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ABS~~?C~

This report deals with the definitions, interpretations and

appropriateness of producer ’s and consuTrer’ s risks for the design

of reliability ~~ceptanoe s~tçling plans based upon prior dis-

tribution. ~~~ general approach presented here is applicable to

any failure density and prior distribution. The specific case

when the time to failure has an exponential distribution with
tket~ô. tlietc~parameter Xand ft1~as an inverted garina prior distribution has

been dealt with in detail. The definitions and the math~natica1,

ç~iysical and gra~~ical interpretaticns of the various risks are

discussed and the risks are evaluated fran the viewpoint of their

meaningfulness to the producer and the ~~nsumer . The similarities

and differe~~es bet~~en accentance sanpling and d~ irrnstration, the

im plications behind the cI~ ice of mini.nun acceptable MrBF and

specified t~U’BF, the basic interests of the producer and the

con~ z~~r , and the clx ice of risks that reflect the primary interests

of the producer and the consu~~r for varicxzs situations of practical

interest are discussed .

iv
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1 • INTE~~~ *JCTI~~~

This report deals with the definitions, interpretations and

appropriateness of producer ’s and c~onstzner ’ s risks for the design of

reliability acceptance sançling plans based upon prior distribution. The

general approach presented here is applicable to any fail~~~ density and

prior distribution. For purposes of discussion , Ix,wever, arnsider the

specific case when the tii~~ to failure, t, has an exponential distribution

with parameter 8 , i.e.

f ( t I O )  = 0—
~~. exp (— t / B) , 0 > 0, t ) 0, (1)

and 0 has an inverted ganina prior distribution with paraimeters 
~i 

, A )  i.e.

Ga ’(y ,A)  given by

g(0 ) = 1A • ~~~~~~ exp (—y/0 ) /FX ;  0 ,y ,X  > 0. (2)

fl~ report is divided into L _ sections . The first section ccntaths

the definitions and the math~xiatical, physica] and graphical interpretations

of the various risks. The exact protection provided to the producer and

the ~~sistxrer by the use of these risks is discussed. The risks are inter-

related i.e. a ntr~ rical specification of any pair of producer— x)nst~~ r

risks inplies specific calculable values for other such pairs. These inter-

relationships are analytically and nurerically explored . The seccnd section

x)ntains an evaluation of the risks fran the viewpoint of their meaning-

fu lness to the producer and the ~~nsuzer. 1~~iard this end, the similarities

and differences between acceptance sampling and d~~onstration, the ix~plicatior~s

behind the d~ ioe of 8~ (minizium acceptable tfrBF) and 6 0 (specified 1!rBF) ,

1



the basic interests of the producer and the ~~~~~~~~ and the c~~ice of

a pair of risks that reflects the primary interests of the producer and

the cori~~~~r for various situations of practical interest are disaiseat .

The fol1a~iing quantities are of interest and have been considered in

detail in this report.

1 • ‘1t~~ probability P (Rj 0 = Oo) cx that a system with specified Mr~ ’

is rejected.

2. ‘1t~ probability P (Al e = Oi) = B that a system (lot) with minisrun

acceptable ?.fl’~ ’ is accepted .

3. !L~~ probability P (A(8 
~ 

O~) = ~ that a system w~id~ is of unacceptable

reliability is accepted,

4. The probability P (R J O 
~ 

O~) = & that a system of acceptable reliability

is rejected .

5. The probability P(8 ~ 011A)— ft~ that the ~Yr~~ of a system ~thich has

been accepted is less than the mininun acceptable Mr~’.
6. The probability p (0 

~ 
00 IA) B** that the t.n’~~ of a system ~áiich has been

accepted is less then the specified rvr~’.
7. The probability P(O ~~ O0~R) = u* that the t.11W’ of a system ~thich has been

rejected is greater than the specified 141W.

8 • The probability P (R) that a randomly selected system is rejected.

9. The probability P (9 ~ 0’)  that a-priori, a rand omly selected system

has t.WW ~~ich dues not ecceed 0’.

2 
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10. The pr obability P ( 0 ~ 0’ ~r) that MI’~ ’ does not exceed ~ for a

syst~ n where testing has producel exactly r failures .

