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ABSTRACT
» Sensitivity of designed plans and computed risks to changes
in the prior parameters has been studied in this repart. In the
first part, the study is pursued for specified changes in the prior
mean and the shape parameter. The second part involves an empirical

quantification of the uncertainty in parameter estimates by using
Monte Carlo simulation, likelihood contours and the asymptotic
i distribution of the parametric estimators. \
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1. INTRODUCTION

Various aspects of the design and analysis of single sample reliability
acceptance sampling plans in the presence of a prior distribution have been
described in Goel and Joglekar (1976 a,b,c,d). These reports primarily
deal with the case when the failure distribution is exponential, given by

felo) =5 . £50,050 (1)
where t is the time to failure and 6 is the mean time between failures
(MTEF). The parameter 6 is construed to be a random variable with an

inverted gamma prior density
9(0)-};'0“"*1’ 7,k r. 850, (2)

In the presence of a prior density, the producer's and the consumer's risks
can be quantified in different ways. The definitions, interpretations,
interrelationships and the appropriateness of vartous risks have been
discussed in Goel and Joglekar (1976 b). Detexmination of the prior
Mitjg(O)ammutMtimofﬂnmutSyuﬂﬁmmu-
cribed in Goel and Joglekar (1976 c). Numerical and gmaphical procedures for
the design of single sample plans (T,r*) are discussed in Goel and Joglekar
(1976d),MTisﬂumtﬁmuﬂr*uﬂndmmof
f@ilmsinthleT.

pngmofﬂusxwtismimﬂmﬂumiﬂvityofthe
designed plans and the computed risks to changes in the prior parameters.
This investigation has been pursued in two parts. In the first part we

sﬁﬂydnmfﬂyity&mdfiddmmh&nnbrmué-ﬁ-),




and the shape parameter A, MeffétofdunqeainT* (='r/60), *,
andupon various risks is considered in Section 2.1. The following
sensitivity analyses are performed in Section .2.2:

(1) Forfimdrisks,theeffectofsmuchmgesinupamkmﬁ:e

designed values of T and r*.

(ii) For plans designed with specified risk combinations, the effect of
dunqeainupandlmrisks.

The second gart (Section 3) of this study involves an empirical
quantification of the uncertainty in parameter estimates, and a numerical
determination of the effect of such uncertainty on designed plans and
risks. Since this requires actual data, we pursue this study based on
same of the data reported in Schafer (1970) and further analyzed in
Goel and Joglekar (1976 c).

Throughout this study we have assumed that the failure distribution
is exponential and the prior for the parameter 6 is inverted gamma.

Only changes in the parameters of the prior distribution have been
studied in this report. It should also be pointed out that an analytical
approach to sensitivity study did not seem possible in this case and we
had to resort to a numerical investigation.
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2. EFFECT OF SPECIFIED CHANGES IN PRIOR PARAMETERS

The purpose of this section is to examine the effects of the un-
utmnduumhtdwiﬂ:duprmmupuﬂmxduﬂu
designed plan (T,r*) and on the selected risks. Throughout this study,
for illustration purposes the design values of specified MIEF and
minimum acceptable MI'EF are taken to be 100 and 50 respectively.

The effect of changes in T,r*, Hoand A on various risks is considered in
Section 2.1. The following sensitivity analyses are performec in Section 2.2.
(1) Fbrfimdridts,ﬂieeffectofsualldnngesinlbmdlcnﬂlede-

signed values of T and r*.

(ii) For plans designed with specified risk cambination, the effect of
d\angesinupemdkmrisks.

2.1. Effect of Changes in T, r*, upand A on Risks

The classical risks are not influenced by changes in g(6). The effect
of changes in T , r* on G and B is shown in Fig. 1. The effects of changes
inupamkmaarﬂfmﬂminrigmuZ(a)andz (b) while those of
T and r* and 3 and B are shown in Figures 3 (a) and 3 (b). Similar results
fo. * and B* are given in Figures 4 and 5.

From Fig. 1, we see that when r* is kept constant, an increase in T from
100 to 200 hours leads to a decrease in B and an increase in a. This is
obvious since larger T for constant r* implies larger probability of rejection
ay. smaller probability of acceptance for all 6. Similarly, for constant T,
wincreaaeinr‘ﬁunito{inplieamlhrcuﬂlm&

T s
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Fram Fig. 2 (a),anincreaseinupredwes &. The effect 6f change
inXon&depaﬁstponﬂ\evalmofeo. Forsmalleo,anincmasein
Xredwes&whilemeopposimoccursforlargervalmsofeo. An
increase in Jand ) implies larger B as seen from Fig. 2 (b). These resuits
are true only within the experimental zone and may be explained as follows.
& and § are defined as

P(® 2 8y/R) ¢ P(R)
a =P(R|6 2 6

)
0 PO 2 8,
P(6 < 6;]A) « PQA)

B=P@lego, =
P < 6,)

An increase in ppand/or A implies favorable prior, i.e., larger P(A), and
P(®

v

eo) and smaller P(R) and P(6 < el). However, the changes in
eoln) and P(® 56111\) depend upon the values of 6, and 6,. Therefore,
the effect of an increase in u_and A on & and § depends upon the values of

P
elandﬁo. Usuallytheeffectwillbemimseé and decrease Q.

P@®

v

Fram Figures 3 (a) and 3 (b), an increase in T for fixed r* and
prior parameters implies larger G and smaller . An increase in r* for
constant T leads to a decrease in & and an increase in B. The reasoning
behind these changes is the same as the one given above for the classical risks.

Similar infermcescanbemdamgudingtminﬂw\ceofﬂnprior
parameters, upardl and of the designed plans (T,r*) onq* and g* fram

Figures 4 and 5 respectively. These inferences are valid within the range
of parameter values considered.

|

|

/
i
/
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2.2 Sensitivity of the Designed Plans and Computed Risks to Changes in Prior

Parameters.
We now numerically evaluate the effect of changes in upand A on the
designed T and r*, and the risks.

