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Various aspects of the design and analysis of single sariple reliability
accaptance sanpling plans in the presenca of a prior distribution have been
deacrited in Gc*l and Jogl&car (1 976 a,b,c,d).  ~~~se reports primarily
deal with the case when the failure distribution is eiçcnential, given by

f ( t lo) — . e~~”0 t ~ 0, 8 > 0 (1)

~‘there t is the tine to failure and 6 is the seen tine betiaien failures
(Z4TBF). lie p..~~u.i.thr 8 is xnstrued to be a ranckxn variable with an
inverted gasna prior ~~isity

g(O) — j L~. 
. Ø +1) e~~

’0 , A , y, 0 > 0. (2)

In the preestae of a prior ~~~sity, the producer’ a aid the oonatamr’ a risks
can be quantified in different ways. 1te definitions, interpretations,
interrelatiat~~ips ad the ~~~~~~1ateness of var~~ue risks have been
discussed in Gosi ad Joglskar (1976 b) • Detennination of the prior
density g (0) aid the estlietion of the paraimeters y and ~ have been des-
cribed In Goel aid Jogiskar (1976 C).  Numerical aid ~ya~~ical prooedures for
the design of single sauple plans (T,r*) are discussed in Goel aid Joglekar
(1976 d), where P is the test tine aid r~ is the a1].~ 1ab1e i~~~*x of
failures in tine P.

The purpose of this report is to investigate the sensitivity of the
designed plans and the ~~iput.d risks to changes in the prior paraneters.
This investigation has been pursued in b~ parts. In the first part wa
study the sens~ti~ity for specified changes in the prior sean i C —

N. ~
N

N

1• N
_ _ _ _  

N

4 ~~~~~~~~~~~~~~~~~~~~~~~~~~~



p.-

aid the shape parameter A . 1?e effect of changes in T~ ~~
- “~o~’ r~,

aid various risks is ~~nsidered in Section 2 • 1 • The fol.lcn’iing

sensitivity analyses are perforned in Section 2.2:

I (i) For fined risks, the effect of email changes in }A,~ard A on

designed values of 1~ and r .

(ii) For plans designed with specified risk oczrbinaticns, the effect of

changes in ~~~~ A on risks.

The aecx~id tart (Section 3 )  of this study involves an aupiricel
• quantification of the ~x~certaInty in parameter est.inetea, and a numerical

determination of the effect of such uncertainty on designed plans aid

risks. Since this requires actual data, wa pursue this study based on

sose of the data reported in Schafer (1970) and further analyzed in

Goel aid Joglekar (1976 c).

Thrc*4~out this stuly wa have aseinel that the failure distribution

is expcmential aid the prior for the parameter 0 is inverted g~~~~.
(~ily change. in the paraneters of the prior distrib.iticz~ have been

studied in this report. It ~xsa1d also be poin~~~ out that an 
- 
analytical

apç~toach to sensitivity study did nct seem possible in this case aid wa

.~~~~~ to reecrt to a numerical investigation.

2

~ 

~~~~~~~~- - - ~~~
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2. L”r ~~ SPEC~ ’IED Q~A~~~S IN PRIOR PARA)~’1~RS

~~~ p~ pose of this secthm is to e~~~the the effects of the un-
certainties associated with the prior risen aid parameter A on the

designed plan (T,r *) ad on the selected risks. Througbuut this study,

for illustration p~ poees the design value, of specified ?~1~~ and

mininun acceptable ML’S are taken to be 100 aM 50 respectively.

fle effect of changes in T,r*, A on various risks is considered iii

Section 2.1. The foil~ ,ing sensitivity analyses are perfcrne~ in Section 2.2.

j (i) For fixed risks, the effect of email changes in A on the de-

sig~~~ values of P and r*•
(ii) For plans designed with specified risk cosbination, the effect of

changes in U~aM A on risks.

2.1. Effect of C gesln T, r*,~~~a M A o n R i s k s

• The classical risks are r~ t influenced ~ r changes in g (0) . The effect
• of d’sanges in T , r* on a aid ~ is eh~e~i in Fig. 1. The effects of changes

In ii~ard A on ~ aid ~ are s~~sn in Figures 2 (a) and 2 (b) while t)~ ee of
I’ and r* and & aid B are ah~s~ in Figures 3 (a) aid 3 (b) • Similar results

fo~ ~ aid 8~ are given in Figures 4 aM 5.

Fran Pig. 1, wa see that when r* is kept constant , an increase in?  fran
1CO to 200 )x*n s leeds to a decrease in 8 aid art increase in a. This is
ol~;icus since larger? for constant r* i~~lies larger probability of re:j.ction

