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EVALUATION

1. This report describes the results of one task performed by Syracuse
University under contract AF30602-71-C-0312. The objective of this
task was to provide the necessary framework for practical application of
rellabi’llty tests which make use of information available before the test
begins. . Such tests have been extensively discussed in the technical
l itera ture , since the use of available data would seem to make It
possible to reduce test time without loss of statistical confidence.
However, the discussions have produced a great deal of controversy
which , in tçn, created an understandable reluctance on the part of
equipment d$velopers to apply the procedures. Syracuse’s task was to
develop from the available literature a sound approach and all necessary
procedures to permit the practical applicati on of a reliability test using
prior data. They fully met this objective.

2. The report is comprehensive, providing guidance In selecting appropriate
test risks for different procurement situations, procedures for obtaining
the required statistical parameters from the existing data, the means of
determining the test length and acceptance criteria, and a sensitivity
study showing the effects on the test of changes in the prior data.
If one accepts the two basic assumptions that failures will follow an
exponential distribution and that the prior distribution of equipment
mean-time-between-failure is an inverted ganina, there can be no controversy
over the use of the plans . Neither of these assumptions can be guaranteed
to hold in all cases, but both are considered by this evaluator as quite
reasonable. Hence, with the Inform ation in this report, test plans can be
developed and applied without exceeding the bounds of reasonable prudence.
The next step in that direction will be the creation of a document which
presents the information in a form which can be easily used by a program
manager to develop a test plan for his particular situation.

3. Though the required use of computer programs in formulating the test
plans wi ll impose some degree of difficulty on the user, RADC Intends to
provide an exhibit whlch will make it as easy as possible to generate test
plans which take advantage of prior Information.

ANTHON! COPPOCA
Chief , R&M Engineering Techniques Section
Reliability Branch
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This report is one of a set of five ~~esenting the re~ ilts

of part of the ~~rk done under contract nLlnber F-30602-71-C-0312.

£I~~ ze~~~t is delivered to RNDC in accordance with item A006 of

the O~~tract Data l~ quire.cnt List. Sponsorship and teclnical

direction of this task originated in the Reliability and Maintain-

ability Engineering Section (A. Co~çola, Chief), Reliability &anch
CD. Barber , chief) , within the Reliability and Canpatibility Division
(J. Naresky, Chief) of tl~ ft~z~ Air Develcp~ient Center. Mr. Anthony
açpola ~~s the Project Engineer ~~o ~‘as tecl-mical].y m~ipported by
Mr. Jeraie Xliczi.

The titles of the reports on the subject “Reliability ~~~eptance
Sam~ l1ng Plans Basel Upon Prior Distribution” are as follows:
Volume I. Introduction and Problem Definition.

Voltine II. Risk Criteria and Their Interpretation,
Vol~j~e III. Thplicaticna and Determination of the Prior Distribution.

Volume IV. Design of Testing Plans.
Vol~xme V. Sensitivity Analyses.
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The prthles of t}~ design ~~ ~~alysia of reliability

~~ceptar~e .~ pling p]a%s In tt~ prea~~~ of k~ terog.~ecus production
is disoiseed in this rsport. A wnary of t~~ i~crk dora on various

aspects of this problem ii also presented.
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1. INT~~~.JcrION AND PR~ L~?4 D~~INITICt~

Reliability is the probability of a dev ioe performing its f~.n~ction

~iequately for the intended period of tii~e. If the tii~e to failure, t ,

has an exponential distribution given by

f(t Io )= ! e~~”° ; t~~ 0, 0 > 0  (1)
0

then the following rreasures of reliability may be interchangeably used.

Reliability , R( t) = P(t > T) =

Mean Tiaie Between Failures (f’Tr~ ’) = 0

Hazard Rate, h(t) = 1/0

(1-p) th Quantile of Failure Distribution, t~, = - Othp

In the fol1owir~ we shall take 0 as the measure of reliability .

i~~~~ types of life tests are generally performed to en9.lre that

~1e~uate reliability has been achieved. These are dee~nstration tests

and acceptance sançling teats. ~~~cnstration tests are perfo~~ed to

evaluate the lot MIBF with respect to the ~~ecified Mr~~, O~ . These tests

may be conducted on initial production estp les or after major design and

deve1op’~ent changes have been nede. After production starts, acceptance

saupling tests are perforn~~ to ensure ccntixiaing production of acceptable

1
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equipnents. P~ are prim arily c~~~~rned with the design and analysis

of acceptance saupling plans.

