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CHAPTER 1

INTRODUCTION

1.1, Statement of Problem

This paper considers the prcblem of finding optimal policies for
several deteriorating systems. The systems discussed here include deter-
iorating machinery whose deterioration can be observed by a decision maker
or any system that involves periodic repair. Because of the applicability
of these systems, a number of authors have contributed to the development
of the optimization theory for the discrete time maintenance models. Almost
all of them are replacement models rather than repair models in the sense
that an unlimited supply of new spares is available and the amount of time
needed for the replacement or repair is negligibly small. In practice we
often encounter the cases where there are a limited number of spare units
and where the repair time of a machine is no longer negligible as compared
with the length of its operating time. Repair time of a machine may even
depend on its degree of deterioration. Several examples of such processes
can be easily introduced. Aircraft repair problem of an airline company,
automovile repair problem of a taxicab company and factory machine repair
problem are some of them. In particular, the problem of determining the
date and quantity of suits one should bring to a laundry for dry cleaning

can be applicable if cleanliness of a suit can be somehow measured.
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Since repair rather than replacement is often applicable, we have developed

some mathematical models which incorporate maintenance with repair.

The discrete time Markov maintenance problem with repair can be
stated in the following way. A machine is assumed to be operating over
time with its condition deteriorating as time goes on., It is observed at
discrete time intervals and is classified as being in one of I+l states
{0,1,2,...,I}. State O represents a machine in perfect working order,
and {1,2,...,I-1} represents intermediate states of deterioration lead-
ing to failure at state I. An operating machine can be sent to a repair
shop at the beginning of each period just after the observation of its
state, whereas a failed machine must be repaired. When & machine is
being repaired, the number of time periods that it is unavailable is
usually assumed to have a geometric distribution. A repaired machine
becomes available in its best condition. If the repair decision is not
chosen at the beginning of a period, the machine in the i-th operating
condition keeps operating and at the beginning of the next period it
moves to the i-th operating condition with stationary transition probability
pij’ An operating cost is charged while a machine is operating, and
material and labor costs are charged when it is being repaired. These
costs usually depend on the state of the machine. The objective is to
find a repair policy which minimizes the total expected a-discounted

cost, or the long-run expected average cost per unit period.
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There is a simple repair rule called a control limit policy:
Repair the machine if and only if its observed state is greater than
or equal to some control limit i*. Control limit rules are intui-
tively appealing, but are not optimal in all cases. Certain restrictions

must be placed on both the cost structure and the transition probabilities

8

governing deterioration. Chapter 2 investigates sufficient conditions

andér which an optimal policy is assured to be of a control limit form.
The aforementioned model had only one machine in the system,

In Chapter 3 models with spare machines in the system are studied. 1In

these models when a decision maker decides to repair an operating

machine, it is sent to a repair shop immediately and replaced by a spare

machine, if any is available, Replacement is assumed to take one period

of time just for mathematical simplicity. Machines in the repair shop

are independently repaired with geometric repair time distributions.

The system fails when all the machines are in the repair shop and in-

operative. A penalty cost is then assessed. Special emphasis is being

placed on finding the sufficient conditions which result in the

optimality of control limit policies of some kind.

Chapter L presents some recursive algorithms for calculating
the optimal cost and its corresponding policy. Lastly, an explicit
calculation of an optimal control limit policy is obtained for systems
with few machines and with simple cost structures and transition prob-

abilities,




1.2. Brief Survey of Discrete Time Maintenance Models

In this section we give a brief review of previous studies that
relate to our work, For almost two decades there has been a great deal
of interest in the study of maintenance problems because of their appli-
cability in the practical world. Maintenance models are usually divided
into discrete time models and continuous time models. As our study is fi
in the category of discrete time models, continuous time maintenance
models will not be taken into consideration here.

Discrete time maintenance models are the models which use the
information regarding the state of the system such as the degree of 4
deterioration of the unit in order to choose the best maintenance action |
at discrete time points. In 1963 Derman [7] introduced the basic model
of this type. In his model, there is a unit in a system which is in-

spected periodically. After each inspection it is classified in one of %1

I+1 states, 0,1,...,I, showing the degree of deterioration. There are

two actions available at each period. If replacement action is taken,

the unit is replaced by & new unit and the new unit begins to operate

in its best condition at the beginning of the next period. If the
i ; action, not to replace, is chosen, the unit keeps operating. Then Piﬁ 3
is the probability that the state of the unit moves from i to J 1in 1

E | one unit of time. The cost to replace an operative unit and the cost 3

E | of replacing an inoperative unit, i.e., a unit in state I, are

i introduced. The latter is assumed to be greater than the former.

Derman showed the existence of a control limit policy optimizing the
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total @-discounted cost and/or the long-run average cost under reason-

able conditions on the transition probabilities.