~ y w~ i1er probability of acceptance for all e. Similarly, for constant T,

ar i.~creaes in r fran 2 to 4 isplies aneller a aid larger 8

• - •

I 

~~~~~~~~ ~~ ~
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• Fran Fig . 2 (a) , an increase in ~~redt~ es ~~~. ~Ihe effect of change

in A on ~ depeds t~ an the value of O0• For snail ~~ an increase in

X reduces & while the o~~osite occurs for larger values of Oo. ~~
increase in }~ and A uiplies larger 3 as seen fran Fig. 2 (b) . ‘11~~se resui ts

are true only within the e~çerisental zone and may be e~~lained as foll~~s.

~ and ~ are defined as

P (O .~~ 0 I R) . P (R)
& = P (Rl 0~~~ 60) =  0

P (0 
~ 6~ )

P( 0 ~ 0 J A) . P (A)

~~= P(Al0~~ e1)— 
1

P( 6 
~ 61)

An increase in ~ and/or A isplies favorable prior, i.e., larger P (A) , aid

P (6 
~ e o) and smaller P(R) aid P(0 ~ Hc~~ever , the changes in

P (0 ~ 6
~~I R) aid P (0 

~~
. o~j A) depend ~.çon the values of 0 0 aid 0

~
. herefore,

the effect of an increase in J.t~and A on aid ~ depends ~.çon the values of

6 1 and 6 0. Usually the effect will be to i ease ~ aid decrease ~
Fran Figures 3 (a) aid 3 (b) , an increase in T for fixed r* ~~~

prior pareseters iriplies larger ~ and smaller ~~~. An increase in r* for

cx nstant T leads to a decrease in ~ and an increase in ~~~~. ¶L1~ reasoning

behind these changes is the saima as the one given above for the classical risks.

Similar inferences can be riMe regarding the influence of the prior
- • 

pararieters, 
~~ 

aid A aid of the designed plans (T,r )  on a* aid ~~ fr ~~
• Figures 4 aM 5 respectively. ~~~se lzttarerto.. are valid within the range

of parsnet.r values considered.
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2.2 Sensitivity of the l~ ei~~~d Plans aid Q3~puted Risks to thanges in Prior

Paraietars.

~~ r~~i rnmericaily evaluate the effect of changes in Ii.~ard ~ on the

designed T and r*, aid the risks.

2.2.1. ~~e ~~~ign 1~ gions

The design regions being considered for this t~xIy are as fol1a~s. ‘fle

primary design region considered in this sttdy has four base points consisting

of all arbinatiaria of 75 , 125 aid A 3,5. Azowd eacti base point,

a factorial design is const ru cted with a 5% change in 1 ziit change

in A on either side of the base point. This inplies that in the subseg~~~t

analysis the effect of a 10% c~~nge in M~aid 2 unit change in A will be

evaluated. Mditional fectorial regions cxz~aidered are: — 1.20 ,

140; A 2.5 , 3.5. (2) — 120, 135; A 2.5 , 3.5. (3) 200,

300; A • 2.5 , 3.5 and (4) 187.5, 262.5; A 2.5 , 3.5.

It .luald be noted that these regions have been cboee.~ for
il1us~~atlon p~rpoeea. Similar analyses could be dc*is for oU~~ regions
of interest.
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The d~~ice of the changes in and A is governed by the uncertaintie s

associated with the prior paraneters. Fig~xee 6 (a) to 6 (h) shc~ the plots

of the inverted ganma prior density for each of the five points of the

eight factorial regions in this st~dy. The plots indicate that the selection

of changes in and A is reasonable (e~ ,ept for designs 7 and 8 in

Figures 6 (g) and 6 (h ) ) .  In other ~~rds, if the prior is based ~çon a

reasonable anount of data , the changes in aid A considered in this stndy

~~uid be of the ord er of 2q~ , 
aid 2a~ respectively. It is s*~ gesred that

this be further verified by con&~cting an analysis of the real data.

Table 1. gives the values of the pr obabilities P Ce ~ er ) , P < 0 
~

and P (U 
~ 

for the forty prior distribitions considered above. Fran

this table -~~~ note that, in general, the probabilities in the tail regions
o~ __ e 

~ ~l 
change considerably with changes in li

k~ 
and A . This in-

dicates that the designed plane , especially tlose that use these areas

as risk criteria, may be sensitivie to changes in the prior paraneters .

2. 2.2 Chai~~ s in ~~sigred ~lana For Fi~~ d Risks

For purposes of this analysis, plans ~~re designed for specified risks

aid paraneters aid A . The results of this analysis are &~~iin in Tables

2 through 7. In these taMes, the center point ebows the designed plans
T,r*)for the specified risk values aid the corresponding prior parameters.

The values at the corners of the various squares are the de8igned plans if

- 1 5
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Table 1

Effect of O~anges in and A on Prior Probabilities (e~
.100,ei~

50)

A P (e<e
1) 

P(e1ce ce0) P(6>~0j

1.2S 2 .582 .247 .171

‘LZS 4 .381 .433 .186

78.75 2 .532 .269 . 199

78.75 4 .306 .460 .234

75. 3 .422 .371 .207

118.75 2 .313 .336 .351

118.75 4 .076 .415 .508

131.25 2 .262 .351 .839

131.25 4 .047 .367 .586

125. 3 .125 .392 .483 *

71.25 4 .381 .433 .186

71.25 6 .286 .543 
- 

.172

78.75 4 .306 .460 .234

78.75 6 .204 . 565 .231

75. 5 .285 .509 - .206

118. 75 4 .076 .415 . 508

118.75 6 .203 . 393 . 584

131.25 4 .047 .367 .586

131.25 6 .010 .312 .678

125. S .030 . 374 . 595

24

• ~‘- __i-~~-~ -.
• -; ~~~~~~ *-~ -

* 
- 

_
~~_: -

- 

~ -~~‘~~M’



Table 1 (~~~ tinued)

A P(O c0 1) P( 01
-c$ c80) P (->s0)

f
/ I/

/
/
//
/ 

120 . 2.5 .206 .380 .414
‘7 120 . 3.5 .101 .609 .489

140. 2.5 .136 .361 .503

140 . 3.5 .052 .347 .601

130. 3. .109 .382 .509

120. 2.5 .206 .380 .414

120. 3.5 .101 .409 .489

135. 2.5 .151 .367 .482

135 . 3.5 .062 .364 .S74

12 7. 3. .117 .387 
- 

- .496 
-

200. 2.5 .035 .247

2~J 0.  3.5 .005 .160 .832
300 . 2.5 .003 .092 .903
300. 3.5 .000 .029 .97 1
250. 3. .003 .105 .892

1 8 7.5  2 .5  .047 .273 .680
18~~ .S  3 . 5  .009 .193 . 798

2.5 .007 .138 .855

3.5 .000 .057 .943

225. 3. .007 .147 . 846
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Table 6 -

!ffect of Changes in and A on T and re : Criterion (P(A),B~)

ce 1—so, e
~
.100)

3.3
(183 ,3) *

P (A)— .8
045

3.0

(184,3)

(1134,23) (290,5)
2.5 120 130 140

S
Is

I
a
2

(183,3)  (16 ,0)

P ( A )— .8

6— .05

3.0
(238 ,4)

(1134 ,23) (384 ,7)

- 
2.5 

120 127.5 135

Prior Msan, -

* Ind icats i acceptanc e p rmitted without testing .
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Table 7

Ef f ect of Changes in and A on T and r*: Criterion (P(A),8)

(8
1

as50 , ~0
.100)

(604 ,6) (387 ,3)

P (A )— .8 
-

I, 8 .05 -

3.0

(468 , 4 )

(986 ,12 ) (456 , 4)
2.5 200 250 300

S

Is
-
~~~~ 

4)

