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Abstract

This report describes a stag e of development of Surface Ray

Methnds for mutual coupling in conformal arrays of aperture elements on

conducting cylindrical surfaces , wi th a sub sequent generalization to

conical surfaces.  Asymptotic techniques are used tn develr p expressions

for the dyadic Green ’ s function for a circumferential  and axial magnetic

cur ren t sources.  These expressions are to lowest order in 1 and

to two asymptotic orders in , where ka  is the cylinder circum ference

in free space wavelengths and k D  is the length in radians of the geodesic

dista nce from the source to the observation point on the cylinde r surface.

The reg ion of validity of these exp ressions does not include the paraxial

reg ion. Ri gorous t ransition functions for this region have not yet been

derived , but instead , in this report, approximate transition funct ions

have been developed. These transition functions are employed to obtain

numerical resul ts for the mutual admittance-or the coupling coefficie nts between

Tt single m ode” circ umferential and axial slots on cylinders with ka ~~10 or 20.

The numerical results are compared with those obtained via harmonic series

and via GTD formulation.

I
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I. Introduction

The theoretical  de te rmina t ion  of mutual admittance coefficients

in a r rays  of aper ture  elements in a conducting surface requires the

knowledge of the dyadic Green ’ s function of the surface.  This Green ’ s

function (G. F. ) represen ts  the magnetic field excited on the unperforated

surface by a magnetic point-current  element located on the surface.  For

the case of separable geometry G. F. is obtained by modal techniques.

However, eve n for  a separable geometry such as a conical surface , the

modal series are very slowly convergent .  Fur thermore , modal analysis

• is inapplicable to non-separable geometries .  A more efficient technique ,

also suitable to nori separable geometry,  of constructing the dyadic G. F. is

that of the Geometric Theory of Diffraction (G TD ) and its extensions which

we may term as Surface Ray Methods. These are based,similarly to GTD ,

on hig h frequency asymptotic solutions of problems in canonical geometries ,

such as a circular cylinder or a sphe re . These solutions are then ge neral-

ized on the basis of locality of the high freque ncy propagation to othe r

ge-’rnetries. Howe ver in c’-tntrast to GTD which considers only lowest orde r

asymptotic te rms , Surface Ray Methods include also higher orde r terms.

This report describes a stage of development of Surface Ray

Methods for ana lysis of mutual ccupling in arrays of aperture elements on

circular-cylindrical surfaces with application to conical surfaces.

A comprehensive survey of the state of the art of GTD as applied to

• both the far  and the surface fields radiated by elemental magnetic  currents

(short slots) located on smooth curved conducting surfaces  of large radii of

• curvature  is found in Ref .  Li: . Recent ly ,  this procedure  has been

1
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successfully app lied , af te r  cer ta in  modifications that preserve

continuity of polarization , to the determinat ion of far field patterns

of slots on conducting conical sur faces  La]

These calculated radiation patterns are based on the lowest orde r

asymptotic resul ts  Li] and fu r the rmore  do not include the cone tip

scattering . Nevertheless , they compare favorably with the numerical

solutions based on harmonic series backed by experimental data

[3]  . While the lowest order  asymptotic fa r  field expressions seem to

yield sufficient accuracy  even for curvatures  ka 9. 5 , a different

Situation arises in calculation of surface fields , which are required for the

determination of mutual admittance coefficients.

It is found that for a cur ren t  element on a conducting circular

cylinder , the validity of the lowest order GTD result is restricted to

observation points not too close to the source and in addition these expre s-

sions do not hold in the paraxial and the circumferential reg ions .

In orde r to dete rmine the near zone fields of the source , v,hich are

essential fo r calculation of the nearest neighbor  mutuals , asymptotic

expansions for the Green ’s function are required to higher order in

where D is the geodesic distance between the source and the observa-

tion point.

In this report a rigorous asymptotic expansion is obtained for both

circumferential  and axial magnetic cur ren t  element on a conducting circular

cy linder. The expressions are to lowest orde r in -~~ -~~ - and to second order

in ~~~~~~~~ . These expressions correctly reproduce the H-plane behavior of

the Green ’s functions for a circumferential curre nt element.

2 
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Howeve r these asymptot ic  express ions  based on Fock

type in tegra l s [41 are invalid in the paraxial reg ion of a source. Thi s

is due to the fac t that the Airy  funct ion approximation of the Hankel

function ( z )  breaks down for small value s of z .  As a resul t  e. g.

the lowest order TM (sof t )  and the next order TE (hard) FL con-

tr ibutions for a circumferential  magnetic cur ren t  element become un-

bounded as the observation point tends to ~ 0, i.e. to the cylinde r

generato r throug h the source.

As anticipated , the ang ular  reg ion of validity of the asymptotic

• expansions increases with larger value s of ka.

The asymptotic evaluation of surface fields in paraxial reg ion

(E-plane)  of a c i rcumferent ia l  magnetic current  element will necessitate

a different representation than that used in this report and meri ts  a

separate stud y. Here we have chosen to concern ourselves with the de-

velopment of an approximate “Modified Planar Formula” for  the surface

Green ’ s function which provide s a t ransi t ion to the paraxial reg ion. The

Modified Planar Formula which is cast in an invariant vector form , include s

a provision for arbi t rary orientation of the tange ntial magnetic sources.

It reduces to the plana r dyadic Green ’ s Functio n to 0(__1 

~ 
when the ob-

(kD)
servation point tend s to the source.  When the Modified Planar Formula is

specialized to the case of H~ for  a c ircumferent ia l  magnet ic  cu r ren t

element ,it will be re fe r red  to as the “Full Formula ” .

The “Full Formula ” matches in the H-p lane the e~..act asymptotic

expansio n to second orde r in 
~~y- is f ini te  for  = 0 and reduces to the

planar result  near the source.  A var iant  of the “Full  Formula ” is also con-

sidered in which one term of hi gher  order  in has been neg lected and

3 
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the soft polarization term is discarded for  observation direction close

to the E-p lane .

In contrast  to the case of c i rcumferent ia l  sources , the asymptotic

expansion to o( i__a )  for  Hz due to an axial magnetic current element and
(kD) ‘2)

based on the Airy function approximation of H~ (z) , is formally well

behaved in every direction. From the comparison of the

numerical data for  mutual admittance between axial slots on a conducting

circular cylinder of ka ~~9. 5 with the harmonic series results [5] , one

may conclude that this approximation is fairly accurate for calcu-

lation of mutual admittances between axial slots and by GTD generalization ,

for radial slots on conical surfaces.

The structure of thi s report is as follows:

• Chapter LI develops the asymptot ics to second order in -~~~~~~- for the

surface fields excited by magnetic point sources located on a conducting

circular cy linder. In Section 1, the scalar TE and TM potentials are con-

structed for  the case of an infinitel y extended conducting ci rcular  cylinder.

In Section 2 , an integral representation suitable for  development of the

• surface  ray formalism is presented.  Section 3 is devoted to the evaluation

of curvature  terms.  Section 4 addresses the asymptotic evaluation of in-

tegrals developed in Section 2. Section 5 discusses the approximate formulae

used in this repo rt for numerical evoluation of the mutual admittance Y12

between rectangular slots. Section 6 presents a list of the various fo rmulae.

Chapter III is devoted to numerical resul ts .

Chapter IV deals with the GTD generalizat ion f rom the cylinder to a

cone .

Conclusions and discussion are found in Chapter V.
1

A ppendix A reviews the theory of the al ternat ive representat ions  for

scalar potentials. J
• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ ~~~~
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Appendix B considers the detai ls  of analysis of the curvature

te rms  (Fock type in tegrals) .

Appe ndix C summar izes  the derivat ion of asymptotic series for

Laplace type integrals .

Appendix D deals with the vecto r form of the planar Green ’ s

function.

Appendices E and F contain computer program listings.

5
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U. Surface Fields Excited by a Magnetic Current  Element

• (Short Slot) on a Large Conducting Circular  Cylinder

For evaluation of mutual  coupling in conformal arrays  one is

particularly interested in surface  magnetic fields excited by elemental

mag netic currents  placed tangentially on the surface of a perfectly con-

ducting , large , c i rcular  cylinde r , with the geometry shown in Figure 11-1.

x

-

_ _  

I L
l

‘
~1

f
J U

,,,~_ 1

y
Figure 11-I. Geometry of a Circular Cylinder.

Following Ref .  [6 ,p.197] one find s for  the total , time harmonic

(e JWt depe ndent) magnetic field excited b y a magnetic point current

source , the following result:

H(r, r’) = -jWC (~7x~ ) (“x~ )S ’(r ,r’) •M + (c~cVx~~) (~ ‘x ’7’x~~ )S’(r ,r ’) .M ,

(1)

where: M denotes the magnetic point source current  density, 
~ 

and

the f ree  space permittivity and permeability, ~ the axial unit vector ,

and V 1 and r ’ refe r to the sourc e coordinates.
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1. Scalar Potentials for the Circular Cylinder Problem

The aim of this s tudy is to es tabl ish  the hi gh f requency sur face

• ray formalism suitable for  mutual  coup ling applications in cylindric al

and conical a r r a y s .  This is facil i tated by the par t icular  integral  repre-

sentatio n of the potent ials  S’ and S ’ . From A ppendix A (9) ,  (13), (19) and

(Zla) one find s

1 
_
~,1r Iz -z ’I 

•

S(r, r ’) = - cIA e 9 d)~ x— — zjJç c~ 
“ zj ç sinjç~~r

(1)
(2) QH

j~
— (k

~
a) (2 ) - (2) i

~~~_ L HJç(1 t P < ) - — 

(Z) ~~~~~ (k tc < )JH
~J~

._(k
tP > )

?~
_ (2)

QH
~,T—(k~a) t

where for S’, Q=l, fo r S” , Q= .~~~~~~
-. , and k

t 
= ,,J k~ -

Wi th = , the contour C~ in the k~ -plane maps into a straight

line from -. to +~ jus t below the real ax is in the v - p lane.

j j rr~ lz -z ~ ~~~~~~~~~~

S(r,r’) = - 

4ff 2 ~~~~~~ 
e dv x

(1)
.~~~ (1) QHv (k a) (2) (2)

~~~~
-
~~~

— [H~ (k
t ~~

) - }
~~ (k

~
’< )jH~ 

(k
~
r >)—~2~

. 
‘ (3)

QHv (k
~
a) t

• where 8 is an arbitrari ly small positive quantity. The only singularities

7
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(2)
in the v -plane are simp le poles at QH

~ 
(k
~
a) 0 and at v = 0, ±1, ±2,

Another  t ransformat ion ~~~~ = k2 maps the -plane into k
~ -plane ,

where one finds two branch points at k = ±k. The complex k
~ 

-p lane

is the usual two sheeted Riemann surface of the kt = JI~~ - k2 
. The

proper br anch of k
t can be determined b y the large a rgument  expansion

(2)
of the Hankel function H

~ 
(k

t~~
>) in (3). For (k

t( ~> >>

- 

~~~~~~ 
e~~~~~~

> -

~~~~ 

~~~ 
-
~~~~~) 

. (4)

The radiation condition requires that for 0 < k2 < k2 , k
~
=jk

2_ k
~ 

>0

and for k~ >k
2
, Im(k

t
)< 0 on the integration contour running along the real

axis in the k
~ plane , as shown in Fig. 11-2. With the branch cut as indicated,

Im (k~ < 0 in un-shaded region and Re k
t 

> 0 on the entire top sheet. In this

fashio n one finds for 5 ’ and S~’ the expression

~
,,

path of int egration

_ _ _ _ _ _ _ _ _ _ _ _ _  - Re k z

Figure 11-2. Top Sheet of k s
_ p lane .

—j k ~z — z
1 ~

‘ 

~~~ e Z C O S v ( 1 r F~~~~ )
- T~W J ‘~~z J sin vTT x

(1)
r (1) QH

~ 
(k

t
a) (2~ — (2) 1LHv (k~~ < ) - 

(Z)  Hv (k
tO <

):H
~ 

(k
tQ)-.~~ 

(5)
QH

~ (k
~
a) kt



where  ‘ ‘ is an a rb i t r a r i ly  small posit ive quantity .

In order to cast S into a form appropriate  to the sur face  ray

formal ism, it is necessa ry  to convert  the angular Green ’ s funct ion into

a traveling wave Series.

cos v -~p-~’ I) 
~ 
;~ 

(
~~ + Z ~~~) 

(6)
sin vr~ —

i= 1 ~,=0

where 
~~~ 

Icc -~’ I ,  _a 
- L~-c ’I a nd -ri <~~ , < f T . Cons equently

2 ~ ~~~~ - jk lz -z ’ -j ”) ~ + V~ ~
.)

S(r,r’) - 

~~~~~~~~ ~ dk~ 5 dv e z e x

i=l ~,=0 _~ _j 8 ’ _~ - j 5

(1)
(1) QH (k a) (2) 

~1 
(2)

[Hv (k
t o .<

)_ _
~ (2) 

Hv (k
t c <

)jHv (k
to>

)_2.
~
. (7)

QH ( k a )  tv t

- j v~ 1One notes that for a given value of v , the two waves e and
- j vo 2

e propagate in opposite direct ions.  The terms with ~ ~ 0 represent

waves that arrive at ~ after having traveled L complete circuits around

the cylinder. If the cylinder radius (ka) is not too small , the terms with

~ 0 are negligible , because of the exponential attenuation of the creep ing

rays , as will be shown. Also for the same reason , if > >fp~ , the con-

tributions of the !~=0 , c2 term may be neg lec ted compared to that of te rm.

9

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



-~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~tr-- -
~~~~~ 

-
~~~~

Thus, it will be sufficient,  except near 
~~~-‘c

’
~ = ~ , to consider only

the ~ =O , ‘c j  term , i. e.

z-z .~~~~~

= - e Z I dv e_Jv 
,~

(1)
r (1) QH

~ 
(1< a) (2) -) (2) 1LHv (k t t~< ) - 

(2) 
~ H v (k t c <

) ] H  (k
~P > ) -

~z—. . (8)
QH~ (kt a) t

In the above , was rep laced by ~ and the integration contours have been

shifted to the real v and k axes.

I
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2. Integral  Representa t io n for the Field Components

There are two independent tangential source confi gurations

on the surface of a conducting cylinde r giving rise to

dif ferent  solutions. One , an axial , the other a circumferential

(t ransverse)  magnetic cur ren t  element.

a. Circumferent ia l  Magnetic Cur ren t  Element (Short Slot)

In this case

M = M  ~—

and the re fore, from (1) one ha s

HC (r , r ’) = j
,1,

’~~~~~, ~~ ~~~~~~~~~~~ 
S” (r , r ’) - j u c  M~ ~~~~~ S’(r , r ’) (9)

HC (r , r ’) = 
~~~~~~~~~~~~~~ 

(-Vt)  àz~~~’ 
S” (r,r’) (10)

where the superscript “c” denotes quantities excited by a circumferential

magnetic  cu r r en t  sou rce.

In view of the relation [Ref. 6 , Eq. 33b , p. 198]

~ t
2 S” (r ,r ’) =  - 

~~
2 S” (r

~
r ’) d’ (r ,r ’) (11)

(10) may also be writte n in the fo rm

HC 
~~~~~ = j . ~~’ ~z’~ cp’ G ” (r , r ’) . (12)

11



The formal modal representation of the scala r Green ’s

function GM is [Ref. 6, Eq. 33b , p. 198]

G” (r , r’) =~~~ ~~ (
~

) ~~ ll*

(

I

) g (z , z’) . (13)

Upon comb ining (AZ) , (Al8) and (13) one finds that G” satisfies

(V 2 
+ k2 ) G” (r , r ” ) = - 8 (r.- r”) , (14)

with

~— G
” (r ,r’) I = 0 . (15)

There is no TM contribution to the z-component of the magnetic

field.

Upon introducing the Wr o nskian

(1) ’ (2) (1) (2) ’
H~ (z)  H~ (z)  - H

~ (z) H
~ (z) = -

~~~
-
~~

--_ , (16 )

one finds that for ~ = ~
‘= a , 1. e. the case of surface magnetic field H~ ,

excited by a circumferential  magnetic current  element located on the

surface

HJI C 
+ (17)

where H~ and Hc~ 
denote the TE and TM contributions , respectively.

