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1. Dn~~~L’rIa4

~~~sider a aeq~~~oe of electronic oaçonents having an e3çc*~~1tial

failure ~~eity given by f (tI I) — e~~ e~ç (—t/e) ; t ~ 0, e > 0.

IXe to tie inherent variability in the production process, the mean tine

to failure e , which characterizes each ~~~~~~~~ will differ fran

to ~~~ onent. For eaea production processes, the variation in

o may be so eeall as to be practically negligible aid all caçcr~~ts may

be as.uead to have a constant O. Other processes may e~ththit a sl~ ily

drifting tadency such that ~~~ onenta produced closer together in tine

have the ama. 0 i*ere as Qc~~onents produced farther apart in thea have

different v.-lus. of 0. In a very general setting, the eeq~~~ e
i~~ l,2,...cen be considered to farm a correlated tine series with

possible non—.tatiaiarity and seasonality aid nust be conathed as ate
realization of tie underlying stochastic process far 8. Qe erth
ec~ie~ e of 0’ s is thas ’~ in Figure 1. 1. In this report, k~~~ver, ~e will

only consider tie case of i depe~.i~~t bat varyi ng 8’s.
At thi, point, it is necessary to distinguish between a conp*~~t, a

system and a lot In tie contact of r~llaillity. A caçonent is a de~rlee
which is r~ t r~~ irM ~çcn failure such as a light bil.b or a v~~~~ n t~~e.
A system consist, of a large zunber of cazponents aid we asaire that upon

t failure, can be repaixul to be as good as n~~. A lot consists of a large
number of oa~ cnents. Ususily car~~nents produced within a certain thea
span are gratçsd together In a lot.

we discus. ~~ types of scdels for describing variations In 8. - 
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ii!lS P~~2l.atiCZ-t Hsto~ 4eneity P~~ej

~~ 
(a) 1Cr the case of a sy5~~~, in this ivodel, 8 is considered to be a

raid~~ variable with a fr~~aezcy distribution g (0) aid successive

sy~~~~ have different, constant, but wz~axzm, 8~, i — 1,2, . . .

dram Iidsper~~~tly frun g(e) .

(b) 1Cr tie case of a lot, it is assuzed that all the ~ 7’~~s~~ ts

constituting a lot have Identical values of 0 • Differen t lots

are taken to have different ei, i — l,2,...drawn izdspedently

frrmg(e) as illustrated In Figure l.2.

1.2. ~~~~~~~~~~~ ~~~~~~~~~~~ bbd.l

(a) 1Cr the case Cf a ]ot,the ocIv,~wrients In sech Iidiv4nual lot have

different 
~~~~~~ 

i — l,2,...drawn indepedently frung(e) . ‘lie lots
~~ are ase.aned to have identical g(e) . This case is illustrated in

Fig. 1.3.

~b) A geeralization ef 1.2 (a) is t om~~~differen t g(e) fcrdifferent

I
Briefly, popalation heterogenaity i’~~el a.ezeas that each popalation

(lot or a system) is ~~eneu as within itself with a constant

ad d’ s for different - popa]aticte can be dae~~ibed by a prohiMUty

density function g (0) • Individual )eterogeneity nodel ass~~ s that

d~ popalation has a distrthation of individual O s  given by g (0) .
• In sitter case, ~ is considered to be a rardan variable with a

distribution g Ce) Call*! tie prior distribution or tie caçci~ading

3 
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In this report ~~ first ~~~ ine tie leplications of caeidering
- - - - 0 as a ranika variabla on ~~~ aspects of r~ 1 4ab4 lity analysis . ~ ieci—

ficsfly, th. effect of tie pcpalation hatac~~a.aity ~~del on acceptance
a~~~1ing aid the effect of iidiv4Aii1 hsta .qeneity nmdel on failure
distribution, accspte~ s .ea~flng, bxn-In ad system rmliablltty axe
caeidered . The ds~~~~~iat1a~ of tie f~a~ ticre1 fcma of g(O) aid the

[ rss~~~. behind a ~~scif Ic cbuios of izwsrtsd 
~~~~~~~~~ prior density are

diso’ui r’ i~~ct. P~ thi*~ fcc determining the prior par.ieters based

upon data c~tainsd frun athgla ~~~l. thm~~tid, censored, with re-
plaoea.nt aid witl~~zt rsp ieml.J acceptance ~~~ 1Ing plans for ,yutaie
aid lots are given. A detailed analysis of s~~~ cta&~vE1 failure data
is prs.entsd to illustrate tie i&w... of obtaining the prior d eity

~~r-~~~s.

6
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• 2. 9U’~ DWLI~~TIrJ.S Cr PRI~~ IN ~~LTh3fl I’W

In this section ~~ consider I~~ s~~~ of tie reliability analyses are
V influenced by treating e as a rw~~~ varithl.e Instead of a fixed but un-

~~~m constant.

2. 1. P~~~~ation JIe t*rogseity )~del - 

-

Aoamp tanae S~~~Ung and Desonstra tion: .

In relI~~i1ity acospta~ s sapling, ~~ are concerned with raking

V accept/reject decisions regarding a aequ e of lots or sys~~i. on tie

basis of data a~ jact to ran~~n fluctuation.. A definite neesure of

los, i~ associated with each of the b~ decisions when they are inep-

pn~~ iately taken. Finally, each lot is sentenced on its ~~~ r a nt  witk~~at

regard to dec4~ions taken about other lots, i.e. tie sequence 9~, i — 1,2,...

is considered to be an independent aeq~xe~ e. In reliability Li~wwistratlcn,

one is pr~~ xily cos~~~~ed with determining whether tie single system or lot

s~~~itted for testing seats the specified reliability requirements aid tie

concept of a s~~~~~e of lots is not necessary.

In the context of ac~~~ta~ce sapling and dacnstraticn, g(~) ray be

interpreted a. a frequency distribution or as a degree of belief distribut ion.

The ~~~ interpretation. lead to philoeo~1~icelly different reeilts. A v~~
halef diwi~sion of the ~~ ints ~tatiai. is given bslctv. ~~ a detailed
diecussicn, the r,i½r is referred to Bernett (1973, .

7
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P,’equ.n~y Interpretation:

lee classical acceptance sapling plans du not pr~~er1y consider the

relative frequencies with which different values of e occur . This dis-

advantage can be reioved by incorporating g C e) in tie design of ~~~eptanoe

sapling plans. As an exaple consider the design of single saple tr~~cated —

plan for a system. A system is put on a life test of duration T azd if tie

observed n~iitiar of failures r is ‘ass than~or equal to the acceptance

n~i~ er r the systen is aooept ed; otherwise, it is rejected. T aid r* ~~~~~~~~~
•

determined by ll*ting the risk, of wrong decisions to ~ aid ~ i.e.

pzodncer’s risk,P(Rje—e0)~~~~and consuner’s nisk P(A (e—e1)~~~8,wbere

e0 is the specified value of 0, tie inirtinun acceptable value of e, aid

A and R denote acceptance ad rejection respectively.

This approach dues not take into ac~~ant any prior info~~ticn avail-

able regarding e. ~br exuple, if it is Jcn,e~ a priori that P(G — 81—ie) — 1.

then all syste. should be rejected. }k~ever, the classical (e,B) plan will
accept 100 BO of tie systame. A solution i~ to redefize tie risk criteria
using g(I). As an exaple consider:

Pro~~ er’s Risk, P (R) — IP (R 1e) g(e) dl

ad ~1 -

fP (A~e) g(O) dl
Q~nmaRr 1s Risk, P (e~I1IA) — °

P (A)

— 
Nurixr Ot acoep~ed s~ystems with 8 ~ 81 — ~~~ (2N~rbe~ ~~ ~ocepted systsoe

:

V 
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lie risk. P (R) ad B~ are defined in tie long r~m average sense giving due
- vei4~t to tie frequency of ocourrence of 0. In this case if P (e~e1) = 1,

- 

- then P(0~e1$ )  — 1 and for any specification of (P (R) ,8*) , a test plan dues
- 

not exist. Simi larly if P (0c01) ~ $* tixe~ P (e~e1IA) c 0* and all tie
V 

~~~~~~~ are accepted witbuut testing.

Degr e, of Belief Interpreta tion: 
V

~~~ Lth system w~ er ~~~aptanos test , The system has I —

which is an n~lu~~e~ bat fixed constant, In the Bayesian fon~ilaticn,
Infon*tjon regarding 1~ ray be quantified by the ~~bjactive prior

- 
g (0~). If the only available infon~ tion is tMt 8~ is indepe~dently

- 

dra~rm fran g (9) where g (0) is tie prior distribution bead on a frequency
intax r.tat jcn, then g(9i) g(8) . I~~~ver, in general, g(e~) fi g(e).
In fact the notion of g(0) as a frequency distriba ti~n is diepenemble
aid one may u.s a conjugate pri~~ to ~~~~~~~~ g

If the system is put on a life test aid the failure th~ s t1, t2...t~
are observed, then

nf ( t1, t2...t~I0~) 4 ~~€p (~~ !t/O
i ) (3)

- ~—--—-——•— — 
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lien regarded — a f~mat.ion of it ii I~~m tie 1iJms1iI~od fimotion

of aid ~~%taim all inf~~~ ticn zegarling i~ ocntaised in tie saple

i.e.

( 1~~~ft i) (4)

Using Bayes’ theorem, tie posterior distribution of 0~ gi~~i tie data

is

& ( Ot I t ~~. . .t )~~~ g(Ø i)
g(l t1...t ~). 

- (5)
f(t1...t ~)

If is an ln~~~ted gaira distribaticn with pareseters (y,A), i.e.

q(,i)11. 
~~~~~~~~~ 

i~
(7i

~
+1) ,,v,i.i 

, 
(6)

tien f(t1...t ~ )su J ~j f(~~ t~~J b ~~) q(gi) dI~

Zt 4y)~~~

30
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~V_Vfl___•~~~ -

( I t + v) ’~~ -

g(e t1... t~)— e (8)
P

~~uation (8) represent. tie density of an Inverted gaira distribution, i.e.
‘~. Ga’ (Ztj+~~ nil) .

The destge of a sapling plan can be &~~ -,4ialsd by ca~pating a~~~cj~ iate
posterior risks or by minimizing a suitable cost f~.v~ction using tie

posterior dmn.ity.

Diff erence, in the 2’&v Approcz,hea:

lee ab~~e b~ approaches are philosophically different. The first

apicys 9(0) to define long nm a~~ aga risks aid is meaningtfl only

whila dealing with a large .s~aence of systate or lots (acceptance

sapling) , ‘lie .eac~d considers the prior as a aibjectivs distribution
aid tie ~~~ osth is nesningful In a Bay sian sense wtetl~~ ore is

~~~1thg with a single sy.~~~ (demcmstraticn) or a ssqua~ e of systems

— sap~~~~ .

