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1, INTRODUCTION

A new type of IF correlator, to be referred to as the 'Frequency Reaction
Correlator," is reported. Possible applications of the Frequency Reaction
Correlator include doppler ranging systems, directional doppler ranging sys-
tems, and remote sensing or telemetering systems. The Frequency Reaction Cor-
relator is distinguished by the fact that it detects and correlates an IF sig-
nal what results from the frequency reaction of a radiating frequency modu-
lated oscillator due to a target. In contrast, the IF correlators described
in the references cited process an IF signal which results from the amplitude
reaction of the oscillator. (Detecting an IF signal by mixing the transmitted
signal and the signal received from a target is equivalent to detecting the
amplitude reaction (by envelope detection) of a compliant oscillator with a
target present).

To predict the response of the Frequency Reaction Correlator, it was nec-
essary to properly describe the amplitude and frequency reactions of the com-
plaint, frequency modulated oscillator which result from an injected signal.
Section 2 develops the oscillator mathematical model starting from the basic
oscillator interaction studies of Huntoon and Weiss.! The model developed
has proven useful in predicting both first and second-order effects of oscil-
lator interaction experiments. The IF signal due to amplitude reaction pre-
dicted by the interaction model of Section 2 is generally the same as would be
obtained by assuming that the IF signal is the result of envelope detecting
the sum of the transmitted and received signals (additive model). For fre-
quency reaction effects, the simple additive mode! is inadequate and the com-
plaint oscillator model of Section 2 must be employed.

The Frequency Reaction Correlator is implemented by coupling the RF volt-
age from a compliant RF oscillator to an RF delay line and mixer. The doppler
range response is obtained by doppler filtering the mixer output. Detection
of the IF signal and correlation with the IF reference is simultaneously ac-
complished in the RF delay line/mixer hardware. The RF mixer inputs can be
saturated, since frequency variations rather than amplitude variations are
being detected. Processing of the oscillator signal to measure range at a
position remote from the oscillator is possible, because the target response
is present on the oscillator radiated signal. The range response at the re-
mote processor is the same as would be obtained at the oscillator; moreover,
the effects of space losses between the oscillator and remote processor can be
removed by saturating the RF mixer.

The system was tested using a small frequency modulated loop oscillator.
This oscillator is "compliant"; that is, it reacts in both amplitude and fre-
quency to an injected signal. Several of the references cited describe IF
correlators that used this oscillator. For these systems, an IF signal was
developed by envelope detecting the RF loop voltage (which detects the ampli-
tude reaction). The Frequency Reaction Correlator is very similar to these
aystems, differing principally in that the IF signal is developed by detecting

lHuntoon, R.D. and Weiss, A., "Synchronization of Oscillators," Proceedings
of IRE, December 1947, Volume 35, Number 12,
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the frequency reaction of the oscillator. The range of applications of the
Frequency Reaction Correlator is somewhat more limited than that for the IF
correlators described in the references due to the RF delay line/mixer hard-
ware implementation (Appendix A).

The following sections contain mathematical analyses and measured data
that illustrate the operation of the Frequency Reaction Correlator. Since
there was some question as to the availability of suitable RF delay lines, a
digital delay technique was developed. The digital implementation of the Fre-
quency Reaction Correlator is illustrated with block diagrams, measured re-
sponses, and supporting mathematical analyses.

2. REACTION OF A FREQUENCY MODULATED OSCILLATOR TO INJECTED SIGNALS

2.1 General Oscillator Reaction Phenomena

: S - ;

€s

™ e t
T V(t) = A(t) cos S w(t')dt'
OSCILLATOR TR 0

FM INPUT

LERVY

Figure 1. Frequency Modulated Oscillator

T = target delay = 2D/c

¢ = propogation velocity

A radiating oscillator which receives either a small part of its radiation
returned from a target or a signal from some other source is illustrated in
Figure 1. The oscillator amplitude and frequency will react to the injected
signal so that a voltage proportional to the oscillator voltage, V(t), will be
both amplitude and frequency modulated.! We will define the oscillator volt-
age, including the signal reaction effects, to be

V(t) = A(t)cosb(t) Q)

where 0(t) = oft(t')dt'.

'Huntoon, R.D. and Weiss, A., "Synchronization of Oscillators," Proceedings
of IRE, December 1947, Volume 35, Number 12.
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The instantaneous amplitude and frequency variations of the oscillator are
those due to its own deliberate modulation plus those due to the injected sig-
nal. Assuming a frequency modulated oscillator, these can be written as

A(t) = Ay + BA(t)
w(t) = we(t) ; An(t) . (2)
The oscillator frequency in the absence of injected signals is given by
we(t) = wg + wy(t) = wy + DVy(L) , (3)

where wy is the center frequency and D is the deviation sensitivity in radi-
ans/volt.

The amplitude and frequency reactions are given by
BA(t) = ag cos [¢;(t) + a] ;
bw(t) = wg cos [¢;(t) + B8] . 4)

ag and wg are the magnitudes of the reactions and ¢;(t) is the instantaneous
phase difference between the injected signal and the oscillator voltage. The
angles a and B are defined by the complex compliance coefficients of Huntoon
and Weiss! and are dependent on the point where the oscillator voltage and in-
jected signal are measured. For this reason, the individual values of a and B
are not usually important whereas their difference, p = a-B, is a parameter
which defines the oscillator locking signatures. It is useful to modify (2)
by substituting the relations

$1(t) + a = ¢(t)
$1(t) + B8 = ¢(t)-p (5)
to obtain
A(t) = Ap + ag cos [¢(t)]
w(t) = we(t) + wg cos [e(t)-p] . (6)
p is the phase angle between the amplitude and frequency feactions.
The magnitude of the amplitude and frequency reactions are directly propor-
tional to the injected signal, which may be an incident signal field, an in-
jected signal current, or an injected signal voltage. Assuming an incident

field whose frequency falls within the tuned circuit response of the oscilla-
tor, the reactions can be written as

lHuntoon, R.D. and Weiss, A., "Synchronization of Oscillators," Proceedings
of IRE, December 1947, Volume 35, Number 12.
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where ¢5 is the rms field strength.

The coefficients Kz and K, must be determined by measurement of ag and wg for
a known injected signal level. A simple way to make these measurements is to
radiate a constant amplitude field and measure the beat patterns produced by
the oscillator reaction as this signal field is swept in frequency through the
frequency of the unmodulated oscillator. These patterns are shown in Fig-

ure 2.

