~ cu ate

100p@

k
t.. = a .  — 

~

‘ $L u j = k + 1 ,...n
1K ik uct nik ‘6m 1

1oop(~) loop®
k-i

u - = a  • - 2 ukj k~ m=1 .~un mj j  = k ,. . .n 
(7)

~ik 
= ‘

~jk
”1
~kk 

j k + 1,.. (8)

wicre the loops are indic ated in Figure 2- . The inner product

d~~~~ription follo w s from loops T~ and ~~~ahovc- .
T~ c : a :~ -r pro duct ~~~~ rc-uai rcs accessing a cng both roas

aad colu m ns and  as suci; it may he necessary to skew the matrix in

memor y so that su c c c - s s  ive accesses are not i~ade from the same memo ry

bank.

The loop 
~
1m portion of the inner product inner loop was implemente d

on t h e  C r a y - i by loading into a vector register a portion of a row ,

U1 m ~ 
k ~ m ~ k÷63. This load was c h a i n e d  to a vec tor  m u l t i p l y  in-

v o l v i n g  2 1 .j .  The p r o d u c t  was t h e n  c h a i n e d  to a vec tor  s u b t r a c t  f r o m

the nrc-fet ched m a t r i x  element s a k m , k ~ m ~ k+63. This continued ~;ith

a k m  a k m .  - Qk , 2* U 2 ,m k ~ m ~ k + 6 3  (9)  
•

u n t i l

a k m  = a k i n  ~~k , k~~1*U k~~1,m k � m ~ k + 63 
(10)

As can be seen , the  u e l e m en t s  t h a t  p a r t i c i p a t e d  in t he  vec tor

m u l t i p l y  were s t r e a m i n g  f r o m  m a i n  m e m o r y  i n t o  the  m u l t i p ly  p i p e - l i n e  wi th
f i n a l  accu~n u l a t  i o n  t h r o u g h  the ~oiht ra c t pi p e ]  i nc .  In t h i s  way  up to  64
i n n e r  p r o d u c t s  ar e  comptlt (- d concurrentl y. The 9- e l e m e n t s  were  computed

s i m i l a r l y .  

- - - - - - - - - -- - - - - - - - - - C— - -- -  -—  ~~~~__ _ __± H i
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2 .  k t h  p i v o t  i n n e r  p r o d uc t  c a l c u l a t i o n

In p r o c e s s  l u g  a m a t r i x  tnat ~s too largc to be cu;~tu~ ;i~ d ~n i i :1

m emory, there w ill be no time avail able for the 1/0 s y s t e m  to access

memory while the inner ioop is e x e c u t i n g .  As a r e s u l t , the a r i t h -

m e t i c  and 1/0 operations cannot he concurrert and the factorization

is s l o w e d .

B. A reduced da t a  f l o w  a l g o r i t h m

Th e a l t e r n a t i v e alg ori thu this report exp lores is based on a

techni que due to Pnvkovich [3]. This a l g o r i t h m  e m p l o y s  t he  vec tor

reg i s t e r s  in such a way so as to reduce  memo ry r e f e r e n c e s  to about

20 % of wha t  was r e q u i r e d  in the  a l g o r i t h m  d e s c r i b e d  above.  Th i s

is accomplished by c o m p l e t i n g  f i v e  rows of the  m a t r i x  for each

mul t iplicative use of a U vector rather than c o m p l e t i n g  o n l y  a s i ng l e

row. This should leave the 1/0 system sufficient memory access t i m e

to  all o’~• hc mo v c i : w - i i t  of  P or t i o n s  of the matrix to and from the

di  s K w it hout s I ow i ng the func t i on a  1 u n i t  s
10
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The arithmetic computation for this algorithm is numerically

id en ti cal  to wha t was describe d above.  The se quence of oper at ions i s

changed  w i t h  the  e f f e c t  be ing  a b l o c k - w i s e  r educ t ion  of the m a t r i x .

W i t h  r e f e r e n c e  to F i g u r e  3 , the  f o l l ow i n g  sequence is p e r f o r m e d  at

t h e  k tfl :-~:~~c~: s te p .