2.2.1. The Design Regions

The design regions being considered for this study are as follows. The
primary design region considered in this study has four base points consisting
of all ombimtimsofupa 75 , 125 and A = 3,5, Around each base point,

a factorial design ismtnntedwiﬂiaS%dmxgeinupuﬁlmitdW\qe
in A on either side of the base point. This inplies that in the subsequent
analysiaﬂgeffectofalOthngeinupandZmitdminAwillhe
evaluated. ghddit.mml factorial regions considered are: (l)ﬁp = 120,

140; A = 2.5, 3.5. (2) oo = 120, 135; A = 2,5, 3.5. (3) Wy = 200,

300; A = 2.5, 3.5 and (4) My = 187.5, 262.5; A» = 2,5, 3.5.

It should be noted that these regions have been chosen for

illustration purpoees. Similar analyses could be done for other regions
of interest.

14




medloiceofthe-dungesinupandxisgovemedbytheminties
associated with the prior parameters, Figures 6(a) to 6(h) show the plots
of the inverted gamma prior density for each of the five points of the
eight factorial regions in this study. The plots indicate that the selection
ofchargesinupandkisreasonable (except for designs 7 and 8 in
Figures 6(g) and 6(h)). In other words, if the prior is based upon a
reasonable amount of data, thectw:gesinpparﬂxomsideredinmissmdy
would be of the order of zqf“p and 20; regpectively. It is suggested that
this be further verified by conducting an analysis of the real data.

Table 1 gives the values of the probabilities P(p < el), P(el <85 8g
and P(§ 2 9,) for the forty prior distributions considered above. From
this table we note that, in general, the probabilities in the tail regions
82 eoandes %chanqemiderablywithdm\gesinupandl. This in-
dicates that the designed plans , especially those that use these areas

as risk criteria, may be sensitivie to changes in the prior parameters.

2.2.2 Changes in Designed Flans For Fixsd Risks

For purposes of this analysis, plans were designed for specifiad risks
amiparmtersupandA. The results of this analysis are shown in Tables
2 through 7. In these tables, the center point shows the designed plans

(T,r*}or the specified risk values and the corresponding prior parameters.
The values at the corners of the various squares are the designed plans if

15
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Table 1

Effect of Changes in ) and A on Prior Probabilities (60-100£ﬁ0)
“p A P(e:pl) P(el<e<eo) P(ezﬁo)
71.2§ 2 . 582 .247 171
71.25 L) .381 .433 .186
78.75 2 .532 . 269 .199
78.75 4 . 306 . 460 .234
75. 3 .422 .37 207
118.75 2 .313 . 336 .351
118.75 4 .076 .415 .508
131.25 2 .262 .351 .839
131.25 4 .047 . 367 . 586
125. 3 .125 .392 .483
71.28 4 . 381 .433 .186
71.25 6 .286 . 543 172
78.75 4 . 306 .460 .234
78.75 6 .204 . 565 .231
7S. 5 . 285 .509 - . 206
118.75 4 .076 418 .508
118.75 6 .203 .393 .584
131.25 4 .047 367 .586
131.25 6 .010 .312 .678
125. 5 .030 374 .595
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Table 1 (Continued)

¥y A P(o<e,) P(°1£9‘°o) P(e26)
120, 2.8 .206 .380 .414
120. 3.5 .101 .609 .489
140, 2.5 .136 .361 .503
140, 3.5 . 082 .347 .601
130, 3. .109 .382 .509
120, 2.5 .206 .380 414
120. 3.5 .101 .409 .489
135. 2.5 .151 . 367 .482
135 3.5 .062 .364 .574
127 3. 117 .387 .496
200, 2.5 .035 . 247 s ¥l
200. 3.5 .005 .160 852
300. 2.5 .003 .092 .905
300. 3.5 .000 .029 .971
250. 3. .003 .105 .892
187.5 2.5 .047 .273 .680
187.5 3.5 .009 .193 .798
i R - 2:8 .007 .138 .855
202.5 3.5 .000 .057 .943
228. 3. .007 .147 .846
25
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Effect of Changes in u

Table 6

p and A on T and r*: Criterion (P(A),B*)

3.5

3.0

2.5

Shape Parameter, A

3.5

3.0

2.5

(6,=50, 60-100)

1
(183,3) 4
P(A)=.8
B*=, 045
[ J
(184,3)
(1134,23) (290,5)
120 130 140
(183,3) (16,0)
P(A)=.8 -
g*=, 05
»
(238,4)
(1134,23) (384,7)
120 127.5 : 138

Prior Mean, “p

#Indicates acceptance permitted without testing.




Table 7
Effect of Changes in up and A on T and r*: Criterion (P(A),B)
(i,‘-so, 0,=100)
: 3:5 [(e04,6) (387,3)
i :
P(A)=,8
§ B=.05
3.0 o
§ (468,4)
5 (986,12) (456 ,4)
6 456
g 2.5 . .
7 5 200 250 300
| #
& ~
& Q
B z
g
1 9]
[}
a.
Y]
=
)
P =4
(77}
3.5 IMeer,n (402,3)
P(A)=,8
B=,05
3.0 ®
(594,6)
(1155,15) (543,5)
Y 225 262.5 :
Prior Mean, u a
e i
8
31 ;




the risk values were kept the same while the prior parameters ware changed to
the values corresponding to the corner being considered. Some of the
cbeervations fram these Tables are sumarized below. It should be noted that
the inferences drawn fram these tables are dependent on the design region
being investigated. Similar analyses should be performed for regions that
may be of interest for a different problem.

Fixed a and 8* (Table 2)

Factorial 1

Asupimream,'rm. The decrease is larger for higher );
r* is almost unaffected.

As ) increases, T decreases. mmumguﬁumpp.
r* is almost unaffected.

Mupmdx increase simultanecusly, T decreases.

Pactorials II, III, IV
As the prior becames favorable, test times reduce and in four cases,

viz. Qi) = (118.75,4), (131.25,4), (118.75,6) and (131.25,6), acceptance
is permitted without any testing for values of a and @ shown in the Table.
Fixed & and B(Table 3)

Within the region considered, an increase in y implies an increase in
T and r*. An increase in ) also leads to an increase in T and r*.
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Fixed g* and g* (Table 4)

Dapanding\mthevalmaofupmdk,uﬂiminupmyleadw

an increase or a decrease in T and r*. Similarly, an increase in A may

lead to larger or smaller T and r*.
Pixed G and g* (Table 5)

mwmupmwammrmvmmu.
An increase in ) may yield larger or smaller T and r* depending upon the
parameter values.
Pixed P(A) and g* (Table 6)
Mhmaeinupuﬂ/orkleadstoamﬂmin'randr'.
Pixed P(A) and 8 (Table 7)

Anincraninupmﬂ/orxredmu'ruﬂt*.