L5 G5 /
2as ZNB
i =

0
(w1=wc) (wr-we)
AMPLITUDE REACTION FREQUENCY REACTION

Figure 2. Oscillator reaction patterns as a function of radian
difference-frequency between injected and carrier
frequencies.

When the oscillator tank circuit approximates a high Q single-tuned circuit,
p = -n/2é and the magnitudes of the amplitude and frequency reactions are re-
lated by

L G )

We
= —  ——

wo Ag  2Q T Ag 2w .

where wy = oscillator center frequency,
wo

and wy = 5= = oscillator tank bandwidth in radians/sec.

2Q

2.2 Oscillator Reaction To Targets

In (6), ¢(t) is the phase difference between the injected signal and the
oscillator voltage. If the signal is a delayed version of the transmitted
waveform, ¢(t) becomes

2pdler, Robert, "A Study of Locking Phenomena in Oscillators," Proceedings
of IRE, June 1946. ¥
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o(t) = It w(t')dt' = J wc(t')dt' + S wg cos [o(t")=pldt' , 9)
t-1 t-1 t-1

where 1 is the tworway propogation delay.

When the amplitude of the frequency reaction wg is small, the second order
reaction effect (the second term in (9)) can be ignored and ¢(t) becomes

t
¢(t) = [ we(t')dt' . (10)
t-1

For many ranging applications, ¢(t) can be approximated by
o (t) = welt)T . 11)
The applicability of the results derived using (11) is discussed in Appendix A.

Assuming p = -7/2 and substituting (11) into (6) gives
A(t) = Ag + ag cos [wc(t)1]
w(t) = we(t) - wg sin [wc(t)T] A (12)

These two equations may then be substituted into (1) to describe the os-
cillator voltage V(t) when disturbed by its own returned signal. The model
represented by (6) is more general than that represented (12) and has proven
useful in predicting both first and second order phenomena observed in oscil-
lator interaction experiments.

Equation (12) is verified by Figure 3 which illustrates the measured
radian frequency w(t) and amplitude reaction ag(t) of the oscillator is the
presence of a very strong t'rget when the oscillator is frequency modulated by
a triangular wave. The number of beat cycles per sweep is given by the pro-
duct of the peak-to-peak RF bandwidth B in Hz, and the time delay t in seconds.
For this case Bt = 4!. If the target were not present, the measured frequency
would be triangular and the amplitude reaction would be zero. It is evident
that the amplitude reaction is not sinusoidal for the very strong target used
for the illustration; however, most practical ranging applications will exhibit
sinusoidal reactions since the targets will be much weaker.
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; Figure 3. Measured oscillator reaction with strong
3 target-triangle FM, Bt = 4k,

3. FREQUENCY REACTION CORRELATOR

A
K D =
T = 2D/c
TMT-RCV == o
1 DELAY
4 \ihE: - KV (Bt
{

| P v(t) Low-pass | s i
F | OSCILLATOR FILTER
4 BALANCED

} M INPUT MIXER

|

] I i Vi () V(t) = A(t)cosd(t)

Figure 4. Frequency reaction correlator
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Figure 4 illustrates the hardware implementation of the Frequency Reaction
Correlator.

The delayed and undelayed oscillator voltages are applied to a balanced
mixer. The undelayed mixer input is saturated so that amplitude variations at
this input have no effect. The mixer output R(t,T) is the product given by

R(t,7) = 2K,A(t=1,) cos A(t) cos B(t=Ty) (13)
where K; includes the attenuation of the RF delay line and the mixer conver-

sion loss. Ignoring terms corresponding to the double frequency carrier,
R(t,T) becomes

R(t,7) = KjA(t=1¢) + cos [A(t)-6(t-1¢)] . (14)
The angular difference 6(t)-6(t-1¢) is given by
t
0(e) & a(e)-0(t-tp) = £ w(t")dt' = w(t)ty (15)
t-Tr

where
w(t) = we(t)-wg sin [wc(t)1] .
Similarly, K,A(t-1.), by using (12) is
KjA(t-1) = K1{Ag + ag cos [we(t-1¢)1])
= A1 + % cos [we(t)T]} . (16)

The approximation that t:)c(t)Tr is small has been used in (16) and the substi-
tutions Ar = KjAg and Ag = Kjag have been made. Ay, then, is the peak ampli-
tude of the reference beat pattern out of the mixer with no signal present.
Using (15) and (16) in (14), R(t,7) then becomes

As

R(t,T) = Ar{] +
Ar

cos [we(t)1]} + {cos [we(t) Ty = wgty sin (we(t)T)]1.

Envelope Beat Waveform a7)

Equation (17) describes the output time waveform from the balanced mixer
as the oscillator radian frequency wc(t) is swept by the modulation voltage.
In the absence of a target, we would expect the time waveform to be given by
Ar cos[wc(t)rr], which is the beat between the delayed and undelayed RF volt-
ages at the input to the mixer. When the target is present, because of the
frequency reaction of the oscillator to the target signal, the beat is phase
modulated as given by wgTr sin (we(t)1), and amplitude modulated by the target
signal an amount Ag/Ar. The phase modulation is in synchronism with the ex-
pected phase of the beat when 127, and causes stretching of one part of the
beat cycle with respect to a part of the cycle differing in phase by 180°.
The stretching and shrinking of the beat waveform will produce a positive
average value when the positive half cycles are stretched. This change in
average value corresponds with the doppler phase of the target. This effect

11
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on the beat pattern is illustrated in Fipure 5 for three target delays which
are approximately equal to the reference delay but differ by 1/4 of a doppler
cycle in delay time.

The amplitude reaction is small and is not discernable in the illuatration.
The effect of the phase modulation is evident in that R(t,t;) shows a beat
pattern in which the frequency reaction caused by the target produces a posi-
tive average value, while for R(t,T3) it has a negative average value. The
distortion due to frequency reaction is also evident in R(t,15) but, for this
value of 1, the average value is approximately zero. The variation in the
average value of the mixer waveform R(t,1) due to frequency and amplitude re-
action of the oscillator is the correlator output. When the target is ap-
proaching the oscillator, these variations will occur at the doppler frequency
and the doppler signal amplitude will peak up at a delay corresponding to that
of the reference delay line.

The reaction response can be examined mathematically by assuming wgtr is
a small angle and expanding equation (17),

A
R(t,T) = A {1 + K% cos[we(t)1]} + {cos we(t) 1y +msrrsinfwc(t)r]sin[mc(t)rr]} .