12 •
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~1

From (8), (9) and (16) one has

2 
(2)

H C 
~~~~ = 

4i•i i~~ a~ 
,f dk ~~~~~~~~~ 

I 
~~~~~~

_ 

~ 
dve~~

’
~~ v

2 H~~~
(k

~
a)

o -~~~ t -
~~ 

H
~ 

(k
~
a)

(13)

and

( 2) ’

H~~
C ( r r ’) = 

-jM~ ~~~ dk ~~~~~ 
z-z ’ 

~~~ S dv ~~~~~ (2) 
(19)

41T a t H~ 
(k

t
a)

Similarly, for  H z one obtai ns f rom ~B), (12) and (16)

- jM ~ -j k  (z- z’( k . H~~~(k a)
H (r , r ’) I  = sgn(’c-c’)sgn (z-z’) 

4~~
2w~ 

~~~ ~dke 
Z 

-~~~~~-- ~ dve~~’~~v

o -~~ 
-

~~ 
H
~~

(k
~
a) 

~~

-

(2 0)

with

1 1, u > 0 ,sgn u = 1 ~~, ~ < 0 . 
(21)

The reason for appearanc e of the sgn u in (20) is the ope rat ion
2

in (12); the absence of sg n u  in (18) and ( 19) is

brought about by the operations 
~~~~~ z’ 

and in (9) which because

of the presence of I z - z ’ and ~‘c-~~~
’ in the exponents, do not give rise to

sign changes.

13



b. Axial Magnetic C u r r e n t  Element (Short Slot)

In this case

M = M  a ( 22)
— z

and in view of (1), one has

Ha 
(rn

l
) = ( V x  V x a )  (_ V 2 ) S” (r , r ’)

= V x V x a  G” ( r , r ’) , (23)

where  the relation (11) has been used. Therefore ,

H (r , r ’) 
~~~ 

( 
~~~ 

+ k2) G ” (r , r ’) (24)

and

H ~~~~ = 
~p Ôz G”(r , r ’) . (25)

Following an analogous procedure as in (18), one obtains , via

(8), (11) and (16) . the following expressions

I 
( )

- jM ~ -jk Iz-z I •
.. . H (k a)

Ha (r , r ’) I = ~ j dk~ e Z kt j dve ” 
(2) ’  

(26)
i 4 u u ~~~ao -~~~ 

-
~~~ 

H
~ 

(k
~
a)

and

-j M -jk tz-z ’I k . ~ H~
2
~(k a)

H~ (r , r ’) I = sgnfr ~-~ ’)s gn(z-z)  2 
Z ~ 

~ 
dk~ e Z 

i~r~ 
1d~e 3v ~ t

4ii w u a  t 
-~~~ H~~ (k~

a)

( 27)
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-

where the superscript ‘ a’ denotes the field excited by an axial magnetic

current  element.

It is note d , following a similar reasoning as for the case of a cir-

cumferential magnetic curre nt eleme nt , that Ha doe s not change sign for

z ~ z ’ or ~ ~ ~~~

‘

, but H~ may do so.

3. The Curvature Te rms

Relations (18-2 0)  and (26 -27)  involve two contour integrals with

respect to the angular and the axial wavenumbers. They contain two

independent large parameters, one ka the circumfe rence of the cylinder in

wavelengths , the other k D the free space phase delay along the geodesic

distance from the source to the point of observation. The asymptotics will

be carried out to lowest orde r in in each polarization and to o( 1

in the deep shadow, or equivalently to o( 21i in the near zone. An evalua-

1 ~kD)
tion to the lowest orde r in is insufficient for app lications to mutual

coupling in conformal a r rays, because the elements of the array are not

necessarily far apart. Furthe rmore , for  the case of circumferential slots ,

the lowe st order TE contribution vanishes in the H-plane and a consistent
1 .  . .expansion to second orde r in is essential, as will be seen in Section 4.

One note s that , in pri nciple , it is sufficient to carry out the evaluation

of the fields in the first quadrant, 0 < 8  <~~~, those in other quadrants follow,

in view of (18-20 and 26-27) via the various sgri u relations . This procedure ,

howeve r , will be replaced by an equivale nt method that conforms naturally to

the surface ray description. In this simple alternative scheme that avoids

the use of the sgn sym bols and will be explained with the aid of final form-

ulae , the observation ang le 8 (F igure 11-7) ranges ove r all four quadrant s.

15



Following a sta ndard procedure (e . g. Ref.  4) one transforms

variable s via

\ = k ~a + f ~ t (2 8)

whe re
1/3

= (
~

-
~
-) (29)

so that

v2 = k ~~
a2 + 2 k ~~

a f
~~

t + f
~~

t 2 (30)

Substituting (30) into (18) and making use of the Airy function ap proxi-
. 1mation for the Ha nkel functions to the lowest orde r in ~~ (see Appendix B),

one finds

-jM -jk ~z-z
’ l  - j k  a~~k

2 f 2

2 ~ 
rdk

~
C Z t ~ V0 (x)

4i’i’ ~s u a  
-

~~~ t

-jk jz-z’~ - j k
t
a
~~
k2

÷ r d k e  Z .~~~V 1(x)

- j k  I z_ z ’ I _ j k t a~~k 2 f~+ Id k e Z _!T_V 2
(x) (31)

where x = and V~ (x) denote the Fock type integrals:

w (t)
V0 (x) = r dt e

_3~Ct 2
W~ (t) (32)

w ( t)
V1(x) = I dt e 3~

Ct 
t 

w ’(t) 
(33)

and

16
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_ _ _ _ _ _ _

~ -j xt 2 w
2

(t )
V 2 (x) = dt e t . (34)

1’ 
w ’(t)

The integration contour is dep icted in Figure 11-3 .

The validity of the Airy function approximation of Hankel function

H~
2
~(z) is predicated upon the condition of large z and lv -z i  < 0  (z~~

13 ).

If z is not large as, e. g. in the paraxial region ~ 0,

Imt

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

ø~Ret

Figure 11-3. Contour of Integration for  Curva ture Terms .

where the value of k
~
a at the saddle point as in (31) becomes small, this

• approximation of H~
2
~ (k~

a) breaks down, and the above method of asymptotic

evaluation becomes invalid. The extent of the paraxial region depe nd s on the

value of ka; the larger the value of ka the narrower will be the paraxial

region whe re approximation (Bl) does not hold. To date no rigorous asymp-

totic transition function is available for the paraxial region, but in Section 5

we shall derive an approximate transition function, which will be employed

in Chapte r III to obtain numerical results for mutual coupling between re c-

tangular slots on circular cylindrical surfaces. In spite of this deficiency,

it will be seen from comparison of the numerical results with those obtaine d

via harmonic serie s, that the overall agreement is very reasonable for

ka 10 and 20 , including the paraxial region for  circumferential and axial

slots.
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In the deep shadow , i.e. for sufficiently large value s of the para-

meter x , the Fock type integrals are evaluated by closing the contour at

infinity in the lower half of the t -p lane . The resulting residue serie s at

the simple pole s ‘

~~~ of the integrand with w~~(~~) = 0 will give rise to sur-

face rays , one for each pole . This representation become s poorly con-

vergent for small value of x , necessitating too many residue terms. To

amend the situation, an alternative , powe r series representation of Vn(x)

is employe d near the source. This series converge s well for small values

of x. The results are (see Appendix B)
. 11’

V0 (x)= -2rr 5 e v0(x) , 
(35)

where -

- ~~ x~
”
~ ÷ 3~!.. x 3 

+ 
~~~~~~~~~ 

~~
“2 + . . . ,  for small x4 0 ,

~~
‘5l2

• (x<0 .6)

vo (x) = (36)
~~~~~~~ -jx ~E~

J~~ X ~ e
_ ,

~~~~ for large x (x > 0 .6),

e 4 ~
•=1

. Ti-J
V (x)= _ 2 r Tj  e 

3’Z v1(x) , 
(37)1 2~/W ,c /

where

(1 + ‘
~~~~ x

3 12 
~~~~ x3 

- 
~~~~~~~~~ 

~~~~~~~~~~ fo r small x
• 2 12 

~/T 64
(x(0.6)

vl(x) = (38)

~ -jxr
2’J~ x

3”2 e P , for large x (x > 0 . 6)

e
4 p-i

18
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and

-j ~
V (x) = - 2r1’ 3 e v (x) , (39)2 ‘W W x  2

where

~ + .~L x 3 
+ “~‘~ x 9”2 +..., for  small x (x <0 . 6)2 

~iJ 32

v
2

(x) =

5/2 ~~
- -j xr

e , for large x ( x > 0 . 6 )  . (40)

3 e 4 ~~~
. 1’

Here ~ = 
~~~~ 

e ~~~~, Ai( -  ~~ I) = 0 and Al (y) denote s the derivative of thep p p
Airy function Ai (y).

Anothe r type of Fock integral that repre sents the TM polarization contri-

butions is defined by

w ’(t)-jxt 2U0 (x) = dt e w~TEy (41)

where T is the same contour as in Figure 11-3.

Similarly to V~ (x), U 0(x) becomes a residue serie s for large value s

of x and may be expanded in a power se rie s for small values of x as follows:

.11’
- J -~

U (x) = - Zrr j e u (x) , (42 )0 2 .j~~x 312 0

where

19
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•

~ -~‘~F ~~~ ~J-~-~ 3 + ~~~~
2 12 

~JJ64• for small x (x < 0 . 6)
uo
(x) =

,~

,-. 3/2~~- -jxt2 T rX  L e , for large x (x > 0. 6). * (43)

e 4 p=l

J .
Here t = It e ,with Ai(- It I ) = 0.

p p p
Figures (11-6, 11-8) show the residue series-power serie s crossover

regions for the curvature te rms v0(x), v 1(x) and u0 (x). From the computed

data it is found that the smoothest crossover is obtained for x = 0. 6, where

the difference ~ between the sum of ten residue terms and the sum of four

power serie s terms is as follows:

~Iv 0(x) I = 0. 0025% ~~arg v0
(x) = 0. 012°

= 0.42% ~ arg v 1(x) = 0 . 126°

= 1.7% ~ arg v2(x) = 0. 101°

A 1u 0
(x) = 0.2% ~ arg u0 (x) = 0. 100

In actual computations , the crossove r value of x = 0. 8 was employe d, with

~ tv 0(x) I = 0. 13% .~~ arg v0 (x) = 0. 012°

= 0. 77% ~~arg v 1(x) 0. 13°

A !u0(x)~ = 1. 26% ~ arg u0(x) = 0 .28 °

The Integrals V~ (x) arise from the TE polarization in the cylindrical

geometry or from the Neumann boundary conditions . In the terminology bor-

Loved from acoustics, the latte r corresponds to a hard boundary. Accordingly,

20
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the TE polarization is termed the hard polarization, V~ (x) are the hard curva-

• tu re terms and the residue contributions arising from V~ (x) at pole s r will

give rise to hard surface (creep ing) rays. The V 1(x) and V2(x) are , within a

numerical factor , the first  and second derivative s of V0(x) . The TM curvature

term 130(x) is called the soft curvature te rm, since it corresponds to the

Dirichiet (soft) boundary conditions . The residue terms resulting from

evaluation of U0(x) at the poles t~ will give rise to the soft surface rays.

4. Asymptotic Evaluation of Surface Fields.

a. Circumferential Magnetic Current Element.

Returning to (31) and de noting by D the geodesic dista nce between

the source and observation point (see Figure 11-7)
A

~~ ~,,Observ~tion

~~~~~ ....~ —S urf ace roy
8

Source /  ~ Magnitude dipole

~ocotson 
,.~~~~ Conducting

circular cylind ar

(a) (b)
Figure 11-7. A Surface Ray on a Circular Cylinde r

(a) Developed Cylinder, Source located at (aco ’, z’)
(b) Physical Structure.

with

D = [(z_z 1) 2 + a2(cp-ei ?)2)~ (44)

one finds that for observation points in the first quadrant the exponent in

(31) may be rewritten in the form

24
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______

k ~~~~~-~~~~
‘ I + kt a~ D(k sin 8 + k

~ 
cos ~) , (45)

whe re

tan 8 . (46)

Introducing the cha nge of var iable

k = k sin ~~ (47)

with

k
t = k cos~~ , (48)

whe re the positive sign is chosen in orde r that for k = 0 (
~ = 0), kt = k , and

substituting (47) and (48) into (\5), one fi nd s

k~ ~z-z ’~ + kt a~ = kD cos (a - 8)~ (49)

Combining (49), and dk
~ = kt da ,with (31) , one obtains , for observation points

in the first  quadrant ,the hard (TEl contributions

H~~~(r , r ’)~ — 

~~~~ 
k2 ~

2 
d~. e~~

’
~
1
~ 

cos (~._8) cos2’3~ sin
2
~~V0

(x)
4~i’ ~~~~a

+ k2 r -jkD coo (O._8) sin2a V
1

(x)

+ ~~~~~ 
coo (a~

G) Sin2a cos 4”3av 2(x)] .

(50)

where
\ l/ 3  S

. (51)

The integration contour P is the a-p lane is depicted in Figure 11-8.
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Top Sheet of Fig. 11-2

r~~~~~~~ -1P
1 Ima , 

~ 
ii ,

i~~~ ’~~ ~D~~~~~i
____________ ) I Rca

________ ir/2

~~~ ®~~~~o~~

I I 
I I

Figure 11-8. One Period of the a_p lane and Contour of
Integration. Shaded Regions are Valleys for

-j kD cos a .e The Numbe ring Corre sponds
to Mapping of the Four Quadrant s of Figure 11-2.

To perform the asymptotic evaluation of the integrals in (50), one

first deforms the contour of Figure 11-8 into the steepe st descent path

(SDP) through the saddle point a , as depicted in Figure 11-9. The SDP

intersects the real a-axis at an angle ~~~. From (Cl) one has for the

Ima

I I  l i t
I 

~Vi L- 7
~
/
~~

8
~~~ l -7T/2 

~~~~
- Re a

I I i
I I~ I I I

Figure 11-9. SDP in the a-plane

first  integral in (50)

q(a) = -j cos (a—8) = -j ~2 (52)

F(a) = sin2~ cos 2’
~
3a V0(x) (53)

and
C(s) = F(s) . (54)
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From (52), the saddle point is

a 8 . (55)

The even power terms in the Taylor series expansion of (54) about s=0 are

found below

G(0) = y (8 )a~ (56)

C (0) F”(G) (a ’) 3 
+ 3 F ‘(8) a ’ a~ + F( 8) ~~ , (57)

where

= (58)

and

= 
d~ F(a) (59)
d an

From (53) one finds

F’(8) = ...~ cos “~
38sin38V 0(x

5) + 2cos~~
esin8V 0(x5)+cos

213sin28V~(x5)x~~,

(60)

= 
_ .~ cos

_4138sin49V 0(x)4cos
/3$sin38V~(x )x~~~.~~cos

Z/ 3 85inZeV 0(x.i

+ 2cos8~39V
0

(x5) + 4 cos St’3$sin9V~ (x
5)x~ +cos

ZI’38 sinZ9V (x
5

)(x~)
Z

÷ coa21~ 8 sin28V 0
(x5)x~ , (6 1)

where

= ,~ = = ~ ~~~h e~3e ~ , (62)

a=8 Z ig

with f def ined in (51) and

27
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fg = (...4&) 
( 

ka  
~ ) (63)

2cos 9

~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(64)

and

= ~~~ = - tan2 8 - .~~x • (65)

The mapping derivative can be found via (52) and the prope r branch

is determine d by the condition that at a= 8 , arg (~~~~~) 
= ~~ - . Therefore,

da ~~
-
~
- (  . s

= . ‘
~~

) ~1 - j , (66)

and

a ’ = J2T . (67)

Conseq uently, the highe r order deri vatives become

(68)

atm =~14~ . (69)

As a re sult , one has

0(0) z ~~~T •j~
Z
~ cos 213 9 V0 (x )  (70)

and

C’(O) 2j~/!T~L 4eos 4” 3 0 gln4$ V
0
(x )-~~co. ~~~ ~j ,~

3 s V~ (x ) x ’

- .~~~~
. cos 2

~
’3 9 .in 2 9 V 0( x )  + 2 cos 8”3 8 V0(x 5 ) + 4 cos 5” 3 9 sin8 V~ (x )x~

+ ~~~~~~ gin 2 9 V~ (x )(x~ ) 2 + coo 213 sin 2 9 V~ (x 5) x }

+ ~~ sin 28 cos 2
~~

3 8 V0( x )  . (71)
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Thus , one has , with ci kD

-j M k2f2 -jkDFrc 
1( r r ’) — a ~/2~ j sin 2 8cos 2138v

0 ( x )  e
4~*r wu 0 a (kD)

+ i~~~~~ f( Z cos 8/3 e cos 2/3 e sj fl 2 e 2~~og _ 4 / 3 9 sj fl 2 e)v (X )

+ (4 cos 5”3 9 sin 8 - ~ cos 1”3 9 sin 38)V~ (x )x ’

2/3d . 2~ i+ coo ~~sin ~‘V 0 (x )x

‘i -jkD
+ cos 213 8 sin2 8V ~ (x )(x / ) 2JC 3/2 ‘ 

(72)
~ S (kD)

where the second subscript “ l ’  de note s the f irs t  integral in (50) .

Carrying out the various derivative s in the bracket , one finds 
H

-jM k2f2 -jkD -‘
}(

C (r r ’) 
I 

— 2 - ,.J’~9 V0(x~ ) cos 2’39 sin2 q e— —  , 4 ’r’~~u u a
0

+ 2 ~~~~ V0(x ) ( ~ 4cos 4/3 8 sin48+ 2 c o s 8/3 9

61 2/3 . 2 
_ _ _ _ _ _- cos G s~n 8)

+ 
M~ k 2 

~~~~ V 1(x )(-!sin49+ 5 cos 2 O sin 2 9) e jk D

4ir 2
~~~~a ~

where the te rm with V2 (x 3) has been neglected due to its lowe r order in

One observe s that the three te rms in (73) have the same expone ntial

orde r in ka , because the residue serie s for V0 (x), V 1(x) contains the same
. 1“hard”exponent s (see 36 and 38). Howeve r , the algebraic orders in of the

te rms differ. Therefore , for consistency, the third te rm is also discarded.

If one transforms V0 (x) into the near zone form v0(x) via (35), one

finds the form
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2 -jkD
H ’~~(r , r ’) — - j M ~~~~Jsin 28 v0 ( x )  e

p=c =a

2 . 4 ~~ - j kD
+ M co J(cos 2 e -~~~~~~~ sin2 8 1 5ifl 8 

)v 0(x 9 ) e 
2 (74)

coo 8 (k D)

where for smaU value s of *5 one uses for v0 (x 5) the powe r serie s expre s-

sions and for large value s of x5 the residue serie s (see (36) ).

The second integral yields

-M k 2 -jk D

4~~2~~~~~~~~~~5~~
2 8 V 1(x~~ 

(k~~~ 
+ 0(k) 

0( 3/2) 
(75)

1 1/3
• Because H~

C
2 is O(~~ ), it is also disca rded , as compared to of the

first two terms in (73).

The TM contribution follows via an analogous procedure. From

(1 9) one fi nds

~~~~~~~~~~~~~~~~~ 

j ::0 M~ 
I da ~~jkD coo (a-9) U (x) , (76)

whe re the integration contour P is same as for the TE case .