— 
~~~~~ (661 , 7) (402 ,3)

- -

3 . 0

(594 , 6)

(1155,15) (5 4 3 , 5 )
2 . 5  

187.5 225 262.5

- •
- - - Prior M.an 1 i z ~
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the risk --values ~~re kept the sass ~àii1e the prior parassters i~~e chang~~ to

the values corrsu~~nding to the ~~~~~ being considered. Sate of the

observations frau these Tables are si*aerized be1~.. It &~,uld be notad that

the infers~~s dr~~n fran these tables axe depsnd~~t on ti~ design region

being investigated. Similar analyses sl~ uld be perfo~ied for regions that

nay be of interest for a different probles.

pj~ ~ ~ 3* (able 2)

Factorial I

As increases , T decreases. 1t~ decrease is larger for higher A ;

r* is aliir,.t z affected.

As A Increases, T decreases. 1~~ decrease is larger for hi4~r

is alnost ~z~affects4.

As and A increase sisNal.taneously, T decreases.

Factorials II, III, IV

As the prior beocrs~ favorable, teat tIr’~s xeix~ ~ d in f~~~ cases,

viz. I~~,A )  — (118.75,4), (131.25,4), (118.75,6) and (131.25,6) , acceptance

is ~.rmtt~~~ without ~~ testing for values of a and ~ In ~~~ Thble.

Fixed ~ and J(Tabi.. 3)
• Within th. region ccnsiz~sr.d, an Increase in I~~1i.s an ir~~ease in

T - a n d r .  An increase in A a1so 1e.~~ toanincresssl n T a n d r .

32
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Fixed p* and 3* (Table 4)

~~psrKling t i o n  the values of and A , and increase in may lead to

an increase or a decrease in 1’ and r*. Similarly, an increase in A may

lead to larger or snaller T ai~~r5.

Fixe4 &~~~~~3* (Table 5)

An Increase in leels to a reduction in T aid r for constant A.

An increase in A may yield larger or smaller T ~ d r depsiding icon the

par~~~t~~ values.

Fixed P(&J and 3* (Table 6)

An increase in p aid/orAleada-thareducticnin T ard r5.
P

Fixed P (A) and B (Table 7)

• An increase in and/or A red~rea T aid r .

2.2.3 thanges in Ccxput.d Risks Pbr Fixed Plara

V 
11-s design region described In Section 2.2.1 vas considered for

ntmsr ically studying the effects of changes in ar~ A on the risks.

‘fle risks ~~~~ evaluated at the four oousr points of the design assiMng that

the plan designed for the center point is also ~~~loyed at the correeponding
- - ccrrsr points. 1?~ results are sh~~n in Tables 8 to 13 and the effects of

and A on the risks can be observed fran these tables.
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2.2.4 S~~~ Gane.ral ~~co nts

In the fo11~ oing paragraphe, ~* ~~ovide u~~ brief ocve~nts based on

the analyse. in Sections 2.2,2 *-id 2.2.3. As —- pointed out earlier,
sixth inferences are true for the desi~~ region considered and s1~uld

r~t be ccnstr~ed to be tha in general.

(a) All the plane considered are quite sensitive to change. in the prior

parse ter value., both in term of T and rt and in t”n~e of the risks.
The ( ( J, B *) criterion at~~, ~~ largest sensitivity. For exanpie,
in Table 6 ve see that firjã - 120 si~~ - 2.5 I have T = 1134 and

r* _ 23. f t r M ~~- 135 and -
~- — 3.5, the design valuss drop t o T -  16

and ra — 0 .  
-

- 

-

(b) *ile .valuatixq the effects of changes in the prior, the changes in

T si~~ rc- suet be jo intly considered since a part of the change in T

is due to the change in r~. P~~ e e.zple, for the case just considered,

if r* i. changed fran 0 to 23, T will be considerably larger than 16

and will a~proath 1134.

(C) FOr a ,~ax~er perepactive on the sensitivity analysis, ve rust look at

the changes in T, r* and risks jo intly. Using the (P (A) , B*) criterion,

- let us consider an exai~1e to e~~1ain this point. Let us ass’.me that

the true prior has - 120 and~X~Em 2.5 and ve wrongly asuse it to have

— 127.5 and )~= 3.0. FOr specified P(A) 0.8, 8~ 0.045 and

- 100, from Table 6 ve have:

40
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Assused Prior: 1~~ igned Plan (238, 4)

True Priori 1~ signed Plan (1134, 23)

Thus, the error i.n the prior has led to reduced T and r*. ~~~
plan (238, 4) is iziplaiented, the true risks will correspond to the true
prior and will nct ejual 0.8 eid 0.045.

From Table 1.2, have the correspondirq risks as:

Awiied Prior; P(A) = 0.8, 8* = 0.045

True Risks; P(A) — 0.7303, 8* = 0.0752

This exanple s1u~m that the error on the prior has led to a reduced T and r*
and higher risks. Similarly it may ha~çen that T and r0’ get larger and the
true risks get smaller.

It,therefore,foflc*r,s that if ~~ consider the cost of testing and the
cost of making wrong iec{ icna, an error in the prior may lead to increased
testing cost and reduced cost due to risks or vice versa. This balancing
of costs indicates that the cost may be less sensitivs to changes in the
prior and points out the need to consider the cost structure in the design
of plans.

2.3 Test Tines and Test Thma l~ 1ationshlps - --
1~e effect of varying and varying x on T is si~A4cm Figures 7 and 8

respectively for several different criteria. The slopli of these a.~rves

are a neasure of the sensitivity of ’r to changes inj~~and~~. A

~xiç*riaon of test tines based on some nuesirical values of risks is sc~~ that
neaningless since the design criteria are different. 1~e plots in Figures
7 and 8 are provided only for the a.M of c lstsess.
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3. ~~WITIFICM’IC~ CF UN~~~~~D~~Y IN PRIOR
- 

- PAR~~ 1ER ESTU4A~~S

In the ~~svio~a Section ~~ stililed the sensitivity of designed plans

_-~~~~~ ccepit.d risks to ~~ecifi.d c*wnges in the prior distrib ution in—

dependent of the availability of data. N~~ U consider the situation

bèwn the prior ps_ramateru are obtained from failure data.

Since tie per~~ ters are estinatad fran failure data, the w certainty

in estinetion ~~~i be quantified by the variance-covariarce matrix of

~ A
A , y as described in Qe1 ~~ Joglekar (1976 c). If the correlation

coefficient p1-~,betwssn ~ enii 9, is zero, the sensitivi ty studies can be

carried cit by treating I and to be independent. H~~ever, if

A ~ 0, tie joint ~ nfi~~ os regions for A and y are needed. Since these,y
regions for ~~~ lj s~~ las ~~ii~t be obtained mathematically for the present

stizIy, ~~ resort to alternative ~~ roac± s.
- The first spprosth is to obtain such regic’e by siiai]ation and to uee

the points along the 100 (1~~) % confidence contour to provide a measure

of ~z~osrtainty In the perseeter estimation .

The second a~pzoath is to obtain the liJcelit~od plots of A and y based

on observed data and use then to obtain a measure of uncerta inty. lie

third 
- 
aççroach is to study the aaynptot.ic bivariate ncn~ial distribition

o t t a n d~~
’. - 

-

i- — ~~~~~~ 
—-- —

~~~~~~~~~~~~~~~~~~~

- ~~~4J~~~
4 1-



In the follciiing s~~ .ection s ve use these three ~~ roathes for

.ensitivit y studies. l~~ sensitivity analyses are conducted. First the

effect of the uncertainty in the prior perematar estimates on the ncrmalized

test tine T (— T/80
) and acosptance nta***r r* for a single s~~~1e truncated

plan for a systee is determined. P~ir risk criteria, r’~’e1y (&j),

(&,8*), (a*,B*) and (p(R),~*) (see Goel a~ Joglekar 1976 (b)for detA{1 )

are considered. In each case designed (T*,r*) values are obtained for

specified risk values and estimated (~~~~). lien, keeping the risks constant,

designed values are obtained for sane selected values of A and y using one

of the above-aentioned three a~proactes. lie variation in tie designed

(T*,r*) value, provides a measure of sensitivity.

A second sensitivity analysis is c~~ uctId to determine tie effect of
A A

uncertainty associated with A and ~ on the risks . lie four risk criter ia

given above are considered. In each case, designed T* and r values
A A

corresponding to Aand I are used to ~~~ uth ~ çropriate risks at selected

I- (A ,Y) points, lie variation in risks ~~ stibatas a measure of sensitivi ty.
lie reasons behind the observed sensitivi ty and tie choice of criteria

on tie basis of sseitivity are discussed next. An aWro.th to determine tie

seo*a*t of data nw~a-ary to obtain a prespecified sensitivity is outlined.

Also, a c~~ ariw~ of tie rem*lta fran tie sinn~1ation, likelilood and hi—

variate mamel ~~ avsth pruvides practical guidelines for tie quantificat ion

of~xicertathty.
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3.1 Variance-Covariance Matrix for X,y

Parateter eatineticn has been considered in detail in Goel and Joglekar

(1976 c). It has been shaiin that if

f (t IO) ~~~~~~~~ ; t ,~ 0, e >0 (3)

g(O ) ~A 