11. The ni�an E (01 A) of the 14FBF in the accepted syst8ns.

12. The variance Var (O f  A) of the MTBF in the accepted systa~s.

~~~~~~~~ 

-

~~~~



4~ 2. IN’1~~~~~~’rM’I (}1 CF RISKS

2.] . . Classical Risks (cx, B)

The classical producer’s risk a and constrer ’s ri.~k 13 are defined

as fol lows:

= P ( Rj O  = O~) (3 )

= Probability of rejecting a system wlx se M1’W is equal to

the specified value, 00
= P ( A I 8  = O~)

= Probability of accepting a system whose M1~F is equal to

the rnin.u~un acceptable value.

The (~ 8) risks represent t~~ points on the classical operating

characteris tic (O.C) curve which is a plot of P(A f~~) versus 0. Such

a curie is shown in Fig . 1 for various values of 0 (E~cplanaticn of

other curves in Fig . 1 is given in the sequel). ~11~~se risks do not

provide an explicit control on the probability of acceptance for values

~f 0 other than and 0~. However, P (Al 0) in~~eases ucnotonically

with 0. Hence, if 0 > 0~
, the probabili ty of rejection is less than cz.

If ‘~ 0~~, the probabili ty of acceptance is less than ~~ . The shape of

the O.C. curve governs the degree of protection provided in the indifference

zone between O i and as can be seen fran the P (Al e’~ plot in Figure 1.

4
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4
2.2 Average Risks (~i, )

~
The average risks are defined as follows (Easterling 1970)

= P (R 10 ~
- Probability of rejecting a system with a I4FBF greater than

or equal to the specified value, 00.

= P(Al0 ~ 
0~) (6)

= Probability of accept ing a system with a 141SF less than or

equal to 0
1

Math~natically, the risks may be e~çressed as:

P(R,0 ~ 0 ) 0 P (R I O) g(0) do
P(RI0 ~ 0 ) = 

0 = (7)
0 p (0 

~ 
0~) 9Pg(0) dO

or

P P(RJ 8) g(oJO ~ O~) dO (8)
00

~0~P(A ,0 .
~~ 

01) ~ P (A) f O )g( O ) dO
P (A lO~~ Oi) =

P (O .< Oi) J ‘g(O ) dO
01 

0
or — I P (A f O ) g(e~R E Oi) dO (10)

6



Now let us consider the expression for ~ in ~~uation (8) .  We

know that P (P 9) is a nz~~otonically decreasing function of 0 and

r~ x P(RjO) = P ( R j O

~j c_ ~j 01
o~)

Therefore

I P(RfO) g (Of O ~ 00)dO
.~I P(R100) • g (eIe ~.00)dO00

or ~ ~ P(R 1 0 0 ) = ci (11)
.t

Similarly, since P (Al I i )  is a ncnotonically ixx~reasing ftn~ction of 0 ,

we have fran ~~uation (10) ,

81 01g(8l0 ~ Z O :,)de$ 0f P (A f 01) • g(0~O < 01)dO

or ~ P( A 1 0
1) = 13 

(12)7



Fran~~~iatjona (11) and (12) , a~~~a and L~ 8. The equality

holds if and cn].y if 0 has a Beriuilli distribution With P(O 0~ )

and P (0 = ei) = 1 — w.

A gra~*iica1 representation of these risks is given in Figure 1.

In order to obtain these risks we first get the comlitional dis-
tributicns g1(O)~ g(e~O~~ Oi) aixl g2 (8) ~~q1aLj0 

~~°o~ 
f rang(0) .

T)~~ the curves P (R lO ) . g(0 2) and p (AI e) • g(O~) are obtained from

the P (Ale) and U~ ~~ (0) and g1 (0) curves respectively . The risks

and ~ are the areas w~ er the curves P ( R I O )  • g2 (8) and ~ (A J O) ‘g 1 (0)

respectively, as shown in Figure 1.

8
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The frequency def inition of these risks may be giv~~ as follows.

- 
P(R,0 ~ N~ziter of good systale that irt rejected (13)
P (0 

~ 
0~) Tht al ru.r t,er of goo’-] systate

P (A~9 ~ 
0~) 