11
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I

2.2 Individual Heterogseity Itidel

Fai2wte P(.4.t~~buaojt:

~~~~ tie assuiption of individual heterogeneity, a lot consists

of ccmpcz~ent. with different i — l,2,...drai~n independently fron g(e) .

If a ~‘cmpcnsnt is ran&snly selected frc*n this l.t, its life tine dis-

tribution f(t) is

f(t) — f f( t le)  g(e ) do ( 9)
I

Assusing an e~çorential conditional failure density aid Ga’ (y .7’) prior,

have

f Ct) — ~~! e~~’~ j~~
.j. 6 ~~~~ e~~”0dOa ~~7’ 

+ ; t )  0 (10)
e e

i.e. t ’~ Pareto (y,l) . Hence the observed lifetinms t1, t2... will fr.iiu

indepsdent sap]... fran Pareto (y,l) distributions.

Sa~ prtçerties of f(t) in Equation (10) are:

E(t) — y/(~—l), 7’ > 1 (1.1)

Var (t)a kY 2/(l —1) 2 (7’—2) ; 7’ > 2 (12)

R(t) — ç4)7’ (13)

h (t) — 7 ’/t y+t) (1 4)

12 
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V

V ibta that Pareto has a decreasing hazard rate whereas e~çaential has

a constant hazard rats.

- 
- 11’sa.s, if the individual heterogeneity ~ xiel applies, tie acceptance

.anpling plans ~~aa1d be based upon tie Par eto dist ribution ra tl~~ than
the exponential d tribation.

&~kn-~n

If c,~içonsnts fran a hetero~~eoue lot are put on a barn-in test of

duration T, the weak individuals (ociipci~~ ts with anal]. 0) will be

eliminated and tie population hazard rate will dea~ease. Specifically,

fran ~~~~. (14) , h(O) - aid h (T) — A/ (y4’P). With individual hetero-

geneity, bzn-in will in~~o’ve reliability. Pbr the case of population

heterogeeity, burn-in has no desirable effect.

Let us st~~oee that tie ~~ ponenta are required to meet a rel4ability

requirenent R for a mission tine T1. Tie necessary b.~rn-in tine ney be

cxixpated as follows:
R(T+T1)

R(14.T11t > 
T) — _ _ _ _ _ _  — — 1~ (15)

R(T) 1 -

_ _ _ _ _  

(Y4’r1)
Hence Ta 1r~~ (16)

1~~ R
1
~
’

lie expected fraction of parts 1~.t during burn-in is

13 1
—



Optinun burn-in tine can be determined on tie basi, of cost consider-

ations, lie cost node]. will Include tie cost of burn-in (use of burn-in

facility aid th. cost of c~’~xinents lost) and tie savings dus to in-

creased population reliability.

Sy~~em ReZ~a.b.U.A.t~:

Consider the case of n ~~~Tpa~~ lts in neries. The system is w~-

sixoessful if any ore of the ~~~~nents fails. tkder tie usual exponential

assuiption tie system reliability is:

ii n
R,-(t) — U R~(t) = U e t’

~ a e”~~ ’0 (17)
i—l i—i

However , for the cage of population hatarcqunsity, with an

in~~~~~ -~~~~~~~~~~~ for 8, tie systen r.l4a~i1ity is given by

R1(t) — (e ) — ( y~~t) (18)

For the case of individual heterogeneity, the system reliability is

n n A
R3 (t) — n R~(t) — U (

~~~~~~
) — (

~3~
)
~ (19)

ilil iai

If there are N different types of cosco~~~ts aid there are flj  ocePci~~ts

of the ~th type tien

N ~R (t) a. U (  ~~) (20)
- ii.] ~j ”

14 
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1*
i

- - - iMr. Yj and A~ are the psremeters of the distribation of 8 for the ith
type of caiçonsnt.

For a parallel system, system failure oo~~rs if aid cnly if all.
c ents fail. &~uatians corr e~~~xtthg to (17) , (18) , (19) and (20)
are given by tie following Equations (21) , (22) , (23) ad (24) re~~~ tive1y

— 1 - U (1 — R~(t)) 1 —  (].,.~~~ fI )fl (~].~

R (t) — 1 - (1 — (_L..)~~~, (22)
$ .v+t

- N A n
(V % ( t) a — 

~~~~~~~~~~ 

— _ _ _ _  I 
(23)

Similar ex~~suions may be obtained for other type. of sys~~~s.

I
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3. i~ a~iuW~ATICN ‘~~~ P~~0R ~~~ rlY

lie d~ ic, of tie fix~ctIcna1 form and psranater values of tie prior

da~isity is critiosi since a ~~~~ ct~ ice of prior will seriously vitiate

etiss~ent enslysis. Iz’foxaition regarding the freq~ency distributicn
g(I) may be available fros the following sources.

Fie34 (14.raticnal) failur e data

Fail ur, data fran previous acceptance tests.

Failure data on si~4 lar ~~~ onents or sys~~~
Si~ jective evaluation beesi ~~on a Ja~~ 1adge of system i~.tji,

failure data fran desi,~~ deve1~~~~ t, prsdictia~, .e~.ent aid

‘ wetration ~ iesss eto.

S~~~activa in~~~~ tion regarding ti* freqtancy distrthution g(O) may be

quentifi.d using the ‘betting odds’ ~~~~~~~ Alternately, if tie ~~nn of

the prior dseity is b~sai, tie per~~ te~ valuss y be ‘gtz~~i’.
lie ~~~b1em of xice1 daL~.r.I,”ation of prior is a~~~#~at im~1vad

since tie rai~~~ variable C ~~vK~.t be directly obsszvad. lie fail,z.

data fran t~iidi the prior a t  be obtaiied is usually a~ l’~~la In tie
foU~ vinq b~ ft~~~z f tc a ays~~~ ~~~ data Cr1. Xj ). 1 — 1,2,...n, ~‘
available i~*iaz. ad x1 rsçcesuet, ~~~~~ctivaly, tie ~~~aticn of life test
ad tie rJ~~I,W

IV
~~~~~~~~ n’~~~~ of fail~~~ 

- ~ ~th y~~~~ and n is tie z ’i~~ar
of sImilar ays~~~ on a life test. ~~ a lot (n1, ?~

, Xj). i —

are available ~~er. N is tie lMJ~~Ic of lots, n1 is tie ni~~~v of ~~~cnents
fran ti. ith lot on test for ~~ atIon ad is the ~~~~~ of failures

in T~. In esdi ~~~~~~~~~~ , indiviiisl tess ~~ failure ~~ r be a~~ i1akI..

16 
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~~~~~~~~~~~~~~~~

1i~a, tie available data generally consists of abeervatiais on s~~

T -
- r~~~~ variable Y, ~ iith ~~~ be the ntttir of failures, s~~~le i~~F,

tise to failure etc., and not from the distribution of 8. H~~~e the

• marginal distribution of y,

f(y) — f f (yj e) g(e)de (25)

nniat be used to estiiieth g (0) .

It aboul d be noted that g(8) is a ox~ow~~.n distribution in the

or~~~.ily used tarmU~ 1ogy COrd, 1972) . I~~~var, in the airre~t ocritect
g (8) is not anly tie ~~~ o~~ ing distri~ ation but also represents air

pr ior ~~~~1edga about 8. )~~tie~& 4e~t1 ly, there is no difference aid

r.milts of ~~~ distrthatiais a~~ly. H~sver, to pt 4~ax 1y reflect

tie rol. of g (0) , it is called the prior dia~~ibatIcn of C.

~~~~~ ~~~~~ 
aid g2 (e) are prior. for e. vcr using f (y) to

estimate g(~) it is i~~i.~~ry to snags that if the following relation-

abip balda ,

f(y) — / f(y~e) g1(e)de 
~~~~~~~~~~~~~ f3 (0) c~ (2G

tianq1(e)— g3 (8) .

This idsntifiability of prior is cnicial. In this sti4’ it is eeured

by zesu1ta &a to ’1~id.r (1960, 1961) .

~~~~ tie failure data, the problem of estimating g (8) is ~~~y

c~~~1Icated if the fo~n of the prior daeity is unspecified aid tie data.

~~~~ from ~z~ 1aied sçsriemnts. In tie following is asa that

f(t j e) is negatiw seponaitial, g(e) is inverted ga.na with pareseters (y,~)

i.e. g(0) ‘
~~ ~~~~‘ 

(y, A) ad (y, l) are estimated fran planned açsri~~its.

17 
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3.1. In’~~~ad 4~~~s Distribution

_ 
1~~ iz~~~ted g prior density is given by

— 

~~~ ~~~~~ •~~‘ 0 (27 )

g (O) is d~ .en to be of this fore because (also see Schafer et. al. (1970)):

(a) S~Emsquent data analysi. shcrEs Ga’(r , 1) t ob e a n  adaiuata prior.

(b) As seen from Figures 2.1 aid 2.2 , inverted game is very fle,dble aid is

,epsble of re~~usnting xmaiy practical situations.

(c) Being a ~~nj~~~ts density, it ispliss mathrnestical ease.

Inverted ‘ j w~~~ is a sicesad distribution aid all ft~r~~nt i~~ toLl] exist.

‘lie ‘as’~~’~ aid ade always exist. Sun. of its pr~~srtiee are:

Mean, — v/Q—i) (28)

riance ~~2 
— ., 2, (1~1) 2 (1—2) (29)

beds, y/ (1+1) (30)

3,2. Paramtar ~~tImaticn fran Plann d ~~~srimants

l~ now consider the estimation of tie prior parseetere y aid A based

on failur, data obtainad from planned e~çeriimaits. Speeifically, failure

data arising from tr~a~ a~~~, censored, with rep1a~—’-~t aid witl~ ut

rep1&~~~M. single sesple pl.ais for systens aid lots are ocreidered. In

each case, the problem is r,d~ ed to ue of fitt ing tie a&cro~dath marginal

densities to the observed data, lie marginal ~~nsities for tie various

18
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cases ar, developed In th. following subsections. A description of the

by ~~~ ~~ fitting is given In Appendix A.
Note tist if a large i,absr of observations are available on a large

m~~er of systems, 5 (~~) can be directly obtained frca tie observed values
of times to failure. 1~irther, g(~) is a consistent estfnator of g(8) aid
hence can be used in lieu of g($) .

- 3.2.1. ~~~~ Fran ‘l~ incated P*an For a Syat ens £ Type II Censoring)

In this case n identical systan. axe put on a Life test of duration

T each. lie rancbn variable X ~~~ tes tie ruM er of failures in time T.

lie the. to failure for each system are noted and tie resulting data

is of tie following form;

I .1 .2 ,•,,~ .......
tU t21
t12 t22 ti2

I S .

- t~~~~~t2,(~ tijcI _

- 
li~is, for syst~~ I with sn un)u~~.n I~~~ tIS failurss occur at

ti th~~ vals till t12,..., t~~~ aid tie a~~~egs time bsb.sn failures i.

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  — 
~~~~~ ~~~