1) R e d u c e  t h e  q x q d i a g o n a l  b l o c k  c o m p r i s i n g  e l em e n t s  a .  . ,
k < i k~ q-1 , K < j < k+q-l . 1 ,3

2) Reduce the q x p row blocks. The last row block may have
fewer than r column elements.

3) Reduce the p x q column blocks. The last column block may
have fewer than p row elements.

4) Repeat steps 1-3 with the remaining k-q x k-q sub-matrix.

5) The f-ictori :ation will be complete with the reduction of the
soiith-~-as t corner diagonal block. This block may have
fewer than q ro~-.- and column elements.

f - o r  t h e  p r e s e n t , only the reduction of t h e  q x p row b l o c k s

and t he  p x u column blocks will be discussed.

The structure of the off-dia conal blocks and the matrix

traversal scheme was chosen with the al gorithm ’s implementation

Oil  the Cray-i in mind . In this way one is a lways  d e a l i n g  with

full length vectors ercept at a row or column end . The detail of

a row block appears in Fi gure 4.

r~~~~~~
L_ J L H  

- -

~~~~~~ I ~~~~~

- . LJ  q row 
r _
~ 

• e lements

~~ ~
up to p c o l u m n  e lemen ts

Ji g u r e 4. Row block detail

11

~ 

____________



— — — • -~~~~~~~~~~ • -  -- —- - -- —_ pr

U1,k, q.l Ul k.q • 
Uj•fl

©

U k~ l . k .~~~ - 1 . k . q - 1  U
~: 1 k * q  . . .

11~ k 

— - 

~ k q Uk ~+q~

p1

~ 

q

I .  
- - -  --  - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
________

I 

- — -- _______

• ~~~~~~~~~~~~~~~~ 

p

• 
tn ,k _ l i

q

Fi gure  3. K th p ivo t  s tep b lock  r e d u c t i o n .
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C. Row b lock  r e d u c t i o n

Th i s  b l o c k  is read f r o m  m e m o r y  i n t o  the  vec to r  reg i s t e r s  of

the  C r a y - i .  As a r e s u l t , the  l i m i t a t i o n  on p is 64 c o l u m n  e l e m e n t s ,

t h i s  be ing  the number of storage locations in a vec tor  r e g i s t e r .

Wi th eig ht vector registers available , three of which are us ed to

p e r f o r m  the  i n n e r  p r o d u c t  c a l c u l a t i o n , c~ has the  va lue  of f i v e .

The proc essi n g of a typic al r ow block proc eed s as f o l l o w s .

F i r s t  the  q x p b lock  to be reduced is loaded  i n t o  the  q vector

reg i s t e r s  set  a s i d e  for  t h a t  p u r p o s e .  These vec tor  reg i s t e r s  w i l l

be deno ted  to 
~q • The i n n e r  loop o p e r a t i o n  sequence  is c a r r i e d

out f o r  1 � i ~ k - l  ( see  F i g u r e  5 ) .

1) Load RV
~ 

into the row vec to r  reg i s t e r , Vrv •

2) Load SG~ into the scalar group reg isters , Si, 1 � j � q .

3) With the data now present in reg isters , q computation

sequences can be c a r r i e d  ou t .  Each c o m p u t a t i o n  sequence

is of the form

~ B - S  x V  , l~~~~m < q .
th in m rv -

The computation represented by this equation is performed

e lemen t by element on each of the p components of the

vector reg ister.

Th is com plet es all compu tat i on ex ternal to the reduc t ion b l o c k .

Consequ en t l y ,  only the blo ck vector is comple tely reduced , wi th

not yet  f i n i s h e d . The r e d u c t i o n  is comple ted  by u s i n g

reduced ~ vec tors  i n t e r n a l  to the b lock  to reduce the  ba l ance  of

the b lock .

13 
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The f o l l o w i n g  sequence  is c a r r i e d  out  fo r  I < i < q - 1  to c o m p l e t e

the black reduction .

1) Load SGK+j l into the scalar group registers , S.,.j+]. < j < q .

2) With the data now present in r e g i s t e r s , q - l  c o m p u t a t i o n

sequences can be done . Each coinput at ion seq u enc e is of

the  form