~~~~ ~~~~~ ; O ,y,~ > 0 (4)

tien the inerginal ~~isity of tie ni~~er of failure. X in a fixed tine T

is negative bir~~ .al i.e.

f (x) 
~~~~~~ 

(~~~ .)X (,1~ .4 A~ x — 0,1,2,3... (5)

The con~~ se is also true. If the erved fregtmex~y n~ corresponding

to x — 0 is not r.corded X has a truncated negative biz~~~.al di.-

tribition given by

f (x) • (A+a-l)~ . ~I~ 4x (~~ 4~ x — l,2..~6) 
*

)

It sbould be noted that the prior pareset~~s A and y also form tie

psra~eter. of tie distri bution of tie observehi. rai~~~ variable X. The

pereeters can be estimated by fitti ng a negative biricznial or a tr~*~cated

negative bU~mia1 distribution to tie observed values of X ~~~~ding on

~d-etler observations ~~~ .sponding to x - 0 are recc~r~~~ or not. In our

case cbser~~ticns for x — 0 ar. missing and h~~,e the nendnun l.ikelibood

— I — —

I
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estimates ~ r tie tha~ sted negative bi~~~ial cass are obtained. In this

case tie log likal.tl ~~d is

k
• £ n~

{tn(A4x—lU —th (z) ! —th(A—1)~ +
,pl

+ x&n (~~ j  — &nLl_ (~~ )
A]} (7)

Estimates ‘~ and can be cbtainsd by an iterative solution of £nW~A • 0

d £nW)Y • 0. lie variaice-covariancs matrix for d can be

ni~~~ical1y obt~ü~d by taking tie w,cxd partial derivatives of LnL aid

is given by,

vsrG) ocwc sA)1 E
~~1 

s a :n1~J 
-l

vC~~~
) var()i) j ~~

2tfl~
A

(~?“~~.A A  )(8)

~~ t~~ c~~ slaticn cost ficient is given by

— 
ccwt7,t (9)

(~~r(9) w4)}~~
ftr tie present i~~~-oes, ve reconsider three of tie edit data sst$

of Schafer (1970) analysed in Goel aid Joglekar (1976 C) • lie data is

gi~~ in Table 14 ~~~ x denote. tie nw~~r of failuses in 4330 buurs of

49
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~~~~~~Z 14

?&IU~~ ~~~~~*

- 4

Tr-anmeitter Search Indicator Search ?41P8
W—128A PP—3132

n x n~ x

1 
- 

16 1 21 1 11

2 10 2 8 2 II

3 7 3 8 3 1.0

4 5 4 2 4 7

5 3 5 5 5 5

6 3 6 4 6 4

7 1 7 3 7 1

8 1 8 2 8 4

9 1 9 1 9 7

12 1 19 1 10 3

15 1 13 1

33 1 14 3

_ _  
15 1

50 55 1.6 3

19 1

22 1

44 1

7t

• ~~ta fran 9~ efer (1970)
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testing aid is the observed frs ~cy. Since observation. corresponding
I 

- 
to x • 0 ars missing, a truncated negative binanial is fitt ed and the

~ I vij~~ 11Jnel.tlx~od estimates, their variance. ad the correlation coefficient
aren

Systen

Tran ittar 0.205 4 680.0 0.28 318.0 -0.86

Search Indicator 0.4407 1152.0 0.40 542.0 0.90

Search $?PS 0.8646 714.0 0.31 21a.0 0.89

is a~ roxlmetsly 0.9 for all three oases, tie iidiv4~~~1 varia~~e
.stianet.s ~~ not provide sufficient quantification of ~i~~rtainty and joint

~~ifi~~~~ regions for A aid ~ ~ei be obtained. As iticnsd sarUer,
.q)licit .~~sssicn for tie joint density ~~ss not se f~~ Th1. since tie

par~~~~~ ssti t.s thu1~~ are not aiçli citly bosi.

51

_ _ _  I
4 ~- -~~~~~~~ 

- - -
~ -~~

-,
~~ - 

— —--—-—------- —--- - — - - - - - - - . - — - - - 



I

3.2 Sinulation St~dy

A sinialation study ~~s ~~nducted to obtain tie joint and the marginal

densities of A and y • lie study can beat be e~q)1ained by an exaiple. *

Consider the failure data in Table 1 for tie search indicator. Based tçon

55 failures the estimated parasetere are — 0.4407 aid — 1152.0.

lie steps in the slj’rilation study axe as follGIs:

1. Take A — 0.4407 and y — 1152.0 and generate 55 ob.ervatiae fran a

tr~x~catad negative birunial distribution with para~tare X,y.

2. Estimate the parseeters A aid y for tie generated failure data taing

inmcinun likelikEod estimation procedure. 
-

-t A A
3. 1~çeat the above steps N (say 200) tImas. A plot of A vs y gives the

A A
sb ’lathd joint density. lie histograne for A and y constibate the

simulated marginal densities.

Using the above procedure, the following four s4’~iilaticns~~ re

No. of No. of
~~eervations 54fi 11 *tj~~Ø

~~_ _~~~~~~~ for .~~ ~~~‘~tion 
_________

Trwmaitter 0.2054 680.0 50 200

Search Indicator 0.4407 1152.0 55 200

Search I4JPS 0.8646 714.0 -~~ - - 74 200

Seerch lndicator 0.4407 1152.0 - 55 1000

•1
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Ba~~I on the above ainulations, four sets of A aid y values are

I obtained, tie first three consisting of 200 pairs of values and the fourth
IT one with 1000 pairs of t4~. The first three sets of 1,~~ values are given

in Appendix A, Tables A.l to A.3~ ‘lie s1-~u1~ted joint densities and
Atie sinulated marginal densities are obtained fran these sets of

- values. The jo int densities for cases (a) through Cc) are given in
Figures 9 to 11 respectively, and the marginal densities for and ‘~ for

tie four cases are plotted in Figures 12 to 1.9. The carputed values of

a. sairple nean, aaiple variance, aka~ness a3 and kurtosis are also given
in Figures 12 to 19.

- 

AI lie jo int density of A ad y has tie interpretation that tIe 95%

contour correspo nds to the 95% confidex~ e region for A and y. Points
along the 95% confidence contour can be judiciously selected to quantify
the ~ ioertainty associated with the prior parareters for the purpose of

sensit ivity analysis.

‘lie foll owin g observations may be irede fran tie above sb’ulation zeenits.
(i) Saim of the estimated parameter values are negative and are in-