The asymptotic evaluation yields

j w c  M I -jkD . -jk D
H~~~(r ,r ’) ~ — ~~ ~‘ J?~iJ TJ (x ) C 

~~~~~~~ U (x3)~ /2— 

P = O ’=a 4n a L ° ~ (kD)~ 
° (k D)

+ 0( 5/3)0( 3/2
) 

(77)

The o( ‘32)term results in the near zone in 1 
~~~~

• To O( L-2)
~kD) / (kD) (kD)

in the near zone one needs to conside r only the leading soft contribution.
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2 -jkDk Y  1 e
H (r,r ) ~~M , —-  u (x ) (78)

— — 

0= p ‘=a 
- ‘ 2’- cos 2

~ ~ S (k D) 2

Combining (74) and (78), one has the total ~ -compone nt of the surface

magnetic field excited by a circumferential magnetic current element:

2 -jkDc . k Y . 2 8 eH~ (r , r ) - -j M~~-~~- sin v ( x ) kID
o=p ”=a

k2y( 2 61 . 2 1 sin48’ 
_____+ M~~-~~ .-~~cos 8 _ .~~~sin 8 ~.~~~~~p ) v (x ) 
(k D) 2

K Y  1 
_____+ M~, -

~~~~~~

-. 

2 u (x ) 2 (79)
- 

cos 8 ° (kD)

Beside s those already neglected additional te rm s of order 1

(kID)

but of lowe r order in appear when the uniform expansion of H~
21’(z)

Is used. These terms are similarly discarded.

The above asymptotic evaluation is valid as long as ka coo 8 is not

too small, because otherwise the Airy function approximation breaks down.

The failure of the Airy function approximation of H~~~(z)  for small value s of

z manifests itself in appearance of a spurious algebraic branch point at

a = in the vario~is integrands and of ~~ ‘“2 and r 3”2 factors (see 30 , 35

and 62) with V0(x) -~~~.L. -~~~, U 0 (x) 
3/2 ~~/2  as ~ ‘O or 9 

~~~~~~~

- . Although

the proximity of the saddle point to the branch point for paraxial propagation

could be take n into account by appropriate parabolic cylinder transition func-

tion 171, the presence ~~ ~- l/ 2  and ~ - 3/2  factors yields infinity in the axial

direction (~~~0) which cannot be removed by constructing a transition function

based ~n the assumed validity of (Bi ) .  An approximate transition function and —
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its variant which render the field finite for ~=0 will be given in Section 5.

From (20) one finds, in a similar manne r , for the z-compone nt of the

surface magnetic field to lowest orde r in

2 2
• j M k f  . a

H~ (r , r ’) — sgn(CP-cD ’) sgn(z-z ’) ~ 1da e~~~~~
C00 (°~ ~sinacos513aV 0(x) .

4ii U~ . L ap p a  ~~ (80)

Following the same procedure as in (79) , one finds

2 -jkD
c , . k y .  e

— sgn ( co-~ ) sgn (z_ z  ) j M~,-~~— sin 8 coo $v
0

(x
5

) kD
p =p ’=a

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
. (81)

• Again the second orde r term s are inadequate as 8 — 
~~~

- . As mentioned previ-

iously, the sg n syn~bol s in (81) may be removed when the range of 8 is

extended to all four quadrant s i.e. 0 < 8  < 2 f l

b. Axial Magne tic Current Element

In contrast to the case of circumferential magnetic current element,

in spite of the fact that the Airy function approximation of H~
2
~(z) breaks

down in the paraxial region, the asymptotic serie s terms o( 1 
2)are

‘(kID)
bounded.

The z- and ~P- compone nts of the surface magnetic field may be

obtained from (26) and (27). For mutual coupling between axial slots , one is

particularly inte rested in H~. Proceeding in a similar manner as in Section

(4a) with ( 28) and (32) one has

H ( r , r ij  
_j M :k2f 2 

í dae _3
~~~

C05 (a_ 8)
cos8/3aV (x ) (82)

p =p ’=a ~o SDP

where SD? is shown in Figure 11-9 and V0 (x5) is the hard curva ture te rm ,

with x 5 give n by (62) .
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One find s in (82)
(83)

F(a) = cos 8t3a V0 (x) (84)

F ” (a) =~~~cos2”3a sin2a V0(x) - ~~cos8’3a V0 (x) ~~~~ cos5”3a sina V~ (x) x

+ cos~ 3 V~ (X) X l ) 2 +c0s8/3a V~ (x ) x ” (85)

Therefore

G(0) = ~J~] cos8’3
~ V0(x 5) (86)

and

G” (0) = ~~~~~~~~~~~ sin 2 8 V0 (x 5) ~-~ cos8’
~
39 V0(x 5)

_ .~~~~~ cos5i’3esin e V~ (x )x ” + cos8”3
~ V~ (x )(x ’) 2 -f cos~

39 V~ (x 5) X 1

+ i~”~T cos8t39V 0 x 5 • 
(87)

In accordance with (C6), one has

. 2 2-j M k f  -j kD
Ha ( I

) — 
Z 

— ,~í’~~ 3co ~8/3 8 V0 (x ) 
~~

—

p=p ’=a 
4rr w~.&0a S ,~‘k~b

+ ~~~~~~~~~~~~~ 
cos2

~~e sin 2 e ~~~ cosaf3 9)V 0 x 5)

16 5/3 . , 8/3
- -~—co s  9 s i n9 V 0(x 5)x 5 + cos 8 V 0(x 5)x5

~~~~~~~~~~~~~~~~~~~~~~~~~ (88)
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Carrying out the derivative s in the bracket yields

2 2-3 M k £ -j kD
— 

2
z .J2~ JV 0(x ) cos~

’38 e

C= D ’=a ‘~~~~~ w i.& a $ - 
AJ1~~5

- 

j M  k 2f 2 

~~“~~~~V0(x )(±2. c~~~
39 sin Z 8 _ 4 .~~cos8f3G )

e
_
~
k

~~
4rr w i~L a  ° ‘~~ (kD)~~

j M k 2 

~~~V (x )(~~~ COs 2 9 S~fl
2 8+ ~~COS

49) e
J 

• (89)
4rT ai~~ a (kD)~

2
0

Note , the last term is of a 1
2, below the leading term and is the refore

(ka)
neglected.

Finally one arrive s at the following simpler form

2 -jkDa ~‘ . k Y  2 eH~
(r , r 

~

-
1 

_ _ ) M~ 
-.

~~~~~
- cos 9v 0( x )  kID

p = p ’=a

k 2 Y 2 0  2 29 2 ’  -jkD
+ M ~~

-.
~~ -( -~

-sin 8-~~~ cos 9) v 0 ( x ) e
2 (90)

Because of a similarity between (25) and (12), H compone nt excited

by an axial magnetic current element becomes

2 -jkD
H~ (r , r ’) — j M~ ~ j Q~: sin 9 coo 9 v

0
(x

5
) 

C
kD

- ~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
e

(

_

l%::
;:,
~~ 0~~8<2n

( 91)

5. Approximate Formulae

a. The “Full Formula ’~ fo r Circumferential Curre nt Element.

Since the limits of validity of the rigorous asymptotic expansion (79),
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(81) and (91) do not extend to the paraxial region , we shall derive an

approximate, simple transition function which is finite for 8 ~, matches

to o( 
1 

2) the rigorous formula at 8=0 and reduces to a planar re sult to
(kD)

o( 1
2 )whe n the observation point approache s the source.

(k D)

The derivation of the “Full Formula” is give n below.

Sta rting with (31), we immediately discard the integral containing

V 2 (x), since it give s rise to a lower orde r of than conside red here.

The first  integral in (31) is replaced by

j M ~, ~2 -ik t z - z ’l _ 5 k~a~ f~
2 —

~~ I d k  e Z 
~ — V ~~(x) , (92)

4r T Wj .L a~~~z - z t
0 -~~~

while the second integral is left in its original form which contains

Hence ,

- ~~° 1— ~~
-

~ ~dae 3 C05 8) f~~V0 (x)
— 

p =p ’=a ~~ ui~~~a ~~~

k2r d a e ikDcos(a
~

e) sin zaV l (x)i . (93)

The contour P is deformed into SDP of Figure 11-9 and the

asympt otic evaluation yields the leading te rms

F 
dae _3 05(~~ _ 8 )~~ Z V0 (x) _ f 2 V 0 ( x )  cos2’38 1~!Le 3kD (94)

SD?

and

.f 
dae i 0 a _ sin 2av 1(x ) _ v 1(x 5) s ir12

8J~~~ ~~~~~ (95)

SD?

where denote s the value of x evaluated at the saddl e point a0 = ~~~.
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In view of the relation (35) and (37) one finds

f 2 V0(x ) cos~~ 8 4j~~~~ e J
~~~ = 2~ kav O (xs) e

~~D (96)

and

V1(x ) sin~9~/~~~ e 3
~~~ = -j 2 T t k 3av 1(x5) sinZ

2
8 e~~

(D 
(97)

cos 9 (kD)

Substituting (96) and (97) into (93), one has approximately

3M 2 -jkD -1
H;c

~LJi~~~~,
=a

~~4n 2:
oaI

2 1•r ka ~
_
~ [v ( x~~ J

+j 2 r r k~av 1(x 5) °~~ 2
8 

~~~~~~~ 2 J ~~ 
(98)

cos ~ (kID)

Rigorously, the asymptotic evaluation of the integral in (94) should

be carried out to next order.

Since for x < 1, v0 (x )  is slowly varying (see Figure 11-4) , one may

employ the approximation

I e 31
~’~i ~2 ~

_jk D

~
_—

~ LvO (x S) kID j~~v0 (x )_ .-~. 
kD

~~~~~- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

where afte r differentiation terms o( 1 
~~ 

have geen neglected. Meanwhile,
/ ~ ~ 

(kD)
the next term in (95)is O~ ~

z) in the deep shadow , so that in view of (37)
(k D) 1

the corresponding near zone expression will be O((kD~3) and is neglected.

Substituting (99) into (98), one find s the approximate field expression

Ha, (r , r ’) l  ~~~~~~~~~~~~~~~~~~~~~~~~~~~

81n2 9 1 -I e jkD 
~~~ v

1
(x

5
) j kID (100)
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The sof t cont ribution is obtained di rectly from (78). Combining

(78) with (100) one finds the “ Full Formula ’

H
~

(r ,r ’) I  ~~_j M ~,!~~~ (sin2 8 - sin2 8~~~ + cos 2 8 ~~,)v 0(x 5 ) e

0= p

2~ - sin O v  (x ) - u  (x )
~ -jkDk 1 s 0 $ e

(kD)2 
(101)

The properties of thi s Full Formula are as follows:

a) it matche s to O( ‘2)the a symptotic formula (79) for B=0 , i.e.
(k D)

in the circumferential (H-plane),

b) it is f inite on 8 = ~~, and 
/ 1 ~c) as D — 0  H~ tends to the planar re sult to 0 
~ a) ”- • (kD)

This is seen as follows:

sin2 8v 1(x ) - u0 (x
w ( x ) = v ( x ) +s O s  2coo

= ~~~~(~~~
‘3t2 

3sin28) - ~~(
~~
)
3 
(18 +42 sin28) cos 2 e + o(!~~

9/2 
(102)

Consequently w(x ) ’ 0 as D — 0  and (101) reduces to the planar result for

where C denote s the Carte sian coordinate in the direction of the magnetic

dipole on a ground plane and 8 is the angle of the radius vector with the C
dire ction.

Following the same line of reasoning one has from (12) and in the

first quadrant I 
-

i (2)
Hc (r , r~ ) l  = 

j
2

M~ 
2 ,I dk ~~~~~~~~~~~~~ ~~~~- r d\ e ~~ ”~ 

H~ (k
~
a)

Q=Q ’=a 
4ni w~~~ ~ z ’

~~ -~~
’
~~~~ 

Z t~~~ H~
2
~~ ( k )

(103)

37

-

~~~~~~~~~~~~~~ 
•
~~~~~~~ — . 5— —  —— — -—— —• - -—.5  _~~~~~ _ 5-_.5 .5.5.5 - .5— -— .5 —.5 

--_
~ -: _ -~ -_

- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ -• rn

• U



-.5--- - ——-5- .5.5---

Af ter certain amount of algebra one find s

M Y  2 -jkD
H (r , r ’)~ ~~_j~~~~.~- v 0(x 5) 

~~~ 
( 104) 

-

0=0
where the integrals we re evaluated to lowest orde r in and v0

(x
5 ) was

assumed slowly vary ing. He nce approximately

2 . . -jkD
~~j M ~~-~2Jsin 9 cos e~~i - ~~~~)V 0 (X~~) (10 5)

0=0

b. Varia nt of the “Full Formula ”

This formula is obtained from (101) by retaining, in addition to the

sof t polari zation contribution u0(x), only hard terms to lowe st order in

in line with the rigorously asymptotic procedure used in (74). Examining in

the deep shadow the hard polari zation te rms v0(x) and v1(x) one observe s, in

view of (35) and ( 37), that for a given distance ID

v (x)

2131 ’

since f rom (62) and (63) one has x = 
kD 

= !~~ (2cos 6~ Thus, for

consistency, the te rm involving v 1(x ,) should be discarded. As a result , in

• the paraxial region, for x 5 <0 .  8 or 0. 6, it is necessary to neg lect the soft

polarization te rm u0(x) , which becomes unbounde d for $ .

Thus , the variant formula becomes
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H~ (r , r ’) ~ -j M.~~$~J~sin2 $_ sin 2 8~~~ + cos 1
~ ~l5~ v0

(x
5

) e 
kD

0=0

k 2Y u0(x) e 3
~~~+M ~ —F. —z for x > 0 . 6 (107

cos $ (kID)

~ -j M  k 2 Y( . 2 . 2 2 e i~~~$ - sr n  ~ kD + c05 9 kDJ ”O~~s~ kID

f o r x < O . 6 (108)

It should be noted that in the e=o° (H-plane ) both the “Full Formula”

and its va riant coincide with the rigorously asymptotic re sult of (79).

c. Axial Magnetic Current Element

From (8), (11), (16) and (24) one has 
-

~~~~~~~~~ — 

3
~~’z ( _ Z +k 2) 1dk z e

3k 2
~~~~

t
j~L ~d\ e 3 ’~~~~t

, 4 TT w u a  ~z t 
~~~~ (k~a)

— 
~i v ~z (—~-~ +~~~~ 1da e

_j 1
~~~

c05(
~~

_ $)
cos

2/3av  (x). (109)
41i ui~~~ a ~z 0

In a similar ma nne r , retaining in the integral of (109) onl y the leading

term , one has

~ 
_j M

~~.�~~(-i2 +k 2
)[v 0(x 5) e

~~D~~ . (110)