Bm B - Sm X B~ , 1+ 1 ~ m < q.

At the ~
th completion of thi s sequence , 

~i+l 
is full y reduc ed

and can be r e t u r n e d  to m e m o r y  and also used to complete the remain-

ing B ~ectors.

fl . A ccaunting for memory access r e d a c t i o n

j u s t i f y  t h e  c T h l r a  t h a t  lr-u. n memory accesses  a re  reduced  u s i n g

t h i s  al g o r i t h m  i t  is necessa ry  to d e t e r m i n e  the  r a t i o  (p)  of

mu ltip l i e s  ( a d d i t i o n s  a re  e s s e n t i a l l y  f r e e)  to main  memory a c c e s s e s .

laFle 1 d e l i n L a t e s  the q u a n t i t i e s  invo lved .  The q u a n t i t y  r is

the  n u m b e r  of row vec to r s  e x t e r n a l  to tile r e d u c t i o n  b l o c k .  The

r a t i o  is then
q/2(q+2r-flp arithmeti .c operations

q/2(q+2r-l)+ (r+Zq)p memory accesses

q(q-1)
Scalar  f e t ches : qr +

- 2

Vector element fetches: (r+q)p

Vector e lement  s t o r e s :  qp

q (q- 1)
M u l t i p l ies  r equ i r ed : fq r  + —-_____

2

Table  1. R a t i o  q u a n t i t i e s  
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~~ -----— - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



The n u m b e r  of m u l t i p l i e s  n e c e s sa r y  is e s s e n t i a l l y  a f u n c t i o n  of the

n u m b e r  of s c a l a r s  i nv o l v e d , w h i c h  is p r i m a r i l y  a f u n c t i o n  of r s i n c e  q

is f i x e d  in the i m p l e m e n t a t i o n .  A s y m p t o t i c a l l y ,  t h i s  r a t i o  becomes
qp

a 
= Limp 

— o p e r a t i o n s/ a c c e s s
r~~~~ q+p

Also  no te  t h a t  as p ,  w h i c h  is t h e  vec tor  reg i s t e r  l eng th , i n c r e a s e s

L i m P  = q o p e r a t i o n s/ a c c e s s

we asymptotically can achieve no better than q arithmetic operations

per m e m o r y  access , i n d i c a t i n g  t h a t  longe r  vector reg is ter s would

not improve , this aspect of the alg o r i th m .

U s i n g  v a l u e s  fo r  q = 5 and p = 64 as in  t h e  C r a y - I  i m p l e m e n t -

a t i o n , t h e  as ’- m p t o t i c  p e r f o r m a n c e  is r- 4 . 6 3 .  As the  vec to r

register length i :icrc-ases the effect of the q scalar loads diminis h -

es and p asyaptctes to  S o n e r a t i o n s / ( m e m o r y  a c c e s s ) .

C o n t r a s t e d  w i t h  q = l  and p= 64 used in the ori g i nal  i n n e r  prod uc t

algorithm ~-.here a= .984 operations/(memory access), the improved al-

g o r i t h m  y i e l d s  a 78 .  ‘~ reduction in memory accesses.

F .  \ l g o r i t h n  i r l p l em en t a t i o n  on the Cray-i

Tile d a t a  f l ow  of the  i n n e r  lo o p ,  which p e r f o r m s  the bl ock

r e d u c t i o n , is q u i t e  strai ght forwa rd . Figure 6a i l l u s t rat e s  the

da ta flow through the vector reg isters as the processinc’ , e x t e r n a l

to the  b lock , is c a r r i e d  o ut .

The p h y s i c a l  vec tor  reg i s t e r s  in the  C r ay - i  are  ass i gned names

VI) t h r o u g h V7 . The con tents of each vector reg is ter ha s

been a s s ign e d  a label with an overbar indicating what  is c u r r e n t l y

s to red  t h e r e , ( i . e . ,  
~~ 

t h r o u g h  ~~ r e fe r  to the f i ve  vec to r s

c o m p r i s i n g  t h e  r e d u c t i o n  b l o c k , ~~~ refers to t h e  i t h  row vec to r

r e s i d i i u ~ i n :  v e c t o r  reg i st c r , e t c ) .

16
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k - 1 State s
S t a t e  0 S t a t e  1 S t a t e  2

A * ______
-

* -~ _ _ _  — I
I - — - “ 0 PV VO P\ -

VO I 1W VU ~V Vo p~ r —H
B 1-ree

M~~ Vi I ~ i ~~ 
Fre~ v i  VI Vl _____

— 

B V2 82 V2 L
B1

M- --
~~~~~ i : ~ ~~ 