2.2,3 Changes in Camputed Risks For Fixed Plans

The design region described in Section 2.2.1 was oconsidered for
nmxicuwsunyinguuetfocnofcxwmupmxmmm.
The risks were evaluated at the four corner points of the design assuming that

the plan designed for the center point is also employed at the corresponding
corner points. The results are shown in Tables 8 to 13 and the effects of
upmxmmMmummmm.
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2.2.4 Same General Comments
In the following paragraphs, we provide some brief comments based on

the analyses in Sections 2.2,2 and 2.2.3. As was pointed out earlier,
mdxinﬁuummu\ngrﬂuduignngimmidemdmdsrnuld

not be construed to be true in general.

(a) All the plans considered are quite sensitive to changes in the prior
parameter values, both in terms of T and r* and in temms of the risks.
The (P(A), B*) criterion shows the largest sensitivity. For example,
MTablasmoeeﬂuf!u'pptlﬁuﬂA-Z.SwehaveTc1134and
r* = 23, Mup-nsmﬁ-Ls,ﬁnduignvalmsdmme:ls
and r* = 0, : -

(5) While evaluating the effects of changes in the prior, the changes in
T and r* must be jointly considered since a part of the change in T
is due to the change in r*. For example, for the case just considered,
if r* is changed fram 0 to 23, T will be considerably larger than 16
and will approach 1134.

(c) For a proper perspective on the sensitivity analysis, we must look at

the changes in T, r* and risks jointly. Using the (P(A), B*) criterion,

letulmide:anmletoeup;ainthispoint. Let us assume that
ﬂwmnpricrhuup
up-m.sm A= 3,0. For specified P(A) = 0.8, B* = 0,045 and

8, = 100, from Table 6 we have:

= 120 and X, = 2.5 and we wrongly assume it to have

i # g "R e ey v




) TN A R

Assumed Prior: Designed Plan (238, 4)
True Priori Designed Plan (1134, 23)

Thus, the error in the prior has led to reduced T and r*. Once the
Plan (238, 4) is implemented, the true risks will correspond to the true
prior and will not equal 0.8 and 0,045. '

From Table 12, we have the corresponding risks as:

Assumed Prior: P(A) = 0.8, B* = 0,045

True Risks: P(A) = 0.7303, B* = 0.0752
This example shows that the error on the prior has led to a reduced T and r*
and higher risks. Similarly it may happen that T and r* get larger and the
true risks get smaller.

It,therefore,follows that if we consider the cost of testing and the
cost of making wrong decisions, an error in the prior may lead to increased
testing cost and reduced cost due to risks or vice versa. This balancing
of costs indicates that the cost may be less sensitive to changes in the
pnormdpoinuoutﬂumedtommartheoostsmnminﬂaedesigp

of plans.

2.3'1’est'1'immd'lhatﬁmmlaw

'nnettoctofvuyingupm“xyingxm'r issh%’t-m?ima?mﬂe
respectively for several different criteria. The slopes of these curves
are a measure of the sensitivity of T bodmmlinpéuﬂi. A
comparison of test times based on some numerical values of risks is somewhat
meaningless since the design criteria are different. The plots in Figures
7mammmymrmmo£m.
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Standardized Test Time, T

10

r:
\
| P(a) = 0.8
8= 0.0p
a= 0,10
N'-O.IO \
a = 0,10
= 0,10
= 0,10 g* = 0.45 .
a*-o1o\—4\
u"?\o \
* = 0,30
8. 2.0
Prior Mean pr Oo'
Figure 7: Effect of } on T* (K= 2, = 4)

NOTE: Discontinuities exist on all curves; curves are drawn only for

information,
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Standardized Test Time, T*
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3. QUANTIFICATION OF UNCERTAINTY IN PRIOR
PARAMETER ESTIMATES

In the previous Section we studied the sensitivity of designed plans
and camputed risks to specified changes in the prior distribution in-
dependent of the availability of data. Now we consider the situation
when the prior parawsters are obtained fram failure data.

Since the parameters are estimated fram failure data, the uncertainty
in estimation can be quantified by the variance-covariance matrix of
A, § as described in Goel and Joglekar (1976 c). If the correlation
coefficient pg ahetween % and §, is zero, the sensitivity studies can be
carried out by trwating 1 and ¥ to be independent. However, if
p‘xﬁ#o,ﬂhjdntmmforkandyuemeded. Since these
regions for amall samples cannot be obtained mathematically for the present
study, we resort to alternative approaches.

The first approach is to cbtain such regions by simulation and to use
the points along the 100(1-a)8 confidence contour to provide a measure
of uncertainty in the parameter estimation.

The second approach is to cbtain the likelihood plots of A and y based
on cbserved data and use them to obtain a measure of uncertainty. The
third approach is to study the asymptotic bivariate nommal distribution
of 3, and ¥,

- S »«‘-M«\W

R N R "
i ﬁf"ﬁ IR




In the following subsections we use these three approaches for
sensitivity studies. Two sensitivity analyses are conducted. First the
effect of the uncertainty in the prior parameter estimates on the normalized
test time T* (= ‘1‘/90) and acoceptance number r* for a single sample truncated
plan for a system is determined. Four risk criteria, namely (@&,B),

@,8%, (a*,8* and (P(R),8*) (see Goel and Joglekar 1976 (b)far details)

are considered. In each case designed (T*,r*) values are obtained for
specified risk values and estimated (1,7). Then, keeping the risks constant,
designed values are cbtained for same selected values of A and y using one
of the above-mentioned three approaches. The variation in the designed
(T*,r*) values provides a measure of sensitivity.