The situation in acxJeptax~~ sauçsliiig is typically the fol lowing .

Accept/reject decisions are to be made regarding a s~~uence of repairable

systa~ or lots containing a large rn.ait~er of cceponents . The decisions

are based tçon test results subject to ra rxkin fluctuations. A loss is

incurred ~~~~ either an accept or a reject decision is wrongly taken.

Further, decisions regardiaj each lot or syst~ n are taken independently

of the results for other lots or systans.

In the classical context, acceptance sa~ 1ing plans are designed

to distinguish between b~ values of 8, nemely the mini.nun acceptable

M’~W 01 and the specified M1’W e0. The loss corresponding to wrong

decisions is quantified by the producer ’s risk a = P (R I e~
) and the

ccns~xner’s risk B = P(A~e1) where A and R dencte acceptance and rejection

respectively. In this context, various types of single and s~~uential

saupling plans are aployed to limit a and ~ to specified values. For

exmtple, a truncated single saeple plan for a systan is used as

follows. The plan consists of placing a Bystan on a life test of duration2
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T leading to an accept decision if the observed luEber of failures r is

less than or equal to the acceptance ru~ber r*. The design of a

sauçl ing plan consists of obtaining the parauieters T and r* sixth that

the specified producer’s aid consu~ r ‘s risks are satisfied .

The classical sauplirq plans have ~he disadvantage that they do

nct give due weight to the frequ~~ y with which different values of

8 occur in practice and thereby lead to risk criteria which may nct

be very meanis~ f ul to the producer and/or the consu~~r . In practice ,

the variability casued by the nature of the production process is li.kely

to be such that the values of 0 differ fran lot to lot. Unler suitable

assiziptions, the variability in 0 may be expressed by the frequency

distribution for 0. This frequency distribution, g (0) is usually called

the prior distribution of 8. For meaningful results, due consideration

sI~~i1d be given to g(0) by incorporating it in the design of saspling

plans.

The problen wder consideration in this stuly , then, is the design and

analysis of single saupl e reliability acceptance plans for e,q~cnential

distribution when 0 is a rai~~~n variable with distribution g (0) . 11~e

four facets of the problen are:

3



(a) Interpretation aid c~vioe of a~~~~u~iate risk criteria to meet

producer’s and conauner ‘S true interests in various situations of
practical interest.

(b) Determination of the functional form aid parweters of the prior
density.

(C) Design of single saiple truncated, censored, with replaoauent
aid wit)x*at replacanerit plans for systane and lots. ~~~ design

is h~~ed icon e~çci~~tial failure density, using the appropriate
prior density aid risk criteria.

(d) Investigation of the uncertainty associated with prior per~neters
aid determination of the effect of this uncertainty on designed
plans aid risks.

A siamnexy of the ~~rk ~~ne on these fair aspects is given in Section 3.

4
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Three sa~~abet related approaches have been considered in the

literature ta.~ard the design of reliability acceptance saipling plans

based upon prior 3ax~wledge regarding 0. ‘11w first uses the posterior

distribution of 0 aid the aoc~~,t/reject decision is made on the basis

of Bayesian confidax~e interval for 0. £~~S seccwd approach is to

explicitly define the prodix,er’s aid consu~~r ’s risks using g(0) aid

then to design the plans to satisfy these risks. The thi4 approach

converts g (0) into peeuk rurt~er of failures aid pse.do Iu.irs of test

time. M~ngst the three, the aec~ d approach is rvcst general aid

meaningful due to its explicit consideration of risks.

One of the earliest efforts ta~ rd the solution of this problan

using the first approach is due to Pinkhan aid St. James (1963) . ‘1t~y

considered a kiu~n tw, point prior for 0 six~h that P (0 = eo) 
~

P ( 0 = Oi) = 1 - it . They used a classical approach with P(R 100) = a

aid P(A~01
) B such that the Prd3~bilitY Of rrect identification

is equal to it (1—a) + (1-n) (1-B) . ‘11~ risks a aid B were cbusen to

meet a specified probability of correct identification aid the plans

were designed to satisfy these risks. Bonis (1966) used the posterior

distribution of 8 to make the accept/reject decision. £~1 criterion

S
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wes to accept if P (0 80 ~data) = 1 - ci. It stould be ncted that these

t~~ procedures du nct adequately take Into consideration the producer ’s

aid the coneiner’s risks.