—---- - —
~~ 

- ____
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Since is hsvs asstmsd that

f (t IO) — ~ e~~’e, t ~ 0, e ‘ 0, (31)S
it follow. tiet

.
T/S

,TI 1Xf (x Ie) — • (32)
xi

lie marginal diatr x is

f(x) — J f(x~e) g(e)dI

— j .e T’e(T/s)~c 
. 

~~~~ 
5~~~~~

)..Y/a~25

1 
? 

_ _ _ _ _ _  

-or f (x) — i4~ ~~ f dS (33

~y letting Z — (T+~)/e, is get

1(x) — TX ~A 1 
A I e~~ ~ 

(1+x—1)~~ (34)
x~ F (LA) (~L~A)~~’X

lie tht.gr4 ta~n is r (1+x) , wtence

f (x) — r O~+x) (_ !._)
X 

(_L9 1, x — 0,1,2... (35)( lx. 
~~~ T~i

i.e x has a negative b.lnanial density with par tere y,~. li~~efore

esthnatas f, ~~ of y and 1 can be obtained by fitting a negative bthcxaial

distributian to the observations xl, x2,. . . ,%. ~ ____

for *tiiIj ijn~ a~ h a fit is described in ~~~sdix A.

3.2.2. 1~ ta Fran (~nsormI Plan F~~ a System: (T~~ I ~~niormnq)

In this case n identical sys~~~ are put on a lifs test ad testing
is tinned nintil each system ~ q~eria~oes r failures. The resultant - - V

data ii of the following foEm;

22
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I1 2 ~. in.... .. ~ I,....

tf l  t~~ til tfl~
tll ti2 t~I2. S .

.

. . .
t2r tj~

Ihe, f o x  sys~~ n i with an tm)~~~vn ?~~~ Ci tie ~ failures occur at

tJ ~n~~ vsls t~~, ta,. . t~~ ad the a~~~age time bewsan failures 1.5

Let the raa~~~ variable 1’ &note tIe total time on test for a sys~~~.

T tak~s valusI T1.— 1 t 1.41 i l ,2,...n, Since T is a st~~~tion of r
V i—i .1

e3çcnential rain~~~ variables, it has the following .~Jw.& density.

f~TII) ” ~ T
t_ l
.

hh T/5
, T,- o,e O  (~ )

~~ing tie ~~~~ g(s ) 1~. (27), is get

— 
!f.l I /((14t*l) 

•
—~l’Iy)/S dO

r (x) F(I) ~

1: -

.
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Oy Letting Z — (T4~ )/S, is get

1(T) — f~ ,z~ r 1 e~ c1Z c~o1( r) F (A ) (T+y ) 4r

lie integra~~~ term is F (~i+r) aid lenoe

f(T) — ! ~ +r) Tt~~ 
I

I 

(39)
r (A)r(r) (T+r)

Let y - T,ly, then

1(y) — £ (l+r) ?‘ (1+~J)
_ (I+r) 7 y ‘ 0, (40)

i c.  y has an Inverted beta distribution with parmesters A aid r or

y % ~~~’(1,r). Sinoe~~~ T/r - (~/r)y, we g et $% (y/r) Be’(A ,r). Thus

a re,cal,A inverted ~~ta distribution can be fitted to tie observed

valnes S , 0 ,...,~~ to gst sstimetas o f ya d l.

3.2.3. I~ ta Fran ~~ecred Plan for a Lot (With and Without ~~~laoenent):

In this case ii ~~~ionenta fran each of th. in lots are put on a life

test aid testing for each lot is ~~~d.natsd as soon as exactly r ~ k

failures are observed. If I! denotes the total time on t t  for a lot then

it follows fran ~ mteth (1960) that, both with and witlrut r~~laoe’w~t

24
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1-

2T/e 
~~
‘ X2

~~. In tie r~~~l~~~~a.ait case T — ktr ad in the in ri-replacai~~it case
T *  E - t j + (k r)tr~ In each cue ’ è a T /r. Ify -2T/e, uxa~i i

f(y(e) — 1 p1 e~ ”2 ; y >  0, (41)
I

f (Tf 0) — ~ ~~ ••l e~~~e; T ) 0 (42)
r (r)Or

irthich is tie sate gaa~~ density as given by Eg. (36). It follows that
s (y/r) Es’ (A ,r) distribution or (E)~ ha. an inverted ~~ta distribution

with parsaitars A and r.

3.2.4. ~~ta Fran Tx~x~ at.d Plan for a Lot (With ~~~lacemant) :

In this case X itairs fran each of the in lots are pl&,ed on a life
test of ~~~ation to. Let xl~ 

x1~ denote tie nurler of observed
failures in lots 1, 2, ...,n re~~sctively. It i. cOeer that in this case
the ziditional distribution of tie minter of failures in to is:

-It_/,
— C 

~ 
(1t0/C) 

- , 
x — ~~~~~~~~~~~ (43)

xl
14u~*;

f(,~~_ rJ? +~~ ( o  ) ( ~r ~:y , I >  0,
r ( A ) d ~~~~~ It04’~’

idnidi is negative bin~~ .al with p.z tars y and ) .

25
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3.2.5. !*ta Fran Trn*~ ated Plain for a Lot (Without ~~pl~~~—~~~ t) a

In this ~~~e k i~~~~ fr ~~ each of tie in lots are plwsl an a life test

of ~nt1cn tbl let R - 1 - ai~~(-t,,/I) du~ te the r l f t h~4tity. li~ n

(1-I) z~~.isaita tie prnt*~ lity of failure. If r denotes tie ntie~r of
failures tien

f( r I R ) — c~) (l-R)~ (R) fl~T (45)

Given I ~ Ga’ (y,A) and R —

g(p.~ — _X~~. ..! ~-(~-l) ~~ (y. t0)/0 (46)
\ ~~I)  to

~~~~ •
- (y~~~)/0 

— R ~~ 
- 

ad 0— - ~~~~~~ is get

- (y/t A—i r/t —l
g~R) ~ ~ (.&r.Z) R (47)

- - £ (A)

I I R — e

— r(csti)/ F (a) , enall ~~.

This giwssz

g~~ ~Lr(,1) R ( 1R) , 0 c R c 1 (48)

lie awxrvdmete rginal density of r is thus given by:

fix)  — I f(x IR) g (R) 4R — r(~sA) • 
£(n+n—r ) r (r+A)

0 £ (s) £ ( ~) F (nfa+r)

~ dch is the bsta-bii~~ia1 distributicn.
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4. Fl’rrIrlG c~ciz’~ ?*ND TgI~CA~I~D b~ GATIVE

EDOCAL DISTRIB~YrIc~j

The purpose of this section is to illustrate the estixcetion of
prior par ~ eters and their vari anoe-ccvazja~~e netr ix for the case described
in Section 3.2.1. In this case, the data cxxeist.s of field failures on
difterteit types of sya~~ie. ~br each systert, the observed failure
frequencies n~, corresponding to. the observed minter of failures x in
a fixed tine T, are available. For this situation it has been s1~~,n in
Section 3.2.1. that if:

g (e) — o~ 
(~+1) e~ ’1’e 8 ,y- ,A ~ 0 (50)

r (~)and

f Ct I e) — ~ e~~
’
~ t 0

or (51)
e~ /0 Te X

f(sje) ~ 5 / ) x 0,1,2,...,x.

~ i~~~, m X A
V f (x) — ~~~~~~~~~~~~ (~t.~) (_L_) ; x = 0,1,2,... (52)

x lØ~-l) T+’y T9’~
as nentiael ear1i~~, becsuae of the fdentifiahility of

the prior, if X has a negative bixard.al distributi~~ with parameters A
a i d e  given by Eg. (52) aid tie ~~iditicze1 fa.th~ e dinsity is
.cpornsntial then g (8) is an inver~~ ganme digtr~ibutj~n with pars-
t e t e r sy a d A a sgivsn by~~~ (27)~
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~fle p.raas~~~s (y,A) can be estimated by fitt ing a NaXy ,A) to

the observed data ~~~~~ In this case, ,*~~n tie failure tints is

sqa~~ntia) , the edequacy of tie negative bincanlal fit , V *id~ is a

capaird Poisson distribution , enenres the edequacy of the Inverted

9atr~ prior (S.. ‘I8id~~ , 1960, p. 71).

Saeti~~s frequancy of zeros is not recorded. In that situation,

X follows a trtn~c~~~~ negative biranial distribution given by:

f(x~ — ~‘+x—1) . c~~~4
X ~11~~4 A 1 x 1,2,... (53)

xl (~—l)~ (1 —

t* r~~~ aider paraieter estimation for tie ~xep1ete and tie truncated

negative binanial distributions.

4.1. ~~~ 1ete Negative Binautal Distribution

In this case X has a NSD(y,~ ) distribution given by

f(x) — 
(A+x—1)~ (~~ _4

X 
(~~••4 A x 0,1,2,...

with neat and variance given by

(54)

aid

V~r (,c) — AT(Tty) (55)
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Is advantag, in stiatstlcn if is writ. f (x) in t~u’e of
(M,A ) .  Ilenwe get

V 

f (x) - ~~~~ 1)l 
(~~~~

\
X ( A ~~X ; x 0,1,2,. .. (56 )

xl 0 —1) ! ~*AJ I~4~l

Ne shall consider estimation for both pairs of par~~ ters (y ,x) ad
( u, A) .

4.1.1. M~~~ t Estimat es:

&~uathag the snip].. mean and sauple variance S to the population
mean and variance given by 3~s. (54) ad (55) , is get

(57)
-S S — x

and

‘A’ a - .~ .__ t -

s - c

where T is the test tine, and ii ’, y’, A’ represent the calculated
values of u, y and A , respectively. as an estimate of ~a is ful ly
efficient. It shc~~4 be noted that if s2 < , the negative bii~r ial
may not be aWropriate. (Also see discus sion on page 60.) It is
sh~vn by Anscceb (1950) that the efficiency of the m~ ient solution is
at least 90% ~axi.r the following conditions :

(a) ii is aull ,~~. .6 ory> 6T

(b) i~~is large , A> 13

Cc) p is aedita , (Asp) Q~+2)/p > 15 or (T.~’) (A”2)fl’ > 15
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j i~ 4.1.2. Naidimin Likelibond Estimates:

E8 tunatt~.On of VIA:
If x takes valuas 0,l,2...R with tie ~~rrespon~~ng observed frequencies

it0, n1, n2...n~ tie log 1IJne1iJE~od can be written as

or 

1nL - !n~.}n f(x) (58)

Lit L ! n,~ ( (ln(A+x-1) ! — ln(x) ! —ln (A—1)

+ A In (~.L ) + x ~~ (..L) } (59)
T+~ Pfy

tat ’
K

n —  (60)

and

K
tx-

That

EnL -n~ 1’-y ) (61)
~T+y)y

K x - 

-
V _ _ _  r ~ )—nln(14Z)

3~ e.1 j—1 (A+j—l ) -

H or (62)

alnL 1 X - -

___  — I______ • n~} - it In (l+~) V

a~A ~—l (~+j—l) ~~~~~ - 
-
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p.-’

I

~tts “~~d,~r 1ikelil~ od .stiuet.s are obtained by solving

and (63)

3InL
— 0

‘lie ~ o ibmiltaneous equations are caplicated aid the solutions y ad A
can not be thtatn.d directly. A general metbod is to asstma a trial
iolutlcn (y l 

, A ’) ,  whicth may be taken as the ~~~~~~~ estimates, and derive
additive solutions. Si~~i a method of scoring

is r~~ desoribed (~~~ 1965) .

~ çandIng ~~~~~~ a]nL/aA about (y t ,A ’) and retaining only the

!~~~~~ ~~~~~ + 6r ~~1~T~ + y~~~1flt ~j — 0
ay a~?aA (yy ’,X—X ’) 

(64)
ami. ,1,a 

+ ~~a21nL + 4A!
2lnL} I — 0

3A ~~2 ada-A I (y—y ’,A—A’ )
- 

‘lie Inorniental corrections are obtained as:

r4, r a2ia~ a2
~ z~ ~ -1 r alnL ~H - u i  i I— 1 ay aiaA J a~ (65)

- LAI V~~— L J -a~~ L 
~A 

(‘t*’y ’ A ” A’) -
The parateter values after ti. fir st iteration axe Y” a y’ + 6V

A” — ~ + &A, The ~.taratIcns are continued until convergence ocours.

T 
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S 

V

The second partial derivatives in Eq. (65) are gi~~~ by

_ _ _ _ _  — nAT~T+2 y) , (66)y2 (Ip$y) 2

(67)- a~a~ y~ ’fy)

ard a2hg4 I. ~ 1
~~~~~