A second sensitivity analysis is conductdd to determine the effect of
uncertainty associated with A and ¥ on the risks. The four risk criteria
given above are considered. In each case, designed T* and r* values
corresponding to Aand ¥ are used to campute appropriate risks at selected
(,Y) points. The variation in risks constitutes a measure of sensitivity.

The reasons behind the cbserved sensitivity and the choice of criteria
on the basis of sensitivity are discussed next. An approach to determine the
amount of data necessary to cbtain a prespecified sensitivity is outlined.
Also, a camparison of the results fram the simulation, likelihood and bi-
variate noxmal approaches provides practical guidelines for the quantification
of uncertainty.
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3.1 Variance-Covariance Matrix for ),y
Parameter estimation has been considered in detail in Goel and Joglekar

(1976 c). It has been shown that if

fiejo) =z ; t20, 650 (3)
and
A
g(e) .J(-ATO-MD e, 4> 0 (4)
r

then the marginal density of the number of failures X in a fixed time T
is negative binomial i.e.

£ ~ AR @ @Y x=02,23... )

The converse is also true. Ifmw&qmnxmmm
to x = 0 is not recorded fen X has a truncated negative binomial dis-

tribution given by

' ' A

£x) = AL . R (T x = 1,2..06)
1 [} A
x.u-x).u-qa,-v-)}

It should be noted that the prior parameters A and y also form the
parameters of the distribution of the cbservable random variable X. The
parameters can be estimated by fitting a negative binomial or a truncated
negative binomial distribution to the cbserved valuss of X depending on
whether cbservations corresponding to x = 0 are recorded or not. In our

- case cbservations for x = 0 are missing and hence the maximm likelihood
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estimates for the truncated negative binomial case are obtained. In this
case the log likelihood is

k
inL = 3§ n {RnQ+x=1)! =2n(x)! =2n(A=1)! + 2n (=)
I R

+ xtnes) - tall-Eo*]) )

Estimates A and Y can be cbtained by an iterative solution of gnL/3A = 0
and tnL/dy = 0, The matrix for % and ¥ can be
mmerically cbtained by taking the second partial derivatives of inL and
is given by,

(y=¥. X=X )(8)

A a " o%nr %] !
var(y) cov(Y,A) E ) Ll
; e aya
- =
a 2 2
cw(;,f) var(A) zb AnL Ea ""12‘
. Y a

and the correlation coefficient is given by

V)
- vl ) (9)
N2 var) varbn V7
For the present pumpose, we reconsider three of the ejjht data sets
of Schafer (1970) analysed in Goel and Joglekar (1976 c). The data is
given in Table 14 where x denotes the nunber of failures in 4320 hours of

it




TABLE 14
VED FAILURE DATA*

s

Search MVPS

Search Indicator

Transmitter

PP-3132

IP-128A

21

16
10

10

10

19

12
15

14

33

16

|

&

* Data fram Schafer (1970)
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mummnxummm. Since cbservations corresponding
to x = 0 are missing, a truncated negative binomial is fitted and the
maximm likelihood estimates, their variances and the correlation coefficient

A

o

>
<)

Q)
»

System

»
>
=

Transmitter 0.2054 680.0 0.28 318.0 0.86
Search Indicator 0.4407 1152.0 0.40 542.0 0.90
Search MVPS 0.8646 714.0 0.31 21..0 0.89

suu'imumdmmyo.sumamm.mmmm
estimates do not provide sufficient quantification of uncertainty and joint
confidence regions for A and y musk be cbtained. As mentioned earlier,
eplicit epression for the joint density does not seem feasible since the
paramster estimates themselves are not explicitly known.
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3.2 Simulation Study

A simulation study was @onducted to cbtain the joint and the marginal

densities of \ and y.

The study can best be explained by an example. i

Consider the failure data in Table 1 for the search indicator. Based upon

55 failures the estimated parameters are A = 0.4407 and § = 1152.0.

The steps in the simulation study are as follows:

1. Take A = 0.4407 and y = 1152.0 and generate 55 cbeervations from a
truncated negative binomial distribution with parameters A,Y.

2. Estimate the parameters A and y for the gensrated failure data using

maximam likelihood estimation procedure.

3. Repeat the above steps N (say 200) times. A plot of A vs § gives the
simulated joint density. The histograms for A and Y constitute the
simulated marginal densities.
Using the above procedure, the following four simulationsswere -

conducted.

Tranrsmitter
Search Indicator
Search MVPS
Search Indicator

A h |
0.2054 680.0
0.4407 1152.0
0.8646 714.0
0.4407 1152.0

S2

for each simulation

No. of No. of
Cbservations Similations

55 200
74 200
55 1000

Fats i




e

Based on the above simulations, four sets of xand ?values are
obtained, the first three consisting of 200 pairs of values and the fourth
ane with 1000 pairs of %,y. The first three sets of 1,7 values are given
in Appendix A, Tables A.l to A.3. The similated joint densities and
: the similated marginal densities are obtained from these sets of (i,'y\

B e

values. The joint densities for cases (a) through (c) are given in
Piq'uzes 9 to 11 respectively, and the marginal densities for % and Y} for

the four cases are plotted in Figures 12 to 19. The camputed values of
sanple mean, sample variance, skewness a3andkurhosis a4arealnoqiven
in Figures 12 to 19.
The joint density of % and { has the interpretation that the 95%
contour corresponds to the 95% confidence region for A and y. Points
along the 958 confidence contour can be judiciously selected to quantify
the uncertainty associated with the prior parameters for the purpose of
sensitivity analysis,
ﬂufolladngoblmﬂmsmyhem&mthcamumhtimmdu.
(1) Smofﬂnuﬁmtdmvﬂuumnqativeuﬂamm-

admissible. Mnmﬁwmlunmybecammaﬁn

RIS IS S L O R
BT O B DS A R

nature of the simulated'data in these few cases. This is not
nmmummiwmﬂmummg&thnmimn
me,mwm&m“ofx is ®0 close to
2ero, Qnmlywwhwmmmuwnlmmbe
slightly greater than zerc. Arother possibility is to use Brass's

modified moment estimates. mmmm
mlym:lthhmﬁutﬁud.uufmam.
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(11)

(iid)
(iv)

(v)

(vi)

mmmamimmistmﬂylmﬂmxmy
indicating the small sample bias of maximum likelihood estimates.
The bias remains the same for 200 simulations and 1000 simulations

and depends upon the nunber of cbservations in each simulation
and not on the nuwber of simulations,

'n\emnsmpleaveragestandaxddeviatimsaxand%mla:ger
than the standard deviations cbtained fram the information matrix.
The marginal distributions of A and ¥ are skewed to the right as
also indicated by the positive values of skewness.

mé marginal distributions are generally leptokurtic. 200
simnatioma:eimufﬁcienthoesthnteu‘asevidmcedbyﬂxefact
that o, (%) = 13,6 for 200 simlations and a, (%) = 3.37 far 1000
simulations, for cases (b) and (d), Figures 14 and 18 respectively.
This is expected since estimation of higher moments will require
larger simylation.