B 1 2

M~~~V3 N V3 
~-~~~1T~

’
~ ~~~~~~~~~~~~~~~~~~

. .  
~: ~~~ _

M ~V4 -
~ - ~‘4 3 .V4 

_____

/ B i B
~ i B VS 5 VS I

_ _ _ _M ---~V 5 S - vs 
_____— I - B-- / ~ree V6 

______V6 V6 13
5 V6 V6 

_____

7 ~~ i V - ~V 7 
V7 ~~~k - l  V 7 k - i

k-I odd k- i even
Initial After After
St~lt C steps steps

~ S tep  1 2 ,3j~l 2 ,3 ,~~1

F i gure 6a . Pat a 11 (‘1.. • Ii e x t  e rn a 1 F i gtire fh. Two poss ib I e end s t a t e s
- 

b1oL~: p~~~~~v ss1ag after external bloc. .
proc ess in g is comp 1~~tc-

In the al  l u C : I t  iO fl o th L- v e c t o r  r e g i s t e r s , s i x  ( V l - V 6 )  a re  a s s i gn ed

to the  r e d u c t i o n  b lock , of wh ic h fiv e con tain the ac tua l da ta of

the  b lock  (q=5) with a s i x t h  ( l a b e l e d  f r e e )  be ing  used to a l l o w

a c c u m u l a t i o n  i n t o  the  b l o c k  of B vec to r s .  One of the  r e m a i n i n g

two vec tor  r e g i s t er s  (V7)  is used for h o l d i n g  the  row vec tors

RV~~ 1 < i < k-i as they  are read one at a t ime  f rom memory .

The o the r  (VO)  is used to c o n t a in  the  p roduc t  vec tor  T~V which

is computed  f rom ~~~ by a s c al ar  m u l t i p l i c a t i o n .

4 When all external k-i row vectors are processed , the contents

of the  vec to r  r e g i s t e r s  w i l l  be in one of two s t a t e s  as dep ic ted  in

F i g u r e  bb .  W h i c h  k - i  end s t a t e  r e s u l t s  is governed by whe the r  t h e

number  of k - i  row v e c t o r s  processed is odd or even.

17
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Ther e a re two s i m i l a r  code Sequences  used in p r o c c s s i n g
row ve ctors

1) accumulation of the ~j - f f~ blo ck into vector registers \‘2-V6 ;

2) a c c u m u l a t i o n  of t h e  b lock  i n t o  vec to r  reg i s t e r s  V 1- V S .  T h i s

a c c u m u l a t i o n  is d e p i c t e d  i n  Fi g u r e  6a by “ “ s y m b o l .  I n i t i a l l y

v e c t o r  r e c i s t e t - S V 1 - V S  mus t  be loaded wit h the reduc t ion block

f r o m  m a i n  n I e m o r  , which is dep i c t e d  b y the “ M-~ “ symbo l .  Then

the  f i r s t  ro~; vector RV 1 (Figure 5) must be loaded into V7 from

m a i n  m c m o i . Then the . last scalar of scalar group one (SC 1) is

loaded  an d  t h e  product of 
~~l 

and t h e s ca l a r i s placed in VO

( I V )  w h i c h  is  dep i c t e d  by the “ “ s y m b o l .  This  p r o d u c t  is then

a c c u m u l a t e d  w i t h  ~~~~. (in \5) and d i r e c t e d  to \‘6 . This  row vector

is then  used w i t h  t h e  r e m a i n i n g  fou r  s c a l a r s  w o r k i n g  up t he  s c a l a r

h r o u p .  This leaves VI f r e e  to p r o p a g a t e  r e s u l t s  in the r e v e r s e

d i re c t  ion  w i t h  the  next row v e c t o r .

lVhat fo1lo;~s is the symbolic layout of \rector instructions

that reflect the operation sequence of the external row block

p r o c e s s i n g  ( r e f er  to Fi gures  5 and 6a). Only the pertinent

ins tructions have been included. Scalar code necessary for

address  generation and ioop control have been omitted and the

braces indicate cha ined instructions.