There are several directions for extending Derman's basic model.
Kolesar [14] extended the basic model by introducing state dependent
operating cost without changing the basic conclusion of the model.
Kalymon [11] further generalized the cost structure by allowing replace-~
ment costs to be stochastic, retaining the optimality of the control
limit policies.

Another expansion of Derman's model with regard to the cost
structure is the introduction of an inspection cost by Klein [13].

He assumed that the condition of the system is known only when it is
inspected, which is costly. At each period the decision maker has two
basic alternatives: to replace the system or to keep it. When the
latter is selected, he must further decide the extent of repairs to be
made and when to make the next inspection. He formulated the model

as a LP problem, Derman [8] later showed that the optimal solution

is a stationary policy. Eppen [10], Taylor [20] and Rosenfield [17]
developed their models along this line with emphasis on trying to find
simple types of policies which optimize their models.

Derman and Lieberman [$] considered a joint replacement and
stocking problem, which was generalized by Ross [18] to allow for a
deterioration of a unit from time to time, Ross also extended the
state space to be continuous or denumerable., Another expansion of the
basic model with respect to the state space was made by Wagner [22],

who considered two modes of failure.
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As was mentioned earlier, the distinction between repair and
replacement was first considered by Klein [13]. In his model an
E immediate transition to the best state takes place when a replacement
is made, while an immediate transition to one of the better states

takes place (depending on the extent of the repair) when a repair is

made. In 1973 Kao [12] introduced a semi-Markovian approach to the

e T

basic model. He allowed the time spent in each state before a trans-

fita ¢

ition takes place to be a random variable depending on the transition.

Therefore in his model repair is no longer instantaneous but takes
some random time. Kao found sufficient conditions for the optimality
of control limit policies over the class of stationary non-randomized
9 policies., Among them are state independent expected repair time and
repair costs, which could be considered as restrictive conditions.

; Derman [6] himself considered his basic model using a

4 different objective function. He maximized the expected length of
F | time between replacements subject to the conditions that the prob-
i abilities of replacement through certain undesirable states are bounded.

Kolesar [15] showed the control limit optimality for this case.

TR

‘ 1.3. Mathematical Background

l Before proceeding further it is well to describe some basic
terms and fundamental theorems frequently used in our report. A Markov
[ decision process is discussed first since this theory is the primary

P | ‘ approach used in each model formulation.
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Suppose a system is observed at points of time t = 0,1,...
and classified into one of a number of possible states labeled
0,1,...,I. After each observation of the state of the system, an
action must be selected. The set of all possible actions is denoted
by A, assumed finite, If action a © A 1is chosen when the state
of the system is i at time t, a cost C(i,a) is incurred, and the
next state is determined according to

p{X :JIX (ool e X T'—i,a =a}=P~\a)’

t+1 ORHel il e e

where Xt is the state of the system at time t, and ay is the
action chosen at t. A rule or policy is a prescription for taking
actions at each time, It may be randomized or it may depend on the
past history of the process. A policy is called stationary if it
is nonrandomized, and the action it chooses at t depends only on
the state of the system at t. Let R = (f,f,...) be a stationary
policy whose action is f(i) when the state of the system is i. Then
it is known that a process modified by f 1is a Markov chain with the
transition probability matix {pij(f(i))].

Two criteria are of interest as a suitable cost to be
minimized. The first criterion is the total expected a-discounted
cost. Let a € (0,1). The total a-discounted cost when a policy

R 1is employed is represented by

[oo]
o
Yo . (2) =R 1 & ociX, ,u 1X
R, R o -

p=il, 0€12L,
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where ER means the conditional expectation given that the policy
R 1is employed. Let
Va(i) = AnEiE Ui O T (TR, o

R R,

The following theorems hold,

Theorem 1.1 (see Ross [19]). Va is the unique solution to

I
V. (1) = minfC(i,8) +a % p..(a) V. (3)], RS O
[0 2 =0 ij o

Furthermore, if R, = Tt SN SRR stationary policy satisfying

€ e
I
C(i,£,(1)) + o Z pij(fa(l)) v G
J=0
e
= min{C(i,a) + 'Z pij(a) Va(j)]
a j=0
for each i then
Vg o1 =V, (1), 32 T 5

%7

The first part of the above theorem gives a functional
equation satisfied by the optimal cost function Va, while the

last part guarantees the existence of an optimal a-discounted
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policy. Furthermore it may be taken to be stationary as has been
shown in Derman [5], Wagner [21] and Blackwell [3]

A

Theorem 1.2 (Bellman [2])., Let Va(i,n) be the n period optimal

expected a-discounted cost starting from state i. Then

¥ (1) = 2w WV {im) TS GRS

a e o}

Theorem 1.2 shows the validity of formulating the infinite
horizon problem as the n period problem, and then letting n — o,

The long-run expected average cost when a policy R

is
employed is expressed as
1 T=l
Ve(i) = lim B I 'Z C(X, at)[xo =i fo=0, L o T
T —o t=0

b2
The policy R 1is said to be average cost optimal if

VR*(i) =min VR(i), = 0L

St a0
R

The existence of such a policy is not guaranteed in general,
but the following theorem gives a sufficient condition for the
optimality of a stationary policy as well as for the existence of

an optimal poliey.