200 simulations appear to be sufficient to estimate the joint and

mmwmmmmmm“mnym
same for 1000 simulations,

Results of sensitivity analyses are discussed later in Section 3.5.

SN 9,9 2 i 3w
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3.3 Likelihood Contours
The likelihood of A, Y given the data is:

K
LOuylxng = 0 (DS oin)* o 1* Ay>0 (0
x=1 _, ' A
x (-1 1H1- ) ™}
Gimﬂ-mmmotxmﬂnx (see Table 14), the likelihood function
can be evaluated for any A,y.
The noxmalized likelihood function is defined as:

L, v|x,n,)
L3,y |%,n,)

L*(\,|x,n) = (11)
where LG, §|x,n) is the maximm likelihood and clearly 0 < L@\, v|x,n) < 1.
For the three sets of data under consideration, plots of constant

normalized likelihood are given in Figures 20, 21 and 22. The plots are
restricted to positive parameter values and are elliptical in nature. The
maximm 1ikelihood estimates can be easily cbtained fram these plots and are
the same as those given before,

The plots may be interpreted as follows. The 0.05 contour implies that
A,y values on this contour are 1/20th as likely as e maximum likelihood
estimates in the light of the dbserved data. If a uniform prior is assumed
on A and Y, then the likelihood contours are proportional to the highest
posterior density regions.
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The likelihood contours do not have the confidence region interpretation.
However, an empirical camparison of the likelihood contours and the
empirical joint densities shows that the 5% likelihood contour reasonably
approximates the 958 confidence region and may be taken to be an easy to
use approximate quantification of uncertainty.

Sensitivity analyses based on these contours are discussed later in
Section 3.5.

70




-
B
&
-3
&
-3

*
3
g

e L

-

cmr

3.4 Asymptotic Bivariate Normal Contours
Maximum 1ikelihood estimates ave asymptotically nomally distributed.
Therefore, A and Q have an asymptotic joint bivariate normal distrilution
given by
f(x.y)=[zw{—§,a exp[-g——— f(‘—:-’-‘-)z
(-phg oy 0 A (12)
~20, A( %) (121) + (11)2}1

s 3 Y

Contours containing 100(1-o)% of the distribution are given by

dd' - 24 i @y . @y -zu-p; \) log(lw)  (13)
i A Y Y :

Figures 23,24 and 25 show plots of such contours for o = 0.05, 010 and
0.1587 for the three cases being considered. The plots are drawn by
taking of,05 and pg ¢ to be mmerically equal to Gx,'&? and 6§'§
respectively.

These contours can be interpreted as asymptotic confidence regions
for % and §. A comparison with the small sample results obtained by
simulation indicates that these contours may be considered to farm a
quantification of uncertainty.




; (e3eg zw933TWSURIY)
@ X) Ho UoTINQTIISTA TewaoN OT3o3dwisy jo sanojuo) gz °b14d

(0T 4&q petTdTaTrul oq 03 senyea, A ‘z93sweaeg oreEOg

88°922 mm._m— t1°9gl 2l g6 £e'Sh S0°0- hh gh- €8°06-
* } 1 } } | ; L5
-
1)
T
-
w
)
TS
(2]
o
+9
s
€18 = —
06°
49
S6° o
=
a8

_ X ‘Ijeueaeg odwys




(e3eg x03eOTPUI Yyoaeas)
(A’Y) 3O UOTINQTIISTQ TewIoN OT303dwisy Jo sanojuod pz °*HTd

(0T &q porTdraTrw aq 03 senTed) A «ze3suweseq oTeoS

m~.am_m- mh.ca.m Nm,_m_m Qm.mmr_ h:.mu bm.arv tm‘wu.n 28°551-,
H . . > i \s
(4]
|
|
; .
Av\o
3
0
lg &
g
LY o w.,.,
n.
m -
£ ot o
T= s
>
=
| i
u % | &

4 5 A s




- } y .

(e3ed SAAW YoIeas)

(A’Y) 30 uoTINQTIISTA TBWION OT303dwisy JOo sanojzuo) ¢z °b1a

(0T 4&q perrdraTru 8q 03 sentea)
as ol

Nw.&q. 8% %

SUPS R I o,

A ‘I93°weIRg OTEROS
th €€ '99 f2°92 58°€-

Ay PSSR posioke lo....- nine -4

€6°€¢-
¥

Ls'0-

se'0

981

€8° 1

oh'e

98°0

Y ‘asjewwaeg odeys




A

P

&
&
B
3
&
E

HARHS

3.5 Sensitivity Analyses and Discussion

The three approaches discussed above were intended to obtain some
quantification of the prior parameters A and Y. Using the results from these
approaches of analysis, the following two types of sensitivity were
conducted.

1. For each of the three examples under consideration, A and Y values
along the 95% confidence ocontour were judiciously selected. For the

four risk criteria, namely, (o*,B*) , (3,B), (&,B*% and (P(R),B%),

o plans were designed to abtain T* and r* at the selected parameter values

/

for *wo discrimination ratios, K = 2 and K = 1.5. The results are

given in Tables 15 to 20.

2. For each of the four risk criteria, plans were designed at ’A\ and ‘?

; UsmgthedesignedT*andr*value{, the risks were computed at each
of the A,y values selected above. A‘mé‘xaesults from this analysis are
tabulated in Tables 21 to 26. ‘

The first sensitivity analysis gives the effect of the uncertainty
associated with the parameters on the designed plans and the second sensitivity
wnalysis gives the effect on risks.