L U 1
~~ 5 I n,~ (68)x 1  

- ~‘.1 (~+j-l) j—i (As~—l) ~~j

}~a r ø to.~.cop ar~ano. ni~trix for
The varianoe-coyaria~c* matrix for ç,i j. giwn by

— I (69)

var(~~
J L IInL ~~~ayaA

i4ere, from Eqs. (66) , (67) ad (68)

(70)
V ( ~~Y)

a (71)
av aA

32
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r — 

- -

ad ~~~~~~~ - 
fAft+y) 

+ 
2~ (~~1) (T+ j~ 

5 

(72).

~~~~ a.’

i-i

Sl~~t.tththng In Eq. (69)

* 2k (A+1) 
T

var (A) — 

+
(73)

n ( T ) 2
{1+2 J

(74)2v~~L*~1) 
T j—T

var( ;) - 
nA~~~~~) 

+ 

n A ( ~~~~) 2 
~~+2 

~~~
V 

-A A 2 V ( A+1) 
T 3—17

CO v( y ,A)  — — r _~~( T ) 2 
~~+2 ~ -

~~~ co~~~~ tj~~ coaf~~~ ant b~~nen c ad is

- 

- 1/2A cov( 1,A)  

_~~_1~~~T~~~~~fW

A A 

2 (A+1) 

~ )i1]V 

- 

var (y)yar(A) 
2 (A +1 ) + (,~~ ) {1+2 Z

Inest~~tiag __- 

VarIao,.co~~rIar~~ mat~~ ,

33 ~~~~~
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£eti~~tion Of ia..A:

Following FiiI~~ (1941, 1953) , Ha1A ’ne (1941) , ad ~ eor* (1950) ,

ad be thtaii~~ as follows. lie log lik.lilxiod can be writ~~n

as

lnL — nj ln (1+x—1) ! — 1~ (A—1) ! + xln (_L) + A]n (—&9—lflcX) }(77)
~p0 j~+A ia+A - -

__- 
~~~ {~ 

-_ _  (78)

atIng al I,/~ a — 0 g ivas~~ — (79)

Differentiating lnL with rs~*ct to ~ aid m~stituting ii- L tie

nexiam~ lIke1II~ cd equation is

l~~~~~~~_ 

~ 1 
~ )+ rt l n(_ .cJur O (80)

x.0 j.’1(~+j—1)

‘ A
This equation can be iteratively solved to obtain A.

Ywiwio.-Covar~anoa Mztr~x for

var (~) — var(i) — (p+p2/A)/n - 
- (81)

L ~~~~~~~~ 
~~~~~~~~~~~~~~~~~ 

..±
~ - - -~~~~~~~ - -~~~~~

- 
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1~~~~g 
— E r !~~~~~~~ I (82)

L~”° ( ia+A)

— 0, (83)

var(s) — 
A(A+Z) (84r

n (_Z.42 1 1 + 2  
~ 

j4 1 Til?
T+V 3-2 (3+1)3-1

‘lie advantage of coseidermn (iu ,A) at per~~~~~s ra~~~ than (y, A) is

thet ad er im~~rz.1atsd.

4 • 2 Triancated Negative Eincviial

live, aszvs are not recorded, tie r.a~ltIng distribution is a tris~ a~~~
negative bI~~aia1 given by

f~xi — - ~A+ariJ ! c..I.. ~ ~.i4* x 1,2.... tP~)
x!t8—1) 2 (1 _~~L4A ) T41 191
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The meat aid varianoe are given by [Jdntscn & lbtz (1969) ]

L(x) — (1 — ( Y ) A ) 1 
(86 )V

Var(x) — AT(’l*y) 
~~~ — (_L4

A
}

1 
[1 (~~~) (. [1_ ( [4A ]~~~] }J (87)

Eqiating tie s~~~1. and q~ected values of meat aid varia~~ gives

~~~ s4”miltaneous equations for y aid A fran iEtich wni~ t estlna~~
of the.. psr~~~~~ s can be obta ined. ‘lie quations do not have

cpllrit solutions aid &~~ (1958) ~~cçceed using the observed -

p’rcçortiat of unit values along with i and ~2 
~~ obtain ~ and A.

If n1 denotes tie frs~iency c~~1, tien

~Z(n-n )
2 (88)its

aid

fly,; - fl1 (PsI ’)
A ’ — (89)

WI

i nere I’ is th. test tim e, y’ aid A’ xe~&sastt the calculated wlues of
y aid A ze~~.otive 1y. ku. (1958) also il~~.s that tie effic1m~ y of
these estimates is about 90% In so.t cases. A detailed discussion of the

fficimicy ci these estimates is given in Sections 4.2.2 aid 4.2.3.
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_____ - - - - V~ S~~ VS ~~V~_ - ,. .__.,_ S

4.2.1 ? 4 um Liitali)Eod Estl tes

‘lie log likeliheod is gi~~ n by

lnL — 
~ fl~ 

(ln U+x-1) 1 — sn(x) I — 3.n(A—1)! + Alfl (_.L..) (90)
V ‘N~y

+ xbi (_!_) — infi — (~L) A] }
T4ay

cm differentiating the log lik.lilx od f~z~ ticn ve get

alnL nAT 
— I 91— 

p~~~+y~ 
(1... (~~ _) A ) 

(?+y)

— 
l_ (~f) A + 

j~~l 
t (A+~~.~1) Z

3
nx} (92)

~ e r4.~a l ihood equations abtained by .stting alnr./ay — 0 aid
- 0 can be itera tively solved ~aIi~ tie scoring eatI~d given

earlier. P~-~~~t&.~ estimates ~a to kais (1958) a~~ be used as Initial
-

V.

I
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I.

Var ~oi-4os-CoVaPiaf lOG Matrix:

M estimate of the varianos-covariance matrix based an t}~ sa~ 1e

values is given by V

IVar (y) cov (y ,A )  ‘ - B- B
I a y aA—— 2 2 ‘

var(A) j ( E ~~~~ L Ba 1rLL

J

a 2 lnL 
nAT ((T+21)— (T+2V+AT) (~~~)

A ] 
2 (94)

_____  — — 

. y 2 (~ +y) 2 (]~_ (.•J._) ) • J 2 (T+y )

a21n~ 
itT (l (_~~ ) A (l_Alfl (~~~~) ] )

— 

y ( T+y) {

2 K
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  — 3L (A+j—l)2 x~j  

nx } (96)

to C~~~ite V ,A aid thair varianos-covarianoe matrix is given

inA~~ndixA.
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4 • 2 ,2.  ~~fici~~~y of Fatlmat icn Nethods

In this sscticn ve diaous the eff4-~ienci.s of various
estisetiat p~~oedures used for estlieting the para~ ter. y aid A

of the truncated negative biranlal distri1~aticns. ‘fle t~~ee
V 

methods discussed in .ecticm 4.2 are

a) lie method ci ~iw1ts.

b) The method ci ~~~~~~ I~”wnts doe to ku., aid

C) ‘lie method of mmdpiz’, likelihood .

- 
- lie nab~ al ~ aestian that arises at this ~~Iznt is ~#th4i mitiEd

is tie sost desirable cmi to us.. In order to v—çer. that. methods

~~~ leupl~~~ a widely used cai~~~icvn , the Asyi~totIc Belative ~~fIciency
(A.R.Z) given by

A.LE. — - 3 (97)
M t c  ~~~ars1iasd varim~ e x Information detm~~ninant

lie Myu~~totic ~~ eralized varianos is given by

Var (A~) ~~~ (A ,yj
— 

S (98)S S 
~~~~~~~~~~ VIr ( y5)

,4nere ad y~ iv.e~~ 1t the estim~~~~s ci A aid r r ectively 
V

cbtaiie~ by the ueU~ d urd~~ o~çarison.

‘lie Information det~~~n.nt is given by
IE {$

~~~~L , ~O~~Zø} j i, 3 — ] , 2 (99)

39
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were — A , e2 — and L is tie Wc.lihoid fuctiat. ~~~ esaicms

for the aayuiptotic gemiraliad variance for various case, are

obta~~~ be~~~.

a) )~ti~ d of ?tasikte

lie as~~~totic guneralized variance for the mcs~nt estimato rs

aid is given by

Iver (Am, r_) I  — IA
3

’ A2’ A1 A2 A3 1 
! (100)

~ ter. A~. A3~ 
A~ ar. as defined below.