~~~ ssible. These negative values may be caused beosuse of the
na~~ e of the sinulated data in tie. . fsw cases. This is not
suz~~iaing ~Mn an iterative procedure is used to get tie maxisun
Llksiuiz~ I est.tnet , .spscially id*n the value of A is so close to
aero. ~ a caii&~n1y used ajçroach is to take the ne~ tive valu, to be

- 

— slightly greater than aerc. Arotl~~ povlbiljty is to use &ass’e-
: z~difi.d nIar~nt estimates. liese a~jracinetjcms are pennissible
- only bscaus~ it is )a~~m that tie data is fz~~ a liED.
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(ii) The oaipx~ d averages A and y are consistently larger than A and y
indicating the arefl eanpie bias of maxinun 11ke1il~od estimates.
Tie bias reseins tie ears for 200 sin~”stjcns and 1000 simulations

aid depends upon the nuster of thaervations in ead~ sinulatic*i

*r*4 not on tie nur*er of ejppili. t~~~~ , 
*

(iii ) The wall ample average standard deviations and are larger
than the standard deviations obtained fran the inforeaticri matrix.

A(iv) - ‘lie marginal distributicna of A and V are skated to tie right as

also indicated by the positive values of skamess.

Cv) Tie marginal distributions are generally laptokurtic. 200

• siraslaticns are insufficient to estimate a4 as evidenced by the fact
that q4 (~) — 13.6 for 200 simulations and cz4 (A) 337 for 1000

simulations, ~ r cases (b) and (d), Figures 14 and 18 reapectively.
This is e~çected since estimation of higher ncmanta wil l require

1*rgs~ ~~~~aUcn.

(vi) 200 siimzlaticne ~~ser to be sufficient to estimate the joint aid

tie iia,rgthal densities since these densities renain essentiAlly the
sai~ for 1000 sinnalati~e.

~~su1ts of sensitivi ty analyse, are dis~~s.ed later in Section 3.5.

65

___________ - _ _ _ _ _ _ _ _ _ _

—



3.3 Likelii~~d Ccn.~~~~
lie likelihood of A , ~ given tie data is:

K ‘A 1.)’ TL (Afl r fX, fl~) 
1. 

• (~
1
~~~)X (~~ ) ] A ,y > 0 (10)

~~ x~(A—l) !{ l— (~~~) }

Gi’yen tie cbuer~~d values of x aid n~ (see Thble 14) , the likelihood f*z*ction

can be evaliatad for any A ,y.

lie na~~~1ized likelihood fulction is defined as:

L(A ,yI x,n)
~L* (A ,ylx,nx) — A (11)

L&’fI X,flx
)

ta~~ . L&~Ix,nx) is the uwthun likelihood aid clearly 0 < L*(A ,YIx ,nx
) < 1.

POr tie thrus sets of data imder cxxe4’~eraticn, plots of constant

rKmnalized like lihood are given in Figures 20, 21 and 22. The plots are

restricted to positive peraneter values and are elliptical in nature. ‘lie

ma~d.iaat likelihood estimates can be easily obtained fran these plots aid are

the awa as those given before.

The plots may be interpreted as follows. ‘lie 0.05 contour inplies that

A ,~ values on this contour are 1/20th as likely as ~e nexinun likelihood

estimates In the li ght of the observed data. If a ~z~ifora prior is assuted

on A aid y ,  tien the likelihood con~~jrs are ~~orticnal to the highest

posterior density regions.
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£41 lB~ 1~~ od con~~ re ~~~nct h~~ U~ confidence region in~~~retation.

1b~ ver, an eipirical c~~ ariscn of the likelihood contours aid the

eipirioal joint densities &~~a that the 5% likelihood contour reasonably

a~~roxiznates the 95% oonfida~ce region and may be taken to be an easy to

use a[çcvodnete quantification of uncertainty.

Sensitivity analyses based on these contours are discussed later in

Section 3.5.
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3.4 Asy~~totic Bivad.ate Normal C~ntcura

Maxinun likelihood estimates ax’s asyirptoHc~i1 ly nonnally distril:*itei.

Therefore, X aid have an asynptot ic joint bivariate nornal dis~~l~ ition

given by

1 
— {(~~~ ) 2 

- 
-- -A (12)

—2p , ~~~~ (~~ ) + (X~~~.)2}]
A’y °~ ç

cont~~ s containing 100(1-u) % of the distribution are given by

(
~~~A
) - 2 p~~~ (~~) (ii) + (~~~)2 

— •2(1~pA A) log (1-a) (13)

Figures 23,24 aid 25 s)~~, plots of exth contours for u — 0.05, 010 aid

0.1587 for the three cases being considered. ‘lie plots are draw’ by
taking ~~~~ and ~ to be runarically equal to ~~~~ and
re~~ective1y.