Let 7 Dbe the class of all policies, and let 7' be the

class of all stationary policies,

< obieail o G N o s NSRBI a0 a3l 2 ‘
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Assumption 1. For all R € 7', the modified Markov chain by R

is irreducible.

Theorem 1.3 (see Ross [19]). If Assumption 1 holds, then there

i i

*
exists R € 7! such that

Vpx(1) = min V(i) = min V (1) = lim (1-0) v,(0),
RE T RAE n! a -1
Theorem 1.3 also shows that the optimal average cost is
independent of the starting state of the process and is related to
the total a-discounted cost. Therefore the results obtained for the
total a-discounted cost can be often applied to the expected average

cost case through this theorem. The irreducibility assumption,

however, seems too strong for our models, Fortunately the next

PP

assumption suffices.

f Assumption 2. For all R € 7', there exists a special state, say

is, which is accessible from every other state.

Theorem 1.4 (Ross [19]). Theorem 1.3 still holds after replacing

i Assumption 1 with Assumption 2,

In reliability theory where the state of a system is

represented by being good or bad, increasing failure rate (IFR)
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distributions play an important role (see Barlow [1]). An item with

an IFR failure distribution has the property of aging and is more likely
to fail the older it gets. Derman [7] developed the notion of an IFR
distribution for a Markov chain with a finite number of states. Suppose
there are I+l states indexed to show the degree of deterioration. Then
a Markov chain is said to be IFR if the higher the state the greater

the chance of further deterioration. More precisely, a Markov chain

N

with the transition matrix {pij; is said to be IFR if Pi(') is

stochastically smaller than Pi+l(”) for' 18 = 0,1, .L.,L=1; and can

be written as

P Gs) B ohnl; B O o

where

P, (k)

it

S

j<k

Note that suppose F(t) and G(t) are distribution functions,

F(*) = G(*) if and only if F(t) > G(t) for any t. Since we are
concerned with maintenance problems, aging of a machine is a reasonable
assumption, and hence, IFRK distributions will bte assumed in each of

our models, Lastly a useful lemma is stated.
Lemma 1.5 (Derman [7]).

P} P leds R s

if and only if for every nondecreasing function h(j), j =0,...,I,

H(i) = Z§=O Py h(j) 1is nondecreasing in i for 0 < i < I,

LI




CHAPTER 2

MAINTENANCE MODELS WITHOUT SPARE UNITS

In this chapter we present several machine repair models where
there is only one machine in the system. The first section treats the
special case where both the repair time and labor costs are independent
of the state of the machine, while the last section treats the general
case where they depend on the state of the machine. In each section
obtaining sufficient conditions for the optimality of a control limit
policy is of special interest. 1In the second section the results in the
first section are shown to be applicable to the case where the repair

time distribution is no longer a geometric distribution.

2.1, Special Case

Consider a discrete time machine repair problem which is

schematically shown in Fig. 2.1. There is a machine in the system with

its condition deteriorating as time
operating ¢

machine goes on, It is observed at the

L beginning of each period, and is
repair classified as being in one of I+l
facility

(I > 1) states. State O represents

Figure 2.,1: A Machine Repair
System Without
Spare Units,

it i i e i
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a machine in its best condition, while ({1,2,...,I-1} denote inter-

mediate states of deterioration leading to failure at state I, Also

a state I+l is introduced, denoting that a machine is under repair.

When a machine is operating, two choices are available just after

each observation of its state by a decision maker: to let it keep

operating, or to send it to the repair shop. If the former decision 1
is selected, the state of the machine evolves from i to j in one
unit of time according to the transition probability pij > 0. We
assume Zk<:I Pir = 1 for any 1 throughout this paper. If the

latter decision is chosen, the machine is immediately sent to the

i iy

repair shop, and stays there until it is completely repaired. A failed
machine must be repaired. The number of time periods teken to complete
the repair work is assumed to have a geometric distribution independent
of the state of the machine to be repaired. More precisely, let Ti

be a repair time of a machine in state i. Then

, j-1 :
P(T, = 3) = a(1-0)°™, J=L2 ..

Thus, a machine in the repair shop is completely repaired by the end 1
of that period with probability gq. Assume O < g < 1l. A repaired
machine becomes available in its best condition.,

The costs involved in this system are:
A(i): operating cost for a machine in state i (0 < i < I).
Cc(i): material cost for repairing a machine in state i (0 <iK< TR

B: 1labor cost for repairing a machine per unit period.

13
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Note that the statement that a failed machine must be repaired is

satisfied if we set A(I) to be infinity or a very large number,

3
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Material cost is assumed to be charged at the start of the repair work.