0=0

Again, assuming that v0(x 5) is slowly varying for x5 < 1, one finds

2 / . .~~~ -jkD
H ( r , r ’)~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ kID (111)

0=0 =a

In view of the identical form of (25) and (12) and because
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= —~--——— G ” , one has , via (105)

2 . -, -jk D
j  M~ ~5~J cos ~ sin 8(i _

~~~~)v 0(x5 ) e 
kD (112)

The range of 8 in (101) and (105) and (11- 112) is 0 < e  < Zn , i. e .

over all four quadrants. This feature automatically account s for the sign

change s from quadrant to quadrant , as required by (80) and (91) .

d. Modified Planar Vector Formula for Arbitrary Orientation
of Curre nt Source

The set of approximate relations (101), (105), (111) and (112) can be

cast in a vector form similar to that for the planar case (see Appendix D).

In Figures II- 10(a) and (b), the unit vectors ~ and ~‘are tangent vectors ,

S and 5’ binormals to a typical surf ace ray and de notes the source
z z

(a~~~zi~~~~~~

(a)Circumferentia l M (b)Axia l M
Figure 11-10. Sur face Ra ys on a Developed Cylinde r

di rection. The prime indicates source coo rdinates while the unprimed

quantitie s refe r to the observation point. The angle 8 is give n to tan~~ 
Z Z

a(~~-~~’)
One now obtains for a circumferential magnetic current element (Figure Il-b a);

A A

i. e. s = m
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sin2 8 = .S , 6 .~~~, (113)

2 A A g*  Acog 8 = s . t t . ~~ (114)

and

sin 8 cos 8 = . 5(.. 5 . 
~

) = ( .
~~

‘)(~~
. 

~
) (115)

Therefore,

2 . . .jk D
H ( r , r ’)~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

k2 Y -3kD
- M, —~~~~~ - w(x e ( 116)

° (k D)~
The second term in the bracket in ( 105) may also be written

sin 8 cos B + Z cos 8 sin 8. Therefore , one has , via (115),

H~~(r , r ’)~ - -j M ~~~~~ .[c’~. ~~( l - ~~~~) + ~ ’~~. ~~~~~]v o(xt k~~~~ , (117)

*

Making use of the unit dyadic c~~ + z z = 1, one finds

1j
C (r ‘

~~ l 
= ~ H~ (r , r ‘) + ~ H~ (~~ , r

’)

0=0

- ~M~~~~~
’; [s’s ~~~~~~~~~~~ ~~~] v ( x~~ 

e~~’~~

-M ~5~ X w(x e (118)
~ (lcD) 2

For an axial M, (see Figure II- lOb)

cos29 = . 5 ’5 .  ~ (119)

sin2 8 = ~~~~~~~~~ ~~ (120)

and
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cos 9 sin 9=- S’S.~~~~~~~~~ t’. (121) -

He nce , in a similar manner as in (118), one has

?(z,f)
~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (122)

P=P

Combining both slot orientations , one finally has

2 r . -‘ -j k D
t iM.  L~~

’
~~~~’ ~~~~~~~~~~~~~~~~~~~~~ 

e
kD

2 -jkD
_ M .c~

’
~~~ Jw(x )

e 
2 

(123)
— ~~ (kD)

where M denote s an arbitrarily oriented magnetic point source. Note ,

this formula is identical with the planar formula (D8), save for the curvature

terms v0(x 5) and w(x ).

The analysis of the circular cy linde r problem was carried out in

te rms of the ~p and z coordinates which simultaneously constitute the direc-

tions of principal curvature of the surface. In its generalization to a conical

surface ~ ~ and z r , ~ and r again being the pr incipal curvature directions

on a cone (see Chapter IV).

For a more general surface of revolution, the tangential M will have

to be decompo sed pr ior to furthe r tr eatment into compone nt s along the two

pri nc ipal directions .

6. Summary of Formulae

a. Strictly Asymptotic Expre ssions to Lowest Orde r in and

to Second Or de r in~~~~:

A. Circumferential Magnetic Current Element
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2 -j kDc . k Y . 2 9 eH~~(r , r )
~ - - j  M~~-~~- si.n v0 ( x )  kD

k Y -  2 1 . 2  i sin .. e+ M - ~~- .c o s  -~~~~sin _
~~~~ 2 v0(x 5

) 
(kID)2

-I. M , 

~~~~~~~: 

~~~~~ 
u~~(x~ ) 

(kD) 2 (124)

H~~(r , r )
~ — j M~~-~~— sin 9 coo $v

0 ( x )  kID
P=P

2 / . 3~ -j kDk Y  2 3 . 8  5 sin~~ _ _ _ _

- M~~-~~ -’~- -~--sin cos +.~~ ~,, v0 ( x )  2 (125)

B. Axial Magnetic Current Eleme nt

2 -jkD
— -j  M !~~!cos

2$v
0(x

9)

p =O ’=a

+ Mz;~~(~~~sin
Z9_

~~~cos
Z
e)vO (x

s
) e

3
~~ (126)

— j M
~~~J

sin 9 cos 8v 0 (x 5) e _3
~ D

- M Z~~~~
!(_ ~~~~~~~~~~~~~~~~~ ~~~ ~ +~~ ~~~~~~~~~~~~~~~ 2 (127)

Validity of these formulae is restricted to 8 not too close to rr /2

b. The Modified Planar Formula

This formula is not strictly asymptotic. It applie s to an arbitrary

M, and is written in a vector form.
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2 . . - -jkD
H(r,r’)l _ _ i !~ X M .  

L
515

~~p=p ’=a

2 -jkD
- M. ~‘~~-~~.Xw(x ~ 2 (128)

— 3 (kD)

where as i n $ v  (x ) - u  (x )
w(x ) = v0

( x )  + 1 ° ~ (129)
coo 9

c. The “Full Formula”

The expression for H~ excited by a circumfe rential magnetic curre nt

element derived in (101) or obtainable from (128) - (129) is te rmed here the

“ Full Formula.”

2 . . -jk D
H~ (r , -r ’)~~.. - j M~, !~~!(~~~2 e - sin 2 e ~~~~+ cos 2 8 ~~~)v 0(x 5) e 

kID

- M~ ~~
!w(x ) e~~ , (130)

where w(x5) is shown in (129).

d. The Variant of the “Full Formula”

- j M~~i~~~(:in2 8 - sin2 8 
~~~~~ 

c,s~ e 
~~~)v~

( x )  e~~~~~

+ M~ 
~~~ cos2i 

u0(x 5) 
(kID) 2 for x > 0. 6

— - j M~ ~~X(~~~
2e - sin 2 $ ~~~ +co s2

~ ~~~)v 0 ( x )  ~~~~~~

for x5 <0.6 (132)
1/3

where x5 = ~~~~~~ fg = ~~~~ and 0g = 
a
2 8 

(see 62 and 63).

The curvature terms v
0(x5), v j (xJ and u0(x5) are listed in (35-43).
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III. Numerical Resul ts

This chapte r is devoted to numerical tests of validity of surface

ray methods for mutual coupling in coniormal a r rays .  Specifically, these

method s are applied to mutual coupling between slot s on co nducting circular

cylindrical surfaces.  Once the limits of validity of the surface ray tech-

ni que s have been established , the as ymptotic results of the cylindrical prob-

1cm can easily be extende d in a GTD manne r to conical surfaces. This is

described in Chapte r 1V .

A literature search has disclosed the availability of numerical and

expe rimental results for mutual admittance between “ single mode ” recta ngu-

lar slots in a conducting circular cylinde r [5J , f9J .  These were obtaine d via

ha rmonic series in ~ and a numerically evaluated Fourier integral with- respect

to the axial wave-number spectrum. To enforce conve rge nce, a small loss

was assumed in the surrounding medium. The authors were helpful in sup-

plying us with some of their numerical data in a compute r print-out form.

They also made available their compute r program to Drs. Kurnmer and

Villeneuve of Hughes Aircraft  Co., Culver City , California , who in turn

furni shed us with additional. numerical harmonic series re sults.

The surface ray computations of mutual admittances between “ single

mode ” rectangular slots in an infinite conducting circular cylinder were

car ried out by numerical integration of the mutual admittance integral

I - ‘~ .~~2 1 ~~ 
dS

— 
Aperture 2 

_________ (1)
12 — V 1 V2 

—

where = V 2 e 2, !i = v1 e 1, denote the tange ntial fields in aperture (2) and

(1) respectively, e1 and e2 representing the respective TE10 
mode functions,
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normalized so that

I~~I~ dS = J’J !~1 12 dS = 1 (2)

Aperture 2 Aper ture 1

and H2 1 is the surface magnetic field intensity due to ape rture 1 on the

uniperforated surface in the location of ape rture 2 . The surface magnetic

current density is

M = E x ~~~dS (3)

where ~t is the local outward unit normal of the cylindrical surface and dS

denote s an infinitesimal area in the slot. In the case of circumferential slots,

it follows from (1) and (3) that only H~ needs to be considered , while for

axial slots only H
~ 

is required.

To compare to Stewart-Golden’s data, the slot dimensions were

chosen those of a standard X-band 0. 9” x 0. 4” waveguide .

a. Circumferential Slots

Two formulae for H~ were used in obtaining the numerical value s

for Y 12, the “Full Formula” (11-101) and its variant, (11-107, 108) as

described in Section 5 of Chapter II.

In the following , Z0 and denote the axial and the angular

center- to-center separation of two circumfe rential slots (see Fig. Ill-i .

For further comparison , curves based on Hwang and Icouyoumjians’

GTD formulation [lOj are also included. These formulae consist solely of

the domina nt hard and soft terms of (11-123). For a circumfe rential
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(a) (b) Cc )

• Figure UI-b .  (a) Two Circumfe rential Slots on a Cylinde r of Radius a R ,
(b) Slot Geometry,
(c) Partitioning of Slots for Numerical Integration.

magnetic current element, in our notation, these formulae are

2 -jkDc i . k Y . 2  eH~, (r , r )
~ 

- - j M~~-~~ - sin $ v 0 ( x )  kD

k 2 Y 1 ~~jkD
+ M 

~~~~~~~~ ~ 
u0 (x ) (4)

cos 9 ~ (kD)

and for an axial magnetic curre nt element,

k 2Y 2 
_____H (r , r ) — - 

j  M~ -~~~~~
— cos B v0(x5 ) kD (5)

We shall consider the mutual admittance between circumferential

0. 9” x 0.4” single mode slots in conducting cylinde r with a R = 1. 991” at

f = 9 GHz (ka ~ 9. 5) and subsequently with a = 3. 777” at f = 0. 975 0Hz

(ka ~ 19. 6). In each case the data are normalize d to the magnetic of the self

admittance ~ where 
~ 11’~~g = 0.8588 + j 0 . 3834 for a 1.991” at

9 GHz and 
~
‘ll~~~g = 0.8440 + j 0. 4040 at 9.75 GHz ,for a = 3. 777”~ Yg being

the TE 10 modal admittance of the rectangular feed waveguide with 0. 9’ x 0. 4”

I. ID. The computed points are in 100 steps of angular separation 
~~ 

for

b-- -
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a = 1.991” and in 10. 1333° for a = 3.777” .

The procedure of numerical integration of ( 1) for circumferential

slots was based on a subdivision of each slot into 14x2 = 28 elemental.

areas CS of equal size (Fi gure Il l- ic) .  An increase of the number of sub-

divisions to 14x4 = 56 reduced the difference be tween S-C and PINY by

0. 3 DB for the near slots ~~ <5 0 °) but did not appreciably affect the

numerical re sults for the far apart slots .

We shall begin with the H-plane coupling (Z0 = 0) and increase Z0
in steps. Figure (III-2) shows 1Y 12/Y11 calculated by the Full Formula

(PINY) for Z = 0, in comparison with the harmonic series data (S-C),

and GTD . The PINY curve s show good agreement with S-C,

but the GTD curve markedly deviates from S-C and shows a different slope.

As discussed in Chapte r I, the reason for this discrepancy is that the lowest

orde r in hard contribution vanishes for $~~ and the behavior of H~ is

dominated not by the soft cont ribution, but rather by the second- order in

hard contribution, the exponential attenuation rate of wbich ,is identical

with that of the lowest order hard contribution, the attenuation constant of

the dominant hard surface ray being _
~~~~ that of the dominant soft surface

ray for the same geodesic. Figure 111-3 shows the effect of neglecting the

v 1 (x) te rm in (11-10 1) and in addition discarding the soft contribution u0(x)

fo r x <0 .  3 (actually x = 0. 6 would be more appropriate). In the H-plane
2$the v 1(x) term has a negligible effect , because its pattern sin has a

cos e
null for ~~~

Table I give s the phase comparison. It is seen that the “Full

Formula” (F .F . )  yields , except for = 1100 , a maximum phase difference

of ~ 13° from S-C.
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Y
Figure 111-4 shows for the case of Z0 = 0. 5” . The departure

11
of the F.F. from the S-C re sult inc reases and the departure of GTD decreases.

Table II summarizes the phase comparison and it is seen that the correlation

of the F. F. to S-G is very good, next come s the variant formula and finally

GT~~.

Figure Ill-S shows the Z = 1” case . The F. F. curve is now above
0

S-G and so is the varia nt formula which shows now a bette r amplitude cor-

relation than F. F. with the harmonic serie s result. The phase comparison

is shown in Table III. Again be st phase correlation is obtained via F. F.

Figure 111-6 and 111-7 and Table IV present the case of Z 0 = 2”. The

F. F. is about 2 D B  higher than S-C , while GTD correlate s bette r for ~~ >30°,

but tends to diverge for small ‘~ values. On the othe r hand the varianto

formula result, to the accuracy of the graph, is indistinguishable from S-G

except towards the E-p lane where it falls below S-C by about 1 DB. Similar

comments apply to the case Z = 3” , represented Figure 111-8 and 111-9 and

Table V. It is seen that in Figure UI-S the difference between the F. F. and

the harmonic series result is .-~~~ DE. On the other hand the variant formula

and GTD track S-C quite well.

Figures 111-10 and Ill-il and Table VI summarize the comparison for

the case of Z = 4” . There is about 1. 7 DB difference in the E-plane f or

either F. F . or the variant formula. The F. F. phases track ve ry well , next

be st is the variant formula.

Figure 111-12 and Table Vii p resent the result s for Z = 8” . The

maximum deviation of the F. F. re sult from that of harmonic serie s is about

3 DB. Howeve r , it is to be note d that in view of the assumed loss , i.e.

£ = €~(i - j 0.0025) the actual discrepancy should be reduced to no more than

2DB.
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As a gene ral comment , the GTD formulae show good agreement

in amplitude with the harmonic serie s for > 2” and > 300. The variant

formula matche s very well to S.C in amp litude ove r the entire range of

includin g the H-p lane , but falls below the harmonic serie s result in the

• E-plane. Also the phase of the varia nt formula tracks better that of S-C

than the GTD re sult. The phase of the F. F. tracks best of all. The dia-
Y

crepancy in is increasing with Z , but seems to level off for large
11 0

value s of Z0, in view of the loss assumed in S-C program.

Figures 111-13 to 111- 17 and Tables VIII to XII show the amplitude
Y1~and phase of ~~~~~ for a = 3. 777” , f = 9. 75 GHz and 0. 9” x 0.4” apertures
11

for different axial slot separations Z0. In this case , the harmonic serie s

computer program employed a loss tangent of 0. 003. As expected , for this

increased value of ka~~l9. 6, the correlation between the harmonic series

and the asymptotic surface ray results is improved in amplitude.

b. Axial Slots

Since the expressions (11-90) are finite as 6 ~~~~, the y may be

adequate for the descri ption of the yield in the neighborhood of a slot uni-

formly in all directions and thus , suitable for the determination of the

mutual admittance. One observes that for axial slots only the hard polar-

ization is excited, so that the soft transition function u0(x) does not appear

in (11-90).

Samples of numerical results, obtained via harmonic serie s, for

mutual coupling between single mode axial slots on a circular cylinder can

be found in [9]. These data are in the form of isolation 20 log 10 1s 12 I
between two open-ende d rectangular waveguides feeding the slot aperture s,

where S12 is the scattering (coupling coefficient between the waveguldes).

• 50

- - . 5-  — —--.5 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - . 5 -  - - - — . 5 .5 —5 .5—



dB 
_ _ _  

~~~~ —-H
MUTUAL ADMITTANCE OF CIRCUMFERENTIAL SLOTS

ON A CONDUCTING CYLINDER
_ t O

~~~~~.5_ .5_~~~~~~~~~

i

~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~ J 

_ _
20 1og 10 v,1 ~~~~~