A1 is the variance cousruanos matrix of the first eaçle

~ vents ad is given by

V A1 —(
~ 

— 

~~~~~~~~ 

— u2~~~1~
) 

(101)
p

3 ‘2 ~l $14 ~2

~4ter. B(X1) — uf , i — 1,2,....

A2 ad ar the Jacobian. for tie traneformaticna

($1~’s ~ ‘) • (A , P),  aid (102)

(A , p) • (A , y) (103)

r.~~~~tively, ad p -

ftr the trw~~ted negative bizw~nial distrilaitien.

A ( )~~
—~~ (3 04)

X (A+l) (=) + A~~)
(105)

i— c~X~
40
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sfize A~~— 3 ~~. 
T)a ,Bisa2x2nstrixwith

(~~~
) A (~~~

) (~~~~~ X) 

— A

5(1, 1) — —A 
— —A 2 (106)

1~ (~~1) (1 — (~~~~
) }

A A2 (~~ (LI)

5(1,2) — ________  — 

~~ 2 (107)
i_ ci;x, (1 — (~~~~

) }

2 2 —A
(2Asl) (~) + (~~) {A (A+1)~~ ) + A~~)} (!~ f4 1og(~~!)

j B(2,1) — 
-~~~ 

— 
— A 2 (108)

3. — (II) U. —

2A (A+1) (~~) + A A2 { (A+l) + ~~} 
~~~~~

3(2,2) — — -  

~ 2 (109)
1 —  a;!:.) ( 1 —  (!1) }

‘lie J~~ bian matrix A~ is gi~~~ by

1 0( ) - (l1~

wlers T is the tsst tise.
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lie as~e% totic gui~~aliasd variance can be obtained by p1uggin~ in
the value, of A1’ A3’ A~ Into ~~eticn. (100) aid then A.LE is
obtain.d fran ~~uaticns (97) aid (99) .

b) )~~thod of )t~difiad !Wnts due to &ass

A~~~ totic generalized variance for &~aas’ s ncdifiel w~ent

estlietors Aib aid is given by

Var (Am, ~r~~) I — IA’ 5 A’4 A5 j (111)

*4 is the variance-cousriance matrix of the first bc saiple

z&ai.~ts aid the first surple frequency aid i. given by

- $1 .2 U ’ - 
~2’ 

~i
’ (1 — 

~i
’
~ ~~

A4 _ ( $ 1 3 M 3~ ~2 $14’ ~~ L2 ~~~~~~~~ 
(112)

\( 1—p 1’)p1 (1 — p 2’)p 1 p1 (1— p 1)
I

~4~~s p1, the ~ ‘cbebility of ~ e failw~e in tine T, is 
-

—A (~~~~A (~~~) (3.33)
( 1—  ( I) }

is the Jacobian for tie transfonestion

~ ~~~“ 
p2” p1) • (y,A) (U4)
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the elseents of tie matrix A~ are given by

T(l—p1 ) u11T(1—p1) ( ( 2 ~~’ + U-p1))A5 (1,1) u” 
~~2 + VS 

2— — VI1
1:
I (1p1) 

~~~ 
— 

~i
’ — u1 (1-p1)}

1i1 1 T ( l—p, )
A3(2,l ) —  

~~~~
_-_ -

;
— ~~.2 

— Uf (1—p1)) 2 - .

— U~’ 1’ $1~~2 T (1—p1)
2 2 2V 112’ — ~~~~~ — 

~1
’ ~~~~ ~~2 ’ — )I

~~~~
’ — 1Lf (1-p1)} 

V

A~ (1,2) — tA5 (1,l) ‘ (U~• — p1) + y}/’P -

A3(2,2) — A~(2 ,1) . 
~~~~~ 

—

A~(3 ,2) - {A~(3,1) ‘ (pf - p1) - (Ti’~)}fl - -

a) hod of Nmcieun Likelihood
The aiynptotia gseral 4 ~~ variance for the maxinun likeljh,~d

estimation proceduze thrns cut to be ]/(Infcnnation determinant).
Therefore, it is clear that the A.LE. of )LE is alvays one. In fact
A.LE. is the as~lrptotic efficiency of the neU~ d tader consideration
~~ipared to tie method of ‘meclaun likelihoca,
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4,2,3. A.R.3. atation. aid Co~par iacne of Estimation Methods

tie as~~~totic relative efficiencies fcc the u~ nent estimators for

A — 0,1 to 5.0 aid p — 1.0 to 10.0 iexe oci’I~utad using the .q~essions

gi~~~ in Section 4.2.2. aid are given in Table 1(a) . Fran this Table

~~ note that for constant p. -A.R.E. iap~oves as A gets larger. For

~~etant A, A.LE. deteriorates with increasing p. This, A.LE.’s

are generally LetLer for Large A aid ~~~~~~ p values. For the type

ci date that i~~~~ have analyzed in Section 5, va find that A values

are ~~ 11 and p values are u rge, ‘lie A.R.E. ‘s for these ~~~~ are

about 55% , a rather poor valu e.

A.LE. ‘s ~~ra also ~ mç’i~ted for tie saie range of value. of A

aid p for ti zcdified method ci &~aas aid are given in Table 1(b) .

I~ see that tie A.R.E. ‘s follow a pattern similar to that of tie method

of ~~~ts. The values, 1~~~~er, axe consistently larger for tie

‘Dlif ild ~ iqi’its method.

It *iould be no~~ that ~~ase’ s ncdified nu~~ ta netI,~~~ iE~ich is

bsse’i on the first ~~~~~~~ sa~ le “~“~~ts aid the first ~~~1e fr.qu~~y

is ~~~~~~i ~~~~ne13y imiob sl~~la1r than tie method of wmants. Also,

as seen abow , A.LE. ’s Ix~~sa.s cc*ei~snabLy by using tie mctra inform-

ation attracted fran the first-.wple fr ~~a~~ y. Even ti~~igh tIe

lz~~eaas In ~~LE. is e~~~ificent, tie values are still arazd 75% for

tie range of parsester ci Iuitersst In Section 5.
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p.-

lie minfain chi-equaze aetZ~ds described by ICatti aid G~~1azd

4~
. (1962) for the negative birxalal di.trlbitions can be easily actedid

-~~ to the case of trwx~ated negative bir~~nia1 aid they will certainly

1ev. higher A.LE. ’ s than the ~~~—~t estimators. These estimators

also will hay a sixple form, but in obtaining these estima~~rs, it
is neo eary to solve r~xi—1irear equations. Girlard (1963) , aid

V 
fins ad Qn~1aid (1968) have described tie generalized mininun chi—

V 5~~5f taclmiques for a~ e generalized P o1w~’~ distributions. These

- tecimiques are ~~~~~ on fw~ ticms of aesple frequencies aid eaple

~~~-‘ita. ‘flees ~~ooedure. laid to vaighted least square tecimiques

- aid the estimates can be obtained as solutions of these vaiqhtail least-
V egiares. ‘flees methods also can be easily modified for the truncated

case.

- 
At this point, it ~ øi1d be pointed out that the generalized

- minima chi-aq~ar. methods will have higher A.R.E. ~~en ~~~e Infonatia%
is ac~~actid fran tie data. By using three or four saiple n~i’ents
and ~c or three s~~~1e fr~~ienci.s ~e are a].nKet guaranteed (for most

of the bc paramater fwd.V1VIaVS) to get 100% efficie~ y. H~~~ er ,

~hes. sapi. fia~ction. have large asynptotic variances ~~en higher
m~~.i~ts aid frequencies ax’. involved aid ha~ s, tI~~e functions change

iderab]~’ fran sespl. to saiple.

-, ~~~~ —‘—V--VS —. — V~ , ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~
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lie i t I~~ of Tes’ 4~~~ likelihood has aims good asymptotIc

pacpsrtiee ad this method inrks fairly vail In case of snail
s~~~1.s. Also, tie )~Z’s aivays hav, a better A.R ,E than any

oti~~ guneralised miniaan chi—equare method. ~~reldering all

the.. pointe, va sq~ut that it is b.ttai to use the l.~,E ~Eensver

it is poe—INs to do so. Otherwise, u~ms ~,aieralized minimize chi—

~~ er. setI~~ ~~~~ on three seple i~~~~ts aid xna~ be b~ or three

s~~~i. frs~~~ cies can be used.

In tie prabtee that va ax’s cczaidering, it is nct difficult

to get ILE’s as d cribed in Section 4.2.1. and il1ua~~ated in

Section 5. This en.x.s high efficiency of tie estimators.

I
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~
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5 r.u~nzIG ‘~~~~~ PRIOR D STIWV’rI(VS ~CR -

EXQfZ ~~~~

* i~~~ obtain est~~~tes of the persaters aid tieix’ standard ~~~~~ for
tie eight sets of data reported by Schafer (1970) . The data o~eists of

field failures cii eight different types of syut e. Jb r each systert ,

Ui~ t*~~~v d  freg~~~cia. n~, corresponding to tie observed n~z~tex of

failures x In a fi ecl Usc T, ax. av~41~b1e. ‘fle eight data sets are

r~~~oduca d un Tth1~~~1.l to 1.8.

!~~ f~~t3~~ ~~ )1aIn the data, ~~natdcr tie obser ved fx’ icies

a~rre~~~ding to tie observed ni.W~er of failures x for a search Indicator

W—l2M (TabLe 1.6) . In this case, a total of no + !5 search indicators

~~~~~~
t( plaad cri a lif, test of duration 4320 hairs aid the observed rnM er

of failures for each search indicator vera recorded. Pbr example, 21

IMica~~~s faiLed cmos, 8 failed b,ioe etc. !ft frequency n0, corresponding

to x — 0, I.e. for the indicators that did not fail, vas not recordad.