The objective is to find a repair policy which minimizes the total

a=-discounted cost.

This system is a Markov decision process and hence, can be

formulated as a dynamic programming problem. Let Va(i;n) be the
expected n period o-discounted minimum cost starting from state i at the
beginning. Then Va(i;n) satisfies a set of recursive equations:

~

Va(i;l) = min{A(i), C(i)+B]}, o R
Va(I+l;l) = B
4 For 'ni >,
3l
V (i3nt+l) = min(A(i) + o 2 p,.V (3sn), C(1) + B (5.3}
o joo 11 @

+ alqv (03n) + (1-q) V_ (I+1;0))),
B

Va(I+1;n+1) =B +:w(qj}(o;n) + (1-q) Va(I+l;n)) '

Let Va(i) be the total expected a-discounted cost starting

from state i. Then by Theorem 1.1 the existence of & stationary policy




minimizing the total a-discounted cost is guaranteed. Now a special
subclass of a set of policies, called a control limit policy, is of

interest, which is defined as below:

Definition. A control limit policy is a nonrandomized policy where

there is an 1 for each period n, say in’ such that for all i with

1< in’ the decision at period n 1is to keep a machine in operation,

and for all i with 1 > 1 , the decision at period n is to repair it.

It is said to be stationary if the in's, called the control limits,

are constant in n.

A control limit policy has a very simple structure and is
intuitively appealing as a rule that an optimal policy must satisfy.
Furthermore, if an optimal policy is known to possess this property,
the calculation of obtaining the optimal policy can be significantly

simplified. But in order to assure that a control limit policy is

optimal, certain restrictions must be placed on both the cost structure
and the transition probabilities governing deterioration. Investigated
here are sufficient conditions under which an optimal policy is assured

to be of a control limit form. First consider a finite horizon problem.

For any natural number N, we have the following results:

Theorem 2.1, Assume the following conditions hold:

1. C(i) 1is nondecreasing in i for 0 < i < I.

2. A(i) - C(i) 1is nondecreasing in i for 0 < i < I.
3. Py(+) Py (") for 0 <1 < I-L

15
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Then there exists a control limit policy which minimiz

a~discounted cost of the model,

Proof: We first show that Vw(‘,

Gess for each 1 < n< N,

Look at (2,1) and notice that
since both A(i) and C(i) are nondecreasing in

Suppose V (ijn) is nondecreasing in i (0
#

r-

Then from 5 and by the inductive assumption,
decreasing in i wusing Lemma 1,5, and hence

is nondecreasing in i (0 < i < I), Also from condition 1

g

C(i) + B + J(qVQ\O;n) + (1-q) Vd<1*l;n‘) is nondecreasing in i
(0 < i < I), Therefore Vy(i;nfl) is nondecreasing in i (0 < i < I)
since the minimum of two nondecreasing functions is also nondecreasing,

completing the mathematical induction.

consider an n-stage problem

gt
expected cost of not repair ted cost of repair
for a machine in state i at 5 machine in state i
the teginning followed by . at the beginning followed
the best rule be >

t (1-q) V (I*+13n-1)))

Note that the above expression also holds for n ]l by setting

(330) = 0 for any j. ( - C(i) is nondecreasing in from
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Lemma 1.5 since Va(j;n-l) is nondecreasing in j (0 < g = I). Other

V (jsn-1) 1is nondecreasing in i (0

IA
o

i <I) using

terms are independent of i. Hence fn(i) is nondecreasing in i
(01 <] forany L<ngl  Eet i: be the smallest i >0 such
that fn(in) > 0. Note that by the assumption that A(I) is quite
large, fn(I) > 0, and hence, 0 < i: < I. Boforeach n (1<n<H,
there exists i: such that

AL

Bi)y+a L p

(33n-1) < C(i) + B + a(qV_(03n-1) + (1-q)V_(I+1l;n-1))
320 Q a

SV
igie
*
if and only if i < in’ This implies that at the start of each n-stage
problem it is optimal to keep the machine in operation if its state i
-
is less than in, and it is optimal to repair it if i is greater

*
than or equal to in’ which is a control limit poliecy. O

Condition 1 says that the material cost of repairing a machine
must increase with its degree of deterioration, while 2 means the
operating cost must increase more than the increase of the material
cost. 3 assures the IFR property on the underlining Markov chain.

The above result can be easily extended to the total expected

x~discounted cost case.

