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Aa~TrRAcr

An analytical model and canputer program has been developed to analyze

supersonic , laminar separating flow fields over range. The important

features of the model are its ability to include the two family nature

of the supersonic flow field , the matching of s~~ersonic and subsonic

profiles in the transonj c region (which aids in the select ion of the solu-

t ion for a particular probl~ n when two exist , thus eliminating the problen

of branching solut ions) , the inclusion of the normal mcmentun equation

(and thus, normal pressure gradients) througlz ut the flow field , and the

solution of the separat ion problen by a marching technique. The ellipt i—

city of separated flow fields is accounted for by cast ing the problen into

one of the inverse nature. Correlat ions with data are utilized to determine

upstream influence properties. Results for pressure distrihution and heat

transffer are presented and canpared with experimental data. The applica-

bility/ of the model to more general flow fields and geanetries is assessed .

_ _  _ _  _ _ _ _ _ _ _ _  
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I - INTIowc,rIct.~

The inportance of the prcperties of the boundary layer and its interaction

with the external flow field for f lows over ccrrpression surfaces is well

kr~~ n and the attendant role of these effects on determining aercxlynamic

characteristics of wing-f lap configurations and engine—inlet ran~s have

been previously assessed . The iirportanoe of the viscous-inviscid inter-

action is magnif ied for high Mach junber, ]r.~w Reyrolds number flow, and

the design of azpression surfaces must take into account such inter-

action ~~erx zr~~ia. Thus, the problen of the interaction of supersonic ,

laminar flow with a cxmpression surface, and the resulting sq arated

flow field has been the subject of ntrr~.rous previous experimental

(i.e. Ref . 1-5) and analytical investigations .

The flow properties of slx ck-boundary layer interaction caused either

by a deflected flap or by a shock iiipinging on a boundary layer have

been shown to be similar in nature and correlative. ~~~ concept of free

interacticxi6 allows for the etplcr~’ment of aipirical relations fran a single

set of free interaction experimental data to predict the oocurence and the

extent of a separated zone, as well as the pressure distriJx~tion in the

region of separation. It has been s~~~n experiIL~~1taUy1 that in the region

of free interaction the heat transfer profiles are independent of the rnechani~ n

by which they were indu~~~.

In order to totally quantify the entire flow field, thsoretical calo.ilatioris

have had to deal with the basic ellipticity of the problan. The positive

pressure disturbance caused by the sI~ ck (or by the downstream gso-

rnetry) prcç)agates upstream through the subsonic portion of the lx undary

.~~~~~~~~~ 
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layer causing the boundary layer to separate. Because of the hasic elliptic

nature, it has been inpc~sible until recently to e~plc~ a forward marching

sdiane withait sate sort of iteration on the initial conditions.

Many analytical efforts over the past fifteen years have been based on

integral teci-iniques 8-11 and have used a nui~~ t of conservation ~ juations12’13

to yield an undetermined parameter which is adjusted to conform with the up-

stream influence effect. The method of Ref . 13 which uses a ona parameter

family of profiles, gives good agreement with experimental pressure data for

adiabatic and moderately cooled walls, however, for cold walls the metlx d

has proved inadequate. Also, the heat transfer results obtained by this

netlx d for all wall tenperathre ratios have shown poor quantitative agree-

ment with experiments . Holden14 has extended the met1~ d of Ref . 13 to

allow for separate parameters for the velocity and entha1~~ profiles

inproving agr~~ ient with experiment for the highly cooled cases . AU of

the integral techniques have neglected the possible effects of a rx nnal

pressure gradient.

More recent st~x1ies1-4 ’1546 have attatpted to use finite difference tech-

niques coupled to an interaction pressure law for the inviscid flow.