= 
Nuiber of bad systes~ that are accepted 

~~~P(O .
~ 

O~ ) Ibtal nu~ter of bad systate

The meaning of ~~~, ~ can also be a~~reciated by consilering the entries
in Table I.

In this table A and R refer to acceptance and rejection decisions

and the c~~naij ’ of 0 has been divided into three regions , e �
01 < 8 00 and e 

~ 
e
~
. ‘the ptthabilities p1, p2. . .p6 are the joint

probabilities for the events as indicated in the table, e.g., p1 is t~~
joint prthabi1ity of acoeptanoe and of~~~>~~0. Thus, ~‘e~ iave

- 
p3 p2

p24p4

l~bte that P (A) , P (0 
~ 
00), ~~ P ~ ~~

. 0~) are not independent events,
and hence the nuierical values of p1 ,p2, . . .p6 cannot be obtained by
sAm~1y knowing P(A) , P( 0 

~ O~) and P(0 .
~~ 

ei).

9
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TA~~E 1

F1~~~~~CY IILLErMTIC*l ~~ SQ’E RISKS

8
0 2 0 o 01 < 0  < 0 0 0

A p1 p5 p2 p1+p2+p5

R p3 p6 p4 p3+p4+p6

+ p3 p5 + p6 p2 + p4 j1
p~ 

= 1

10



The average risks provide the following protection. If the

producer produces a large xunber of systems, then , in the long riz~,

less than ~ percent of the good systems will be rejected . If the

consuirer )~ ys a large nz.m*~er of systate, then, in the long rim, less

than 100 B percent of the bad systems will be accepted. No acplicit

control on the probability of accepta nce is provided at any specific

value of 8 ~kta~ we use tle aver age risk criteria . A gra~~ica1 re-

presentation of these and other risks is shown in Figure 2, and is

discussed in Section 2.7.

11
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2.3 Posterior Risks (ct*, ~*)

The (cz*, 8*) risks are defined as follows (Schick and Drnas, 1972)

= p (O ~ 0~(R) 
(15)

This risk is the long run probability of a rejected system being good.

8* = P(0 ~ 011A) 
(16)

This risk is the long run probability of an accepted system being bad .

In the frequency sense,

= 
Nuther of good systems among the rejected system~s (17)

‘ibtal nt.ither of rejected systems

Ni.irber of bad systems among the acoepted systerts (18)
ibtal nuther of accepted systems

Referring to Table 1, we see that

P(R , 0~~~0 )  p3 
—

0 
=

P (A ,8 ~
p (A) p1+p24p5

Mathematically,

~ P ( R f 0 ) g ( 0 ) ~~t3

a *= P ( O > O  j R) ~~ f~~f ( 0 l R ’ d 9 =  o (19)
0 0

I P ( R ~0 ) g ( 0 )  c~0
0

O iI P (A~~0 ) g ( O ) d 0
~j * P(0~ € 1l 1~i)= J

1
f(O~A)d0= 0 (2 0)

I P (AIO )g(0)dO
b

13
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I~~ (cz~ , 8*) risks are s~~~n graphically in Figure 2 and represent a point

each on the cumulative distribution f~~ctions P(O ~ 0’ jR) and p(0 ~ 8’ IA)
respectively. (Other curves are discussed in Section 2.7)

If the exact nu~t,er of failures r is known, then the posterior

probabilities ~an be xx~ uted as follows

P ( r I O  � O~ ) P (0 �~ 0~ ) P(r ,0 ~ 8~ )
p (0 ? 0 I r )  = (21)

° P (r) P (r)

= 
Nuther of good systems among tk~ se that experience r failures

Nuther of systems that experience r failures.

P ( r I O  ~ 8~ ) P(0 ~ 0~ ) P(r ,0 ~ 0
~ 6 4

) = 
1 (22)1 P (r) P( r)

N’~z~ber of bad systems among tlx se that experie~~e r failures
Nuther of systais that e~çerience r failures.

The quantities ?(0 ~ 60~r) and P(8 ~ 011r) cannot be axiputed without

kr~~ ing the test results and l~~ ce are not suitable as ris~; criteria for

plan i~esign . They are related to cz* and 3~ . Fbr ex~ p1e, if r* denotes

the acceptance nuther (i.e. r ~ r* implies acceptance) then

14
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p

P (AI 0~ 81) . p (8,~O1)
B*= P(O~ 81 IA) =

P (A)

r * P ( r I0~
0l) P (0~ 01)

= E r~r=o E P (r )
r= 0

r~ P ( y ~~O< 0 ) P ( 8~~0 1) P~~~)
P ( r )  £ P ( r )

r=0

or
r * P ( r )
E P(0~ 01 Ir) • r~ (23)

E P ( r )
r=o

Therefore 8* represents a weighted sun of P (0 £ 0~l r ) with weights equal

to the probability of occurrence of r in the accepted systems. A similar

result )x~1ds for a*.

The following relationship. exist beb een (ci*, 8*) ~~ 
(
~, ~

)

P (R (0~ 0 ) P(02 0 )
P(0?0 IR) . (24)0 P R

15
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I

— P (0.?0
(25)

P(R)

Similarly ,
P (0~ 9 )1 (26)

P (A)

I f the prior is fa~~rable (if more pr obability nsss is attached to —

larger values of 0) ,  then P (0 ~ 0 )  > P (R) and P (0 ._< 01) ~~