Theorem 2.2, Assume the following conditions hold:
1. C(i) 1is nondecreasing in i for 0< i< 1.
2, A(1) - C(i) 1is nondecreasing in i for 0 < i < I,
4(*) =P () for 0<i<I-L
L7
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Then there exists a stationary control limit policy Ri minimizing

07
the total expected (-discounted cost of the model where 1 ig its

control limit,

Proof: Theorem 1.1 shows that Va(i) is the unique solution to

I
V(1) = min{A(i) + a Ji} P; Vo (3)s C(1) + B + o(aV, (0) * (1-q)V,(T+1)) ],
O iad
VQ,(I+1) =B+ a(an(O) + (l—q)Va(I+1)) .
For «0.< i < I, let
I ’
£(i) = A(1) + @ Z pijVa(J) - {C(1) + B + oz(an(O) + (1-q)V,(1+1)))
j=0
Then Theorem 1.2 guarantees that
£(1) = lim f (i) , gL T,

n - 9

Now f(i) is nondecreasing in i (0 < i < I) since fn(i) is
nondecreasing in 1 for each n > 1, which has been proved in the
last theorem. Let id be the smallest i >0 such that f(i) >0,

Since f(I) >0 from the assumption that A(I) is very large,

Q<L <1, Theafor 0 <1< i,
-y - — o

(2.2)
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i
A(1) +a L p; Vo (3) <C(1) + B + a(aV,(0) + (1-q)V (1+1)),

J=0

and for

A1) +a X p, Vo(3) 2C(1) + B+ alqV, (0) + (1-q)V (I+1))
3=0

By the uniqueness of the solution to (2.2), a stationary control limit

policy Ri is optimal, where the repair decision is selected if and
(9
euly if i >0i . O

(07
Now consider the long-run average cost case. First a sufficient

condition under which Assumption 2 is guaranteed is investigated.

Definition. A machine is said to eventually fail if there exists n >0

(n)
iT

such that p >0 forany i (0 <i<I-1) where pgg) is the

probability of n-step transition from state i to state j.

Suppose a machine eventually fails. Then it is clear that no
matter which stationary policy is employed, the best condition, state O,
is accessible from any other state since a failed machine must be
repaired, and after the repair, it regains the best condition. Therefore
the eventual failure property assures Assumption 2, The following

theorem then holds.

19
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Theorem 2.3, Assume the following conditions hold:
1. C(i) 1is nondecreasing in i for 0< i <1,
2. A(i) - ¢(i) 1is nondecreasing in i for O <1<E.

3 Rl ol (0] 268 O £ 4 < TeL,

141
Also assume that a machine in the system eventually fails. Then there

exists a stationary control limit policy Ri* minimizing the long-run

*
expected average cost of the model where i is its control limit.

Proof: For each « (0 < @< 1), there exists a stationary control
limit policy Ri minimizing the total a-discounted cost since Theorem 2.2 :
holds, Choose Z sequence {ak] (k =0,1,...) suech that 11m e =l ]
and such that for any e the same control limit policy Ri* is optimal, :

It is possible to have this sequence since the number of stationary

control limit rules is finite. Now

Wl =% 630! for any R, k and j.

Hence,

(l'ak)%LA, (3] <= (l'ak)vR,ak(j) for any R, ¥ and 3.

But since Theorem 1.4 holds because of the eventual failure property,

ik e

Va(3) = vp(0) =al_§ri1(l-a)VR’a(0), 0<j<I 3
A
Therefore, for any R and j,
Vv, (3) =V, (0) = lim(1~
Ryx Ry« K —s0 g i*’o’k
< lim(1- )v (o) (0) = Vv, (J)
k—wo ak - 5

SN S it G ol
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Therefore the stationary control 1limit policy Ri* minimizes the long-run

average cost, where i* is its control limit. =

Conditions 1, 2 and 3 of the previous theorems are known to
be sufficient conditions for the optimality of control 1limit policies
for similar systems where replacement takes the place of repair. That
means that, as far as sufficient conditions are concerned, the model
treated in this section and the corresponding replacement model are

essentially the same.

2.2, Special Case with Arbitrary Repair Time Distribution

We now investigate the same model that was treated in the last
section with the exception that the class of repair time distributions
is now expanded from that of geometric distributions to include any

discrete time repair distribution. Let Ti be the repair time of a

machine in state i. Assume

P{Tizk}=pk20, ke o g0 cted

where

Note that the repair time distribution is still independent of the

state of the machine.
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In order to describe the model, a countable number of states
labeled I+l, I+2, ... is introduced to distinguish the length of
repair times, State I+k (k = 1,2,...) 1is visited when a machine is
not completely repaired after k time periods from the start of its
repair work. A repaired machine returns to state O as before. Let
9 be the probability that a machine is completely repaired in the
k-th period after the start of its repair work, given it has not been

completely repaired by the end of the (k-1)-th period., That is,

m=1 “m

Let B(k) (k =1,2,...) be the labor cost during the k-th
period after the beginning of repairing.
As before, Va(i;n) is the minimum n period g~discounted cost

