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1. Introduction

Consider the large sparse syste m of linear equation s

Ax • b (1.1)

vh re A is an NXN sparse nonsy et ric matrix and x and b are vectors of length N. As sume that

A can be factored in the form

A ”  LDU (1.2)

where I. is a unit lower triangular matrix, 0 a ncnsingular diagona l mat ri x , and U a unit upper

triangular astrix . Then an important method for solving (1.1) is sparse Gaussian elimination ,

or, equivalently , first factoring A as in (1.2) and then successive ly solv ing the syste ms

Ly — b, Dr — y, Ux • a. (1.3)

Recently, several implementations of sparse Gaussian elimination have been developed to

solve systems like (1.1) (of. Curtis and Reid (2] ,  Eisenatat, Schultz, and Sherman [51,

Gustavaon [61, and Rheiaboldt and Mesrt.ny i (7J ).  Th. basic ides of all of these is to factor A

and compute x without storing or operating on zeroes in A, L, or U. Doing this requires a

cer tain amount of storage and operational overhead, i.e. extra storage for pointers in addition

to that needed for nonzeroes and extra ncnnumsric “bookkeeping” operations in addition to the

required arithmetic operations. All these implementations of spar.. Gaussian elimination

generate the same factorization of A and avoid storing and operating on zeroes. Thus, they all

have the s~~~ costs as measured in t erms of the n*~~ er of nonasroes in I. and U or the ni~~ er of

arith metic operations performed. The implementations do , however • have different overhead

requirements , and thus their total storage and time require ments vary a great deal.