for a faivrable prior , cz~ > ~ and 8* < ~~. ‘i1~e ina~ualities will be

reversed if the prior is unfa’~~rab1e to the oorsuisr . The risks provide

the following protection. If the producer produces a large nuiber of

systems then, in tie long r~m, less than 100 u~ percent of the rejected

systems will be good. If the ocnstmsr buys a large nuTtn~tr of systems

then, in the long run , less than 100 8 * percent of the accepted systems

will be bed. No explicit control is provided on tie probability of

acceptance for any specific value of 0 .

16
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2.4 Probability of Rejection P (R)

This is a single nuther given by (Schafe r 1973)

P (R) = I P (Rf 0) g (0) dO (27)
0

or

P (R) = 1 — P (A) = 1 — I P (A I O )  g(0) dO (26)

Note that the integrati on is aver the entire range of 0 and specification

of 0 , which is usually specified in conjunction with a producer’s risk ,

is unnecessary.

In the frequency sense we have

~ (R) ‘Ibtal nuther of systems rejected
‘ibtal n’uber of systems tested

For the producer this cri terion implies that , in the long run , less than

(100 ) ‘P(R) percent of the systems will be reject ed .

17
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2.5 Alternate Posterior consumer ’s risk 8~~
~~ define a n~~ risk associat d with tie posterior distribution of 0

as follows

00
= P(0 ~ 00(A) = I f(0~A) dO (29)

or

0
/ °P(A19) g(o) dO

= (30)
fP (AI 0) g(O ) dO
0

This risk gives the long z~~ probability of the accepted product
having a 0 below the specified MIBF 00.

2 ,6 I nta of f (OJA )

f (0 A) represen ts the distribution of 0 in the accepted lots and its
numents are of interest to the ~~nsuisr in deteEnining the t~r~ in
such lots.

~~ ~th nument of f(e~A) is given by

E(0~(A ) = f O~f(0jA)de (31)
0

18
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4

For exponential failure distribution and inverted genime prior given

by

g(0) = . ~~~~~ e~
’0 , y, X , 0 > 0 (32)

r~uments up to n = [A] exist and are given by

r * ( T ) r ( •~f A
C( O~ IA) = ~ 

r (r÷ A—n ) T+y T+y (T4~y)

r=0 r ’( A ) r (r+1) P (A)

where T and r * are the test time and acceptance number respectively .

Pr~ n Equation (33) , the mean and variance of C O l A) can be easily

catpited.

/

4
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2. 7 Sequence of Risk Definitions

Figure 2 on page 10 is a gra~~ical representation of various operating

cha racteristic and other curves as they arise in going fran the ~~linitted

systems to the accepted and rejected systems. The plot of g (0) in (a)

represents the prior distribution of 0, an inverted gama with y = 250 ,

and A = 3. Systems with this g (0) are su1~snitted to a testing plan T = 9500 h urs

or T* = T/80 = 9.5 and r* = 13 in (b) . For illustration pirposes, the

plan has been designed for a discrimination ratio O~/8~ ~ 2 , and risks

ci = = 0.10. The classical O.C. curve in (c) represents the probability

of accepta nce for various valu&:s of 0 . ‘the risks a = 0.10 and 8 0.10

correspond to the values 00 = 100 and 01 50 respectively. The n~~ ifie1

O.C . curves in Cd) and Ce) are the plots of P (RIO ? 0’) and P (Ale < 0’),

respectively , for various values of 0’ . For the exanpl e being consi~iered ,

the ordinate in (d) at 0’ = 00 = 100 is a. Similarly , the ordinate in (e)

at 0’ = = 50 is B. Plots in (f) and (9) are tie posterior density

and the cuiulative posterior distr ibution of 0 conditional on accepta nce.

Similarly, the plots in (h) and . (i) represent the posterior density and

the culTulative posterior distrilxition of 0 conditional on rejecti on. ‘Ite

Bayesian risk $* is tie ordinate in (g) at 0’ = 01 = 50. ‘I’he risk cx* is

tie ordinate in Ci) at 0’ — 00 — 100.

20
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3. NtlERICAL E~Q~bU’LES

Exasple 1:

The different risks are first ocWuted for the case where 0 has a

aernoulli distribution , i.e. for the case of a tw point prior given by

1 —

The sequence in which the risks are defined is sluvn in Fig. 3. If cx

and 8 are specified, then it is easy to see that

-

a
P (A) - ~ (l—a) + ( l — i r ) 8

i~~ + (1—v ) (1— 8)

and

ncx + ( 1 — u )  ( 1— (3 )

and