starting from state i, while Va(i> is the minimum total o=discounted

cost starting from state i. Then recursively,
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% Va(i;l) = min{A(i), C(i)+B}, (O e ik
v (I+k;1) = B(k) , k= 1,2,...
&
f { For n> %,
, L
Y v, (13n41) = min(A(i) + o & Py Vo ldsm), ¢(i) + B + a(q,V_(0;n) (2.3)
i i
A 57 (l‘ql)va/\'l’}lin))}; S O EPR o
¥ . :
4 +k o v+ = e . + < + .
1 l Va(I ker+i) = B(k) a(qua(O,n) (Gt qk)Va(I k+l;n)),
[— o= e
We suppose that there exists a finite r unber M such that
IB(k)| <M for any k > 1, Then all the costs are bounded. Now if the
costs are bounded, Theorems 1.1 through 1.4 are known to hold even for
E | the case where the state space is countable rather than finite. Further,
; compare the third equation in (2.3) with the third equation in (2.1).
l Nocice that they are essentially the same, Therefore the same method
as is used in the previous section can be applied here to show that
- f(i) is nondecreasing in i for 0 < i < I, where
F . I
b i /s i . %y . i Fey ( F A\ B -
1 £(1) = A(1) + o j%b pijVa(J) (c(1) + B * Q\qlva(of ot (1 ql)va(1+l)))'
As a conclusion we have the following theorem:
|
|
|
“"... !
| &5

]
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Theorem 2.4, Assume the following conditions hold:
1. C(i) 1is nondecreasing in i for O <1 <1

2. A(i) - ¢(i) 1is nondecreasing in i for O < a2 q;

i ey b ol

B i <& T
i peptt) for G t< T,

Then there exists a stationary control limit policy Ri minimizing the

0/
total o-discounted cost of the model with arbitrary repair time distri-

o AR, e 3 v, S A e

bution. Furthermore, if a machine in the system eventually fails, there

{q exists a stationary control limit policy Ri* minimizing the long-run

| average cost.

2.3. General Case

We return to the model where the repair time has a geometric

3 distribution. In Section 2.1 the repair time distribution is independent
of the state of a machine to be repaired. In this section the case where

the repair time distribution may depend on the machine's state is treated.

Namely, for 0 <i < I,
¢ - j=1 ’
P(T, = J) = qi(l—qi)J 5 L

The other generalization is the dependence of the labor cost

{ on the machine's state. Define

B(i): 1labor cost for repairing a machine in state i per period.

The rest of the model description is exactly the same as that in

Section 2.1,
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We first consider the total a-discounted cost case and see under
what conditions some control limit policy optimizes the model. In order
to solve this problem, we augment the state space to 0,1,...,I and

I+1(0), I +1(1), ..., I+ 1(I) so that the state of the machine

i entering the repair facility can be memorized during its repair period.
‘i That is, if a machine in state i is chosen to be repaired, it goes to
the repair facility reserved for the state I + 1(i), and stays there
until its repair is completed. The number of time periods it is in
state I + 1(i) has the geometric distribution with parameter a5 and
the labor cost B(i) is charged per period while it is in state
I+ 1(1).

This problem again can be formulated as a dynamic programming

problem by introducing Va(i;n) as being the minimum n period expected

a-discounted cost starting from state i (i =0,1,...,I, I+1(0),..., ]

§ I+1(1)). 4
-
.. [ v (151) = min{A(1), C(1)+B(1)}, BelcT
E
Va(I+1(i);l) = B(1), 2B A B
gFor n> 1, (2.4) é
1 I
3 v, (13041) = min{A(i) + a JEo piJ.Va(j;n), c(i) + B(1)

+ a(q,V (03n) + (l-qi)Va(I+l(i);n))],
ped &l

Va(I+1(i),n+l)=B(i) + a(qua(O;n) + (1-qi)Va(I+1(i);n)), ;

~
| s 0238,

|
{
|
{




The existence of a stationary policy minimizing the total

a~discounted cost is apparent since the system is a Markov decision

process with discount factor O < o < 1. The question is whether or

not this optimal policy can be a control limit policy. What makes the
analysis more difficult than that previously considered is the fact that
the right-hand side of (2.4) depends heavily on state i. The following
lemma is useful to derive the conditions under which a control limit

policy minimizes the total o-discounted cost.

Lemma 2,5, Assume the following conditions hold:

1, €(1)  is nondecreasing in 1 for 0 < i < I.
2. A(i) 1is nondecreasing in i for 0<1i < 1I.
5. B{1) 1is pondecressing in 1 for 0 <1 <1

4, 9 = %4 >0 Sfor O i< il

(ko) e 0 ° i =i,
5o Pyle) C By Ce) dor Qg 1< Tal

6, Qo) =0, ﬁ
Then,
(s) Va(i;n) is nondecreasing in i (0 <i < I) for each n > 1.

(b) Va(I+l(i);n) is nondecreasing in i (0 < i <I) for each n > 1.