These contours can be Interpreted as aa~rç*totic conf idence regions

for ~ aid ~. A coiçarieon with tie ~~~11 aançle results obtain ed by

s4 i 1~ tia~ indicates that these contours may be considered to form a

~~~ tSiicaticn of ur~ertainty.
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3 • 5 Sensitivity Analyses and Discussion

The three a~çroathes discussed above were intended to obtain scone

quantification of the prior paraneters A ard y. Using the results frun these

a~~roac1es of analysis, the follc*iing bo types of sensitivity were

corxhx~ted.

1. For each of tie three exaqles under consideration, A aid I values

along the 95% confidence contour were judiciously selected. Ebr the

four risk criteria, nanely, (ct*,B*), ~~~~~~ 
(&,~~*) and (P(R) ,B*) ,

plans were designed to obtain T* and r* at the selected paraneter values

[ - 

for ~~~~~~~ discrimination ratios, K = 2 and K 1.5. The results are

given inTables- 15 to 20.
A A

2. For each of the four risk criteria, plans were designed at A and I.
- 

Using the designed T* and r* values, the risks were cczputed at each

of the A, y values selected above. 
- 

li~~i~sults frun this analysis are

tabulated in Tables 21 to 26.~ -

‘lie first sensitivity analysis gives the effect of tie uncertain ty

associated with the paraneters on the designed plans and the second sensitivity

.~r~a.lyais gives the effect on risks .

‘lie foii~~ing obsarvations are made frun the results of tie above -

sensitivity analyses as given in Tabl€ s 15 to 26.

( . )  In general, ta~ designed plans aid risks are significantly sensitive

to changes in tie prior paraneters for the data under x*~8ideration.

Qangd.- In T* by a factorof 4, n e i n r*byafactorof 2

and changes in risks by a factor of 3 are fairly ccom~n.
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(ii) In ~~~~~~~ of the sensitivity of dusigrad plan., th. risk criteria

n~y b. ranked in i~~r.asing ordur of sensitivity as (u), (~~~, 8) ,

(~~*,8*) •~~~~ (P(M) ,8*) . ~1t criterion (a,8*) -
~r_  elialler dt ges

in T and larger thangss in r* a~zpmred to the criterion (~*,8*) .

(P (R) ,B*) criterion is ~~ y sensitive sinos it is .uy to thtain

situation. ~~~~ infinite testing is needed or r~ testing is

required to ~~et tM desired criteria.

(iii ) Part of tbe thangs in T~ ~~oue is due to thethange in r*.

(iv) In ~~~~~~~ of ~~ s~~~itivity of risks, • criteria ~~~ be ranked

in i i~ reas~iq on3erorsensitivityas (aj ) , (&,8~), (a*,8*) .

$ 
No ~~~gts are a3rrsitly availthle fo~ ~~~ P (R) , 8* cri~~~ion.

(v) 11* sensitivity is s~~~ as to ~~~ d*rqss in th. cost of

tasting and tt. cost of ia~~g v~4s4~~~.

~vi) If ths sensitivity is to be r.d~rsd, t~~ prior iaat be better kz~~n ,

i.e., larger n~~ er of ~~.ervation. is required to stia~te the

prior. 1t~ rn*bsr of th.~~vatioris n.o iary to yield a pxe-

4*~cified sensitivity can be thtairad by ueing tbe p4~.tl*tion approac~1,

u~ LikeL t*~od plots or ti* asyuptotic bivariate noruel contoura.

:~~~
—

-- -~ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _



1 1 ,
~ __

1. (bsl, A.L. and Joglikar, AM. (1976a) , “Baliability ~~oeptanoe
~~~ 1ing Plan. Based Upon Prior Distribution, I. Thtr~ducticn and
Prthlas ~~finition’. TR No. 

~~~~~~~~ 
I~ pt. of Industrial ~~gineering

and ~~eraticn. Bassardt, Syrenuss University, Syrai,u,e, N.Y. 13210.
2• Gral, k.L. end cglekar, AM. (197Q), “aeliability ~~c~~tance

S~~~Ung Plans Based Upon Prier DietrIl*ition, II. Risk (~ iteria ai~~‘flair Int~~pretaticn”. ?R No. 76—2, ~~~t. of Industrial. ~~~ineering
ad ~~~raticms RasSarth , 9yr~~use University, 9yr~~uee, N.Y. 13210.

3. C~e1, A.L. aid Joglikar, AM. (1976c) , “JIol 4*hiljty ~cceptano e
S~~~ling Plans Based Upon Prior Distribution, III. Iuplicetion. aid
~~ta~ dnatjon of tha Prior Distribution” • TR 1.~~ 76-L Dept. of• Industrial ~~gineering aid C~eratiaie Bae.arch, Syrwaee University,
Syrw~us., N.Y. 13210.

4. Gosi, A.L. aid Joglskar, AM. (1976d) , “Ba11~hil.tty ~c~~~ta~~S.pling Plans Based Upon Prior Distril *ztion, IV. Deaigr~ of ‘Ibsting
Plans’ • 1~ lb. 76-4. Dept. of Industrial Fa~gineering aid C~ erations
Rasesrch, Syr~~iae University, Syra~ 1se, N.Y. 13210.

S. Sthafer , R.E. at 1 (1970) , ‘Bayesian Baliability De~~ stration:
Phase II - Deve] ent of a-Priori Distribution”, R~DC-’1’R-69-38]., (863l9~) .

6. Schafer , R E .  at al (1971) , ‘Bayesian Baliability t~~~nstraticn:
Phase II — Deve1~~nent of a-Priori Distribution” , ~~~C—Th—7l—2o,~~ (732283) .

_ _  

89 

_ _

2 
-



• of 200 t1~~.ted velues -
~~~~~ of ~ ad y are qi~~ t iii this

içpendiK. In ~~~1. £1 tia ~~~ ,.1— ~~~ ~~ .~~~1as of su e  50

in ~~ a A~z t*a s~~~l. si.as ii 55 ~~~~~ in ~~~l. £3 ti .~~l.

•i~~ is 74. 