In this paper J
~?d iscuss the design of sparse Gaussian elimination codes~~) We are

~~~ particular ly .restsd inpthe effects of csrtath f lemibi lity and cost constraints on the

design, and’~~~~ i~~ possible tradeoffs among th. design goals of flexibility, speed, and

= 1l siz.~~~~~~~~~~
In Section 2 we describe a basic design due to a*ang (13, which has been used

effectively in the imple.sntations referred to above. Next , in Sect ion 3 we discuss the
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storage of sparse mat rices and present two storage sche mes for use with sparse Gaussian

eliethetion . In Section 4 we describe three specific implementations that il lustrate the range

of possible tradeoffs among design goals. Finally, in Section S we give some quantitative

comparisons of the three implementation s .

2. A Sasic Implementation Design

Several years ago chang [1] suggested a design for the implementation of sparse Gaussian

elimination that has proved to be particularly robust. He proposed breaking the computation up

into three distinct steps: symbolic factorization (SYMFAC) , numeric factorization (NUMFAC),

and forward— and back—solution (SOLVE) . The SYMFAC step computes the zero structures of L and

U (i.e. the positions of the nonacroes in L and U) from that of A, disregarding the actual

ni.~~ rica1 entries of A. The NUMFAC step then uses the structure information generated by

SY~~AC to compute the numerical entries of L, D, and U. Finally, the SOLVE step uses the

numerical factorization generated by NUMFAC to solve the system (1.3).

The main advantage of splitting up the computation as described here is flexibility. If

several linear systems have identical coefficient matrices but different righthand sides, then

only one SYMFAC and one NUMFAC are needed; the different righthand sides require only separate

SOLVE steps . (This situation arises in the use of the chord method to solve a system of

nonlinear equations.) Similarly, a sequence of linear syste , all of whose coefficient

eatricea have identical zero structure but different numerical entries, can be solved using

just one SYMFAC combined with separate NUMFAC and SOLVE steps f or each system. (This situ ation

arises when Newton ’s method is used to solve a system of nonlinear equations.)

A drawback to the three—step design Ia that it is necessary to store th. description s of

th. zero structures and the actual numerical entries of both I and U. In essence , the great

flexibility i. paid for with a large amount of extra storage . By giving up some flexibility,

it is possible to reduce substantially the storage requirements. For example, combining NUMFAC

and SOLVE into a single NU)~ LV step eliminates the need for storing the numerical entries of I.
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4 It is no longer possible , however , to handle multiple righthand sides so efficiently. Then

again, if all three step. are combined into one TPXSLV step, it is unnecessary to store even a

description of the zero structure of L. But by combining step. in this way, we lose the

ability to solve efficiently sequences of systems all of whose coefficient matrices have

identical zero structure.

3. Storage of Sparse Matrices

In this section we describe two storage schemes that can be used to store A, L, and U. The

schemes are designed specifically for use with sparse Gaussian elimination and they exploit the

fact that random access of sparse matrices is not required.

We call the first storage scheme the uncompressed storage scheme. It has been used

previously in various forms by Gustavson (6] and Curtis and Raid [23. The version given here

is a row—oriented scheme in which nonzero matrix entries are stored row by row, although a

column—oriented version would work as well. Within each row, nonzero entries are stored in

order of increasing column index. To identify the entries of any row, it is necessary to know

where the row starts , how many nonzero entries it contains, and in what co lumns the nonzero

entries lie. This extra information describes the zero structure of the matrix and is the

storage overhead mentioned earlier.

Storing the matrix A with the uncompressed scheme requires three arrays (IA , JA, and A),

as shown in Figure 3.1. The array A contains the nonzero entries of A stored row by row. IA

contains N+l pointers that delimit the rows of nonzero.. in the array A —— A(IA(I)) is the first
stored entry of the Ith row. Since the rows are stored consecutively , the number of entries

stored for the Ith row is given by IA(I+l) — IA(I). (IA(I+l) is defined so that this holds for

the NM row.) The array JA contains the column indices that correspond to the nonzero entries

in the array A — if A (K) contains a~~, then JACK) — 3. The storage overhead incurred by using

the uscompressed storage sch~~~ for A is the storags for IA and JA. Since IA has N+l entries

and JA has one entry per entry of the array A, the storage overhead is approximately equal to
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a11 a12 0 0 0 0

£21 a22 a23 a24 a25 0

o a32 a33 0 0 0

o a42 0 a44 0 a46

o a52 0 0 a~~ 0

o o 0 a44 0 a66

A: Iai1ja12Ia 211a22j a 23~
a24 Ia 2s Ia 32Ia 33j a42 Ia 44 Ia46 Ias2 Ia ss Ia64 Ia64

k: 1 2 3 4 5 6 7 8 9 1 0 11 12 13 14 15 16

JA: 1 1 1 2 1 1 I 2 1 3 I 4 F 5 I 2 I 3 12 I 4 I 6 1 2 I 5 1 4 1 6 1
IA: 1 1 I 3 I 8 110 113 115 1171

Figure 3.1.

the number of nonzeroes in the matrix A.

Previou, implementations of sparse Gaussian elimination have also used variants of the

uncompressed storage scheme for storing L and U, as shown in Figure 3.2. Again the storage

overhead is approximately equal to the number of nonzero entries in the two matrices . Storing

L and U in this way ha. the advantage that the operational overhead in implementation is quite

smell, since the data structures are simple and the matrix entries can be accessed quickly.

In certain situations where storage is at a premium, however , it is essential to reduce

the storage overhead , even if the operational overhead is increased . This can be done by

storing L and U with a more complex compressed stora ge scheme (cf. Eisenstat , Schult z , and

Sherman (43 , Sherman (83). The compressed storage scheme will incur more operational overhead

than the uncompressed scheme but the storage requir ement will be substanttaUy reduce d. In the

compressed storage scheme L is stored by colimes (or , equivalently , LT is stored by rows) and U

La stored by row.. Figure 3.3 illustrates the derivation of the compressed storage scheme for

~~
. (The derivatio n for L is simila r, using a colt ~~ —oriented scheme.)

Pigure 3. 3a shows the data structures required to sto re U in the unco mpressed storage

sch e. It is i sd iately evident that the diagonal wnt ries do not need to be stored, since

-~ 
_______

* .
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1 l u 12 0 0 0 0

~21 1 1 U23 u24 u25 0

0 t32 1 1 u u 0
~~

o 
~42 £43 1 1 u45 u46

0 £52 £53 £54 i 1 u56
0 0 0 £64 165 1 1

1 1 (L 321 1 1t 42~43I I ~521t 53IL 541 1 ~
t64 1L 65~ 

1

k: 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

JL :rl 1 1 1 2 1  2 1  3 1  2 J~ J 4 1  2 1  3 1  4 1  5 1 4 1 5 1 6 1
IL:( 1 1 2 1 4 1 6 1 9 1 1 3  (i~1

U: 1 1u 12! 1 N23N24Lu25( 1 ~u34j u3sI 1 N431u46[ 1 1u56! ij
k: 1 2 3 4 5 6 7 8 9 10 11 12 13 1 4 15

JU: 1 1 1 2 1 2 1 3 1 4 1 5 1 3 1 4 1 5 1 4 1 5 1 6 1 5 1 6  f6 I
IU: 1 1 1 3 1 7 1 1 0 113 115 i~ II

Figure 3.2.

they are always equal to 1 and occur as the firs t stored ent ry of each row.

Figure 3. 3b shows the data structures required when the diagonal entries are omitted.

We now note that the indices in JU for certain rows of U are actually final subsequence. of the

indices for previous rows . For example, the indices for row 3 are 4,5, while those for row 2

are 3,4,5. Instead of storing the indices for row 3 separately. we can simply make use of the

last two ind ice. stored for row 2. All that is required is a pointer to locat. the indices for

row 3.

In general, the indice, in JU can be compressed by deleting the indices for any row if

they already appear a. a final subsequence of some previous row (see Figure 3.4) . It is

possible to compress the indices in certain other cases as well, but teats have shown that very

Little is gained by so doing.

Since the compres sed indices in JU do not correspond directly to the nonzero .. stored in

- 
..