Proof: First notice that for any n > 1, by setting Va(i;o) =0 EoT

‘ 20,0005, T4L(0) 00 o I¥L(T),
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Va(I+1kO);n) - Va(O;n)

= B(0) + afqyV_(05n-1) + (l-qo)\a'a(1+l(0);n~1))
I

- min{A(0) +a J;O Po;V,(3sn-1), c(0) + B(0)

+ a(qua(O;n-l) + \l-qo)Va(I+l(O);n-J))}
> B(0) + a(qOVQ\O;n‘l} + (l-qO)Va(I+1(O);n-1))

{c(o) + B(0) + a(qova(o;n~1) + (1-q0)va(1+1(o);nw1))}
= =Cl0) = 0, hy 6,

The proof is now completed by mathematical induction applied
simultaneously on the two statements (a) and (b). Both (a) and (b)
obviously hold for n = 1, from (2.4) and conditions l, 2 and 3. Suppose

they hold for n =m > 1. Then for O < i< I-1,

q;,,Y,(0sm) + (l-qi+l)Va(I+l(i+l);m) - (q;v_(O3m) + (l-qi)Va(I+l(i);m))

/ - ol 2
. { « - s & '
qi+lva\o’m) e qi+1)(vu(o’m) TSi,m g 6i,m)

- i 4 : 1
- (qV, (0;m) + (llqi)(Va(O,m) T; nl)

,m
Y val it
= (qi - qi*l)ﬁi,m + <1‘qi+1)51,m >0, by L,
where
& ' .
= s : - s
5i’m Va(I 1(i);m) Va(o,m)
> Va(I+1(O);m) - Va(o;m) by inductive assumption
20 by the first note in the proof
and
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Hence qiva(o;m) + (l-qi)Va(I+l(i);m) is nondecreasing in i for

0 <i<I. Because of this fact, and by 3, V (I+1(i);m+1) is non-
decreasing in i for O < i < I. Furthermore, C(i) + B(i) + a(qua(O;m)
+ (l-qi)Va(I+l(i);m)) is also nondecreasing in i if condition 1 is
added. Now from 2 and 5 and the induction hypothesis on (a) for n =m,
A(i) + « Z;=O pijVa(j;m) is also nondecreasing in i (0 < i < 1I)

using Lemma 1.5, yielding that Va(i;m+l) is nondecreasing in i

(0 <i<1I). Thus both (a) and (b) hold for n = m+l, completing the

mathematical induction and the proof of the lemma. O

given later. Using the results of Lemma 2.5, sufficient conditions for

the optimality of a control limit policy can be obtained.

Theorem 2.6. Assume the following conditions hold:

6.

Then for any O < a < 1, there exists a stationary control limit policy

minimizing the total expected a-discounted cost of the general model

Dk Vg s R e I e 4 . P&

2 2 ~
By p = Vo (I+1(i+1)5m) - V_(I+1(1)3m) >0 ,

by inductive assumption.

Interpretation of the conditions in the previous lemma will be

C(i) 1is nondecreasing in i for O <i

IN

&5
B(i) 1is nondecreasing in i for 0 < i < I,

A(i)

(c(1) + B(i)/q;) 1is nondecreasing in i for 0 <1i < I.
c(o) =n. A(0) >0, and B(0) > 0.

QG 284y >0 for 0 <1< I-l.

Pi(s) ©P,,(¢) for 0<1<I-1,
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Froof: First notice that 3 of this theorem implies 2 of Lemma 2.5 with
the assistance of conditions 1, 2 and 5. Hence, all the conditions
of Lemma 2.5 are assumed here, Also notice that 4 and 1 guarantee that
all the costs are nonnegetive. Therefore, Va(o)_f 0, where Va(i) is
the minimum total o-discounted cost starting from state i.

The basic idea to prove this theorem is similar to that of

=

Theorem 2.2, and it is enough to show that by (2.4),

I

(4} = &{3) # £Y i)+B(1)+a( +(1- i
£(1) = A(1) + @ jzb pijVa(J) (C(1)+B(1)+alqV_(0)+(1-q,)V_(I+1(i))))
is nondecreasing in i for O < i £ I. From Theorem 1.2 and using the
result of the previous lemma, Va(j;n), and hence, Va(j) are nondecreasing
d ; s nEr 1 NS s
in j for 0 < j < I. Therefore by condition 6, Zj=0 pijVa(J, is
nondecreasing in i (0 < i < I) using Lemma 1.5. So it is sufficient

to show that

(£Y = RELY = ) s Y S S od ) +1(3
g(i) = A1) - c(1) - B(1) - alquV (0) + (1-q;)V (T+1(1)))
is nondecreasing in i (0 < i <1I). Now from (2.4) and by Theorem 1.1,

vl:1~1(i>) satisfies
(1+1(i)) = B(1) + a(q,V_(0) + (1-q,)V (I+1(1))) < ey :

v] I+1(i)) i) 1(qlva\o) Gl ql) a(l 1))y O L S}
Therefore

Bl aqiva(o) :
1— i al-qis 5 =i ==

v (I+1(1)) =

Substituting this into g(i) yields
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B(i) + aqiva(o)
T a(l-qif_

g(i) = A(1) - c(1) - B(1) - gV, (0) - a(1-q,)