- - ~~~~~ —-— — —  _________ -~~ -~ i -~ 
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j
~ l - Initiali ze row vector and scalar

group counter
Load V 1 ,V2 ,V3 ,V4 ,V 5 with Bl ,B2 ,B3 ,i~-I ,PS , respectively

thROW L~LK ~~
- -

~~~~~ 
Load SG 1 load the i sc~ lar group

(V7..-RV . load the 1 th row vector
(~ VO~- S

5*V7 create B~ product vector
I.V6 4V 5-VO accumulate

fvo4- s 1*V create B4 produ ct vPctor
1V5 .V3 -VO accumulate

1V04-S_*V7 create B.. product vector

~.V4~-V 3-VU accumulate B3

rvo 2 create 12 product vector

~V3~-V2 -VO accumilate T 2
VO~ S1*V~ create 

~ 
product vector

LV2~
- ]  -VU accumulate

If i = k-i Jw-~; ’ TO ODD~~~~~Y : J ~P SAI N check  for  comple t ion of ex ternal  row
vec tors

i~-i+l move on to the next one

Load SG 1 load the ~~~ scalar group

(V 7.-RV 1 load the ~th row vector

( VOi- S~~ \, crea te- B1 Product vector
t.Yl~-V2-VO accumulate B1

fV0~-~ 2~~
’7 create B

2 
product vector

~V2÷V3-VO accumulate 12

1V04s3*V 7 create B3 product vector

\y3+V4-\’O accumulate B_

fVO~-S4*V7 create B4 product vector
‘tY4~-V5-VO accumulate B4

1~~~ s~
T7 create L~ product vector

accumulate B5

If i = k-I JUMP TO EVEN ROW DRAIN check for  compl e t ion  of ex te rna l  row
- vectors

i+i+l move on to the next one

JUM P TO TtOW _BL!(_LO(W
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The c o l u m n  b l o c k  r e d u c t i o n  U S e S  a s i m i l a r  s c h e m e w i t h  t h e

o n l y  a l t e r a t i o n  b e i n g  where  in memory the  m a t r i x  da ta  i s  coming

f r o in.

At this stage of the algorithm all the external row vectors

have been processed  w i t h  t h e  c o n t e n t s  of t h e  vec to r  r e g i s t e r s  in

one of tile two k - i  s t a t e s  d e p i c t e d  in  F i g u r e  ôh . As d i s c u s s e d

e a r l i e r , t he  r e s t  of t h e  row vec to r s  come f rom i n s i d e  the reduction

b l o c k  to complete tile blocks reduction. In fact , B1 
is now com-

p l e t e l y  r educed  and w i l l  be employed  as t h e  next  row vec tor  to

fur ther reduce i~~, Th. lT~ and B5. Figures 7a and b show the internal

b lock  r e d u c t i o n  d a t a  flow s t a r t i n g  f rom e i t h e r  of t h e  k - i  e n d i n g  s t a t e s

of the e:-~t e r na l b l o c k  r e d u c t i o n .  T:~~s :~~t c rn a :  h i c c k  ;cduc t~ on ~c

r e f e r r e d  t u as d r a i n i n g  the  b l o c k .

S t a t e  State State State State
k- i k k+ i k÷ 2  k~ 3

~1*~~vo fl ~VO IiE
~r~~

vo LiI~ vo
vi vi ~~~~~ ci t . -~~i t i  vi

Figure 7a. Int ernal .___-_ 4 i 
~~~

- .- — -4
b lock  reduction data V~ ç~1~J ./v2 H~~~j -”-I V2 V 2 \ ‘2

f l o w  a f t e r  an odd 
~ ~~ ~~ V3 1 V3 (i .)~ V3 T~J -~-tnum ber of extL’I-n a l I ~~~~ ~~~ ~~~~~ 

N~ -- ~~ N~-row v e c t o r s  p r o -  V4 I~ ~ V4 L~4 ~ V4 V4 ~M V4
cessed . ( k - l  odd)  

~~~ 
~~~~~~~~~~~~~~~~~~~~~ ~~ ~~~~ 

~~~ ‘ +~~VS I~~J\
vs fl 1

V6 [it s 1 V6 . / V 6  V6

V7 V7 V7 V7 V7

State State State State State
k-- I k k + 1  k+:’ k~3