~~~~~ 
8 ( 1 — n )

n ( 1 — c x ) + ( l — n ) B

21
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Let us consider t~~ cases, one when the prior distribution of ~
indicates a l~~ probability of 00 and tie second when tie prob-

ability of 0 being good is high.

Case 1:

Let i~~-~ 0 ,2 , u=8= 0 . 1 .  Then ,

= ~ 0.1 , a *= 0 . 0 3 , ~~*= 0.307, P(A)= .26 ,

P(R)= 0.74

Case 2:

Let ~i= 0.8, ci=B= 0.1. Then ,

B 0.1, cL* .307 , 8~= 0.03, P (A)= .74 ,

P(R)= 0.26

This exan~ 1e clearly sk~~ s that any risk may be expressed as a non-

linear function of a pair of consuier-producer risks and the prior dis-

tribution g (0) . In this exarple the functional relationship is explicit.

In general the relationship may be nonlinear and inplicit. Fran the

results obta ined above , for a good prior cx* � ~, 8* B and for a poor

prior ci~ ~ ~, 8* ~ B. It s~~uld be further observed that if the acceptance

probability for 0 = 01 is 0.1, it thes not inply that the probability that

tie accepted lots have 0 = 01 is 0.]. . The questions of a prope r c~oice

of proó.ace r’ s and oonsuner ’ s risks is, therefore , inçorta nt.

23
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~ canp1e 2:

The case of a continu.c*is prior distr ibution is considered in this

exarple. Time to failure is taken to be exponentially distributed and

~ is ass~r~~1 to have an inverted ganma prior of density. Equation (32) .

The expressions for various risks cannot be solved explicitly and, hence

ni.r~ rica l integration is used to oatçute the risks. The fol1c~dng t~~
cases are consklered.