(18)

When the reaction is reasonably small, the second order term corresponding
to Ag/Ar * wgTy can be dropped. R(t,t) is then given approximately as the sum
of three terms: the mixer beat pattern in the absence of target Rp(t,1r); a
term Rym(t,t) due to the amplitude reaction; and a term Rgp(t,1) due to the
frequency reaction. These terms are

Rp(t,Ty) = Ay * cos [mc(t)Tr] (19-1)
Kan(E,7) = ke s %—j— cos [wc(t)1] * cos [we(®)tr] ,  (19-2)

and
Rf¢m(t,T) = Ar * wgTr °* sin [wc(t)T] sin [wc(t)Tr] s (19-3)

The first equation can be interpreted a reference beat pattern generated
by the delay line, and the last two equations as a product of this reference
beat with the signal beat generated by the target at delay .

When each of the terms in (19) are filtered by the low-pass filter fol-
lowing the mixer, the output of the filter will be the time average of each
of the beats. This is recognized as correlation functions of the FM process
given by

Rb(t.Tr) = A, cos [wc(t)Tr] = Ar ° O(Tr)

e i A A
Ram(t,T) = Ay 'K% cos [we(t)1]cos[we (t)Ty] = %}--Kf- [o(r=1¢) + p(r+1)]

————— A
Rfm(t,1) = Apwgty) sin [we(t)t]sinfwe(t)Te] = 7§(msrr)(p(t~tt) = (¢t )]

(20)
12
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where p(t) is the normalized autocorrelation of the frequency modulated car-

rier with no target present. Rp(t,ty) is a DC term that does not contribute
to the range response since it is not 1 dependent. Equation (19-2) shows that
the range response due to AM results from correlating an IF signal caused by
amplitude reaction (Ag/Ar cos wc(t)r) with an IF reference (Ar cos wc(t)1y).
Correspondingly, the range response due to FM results from correlating an IF
signal caused by frequency reaction (wgTr sin wc(t)t) with an IF reference

(Ar sin wg(t)ty). The delay line correlator simultaneously: (1) detects the
IF signals due to amplitude and frequency reactions; (2) develops IF refer-
ences corresponding to the reference delay; and (3) multiplies the IF signals
by the reference to form an IF correlator.

The amplitude of Ran(t,T) can be compared to Rfp(t,T) by assuming the
oscillator response is approximately that of a single tuned circuit and wg and
ag are related by

A

wy a A
0 S we 5 S (21)

We = —— —— = — —_— .
T PR R Y i

where w¢ is the oscillator tank bandwidth in radians/sec.

When the RF bandwidth B is such that Bty>>1, the range response contribu-
tions due to terms proportional to p(t+ty) can be neglected for positive t.
The range response due to both amplitude and frequency reaction can then be
simplified to

A A We
Ram(t,Tr) + Rem(E,Tp) = 5 f [1+ 5 teloCr-1p) (22)

For most ranging applications, the factor wgt,/2 (which is the 'gain' of
the FM with respect to AM) will exceed 1 and the range response due to AM can
be neglected. The simplified range response is then given by

g t—— A We T
Rem(t,0) = 5 [5ilo(r-tp) (23)

or, using (21),
pRRCiEER s

where Ar is the peak value of the reference beat waveform at the output of the
mixer.

As an example, when the RF power spectrum is uniform with bandwidth B and
center frequency wg, o(1) is given by

p(1) = 31%3221 cos wyt = po(T) cos wot , (24)

13




- . s S —— —— : S

wherepg (1) is the Fourier transform of the normalized baseband power spectrum,
The FM term then provides the range response given by

LT SR ¢ sin 7B(1-1¢)
Rep(t,T) = 7; (wsty ——;E?;:;;Tg— cos wo(t=t¢) , Bty >> 1. (25)

For testing and calibration purposes, the results for low modulation, or
no modulation, are of interest. Here Bty << 1. Then both pgy(t-1¢) and
pg(t+1¢) are approximately unity, and using (24), (20) becomes

Rfm(t,7) = Ap (wgTy) sin wpT sin woty , BTy << 1 (26)

This response for Bt, << 1 is a function of sin wg7y and, when either w; or
Ty is adjusted such that sin wgTy is unity, the doppler amplitude is twice the
amplitude at the (sin x)/x peak of the modulated response given by (25).

The measured range response for the example given in (25) is shown on Fig-
ure 6b together with an example of the unmodulated range response (Figure 6a,
B=0) as given in (26). The range responses were measured using a shorted
variable-length RF transmission line for the variable delay 1 and exhibit an
exponential attenuation factor as a multiplier of equations (25) and (26). 1In
Figure 6d, the triangular modulation which produces the oscillator frequency
variation from fy-B/2 to fg+B/2 is shown. In Figure 6c the IF beat pattern
out of the mixer is displayed--as given by (17). That is, assuming negligible
AM effect, R(t,T) = Ay cos (w(t)ty), where w(t)t, is the sum of the phase of
the beat pattern due to the modulation plus the pulling phase due to the tar-
get. A fixed target is evident in the beat pattern by the distortion of the
cycles from a sine wave. The average value of the target distorted IF beat
pattern, as the distance to the target (1) is changed, is the range response
Figure 6b. It has its maximum value at a target delay time, 1, corresponding
to the delay line fixed delay, 7,. The peak amplitude of this response should
be one-half of the unmodulated response at the same target delay. As shown
in Figure 6a, the unmodulated response is not quite twice that when modulated.
This is because the descriminator operates about only one value of the beat
pattern (marked with circles). If the beat pattern is not a perfect sinusoi-
dal wave, then a difference from the factor of two would be expected.

Figure 7 shows the same series of recordings as that of Figure 6 but with
the delay-line time delay, Ty, increased by a factor of 2.25 times. The num-
ber of cycles in the beat pattern (Figure 7c) is increased by this factor
and target time delay for the peak of the range response is also increased by
the same factor. Somewhat surprising although predicted by the equations, is
the fact that the peak amplitudes also increased by this factor of 2.25. This
is because the delay line parameter, Ty, appears as a factor in the amplitude

of Ren(t,t). Thus, for targets which have an amplitude attenuation propor-
tional to 1/1, the range response peak will be the same amplitude regardless
of the value of the delay, t,, at which the peak occurs.
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Figure 5.

R(t,T) for a very strong target signal
when t=1r. Triangle FM, Bt1,=5.
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4, SYSTEM APPLICATIONS

The Frequency Reaction Correlator is a member of a class of FM ranging sys-
tems which have been referred to as "IF correlators". The references cited
and the selected bibliography describe various aspects of IF correlators.