-
~~~~~— — —  STEWART—GOLDEN 

_ _ _ _

-2O ii~~~~L~~~~~~~~_ _ 
_ __ _ _ _ _ _

_ _ _ _  _ _ _ _ _  

- _I-— -

_ _ _ _ _  ~ ~~PINY --—~
— —

~~~~~~~~ 
— • 

~

-

- 

H-30 _ _ _ _  

-- 
_ _ _ _- 

_ _ _ _  _ _ _ _ _ _ _ _ _

_  
_ _  

_  _ _ _

-80 
~~~~~~~ Zo =O 

_ _  _ _

0 20 40 60 80 100 120 140
DEGR EES

Figure 111-2. Mutual Admittance of Circu~~~~~ !flti ~1.~~kOtL~_ — _ — - -
on a Conductin g Cvlinde ’, a = 1. 9’~j ’. Z~~~ 0 -

51 - - -

.5— - - - —.5— —.5——— —- — — —. 5  —.5— — —-—- .5  ——
~—

‘—-—-——-———& —.5——- .5 ‘-.5 - .5— — — — . 5 — -—--— — .5 -— — -—— ——— —— -——-—-——— . —.5— -— .5 —.5— • - ___._ - — — — ~~~—.‘— -— — —



dB MUTUAL ADMITTANCE OF
~~~~~~~~~~~~~~~ C I R C U M F E R E N T I A L  SLOTS _____

- - 

£~~ ON A CONDUC T ING CYL IND ER III IIt
20 log ~••~~~~ _-_-;-- ----_----- I — —-4—--—-

~ -1~-—-—--10 Y~ —--—~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~-~~ — -- —~~---~~~~~~~~~~~~ •

—I 0ii~~~~~i ELIMINATE v1 (x )  AND LEAVE OUT :
_ _ _ _ _ _ _  

u0 (x ) FO R x <0.8 - 

--

~~~~~~~~~~~~ 

— — — STEWART — GOLDEN
—20 - - 

-
~~

_ _

_

_  

- 
E o:09 ”

40~~~~~i~~~~~~~~~~~~~~~~
_ 

_ _ _ _  

~~L 

_ _

-50

_ _ _ _ _ _

_ _  _ _:i ~~~~~~~~~~~~~~~~~~~~~ 

I\111r!
_80~~~ 

~~~~~~~~Z~:0E

_ 
_ _  

_ _

-90 
eI”H 

_ __ _

IIII
J

~~

TE

~

-100 

- 

_ _  _  _

20 40 60 80 $00 $20 140

~~D EGR EES

Figure 111-3. Mutual Admittance of Circumferential  Slots
on a Conducting Cyilnde -4 ~~J . 9 9L ”, ~~~~~~~

52 -

L - -- --— --- —-“- -—.- — ----— .5---- — -- -- _ - .5 - - - - - -



- -

Tf iBLE I Phase Comparison , Arg .  Y
12

=0 , R = l . 991’ ,
0

No . V 1 Full Formula GTD S-G

DECREES DEGREES_ DECREES DEGREES

0

0 - - - -
10 - - -
20 - - - -
30 -60. 23 -62. 77 -56.0 1 -76. 85

40 176. 68 179. 36 178. 02 167. 74

50 71. 18 69. 28 60. 54 58. 18

60 -38. 10 -39. 66 -54. 93 .48. 51

70 -145. 75 -147. 10 -169.76  -154. 31

80 107. 89 106. 63 75. 63 93. 19

90 2. 34 1. 29 -38. 86 -8. 28

100 -102. 09 -103.25 -153. 17 -99.86

110 153. 70 152. 82 92 .7 1  121.91
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TABLE II Phase Comparison Arg.

Z . 5” , R 1 .  991” . fz9 CHz
0

No V1 Full Formula GTD S-C
DEGktEES DEGREES DECREES DEGREES

0 -81.84 -70. 85 -72. 38
10 -85. 57 -77.63 -77. 88
20 -99. 46 -107 .29  -105.71
30 -151. 36 -172. 00 -144. 44 -172. 93
40 -117. 03 103 .28 108.76 103 . 17
50 19. 18 8. 77 2.51 7.45
60 -81.43 -90. 17 -104 .95 -92 .63
70 176. 65 168. 89 146. 80 168. 20
80 74. 26 67 . 15 38. 17 67. 67
90 -28. 18 -34. 79 -70.49 -41.51
100 -130. 46 -136. 65 -178. 93 -142. 26
110 127. 49 121/69 73 .03 131/22
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TABLE III Phase Comparison , .Arg.  Y 12

Z = 1 ’  , R = 1 .99 1” , f=9 0Hz
0

No V 1 Full Formula GTD S-C
DECREES DEGREES DEGREES DEGREES

0 152. 62 152. 99 — 154. 67
10 151 . 2 4  142.84 - 144. 69
20 134. 53 111.19 — 113.51
30 86. 51 57.95 101 . 53 61 .20
40 9. 01 -12. 30 13.62 -7. 90
50 -75. 81 -93. 86 -77. 03 -88. 37
60 -165. 88 177.49 - 172. 19 -176. 18

70 100. 36 84. 48 89. 47 91.39 —

80 4. 2 2  -11. 2 7  - 10.9 1 -3. 58
90 -93.40 -108.69 -112. 58 -100 .29
100 168. 07 152. 88 144. 99 161.02

110 69. 00 53.87 42. 12 61 .96
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TA BLE IV Phase Comparison, Arg. Y 12
Z =2” , R= 1. 991” , f=9 GHz

0

No V 1 Full Formula CTD S-C
DEGREES DEGREES DEGREES DEGREES

0

0 - 1 1 3 . 0 6  -11 8 . 2 1  - — 1 1 7 . 0 1
10 

- 

-120.75 -126. 10 (-10. 33) -124.73
20 -143.46 -149.45 (-14.44) -147.59
30 -178. 14 172. 64 -133 . 74 175. 34
40 140.10 121.90 156.78 125.66
50 81.44 60.48 87.81 65.19
60 9. 25 -9. 56 13. 48 -4. 26 ~

- 

-

70 -68. 76 -86. 36 -66. 25 -80. 58
80 -151 .37 -168. 32 -150. 49 -161.05
90 122. 46 105.78 115.55 115.55
100 33. 33 16. 87 31.12 26. 12
110 -57. 59 -73. 26 -61 .35 -69. 08
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TABLE V Phase Comparison, Arg.  Y
12

Z0~~3” , R 1 .99 1” , f 9GHz

No V 1 Full Formula GTD S-C

DEGREES DEGREE S DECREES DEGREES

0

0 -22. 89 -32. 33 - -30. 90
10 -28.67 -38. 19 (75. 84) -36. 72
20 -45.76 -55. 67 (72 .4 6) -54 . 11

30 -71 .9 1 -84. 27 -22. 20 -82 . 33
40 -103.96 -123. 14 -83 . 2 3  -120. 52

50 — 14 7 . 5 5  -171 . 15 -140. 36 -167. 78
60 153. 96 132. 82 + 158. 90 137.00
70 88.94 69.90 93.13 74. 88
80 19.01 1. 15 22 . 42 6. 78
90 -55.24 -72. 46 -52 .59  -66. 24
100 —133. 40 -150. 12 -131 . 5 3  -143. 17

110 145.59 129. 69 146. 75 137 .29

-4
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TABLE VI Phase Comparison, Arg. Y 12
Z =4” , R = 1 .991 ” , f=9GMz

No V1 Full Formula GTD S-C
DEGREES DECREES DEGREES DEGREES

0

0 65. 14 52. 98 - 54. 11

10 60. 54 48. 33 (161 . 79) 49. 54

20 46.83 34.45 (158. 99) 35. 73

30 24.31 11 .57 81.11 13.08

40 -6.57 -19.81 25.54 -17.72

50 -45.21 -58. 98 -24. 85 -56 .2 1
60 -90. 97 - 105.25 -76. 76 -101.83
70 -143.16 -157.94 -132.75 -154.02

80 159.01 143.71 166. 84 147.94 
.5

90 95. 98 80. 36 101.94 84. 99
100 28.81 12. 66 33.31 18.78
110 -42. 76 -58. 53 -39. 34 -50. 84
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TA BLE VU Phase Comparison, Ar g. Y12
Z 8”, R 1  991” , f=9CHz

0

No V 1 Full Formula GTD S-C

DECREES DECREES DEGREES DEGREES

- - - -

0 51.61 33.42 - 36. 67

10 56. 82 30. 84 - 30. 09
20 7 1.02 23. 10 - 22.65

30 78. 17 10. 29 98. 60 10. 18

40 53. 09 -7. 66 56. 43 -7. 33
50 15. 30 -30 . 32 17.55 -29. 57

60 —21 .60 -57. 52 -19. 13 -56. 33
70 -58. 87 -89.05 -56. 35 -87. 29

80 -98. 08 -124. 69 -95.58 -122. 47

90 -139.9 1 -164. 18 -137. 45 -161.78

100 175. 38 152 .7 1  177.77 155. 71

110 127. 73 1 ) t . 1 9  130 .05  70 .71
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TABLE VIII Phase Comparison , Arg. Y 12
R 3 .  777” , f 9 ,  75GHz

No V1 Full Formula GTD S-C
DEGREES DEGREES DEGREES DEGREES

- - - -
0 - - - -
10. 13 - — - -
20. 27 178. 24 177. 92 176. 11 166. 5
30. 40 -45. 28 -45. 63 53. 53 -54. 65
40. 53 97. 81 97. 55 82. 59 89. 20
50. 67 -116 . 29 -116. 52 -140.40 - 124. 89
60.80 31.4 6 31.2 6 -3.3 6 27.71
70. 93 180. 73 180.55 133. 64 167 .26
81. 07 -28. 80 -28. 96 -89. 23 -29. 50
91.20 -122. 44 122. 29 48. 11 105.03
101.33 -85.98 -86. 11 -173. 96 -77. 49
111.47 65. 68 65.46 -35. 23 9. 97 
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TABLE IX Phase Comparison, Arg. Y 12
Z- . 455” , R= 3. 777” , f=9 . 75GHz

No V 1 Full Formula GTD S-G
DEGREES DEGREES DEGREES DEGREES

0 -81.78 -64. 43 - -66. 36
10. 13 -111.94 -98. 63 - -98. 84
20. 27 118. 33 109. 17 112. 06 105. 25
30. 40 -83. 20 -87 .7 9 -100. 20 -92. 43
40. 53 69.35 65.99 44. 90 61.76
50. 67 -139. 68 -142. 50 -171.76 -146. 67
60. 80 11.22 8.70 -29. 22 3.66
70. 93 162. 64 160. 34 113. 27 158. 34
81.07 -45. 27 -47 .37 -103. 72 -57. 03
91.20 107. 33 105.42 40. 24 l0~ .48
101 . 3 3  -99 .88  -101 . 5 8  -174 .55  -116. 88
111 .47 52. 80 51 .2 8 -27 .9 1  65. 49
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TABLE X

Phase Comparison, Arg Y 12

Z = 2 ” , R = 3  777” , f =  9 7 5 GHz
0

No V 1 Full Formula GTD S-G
DEGREES DEGREES DEGREES DEGREES

0 - 157.72 -159. 06 - -158. 07

10. 13 178. 45 171.24 - 173.22

20. 27 109. 69 86. 80 117. 89 91.24

30. 40 -25 . 78 -40. 14 -21. 49 -32.46

40. 53 176.63 164 .75 177. 88 176. 39

50. 67 3.11 -7.87 1.87 1.58

60.80 179. 35 168.71 175. 27 -171. 96

70. 93 -10. 92 -21 .46 -17. 40 0. 29

81.07 154. 59 144 .02 145. 82 171. 41

91.20 -42. 70 -53. 37 -53. 70 -27.29

101.33 118.09 107. 29 104. 92 145 .33

111.47 -82 .5 2 -93. 46 -97.81 -69. 45

I
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TABLE XI

Phase Comparison, .Arg. Y12

Z =4” , R=3. 777” , f=9 . 75 GHz
0

No V1 Full Formula GTD S-C
DEGREES DEGREES DEGREES DEGREES

0 -25. 69 -32 .26 - -31.74

10. 13 -35. 18 -49. 52 - -48. 15

20. 27 -67. 04 
- 

-100.03 -5 8.55 -97. 04

30.40 -160. 52 -179. 47 -156.31 -175. 26

40. 53 88. 30 73. 46 91 .82 81.67

50. 67 -40. 36 -53 .0 6 -37 .61 -41. 78

60. 80 175. 89 164.21 177. 86 179. 08

70. 93 20. 10 8. 94 21 .2 9 27.2 1

81.07 -145. 11 -155.98 -144. 67 -134. 39

91. 20 42. 35 31. 61 42.05 57. 36

101. 33 -135. 96 -146. 62 -136.97 -118. 90

111.47 41. 15 30. 51 39.45 64.32
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TABLE XII Phase Comparison, Arg. Y 12

Z =8” , R=3.  777” , f=9. 750Hz

-No V1 Full Formula GTD S-C
DEGREES DEGREES DEGREES DEGREES , 

I

—

0 -131.01 -142. 09 - -140. 77 
-

10. 13 —13 3.94 -151.40 - -150.35

20. 27 -134.94 -179. 04 - 119.36 - 177.69
30.40 167 . 65 135. 71 169. 93 138. 36

40. 53 95. 66 73. 59 98. 00 78. 16

50. 67 13.91 -3. 74 16. 15 2. 89
60. 80 -79. 61 -94. 97 -77. 51 -85. 86

70. 93 175. 36 161. 32 177 . 30 173.67

81.07 59. 72 46 . 51 61.48 61.87

91. 20 -65.48 -78. 13 -63.91 -60. 59
101.33 160. 79 148. 54 162. 17 170.44

111.47 19. 47 7.53 20. 66 32. 90 —

~~~~~1
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Figure 111-18. Axial Slots on a Cylinde r

To arrive at a comparison, it was necessary to convert the Y 12 value s

obtained via (1) and (3) to 
~~~ 

via

- 2 Y Y

~ l2 = (Y g + Y 11 +~Y 12)(Y g + - Y iz) (6)

where , again Yg is the characteristic admittance of the dominant feed -

waveguide mode and Y 11 the slot self-admittance. To save computer time

the number of subdivisions for the axial slot was chosen 10 x 2 = 20 , and

the tests with 14 x 4 = 56 subdivisions changed the re sult by 0. 1 DB even

for the nearby slots .

Figure 111-19 and 111-20 show the comparison between the harmonic

serie s and the surface ray results of E-plane coupling (Z0 = 0) and = 1. 5”

4 at 9 GHz , for ka ~ 9. 5. A very good agreement is found everywhere within

the angular separation of 200 to 1500 for the case of = 0, and 00 to

1500 for Z = 1. 5” . The GTD fo rmula is completely inadequate in the

H-plane (axial direction). —

-
~ L

From [9], ~~~ = 0. 748 + j 0. 434.
g
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IV. GTD Generalization to Conical Surfaces

a. GTD Generalization of the Curvature Factors to Surfaces
with Variable Curva ture

The gene ralization will be discussed for v0(x), the other curvature

terms are treated in a similar fashion .

For a circular cylinde r one has from (11-36)

. TT -jX t

v0(x) = e 1.fii ,,f~ 
‘~ e — ,~~~ in deep shadow, (la)

p= 1 ~p

= 1 - ~~~ x3”2 + 4~~x
3 

+ ~~~~~~~~~ x9
~
’2+ . . . , in the near zone , ( ib)

s’T 512

where

k 1/3
X . J~~~~, fg = ( ~_~••&) ~ P

g

=
~~~~~~~~~~ 2

9 

(2)

and Pg is the pr incipal radius of curvature of the ray trajectory. On a

circular cylinder Pg is constant along a ray. On a cone however , or othe r

surface s of variable curvature Pg = Pg (S)~ varies along the ray, where s

is distance parameter along a ray.

The generalization of v0 (x) to a conical surface proceeds as follows .

Firstly x in the expone nt is rep laced by ~ such that for an infinite simal

dist snce along a ray

— k d sd x ( s ) =  2 (3)
Zf g (5)

and consequently

Q

~~~= r k d s  (4)
Z f (s)

~~~
i g
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In (4) Q ’ denote s the source point , Q the observation point and the ray

trajectory passe s along a geodesic path from Q ’ to Q.

Secondly, in (1a),~/~ which repre sents the product of the launching

and attachment coefficients [l],is symmetrized in order to preserve recipro-

city with respect to an interchange of the source point (Q ’) and observation

point (Q). Thus,

_ _ _  
kD (5)

Zf g 2f g (Q ’) f g (Q)

where