~~~ I —1 
* 

~~~~~~~~ r’~i 
~~~~ r~i ~~

~ 1~ ck ~cdu ct  ion data v2 v� 
-
~~~~ ~~~~ ~~~~

row Vec to r s  

~~~~~~~~~~~~~~~~~~~~~~~~ 

~±i~ ~N ~~~~~~~~~~~~~~~~~~~~~~ ~j~;V6 l i-ce V6 V6 Li vô a5 V6

~k-1 
V7 LII vi [

~
] V7 Li’ V7 L.._J

20
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At each d r a i n  s t a t e  t h e  c o m p l e t i o n  of a B vec to r

is indicated by a circle. In  the  s ub s e q u e n t  s t a t e s , as the

res t  of the  B v e c t o r s  are  c o m p l e t e d  t h e y  ar e s u c c e s s i v e l y  re-

turned to memory  (“ -~M symholi:es the s t o r e  of the  v e c t o r  reg i s t e r

to memory). The odd and even k- I states g ive r ise to two block

d r a i n  codes .

What f liows is the s y m b o l i c  l a y o u t  of v e c t o r  i n s t r u c t i o n s

necessary for the drainin g of a row block starting from the odd

k-i state. This data flow is dep icted in Fi gure 7a. Also refer

to  F i g u r e  5. The draining starting f r om the even k - i  s t a t e  is

similar in spirt as i s  t h e  d r a i n i n g  of a co lumn r e d u c t i o n  b l o c k .

A g a i n , s c a l a r  code f o r  address generation has been omitted for

the  sake  of c l a r i t y  and t h e  b r a c e s  i n d i c a t e  c h a i n e d  or c o n c u r r e n t

in struction sequences.
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ODD DRAIN i - - i + 1  Move to next scalar group (i=k-l at entry)
Load SC1 Load the scalar group

fvo~s2 *v2 Create B 2 p r o d u c t  vec to r

\yl~~V 3 - V 0  A c c u m u l a t e  132 ~~~ 
now f u l l y  reduced)