The operation of an IF correlator is as follows: (1) an IF signal is devel-
oped by a process (envelope detection, etc.) which effectively multiplies the
transmitted signal by the returned signal and extracts the lower sideband (IF)
by filtering; (2) an IF reference is developed which is an estimate of the IF
signal which results when a target is at delay 1.; (3) the IF signal and ref-
erence are multiplied and the result low pass filtered (IF correlation) to
produce a doppler signal which will have maximum amplitude when the target is
at delay 1, (the IF reference matches or correlates to some degree with the IF
signal).

The Frequency Reaction Correlator is closely related to IF correlator sys-
tems which employ a non-compliant oscillator and develop an IF signal by
mixing the transmitted and received signals. The IF reference for these sys-
tems may be developed by an RF delay line/mixer as illustrated in Figure 4 or
from the modulation circuitry. In both cases, the oscillator reaction due to
returned signals is assumed to be negligible. In contrast, the Frequency Re-
action Correlator is implemented by coupling a compliant oscillator (which re-
acts to returned signals) to the IF delay line/mixer. The IF signal which re-
sults is due to the frequency reaction of the oscillator. For most cases, the
IF signal resulting from mixing the transmitted and returned signals is essen-
tially the same as would result from detecting the amplitude reaction of a
compliant oscillator by envelope detection.

It should be noted that several of the references describe IF correlators
which develope an IF signal by detecting the amplitude reaction of the oscil-
later (envelope detection of the oscillator voltage). This fact is not read-
ily evident in the references because the mathematical models neglect oscil-
lator interaction effects. The non-interaction model is adequate for many
cases; however, for compliant oscillators in applications where both frequency
and amplitude reactions are important, the model of Section 2 is recommended.

It is apparent that the amplitude and frequency reactions contain the same
target information and either or both can be processed for ranging purposes.
In some cases, processing of the frequency information has certain advantages
(Section 4.3).

The Frequency Reaction Correlator is restricted to applications where the
phase shifts of the IF signal in the delay line are small (Appendix A). It
should be noted that this restriction is due to this hardware implementation
and does not imply a limitation in the validity of the target information re-
presented by the oscillator frequency reaction.

The following discussions describe the operation of the Frequency Reaction
Correlator in doppler ranging, directional doppler ranging, and remote sensing
or telemetering applications.
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4.1 Doppler Ranging

The Frequency Reaction Correlator can be implemented as previously illus-
trated in Figure 4 to obtain doppler range responses as indicated in Figures 6
and 7. Range responses which exhibit lower side-lobe levels can be obtained
by controlling the transmitted power spectrum,

4.2 Directional Doppler Ranging

By using two mixers in quadrature, the Frequency Reaction Correlator can
be used to distinguish between approaching and receding targets (Figure 8).

fe D ”
2D
B
c — 4——>
< ——
Rq(t,T)
o 8 DOPPLER 90°
SIS EREESSTEY -
™ v(t) FILTER z"’ Ys(t,1)
1 '
OSCILLATOR g DOPPLER ]
X FILTER : +
i
M INPUT Ry (£,1) + Ya(e,7) :

N

Figure 8. Directional doppler ranging

Using (18) and neglecting amplitude reaction effects, the in-phase mixer out-
put can be written as

ettt e
s . ¢

TG

Ri(t,T) = Ar * cos [w(c)rt]

; = Arfcos we(t) Ty ~ wgTy sin we(t)T * sin wo(t) Ty} (27)
‘ i Fixed Beat Signal Beat Reference Beat
! % Pattern Pattern Pattern

3Bartlett, M.C. and Mattox, B.G., "Statistical Analysis of a Class of IF
Correlator FM Ranging System," University of Florida Report for Harry Diamond
Laboratories, Report No. HDL~CR-039-3, October 1974,
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The quadrature channel can be written as
Rq(t,r) = Ar * sin [we(t)T,]

= Ar - {sin wc(t)ty + wsty sin [we(t)1] * cos [w.(t)Tr]} (28)

Fixed Beat Signal Beat Reference Beat
Pattern Pattern Pattern

These equations show that doppler signals are generated by correlating the IF
signal, wgTy sin [wc(t)r], with quadrature references sin{mc(t)rr] and
cos[wc(t)Trj. These doppler signals, when directional processed, yield a
range response porportional to p(1-1¢) or p(1+1,) depending on whether the
target is approaching or receding [4, Equation (41)]. Bartlett et al“ derived
the range response for both summing and product type directional doppler pro-
cessors and will not be repeated here. An illustration of the directional re-
sponses is shown in Figure 9 below

POSITIVE DOPTLER NEGATIVE DOPPLER

p (1+1,)

ir

nHro<
nunHEHro<g

POSITIVE DOPPLER PROCESSOR

p(t+1,)

uwHEro<

Tr

mHro<

NEGATIVE DOPPLER PROCESSOR

Figure 9. Directional doppler range responses

“Bartlett, M.C., Couch, L.W. and Johnson, R.C., "Directional Doppler Detec-
tion for IF-Correlator FM Ranging Systems Using General FM Modulations,"
Duiversity of Florida Report for Harry Diamond Laboratories, Report No.
HDL-CR-039-5, October 1974.
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This figure shows that, for approaching targets, the amplitude of the doppler
voltage peaks-up out of the positive doppler processor; while for receeding
targets, the amplitude peaks-up out of the negative doppler processor.

Several measured examples of the output of a positive directional doppler
processor are shown in Figures 10 through 13. Figures 10 and 11 show direc-
tional doppler range response for sawtooth and triangular FM modulation wave-
forms. These two modulations produce nearly identical range responses as
given by a shifted (sin x)/x range law. Figure 12 shows the directional re-
sponse for sine-wave FM. The range response is now given by a shifted Jg(X)
range law in agreement with the Fourier transform of the power spectrum. Fig-
ure 13 demonstrates that the directional doppler response is not affected if
the FM modulation is itself frequency modulated by a lower frequency waveform.
For this figure, a triangular wave is frequency modulated by a lower frequency
triangular wave and the resulting waveform is used to frequency modulate an
RF carrier. Since the probability density of the modulation, and thus the RF
power spectrum, is still the same as for a triangle, the directional doppler
response is the same as those of Figures 10 and 11.