These solutions have slDwn a tendency to have an inf inite number of branch-

ing solutions possible 17,18 
~~~se brancl~~1 solutions were explained as

being caused by various types of downstream gerznetries causing different

rates and rnagnitues of upstream influence. £$‘~Yfei~6 investigated a variety

of branch selections and determined that to control downstream reattachnent

and relaxation to downstream conditions, it was most convenient to preselect

the second derivative of displac~~nent thickness at the initial station.

—2—
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This parameter could then be adjusted by an iterative procedure until

t~he proper downstream conditions were recovered. All such methods have

also neglected the possible effects of r~ rmal pressure gradients which

may be large in the region of s€~ arat ion and the effects of a ~~~-family

supersonic inviscid f low.

A recent investigatio&-9 has attaiptai to develcç an algorittmt which

eli.xninates the necessity of iteration by using the downstream boundary

conditions and. recasting the interaction e~~ations into a tine dependent

set. The steady state conditions then corresponds to the physical prob-

1~ n of interest . All previous studies , whether utilizing finite dif fer-

enoe or integral techniques have had to assume a pressure-stre~ nline

deflection relati onship at the }x,unda xy layer edge (either a linear depen-

dence or a tangent wedge approximation), to determine interaction effects

and thus have of necessity , neglected the effects of enbe3ded sI~~cks,

and the attendant effects of &,wnrunning waves which can alter boundary

layer properties . In ad~Iition, whereas a linear pressure-deflection

relationship applies for weak interaction and the tangent v~edge relation-

ship approximates strong interaction, it is always a problen to decide

for a particular pxobl~ n which relationship to use~,especi&lly in the

overlap thuain (i.e. X 0 (1)).

Previous ~~rk at N~~ York tjniversity20’21’22 has attørpted to establish a

unified approach for the solution of expanding and ~~itpressing f low’s

where the effects of interaction are iitportant. The investigations have

so~~ht to denonstrate the validity of the model developed (which will be

—3— 
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describ ed in the next section) and the genera l applicability of the numer-

ical analysis which has been prod~xed. ‘rl-e inportant features of the

rrxDd el are: its ability to include the tw~ family feature of the super-

sonic field (which all other prev ious analyses have neglected) , the match-

ing of supersonic and subsonic profiles in the transonic region (which aids

in the selection of the solution for a particular probl~n when t~~ exist ,

thus eliminating the problan of branching solutions) and the inclusion of

the normal rranentum equation (and thus normal pressure gradients) in the super-

sonic field (by the use of the viscous characteristic equations) and in the

highly viscous subsonic ~~ne (solved by an isplicit finite difference schene) .

It has thus been asserted21- that interaction problans can be well posed as

initial value problens within the context of this rrcdel.

‘I~~ ellipticity of separating and reattaching f]r~.is over rarrps adds on addi-

tional parameter to the general description of the rr~~1el, which is based

on a marchi ng sch~te. The effects of strong upetream influence mist be

accounted for and the following sections delineate 1~~ this is handled.

P~ llowing a section describing the model and its special details necessary

for separated flow fields , a section on the equations of notion in each of

the regions of the prob1~ n is presented . Then , results of the analysis for

t~~ separa ted ramp flow fields are described . The results are .xiipared with

experiments, and conclusions of the ixx~el’ s applicabili ty to separated

f low fields is presented.
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II. DE.9 RIPTI(~ OF THE PIOHL1E24 ~ND THE P~NNJYTIC~L M)DEL

The basic probl~ n which is sttzlied is a supersonic or hypersonic flow over

a wing-flap conf iguration. As an exaitple of this ~thenaTeIX)n consider a

flow over a flat plate-wedge configuration s~•~~ n scheriatica lly in Fig. 1.

The start of the free interaction region ocx~urs at the station (Xo) where

the wall pr operties begin to depart from flat plate values . In this

region, an adverse pressure gradient is cr~mnunicated through the subsonic

portion of tie boundary layer, causing tie wall pressure coefficient to

rise while siituiltanec*isly, the skin friction and heat transfer decrease.