Case 1: ‘
~~~~ 

50 , 00= 100 , y= 150, A=~ 3.

These values indIcate that the prior is concentrated toward lc~
~ values

Case 2: & i= 50 , 
~o

= 100, y= 900 , A= 7.

These values indicate that the prior is concentrated toward high

0 values.

For specified a and 8, tie risks , L cz*, 8*, 8** and P (A) are obta ined
Iran the relationships given earlier. A listing of the various risks for

various ~~rbinations of C’ and 8 is given in Table 2 for the data in Case 1

and in Table 3 for the data in Case 2. The designed values of T and r*

are also given in these Tables.
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Tbe following observations may be made fran the results in Tables 2

and 3.

(a) In all cases , & < tx and ~ < 8.

(b) It is alnost always true that :

For Case 1 (unfavorable prior) ~~ ~ ap4 8* > B,

Fbr Case 2 (favorable prior) ct* > ~ ~~-c~ ~~ B .

(c) ~L1x~ nti~~rical values of the risks are considerably influenced

by tbe paraneters of the prior distributions, the maxirmxn

relative change being indicated in ct~ arid 8*, as should b~

—5
(d) The following thservations may be made regarding tbe nonlinear

iiTplicit relationship between the risks.

(i) For a given prior , and a~ are influenced nvre by changes

in ~ than by changes in 8. Similarly B and 8~ are influenced

nore by changes in 8 than by changes in a. P(A) and 8**

appear approximately equally affected by t~anges in 3 and 8.

(ii) The relationship is nonnonotonic i.e. tbe sane change in Cz

and 8 may, depending upon tha prior , lead to an increase or a

decrease in other risks. This point is also clear fran the

values in the following table.

3 0 3*

Case l Case 2

0.20 0.20 0. 02883 0.46397

0.15 0.02912 0.44416
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4. CI~)I~~ (1’~ RISK CRITERIA

~~ risk criteria defined earlier are now evaluated fran the

vie~çoint of their meaningfulness to the const~ner and the pro—

duoer . The meaningfulness depends upon the kind of protection

desired by the producer arid the constiner in a given situation.

~~ first define the primary interests of the producer and the

conss.xner for a situation we have considered all along, namely,

the producer produces a large n~.mther of systmre which the

con~ .iner ~ cpects to buy arid a prior exists, which has been agreed

upon by both. We subsequently consider selection of risks in

other situations that may arise in practice .

At this point it is utçortant to distinguish between

acceptance s~~~1irq arid reliability d~xinstraticri. ~cceptarce

san~ linq deals with a sequence of production lots or systans and

interest centers on devising a satisfactory sa~~1ing plan to

ma)r.e accept/reject decisions regarding each lot or systan. In

reliability d~~onstration, generally, only one systan or lot is

available with the provision that if satisfactory reliability

is de~cnstratad, similar future lots or systans will be mar~ifactur&

and accepted subject ~~ acceptar~~ s~~pling plans. A d~~onstratict~
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or qualification test is conducted to d~~~de whether the systan

has the desired reliability and to make a go/no-go decision on

production. An acceptance sampling test merely concerns the

acceptance or rejection of a aibetitted systøn (or lot) or the

production process. Consequently , a d~~rmstration test will require

rzore extensive testing (per systan) arid atialler nunerical values

of risks cccpared to acceptance sampling.

4.1 Basic L~terests of the Producer and the Consi.nner

Let us consider the individual Interests of the producer and

the ~~~~s.mer .

The producer is primarily interested in getting the product

accepted i.e. in the total prthability of acceptance P (A), the

corresponding risk being P (R) . Once a satisfactory P (A) is cbtair~ 3,

the values of CL , Ct~ 3~ may, in many cases, be of secondary importance

to the producer arid he ~~.ald liJ e a plan that en~ ires maxinun pro-

bability of acceptance . 1bi~ ver , with recently imposed cceprehensive

warranty agre~nents in many goverrmant procurøsents, the producer

may be concerned about poor cp~ality equipi~~ t being accepted because

werranty repair arid field !.frRF guarantee cam~itn~ents can be~~~e

very costly. Furthen~ore, DW as a consiiner sluild be willing to
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$
protect the producer who meets specifications, or to keep a 1C~%’

rejection rate on that part of production which meets tJx’~ spec 1-

fications . E x D  shc*ild not be disturbed by rejection of large

percentages of material belcM specifications. The risk ci cancer-

trates on that material which meets specification and deserves

protection. If the plan guarantees ~, the producer has an inct r tivc~
to keep p (0 2 & high in order to keep P (A) high. These cor~-

siderations tend to indicate that the risk ~ could be of nore

interest to the producer than the risk P (R) .

The consuner will use the produc t that has been accepted ar~1

his main concern is to ensure that the accepted product contains

a mininun ~w,unt of bed product , i.e. the cor~si~ier is pr~it~rily

interested in the distribution of ~ in the accepted product , ~~:
-
~:

~~ild like to control f (0 $A) . The consut~ r is not satisfied with

sii~~ly limiting the probability of acceptance of bad product.

ex~ r~ le, if the ex~tire production is bad , and if the cons~rer accepts

5% of the bed product under a given plan (e.g., = 0.05) , then

the consuner has 100% bed product at hand . In thi.s sense , ~ and

do not reflect the consu mer ’s interest adequately whereas ~~* does.

Ideally, the consumer ~~uld like to control the entire curve f ~ ~A)

(see Figure 2).  ~k~ ever , ~~ch a specification is not practical .

iI~~~ consumer may then c)x,ose one of the foU~~ing specifications

which control one or b~ points on the curulative density function

of 0~A.
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Specification 1 CS1) The con&xner specifies a single value and

is cciipletely satisfied if an accepted systøn

has 0 
~l• The consumer ’s risk is

pce 01~A) 0*.

Specification 2 CS2) ‘1~~ consumer specif ies 01? 0o arid the associated

prcbabilitieso f 0 < O
1
a n d O < 00 in the

accepted systems. ~~ app~opriate risks are

P(0 < 011A) =8* ar id P (0 < 00 1A) = 8**.

Specification 3 CS3) ~~~ oonsu~~ specifies 01, 0~ arKi the prob-

ability of 0 < in the accepted systans.

He is, ~~~ever , also interested in sane)x w

er suring that 0 in the accepted systems is not

widuly waighted t~~~rds 01, but is unwilling to

quantify it through B~~. The oon~~ier ’s risk

is P (0 < 011A) =8*.

It sha~ild be noted that even if the consix~.r cc*t~ lete1y specifies

f (0 j A) or P (0<0 ’ IA) for a given g (0) ,  P CR) can still be independently

specified. H~~ever , specification of f (OJA ), g(0), P (R) may not be

cczpatible and/or may leed to a difficult to realize P(0 IA) , resulting

in the nat—existence of a test plan. ~~~ approad~~a sugge ;ted above

V(~n(at ~1exibility in obtainthr~ the p).an witheut unduly con~t-r~ in ing the

consi~er ‘ s inte rest.

4 • 2 CI~ ice of Risks for Various Practical Situations

The following cases may occur in practice.

Case 1. 1~~ producer produces a large number of systems and

the consumer bays a large number of systems. This

case is denoted by PLCL.
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Case 2. The producer produces a large number of systems and a

specific consumer bays a amall number of systems

(PLCs).

Case 3. A specific producer produces ai~l1 rumb er of systems

arid the consumer bays large number of systems (fran

different producers) . This case is denoted by PSCJJ •
Case 4 • Producer produces ~ms1l number of systems ar id the

consumer bays emell rumber of systems (P
sCs).

Fbr each of these four cases, the following possibilities exist

regardix~ g(0) .

1. A prior exists arid is agreed to by the producer and the

consumer.

2. The producer has a prior. ~~ consumer does not agree

with it arid has no prior of his ~~n.

3. The consumer has a prior. The producer does not agree

with it arid has no prior of his ~~n.

4. Producer arid consumer have different priors.

In D~~ applications , Case 1 is more likely to occur . }~~ever ,

for the sake of ocz~p1eteness, ~ will consider all four cases.

It is eaggested that every effort should be made to obtain a
pri~ er agreed upon prior either fran the past data and/or fran the
data ~~~smr1atad during testing. If a prior does rot exist, there

is no choice bat to use the classical risks (a ,B) .

4.2.1 Case 1: PLCL