4.3 Remote Sensing

In the previous section, it was shown that if a sample of the oscillator
voltage is applied to a delay-line correlator , the pulling of the oscillator
frequency by a target will produce an output voltage proportional to p(1=-1r)
of the RF waveform. Since the radiated RF waveform is also pulled, it may be
received at a remote location and applied to a delay line correlator to pro-
duce the same p(t~1y) response as though the delay linez correlator were con-
nected to the oscillator. This remotely located receiver and delay-line cor-
relator can then be made more complex so that targets at any time delay from
the oscillator can be remotely sensed and tracked in range relative to the
oscillator. Such a system is indicated in Figure 14.

In Figure 14 the output of the receiver can be used to drive the delay
line, and range and range rate information are both unaltered. By using quad-
rature mixers at each delay-line tap, directional doppler information is also
available from each output. Because only the frequency information of the
receiver is used, the receiver can heterodyne the received signal to a con-
venient intermediate frequency and can employ hard limiting to improve the re-
ceived S/N ratios. If the Q of the receiver band pass amplifier is greater
than two, the output waveform will be sinusoidal even though limited in ampli-
tude. This limiting is desirable in reducing an AM effects such as signal
fading and interference from other signals.

If the above system is used for surveillance, a number of oscillator sen-
sors at different RF frequencies can be monitored by one receiving system if
the receiving band is swept to each individual oscillator frequency by appro-
priately sweeping the local oscillator frequency.
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Directional doppler response for sawtooth FM
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5. SYSTEM SIGNAL AND NOISE CONSIDERATIONS

This section is concerned with the determination of target signal ampli-
tudes, system noise, and comparisons with systems responding to amplitude re-
action rather than frequency reaction.

5.1 Target Signal Amplitude

The expected amplitude of the doppler voltage from the delay line corre-
lator (Bt >> 1), when the mixer output is filtered to the doppler band, is
given by equation (22) as

WeTr, p(T=Tyr)
=l (29)

[VDOP]AM + [VDOP]FM = Ag [l +

2 .
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The detected doppler signals due to the AM and the FM reactions are in
phase andfall in the doppler filter. The response due to the FM doppler is
wetr/2 times that of the AM doppler. Examining this factor by substituting
2nc/A\Q for the radian frequency tank bandwidth, wg, and 2Dy/c for the refer-
ence delay time, 1, (29) becomes

20D, p (1=1,)
[vpor T + [voorTm = s [1 + 5] =2 (30)

where D, is the reference distance to the target.

Thus, for a reference delay line corresponding to a target at a reference dis-
tance, Dy, the FM response will exceed the AM response for (Dy/}) > (Q/27).
The quantity Q/2n for an FM oscillator is usually about 10, so that the FM re-
sponse will exceed the AM response for target distances greater than 10A.

This is usually the case and the effect of the AM response can then be ignored.

An interesting feature of (30) is that the doppler response from a target
increases with distance Dy. This, if the target signal amplitude, Ag, de-
creases no faster than D-1, the doppler response at the correlation peak, Tr,
will be constant and independent of the value of 1, that is used in the system.
This situation occurs for a ground-plane target where the signal amplitude Ag
is given by Ag = SR(AR/Rz). SR is the voltage amplitude sensitivity factor of
the oscillator to the radiation resistance Rz, and AR/R; as a function of
height, h, above a perfect infinite, ground-plane target is AR/Rz = 3)/(87h).
SR should be measured by a pole test in order to determine the signal ampli-
tude As; but, for a radiating oscillator where the radiation resistance is
matched to the loss resistance, the value of SR can be approximated by
SR = “%Ar, where Ay is the amplitude of the reference beat waveform out of the
delay line/mixer. Substituting these values in (30) and using only the FM
response term, the doppler amplitude for a perfect ground plane target is
given by

3Ar h
(Voorley = Toq P (=7r) (31)

where hy = D, for ground plane targets.

At the correlation peak h = hy, the peak doppler response is independent of h.
The peak amplitude of the doppler is then 20 log 16Q/3 dB below the refer-
ence amplitude, Ay. For a tank Q of 50, this doppler voltage is 49 dB below
Ar regardless of the delay line lengths, 7., chosen for the correlation.

5.2 System Signal/Noise Ratios

If noise is present in the oscillator, the output of the delay line and
mixer is given by

R(t,1r) = [Ar + eq(t)] cos [we(t)te + Bug(t)te] . (32)

where it is assumed that one of the inputs to the balanced mixer in Figure 4,
is saturated to eliminate the AM noise due to that input. Here, e,(t) is the
AM noise from the oscillator and Aw,(t) is any FM noise present on the
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oscillator. From (21) Aw,(t) is related to e,(t) by -3
bug (t) = ZA en(t) i (33)

By expanding (32) we can determine the main contributing factors for the
noise cross-products to be

nam(t) = en(t) cos [wc(t)Tr] (34)

npy(t) = en(t) [mi;r] sin [wc(t)Tr] .

When these two cross-products are averaged in the doppler bandwidth, they
produce a noise contribution according to that part of the convolution of the
noise spectrum and reference beat spectrum which falls in the doppler band-
width. If the noise term en(t) is assumed to be of narrow bandwidth, bp, then
the noise spectrum is the convolution shown below for triangular FM.

Pn
o _"l . 0 - '];;;
’ P
Pap_Llq®
INENERARIRE BTy
R 0 e 0 £r g
NOISE UNIT REFERENCE BEAT (NOISE)x (REFERENCE BEAT)

Figure 15. Power spectrum of en(t)cos[we(t)ty] for
narrow band ep(t) centered on zero

The total noise power, pp, is the mean square value of the noise. The
noise power, PN, picked up in the doppler bandwidth, bgq, is then given by

(PNl = en? ¢ ) (=

] (35)

nBty

2 (L)tT

N

[P ] >[11 S

o

n

The total noise due to both AM and FM is then

i
%
f
g
:
|
b
i
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oLl
[(PnJromas = eo” G [ [1+ €55)°) (36)

The doppler signal power is obtained from (23).
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so that the resulting signal-to-noise in the doppler band is given by the

ratio
2
: WeTy
- S T SR P R
3 [ e?1ED [SE) 2 : (38)
1 PN 2 bd 2 weTy 2 |

The first bracketed term of (38) is the signal-to-noise ratio expected from
an envelope detector and the remaining terms provide an increase in Pg/PN as
Bty is increased. This is an interesting result because it shows that for
low-frequency noise, the signal-to-noise improves as either the RF bandwidth,
B, or the delay line length, 1., is increased. This is no different, of
course, than would be expected of any IF system having a [sin(x)]/x shaped
IF passband and a center frequency corresponding to the expected signal fre-
quency of a target at delay T..