~~~~~~~ ———~~
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1 u12 0 0 0 0

o i u23~~24 u25 0

0 0 1 UlA U5~ 0
U.

0 0 0 1 u45 u~~

0 0 0 0 1

0 0 0 0 0 1

(U: 1 1u121 1 Ju23Ju24j u25[ 1 I~1341~
135I 1 1U451U461 1 1u561 1

1 2 3 4 5 6 7 8 9 1 0 11 12 13 14 1 5

JU: 1 1 1 2 1 2 1 3 1 4 1  5 1 3 1 4 1 5 1 4 1 5 1 6 1 5 1 6 1 6 1
\ IU: 1 1 1 3 1 7 1 1 0  113 115 ll~ 1

r U: 1u 121u23ju241u231u341u351u451u461u56[
b c ?  k: 1 2 3 4 5 8 9

JU: 1 2 1 3 1 4 1 5 1 4 1 5 1 5 1 6 1  6J

\. IU: 1~ 1 1 2 1 5 1 7 1 9 j io LiLT

( 
U: 1u i2 Iu z31u 24 Iu 2s I u 34Iu 3sIu 4s I~46P~s6E

I k: 1 2 3 4 5 6 7 8 9
cc ____________________

JU: I 2 1 3 1 4 1 5 I 5 I 6 I
IU: 1 1 1 2 1 5 1 7 1 9 1 1 0 110 1
‘ISU: J l  I 2 J  3 1 5 1 6 1 6 1

Figure 3.3.

the array U, an extra array of pointers (IJU) is required to locate the indices for each row

(see Figure 3.3c) . Thus the stor age overhead for the compressed storage of U is the number of

locations required for IU, JU, and IJU. Although this overhead can be larger than that with

the uncompressed scheme, there are important case, in which it is substantially smaller (cf.

Section 6; Zisenstat, Schultz, and Sherman (3,43; Sherman (81).

- --  - 
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$ef ore compaction: After compaction:

JU: 1 2 1 3 1 4 1 5 1 4 1 5 1 5 1 6 1 6 1  . 1 1 1 : 1 2 1 3 1 4 1 5 1 5 1 6 1
1 2 3 4 S 6 7 8 9 k: 1 2 3 4 5 6 7

LU: I 1 I 2 I 5 I 7 I 9 110 110 1 IU: 1 1 I 2 I S I 7 I 9 110 110 I
ISU : 1 1 1 2 1 3 1  5 1 6 1 6 1

Locations of Sefore After
coluan indices: compaction compaction

row 1 JU(1) .113(1)
row 2 JU(2) — JU(4) .113(2) — .113(4)
row 3 JU(5) — 313(6) .113(3) — JU(4)
row 4 JU(7) — JU(8) 313(5) — 313(6)
row 5 JU(9) JU(6)
rov 6 — —

Figure 3.4.

4. Three Implementation Designs

In this section we describe three specific implementation designs, which illustrate some of the

tradeoffs ment ioned earlier . Designs other than these three can also be derived, but these

indicate the broad spectrum of implementations that are possible.