OUtgDiflg crupression waves ber ~o feed u~~ard into tie freestream.

F~ r supersonic Mach numbers, this carpression fan coalesces into a sbock

sane distam~e away fran the wall. In tie hypersonic case, the slock

forms alnost at the h*ithaxy layer edge (or near the subsonic-supersonic

viscxxis flow interface), its slope approximating the flow deflection of

the boundary layer edge itself . In both cases the flow downstream of

the coalescence may be c1x~inated by a t~~ family characteristic flow field

as ~~~nrunning waves fran the shcx~k may significantly alter the pressure

distribotion given by a PrandU-~~yer relation. The separation point (Xs)

is defined by the point of vanishing skin friction. A dividing stream—

line can be identified which forms tie boundary between pceitive and

negative values of the stream function. A second crip ression fan and

sbock are found dt~ to the reattachment compression.

Figure 2 depicts schenatically the wall pressure, heat transfer and skin

friction distr ihutions. In the region of free interaction the pressure

gradient is approximately constant and then decreases gradually until a

pressure plateau is reached . In the region of the flap the pressure again

-5-
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begins to rise , reaching a maxiiium and then decreasing asyrptotically to

the t~~-diznensional wedge value. The skin friction af ter the hinge

increases from a negative value, passes through zero at reattacluent

axxi increases again to the flat plate value. The heat transfer distri-

botion reaches its minimiin in the region of the hinge and then increases

as sh~ ,n in the figure.

The analytical mx5el and rnetl-od of analysis developed 21’22 for expand-

ing flow fields has been modified to allow for the aialysis of the above

pxoblen. The method of analyses is as follows : In tie region prior to

tie effect of upstream influence the ueti~xi described in Ref . 21 is used

unaltered. The supersonic portion of tie flow field is solved by charac-

teristics which have been modified to inclnde viscous transports normal to

the streamlines . ‘I~~ inclusion of viscosity in the characteristic rela-

tions allows for an inner-outer matching to occur in the transonic region.

The equations for the inner region (the highly viscous suheonic flow near

tie wall) are represented by the boundary layer equations in ccordinates

measured along and rormal to the surface. The dictate from the outer

flow field that normal pressure gradients may occur, coupled with the effect

of the thickening boundary layer ~enhanced for nx~ierate Reynolds numbers

ar4/or the onset of separation ) leads to the inclusion of nor mal pressure

gradient effects in tie inner f low field. Thus, the second mxentum equa-

tion is retained in the inner region. The inner equations are solved by an

implicit finite difference Crank -NicIolson sch~ ne. The matching between inner

and outer solutions is accaiplished by guessing a streamline deflection at

the matching point of tie next step (wbose stepsize is dictated by the charac-

teristic intersection distance) and determining the pressure at the tran-

sonic intersection fran the &iwnrunning characteristic relation. The inner

-6- 
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region is then caiputed and the condition that at tie wail the stream

function is zero is tested. An iteration procedure based on changing tie

streamline deflection is contimed until the surface (X)rdition (~‘weU = 0)

is met.

The interaction program is then applied to tie separation problan in an

inverse manner . At a selected station along tie flat plate, a selected

adverse pressure gradient is applied at tie wall (The method for the selec-

tion of Xc ari.1 is explained in Section IV. ) Consistent with the thus

k~~ m wall pressure , the iteration procedure is dropped. This is equiva-

lent to allowing for mass inj ection at the surface (since ~VwaU#0) . It

has previously been shown23 that there is a close correspcuience between

the upstream influence of a downstream flap and a boundary layer with

injection. This procedure is cxn*.inued until flow separation. At the

separation point, tie carplete iteration procedure is again reverted to

(it is no longer necessary to specify the adverse pressure gradient) and

the systen is solved consistent with W~~j 1  = 0. An iitportant result is

that the pressure gradient which is determined in the course of the march-

ing is entirely cx~~sistent with the inposed adverse pressure gradient

prior to separation . It is tie assertion here that the pressure gradient