Following the secxd approach, the design of fixed time

reliability saipl.ing plans based upon the producer’s aid consiz~er ‘s

risks has been considered by Ba1~ban (1969) , Bhmenthal (1973) ,

Fasten ing (1970) , Schick aid Drnas (1972) aid Schafer (1973) . ‘the

general approach taken in these papers is to treat the time to failure

as having an exponential distribution aid to use the conjugate pri or ,

inverted gailna, for the par eneter, 8 • ‘fl~~ producer ’s aid the

consizner’s risks are defined aid these lead to t~~ siniiltaneous
equations in test time T aid acoeptance zuit er r*. ~1i~ test plan is
obtaii~~ by cci pating (T,r*) fran the — ~~~~~~~ equations. The design

criteria proposed by these auttors, in our nctations, are given below.
Balaban (1969) :

Producer ’s Risk: P(R~9 00) = a

Consuner’s Risk: P( 0 ~ 0~ jA) = 8*

Easterling (1970) :

Producer’s Risk: P( R I e  ~ 8~) =

ccnsuner’s Risk:

6
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Schick aid Drnas (1972) :

Producer’s Risk : P( 8 .� 00 1R) =

Consunar’s Risk: pce .~~ e1~A) = 8*
Schafer (1971 and 1973) :

Producer’s Ris}~s: P(R) 1 — PtA) ; P(0 
~ 

801R) —

Risk: P(8 811A) 8*
As indicated earlier , the third approach is to convert the

infoxmation contained in the prior distribution g (0) into equivalent

test tours 6 and equivalent nuit,er of failures 
~~
. An appropriate

test is designed to obtain T and r* to satisfy the risks a and 
~~
.

The actual test procedure is to conduct the test for (T.-6) hours

and accept if the ntrter of failures is less than or equal to

(r*_ $) .  Such plans are considered by Feduccia (1970) , and by Guild

(1973) .

Schafer and Singpuxwalla (1969), Bennett (1972), aid ?~cFan1ard

(1971) have considered the design of sequential reliability dea~n-

stration plans using prior distribution. The criteria suggested

by Schafer et al aid Bennett are idenHt~ 1 • P~~ the case Of aicpcx~~tia1

failure distribution aid inverted ~~~iu~ prior density, the criterion

is to accept at the n th stage of ue~pentia1 eçeria~~tation if

7
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P(e 
~ o~ 1~~

) 
~ k1 aid reject if P(e 

~ e~I~
’
~
) 

~ ~~~~~ 0n is the

estimate of 0 obta ined fran the failure data at the n th stage and

aid k2 are b~ prespecified real runh~~s.

~~c~’arlaid (1971) ~~~ sidened the case of L —_ points (discrete)

prior and used the ratio of posterior prthabilJ~ties for making the

decision. ‘I1 ~ criterion is, at the n th stage

accept if

P ( o 0 0 1 ô )  
~~~~
_

p ( o = 01 1g ) i—a

aid reject if
P ( O = O  ‘0 )