S o

In summary, it was shown that for a perfect ground plane target the ex-
peqted signal from the delay line correlator is a constant having a value of
about 50 dB below the reference beat amplitude. Allowing for 20 dB of target
signal deterioration because of poor reflection, then, in order for the noise
to be less than the minimum doppler signal, the noise after filtering in the
doppler band must be no greater than 70 dB below the reference beat amplitude.
AM noise modulation of the oscillator is attenuated the most, and FM noise of
the oscillator at low frequencies is also attenuated. However, any FM noise
of the oscillator at the IF frequency is unattenuated and should be avoided,
where possible, by low-pass filtering of the modulation waveform.

4
.i
4

:
1

6. SYSTEM IMPLEMENTATION CONSIDERATIONS

6.1 Functional Requirements

The Frequency Reaction Correlator estimates range by doppler filtering a
beat pattern which can be written as cos 6 = cos[w(t)tr+0], where 1, and 6
are constants. It is important to note that 6 varies only with the oscillator
radian frequency w rather than its instantaneous phase. This fact allows the
use of simplified digital processing techniques for measuring the angle 8
(Section 6.3). Also, the function cos 6 can be generated by various methods
provided 6 is properly measured. Since 1, is a constant, 6 is seen to be di-
rectly proportional to oscillator frequency; therefore, a measurement of
oscillator frequency provides the necessary information. While the system has
been explained in the previous discussions using RF delay line/mixer hardware,
any implementations which synthesizes the beat pattern will produce the re- .
quired results. For example, a discriminator might be used to produce a volt-
age proportional to oscillator frequency w(t) and the beat pattern
cos[w(t)1¢+6] accomplished by function generator techniques.

The sensitivity of the ranging system is an important factor in consid-
ering hardware techniques. For ranging on weak targets, the doppler signal may
be more than 70 dB below the mixer beat pattern. For this reason, self noise
is an important factor in determining hardware techniques for implementing -
the Frequency Reactim Correlator. =
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6.2 RF Delay Line/Mixer Implementation

The RF delay line/mixer is a straight-forward implementation of the
Frequency Reaction Correlator and may be preferred for applications where cost ~ 3
and weight are not overriding considerations. This implementation uses pas-
sive hardware techniques and thus does not introduce additional noise; however,
there are disadvantages which must also be considered. The oscillator will
exhibit noise-like fluctuations of both amplitude and frequency which could
limit the system performance. Ideally, if both delayed and undelayed mixer
inputs are saturated, the oscillator amplitude variations will have no effect.
In practice, an output due to mixer unbalance (typically attenuated by 40 dB)
will be generated which varies with oscillator amplitude. By this means, the
oscillator amplitude noise variations are coupled to the doppler amplifier.
The unbalance effect can also be caused by leakage across the delay line. This
is usually not a problem for transmission-line type delay lines but was found
to be a serious problem in some experimental crystal acoustic delay lines.
Experiments indicated that the Frequency Reaction Correlator could be satis-
factorily implemented with RF delay line/mixer approach provided high quality
delay lines and mixers are available. This implementation may be desireable
for applications such as remote sensing where cost and weight are not over-
riding considerations.

6.3 Digital Delay Line/Mixer Implementation

6.3.1 Operating Principles

The RF delay line/mixer hardware available during the course of
this study was not considered suitable for low-cost, light-weight ranging
applications; consequently, alternative hardware implementation techniques
were investigated. The most promising technique investigated consists of
mixing the FM oscillator signal with a local oscillator (L.0G.) to obtain an
intermediate frequency signal whose axis crossings are processed digitally to
obtain the required beat pattern. This system is illustrated in Figure 16.

The oscillator signal with center frequency wp is mixed with the
local oscillator (L.0.) at wLQ = wp*w; to produce a difference frequency at
wy. The local oscillator frequency is set so that the bandwidth to center
frequency ratio (27B/w;) at point A is approximately unity, whereas, the RF
bandwidth to center frequency ratio (2nB/wp) is typically 1/20 or less. This
ratio is important in determining the number of discrete elements required for
the delay mechanism. The low level signal at A is converted to TTL logic
levels using an ECL/TTL level converter. The system was tested with an RF
bandwidth of 20 MHz. The L.0. was adjusted to give a band at A from 10 to
30 MHz. The ECL/TTL output waveform varies with frequency and is quite asym-
metrical at the upper frequency range. The :2 FF is used to restore the sym-
metry of the waveshape at the expense of reducing the bandwidth by 2; conse-
quently, a digital delay of 21, is required to produce a range response which
peaks at Ty (Bt = B/2 (21;)).

The output of C drives a series chain of TTL inverters which have
a propagation delay of about 6 ns each. The product of the delayed and unde- -
layed signals is obtained digitally by an exclusive OR gate whose output is
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lowpass filtered to obtain the desired beat pattern. The experimental system
used 108 gates to achieve a delay of = 650 ns. Since the effective delay is

325 ns, the Bty product is then ~ 6.5. The beat pattern for ranging is ob-
tained from point E.

I
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ECL/TTL
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..... -~ LOW-PASS FILTER

DOPPLER
L - FILTER

Figure 16. Digital delay line/mixer system

Control of the FM oscillator/L.0. frequencies are necessary to in-
sure that the band at A falls within the frequency range of the digital hard-
ware. To provide this control a linear frequency discriminator is implemented
by using a short delay tap tp and an additional logic gate. 1In addition to
controlling the band center frequency, the control loop bandwidth can be set
to minimize low frequency FM oscillator frequency fluctuations which may arise;
that is, the oscillator frequency variations can be attenuated for distur-

bances below the IF signal frequency, wr, providing the same effect as a high-
pass IF filter.

By properly choosing the modulation frequency, the phase shift phe-
nomena (Appendix A) can be used to attenuate the range response beyond the
desired delay time. This acts somewhat like a low-pass IF filter, which, when
combined with the high-pass filtering of the control loop, provides an IF band-
pass filter. The IF filtering effect is important because filtering cannot be

achieved directly because the IF signal is not explicitly generated in the
Frequency Reaction Correlator.
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Since the delayed and undelayed signals are square waves, the beat
pattern at D and E will be triangular rather than sinusoidal. For the control
loop frequency discriminator (D) this is desirable since a portion of a tri-
angle gives a linear frequency discriminator characteristic. The triangular -
beat pattern at E can produce spurious range response at time delays and ‘
amplitudes corresponding to the harmonics of the beat waveform harmonics
(Section 6.3.2). This problem can be eliminated by sine-shaping the tri-
angular beat pattern; however, this is not necessary in many cases. The spu~
rious range responses can also be eliminated by adjusting the modulation fre-
quency to provide attenuation at the IF frequencies corresponding to the har-
monics. This method uses the phase shift cut-off phenomena discussed in
Appendix A and requires no additional hardware.