is continuous after separation due to tie fact that the supersonic charac-

teristic field in tie vicinity of tie matching has accormodated to the

effect of streamline curvature and thus the downrunning characteristic

(which determ ines the pressure) is consistent with the previous pressure

distribition . An enbedded shock routine has been added to the main pro-

gram to allow for characteristic coalescence when it occurs (See Fig. 1).

-7- 
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It has been shown 14, 16 that instabilities can arise in the numerical

solution of tie bourxiary layer equations by a marching technique in

regions of reverse flow. This arises fran the fact that tie convective

terms puu~ and PnT~ thtie nrrnentum and energy equations be:xrne nega-

tive. These instabilities also arose in the present analysis in the

region of separation. ‘lb overcate this effect, tie same approach as

has been used in previous investigations was miployed, i.e, the utili-

zation of the absolute value of u in tie convective terme

(p IuJ~.~ arxi p I u I T x) .

At a certain previously unkn~~n station, the program is no longer able

to converge on a solution (i.e., pass the mass f irM) . At this station

the wall is turned . The position of and tie angle of the turn which

were previously unknown are the t~~ parameters which are now determined ,

thus rendering the program one of an inver se nature. Thus, the ellipticity

of the firM field is overcane by determining the surface gecnetzy which

caused the particular upstream separating pressure gradient (and its posi-

tion) as a consequence of the solution. The wall turning is accrztplished

within the program by turning the wall through a small hO in each step hx

until it is no longer necessary to change e~ to pass the ness flow. Thus,

the angle of wall turning is determined and the program is continued

through reattaci-ment.

Thus , the flow field has been separated into six distinct regions of cxxpu-

tation (Fig . 3)

I . .  Region prior to upstream influence

IL Region of prescribed adverse pres sure gradient

—8—
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III . Region of separated flow where convective tersE are utilized with

absolute value of u in tie negative region

IV. Region of wall tur ning (dictated by the inabilit y to have a

converged solution)

V. Region apçroaching reattaclm~t along wedge (solved in sane way

as region III)

VI. . Region of attached flow relaxi ng to Blasius solution

-9-
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III. ~~ J~~IOI~E OF MYrION

The equations of notion used in the distinct regions of tie flow field

have been presented previously 2O-22~ In the supersonic portion of the

flow field visc~~is transports normal to the streamlines are inclix~ed in

the characteristic yielding tie following two-dimensional equations for

the determination of the prcçierties:

+ d 0 + F~Sl ) Y-l s21 dx
yp - sin ~ cos ~ y pqJ cos ~ cos (0 + u) = 0

where 
= L (L 

~ 
(1)

1 Re..,, ~~ n ~ an))

s2 = L ~~~~~ fa g \ 2  
~~
. 1 a /K aT

~ L \an / PrE.~ an ~

The r~xienclature is consistent with tie previous references. Tie plus

sign represents tie uprunning characteristic, the minus sign the dc~.znrunning

ore along which:

= tan (9±~i) (2)

Tie inclusion of viscosity in tie net al]ows for tie matching between inner

and outer solutions to occur in tie transonic region. In tie inner region,

tie standard boundary layer equations in ccordinates measured along and

normal to the surface are utilized. Terse of tie order of ]J/Re~ are

retaii~~ allowing for nv~derate Reynolds rnrnber effects. The normal norrentils

equation is retai~..a!. The ~~ iations are thus (for b~~dixnensional flows with

—10— 
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curvature terms neglected)

(P U)~~ 
i (p~

)
~; = 0 (

~
)

p~uu x + )~ Px = S1 (4)

P( uv X 
+ 

V~7~ ‘4

~ 
+ p = 0 (5)

p ( u T ~~+~~ Tj )  - E ~ ( u P x~~~”~~) s2 ’ (6)

where S
~
’ = (ii U~

S2’ 
= L~. (~T~)~ + E (~~

) 2

The solution of tie syst~ n of equation and metbod of iteration vali~I in

each region of tie flow field has been described in tie previous section.

C~ e ~~iitiona1 statatent must be made with respect to the solution of tie

continuity equation for v in tie subsonic zone. The matching of solutions

in the transonic zone causes one to be cczipelled to use a small stepsize

(since in the transonic zone characteristics are close to vertical) . This

~raU stepsize has caused an instability in tie determinatior of v fran

continuity when it is ccc~pited fr~an the equation pv = - ~~~~~~~~ . This has