The foliowing obsarvations are made fram the results of the above
sensitivity analyses as given in Tables 15 to 26.

(1) In general, tne designed plans and risks are significantly sensitive
to changes i the prior parameters for the data under consideration.
¢ Changes in T* by a factor of 4, changes in r* by a factor of 2
and changes in risks by a factor of 3 are faitrly cammon.
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(11)

(ii1)

(iv)

(v)

In temms of the sensitivity of designed plans, the risk criteria
may be ranked in increasing order of sensitivity as (3,B), (&, B+),
(a*,8*) and (P(R),B*). The criterion (G,8*) shows smaller changes
in T and larger changes in r* compared to the criterion (a*,8%).
(P(R) ,8*) criterion is very sensitive since it is easy to cbtain
situations where infinite testing is needed or no testing is
required to mest the desired criteria.

Part of the change in T* above is due to thechange in r*,

In terms of the sensitivity of risks, the criteria may be ranked
in increasing order or sensitivity as (3,F), (3,8%), (a*,6%).

No results are currently available for the P(R),B* criterion.

The sensitivity is such as to balance the changes in the cost of
testing and the cost of wrong decisions.

If the sensitivity is to be reduced, the prior must be better known,
i.e., larger mmber of cbeervations is required to estimate the
prior. The number of cbservations necessary to yield a pre-

specified sensitivity can be obtained by using the simulation approach,

the likel hood plots or the asymptotic bivariate normal contours.
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Thres sats of 200 estimated values each of A and y are given in this
Appendix. In Table A.1 the 200 values are based on smples of size 50
each, in Teble A.2 the smple sise is 55 while in Table A.3 the smple

sise is 74.
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TABLE A.1

SIMULATED VALUES OF A AND Y (A=0.2054, y=680)

s, 7 R

GAMMA LAMBDA GAMMA LAMBDA
1626.2998 1.2906 470.2000 -0.0349
1163.7000 0.6500 454.8999 0.1662
1188.8999 0.5156 800.3999 0.2258

338.8999 -0.0752 887.0000 0.4657
1053.3999 0.4376 621.7998 0.1914
644.5999 0.1307 1199.3999 0.5029
488.2000 =0.0717 671.3999 0.1741
1404.5999 0.5922 261.3999 -0.2296
819.0000 0.2997 643.7998 0.1623
885.2000 0.4050 507.7998 0.0958
1298.2998 0.6401 587.7000 0.1637
412.7998 -0.1883 594.0000 0.1707
978.3999 0.7273 1430.0000 0.5358
1383.0000 0.6035 386.2998 -0.0608
730.5000 0.4183 1308.7998 0.9830
906.8999 0.1529 1094.8999 0.2526
691. 5000 0.2390 394.2000 -0.1483
555.0000 0.2494 817.2000 0.2079
1254.5999 0.6296 1160.3999 0.3279
785.2998 0.1398 810.7000 0.1061
723.2000 0.2949 573.5000 0.0935
748.2000 0.2448 2302.5000 1.5078
604. 2000 0.1214 374.7998 -0.1243
655. 5000 0.2488 1044.8999 0.9630
793.0999 0.2512 1107.5999 0.5892
769.3999 -0.0403 905.3999 0.0970
734.0000 0.1953 566.2998 0.2369
383.0000 -0.1965 1267.0000 0.3970
713.7998 0.0072 451.5000 0.0656
1849.5000 1.5158 687.2000 0.2565
916.5000 0.6314 522.8999 0.0355
809.5999 0.3364 853.7000 0.4314
660.3999 0.0665 1798.3999 0.6599
763. 0000 0.3659 589.7998 - 0.1855
2387.8999 1.6382 499.5999 0.1583
532.7000 -0.0325 2011.3999 0.8416
762.0000 0.4822 326. 5999 0.0645
798.7998 0.3744 719.0999 0.4675
936.0000 0.5954 259.0999 =0.3032
5323.8984 2.6631 447.7000 0.0369
754.8999 0.1902 1302.2998 0.7074
1117.0999 0.5014 705.0999 0.3410
684.0999 0.6191 754.2998 -0.0156
719.0000 0.1013 819.2998 0.3208
545.0999 0.1531 700.7998  0.2490
415.5000 0.0281 1563.0000 = 1.0285

480.8999 -0.1029 487,2000  -0.0259

9
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GAMMA
1556.7000
1962.2998

809. 5000
640.0000
611.0999
1084.5000
1111.2000
992.2000
1031. 5000
310.7000
3705.2000
474.7000
1242.5000
238.6000
971.7000
970.7000
1855.0000
331.8999
827.0999
697.0000
765.0999
385.0999
1305. 5000
743, 7000
1376.5999
582.5999
464.0000
2172.5000
920.5999
472.7998
355.0999
346.3999
848.7000
433.0000
534.7000
452.0000
436.0999
1201.7998
1007.8999
2455.5999
302.7000
1207.2000
608.5999
717.2000
843. 5000
401.7998
595.7998
838.7998
943. 7000
810.5000

TABLE A,l(Continued)

LAMBDA

0.8256
1.0254
0.2210
0.2772
0.0703
0.9083
0.4549
0.3611
0.4930
0.0270
1.9025
0.0098
0.7404
-0.2872
0.3659
0.2967
0.9946
=0.2345
0.5062
0.1770
0.2246
'0 . 1986
0.2152
0.3842
0.4443
0.4101
0.0483
1.0529
0.3134
0.0673
0.1737
-0.2799
0.2901
0.2708
-0.0929
-0.0588
0.0148
0.6266
0.5750
1.5037
-0.0306
0.6057
0.2744
0.2996
0.4082
-0.0194
0.2308
0.1926
0.3042
0.2416

CAMMA

692.0000
529.7998
592.7998
646.8999
1071.5000
821.8999
1266.7998
567.0000
1153.7998
694.5999
395.0999
962.5999
860.0999
816.2000
685.0999
569.0999
1208.3999
423.7998
360.2000
557.2998
514.5000
607.2998
753.5999
494, 3999
615.0999
658.2000
768.0999
475.7000
516.5000
802.7000
765.8999
1188.2998