Figure 17 illustrates the outputs expected at points D and E as a
function of the input frequency at point C. The time waveforms are also
skatched for a triangular frequency modulation. The oscillator frequency and
thus w as measured at point C are assumed to be linearly proportional to the
modulation voltage Vp. The outputs at D and E will vary between the logic
supply voltage, V¢c, and O as the input frequency is varied.
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Theoretical digital delay line/mixer waveforms




6.3.2 Mathematical Analysis

The signal at A can be conveniently written as

A(t) = K sin 26, (t) (39)
where

t
20)(e) = / [w(t)-wpldt'+s .

wpo is the local oscillator frequency and ¢ is an arbitrary phase angle.

The output of the hard limiter is a logic signal which can be
written as

g5 sin[n+26,(t)]
B(t) = Vee [E"' 5 °

4 ) (40)
e T n

where V.c is the logic supply voltage.

When the frequencies at A are high with respect to the modulation frequencies,
the output of the binary divider is given approximately as

sin[n-6;(t)]

1
c(t) = Ve [%— .5 —i’- ) i (41)
% n odd n
The delay line output is given by
sin[n-0; (t-21,)]
C(t=-21¢) = Vee [% + -;— . % ) ] (42)
n odd n

where 271, is the digital delay.

The exclusive-OR gate performs a l-bit digital product operation
and the low-pass filter removes the double-frequency terms. The low-pass out-
put can be written as

cos n[0)(t)=-0; (t=21p)]
Ve(t) = 2C(t)C(t=21y) = V¢ [% + %;% ) - : 3 (43)
n odd n

where a gain of 2 is needed so that the peak~-to-peak output is V...
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The angle can be expanded as

t t-21
8;(t)=0;(t-21,) = % [of w(t')dt '=wpgt+d - of rw(t')dt'ﬁn]‘ot-m[‘OZTr-ct]

1 t
2 [t£21’r ““')dt'-wmhr] : (44)

Using the approximation of Appendix A, (43) simplifies to

n
cos Lw(t)2Te-wy027,]
Vg(t) = Vo [% +1.2 4 (45)
7 n odd n2
cos n[m(t)rr-wnorr]
eyl b (46)
L T n odd n2

Equation (46) describes a triangular beat pattern with an arbitrary phase
shift 1o r introduced by the local oscillator. The first harmonic is the
term required for the Frequency Reaction Correlator. Note that the low-pass
filter in Figure 17 is not required for system operation. That is, it is
needed only so that the beat pattern can be observed.

The logic signal from the exclusive-OR gate can be converted to any
desired voltage amplitude before filtering to obtain "gain" if desired. For

most appl%cations, gain is not needed since the first harmonic amplitude is
Vee * 4/n2,

To examine the manner in which the beat pattern harmonics cause
spurious range responses, the oscillator frequency as given by (12),
w(t) = we(t)-wg sin [we(t)1], is substituted into (46) go give

VE(t) = V., [% + ;“2-

5 cos nfwc(t) tr=wotr-wgty sin (w.(t)1)] ]
n odd n2 j 47)

Expanding using small angle approximations, we have

cos n[wc(t)tr-wLorr]

1 4
VE(E) = Vo [— P wle )
X n odd n?

+ wgT, sin we(t)t ] % sin “[wc(t)Tr‘wboTr]] .« (48)
n odd
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Equation (48) describes the triangular beat pattern corresponding to the re- -
ference delay along with the product of the signal beat and a series of har- Mg
monic references. By writing the references as sin[mc(t)'nrr-wLon1r], it is

evident that since harmonic references corresponding to delays t = nt, are -
generated, the range responses will have components corresponding to these

time delays. This means that the harmonic range responses neglecting space

losses, are proportional to 1/n. The harmonic range responses are unaccept-

able for many applications and can be eliminated or reduced by the methods

discussed previously.

6.3.3 Test Results

Figures 18a and 18b illustrate the digital delay line correlator
waveforms at points D and E for triangular modulation. The RF bandwdith was
20 MHz. The short delay line (Vp) used for a discriminator is operated with
Btg = 1/6. This value gives a linear frequency discriminator and allows a
reasonable L.0. frequency drift without producing ambiguities. This output
can be used to control the average and low frequency difference between the
FM oscillator and the L.0. as discussed in the previous section.

The ranging system output (VE) exhibits the triangular beat pattern
with Bty = 6.5. The exact starting phase of the beat pattern depends on wpQir
as indicated by the mathematical analysis. The measured range response for
this system is illustrated in Figure 18c for a 10 KHz modulation frequency.
This modulation frequency results in attenuation of the harmonic range re-
sponse due to the phase shift discussed in Appendix A.

The attenuation of the harmonic range responses could not be veri-
fied for the conditions of Figure 18 due to limitations of the test apparatus.

To exhibit the attenuation, Figure 19 illustrates the range re- k.
sponse for Bty = 2 where the 3rd harmonic response can be observed. For the A
first case (19a), the modulation frequency was 1 KHz and the 3rd harmonic re- j
sponse is readily apparent. For the next case (19b), the modulation frequency
is increased to 100 KHz and, consequently, the 3rd harmonic response is atten-
uated due to the phase shift.

The digital delay line showed a 1% variation in delay per 2% vari-
ation in logic supply voltage. The delay technique illustrated performed |
very well experimently and is a simple and economical method of implementing °
the Frequency Reaction Correlator.
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Figure 18. Measured responses for digital delay line/mixer
B1¢=6.5, B=20 MHz, fm=10 KHz, triangular modulation
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7. CONCLUSIONS

A new type of distance measuring system which measures target range by
detecting the frequency reaction of a target signal on the frequency of a
frequency modulated oscillator was demonstrated to perform according to
theoretical analyses. It was shown that a simple delay-line discriminator
can be used to extract the target information from the oscillator RF voltage
and that after filtering in the doppler band, the range response peaks at the
delay-line time delay according to the shifted autocorrelation of the trans-
mitted RF voltage. Using the same delay line and a second mixer, quadrature
doppler signals were developed to implement a directional doppler response
from the target.