~~~~~~ 1/3
- .ic.~~ ~~~fg (Q ’) = [  

~ J (6)

and

1/3
fg(Q) = 

~ k P~ (Q)

1 • 
- - 

(7)

Therefore ,

. 17 _______ -j~~
v0(x) _

~e 
31 JW / kD e 

— 
(8)‘q Z f g (Q ’) f g (Q) p 1

But from (la)

. 17 -j x t p 
—e /i~~.x  L 

e 
= v0 (x) - (9)

p=l ~p

Consequently,

v0(x) ~
‘ kD v0(~E) = -

~~~~(~~ ) (10)
V 2~~ fg Q ’ fg

Q

Similarly,
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r kD -~3/2
v l (x) -‘L V

l
(X) = 

~i (
~

) (11)
2X f g

(Q ’) f
g

(QY~

and

3/2
U~~

(X) [ kD 1 U O (
~

) = ~~
(
~

) (12)
2~~fg (Q ’) f g (Q)~J

b. Example:

Generalization of the Full Formula to a Conical Surface

The formula (11-101) generalize s for a conical surface to:

2 . . .~ -jk D
= - j M~ 1[~~~ e ’ sin9 - sin 8 ’ sin 9 + cog 8 ’ COS 8 kD

2 -‘ -j kD
+ ~~~~~~~ 

‘
, - sin 8’ sin O ~~

1
~~~~~~ j 

e 
—

~~ (13)
cos cos 8 k(D)

O6SERVAT1ON
POINT

— e

MAGNET IC ~~~~~
CURR EN T
ELEMENT

—

Figure IV-1. Surface Ray on a Cone

In (13) on a conical surface the pattern factors sin 28 and cos2 8 have

been replaced by sin 8 ’ sin e and cos B ’ cos $ (see Figure IV_ 1),  in orde r

to pr eserve reciprocity.

Samples of numerical results for circumferential slots on a conical surface
may be found in [2].
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V.,. Conclusions

This report is a. study of the validity of Surface Ray Methods for

application to mutual coupling in conformal arrays. The study consists of

an analytical part and a numerical part . -

The classical CTD [1] includes leading te rms in eithe r polarization

of- the high frequency asymptoti c expansion. These correspond to rays which

prop agate along geodesic trajec tories of the unper forate d conducti ng arr ay

surface with a near free space velocity, and attenuate expone ntially during

their travel. Furthermore , because of the ray spreading there is an alge-

braic ray diverg ence coeffi cient 1

In this report it is shown that , in addition to the surface ray terms,

diffraction of surface rays must also be included in certain angular regions.

These diffraction effects amount to the inclusion of terms 0 ( 1
3 ,2)iu the

(lcD) ’

deep shadow or O( 1 
2) in the near zone . The significance of the o ( 

~~‘(lcD) ~kD)

te rms shows up clearly in the circumferential (H-plane) coupling which would

be grossly underestimated on the basis of te rms. The terms in
(kD)2

the near zone are also necessary for the near neighbor coupling .

A basic difficulty is observed in the paraxial (E-p lane) region for

circumferential slots. It has to do with the break-down of the Airy function

approximation of H~
2
~(z) for small value s of the argument z. A correct

treatment of the dyadic Green’s function in this region requires a different

approach than used in this report. For example a harmonic series could be

used. Here , the Fourier integral with respect to the axial wavenumber

would be evaluated asymptotically to second orde r of the inverse distance

from the source . This representation which is not a surface ray representation
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should yield a smooth, valid transition to the surface ray representation.

A furthe r question that arises is the generalization of this transition

fu nction to the conical geometry.

Instead of proceeding along these line s this report establishe s

first the correct asymptotic expansion of the surface H~, for circumferential

magnetic current element on a circular cylinder. This expression is valid

in the circumferential plane and its angular neighborhood. An approximate

transition function is the n constructe d that ble nds with the above representa-

tion in the cir cumfe rential plane , is finite along the axis (E_ p lane) and

reduces to the planar Green ’s func tion to o( 1 
~ 

)in the proximity of the
(kD)

source. A variant of this formula is also provided ..

The correlation of the numerical results in Section 111 with those

obtained on the basis of harmonic series for cylinders with ka ~ 9. 5 and

19. 6 justifies the use of these approximate formulae. These above approxi-

mate formulae are easily generalized to conical surfaces.

As mentioned the numerical data for Y 12 between circumferential

slots indicate a good agreement with the harmonic series results for cylin-

ders with ka ~ 9. 5 and an improved cor relation for ka ~ 19. 6.

The agreeme nt for Y 12 between axial slots on a cylinder with

ka ~ 9. 5 and based on formula (11-90) is very good , although no phase com-

parison is available.
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Appendix A. Review of the Theory of Alte rnative Representations

The procedure for obtaining electromagnetic field solutions in

cylindrical regions of uniform cross-section, utilize various represen-

tations of fields and their sources in te rms of a complete set of vector

eigen functions , with the resultant scalarization of the relevant vector

problem.

The scaiar potential s are defined via [Ref. 6, Eqs. 24a and 25a ,

pp. 196-1971

) ~ I
)

~~~ ‘~~“~(r,r ’) ~ ( g~ (z , z ‘) .

i k~

In (1) the prime and double prime denote TM- and TE- polarizations ,

respe ctively, P and P ’ are the transverse position vectors of the observa-

tion and of the source point, and g~ (z , z ’) is given • in (A18). The sub-

script i stand s for a double index , one corre sponding to the radial, the

other to the angular domain. The mode potentials t~t .’(p) and ~ ‘(Q) indi-

vidually satisfy in the cross-section the Helmholtz equation

V
t
2 

~~~~~~~~ + i4I~~~)2 ~( i X # ) (p cD) = 0 (2)

with periodicity of Zrr in ~ of the function and its ~ derivative, and with

= 0, * ‘ (P , CD) 
p!a 

= 0 (3)

In (1) and (2), kt denote the radial eigenvalue s (wavenumbers).
i

The no rmalization is such that
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dS = 1, (4)

cross-se ction

V ~ ‘(p ) V
S t 1 ~~~ a t i —  a

where e . (P) = - and e . (P )  = - x z  (5)
—t —

~‘t. 
a’t.

1 t

To facilitate conversion of the various alternative representations,

it is useful to defi ne three one-dimensional characteristic Green ’s functions

as follows:

a. Angular Green ’s Function

• This Green ’s function satisfies

+ x~) g~ (~ , cp ’;X) = - 6(e~-cn ’) ,  (6)

subject to the periodicity conditions

+ rr , c~’;X \)) = g~, ( p  - ii,~
, ’;X

~
) (7)

and
(8)

This Green’s function is found in Ref. [6, Eq. 51c , p. 310] and is given

below

COS ~, X (T7 _ Icp_ cp ’ L )
g (ep , cp ’;X ) = - , - r r <  <ri . (9)

2 , T sin /T rr
‘V \) ~I \)

The corresponding completeness relation Ref. [6, p. 277] reads

- ~ d)~~g~ (cp, cP ’;X~,) = c
~~

cos ‘~(cp-cp ’) = - 6 (cp_cp ’) , (10)

where £~~ = for v = 0 and e = 1, ~ ~ 0.

The simple pole singularitie s of g~ and the contour enclosing them
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are shown in Figure A-i .

• Im Xz, I m X ~~

I 4 
_ _ _ _ _  

a=_2~~/ J( x K “Re 4 ~~~~~r~- f  m’ Re X
~ _ _ _

k

Figure A-i . Complex X ,~,-p1ane Figure A-2 . Complex \~-plane

~~~= arg () .~), ~ = arg (k 2
-\ ~)

b. The Radial Green ’s Function

This Green ’s function is defined by

~~~~~~ (k2 - X 1) - -jj g~(P , P ’;X
~ ;X) = - 

ô( p )  ( 11)

subject to the boundary conditions;

g~ = 0, for the TM case (12a)

~~~~~ ~~ 0, for the TE case (12b)

and the radiation condition at p ~ for either polarization. While g~, is a

function of one parameter X
~ , g~ depends on two parameters X

~ 
and X~ .

This feature follows from the separation of variable s for Helmholtz equation

in cylindrical coordinates. One finds [Ref. 6, p. 277]
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QH~’~ 
( k2 -X a

g 0(P , P’;X
~1; X

~
) - J~~~~L(.jk2

~x~~Q<)~ 
;VJ  

2 

~ 
H~~~~(.~k2 _X~ p.c) ~

v QH~~ ..( ’k ~~~~ v

H~~LC !k2 _X 
~~>) (13)p.

where Q = I for a TM- case , Q = .~~~~~ for a TE- case , and P> denote the

greater and the lesser of P and 0’ , respectively.

There is no branch point at X ,~ 0, since , in view of the relation

H~~’
2
~(z) = e± j~~ T T R ~~’2

~(Z) , (14)

is an even function of

It is convenient to introduce the transformations = ‘~ and

- = kt, whereupon g 0 becomes

I QH~~~(k a) 1 2)
g 0(P , P’;X p.;X ..~) = - 1~~ I~

’) (k~ ~~ - 

QH(2)
(kta) 

H~
2
~(k~ P<)IH~ 

(kt 0,) .  (1 5)

The singularities of g 0 in the X~,-p1azte are simple poles at the zeros

of QH~
2
~ (kt a). They are indicated in Figure A-i , which also shows the

contour of integration C~ enclosing these singularities in the completeness

relation [Ref . 6, Eq. 3-4-98, p. 326]

QHW (k a)

~ dX ~~g 0(0 , P’;kt2 ;X ,)= -j ~~~ ~~ H~~~(kt P)H~~~(kt 0<) 
~~~QH~

2
~OC a)= 1 \)~ , t

= — o ’6 (p — p ’) (16)
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In the X p.-plane g 0 exhibits a branch point at = k2. The choice

of the proper branch of 1k2 
- is such as to sati sfy radiation condition

for P ~~. A conve nient branch cut and the path of integration C~ for the

completeness relation [Ref. 6, Eq. 99, p. 327]

- ~~ ~ dX p. g0
(P , p’;Xp.;~

2
) = ~( P p

’) (17)

is shown in Figure A-2.

c. The Axial Green ’s Function

Thi s Green ’ s function satisfies

~ + X p.)g~ (z , z ‘;X p.) = - â(z -z ’) (18)

subject to radiation condition for lz I ~~. Therefore

-j
~/ç Iz -z ’I

z ‘;X p.) = 
e 

2 ’  
; Im 

A/
~~~~~ ~$ 0. (19)

One observe s that g 0 has a branch point singularity at = 0. The

proper sheet of is define d as 0 > arg (X p.) > - 2rT . For convenience, if

the positive real Xp.-axis is chosen as the branch cut (see Figure A-2) ,  one

obtains the completeness relation for the z-domain

- ~~~ *~~ d Xp. g~ (z , z ‘;Xp.) = - 8(z-z ’) (20)

To facilitate the conversion between alternative representations one

transforms the modal potentials S ’ and S’ of (Al) into the integral representa-

tion of (2 1a) Involving the above three one dimensional Green ’s functions .

This repre sentation,in turn ,enable s one to deduce the various alte r native
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representations me rely by deforming the paths of integration ~~ or C~
into C~ or re spectively. Examples of alternative representations

for S are : 
‘

(.. 2~ j ) 2 ~~dX p.~~~~ g ~(o~ P’;X p.;X~ )g~ (~ , ~~~~~~~~~ z’;X p.) (21a)

S(r , r ’) = ~~~~~~~~ L c,~cos 
~(~ -~

‘) 
• 

dX p. k 2 ...X 
g 0( P , P’;X p.;v

2 )g (z , z’;Xp.) ( Z ib)
3 v=0 C p.z

I

1 cos 
~~~~~~~ I~-~ ~) 1 2 2 “ 2 2

sin ’v~, Tr I dX p.
_

~~~ H~~ CJk ~~~~~~~~ ..X
p. P ’)X

c k~~~ p.

QH~~~~~k2~ X p. a)
____  

g (z , z ; X ) (2 1c)
QH~~k~Jk2-x p. a) 

Z

where Q= 1 for S= S ’ and Q = ~~— for S=S ”

Representation of the pote ntials S ’ and S” in (Al) follows from the

relation [Ref. 6, p. 198 Eqs. (32b), (33b)]

— Vt2 S )(11)( r r l) = G
(1

~~
M) (r,r

1
) , (2 2)

whe re

G~ ‘~~“~(r , z’) = 4, ( S) ( N ) (p)  ~~ 
) ( ) * 

‘) g~ (z , z ‘) (23)

In a similar fashion (21a) follows from [Ref . 6, p. 285 Eq. 37] and (A-22) .

To obtain (2lb), the Integral in (21a), with contour C0,, is evaluated as

a sum of residue s at the simple poles of 
~~~~ To derive (2 1c), the contour

C~ is deformed into C~ and the resulting integral is expressed as a residue

series at the simple poles v~, of g 0.

L - - •  
-. ~~~~~~~~~~~~ •~~~~~~~~ • 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



Appendix B: Curvature Terms and their Derivatives

Basically, the re are two curvature te rms , hard and soft .

(2)
,, .~~~H (Z)

They are derived from the integrals j  c ’3 dv and
-~~~ H~

2
~ (Z)

(2) ’
~ 

.

~~~~ 

H,~ (Z)
I c  (2) dv.

H~ (Z)

a. The hard curvature term and its derivatives

For large and almost equal argument and orde r the asymptotic

expansion of the Hankel function H~,
2
~(Z) and its derivative with respect to

argument is found in the form of a combination of the Airy functions [4]. The

leading te rm of thi s expansion is

H~
2
~(Z) — ...L f ’’ w (t)2 

for v~~ Z and zI>> I , (1)
H~

2
~(Z) — - .~1L~f ’2 w ’(t)• 2

where = 
V-Z 

, ~ = (~ ) 
~ 
. (2)

Here

w2 (t) = kf [B.(t) — j A~(t) ] , (3)

where A
~(t) and B1(t) are the two independent real solutions of the Airy

differential equation. Therefore w2 (t) satisfie s

(_.
~~~ 

- w2(t) = 0. (4)

The lowe st order (in Z) asymptotic te rm of the ratio of Hankel

functions is , from( B 1)
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H~
2
~(Z) w2(t)

~~~ 
‘(Z) 

- - ~ w~ (t)  
(5)

If Z >> 1, this ratio exhibits a peak value near the poles of the

inte grand. Therefore the major contribution of the Fourier transform of

this ratio is derived from the region of the v-plane where v ~ Z. For

Z >> 1, one may use the asymptotic form of this ra tio. Thus ,

~ H~
2
~(Z ) . . w (t)

•1 
e~~

’ ~ dv — - e 3Z f2 e~~ 
t 2 dt , (6)

-~~ H~J
2
~ (Z) ~ . w2(t)

where ~ > 0, is a paramete r , and the integration contour ¶ depend s on Z.
w2 (t)

one note s tha t for It I’~’~, is algebraic [Ref. 6, pp. 394-395]. When
w~ (t)

arg Z 0 , ar g t =  0 and ¶ runs from -~~ to +~~ along the real axis in

the t-plane , the valley re gions being the entire lower half t-plane . But

when ar g Z = _ ~~~, a r g t = _ .~ i a s _ c~, and a r g t = ~~~as v- 1 + co ,

with the valley re gions below the

Imt

Re t

Figure B-i . Complex t-plane and the Integration
Contours for arg Z = 0 and -
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contour ¶ . Figure B-i shows the contours ¶ for both arg Z=0 and -~~~- .

To find a contour valid for eithe r case , one deforms that part of

the straight line with Im t > 0 (for arg Z = - to the real t axis and , in

this fa shion, recovers the usual,broken contour ¶ of Figure II~ 3 running
571

from ~~e to .f~~~.

The hard curvature term V0(x) is define d by

. w (t)
V0(x) = I e~~~~ 

2 dt (7)
w~(t)

where x = f ~~ .

The re are two expressions for V0(x ); one is fo r la rge, the other

for small values of x . For lar ge values of x , one may close the contour ¶

in the respective valley regions (i. e. those of arg Z=O and - ~~
) at infinity in

the lower half plane . Thi s procedure results in a residue series evaluated at

the simple poles of w~(t) = 0:

-jx~ w(i )
V0(x) = - 2 rrj e p 2 p 

, 
(8)

1 w2 ( i)

. 11

where ~ = I e 
- 

~ 
~~

, 
with Al (- ~i ~) = 0. Numerical values of may

be found in [7].

From (B4), one finds

~~ p
V 0 (x) = - Zrrj ~ e (9)

p=l p

For large values of x , this residue serie s converges rapidly. In

contrast , for small value s of x the residue series become s poorly convergent.

97

• —-~~~~~~~~~~~ — • - ——-~~~~•-— — — — — • • ——• ——- — - - — — _ •~ ••
~~~~~~1



An al terna tive , more efficient representation in thi s range is a “powe r

series” in x which can be establishe d by an asymptotic expansion for
w2 (t)

large value s of t of and a te rm by te rm integration. To this end ,
w~ (t)

one may rotate the contour ¶ clockwise by 900. For arg Z=0 , ¶ maps

into a Bromwich contour T ’ by letting

t = j s , (10)

whereupon

.11

w2 (js )
V0(x) = j I e’~~ ds (1 1)

w~ ( j s )

For arg Z = -~~~~ o:e rotates the contour clockwise by 120° by the

transformation
. 71
3~

.
t = j e  s , (12)

which again yields the same Bromwich contour T ’, i.e.
.11

.71 ‘
. ~~~~~w l j e  s

V0(x) = j e e X S 

~

. 