LAMBDA

0.0150
0.1260
0.0888
0.2082
1.2839
0.2456
0.5211
0.0370
0.4305
-0.0950
0.1135
0.2435
0.4695
0.0748
0.3027
-0.0184
0.4195
=0.0040
-0.0028
0.0563
-0.0260
0.2537
0.1575
0.0407
-0 . 0560
0.3234
0.1770
0.0915
0.1115
0.3845
0.1296
0.4222
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948.2998
808.8999
887.8999
2238.0999
608.7998
729.7998
1050.2998
534.0999
553.3999
327.8999
961. 7000
771.5999
915.2998
439.7998
503.0999
950.0000
1414. 3000
530.8999

989. 35999
438.3999
1298.0999
327.0999
882.8999

TABLE A.l(Continued

0.0787
0.4974
0.3538
1.7466
0.2328
0.4858
0.5279
0.2690
0.1112
0.1504
0.3197
0.1280
0.1516

-0.1480
0.0980
0.5027
0.3388
0.1046
0.0260
0,3435
0.1724
0.5174

-0.1732
0.6357




SIMULATED VALUES OF ) AND Y (}=0.4407, y=1152)

TABLE A,2

GAMMA
1702.2000
467.7000
780.2998
2371.3999
1710.2998
1303.7998
900.5000
561.3999
435.3999
431.3999
1016.0000
895.2998
1004. 0000
1599.3999
1434.7000
918.0999
1166.5999
820.2000
1423.0000
3209.8999
1114.8999
1358.0999
1256.0000
1129.7998
2508.0000
828.8999
1580.0999
1136.5000
1140.5999
836.7000
1004.7998
1917.0000
1093.2998
1455.0000
941. 5000
2580.3999
1475. 5999
2319.5000
604.0999
1096.5999
2516.0000
650. 5000
1107.8999
1710.5999
1556.2000
2113. 5000
1139.3999
4418.0000

LAMBDA

0.6841
0.0101
0.4946
1.1299
1.0923
0.8202
0.2266
0.0343
-0.2675
-0.1738
0.3795
0.0839
0.2978
0.5365
0.5740
0.3855
0.4846
0.2692

0.4880.

1.6547
0.5752
0.7036
0.5999
0.5222
1.2068
0.3419
0.8331
0.4125
0.2942
0.1015
0.3558
0.4030
0.2351
0.4605
0.2675
1.2396
0.4539
1.4120
-0.0280
0.5077
1.4802
0.0346
0.2620
0.8435
0.7049
1.0854
0.3831
2.2437

—  GAMMA LAMBDA
737.0000 0.1345
1567.2000 0.3940
1081.5999 0.3940
1379.0000 0.6238
639.7998 0.2651
789.2998 0.4063
886.2000 0.4401
1517.8999 0.8203
1287.3999 0.4815
650.7000 0.1680
1457.2998 0.3480
1937.7000 1.0283
1426.0999 0.3494
1539.0999 0.4427
3451.8999 2.0869
1398.0999 0.6663
828.0000 0.2882
1375.5999 0.8634
1449.7000 0.8176
845.5999 0.2560
409.7998 -0.1160
1012.00C0 0.0728
647. 5000 -0.0392
873.5000 0.1372
948,5999 0.4588
1051.7998 0.3737
1127.5999 0.4132
3291.2998 2.0623
1310.2000 0.6711
874.2998 0.4280
5752.0977 3.2755
1151.2998 0.3762
1648.0999 1,2471
1501.2998 0.6825
1001.2998 0.1454
1288.2998 0.3462
1431. 0000 0.6838
1207.5000 0.3858
913.2998 0.1754
1567.3999 0.6419
1842, 5000 1.1328
550.5000 -0.0712
1424,8999 0.6789
1064.8999 0.1659
2475, 5000 1.2642
1035.7998 0.5156
2233.0000 0.8375
569.5999 0.0236
s iiﬁ
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GAMMA

1071. 5000
1586.8999
793.7000
1822.5000
1854. 5999
893. 0000
1399.8999
605. 2000
521.5000
789.7000
2193.0999
1214.3999
1852.2998
2335.2000
475.0000
864. 5000
1642.7000
1313.2998
957.2998
2903. 5999
1301.2998
1035. 0999
1867.0000
2777.2998
1176.7998
2419.0999
1899. 8999
770.7998
911.2998
1120.5999
565.5999
1953.0000
999.7000
1597.3999
1766. 5000
1996.5999
1847.7998
1766.3999
2491. 5000
1039.0000
804.8999
909.0999
643.2000
642.2998
874.2000
1401.3999
1192.0000
1719.8999
801.0999
1769.2998
3615.7998

" I 4 g
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TABLEA,2 (Continued)

LAMBDA

0.3751
0.5064
0.1489
0.7558
0.9419
0.2793
0.8775
-0.0116
0.0624
0.2805
0.7700
0.4833
0.8940
0.9891
0.0224
0.1368
0.8328
0.7155
0.2597
1.5218
0.5616
0.4596
0.6135
1.2009
0.5933
0.8406
0.9993
0.2453
0.3599
0.6521
0.0567
0.9921
0.5474
0.8965
1.1106
0.7723
1.3600
1.1518
1.6316
0.5322
0.4500
0.0794
0.0280
0.0902
0.2370
0.5301
0.5453
1.0397
0.3201
1.0396
2.6707

GAMMA
2333.7000
1048.7000
1069.7000

610.0999
1109.7000
944,.7998
759.8999
1171.0999
794.0000
1021. 2000
847.5000
2632.5000
1517.8999
977.0000
1844.2000
1084.3999
8633.7969
828.5000
1599.7000
1318.3999
2176.0000
1131.3999
1485.8999
2743.8999
1637.5000
1275.0000
1339.5999
2236.7998
5005.7969
1140.0999
966.7000

b

LAMBDA

1.2734
0.4293
0.3281
0.0235
0.2634
0.3248

-0.0230
0.7804
0.3408
0.4678
0.1100
1.5680
0.7728
0.4338
0.4054
0.5113
4.9344
0.1598
0.7686
0.5314
0.5675
0.5977
0.6317
1.7140
0.8287
0.3644
0.4568
1.5002
2.0796
0.5463
0.3438