*

- 

~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~



~~~~~A.1 

- -

SIMULATED VALUES 0? X AND ‘r (A—0.2 054. y.680)

CAII4~ lAMBDA GAPI(& LAMBDA

1626.2998 1.2906 470.2000 —0.0349
1 1163.7000 0.6300 454.8999 0.1662
1. 1188.8999 0.5156 800.3999 0.2258
F 338.8999 —0.0152 887.0000 0.4657

1053.3999 0.4376 621.7998 0.1914
644.5999 0.1307 1199.3999 0.5029

r 488.2000 —0.0717 671.3999 0.1741
1404.5999 0.5922 261.3999 —0.2296
819.0000 0.2997 • 

643.7998 0.1623
885.2000 0.4050 507.7998 0.0958
1298.2998 0.6401 587.7000 0.1631
412.7998 —0.1883 594.0000 0.1707
978.3999 0.7273 1430.0000 0.5358

1383.0000 0.6033 386.2998 —0.0608
730.5000 0.4183 1308.7998 0.9830
906.8999 0.1529 1094.8999 0.2526

1 691.3000 0.2390 394.2000 —0.1483
1 555.0000 0.2494 817.2000 0.2079

1254.5999 0.6296 1160.3999 0.3279
785.2998 0.1398 810.7000 0.1061
723.2000 0.2949 573.5000 0.0935

1 748.2000 0.2448 2302.5000 1.5078
604.2000 0.1214 374.7998 —0.1243
655.5000 0.2488 1044.8999 0.9630

L 793.0999 0.2312 1107.5999 0.5892
769.3999 —0.0403 905.3999 0.0970
134.0000 0.1953 566.2998 0.2369
383.0000 —0.1963 1267.0000 0.3970
713.7998 0.0072 451.5000 0.0656

1849.5000 1.3138 687.2000 0.2565
916.5000 0.6314 522.8999 0.0355

• 809.3999 0.3364 853.7000 0.4314
• 660.3999 0.0665 1798.3999 0.6599• 763.0000 0.3659 589.7998 0.1855

2387.8999 1.6382 499.5999 0.1583
332.7000 —0.0325 2011.3999 0.8416

• 762.0000 0.4822 326. 5999 0.0645
I 798.7998 0.3744 719.0999 0.4675

936.0000 0.5934 259.0999 —0.3032
• 5323.8984 2.6431 447 .7000 0.0369

734.8999 0.1902 1302.2998 0.7074
1117.0999 0.5014 705.0999 0.3410
684.0999 0.6191 754.2998 —0.0156
719.0000 0.1013 819.2998 0.3208
345.0999 0.1331 700.7998 

• 
0.2490

413.3000 0.0281 1563.000 0 • 1.0285
• 480.8999 ‘~4.1029 487.2000 ~ 

-• 

4.0259
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TABLE A 1(Cont inusd)

_____ 
LAMBDA CA)0(A LAMBDA

1556.7000 0.8256 692.0000 0.0150
1962.2998 1.0254 529.7998 0.1260
809.5000 0.2210 592.7998 0.0888
640.0000 0.2772 646.8999 0.2082
611.0999 0.0703 1071.3000 1.2839

1084.5000 0.9083 821.8999 0.2436
1111.2000 0.4549 1266.1998 0.3211
992.2000 0.3611 567.0000 0.0370

1031.3000 0.4930 1153.7998 0.4305
310.7000 0.0270 694.5999 —0.0950

3705 .2000 1.9025 395.0999 0.1135
474.7000 0.0098 962.5999 0.2435

1242.5000 0.7404 860.0999 0.4695
238.6000 —0.2872 816.2000 0.0748
971. 7000 0.3659 685.0999 0.3027
970.7000 0.2967 369.0999 —0.0184

1833.0000 0.9946 1208.3999 0.4195
331.8999 —0.2345 423.7998 —0.0040
827.0999 0.5062 360.2000 —0.0028
697.0000 0.1770 537.2998 0.0563
763.0999 0.2246 514.5000 —0.0260
383.0999 —0.1986 607.2998 0.2537

1305.5000 0.2152 753.5999 0.1575
743.7000 0.3842 494.3999 0.0407

1376.3999 0.4443 615.0999 —0.0560
582.3999 0.4101 658.2000 0.3234
464.0000 0.0483 768.0999 0.1770

2172.3000 1.0529 475.7000 0.0915
920.3999 0.3134 516.5000 0.1115
472.7998 0.0673 802.7000 0.3845
355.0999 0.1737 765.8999 0.1296
346.3999 —0 .2799 1188.2998 0.4222
848.7000 0.2901
433.0000 0.2708
334.7000 —0.0929
452.0000 —0.0588
436.0999 0.0148
1201. 7998 0.6266
1007.8999 0. 5730
2433.3999 1.5037
302.7000 -0.0306

1207.2000 0.6037
608.5999 0.2744
717.2000 0.2996
843.3000 0.4082
401. 79~$ —0.0194
393. 7998 0.2308
838.7998 0.1926
943. 7000 0.3042
810.3000 0.2416
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TABLE A.1(Continusd)

948.2998 0.0787
808.8999 0.4974
887.8999 0.3538

2238.0999 1.7466
608.7998 0.2328
729. 7998 0.4838

1050.2998 0.5279
534.0999 0.2690
553.3999 0.1112
527.8999 0.1504

• 961.7000 0.3197
171.5999 0.1280
915.2998 0.1516
439.7998 —0.1480

• 503.0999 0.0980
950.0000 0.5027

• 1414.3000 0.3388
530.8999 0.1046
413.7000 0.0260

• 989.3999 0.3435
438.3999 0.1724
1298.0999 0.3174
327.0999 —0.1732
882.8999 0.6357

_ _ _ _ _ _ _  
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TABLE A~ 2 

- -

SIMULATED VALUES OF A AND r (A 0.4407 . y 11511

_ _  
LAMBDA 

- 
GMI(A LAMBDA

1702.2000 0.6841 737.0000 0.1345
467.7000 0.0101 1367.2000 0.3940
780.2998 0.4946 1081.3999 0.3940

2371.3999 1.1299 1379.0000 0.6238
1710.2998 1.0923 639.7998 0.2651
1303.7998 0.8202 789.2998 0.4063
900.5000 0.2266 886.2000 0.4401
561.3999 0.0343 1317.8999 0.8203
433.3999 —0.2675 1287.3999 0.4815
431.3999 —0.1738 650.7000 0.1680

1016.0000 0.3795 1457.2998 0.3480
895.2998 0.0839 1937.7000 1.0283

1004.0000 0.2978 1426.0999 0.3494
1599.3999 0.5365 1539.0999 0.4427
1434.7000 0.5740 3451.8999 2.0869
918.0999 0.3855 1398.0999 0.6663

1166.3999 0.4846 828.0000 0.2882
820.2000 0. 2692 1375. 5999 0. 8634

1423.0000 0.4880 . 1449.7000 0.8176
3209.8999 1.654 7 845.5999 0.2560
1114.8999 0.5752 409.7998 —0.1160
1338.0999 0.7036 1012.0000 0.0728
1236.0000 0.5999 647.3000 —0.0392
1129.7998 0.5222 873.3000 0.1372
2508.0000 1.2068 948 5999 0.4588
828.8999 0.3419 1051.7998 0.3737
1380.0999 0.8331 1127.5999 0.4132
1136.5000 0.4125 3291.2998 2.0623
1140.5999 0.2942 1310.2000 0.6711
836.7000 0.1015 874.2998 0.4280
1004.7998 0.3558 5732.0977 3.2755
1917.0000 0.4030 1151.2998 0.3762
1093.2998 0.2351 1648.0999 1.2471
1455.0000 0.4605 1501.2998 0.6825
941.3000 0.2675 1001.2998 0.1454
2580.3999 1.2396 1288.2998 0.3462
1475.5999 0.4539 .1431.0000 0.6838
2319.3000 1.4120 1207.5000 0.3858
604.0999 —0.0280 913.2998 0.1754
1096.3999 0.3077 1567.3999 0.6419
2516.0000 1.480~ 1842.5000 1.1328
650.500~i 0.0346 550.5000 —0.0712
1107.8999 0.2620 1424.8999 0.6789
1710.5999 0.8435 1064.8999 0.1659
1556.2000 0. 7049 2475.5000 1.2642
2113.5000 1.0854 1035.7998 0.5156
1139.3999 0.383 1 2233.0000 0.8375
4418.0000 2.2437 569.5999 0.0236
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TABLEA .2 (Continued)