Crea t e  B3 p r o d u c t  v e c t o r

~y3-V4-VO Accumulat e B 3

fV04S4~~i2 Create 14 product vector

\y4 .vs -VO Accumulate
(vO .S 5 *V2 Create b 5 product vector

~V5~ V 6 - V O  Accu~. u l a t e

(Store V2 C o n t a i n i n g  
~~~~ 

t o  ~ co ory  ( o p t i o n a l  p ivo t  h e f o re  store)

i~-i+l Move to n e x t  s c al a r  g r o u p
äo ad  SC-

~VO .S5*Vi Create 
~~ 

p r o d u c t  v e c t o r

~_V6~-V5-VO A ccumulate

rvo s.~ vl Create ~ product vector
LVS V4--VO Accumulate

[vo -s_
~ vi Crea~ c B.. product vector

~V4 - V 3-VO Accu:~u 1ate ~~ 
(L~ now f u l l y  reduced)

Store Vi containing ~~~2 to memory (optional pivot  be fo re  s tore)

i4-i+l Move to next scalar group
Load SG~
VO4~S4*V4 Create B4 product  vector
Y34-VS-VO Accumulate 

~~ 
(~~ now fully reduced)

(V0÷55*V4 Create i1~ product vecto r

~V5÷V 6-V0 Accumulate

Store V4 containing 11~ to m em o r y  ( o p t i o n a l  pivot before store)

i.-i+1 Move to next scalar group
Load SG1
VO4~S5*V3 Create 1L~ product vector
V6~-V5-VO Accumulate 15 (B~ now f u l l y  reduced)

Store V3 con ta in ing  L~ to memory (opt ional  pivot  before  store)

Store V6 containing B~ to memory (optional pivot before store)

Row block reduction now complete and returned to memory .

~ .
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Once a l l  the  row v e c t o r s  c o m p r i s i n g  the  b l o c k  have been re turned

to memory  t h e  block reduction is comp lete. Depending on whether

row or c o lu m n  p i v o t i n g  is d e s i r e d  an o p t i o n a l  p ivo t  m u l t i p l i c a t i o n

can be inserted before t h e  v e c t o r  s to re s  in the  a p p r o p r i a t e  d r a i n

r o u t i n e .

Since there is only one path to the Cray-i main memory f rom

the comput ational section the sca l a r  f e t c h e s  should be p laced  in

such a way so as to avoid conflicting with the block vector stores

and thus ca us in g  a halt to instruction issuing .

It is easy to see that when a row vector is read from main

memor y each elem c-nt is employed in five multi p lies g iving rise

to the a s y m p t o t i c  l i m i t  of p = S as p

- -  
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IV. Comment a

A. Further algorithmic consider ati ons

The pr-oh 1cm of pivot ing h a s  been i gnored i n  this report

a 1t h o t t ~’h i t  i n v o l v e s  data restructuring and hence can influence

data Iloa . It would be considered when the more general prohie ti

of da ta foi- :att in , was b e i n ’~ inves t i t ~ated. Here , one would be

concerned with the formn tti n~ of A , L , and !J in  t he d i s c , main

m e n t o r  , and vector registers.

Since the disc is rend and written sccjuential lv it must share

at least a conmon block for::;at -.‘ith m a i n  m e m o r y .  H o w e v e r , the

data n~t be reforma tted bet t ;oen  memor y and t h e  reg isters , s i n c e

a matrix block in ‘ne mor ; any h e ac c e s s e d  bot h row- and column-

‘ i Se. :\lso , A and I. U need not he ide n t i cal  lv f or m a t t e d ;  the

first may he determ ined by user convenience whereas L and U are

internal to the equ at  ion solution aig orit hm. The result n ay  be

that the alternat e r o w -  and c o l u m n - s t r i p a c c e s s  of F i g u r e  3 may

be inconvenient; this would not seriously impac t t he  in te r i o r

loop where the reduced memo i-y accesses are achieved .

B. Speedup by architectural modifications

I . Introduction

Wi th the proc ess or -memory  path busi ed be tween 1/4  and 1/ 5 of

tile time in support of the inner loops , the memory is free to com~nun-

ica te  wi th the ins truc t ion parcel  b u f f er s, th e B and T reg isters ,

arid (most importantly) the hacking store the majority of the time .

We have  shown th at l ack of d i sc  capac i ty can imped e compu ta t ion

24
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overall; however even if solution time becomes I/O dominated

so that I/O traffic is maximized , it can be r e a d i l y  shown that

memory will be occup ied  at  mos t  m / 14 4  of the  t i m e  e m p t y i n g  I / O

buffei-s. Adding this to the above fractions , i t  seems s a f e  to

as sume that 1/2 - 2/ 3  of the  memory  bandwidth is unused for all

purposes presentl y accounted for.

In the following sections , we suggest architectural modifica-

tions to utilize this bandwidth to speedup the equation solution.

2. Reg ister control

Presently, accesr to elemen ts of a vector reg i s t er are con-

trolled by t h e  r e g i s t e r  w i t h  a single counter. If the access

control we re moved from the vector reg i ster to the functional

unit , the same vector register could be concurrently accessed

by multiple function al units. This would permit sel i ac iiaulatio n

of a vector reg ister in to itself , allowing, for ex ample , incre-

mentation as Vl ~
- Vi ÷ C. The register propagation scheme of

the proposed algorithm w h e r e  one v e c t o r  r e g i s t e r  was  added to

another could be a v o i d e d , a l l o w i n g  a q of 6 and a f u r ther reduc-

tion in memory accesses.

3. Expanded functional units

A more important consequence of excess memory b a n d w i d t h  and

modified register control would he the ability to add functional

u n i t s  for  i n c r e a s e d  p a r a i l e l i sm .  I f  each m u l t i p l y - a d d  u n i t

requ i red the same f r act ion of memory bandwid th as de termined

ab~ ve , p o s s i b l y  two or three  u n i ts could  be added wit hou t in ter-

ference .  One p o s s i b i l it y for  a c c o m p l i s h i n g this  w it hou t ch ang ing
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ins truction formats and thereb y making present codes upward

compatible is now described.

The da ta  f l o w  is s y m b o l i c a l l y  d i a g r a m m e d  in F i g u r e  8 w i t h  t h e

vec to r -  i n s t r u c t  ion s equ en c e  t h a t  p r o d u c e d  i t .

ISSUCJ l s ; - - I I
I i r st Styr ~ J 1~~ir d

- 

S1 S2~ S3 
-

IZV(O) - 

* ,1 1 V i O )  