. 11 
ds . (13)

I’
,
. ~~~~¶ w2~ je s

Following [8], one has

w2(j s) 
- e - ~~- 4 + 

7j
712 + 

21 
~ 
+ o(~~~

3
~~)] (14)

w2 (js ) s’  4s 32s ~/3’ 64s

Similarly, one finds
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-~~----~ -~~~~-—
_—-— -----~~~~-

-•~~~~
-_

~~~~~ —----- ~~~—- •
~1

W2(j ~~~ ) 
- 

.~~[e

3
~~ e~~~~ JJ + 71e

,(. j’~
.

w2~j e s)

517

21 e 3r 
f :13/2 ’1

+ 
~ 

+ ) ~s
~fl’ 6 4 s  j (15)

Each term of expansion (B14) is an inverse Laplace transform and

is evaluated explici tly below.

F(s) ds = £ ‘F(s) (16)

where ~~~“ denotes the inverse Laplace transform. Therefore for

arg Z=O , one finds

• 
~ 

w2(js)V0 (x) = 21T~~ w2(j s)

~~~~~~ (1 ~~~~~ 3/2 ~~~~~~ + ~~~~ ~~~~~~ (17)
4 0 5l2 j3’

and for arg Z = - , one obtains

.11
.17
j -~ 1 w2~je  5)

V0(x) = 2rr e £

_ 

.~~~~

~~~~~~~~
W

2~~j~~ s)

—~~~~~~ e ”
~ ‘~~[e~~ T~ ‘ - 

e~~~~~~ .T  
~~ + 

7j e~~
12 81x1

5/2

+ 
21 e~~

T 
1~f 

+ 1
T ’4 J (18)
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= - 217j e~~ (i - ~~~~ 2~ ~~~~~~~~~ + 
7~~ ~9f2 

+ . . .)  (18)0 .ff 512

Note that (B 17) and (Bl8) have the same form , but the former is valid for

real x while the latte r for x complex. In either case , if one define s v0
(x)

as the “power serie s” shown in the bracket of (Bl7) or (B 18)

one has

1 - 4i x~
z 

+ 4~~x3 
+ -~~-~~~~~~ x9

~~ +. . . ,  for small x (19)
.5512

v0 (x) = 
—, -jx tp

~ e for large x (20)

e 4 
~= ‘

and 17

V0(x) = - 2rrj e 
~, 

v0 (x) (21)
..J~ 

x~
The two series in (B20) and (B2 1) connect smoothly both in the

amplitude and phase. If one considers ten residue terms and four power

serie s terms , then at x = 0. 6, the difference between the two series is

about 0. 0025 percent in amplitude and 0. 012 degree in phase . Figure 11-4

shows the cross-over for v (x).
0

The de rivative s of the curvature terms can be obtained by a direct

diffe rentiation of V0(x). Thus , for the first derivative of the hard curvature

term, one has

w (t)
V~ (x) = -j  Ie _3

~
ct t_~

_ 
dt = - j V 1(x) 

, (22)
w~ (t)

where
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Defining v1(x) as

i + ~/~~
‘ 

x3
~
”2 

- 

~~~ 
x3 

- ~~~~~~~~ 

~~~ +... , for small x (23)
A/5 64

v 1(x) =

2~jW x ~
2 

j, e~~~~~ , for large x (24)

~~~~~~~~~~~ 

p=l

.71
-J.
~

one has V 1(x) = - 2rj  C 
~~~~ 

v
1

(x) . (25)
2.~~ x

For ten residue terms and four powe r serie s terms, the difference

between (B25) and (B26) at x = 0. 6 is about 0. 42 perce nt in the amplitude

and 0. 126 degree in the phase. Figure 11-5 shows the cross-ove r for v1(x) .

The second derivative of the hard curvature te rm is

r w2(t)V~ (x) = - tZ e _j Xt dt = - V 2(x) 
, (26)

‘
1. w2(t)

With

i + 47~ x
3 

+ ~~~~ x9~ +. •.,  for small x (27)
.532

v2 (x)

.71 -jx t
e x e , 

for large x (28)

p = l

one has

V 2(x) = - ~~~5~~~~~
vZ (x) (29)

•—_ -—•- - • - — - - _--_ • 
~~~~~~~~~~ 

-



--~_ - ~~~~~ - - --- - - ---- - - • -. ~~~~~ • ~~~ ~~~~r

The cross-over point is in the proximity of x = 0. 6 where the

diffe rence between (B29) and (B30) is about 1. 7 percent in the amplitude

and 0. 101 degree in phase .

b. The Soft Curvature Term

(2)

I C (2) dv — - e ”~~~~ I ~~~~ dt (30)
-• H (Z) 2
-~~~ 

¶

where x = f~ , and ¶ is the same contour as shown in Figure B-I .

The soft curvature term U0 (x) is defi ned by

U0(x) = S 
-jx 

w2(t) 
dt (-31)

In an analogous fashion, the residue series representation of

U0(x) is

_jx t
U0

(x) = - Ztrj e p (32)

p= 1

. 71

where t = I t t  e 3 , Ai (-  It~ ~) = 0. This serie s (B34) conve rges rapidly

for large x.

Similarly for small x , with t = js , one has (since arg Z = - will

not generate a new function, we consider only the case arg Z=0 here)

~~~~~~~~~~~~~~~~~~~~~~~~~~ 32 17~”Z ,5:4s2~~ 
o(s 1)] (33)

Hence,
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w ’(j s)
U (x) = 2r’ .~’ 2

0 w2(j s)

.71

(34)

Consequently,

U (x) - - 271j 
e

3
~ 

(i - ç x312 
+ ~~~ + ~~~ x~~ +. . .).  (35)0 2.fi~x~”2 12 .564

Defining u0(x) via

1 - ~r’ x
31~2 

+ 4 x3 
+ 

~~~~~~~~ x~~ +, . .,  for small x (36)1 
.564

u0(x)=
3/2 .-jx t

e ~~~~~
, for large x (37)

‘ e
_)

~~ 
P= 1

one has
-3.~

U0(x) = - 2rrj 
~~~~~ ~

312• 
u~ (x) • (38)

The two series in (B38) and (B39) connect smoothly at x = 0. 6, if

one take s ten residue terms and four power series term s. The difference is

0. 2 percent in the amplitude and 0. 10 degree in the phase.

The re is no need for the de rivative of the soft curvature term, since

it yields term s of highe r order in than conside red here .
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Appendix C. Asymptotic Serie s for Laplace Type Integrals

Derivation of the complete asymptotic series for the case of an

isolated saddle point for the following canonical integral is reviewed below.

1(Q) = 
$ 

~C2q(~ ) F(a) d~ (1)
SDP

where 0>> 1, SDP denotes the steepest descent path while F and q are

analytic functions of ~~.

If q(~ ) has a first order saddle point , i.e. q ’(~ 5) = 0 but

~ 0. then one transforms q(~ ) into a simpler function ¶ (s) via

q(a~) T(s) _ j _ s 2 (2)

With this transformation the saddle point 
~~ 

maps into the origin of the

s-p lane . The refore

q(~~5) = - j .  (3)

Consequently, the integral become s

Clq(~~) ~ (2821(0) = e 
~ 

G(s) e ds , (4)

where

G (s) = F(s) 
• 

(5)

The proper branch of s = ~/ j  -q(~ ) is dete rmined by the orientation

of the SDP, i. e. by the phase angle of at the saddle point . One then

expands G(s) into a power series about s = 0, and evaluates the integral in
54) by carrying out the integration term by term. The radius of convergence

of this power series will be determined by the nume rical distance, or the

distance from s = 0 to the nearest singularity of G(s) . The numerical distance

• will dete rmine the error of the asymptotic expansion. Thus ,

_ _ _ _  
--------—----~~- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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2 -~~~~~2
1(0) ~~e ~ LG(o) + sG ’(O) +~~-~-G

’(0) +...Je ~ ds

= ~~~~~~~ 
~ c(2~ ) (o r ( 2’

~~
1)

(Zn) ! 
~ 

Zn+ 1 6)n=0 2

where ‘iZ) denote s the Gamma function and G~
2’

~ (s) the Z nth derivative of

G(s). Note , odd te rms do not appear since

n ~
_ C2s 2ds = 0 for n odd. (7)
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Appendix D. Vector Form of Plana r Green ’s Function

The fields radiated by a z directe d magnetic point current source

M = ~ M~ on an infi nite g round plane which coincide s with the yz plane of

a Cartesian coordinate system, are

I . kZyrA ( .~~ . .  i . iH(r , r ) = 3 M~ ~~ L8 ~sinv - j  sin 8 ~~~~~~- sin8— ~
(kr)

A 1 1 •~~ —jkr
- r (j Z CO S O V + 2 cos 8 

(kr) 2~~~~~~ (1)

2 -jkrk ~~~ . ,~~i . l \ e
kr (2)

where r, e and ‘~~ are the standard sphe rical coordi nates.

Formulae (1) and (2) may be cast into a ray vector form. The

ray trajectories are straight lines emanating radially from the source to

the observation point. Let the unit vectors ~~

, 
‘t ’ and ~~~, 6’ denote the

tange nt (radial) and the binormal directions of the ray at the observation

point and at the source p’~izit , respectively. Furthermore let be the

unit vector in the direc tion of the source and ~ the unit normal to the

ground plane , so that

(3)

and

(4)

Referring to Figure D-l , one has
A

~~5ifl~~~~~- 5 ~~~D b (5)

(6)

cos8=~~.t’ (7)

Therefore ,
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M 
_ _ _ _ _ _ _ _

Figure D-1. Surface Ray on a Ground Plane

H(r,r’)= _ j J ~~ . [G ’S( i  3
~~~

’
(kD)2)

- -j kD
+~~~

‘
~~ (z~~~~- +  2 

(kD) 2 ) J  kD (8)

and

2 ~ -jkD. k  ~~~I A (  . 1 e
= - ~ 0 ii ~l - j -~~ - j  lcD

Here M denote s an arbitrarily oriented magnetic point source and r has

been replaced by D the distance between the source and the observation

point.

Formulae (8) and (9) are in a vector form and are thus invariant to

the choice of coordinate system.
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Appe ndix E. Y 12 and S12 f or Circumferential Slot s -

This program calculates the mutual admittance Y12 (and S12)

between “single mode” circumferential rectangular slots on a Conducting

Circular Cylinder. The slot illumination is TE 10.
The geometry is simply illustrated on a developed cylinder.

2~~ SLOTS

ZSEP = (z_ z ’)L 
L

/ a4 = Q2 ( I P I )
R EF E R E N C E  SLOT~

Figure E -1. Developed Cylinder- Circuxnfe rential Slots.

In Figure E-l  the cente r of the refe rence slot is fixed at r = a ,

en ’ = 0, z ’ = 0 of a standard cylindrical coordinate system. Thus,the

refe rence slot is located at

Ql (1) = Radius of the cylinde r ,

Qi (2) = ~~~~

‘ 
= 00

,

Ql ( 3) = z ’ = 0.

The locations of the centers of the othe r slots are generated by DO

LOOP 56. Each step of increase in is 10° for R = 1. 991” and 10. 133°

for R = 3. 777”. For different steps value the step size in DO LOOP 56

should be modified. The symbols are

Q2 (I) = radius of the cylinde r

Q2 (Ip i) 
~~ ~cents r

Q2 ~~~2) 5csnter
108
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The long side of the slot is divided into N subdivisions and the

short side M subdivisions. Thu s, the total number of sub-areas in one

aperture is M x N.
/ ~~The Green’s function of the surface magnetic field ~H~ 1 is found

in the subroutine “Fock” , whe re

H T D = H C

If ITT = 1, denote s Y 12 (or S12) calculated by the ‘ variant” formula.

If ITT ~ 1, the “Full Formula” is used.

In the program:

Y11 is the self-admittance of the aperture in TE 10 illumination,

Y
g 

- the characteristic admittance of the feeding waveguide ,

ZSEP - the axial separation of the referenc’~ slot and the second

slot,

WL - the wavelength.

The curvature terms v0
(x) , v 1

(x) and u0(x) are termed in the program

VV, VV1 and UU , respectively. X(= f~~) is called XX in subroutine “Fock” .

Aperture size is a x b .

The program is composed by three parts; (1) the main part ,

(2) the subroutine SLOCA (which treats the locations of the subdivisions of - 
-!

the second slot.) and (3) the subroutine Fock.
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v G LEVEL 21 MAIN flATE = 7(~L90 13/14/21

__________ frUTU AL

~

ADM 11tANCLu1E CLRCUI1E!RL..L1

~

L_SLOT S_O&

~~

CYL .I.

~

IDE

~

Q___________

COMPLE X Hr,HR ,yY (2O0),’~’,Yl,CEXP
OIM~ NS I0N Q2 (200),Q1133
RELL K,LQ
COMMON /AREA 1/ITT ,N,~’,PI ,AA,t 3b ,CC,K,WL,DEL,SX,SY

C Q1 (1)R, QL (2) PHI, Ql(3~=L.
C IN TH E INPUT WI IS IN CMS, ALL OTHERS ~tRE IN INCHES.

READ (5,411)Qj (1),Ql (2),Ql (3),~~L , Z S E P
• RFAD (5,412)YG,y1

411 FORMAT (5 FLG.5)
412 FCR MAT (3E15 .5)

ITT= 1
C IF 111=1 DENOTES THE FORt ’ ULA ciF NO Vi AND DROPPING VO FROM X<.3.

KL QI (1)*2.54
P1=3.14159
TF =2.33811
TF8= 1. 01879
NDL= 19*b

• ND~ =NDI”Z

~D3~ ND 1~~3
C - Yt=SELF ADMITTANCE, YG=CIiARACT~ RIST IC ADM ITTANCE

Yl=Yl*YG
YA=SQ,~T (REAL (Y1)**2+AIMAG(Yl)’~*2)
YP=ATAN2 (AIMAG (Yl),RE4L (Y].)I*180./P!

C ~‘iAVEG~JIDE SIZE=AA” vB8”, ~L WAVELENGT H IN CM.
AA= .9*2.54
88 =. 4*2. 54
K2 .*PI/wL -

SSX=AA
N= 14
M= 2
t~NM = N*M 

-

~.R 1T E ( 6 , 3 5 )  N N M
35 FORM AT (IHL,lX,13,lX, ’POINTS IN THE APERTURE, CIRCUM. SLOTS’)

C GENERATE THE ARRAY OF THE SECCND SLOTS.
WRITE (6,2214) -

2214 FORMAT (20X ,’R. CYL.’,IbX,’Z IN CM. ’, 3X, ’PHI. IN DEG .’)
00 56 1 1,NDI,3
IPLz 1+1
1P2 =I +2
II-=IPZ/3
Q211 l=Q1 (l)
Q2 (IPI)=iO.*(1P2/3—1)*PI/160.- 

Q2 (1P2)=ZSEP*2 .54
IF (I.GT.ND I/2) QZ (IPL)=—2.*P1+02 (IPI—NDI/2)
QP=Q2( 1P1)*i8~J./P1

56 ~,RlTE (6,82)II,~J2 (I),Q2 (IP1),Q2(IP2),QP
b~R1TE (6,81) (Q1(L),1 1,3)
WRITE (6,83) N,P,AA,B6,wL.

81 FQRMAT (lX , ’R12 ’,Fl~~.5,l 0X, ’PH 1= ’,F12.5,IOX,’TH i= ’,F12.5) -

82 FORMAT (IX,13,IOX,4F12.5)
83 FOKMAT (1X, ’N= ’,13,10X,’M~ ’,I3,/1X, ’A ’ ,F12.5,’CMS ’,10X,

1’B= I ,F 12.5, 1 CMS’ , [OX, ‘ WA VEL ENGTH= ’ ,F 12. 5, ‘CMS’

~110 -
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v GL; LEVI L 21 M A I N  DATE = 7f ~t90 13/14/21

_________WRITE(o,976) Y1,YA,YP,YG - • •_ ~~~~~
____ •~~~~~~~~~~ _••~~~~~

97b FURM4T(1h, ’SELF— ~~)’41T=’,2E2C.6,10X, ’MMa ’,Ei5.5,1OX, ’PH ’,Fl5.5,/
1IX , ’CH A C .  ADMIT.-z’,E20.5)
P01=QL -(2)*PI/180.
SX=AA/N
SYzB8/M
DEL= SX*SY
h~ I T I 6 , L 9 1 )

191 FORMAT (1~U,1x,’Y DENOTES MUTULI AD MI TTANCE, S ISOLATION’ )
NUMERICAL INTEGk~ TION BEGINS

~kITE (6,54?)
5-47 FQRM AT (LX, ’PHI ’,IIX, ’REAI. ’,18X,’IMA ’ ,14X, ’MAG’ ,IoX, ’PHASE’,15X,

l’08’ P
• DC 50 12 = 1,N O l , 3  -

IJK= (Il—1I/.Is1 -

YY (IJK)z(1.,1.)
IF (IJK.GT.18.ANO.IJK.LT.31JG0 TO 50
IF(IJK.GI.36 IGQ TO 50
I P I = I Z + L
I~~2= 12.2X Q 2 = U2 (T P I ) * R 1
Y02 Q 2 ( I P Z )
H T = ( O . , 0 . )  -

Hk=(O.,Q.)
!F (YQ2.NE.0.O)GO TO 1.074
IF( 1P2/3.LT.4)GO 10 50

1074 C0t~T 1NOE
00 41 I = 1,N
SNX =(F LOA T ( N,1)/ 2 . — FL( iAT ( I I)*SX
E2 =COS PI*SNX/ ( SX * N) )
X(.~~C=X Q2 +SNX
DC 41 J 1,M
S M Y = ( F L O A I ( M + L ) / 2 . — F L O A I ( J ) ) * S Y
YQ2C

4). CALL SLOCA (E2,R1,xQ2C,YQ2C,HT,HP )
YY ( IJK )=—I1T *2 ./ (4 A ~~B & )
IFIIJK.GT. 12)GO TO
1J 10* ( IJ K — l )
TYY=SQRT (REAI (YV (IJK I)**2+AIMAG(YY(IJK . ))**2)
TYP=ATAN2 (AjMt ~G (VY (IJK )J,ME AL( YYC IJK ))- )~~180./P!1YL~~20.*ALOG1O (TYY/ VA )
hRITE(6,958)IJ , YY (1JK ),TVY ,TYP ,TYL
SM=—2..YG*YY (IJK)/((YGfYI+VY (IJK))*t YG .Yl—YV ( IJK-) I)
SA=SuR T(I~E4L (SM)’~~2+A I MAG(SM)**2)
SP=ATAN2 (AIr1AG (SM),REAL (5M))t180./PI
SL=20.*ALOGIO (SA )
WRjT~~U~,959)SM ,SA,SP,SL

50 CONT INUE
NN=NOt /ó
DO 31. IJ=I,NN
lFuJ.LT.13 G0 rn 31
!JKa IOt ( IJ—L )
YY ( I J) *V Y ( IJ ) + Y Y ( I J + N N  )
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IV. C LEVE L 21 MA IN DATE = 7~,L 90 13/14/21 .