~~~ Ezo~ z,er produces large rutter of systems and the consumer
bays large rur~~ of syst~ m.
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a. If g(e) is eafficiently weU-~Qx wn arid agreed to by both,

4 then the a .i~~.iate risks for the three specifications

of the consumer are:

S1: (P(R) , 0*)

S2 : {P(R) , (0* 8**) }

S3: {~ , B~}

b. Sametiames t~~ producer may have a prior distribution which

assigns a large weight to values of 0 > O
~
. The consumer

may be urs~illing to eoo~~t this prior bat has no prior of

his~~~n. If he usesarisk 8* with this prior, he has an

uncanfortably large prol*bility of accepting systems with

o < e~, i.e. ~~~>> B~. ~~ does L~~L share the producer

view regarding the email chance that such values of 0 will

be encountered. The consumer prefers to be protected in

the classical sense by limiti ng P(AI0 = ei) 8 (Blumenthal ,

1973) .With this criterion, he may have considerable bed

product at hand if most of the systems tested have a poor 0.

‘fl~ test should , therefore , be supplemented by requiring

a review of the manufacturer’s process if too many systems

are rejected.

‘11w producer believes in his prior arid chooses either ~ or

P (R) . This the ak.u~.~~ iate criteria for this situetiort seen

tobe  

{P(R ) ,  81

S2: {P(R), 8)

$3: (
~ ,8 )  -
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c. If the consu~~ has a prior arid the producer does rOt,

then with arguments similar to abc*re, the appropriate

criteria are

Si: {cz , 8*)

S2: {e,(B*,8**))

S3 : {ci, 8*)

d. If both believe in different priors, the appropriate risk

criteria are:

S1: {P(R), 8*)

S2 : f P (R) , ($* ,8**)}

S3: {& , 8*)

with the producer ’s arid the consumer ’s risks evaluated with respect to

their ~~n priors.

~~~ eaggestel risk ccmtinations for the four cases for each of the

specifications S1, S2, arid $3 are ezsnarized in Tables 4, 5 and 6 , re-

spectively.

4.2.2 Case 2: PLCS