Since ob.’ervisticrm corresponding to x — 0 are missing, a tr~a~catc~
nccjative b.thr~iia1 distrthutiai .ho~ id be fitted to the c*’servad data sets

(x,n~). Schafer (1970) l~~.ex’ fits a c~ plets negative bii~mnial. ‘2*1. 2

giime tie predicted frequencies obtained by fitting a trwcatsd negative bino—

r~ial distribaticns to tie data in Table 1.6. I~r ~~ pariscn p~~oses tie

prsdic~~~ fxeqi~~~Ia. for a ~~ip1.ts negative binanial distribution are

alic given in Table 2. It should be noted that tie a~mplet. negative

V 

bim~~~ai d*stribetlcn ye fitted by aaswdng the frsaj~~ cy no- 0. Table 3

_ _ _ _  

_  

_

- ----- ~~~~~~~~- 
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~~~ a i.i~~

— PCI ~~~L~C1~R 94-225 (Data Set 1)

*~~~.r of Failurs u, x Observed Frs q~~~cy, n,~

1 13

2 8

3 4

4 4

-~~~ 5 1

6 2

7 1

8 4

3~1 V  1

13 1 *

17 1

19 1

IOTAL N~J~~ R ~~ ~~IIL~~ S: 41

* Sd~ fer (1.970)

-

~

1

~~~~~~~V~~~~~~~~~ V

-

~~~~~~~~~~

:---V
- -

*‘~ ~ ~~ *- ~~~~‘,*‘ I~~~11L . _______________
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- - - V V 

~V 

-

~

‘~~&~ 1.2’ -

Fm~D FAIUJ~~ _~~~~ 0t4 SZA~~I IWPS PP-.3132 (Data Set 2)

1 11

2 U.

3 10

4 7

5 5

6 4

7 1

8 4

9 7

10 3

1,3 1

14 3

15 1 -

16 3

19 1.

22 1

1 - -

~~~~~~~~~~~~~~~~~~~~~~~ 
- 

-

* Scha~~~ (1970)
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~~~ Z

V 

?I~~D ?~XIV~~ ~~.TA 08 OsczxLce~~~E 08—126 (Data S5t 3)

_  
nx

- 

1. 14

2 12
V 3 13

4 6

5 3

6 2

7 1

8 1

11 2

13 2

17 1 5 -

28 1
V 29 1,

~sIu~~. MI~~~ ~~ P~IIifl~ S~ 59

* Schafer (1970)
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~~~ Z 1.4’

- 

rmD I~flZ~~ ~~~~_ ON VZ1~~ N~ LU~~~ AM-472 (Da ta ~~t 4)

1 18

2 11

3 6

1 4 6

1
6 2
I, 3

8 1.

9 1

10 1

1.2 1

V 

1~~~L ZU~~~ ~~ FAIW~~Ss 51

* Schafer (1970)
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~~~~Z 1.5’

F~~.D FAULJ~~ J~ .TA 08 S~ I08 P~~~R SIWPLY 94—31.5 (Data Set 5)

-~~~

1. 22

V 
2 7

3 1

4 4

5 2

6 1

~~~~~~~~~~~~~~~~~~~~~ 4:

* Schafer (l970)

54 
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- T~~Z 1.6’ -

I 

F~~ D ~~na~~ _

_

19

:

:

;

7

: 

08 D~ I~~~~ ~~~128~ (Data Set 6)

‘1U~AL tU~~~ ~~ FA~~1~~~ : 55

* Sdefsr (1970)
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TA&Z 1.7*

FI~~D FAUA3~~ 0~~A ON N~ LIF~~~ P~NEL IN-B (Data Set 7)

3. 18

2 10

3 5

• 4 2
* 

5 3

6 3

7 3

9 4

3.0 4

U 1

12 3

153 3.

3.5 1

~2 FAIWWSs 58

_ _ _ _ _ _ _ _ _

* Schafer (1970)
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N.
~~ZE 1.8’

-: FI~~.D FAWJ~~ 08 TMPeW1’i~~ cData SetS)

1 16

2 10

3 7
— 4 5

5 3

6 3
— 

7 1

8 1

9 3.
12 1

1,5 1

33 1

1O~~I., !U~~~ OF FALU~~~~: 50

* 
* Schafer (1970) 
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- - ~~~~~~~~~~~~~ VS~~~~~~~ VS~~~ ~~~VS VS VS~~~~~~ VS VS ~~~~~~ _ _ _ _

Al~~ P~~ LC~~ P94~E~IES Y~~ SE~~~!

DIC~~~ OR IP-12~~ j- -~

Observed ~~~ .r Observed Predicted Frequency ~~Trw~cated ~~~ lete
of failures , x frequency, n~ Negative Bizunial Negative Bizunial

0 6.4

1 21 19.4 9.4

2 8 11.0 9.6

3 8 7.1 8.2

4 2 ~ 4.8 6:5

5 5 - 3.4 4.8

6 4 2.4 3.4

7 3 1.8 2.3

8 2 1.3 1.6

~~~
- 9—39 2 - 3.8 2.8

55 55 55

58
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— V S-V.-

a O~XU~ SS OF PIT ‘I~ST OF

TARE 1.6

(a) Carplete Negative Bizunial (m l.)
V Ntrter of Observed Expected A 

-

Failures Freqacy 
~~~ 

Frequency (fl.4) 
~~~~~~~~~~ ~~~~~~~~~~~~~~~

0 0 6.4 —6.4 6.4
1 21. 9.4 11.6 14.3
2 8 9.6 —1.6 0.3

1 
3 8 8.2 —0.2 0.0
4 2 6.5 —4.5 3.1.

5—6 9 8.2 0.8 0.1
7—19 7 6.7 0.3 0.0

- 

~~tal: 55 55 24.2

Since • 24.2 ~~d 4,o.os — ~~ ~~ p1ete negative biiunial

- does not fit.

- (b) Tha~catsd Negative Bizxeial (mis)

N~*bsr of Observed Expected 2
Failures PxequN~Cy (m~~ ) Frequency (mt~

) 
~~~~~~~~~~~~~~~ 

(flx T~c~ /~~~

1 1 21 19.4 1.6 0.13
* 

V 2 8 11.0 —3.0 0.82
- 3 8 7.1 0.9 0.11

V 
- 4.5 7 8.2 - —1.2 0.17 - -

6-19 11 9.3 1.7 0.31 
- -

55 55 1.54

Since x2 
cbser~~~ 

— 1.54 end x2 
2,0.05 — 6.0, the trimoated negative

bIi~~ ia1 is a good fit.

L L ~~ V 
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~~~tains tie goodasss of fit tests for tie fitted distributions. It

i clear that tie coeplete negative biz~~~a1 &,ss not fit whereas tie

truncated negative bir~~~a1 distribution indicates a good fit to the

cbeeri~~ data. t~reov.r, iidica~~~ earlier , tie complete negative

bizunial is not the ~~~~~~ distribution to fit in this case.

In ~~~~~ to see tie b~ iavlcr of tie Uke1ib~od functiazs for the

data being azelysed, three dinmezsional plots of the i~~ma1ized Uice1ik~od

functions (ncr lized by its ram dnun value ) for data sets In Tables 1.2 ,

1.5, 1.6 aid 1.8 are i1~~~z in Figores 3.1 to 3.4 , respectively. Frau

tiess plots it can be s~en that tie ]JJ~elihood functions are unimrndal in

the r~~ga X>0, p0 ar~ this tie zret)~d of mmdnun likelihood erploynd

here will in fact give the ~j 1oba1 mex1~.~ value of tie likelihood

function ad not a~~~ other l~~a1 mazcij ’un. Using the method of maximum

likelihood, tie estiu ted par~~~tar v”liues, asymptotic standard ~~~~~~ the

obeerved aid prsdica~~ f q~~~ias ad tie 3? goo~ ess of fit tests

for tie sight eats of data of Tables 1.1 to 1.8 are given in Tables

4.1 to 4.8. In e~~ z ~~~e a tr~s~~ thd negative bizunial distribution

ves fitted aid is seen to provida a satisfactory fit to tie obeerved

data. lie reazilts are .I~m~erized in Table 5.1. ‘lie MIZ of A for Data

Set 5 ye found to be negative and ve have taken a value 0.00001 for A

In this case as explained below. Ale,, fran Table 5.1, it is inter-

esting to note that A for all eight systaia lies bet~tmen 0 aid 1. In
A

viai~ of tie standard erz~r of A , A is ck~.e to zero ~thith Implies large

‘ariability associated with tie mean ti to failure.

60
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-~~~~~

lie field failure data on 9yrd~ ._ —- amply ~~~3l5 of l~~I. 1.5
gives a negative value for tie IOZ of tie par ter A , ~~Ldi ~~~s not
belong to its ~~~~~~~~ range. In s~~~ a case, a reeson i~l. ~~~ oadz
is to take a pn~er liedting f~~~ of a given distribztia~z idiidz gives
A A

A - 0. ~~~ ver, tie value A — 0 ii also not acosptabia, since it yielde

a 4.ganara ta distri bution at zero ‘4iid& being tr unca ted at zero does not

aicist. aat — can alnmys ~~oee A to be very ~~~11, say — o.ooooi ,

aid uee this velue of~~ asanestlieateof A. This a~proath is a1so

by tie plot of tie ~v~~~~~l 4 ‘.d likelihood f~mction in Figure

3.2 for ’ this data set.