~~~~( ~ 
— L~ --— ~~~ (1) — 

nr~H
~~~~~~~~ _ _~~ I~~ ( 2 )  - -— I

- I  

~ 
r~ I

B r o a d c a s t  ~-~u l t i p 1v 2 I

~~i ~f l)~ 
~~~~

- -
~~3 i

_ _
I n s t r u c t i o n  S’~~i~-~ c I - - L .._]

~ :;~ B -
- I - T i~ - - - ~‘ 3 i ~~ r~i , ’’ i ;n  1 

— — - - -

~ ~~s sn c  i n  3 :

i~~
. s * ; ~.’J l~~ k p- - r  ~~~~ [ Self Accumulati on

T h i s  issu~’s at the chain ~1ot arrival of data fromthe S1 m u l t i p l y .
Thi i~~ u~- s at t~ c next chain slot from the S2 multiply.

~~~~~~ Issues at S3 multi ply chain slot.

Figu re  8. S y m b o l i c  d a t a  f l o w  of p a r a l l e l  inner  p roduc t .

Essentially, three inner produc ts are compu ted in paral lel wi th

a clock period displacement in the e lemen t s  be ing  processed . The

firs t. multiply issued would be one clock period ahead of the second

one issued. The second in turn would be one clock period ahead

of the third . The first product to arrive at PV(O) (Tile notation

‘
~V(O) refers to element zero for vector reg ister PV) would si gnal

chain slot time for the waiting i~ accumul at ion ins truc t ion . This
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in struct ion would issue with the product being fed into the add er.

In the nex t  c l o c k  p e r i o d  PV(1) would receive the first multi ply ’s

second product which ~-ou id move on to flj ’ s adder , and so f o r t h .

A l s o , in  t h i s  c lock  p e r i o d , PV(O)  would  r e c e i v e  the  second m u l t i -

p l y ’ s f i r s t  p r o d u c t  t h e r e b y  s i g n a l i n g  c h a i n  s lo t  t ime  fo r  the  now

wai ting 8 7 accumulation instruction , ca u s i n g  it to issue . In

t he  n e x t  c l ock  p e r i o d  t h e  t h i r d  m u l t i p ly ’ s f i r s t  product  w i l l

a r r i v e  at  PV ( O ) i n i t i a t i n g  the FL a c c u m u l a t i o n . In succeed ing

c lock  p e r i o d s , t h r e e  products will simultaneously arrive at PV

and then  he passed  on to the three adders for ~ vec to r  a c c u m u l a t i o n .

This scheme is not without its drawbacks. Tile ordering and

placement of vector ins tructions h a s  to he c r i t i c a l l y  observed

n o t i n ~ a l l  in st ru c t ion i s s u e  d e l a y s  to insure correct chain slot

tine s’- ’nc h r -~ n i :aticn. When u s i  n~ a v e c t o r  r e g i s t e r  (PV) in  th i s

multi-chain t h i - o u g h mode , missing a chain slot time would produce

an entirely differen t calculation. Furthermore , external interupts

( I/ O , t i m e r , etc.) would have to be disallowed during a multi-store

use of any vector register , thereby anticipating the invocation of

multi-chain throug h mode by subsequent , as yet unseen , vector

instructions.

4. Scalar reg ister chaining

When intermediate results of a chained computation arc not

required , it is undesireable to allow them to occupy a vector reg-

ister. One technique might be to allow chaining through scalar

reg isters. When a vector result is passed to a chain through

27
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sc a l a r re~~i s t e i~, it would simply move on to the next functional

unit of the chained instruction sequence. The follo~~in g hypo-

thetical instruction sequence is an e x a m p l c  of u s i n g  a s c a l a r

r eg i st er in t h i s  m a n n e r .

Sl~- S2*k\~ Begin p r o d u c t i o n  of p r o d u c t  c i L n e n t s

V6~- VS - i-S i  A c c u m u l a t e  t h e s e  p r o d u c t s
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