f GA~0(A LAMBDA CAIOiA LAMBDA

1071.5000 0.3751 2333.7000 1.2734
1386.8999 0. 5064 1048.7000 0.4293
793.7000 0.1489 1069.7000 0.3281
1822.5000 0.7558 610.0999 0.0235
1854.5999 0.9419 1109.7000 0.2634
893.0000 0.2793 944.7998 0.3248
1399.8999 0.8773 739.8999 —0.0230
605.2000 —0.0116 1171.0999 0.7804
521.5000 0.0624 794.0000 0.3408
789.7000 0.2805 1021.2000 0.4678
2193.0999 0.7700 847.5000 0.1100
1214.3999 0.4833 2632. 5000 1. 5680
1852.2998 0. 8940 1517.8999 0. 7728
2335.2000 0.9891 977.0000 0.4338
475.0000 0.0224 1844.2000 0.4054
864.5000 0.1368 1084.3999 0.5113

1642.7000 0.8328 8633.7969 4.9344
1313.2998 0.7155 828.5000 0.1598
957.2998 0.2597 1599.7000 0.7684
2903.3999 1.5218 1318.3999 0.5314
1301.2998 0.5616 2176.0000 0.5675
1035.0999 0.4396 1131.3999 0.5977
1867.0000 0.6135 1485.8999 0.6317
2777.2998 1.2009 2743.8999 1.7140
1176.7998 0.5933 1637.5000 0.8287
2419.0999 0.8406 1275.0000 0.3644
1899.8999 0.9993 1339.5999 0.4568
770.7998 0.2433 2236.7998 1.5002

• 911.2998 0.3599 5005.7969 2.0796
1120.5999 0.6521 1140.0999 0.5463
565.3999 0.0567 966.7000 0.3438

1953.0000 0.9921
999.7000 0.5474
1597.3999 0.8965
1766.3000 1.1106
1996.5999 0.7723

• 1847.7998 1.3600
1766.3999 1.1518
2491.5000 1.6316
1039.0000 0.5322
804.8999 0.4500
909.0999 0.0794
643.2000 0.0280 • 

•

642.2998 0.0902
874.2000 0.2370
1401.3999 0.5301

• 1192.0000 0.3453
1719.8999 1.0397
801.0999 0.3201
1769.2998 1.0396
3615.1998 2.6707
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TABLE A .2(Continued)

LAMBDA

F 1105. 8999 0.3723
1685.8999 0.7843
857 .2000 —0.1207
939.7000 0.2314
724.2000 0.0179
883.0000 0.5012
1352.2998 0.4283
1245.3999 0.5251
536.3999 —0.1083
1256.2998 0.5000
1597.1998 0.8075
841.2998 0.0163

1090 .5000 0.3906
1083.5000 0.5674
2995.2998 1.7051
1633.7998 0.9467
1458.5000 0.7615
3508.2998 2.3385
1290.8999 0. 7603
1283.0999 0.6805
1285.2998 0.6579
1011.5999 0.3402
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tABLE A 3

~~ !~~fl AT!D VALUES 01 ~ AND ;Q—O .8626 , y ’714)

LAMBDA 04)84* LAMBDA

1129.1998 1.2922 664.8999 0.78181 698.3000 0.6716 1241.8999 1.3697
691.7000 0.6410 709.2998 1.05581 794.0000 1.0091 801.5000 0.6861

1044.0999 1.3207 667.2998 0.6105
1- 872.0000 1.0300 666.2998 0.7072

913.7998 1.2115 905.0999 1.0029 4
999.0999 1.2795 668.0000 0.5642
563.5000 0.7024 • 

861.2998 1.2500
795.2998 1.0477 970.7000 1.2543
767.5000 0.9830 449.0000 0.3235• 792.0000 1.0922 1087.0999 1.0042
1237.5999 1.5421 1543.5999 1.8180
818.7998 1.0479 912.5000 1.2924
325.0000 0.1347 723.0000 0.9620
885.0000 0.8389 806.0000 0.8293
1129.2998 1.3587 803.7998 0.9857
1652.2000 1.3372 1177.2998 1.1297
635.8999 0.3439 600.2998 0.6387
1048.0000 1.3599 725.2000 0.73261 954.2000 1.0193 2072.7000 2.3643
1249.2998 1.6217 977.0999 1.0214
699.2000 0.9969 699.5000 0.7620
669.7998 0.8840 859.0999 1.0550r 1037.7000 1.1893 337.7000 0.4938

1007.3999 1.3464 910.2000 1.4206
1148.3999 1.6338 1707.8999 1.8741
963.7998 1.1645 813.2998 0.9602• 722.2000 1.0797 821.7998 1.0376
809.0000 0.9003 687.0999 0.8009
381.3999 0.6610 703.8999 0.9951
792.5999 1.3197 783.5999 1.0594
699.7000 0.7048 697.7998 0.9747
806.3999 1.2331 1137.2000 1.4718
541.8999 0.6337 109.2000 0.7618
884.3999 1.4058 694.3999 0.7746• 825.0999 0.6945 922.3999 1.4652

• 1507.5000 1. 6750 945.5000 1.0305
1047.7000 1.0557 1157.7000 1.3907

• 858.7998 0.9286 805.2000 0.8406
864.5999 1.5309 897.8999 1.1198
790.2998 0.9513 1298.5999 1.6937

1050.7998 0.8312 973 , 1000 1.2667
772.2998 0.9723 9~3,3OO0 1.0230• 1307.7000 1.6148 638.7040 0.8663
747.3999 0.7406 l046,.SOQO 4.2430
544.5000 0.4425 702.0999 0.8391 
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TABLE £3(Conti~u.d)

GAMBA GA)IIA LAMBDA

671.099b 1.0229 1131.7000 1.2632
763.2998 0.8038 783.7000 0.9656
747.5000 0.7373 664.0000 0.8467
635.7998 0.6454 790.0000 0.9736

1263.0999 1.4735 513:2000 0.3631
987.0999 1.0228 1068.2998 1.2913

• 754.0999 0.9719 729.2000 0.6888
1119.2998 1.2123 543.2000 0.4929
683.0999 0.5515 695.8999 1.0859
743.0000 0.9086 1043.3999 1.0897
731.2998 0.8292 552.2000 0.3066
768.2998 0.9325 639.2000 0.9111
1282.2998 1.2384 767.7998 0.6995
609.2000 0.4810 681.7998 1.0879
725.3999 0.8956 925.7000 0.8321
523.8999 0. 3425 704.2998 0. 7786
362.2000 0.4558 694.5999 0.8220
934.2000 1.1240 1699.7000 1.9828
911.3000 1.3375 734.7998 0.9847
549.8999 0. 5234 688.8999 0.8782

1369.2000 2.0692 849.7000 1.1444
338.OCOO 0.4664 351.2000 0.5754
743.0000 0.7145 1139.5000 1.5717

1042.5999 1.3151 941. 7000 0.9080
862.5000 0.9340 987.3999 1.2192

1085.2998 1.1666 728. 3999 0.8493
1248.7998 1.7349 881.0000 1.2301
729.2998 0.9287 1062.0000 0.8504
1085.8999 1.2003 749.8999 1.1255
1136.3999 1.1074 579.0000 0.7533
998.2000 1.1210 623.0000 0.8003
842.5000 0.8414 713.0000 0.9448
625.5000 0.6790
967.3999 1.2432

1022.7000 1.4037
1006.7000 1. 3606
596.7000 0.6436 ‘

1000.5999 1.3236
660.0999 0.8086
587.2998 0.7184

1031.5000 1.2500
658.8999 0.8999
711.3999 0.8988
677.3999 1.0283

1231.5000 1.4216
1004.3999 1.335
593.3999 0.4473
1235.7000 1.8550
800.7000 1.1663
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TABLE L3(Continu.4)

LAMBDA

1076.2000 1.2229
1277.7998 1.8438
1109.8999 1.3950

0 
802.2998 0.9201
834.0999 1.2343
989.0999 1.0521

1392.0000 1. 9634
1038.2998 1.3092
1230.7000 1.4110
829.3999 0.9717
728.2000 0.8217
807.3999 1.1283 

0

1233.5999 1.2762
466.2998 0.4801

1047.2000 £.2111
1119.7998 1.4488 

0

1199.2000 1.6194
723.8999 0.8300
632.7998 0. 7714
868.3999 1.3025

• 723.8999 0.7434
734.7000 0.7313
681.2000 0.8383

1006.8999 1.3533
j  939.2000 0.9735

*
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