~~~‘ ~~ 
~~~~~~~~

P( 8 im 91 J~~~ ) 
— a

‘fl~~ ~~rk of Schafer at a]. (1970, 1971, 1973) is art extensive

investigation of the d~sIqn of reliability sanpling plans for exponential

distribution ba~~d icon a prior distribution for e. ‘The tftee reports

1*elled Phase I, Phase II ad Phase III are i~~~~ revia~ad in saie

detail. Ph... I priusrily i~~ 1~ with the fitting of a prior distribution,

the ~~j ectiw being to sacextain if inver~~~ gasina is a suit able prior

to cons~d.r. Also, the r~pdx..~~ts for the data aid nanent estimators

B 
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for fitting prior distribution are sthdied. ~~ t the basis of failure
data obtained on different equipments they &i~~~ that the inverted
ganma is a reasonable prior to consider. Phase II contains a ~~ief
overview of the available design criteria. Ck~ the basis of a
limited study the authors c~~~lude that (u*,8*) are the proper
criteria to use. ‘11w rep~ t also ormtains eaie discussion of test
criteria sthen there is a ladc of agrean~~t bebaen the producer and
the consurer regarding the Irior distributj c~. The methods of ncdifving
the prior distribution in view of edditional data or due to changes in
environment are also considered. Phase 111 recamerd~ a different
set of risk criteria, namely PtA) aid 8*, ~~ere P (A) is the un-
conditional probability of acceptanoe. Single em~~le fixed tine
tests are tabulated far b~ sets of criteria {P (A) , 8*) and (P CA) , 8).
Also, plans are given for the sequential a~ roach due to Schafer aid
Singpurwajj~ (1970). ScIme methods of updating the prior diItribitic~aid sare tests to detect abifts in the prior are also given in Phase III.1•

9
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3. ~ I*~ R! ~~ ~~~~RFS II W V

A s~amery of the ia rk z~ ç~c. ted in the tec~mica1 reports entitled

“I~ liability k~ceptar~ e S~~p1ing Plans Msei Upon Prior Distribution-

Part II — Risk ~~iteria aid ‘their Interpretation, Part III — In~1ications

aid DetenmInation of the Prior Distribution, Part lv - Design of l’esting

Plans, aid Part V - Sensitivity ~~~~~~~ 
N is given 1*1CM.

Risk C~ iteria aid Their Interpretation (Part II)

lie definitions aid the nethemetical, physical aid graphical

Interp retati ons of the follCM ing risk criteria are given.

1. The prth.bil ity PtA~0~~~e1) that a .ystaft (lot) with

min.lnun acceptable P~~~ is aoc~~ted.

2. The probability P (R~ 0 — 00) that a system with specified

Ml~~’ is rejected.

3. The prdiability P(hIe ~~~~ that a system ~~ich is of

tu~acoeptab].e reli*hility is accepted.

4. The probability P ( R I 0 ~ 0~) that a system of acoeptable

reliability is rejected.

5. The probability P(0 
~ 01 IA) that the t.?l’~~ of a system

hith has been accepted is less than the mlnlnun acceptable

10



6. The probability P(e ~ ~o IA) that the I’flW of a system whicth

has been accepted is less than the specified ~~~~
7. The probability P (e ~ ~0~R) that the !W~~’ of a system

~*~ich has been rejected is grester than the specified MIW.

8 • The ~~~ sditional probability P CR) that a razdaal y selected

system is rejected .

The interrelationships between the risks are ecplored aid the ~ cact

protection provided to the producer aid the con~ rer by the use of

these risk s is determ ined . The choice of risk ocirbinatio ns that

best reflect the prinury interests of tie producer aid the cone.rer In

varic*is situations of practi cal interest is discussed at length.

Thplications aid Determination of tie Prior Distribution (Par.~ III ) :

This report provides a detailed discussion of the inçlications

of the ecistei~~e of a prior distribution in the contact of reliability

acceptance sapling. Varicue situations under ~âüch such distributions

can arise are described aid their inplicaticre aq)Iorel . ‘the choice

of the f~n~tiona1 form of tie prior distribution aid the estinetion of

parseeter. of this distribution for vernon. types of reliability data

axe discussed. Specifically, the prior for the ecpci~~tial parameter

0 is chosen to be the ~~~~
—
_ parameter inver~~ ~~~~ aid is ~~~~ to be

11
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ed~~iate for aaie observed failure data. Maxinun likelihood estimat ion

of pr ior parameter, is considered when the failure data arise fran

trtu~catad, censored, with rep1aoa~~it aid witluit replacement single

aapl e plans for systems aid lots. A o mpre1~~sive exanpie is in-

cl~~~~ to illustrate the estineticm of prior parameters and their

variaz~~ -~~farianoe matrix when data on the zurber of failures in

fiiasi tine is available.

Design of Testing~ Plans (Part IV)

This 1epu~xt contains numerical aid graphical procedures for the

design of single sample trtn~atad plans for systems and lots. ‘the

gr~~*iica1 procedure has tie edvant~~e that it permits the exploration

of design region to choose between cxmçeting designs under varia.*

practical constraints. Several examples are given to illustrate the

usefulness of tie gra phical method . ‘the numerical procedure can be

used ~~~~ the oontonr r~~~grame for tie grap hical procedure are not

available aid/or an aploration of tie design region is not considered

necessary.

12



Sensitivity Analysis (Part V)

In this report ~ examine the effects of the uncertainties

associated with the prior parameters on the designed plans and the

selected risks . ‘the uncertainty associated with the parameter

esth~ates is quantified by obta ining the joint confidence regions for

the b’~ para meters via siniilaticn. ‘the like lihocxl plots aid contours

of the asynptotic biva riate non~ial density are also examined in an

effort to assess the effect of the uncertainty on the designed plans

aid the risks.

13
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