GAMMA

1105. 8999
1685.8999
857.2000
939.7000
724.2000
883.0000
1352.2998
1245.3999
536.3999
1256.2998
1597.7998
841.2998
1090.5000
1083.5000
2995.2998
1633.7998
1458.5000
3508.2998
1290.8999
1283.0999
1285.2998
1011.5999

TABLE A.2(Continued)

LAMBDA

0.3723
0.7843
-0.1207
0.2314
0.0179
0.5012
0.4283
0.5251
-0.1083
0.5000
0.8075
0.0163
0.3906
0.5674
1.7051
0.9467
0.7615
2.3385
0.7603
0.6805
0.6579
0.3402




3 & . .,
i 4 PR B IEEEN

A

RO 0 AR I N P

L S S

1129.7998
698.5000
691.7000
794.0000

1044. 0999
872.0000
913.7998
999.0999
565.5000
795.2998
767.5000
792.0000

1237.5999
818.7998
325.0000
885.0000

1129.2998

1652.2000
635.8999

1048.0000
954.2000

1249.2998
699.2000
669.7998

1037.7000

1007. 3999

1148. 3999

963.7998
722.2000
809.0000
581.3999
792.5999
699. 7000
806.3999
541.8999
884.3999
825.0999

1507. 5000

1047.7000
858.7998
864. 5999
790.2998

1050.7998
772.2998

1307.7000
747.5999
S44. 5000

1.2922
0.6776
0.6410
1.0091
1.3207
1.0300
1.2115
1.2795
0.7024
1.0477
0.9830
1.0922
1.5421
1.0479
0.1347
0.8389
1.3587
1.5372
0.5439
1.3599
1.0195
1.6217
0.9969
0.8840
1.1893
1.3464
1.6338
1.1645
1.0797
0.9003
0.6610
1.3197
0.7048
1.2531
0.6337
1.4058
0.6945
1.6750
1.0557
0.9286
1.5309
0.9513
0.8512
0.9723
1.6148
0.7406
0.4425

TABLE A,3
SIMULATED VALUES OF ) AMD y(A=0.8626, y=714)

GAMMA

664 .8999
1241.8999
709.2998
801.5000
667.2998
666.2998
905.0999
668.0000
861.2998
970.7000
449.0000
1087.0999
1543.5999
912.5000
723.0000
806.0000
805.7998
1177.2998
600.2998
725.2000
2072.7000
977.0999
699.5000
859.0999
537.7000
910.2000
1707.8999
813.2998
821.7998
687.0999
705.8999
783.5999
697.7998
1137.2000
709.2000
694.3999
922.3999
945. 5000
1157.7000
805.2000
897.8999
1298.5999
973,
2

000
2031108

LAMBDA

0.7818
1.3697
1.0558
0.6861
0.6105
0.7072
1.0029
0.5642
1.2500
1.2543
0.3235
1.0042
1.8180
1.2924
0.9620
0.8293
0.9857
1.1297
0.6387
0.7326
2.3643
1.0214
0.7620
1.0550
0.4938
1.4206
1.8741
0.9602
1.0376
0.8009
0.9951
1.0594
0.9747
1.4718
0.7618
0.7746
1.4652
1.0305
1.3907
0.8406
1.1198
1.6937

1.2667

11,0230

10,8663
1,2430

L

Fen

0.8391




TR AR RS

GASA

671.0999
763.2998
747.5000
635.7998
1263. 0999
987.0999
754.0999
1119.2998
683.0999
743.0000
781.2998
768.2998
1282.2998
609. 2000
725.3999
523.8999
562.2000
934.2000
971. 5000
549.8999
1369.2000
558.0000
743.0000
1042.5999
862. 5000
1085.2998
1248.7998
729.2998
1085, 8999
1136.5999
998. 2000
842.5000
625. 5000
967.5999
1022.7000
1006. 7000
596. 7000
1000.5999
660.0999
587.2998
1051. 5000
658.8999
711.3999
677.5999
1231.5000
1004.3999
595.3999
1255. 7000
800.7000

1.0229
0.8058
0.7373
0.6454
1.4755
1.0228
0.9719
1,2125
0.3515
0.9086
0.8292
0.9325
1.2384
0.4810
0.8956
0.5425
0.4358
1.1240
1.3375
0.5234
2.0692

0 7145
1.3151
0.9340
1.1666
1.7349
0.9287
1.2003
1.1074
1.1210
0.8414
0.6790
1.2432
1.4037
1.3606
o. ““
1.3256
0.8086
0.7184
1.2500
0.8999
0.8988
1.0285
1.4286
1,333

1.8550
1.1665

ued

1131.7000
785.7000
664 .0000
790.0000
513:2000

1068.2998
729.2000
545.2000
695.8999

1043.3999
552.2000
659.2000
767.7998
681.7998
925.7000
704.2998
694.5999

1699.7000
734.7998
688.8999
849.7000
551.2000

1139.5000
941.7000
987.3999
728.3999
881.0000

1062.0000
749.8999
579.0000
625.0000
713.0000

1.2632
0.9656
0.8467
0.9736
0.3631
1.2913
0.6888
0.4929
1.0859
1.0897

0 9111
0.6995
1.0879
0.8321
0.7786
0.8220
1.9828
0.9847
0.8782
1.1444
0.5754
1.5717
0.9080
1.2192
0.8493
1.2301
0.8504
1.1255
0.7533
0.8003
0.9448

R e




b

TABLE A, 3(Continued)

S LAYEDA
1076.2000 1.2229
1277.7998 1.8438
1109.8999 1.3950

802.2998 0.9201
834.0999 1.2543
989.0999 1.0521
1392.0000 1.9634
1038.2998 1.3092
1250.7000 1.4110
829.3999 0.9717
728.2000 0.8217
807.3999 1.1283
1235.5999 1.2762
466.2998 0.4801
1047.2000 i.2111
1119.7998 1.4488
1199.2000 1.6194
725.8999 0.8500
652.7998 0.7714
868,5999 1.3025
723.8999 0.7434
734.7000 0.7315
681.2000 0.8583
1006.8999 1.3533

939.2000

0.9735