~~~ producer produces large ruiter of systems. An individual con-

sumer bays snail (say one) fluTter of systems.

~~~ prior is sufficiently well-)~~~n aal agreed to by both.

Clearly the producer is satisfied with ~~ . ~~~ consumer is prlxnarUy

interested in kna~ing if the specific system he intends to buy is good

or bed • Given a choice bet,~een ~ arid 8, the consumer ~~u1d choose ~
since 1* ,culd Like to limit

max P {AIOEIO ,81)} = P(A10 1) = B
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TABLE 4

SUa ESm RISK ~~ lBII~ TIct~S ~~R SP~~IFICATI~ 4 S1

PLCL PLCS PSCz,

Prior CC~pt~~1 * *By ~~th [P (R),8 ] [P(R) ,~] [ct ,8 ] [c~,B] .

f - . 1

Producer Has
Prior, ConsuTcr (P (R) ,B] (P (R) , t ~] ~~~~~es Not

Constzr~r ~~s Prior * *Producer Does Ibt (i~,~3 J [ci ,BJ [c~,8 I

_________+___

‘Diufe Priors [P(R),8] [ci,8 ]

35

4



1’
TABLE S

S GGE~~I~D RISK C(IIBINATIWS FVR SPEX IFICATIc~J S2

PLCL PLCS ~S~L

Prior ~ccepta1 
* ** — * **By ~~th [P(R),(8,B ) J  [ct,8J (ct ,U3 ,B ) ]

Producer Has —Prior , Consumer EP (R) ,BJ (a,B) (z,BI
I~ es Pbt

* ** * **
Consumer Has Prior, (c~, ( 8 ,(3 ) )  (c~,B] [c~,U ~ ,( ) J  [ cz , J
Producer Does ?tt

Both Have * ** — * **Different Priors (P (R),(8 .8 ) I  (a , 8J [a , ( ~ ,B ) ]  [a , . J
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TABLE 6

SUGQ’SrED RISK CQ4BI?~~TICVS FOR SP~tIFICATION S3

PLCL PLCS PSCL PSCS

— * — *Prior Accepted [ct ,B I 1ct ,~~ [ ct ,B ) [c1,B J
By Both

Producer Has
Prior , Consumer [x ,81 (& ,B) (u , 8J (ct ,B~
loes ~bt

* *Consumer Has Prior, [c *,8 ] [a , 8]  [cz ,8 1 [a ,8]
Producer Does ~~t

— * — *
Both Have [c*,8 J [a , i~J [cz ,B I (ct ,8J
Different Priors
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N~~ cxr~sider the choice between B arid 8*. This is rather

difficult to make. The set of acoeptad systems may conta in a single

0 , say 0’ arid f (O IA) is really a degenerate distribution at 0’ . It,

therefore, appears that the consumer ~~ ald be mainly interested in

sm~~ling fra n f (t 8’) and protect himaelf by choosing the classical

risk 8. I~~~ ver, if g(O ) is well—3~~~n it seems reasonable to use

g(0) for a single decision arid behave as a Bayesian, in which case 8~

s~uild be an acceptable risk. In our context, we do rvt consider this

vie~çoint arid suggest the use of B.

~~ tj~ee other situations regarding prior can be similarly dealt

with for specifications S1, S2, S3, arid the suggested risk cambinations

are given in Tables 4 , 5 and 6, respectively.

4.2.3 Case 3: PSCL

~~~ discussion is similar to Case 2 arid the results are given in

Tables 4, 5 arid 6.

4.2.4 Case 4: ~S~S

Producer produces one system arid the consumer may bay it • g (0)

does rot exist in the fregue~ y sense arid can only be interpreted as

a degree of belief distribation . It is In this case that Bayesian arid

classical vi~~points differ. The formar will suggest (~ ,B*) or (P (R) ,S*)

risks while the latter will dictate (a • 8) risks. Consistent with our

earlier ca~~ flt s, we stay with the later risks. Various r isk ocinbina-

tiona for this case are wnarized in Tables 4 , 5 arid 6.
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5. Concleding ~~merks

In the preceding sections we have given the definitions, inter-

pretations arid interrelationships of the various risk oczrbinations

that arise due to the existence of a prior distribation on 0. A

detailed discussion on the choice of risk criteria is presented in

Section 4 • In Subsection 4.2 we have suggested various risks criteria

that may be appropriate for use in the design of plans under several

situations. The arguments erployul for suggesting these risks may rot

hold true in scame situations azid caution stua ld be eployed in using

the criteria suggested in Tables 4 , 5 arid 6. The ultimate choice of

risks to be used In a given situation will have to be deternth~~ on

the basis of the particular needs of the producer arid the consumer.
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