A ,4.4 ~~r p r thlen mey arise, i*zen ~* try to find tie w~~~~t

estimatcm or tie ‘~ difiad — —‘-it eetinetors pr~Jposed by Br-ass (1958) ,

~~IIth are ueed as initial estlmetes for the me,daun likelihood estlizetion.
(
~
e of tie following c~~~ ney arise:

Ci) £ ~~d ç are both positive
• ( i i )A and -c are both negative

(iii ) A cr- y is equal to zero

(i), (ii) , aid (iii)w11 oo~~~ if i i < S~, i~ > S2 aiid~~ -S2,

rtsp ctively. If ~~~~~~
> ~2 or if ~ and are negative, the tr~xioathd bi-

rw—iial distribution will give a bett er fit. ~at here ~~ai are considering

tie distribution of tie ~~~~~~~ of failure. ~d~ith is a trw~ce~~~ oczzpcud

~~~z distribatlcn and I~~ a pc~*ilation variance > tie p~~z1aticm mean.

In aidi a case, the tns~ atod ~~inon distribution with its perseister A

thtsi~~~

-A willbeagoodd~ ioe.
- 

1-s 
- I

61
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tie sake of ~~~ ari.cm, — also ~~taIxed estimete. of A , y etc.
ueing Brass , thod of ‘~ dified ~~~“kts. lie results for tie eight data
sets are t~~a1atad in Table 5.2. A o~~~ riaon of the results in Tables
5.1 ad 5.2 slum that tie variability of &aa.’s estimators is zadi
larger than that of tie NEZ’s. Also, as pointed out in Section 4.2.3 ,

tie A. R. E. of Brass’s tina~~ , for tie range of parazzeters of interest
here is about 75%, a rather poor value.

lie plots of tie fitted inverted ~~~~ densities aid o,aIil~tive
distribution functiai. are given in Fi~~res 4.1 to 4.8.
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~~~~~~2 4.1

~~~ PRI~~ Mn ~~~~~~~~ ~~-225

( ~
. 679.0, ~~— 0,2987, 

~~~~~ 
342.4, ~~~~

. 0.3333, — 0.869)

~~eerved and Predicted F J ~~~~cjss -
I —

x nx

1 1. 13 131 2 8 7.3
4.8

- 4 4 3.4- 5 1 2.56 2 1.9V 7 1 1.5- 8 4 1.2• 9-19 4 5.4

41 41
-

- X
2 QXXlflsss of Fit Tast

nx

1 13 13 0 02 8 7,3 0.7 0.0673-4 8 8.2 _O.2 0.0055-7 4 5.9 — 1 9  0.6128—19 8 6.6 1.4 0.297

0.981
— 0.98 , ~2 

2,0.05 ~~~ M > X2
th.er .~~~

) 0.60
- Thsr.for., tr~z~~~~d ns~~tivi bincebi, is a good fit.
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T h Z  4.2

~~1~~~INATI~I ~~ P~~~~s SEP~~~ MIPS PP—3132

( ~ “ 713.7, ti 0.8646, 210.6, ~~ a 0.3065, ~ — 0.892) 
-

~~eeresd ad Predicted Fzeq~~~ i~s

x n~ n
~ 

x

1 U 12.4 U 0 2 0
2 U 10.0 12 0 1.7
3 10 8.2 13 1 1.5
4 7 6.8 14 3 3 .2
5 5 5.6 15 1 1.1
6 4 4.7 16 3 0.9
7 1 4.0 17-44 3 5.3 - V

8 4 3.4
9 7 2.8

10 3 2.4

63 74 74

2 of lit Tast

1 U 12.4 —1.4 0.158
2 11 10.0 1.0 0.100
3 10 8.2 3.8 0.395
4 7 6.8 0.2 0.006
5 5 5.6 —0.6 0.064

6—7 5 8.7 —3.7 1.574
8—9 11 6.2 4.8 3.716

10—12 3 6.1 —3.1 1.575
13-44 11 10.0 1.0 0.100

V — 

7.688

x2 
~~~~~~~ 

— 7.688 aid ;2 
~~~~~~ 

12.6, P (~
2
6 3’ X — 0.26

1~~ref ore, tr~~~ats1 negative biz~~ial is a good fit.
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TABEZ 4.3

V 

~~~~~~NATIQ ~~ PRIORI C~ CIuc~ Q-jpE C~—126

V A 
AC Y— 651.7, A . 0.3335, ‘~~‘. 256.1, O~~~~. 0.2616, P— 0.057)

~ esrved aid Predicted ~re~~~~ies

nx nx
1 3.4 17.6 U 2 1.02 12 10.2 12 - 0 0.8— 3 13 6.9 13 2 0.7‘ 4  6 5.0 14—29 3 3.35 3 3.8
6 2 2.9
7 1 2.3
8 1 1.8
9-13 4 1.5

14—29 3 1.2

59 - 

59 59

x 

~-~
2’k

-
- 

1 14 17.6 —3.6 0.7362 12 10.2 1.8 0.3183 13 6.9 6.1 5.3934 6 5.0 1.0 0.2005—6 5 6.7 -1.7 0.4317—9 2 5.6 -‘3.6 2.31410-29 7 7.0 0.0 0.000
— V - 

VV_VS

9.392

thse~’~~d — 9.392 wdX 2 
4,0.0* ~~~~~~ arid P(4 > X2

fbeuI,ed) — 0.05.
Ther ~~or., ths~~ted negative birianial is a good fit .
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~ BI~~4.4 V

~~~~~WlATI~ 1 ~~ PRIOR VtI~ 0 ~*LIF~~~ N4-472

A A A

( y— 1581.5, Aa 0.6675, °ç~
— 779.7, ‘?J~~~0.5277, ~ — 0.923)

C*,aerved arid Predicted Frequan~9.,

x nx ‘cc

1 18 17.7
2 11 10.8
3 6 7.0
4 6 4.7
5 1 3.2
6 2 2.2
7 3 1.6
8 1 Li
9 1 0.8

10—12 2 1.9

51. 51

of Fit Tast

x 
~~ ~~~~~~~~~~

1 18 17.7 0.3 0.005
2 U 10.8 0.2 0.004
3 6 7.0 —1.0 0.143

4—5 7 7.9 —0.9 0.103
6-12 9 7.6 1.4 0.258

0.513 V

~~~~ and X2 
2,0.05 — ~~~~~~~~~ aid P (x2

2 3’ X2
øI~.erved) — 0.77.

negative btaunial is a good fit .
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r

~~~~E 4.5

I ‘ ~~~~~WlA’TIa1 ~~ P~~~~: SYNC~ Pai~ R ~~~~~~ ~ l—3l5

(4— 1246.0, A~ 0.00001, 947.4, 6~ — 0.4391, b” — 0.908.

~~served aid Predicted Frequencieg

‘C n,C ‘cc
1 22 20.9t 2 7 8.0

— - 3  1 4.1
4 4 2.4
5 2 1.5— 6 1 1.07 3 2.1

40 40

~~obess of Fit Tast

— 
- 

x (r
~~ V

1 22 20.9 Li 0.058V 

2 7 8.0 —1.0 0.125
3i~4 5 6.5 —1.5 0.3465-7 6 4.6 1.4 0.426

0.955
— 0.955 and x2 

1,0.05 3.84 ; aid ~(x2
1 > 

~~~~~~ — 0.33.
Therefore, thinated negative binalal is a good fit.
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1~N~Z 4.6

~~~~WlATI(~ ~~ PRIOR: SEA~~ I DIDICATOR XP-120A

C 4’ui’ 1151.8, A— 0.4407, Zrç~ 542.0, ~~~“ 0.3993, ~~s. 0.905)

thserw~d arid Predicted Frequ~~~~ea
Ax nx rix

1 23. 19.4
2 8 11.0
3 8 7.1
4 2 4.8
5 5 3.4
6 4 2.4
7 3 1.0
8 2 1.3

9—19 2 3.8 
V

55 55

Goo~ esa of Pit Tast

* nx r~ ~~~~~~~~~~

1 21 19.4 1.6 0.13
2 8 11.0 —3.0 0.82
3 8 7.1 0.9 0.11

4—5 7 8.2 —1.2 0.17
6—19 11 9.3 1.7 0.31

1.54

— 1.54 ad 2,0.05 — 5.99 ; 
~

(
~

2
2 3’ 

~~~~~~~~~ 
— 0.46.

Therefore, tha-~ atd  negative birvanial ii a good fit

I
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TABZE 4.7

~~~~~~~~~~~~~ (F PRIOR N~WLIFIER PAN~L PN-8

( i.i 754,9, ia 0.4808, G~.. 309.9, ~~~“ 0.3286, Øi. 0.891)
Cbserved arid Predicted Fre~~~~~~~ -

x 
~~~~~~~~~~~~~~~~~~~~~

1 10 15.82 10 10.03 5 7.04 2 5.25 3 4.0
6 3 3.17 3 2.48 0 1.99 4 1.610 4 1.211 1 1.012 3 0.813—15 2 4.0

58

~~ cbol~imss of flt~~ ,t

V 

-

- 

it ~~~~~~~~~ ü~~
-

~~~ ) (n,~-t~~~A~
1 18 15.8 2.2- 0.3062 10 10.0 0.0 0.0003 5 7.0 —2.0 0.5714 2 5.2 —3.2 1,9695—6 6 7.1 —1.1 0.1707—9 7 5,9 1.1 0.20510—15 1.0 7.0 3.0 1.286

4.507
— 4.507 arid ~~ 4,0.05 — 9.49 ; ~~~ > X2

ci~.sw.~
) — 0.34.

Therefore, thmcatsd negative bi~~~.~3 is a good fit.
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~~~~E 4.8

F
m’1m~~~ TxOR ‘~~~~~ PRIOR: T~~1~~iU’i’1~~

( 
~~“ 680.3, 5 0.2054, ~~~~ 317.7, 9rm 0.2794, ~— 0.856)

cteerved ad Predic~~~ Fre~~~ ciss

— 
x TA

X

1 16 17.52 10 9.13 7 5.84 5 4.05 3 2.96 3 2.27 1 1.78 1 - 1.39 1 1.010—33 3 4.5

50 50

~~~O~~iSS$ of Fit ~~~t

1 16 17.5 —1.5 0.1292 10 9.1 0.9 0.089 V3 - 7 5.8 1.2 0.2484—5 8 6.9 1.1 0.1756—1 5 5.2 —0.2 0.008 
V9—33 4 5.5 -‘1.5 0.409

1.055

— 1.055 aid x2 
3,0.05 — ~~~~~~~ 3’ x2

, , , ,~) — 0.79.
Th& fo,~~ thxiosted negative biz~~1a1 is a q~~~~ fit.
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P~~~~~~~~ ~~x&i~~~~ ~11~ S’~~~~~~ ~~~~~ I~EING ir1k~~
*~DU1 I~~L~~~E~~ 

-

$~ujpn sr.t

3. 1’~~ X 1~2Z]eC~~r 679.0 342.4 0.2987 0.3333 0.869

2. Ssard* MIPS 713.7 210.6 0.8646 0.3065 0.892P9 -3132

3. ~~ci31osoope 651.7 256.1 0.3335 0.2616 0.85708—126

4, Vidoo ~ip1ifier 1581.5 779.7 0.6675 0,5277 0.923N4-472

5. Synth PGar Stçply 1246.0 947,4 0.00001 0.4391 0.908
• &J—315 -

6. Ssar~à~ Irx]icatr,r 13,51.8 542,0 0.4407 0,3993 0.905IP-12~~ - 

V

7. ~~~~~jf~~~~ ~~~~~~ 7549  309.9 0.4808 0.3286 0.891 49*4

B. ~~anaitttsr 680,3 33,7.7 0,2054 0.2794 0.856
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P~~ P~’1~~ ~~TD~~~~ A~~ S’~~~ A~1 ~~~ 16 USDG

BRASS’S )CL~,r~~~ 
)
~ ‘ItICO (F

~~ui~~~it V
1. )I~ Rsf]~~tcr 775.9 2742.8 0.3838 2.5321 .8943

~ I-225

2. Search $198 619.7 1808.9 0.7508 2.6950 .9033
W 3132

3. Oscilloeriope 523.4 1861.9 0.2781 2.0944 .8764
08—126

4. Vidso ~~~Iifisr 1754.0 6529.5 0.7696 4.2833 .9323
N1-472

5. Synch ~~~~ ~~~ 1y 1676.1 7832.9 0.1290 3.2113 .9134
~ I-315

6. Search Indicator 1134.2 4287.4 0.3915 2.9872 .9074
~~-128~

7. kç1ifier Panel 1058.5 3445.2 0.7374 3.3014 .9161

8. ~~az~~it~~ 484.8 1942.2 0.0795 1.8580 .8611.