B(i) aq, v, (0)
e a(l~d;7 S a(l-qi)

]

A(1) = ¢(1) -

Hence,

g(i+l) - g(i) - [(A(i+1) - A(1)) - (c(i+1) - c(1))]

o [ Blie)) . Bl ] . 'aqi+1va(°)_ X 4,V (0) ]
® 1-a(1-qi417 l-a(l-q;Y 1-a(l_qi+l) l-a(l-q;T

-

£ [ B(i+1) Bl 1 (94-9;,y) a1V, (0)
B T 1-a(1-q£7] (1-a(1-q, ;)] (T-all-q,))

But from 5, and by the fact that Va(o) >0

s

(94-9;,,) (1-m)av_(0)
(T-a{T-q; 71 (T-a(1-g)7 2 © -

Further, if we let b(i,a) be defined as

. ! B(i+1) B(1i)
b(1,@) = l-a(l-qi;zy i l~a(l~qi) 2

then for 0 <a< 1,

(l-q, . )B(i+l) (1-q,) B(1)
8b§;,a) % i+l - - ’1 >0
(1-a(l-q; 1 ))°  (1-a(1-q,))

because of conditions 2 ang 5. Hence, for 0 <o <1, and for each

0<1i< I,

(L,a) < b(1,1) = BUH) _BU)
9441 9y
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Therefore for 0 < i < I-1, by using condition 3,

g(1+1) - g(1) > (A(1+1) -A(4)) - (c(1+1) - C(1)) - <B(ml L B(i))> o,

which completes the proof. a
Interpretation of each condition in the above theorem is as
follows., 1 and 2 indicate thaf both material and labor costs increase
as the condition of the machine to be repaired gets worse. 4 assures
the nonnegativity of all costs and that no material cost is incurred
if the machine is in the best condition. 5 means that the worse the
condition the machine is in, the longer the time recuired to repair
it will be. The IFR property is guaranteed by 6. Now consider condition 3,
Note that B(i)/qi is interpreted as the expected labor cost for a single
repair of a machine in state i. Hence 3 says the operating cost must
increase more than the increase of the combined material and expected
labor costs for repairing a machine.
The long-run average cost version of the previous theorem

can be obtained just as in Theorem 2.3, and stated as given below:

Theorem 2.7. Assume all the conditions in Theorem 2.6 hold and further-
more suppose the machine in the system eventually fails. Then there
exists a stationary control limit policy minimizing the long-run

expected average cost of the general model,

ol
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CHAPTER 3

MAINTENANCE MODELS WITH SPARE UNITS

In Chapter 2 several models without spare units are studied.
In this chapter the previous models are generalized in the direction
to include systems with a finite number of spare units. This generali-

zation seems appropriate since spare units are often introduced in

maintenance problems to avoid the system's failure. Obtaining sufficient
conditions for the optimality of some kind of control limit policy is

4 of interest. ©Some extensions and modifications are also presented.

! 5.1. The Model
A general machine rerair model with spare units is schematically
stown in Fig. 3.1. There is an operating machine and S (S > 1) spare

machines in the system, The operating

E PR— :
{ 'Q;erating! ___| spare maclilne deteriorates as time goes on
- L—macnine | 1 anits
e e and is classified as being in one of I+l
i i
i states as before. If there is an
| | repair i operating machine, two choices are
| SPSIRERER— {
| cili i x
l Lfa Sl avaiiable by a decision maker at each

Figure 3.1; A General Machine period: to let it keep operating, or

Repair System

With Spare Units, to send it to a repair shop.
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As before pij is the one step transition probability from state i

to state j when the former.decision is selected. When the latter is
selected, the operating machine is immediately sent to a repair shop
and is replaced by one of the spare machines, if any. The new operating
machine begins to operate at the end of the period in its best condition.
The repair time Ti of a machine in state i is a random variable having

a geometric distribution with parameter ., i.e.,

. : J=1 :
P{Ti =i = qi(l-qi) ) Jd=12...
Machines in the repair shop are independently repaired. If all the
machines are in the repair shop, no machine is available and the system
fails. In this case there is no option available but to wait until one

of the machines is completely repaired. A penalty cost P is assessed

per period during the system's failure. Other costs are the operating

cost A(i), material cost C(i) and labor cost B(i), which are the

same as the ones defined in Chapter 2. The objective is to find a
repair policy minimizing the total expected o-discounted cost.

In order to describe the model we need to specify the number of
machines in the repair shop coming from the i-th operating condition
for each O < i < I, as well as the state of the operating machine.

The state of the system is then represented by |

0 1 I+1 3
y ove gy & ) =(l,S 38754005 S )y
t t Dbl I
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