For applications where an RF delay line cannot be used, it was demon-
strated that a digital delay line employing the delay of TTL inverters pro-
vides satisfactory ranging.

A unique feature of frequency reaction is that the target information is
carried on the transmitted waveform. Because of this, a remotely located re-
ceiving station can process the RF waveform of a frequency modulated sensor
by means of a delay-line correlator. Both range and range-rate information
of a target signal with respect to the sensor is then available at the remote
station. This offers the advantage that the sensor is required only to trans-
mit a frequency modulated carrier while all of the signal processing can be
done remotely and with greater sophistication than could be obtained in the
small space of the sensor.
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APPENDIX A

ATTENUATION FACTOR CAUSED BY PHASE SHIFT
OF THE OSCILLATOR REACTION BY THE DELAY LINE

It will be shown herein that the range response of the delay line corre-
lator contains a factor which can produce attenuation of the expected target
signal. The attenuation occurs when the product of the target beat frequency
and the time-delay of the delay line is not small. This product represents
a phase shift of the frequency reaction with respect to the reference beat
waveform generated at the output of the delay line/mixer. The result of this i
phase shift is to produce a sin £/f type of range cut-off which may be useful, 8
in some cases, in improving the range response of the system; whereas, in
other cases, it may place a limitation on the maximum range of the system.

The system to be analyzed is as shown on Figure A-1. The input to the de- i
lay line is the constant amplitude RF waveform cos[6(t)] and the output of
the balanced mixers cos[v(t)], where, using (15)

e, B ok, © Aiiiediid . .

t
v(t) = 8(t)-0(t=1,) = {_ we (t')dt'-wg ft sin[tw (t")]de’

Tt t‘Tt

-

Veg = cos[e(n)]

,«P FILTER [

T
f)f l(‘ns['}'(t)]dt

g 5
T,

cos[9(t=1,)]

Figure A-1. Delay line correlator !

Equation (A-1) may be evaluated by making a change in variable in the
second integral. Letting ¢ = twc(t'), we have

Twe (t)
w(t) = tpuc(t)-ug f sin " o i
. s Twe (t=Ty) (@) w(t') . -
Assuming that O(t') is constant with respect to { over the interval of inte- ;f
gration, then £
s
ws £
v(t) = two(t) + YR {cos[tuc(t)]-cos[tuwc(t=-1,)]) . (A-2)
w

41




o
v AT A AV S AT

1. AR TN, m

A Taylor series approximation for (t- r) is
b\c(t-Tr) 4 (Alc(t)"(:)c(t)Tr .

Using this approximation and noting that é(t') = &(t). (A-2) becomes
Wg

v(t) = T (t) + = feos[1wc ()] = cos[ruc(t)=tig (t) 1))

Using a trigonmetric identity, this reduces to

W) = tpoe(®)-vste (HEELEY sin [rug(e)-6/2) (A-3)

where ¢ & [reé ()],

For sawtooth FM, the sign of w(t) does not change and the doppler signal
is obtained by time averaging Ay cos[v] over the modulation period T;. If
this integration is carried out, where the phase £/2 in the sin[twc(t)-ilz] ‘
factor is set equal to zero, since it only effects the absolute doppler phase I
angle, we obtain

0 i S i e -+

A T, A
] T of cos [0(©)]de = Aro(rr) + o wgre (B (or)p (it )] (A-) :
where
3' 1 T sin(nB1) |
3 p (1) T, Of cos [rwc(t)]dt (1Br) ©°8 (wgT) . t
Here
i 2"BTp.
£ = 1w(t)r = [ T ]t = Wy T (for sawtooth FM)
a and wy g &c(t)rr is the difference frequency caused by the mixing of the saw-
'ij 4 tooth FM oscillator RF signal with that of the delay line output. This result

E | is the same as equation (20) but with an additional factor on the signal term
’ of sin (£/2)/(£/2). A plot of this attenuation factor is shown in Figure A-2.

| sin(upt/2)
: & i JJa
v & 1.0 //’ ’ (mr'(/z)
| Q ’
<
[
Z
1 -
| =
| =
| Z
o + 4”——-_-::3-7.
e g 4 5

Figure A-2. Attenuation due to phase shift of oscillator
reaction by delay line for sawtooth FM
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If tr is too large this factor will cause the amplitude of the target signal
correlation peak, which occurs at 1 = 1, to decrease. The effect of this term
is to reduce the correlation peak amplitude when the frequency, fyr, of the
balanced mixer cutput is too high. For instance; if the reference delay time
Tr is equal to 0.50 usec, then the period of the sawtooth must be adjusted so
that fr is less than 1 MHz if the correlation peak at T = 1, is not to be
appreciably attenuated. This attenuation factor can be used to shape the side
lobe range response, or to reduce the third harmonic response at 1 = 3ty when
digital delay lines are used.

For triangular FM the effect of the additional factor occurs at shorter
delay times. To derive this, we can use (A-3) as a starting point to get

V(t)y = Tpue(t)-wgty (§i§7§130 sin [twe(t)-(E/2)y] , O <t <T/2

W(E)p =Hpuc (©)-ugr, ERED sin [ruc(0)-(5/p] , Ti/2 <t < Ty
a-5)

where

(A)y = [1ed(e) Iyt = -(€)p

and the subscripts U or D indicate the relationship of the variable during
the upsweep or downsweep times of the triangular modulation. Because the
variable £ changes sign on the downsweep of the modulation, when we average
Ar cos y(t) over the period of the modulation, T;, we now get

fd e

Ay T, Ay )2 S
T, of  coslu(®)] = T o cos[y(t)ylde + T_l'f . cos[v(t)plde

1

A T,/2
= App (1) + ?F wsrr(§£§7§LZL) cos £/2 %% 0/ cos[rtme () ]dt
A
= Apo(Ty) + _z_r wsfr(s—i-g—g-)[o (t=1)=p (14+1,)] (A-6)
where %
1
p(r) = f% o/ cos[twc(t)]de = g%%é%%ll-cos woT
and

4TBT
2 r]T = wet (for triangular FM) .

¢ = [rpu(e)]yr = [
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This result, for triangular FM, produces an additional range attenuation,
given by sin(wrt)/(wr1), which has a first null at t = 1/2f,; whereas for
sawtooth FM, the first null occured at v = 1/fy. Thus, for a given delay

. . . — e T Ty T
o ” T g s v v
e —— S -
-
-
-

] line and for a given percentage of attenuation due to this term, triangular
é FM requires that the reference beat frequency be one-half of that for saw-
E tooth FM.
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