I
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6. ~~~~ LtU~ ~~~~~~

In thi. rqicrt ~~ it~~ a dir ~uuia of the ~~ 1i~atia~ of the

.d..tai~ s of a ~~ cr d .~~ihet~~~ for the j *r~~~t~~ of ~ çcr~~tia1

fai1w~. dis~~ibsticn. Tim ~~~1i 
—
_ d1cia.~ to d erib. d~

hetat~~~~ ity in the t.

‘
~~~~~ ~~~ S i~iN~ the psr~~~~~ 0 hi. ai* iw~~Lid ~~~~~~~~

.. ~~ uity ~~a

diaci aid in detail. Ti~ t1~4 of ththining i~v4~ In lik.li)xod estinates

for the purnastars of the inver ted ~~~~~~~~~~ dia~~ibzticn i..a di~~~.i.’i for

the case i*~ai~ the data ~~e a ailable for the urk~~s of failure in

f fi.ed test1~~ ‘4~~ i. Tim ~ases iers discussed: the c~ ç1eth negative

bii~~ia]. aid the toar~a~~ nagative bii~~fal.

EW%t est. of field feth*~s data fr ~ i Schafer (1970) ~~~~ analysed

in detail to c~~~1n the a*L rc~~iate fit~~~ dis~~ibitiort aid the resalta

~~ e ai~~~ri.ed in Thbl. 5.1.j 4
~,

-
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APD~ tIX A

a~~~ n~ ~~nc

~~~~~~ ~ l) ~~~~~~~~
The p&poie of this SLB~~7~fl~ is to fit a tr*ricatad negative bimnial

distribution to ~~~ atairved failure data.

For the gi~~~ data, t1~ Initial psr.~ trIc estiaatme are obtaI~~d

~~
irig tI* sstlxd d~~ to was.. ‘fl~n t** ~awi~~~ likelflr od estimtas are

thtained b~~ed on the e3~~~~siams gi~~n in Section 4.2 of this r~~oét.
Also, the verian~~-u varla~~ n~trix of t1~ estimated paraneters is
caia.ilatid taing tia .xprssslcns of Section 4.2.

~~LL ‘1NBD~ ~~,T,F)

PARNL’~~~
N - ~~~~~~~ of faiiwe. In da data s.t
T - testing tla
F - ixpit vector of faili~ e frequencies (vector if length N)

cur~ur~
Initial .sti~~tes of r— and ~~~~~~~~

Final a$~J~~~~ of ~~~
-- -

~~~~~ _ _

Vaniano,-~~~ njan~a ~~~4j~ of ____  - ____

~~rrelatia~ onefficiant b.Uaiin T.~~~4a aid ~~~~
of absez~~~ frequencies, aiçectad freqi~~cies ~~.e1 on Initial

estImates and .~6i.c~tsd frequencies based an final estii ta..

U9PDI(s

A listing of the ~~~~~~~~ is ~~.ven on tk fo11~dng pega.



SUBR OUTINE TNBINO (N ,TvF)
C***** TRUNCATED NEGATIVE BINOMIAL

DIMENSION X (50),F (50),FI(50),AX (50),FFI(50)
DIMENSION YYY (500),ZZZ(500)
DO 900 1WU 1,1O
NOI~~~1DO 500 LBJ = 1r NOI
PRINT 200

200 FORMATC 1H1)
300 FORMAT (/)

8F 0.
SFX = 0.
SQ = 0.
DO 350I 1~ N

350 X CI ) I
C****COMPUTE XBAR AND SOR

D 0 2 I 1’N
2 SF = SF+F (I)

D O 3 I 1~ N
3 SFX SFX+X (I)*F (I)

XDAR = SFX/SF
D O 4 I 1~ N

4 SO = SQ+F (I)* (X (I)—XBAR)**2
SOR = SQ/(SF—1.0)
PRINT 101.XBAR ,SQR

101 FORMAT (2X ,6HXBAR = ,E10.4,SX ,6H8**2 =pF1O .4/)
C****COMPIJTE INITIAL ESTIMATES BY METHOD DUE TO BRASS

Z XBAR*T* (SF—F (i))/ (SF*SQR-XBAR* (SF f(1)))
ZZ = (XBAR* (Z/(T+Z))- (F (1)/SF))/(le-(Z/ (T+Z)))
PRINT 25p2 ,ZZ

25 FORMAT (2X ,7HOAMMA = ,F20,5,5X ,8HLAMBDA =,F10.5~ / )
FLU ) (ZZ*((Z/(T+Z))**ZZ)*(T/(T+Z)))/(1.—C (Z/(T+Z))**ZZ) > 1
FI (1) = SF *FI (1)
DO 20I 2~N

20 FI (I) ((ZZ+I—1)/I)* (T/ (T+Z))*FI (I~ 1)
C****MAX IMUM LIKELIHOOD ESTIMATES

Y = z
z = z z
AX (1) = SF
D0 5 1 z 2 ,N

5 AX CI ) AX (I— 1)--F (I—1)
DO 400 JFK = 1,20

H 
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[‘0 400 JFK 1,20
5 = 0 .
SS = 0.
DO 6 I 1,N
S = S+ (1./ (Z+I—1))*AX (I)

6 55 = SSf (1./( (Z+I—1)**2))*AX (I)
4 i:’ Y/ (T+Y)

E 1.—Il
tiZ
A SF*Z*(E/V)/(1.—DZ)--SFX/(T+Y)
B SF*ALOG (D)/ C1 .-DZ)+S
CC SF*(E/Y)*(1.—DZ*(1.—Z *ALOG (D ) ) )/( (1 ,—DZ)**2)
AA SFX/(CT+Y)**2) - (SF*Z*T/ (y*Y* (T+y)$ (T+Y)))* (T+2 .*y—DZ*

1 (T+2 *Y+Z*T) )/( (1 .—LIZ)**2)
BB SF*DZ* ((AL OG (D )**2)/((j,—DZ)**2)—S8
GO .. AA *BB—CC*CC
PRINT 7PZ~A~B ,AA Y BB ,CCPG O

7 FORMAT (2X ,8E12,5)
YD
ZD (C C/GO )*A— (AA /t3G)*B
Y = Y + Y D
Z~~~Z+ZD
IF (ABS (A )—0 ,001) 8~8,400

8 IF (AHS (B)—0.001) 9,9,400
400 CONTINUE

C****VARIANCE—COVAR IANCE MATRIX OF MLE
9 Y= .r-v::i
Z~ - Z-ZD
PRINT 300
PRINT 25,Y,Z
YYY .LBJ ) Y
Z27. (LBZ) 2
cci = -bB/(30
SVG SORT (V t3)
PFU N~ 12,VCI ,SVI3

12 FORMA 1 2X ,19HVARIAN CE OF GAMMA ~~F20.~~,19HSTb.DEV . OF GAMMA =~

VL -AA/ti G
~iVL Sfl R1’~VL

l iNT 13~VL~SVL
13 F t)RHAT (2X ,21HVARIANCE OF LAMBDA rF20.5~20HSTD ,DEV , OF LA MBDA
1E20.5,/)

VU~ CL/DO
PRIN1 14 ,V_ L ~14 ~URNAT (2X ,25HCOVARIANCE LAMBDA—GAM M A = ,F20 .5r/)
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14 FORMAT (2X , 2SHCOVAR IANCE LAMBDA— GAMMA = SF20. 5,/)
RHO = VLG/SORT(VL*VG )
PRINT 15,RHO

15 FORNAT (2X ,5HRHQ =~F20.5,/)C******CALCULATIONS IN TERMS OF MEAN
XM = 2*1/V
PRINT 30,XM

30 FORMAT (2X ,6HMEAN =~F20.5,/)XA Z/(XN+Z)
AAA = XA*(—SFX/(XM*XM)+SF*CXA*$(Z+1.))/((1.—XA**Z)**2))
CCC ‘= —SF* (XA*$(Z+j.))*(1.—XA +AL QG (XA))/((1.-XA**Z)**2)
BBB BB+CCC*CCC/AAA-CC*CC ,’AA
800 = AAA*BBB—CCC*CCC
UN -888/GOD
SVM SQRT (VM )
PRINT 31’VM ,SUM

31 FORMA TC2X ,1BHVAR IANCE OF MEAN = ,F20,5,1BHSTD ,EiEv. OF MEAN =vF20.
1,/)
VVL = —AAA /OGG
SVVL SQRT(VVL )
PRINT 13~VVL ,SVVLVLM = CCC/800
PRINT 32~VLM

32 FORMAT (2X ,24HCQVARZANCE LAMBDA—ME AN ,F20. 5,/)
RRHO = VLM /SORT (VVL*VM )

‘ PRINT 15~RRHQ
C************************************~********************************FFI (1) = SF*Z*DZ*E/(1.—D Z)

DO 16 1 =  2pN
16 FFI (I) =
17 FORMAT (5X ,LHX ,12X ,1HF ,14Xp2HFI ,14X ,2HFI )

DO 18 1 =  Lp N
PRINT 19.X (I)~ F (I),FI (I),FfL(t )

19 FORMATC 3X ,F4,0,BX ,F5.O,5X ,F12.4,SX ,F12.4,
18 CONTINUE
500 CONTINUE .
900 CONTINUE

RETURN
• 1

•1
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