The first implementation (SCE1) is designed for speed. It uses the uncompressed storage

schem. for A, 1., and U because of the smaller operational overhead associated with it.

Furthermore, we combine the NUMPAC and SOLVE steps to avoid saving the numeric entries of L, so

that the computation consists of a SYMFAC step followed by the NUMSLV step.

The second implementation (SGE2) is designe d to reduce the storage requirements . The

entire computation is performed in a TRI(SLV step to avoid storing either the description or the

nun. rica l entries of L. Moreover , U is stored with the compressed storage scheme to reduce the

storage overhead . This design incurs more operational overhead than SCE1; the total storage

requirements, howeve r , are much smaller.

Finally, the third implementation (SGE3) attempts to balance the design goals of speed

and small size. It splits the computation as in SGE1 to avoid storing the numerical entries of

L and it uses the compressed storage scheme as in SCE2 to reduce storage overhead.
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5. Quantitative Comparisons

In order to compare the des igns of Section 4, we tested them on five—point model problems , i.e.

linea r syst~~~ of the form

Am x b, (5.1)

where An is a permutation Pn~nPn
T of the nxn block tridiagonal matrix A given by

A — [~
j.

Here the blocks B, C, and D are nxn with B tridiagonal and C and 1) diagonal, and 
~n is an fl

2
Xfl

2

permutation matrix chosen to reduce the number of nonzeroes in the factors of A~ and the amount

of arithmetic required to solve (5.1). Systeme like (5.1) arise frequently in the numerical

solution of partial differential equations in rectangular domains (Cf. Woo. Eisenstat, Schultz,

and Sherman [91 for a specific example.)

Our experiments were designed to anower two questions. First, what are the storage and

CPU—time costs of solving the model systems with each of the threc tmplenentationg? Second,

how large a model system can each of the implementations solve in a fixed amount of core

storage (262 ,144 words)?

The results shown in Tables 5.1 and 5.2 were obtained on an IBM System/370 Model 158

n SCE1 SCE2 SGE3 n S~Z1 SCE2 SCE3

20 17,324 12,789 15,508 60 214,788 137,621 164,364
25 29,038 20,971 25,519 65 257,510 — 194,547

44,226 30,909 37,334 70 >262 ,144 — 227,740
40 $3,696 37,653 69,352 73 >262,144 — >262,144
50 142,382 94,021 113,346 80 >262,144 256,155 >262,144

Table 5.1.
Storage Z.quirements for the Model Problem.

- -
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SCE1 SGE2 SCE3 SCE1 SGE2 SCE3
n (NUMSLV) (TRKSLV) (N1JMSLV) n (NUIISLV) (TRJCSLV) (NUMSLV)

20 .38 1.13 .71 60 18.04 31.55 20.31
25 1.14 2.23 1.40 65 — — 25.73
30 2.05 3.86 2.45 70 — — 31.86
40 5.00 9.25 5.91 80 — 78.15 —
50 10.22 18.07 11.52

Table 5.2.
Timings for the Model Problem (in seconds).

using the FORTRAN IV Level H Extended coapiler. * For a — 60 , SGE1 is the fastest

implementation, requiring 40—45% less time than SGE2 and 10—15% less tine than SGE3. On the

other hand, SGE2 requires less storage, using 35—40% less than SCE1 and 15—20% less than SGE3.

Furthermore, we see that SGE2 can solve larger problems (n — 80) than either SCE1 (a — 65) or

SGE3 (m — 70). Evidently, then, the qualitative comparisons suggested in Section 4 are borne

out in practice.

6. Conclusion

In this paper we have considered the design of implementations of apa’3e Gaussian elimination

in terms of the competing goals of flexibility, speed, and snail aize. We have seen that by

varying certain aspects of the design, it is possible to vary the degree to which each of these

goals is attained. Indeed, there seems to be almos t a continuous spectrum of possible designs

— SGZ1 and SGE2 are its endpoint., while SGE3 is just one of many intermediate points. There

is no single implementatio n that is always best; the particular implementation that should be

used in a given situation depends on the problems to be solved and the computational

* We are indebted to Dr. P. T. Woo of the Chevron Oil Field Research Company for running these
•xperiments for us.

- - - -
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environment in which the calculations are to be performed.
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