been overcome consistantly for both expanding and ccrr~ressing flow fields

by utilizing the nodified equation Pv = - , where hX is taken to be on

tie order of ten ~X and then decreased during the course Of tie march ing.

In tie following section results of tie cczr~uter program are presented and

conparisons with experiments are s1u~n to denonstrate the validity of tie

nodel.

-U-
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RESULTS AI’..D O)NCLUS IONS

The basic ellipticity of tie problen necessitates a determination of two

parameters, the point of danarkation fran the flat plate results (Xo) and

tie pressure gradient fran there to tie separation point (
~ ) , in order

to proceed with tie calculation. The probl~ n is thus cast as one of an

inverse nature, i.e., select and Xo and and fixx~ tie plate length L and

wall turn e~ which brought about tie upstream effect. In order to calcu-

late the flow far a particular problen it is thus necessary to iterate on the

initial conditions until tie two parameters are consistent with the flow of

interest.

In order to scnewhat overcane this cciiplexity, and large increase in wttpl ter

tire per case, an analysis of available data was undertaken to correlate

results for these parameters over a wide range of tie interaction parameter

x.

Based on tie suggestions of24’ 25, Ch~~~ 
26 found that the inportant parameter

governing the siznilitix~e of tie flow at separation is (M~e incip~/x.~ where

eincip is tie raup angle at incipient separation and = (.664 + 1.73 TWtrc)~

This effect was correlated over a wide range from weak to stro ng interaction. It

was also sIx~ n that the upstream influence in an attached flow was inversely pro-

portional to MC../J1~eJ~.

Based on these conclusions, tie data of separated flow fields was investigated

to determine tie corre1ativit~r of ~2 and ( ~ 
as a function of x~. It

was found that for e~~> Oinclp (separated flows), the p iteter ~~

governs the sixnilit~xIe of tie flow and that d (,~J~
) in the region £

1/2
Xo < X  c X~ also varies as x~ , These results are presented in Figures

—12—
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4 and 5, wbich present data over a wide range of the inter act ion param-

eter .

These correla t ions thus allow for the selection of the two parameters Xo and

•~~ for any flow conditio n and ramp angle with reasonable accuracy. The iter-
dx
at ion proc edure to dete rmine the exact values for a particular geanetry is

thus reduced considerably and the inverse charac teristic of the model no

longer pro duces a maj or drawback.

The results of two calculat ions corresponding to the data of Ref . 2 are pre-

sented here . For these cases , the correlation s utilized allowed tha t no

itera tion on initial conditions were needed to f ind the flow fields consis-

tent wit h the cases to be reproduced . The results for wall pressure and

heat transfer , pres ented in Figures 6-8, indicate that the model reproduces

the f low phenanena with good accuracy.

It is thus the contention that separated flow fields in the supersonic and

hypersonic regimes can be caipited utilizing the interac tion model presented

here in, which canputes the entir e flow at each step of a marching technique

without the necessity of specifying a pres sure—deflection relationship and

allowing for etheddel shocks and the two family nat ure of the flow field.

The inverse nature of the analysis is sanewhat overcaie for ramps by util izing

the correlations developed . This , of course , would not be the case for more

canplex gecnetrie s. The major drawback of this model is the necessity for

a given flow conditi on, to have an available corr elat ion for the determin ation

of the upstream influence effect . Therefor e, while in principle the model

has general aWlicability for the solut ion of laminar separated f lowfields

in tie supersonic and hypersoni c regime , in practic e, canpiex gecinetric con-

figurati ons ( including those which yield three—dimensional flowfields ) may be

-13-
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more easily accaTrrjdatal with in the &~ope of fully elliptic prcgran~~.

With respect to turbule nt flows, one could foresee a similar situation.

knple experimental data Is available for tur bulent flc~~ over ranps to

develop a cor relation similar to tie ones presented in Figures 4 and 5.

(be would expect that the corr elat ions would display a different power
law than in the laminar case , perhaps yielding solut ions which vary as X 8 .

-14—
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