~~~SMz~2.*YG*YY (IJ)/UYG+YL+YY(I J)J*t.YG+YL—iYL1J1i1
SA~ SQRT (REAL ISM)**2+AI MACI SM)**2)
SP2A TA 142IAIM A GI SM ) , kEA L (SM ))’~’i80./0I
SLS2O .*ALOG LO ( SA )
YA~~~sQKr(ArMA G (yY (!J ))**2+kE~ L (Yy( lJ ))’~s2)
YA IMM zYAM/ YG 

- •

YAP=A T~ N2 (A IM4 G(YY (1J )) , RE A L (Y Y( IJ ) ) )*18O./P!

~(A RR z—3 60. cYA R
1YLs20.*ALOGLO (YAM/ YA P
TYPD=Y AI~— V P
D ISK -=1.O
TY PDD zTV PD—D ISK
TYD O C= YA R—D ISK
WRITE ( 6, 958) IJK ,YY(IJ ) , YAM Y AR , TYL
W RIT El 6, 959) SM , SA , SP , SL

31 Ca NT INUF
63 FORM A T( 1X, ’S= ’,2E1 4.5,5X,’AM P ’,El4 .5,5X , ’PHM’ ,Ei4 .5,5X ,

1’C8—S= ’,E i~~.5)
337 FOR MAT (3X, 1 YO I ,13,I = * ,2E2O .6,1JX, IM4G ,EL5.5,IOX, bD H I ,F15.~~,

13X,F 7 .2)
817 FORMAT (IX , ’D8—Y ’,E20.6,1OX, ’FH— 01F ’,3F15.5)
33 FORM A T (IX ,IYO I ,12, I 1 ,2F20 .6,/)
958 FORMAT (LX,I3,5X, Y= l ,2~~15.5,5X,tL5 .5,5X ,F15.5,5X,E15.5)
959 FOPM AT ( 9X , ’S= ’ ,2E15.5,5X,E15.5,5X,F15.5,5X,E15.5,/)

STOP
END
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IV. G LFV ( L 21 SLOCA DATE = 761’10 13/14/71

______  SUSROUT !NE 5 LC CA I EZ , R 1 . ,X C Z C , Y Q~ C ,RTa H P .)~~~
_ _ •~~~~~~~~~~~

C O M P L E X  HHT,HTD, HI S, HT ,HR
REAL K ,L~
COMMON /AREA 1/1TT ,.~4,M,P1 ,AA,8U ,CC,K,WL,DEL,SX ,SYD EL SX~ SY
00 I I  1=1,1’,
SNX= (FLOAT (Ns ~1 1/2.—FLOAT (II ) *SX
EC=COS (PI~~SNX /tSX~ N))
XO=X Q2C— SNX
DO i i  J=[ ,M
SMY (FLOAT( M+L)/2.— FLQ4T(J11’~’SY

C SMY~~(J_2)*SY
YD=Y Q2C -fSMY
I F I X c . E Q . O . O ) ; O  TO 2).
TCL=A r .1r~12 (yO,xo)GO TO 23

- 21 TCL=P I /2.
C IF (YD.LT.0.ITCL=—PI/2.
23 LQ R1/(C-)S (TCL)*”2)

FF = E X P (A L r J G ( K ~ k 1*A i3 S( COS ( T C L ) ) / 2 i / 3 . )
ANG = X D / R L
XX=F F~ t-~3S I 4N6)
SOK=S~.) . .T(X I)**2 +Y Uk t2 )
CALL FOC K (ITT,K,R1,CC ,xx,P1,FF,L~),SO K,TCL,HTD,HTS)
HH T— Ht O +~1TS
I4T = H HT’ FC* ~~2* DEL** 2+HT
HR (O.,J .)

Ii Ccr~TINuE
RE1 UR~1
EN D
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lv 6 LEVEL 21 FOC K DATE = 76190 13/14/21

— ~UBR OUII NE_EOCK (Lfl,K ,HJ. ,CC , XX ,PJ~, fE, LQ ,D1S,1 ,fltD,H1SJ_~~~ .__
COMPLEX H4,H5 

. 

*
COMPLE X VV ,LU,VV Q,VP,CEXP,IiTD,HTS,H3,H1,VVI,VVZ
COMPLEX’ KKDTP,B3~3,AAl,AA2,TTO,YYZZ ,KKDT.KKD,TTOP,CONJG
REAL K,L Q
C 1ME~~SI O~ 1F8( iO),TF ( 10)

C TFS ARE THE ROOTS OF THE AIRY FCT DERIVAT IVE , IF THE ROOTS OF 4I~~Y FCT.
DATA T FB/l.01919,3.24819,4.82010,6.16331,7. 37218,8.48849,

19.53545,l0.5277,11.4751,12.3848/
DATA TF/2.33811,4,08795,5.52056.6.78671,7.9441.3,

19.02265, 10.0402,11.0085, 11.9360,12.8288/
P1=3.14159 - 

-

FRO= SQRT (P11/2.
C ALC~=RL/COS (T )”~ 2
C TLG=Ri/SIN (T )*’¼ 2

HS C E X P ( t O . , 1 .) *P I / 4 . 1
H8=S ( IRT ( P 1
Y= 1./377.
YYY = K *D I S / 1 2 . *E X P ( A L O G ( K x R 1 / 2 . ) * 2 . / 3 . ) )
TF ( XX.LT . O.8000 ) GO Ic 53
VVD- ~(0 . ,L .)* P !/3.
VP (O. ,~~L.)*XX*C[XP ((O.,~~1.)*PI/3.)
VV= (0.,0.)
V V I = V V
VV2=VV
(JU=VV

C R E S I C U E  S E R I E S
00 37 1=1,10
VV = C E X P (V P~’1Fl3 ( I) ÷V v D )/ I FB( H+ V V
VVL=CE XP (VP*TFB ( I) )+VVL
V V 2 = T F B ( 1 ) * C EX P (V P ’~’TF 6 ( I ) — V V D ) + V V 2

37 UU CEXP(VPCTF (I) )+(J U
VV =V v ~x S Q R T ( P I A X X ) * C E X P ( ( C . ,_ 1 .) *P t ,4 .)
VV1=VVL*2 .*SQ~ T (PI*XX**3)*CEXPt (O.,l.)~-PI/4.)
vv2= vV2*4.*(o.,1.)*CEXP ((o.,l.)*PI/4.)~~SQRT (PI*xx**51/3.
UU=UU*2.*SQRT(PI*XX**31*CEXP ((O.,1.)*Pt/4.)
GO TO 54

C POWER SERIES
53 VV=U .—CEX P((O.,1.)*PI/4.)*SQRT(PI*XX* t~3)/4.

1+7.*(O.,1.)*XX**3/60.f7.*SQRT (PI*X X**9)*CEXP ((O.,—l. )*Pl/4.)/512.)
VVl=1.+CEXP ((0.,1.)*PI/4.)*SQRT(PI~~XX~~ 3)F2.—7.*(0.,1.)

l*XX*~ 3/12. — 7 . *C E X P ( (O . , _ L . ) $ P ! /4 . ) * S Q R T ( P I*X X * ~ 9) /64 .
vV2= l. +7.* ( 0.,1.1*XX**3/ll. +70 *C E X P ( ( O . , — 1.)*PI/4. ) * S Q R T ( P l * X X * *9)
1/32.

IJIJ=U . _ C E X P ( ( O . , 1 . ) *P I / 4 . ) * S O R T ( P I *X X *t 3 ) / 2 .  -

1+5. *(0. , 1 .) *X X * *3 / 1 2 . +C E X P ( ( O . , _ i . 1 *P I / 4 .) * 5 . *
1SQI ~T ( P I *X X * *9 ) / 6 4 . )  -

C H4=1._ (l.+SIN (T)**2)*H5*SQRT (PI~ YYY**3)/2.+(5.+7.*STN (T )**2)
C l*(0.,1.)*YYY**3*C0S(T)~~*2/l2.+(5.+7.*SIN (T)**2)*SQRT (P!*YYY
C l**9)*COS (T1**4/(64.*H5)

54 CONTINUE
H1= (K**2*Y/(2.*P1))*CEXP ((O.,_i.)*K*OISI/ (K*DISI
HTD (0.,—1, )*VV*(S1N (T)~~*2—2*S1N (T )~~*2*(0.,1. )/(K*DIS)+COS (T)**2
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I

amplitude and phase angle are printed out.
- DB in Y denote s 20 ].og 10 1Y 12 / Y 1 1 1

DB i n S  is 20 log 10 lS 12~
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IV G LEVEL 21 MAIN DATE ~ 76182 11/32/41

C MUTUAL COUPLING OF AXI AL SLOTS ON A CYLINDER 
-

COMPLEX HT ,HR ,YY (200),SM ,Y1 ,CM PLX 
-- -—

DIME NS I ON C2 (2 0 0 ) , QL ( 3 )
REAL K ,Li,) 

_______________

COMMCN /AREA 1/I~,M ,PI,AA ,E8,CC,K,WL ,DEL ,SX ,$Y
C IN THE INPUT WL IS IN CI4S, AL L OTHERS ARE IN INCHES.
C Q t ( 1) = R ,  Ql(2)=PHI, Q1 (3)=Z. 

_____ _____ _____________________  ______

READ (5,411 )Q1 (1),Q1 (2),Q1 (3),hL ,ZSEP 
-

~~~~~

READ (5,412)YG.Y1 -

411 FORMAT (5F10 .5 ) ______________________ ___________________________

412 FORMAT (3E15.5)
R 1 Q  II 1) *2 .54
P 1=3.14 159 ____________________________________________________________

ND 1=19*6
N02 -=NCI*2 

-

______ ND3= NDI*3 __________________________________________ ________

YI YI*YG
YA= SQRT (REAL (Y 1 )**2+AIMAG(Y1)**2)

___________yPzAT A N 2 ( A I M A G ( y L ) , R E A L (YL ) I * 180 . /P I 
_ _ _ _ _ _ _ _ _ _  ____

C APERTUR E SIZE AAI’*88N
AA =.4*2,54
88=.9*2.54 

________  ________________  ________________________ ____

K2 .*PI/WL
SSX=AA

_______  
Na2 _______________________________________________ 

__________

P~a10 - -

I~,NMzN*M 
-

WRIT E(6,35 ) NNM 
_ _ _ _ _ _ _ _  ___

~~~~
•
~~5 FCRMAT (1H1 ,1X ,13 ,1X , ’PCII¼TS IN THE APERTURE, AXIAL SLOTS’)
C GENERAT€ TME ARRAY OF THE SECOND SLOTS.

_____ 
W R I T E ( 6 , 2 2 1 4)  

______ _____ ______________- —  2214 F O R M A T I 2 O X ,’R. CYL.’,16X ,’Z IN CM.’, 3X,’PHI. IN DEG.’)
00 56 1 1,NDI,3

- IPlaI+1 _________________________________________________________________

1 2=1+2
11 1P2/3

_________ 
Q2 (! )zQ)(1 P 

____ _______________________________________________

Q211 P1) s10.*( 1P2/3—1 )*PI /180.
QZ(IPZ ) ZSEP*2.54 -

___________
IF (1 .GT.NDI/21 C2 (IPI)=-2 .*PI+Q2 ( IPI—N01/2 ) __________________________

QP=02( 1P1) ‘180./Pt
56 hRITE (6,82)II,Q2 (Ii,02 (IF1),Q2 (IP2),QP

WR ITE (6,81 ) (QLIL ) ,La I ,3)__________________________________________
hRIT E(6,83 ) N ,M ,AA,B8,WL -

C
_ _ _ _ _  

81 FORMAT (1.X ,’R1— ’,F12.5,IOX, ’PH_1 ’ ,F12.5,1OX , ’TH_1a ’,F12.5 )
Iz F0RMAru.x ,13,Iox ,4F12 .5
83 F0RMAT ILX, ’P4—’ ,I3,1OX ,’M” ,I3,/1X, ’A~~’,F12.5,’CMS’ ,l0X,

118.1 ,F12.5, ICM SI ,LOX ,’hA WELEN GIIIzI ,F 12.5, ‘CMS ‘-I
WR ZT E(6,976) Yl ,YA,YP ,YG

976 FORM4TI1* ,1SELF~ AOMIT •,2E2O.6,10X, SMA Ga I ,E15.5,10X ,’PH-.’,F15.5,/
1IX ,’CHAR .—ADMIT .— ’,EZO.S)

~QL .QI (2 .PI/180.

118
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IV G LEVEL 2). MAIN DATE = 76182 11F32/4 1

______ 
SXSAA/ r
SYzBB/ M
OEL*SX *SY
WR IT E(6 , 19 1)

191 FORMA T (jH1 ,1X , ’Y DENCTES MUTUAL ADMITTANCE, S ISOL AT ION ’)
C NUME RICAL INTEGRAT ION BEG iNS —

____ 
WR I TE (6,547)

547 FORMA T (1X , ’PHI ’,LLX , ’REAL ’ ,18X, ’IMA ’ ,14X ,’MAG ’ ,16X,’PHASE’ ,15X,
I ’OB ’)

____ 
CO 50 12=1 ,t%D1.3 _______________ ____

IJK= (12—1 )/3+1
YY (IJKJ= (1 .,1 .) -

________ — 
IF (IJK.LT.3.AND.ZSEP.EC.O.)GC TO 50 

______

IF(IJK.GT.19.AND.IJK.LT.31)GO TO 50
IP I= 12+ 1
IPZ I2+2 

_____ _____

XQ 2=Q2( IPl )‘Rl
YQ2 C2 (1P2 )

_____ 
HT (O. ,0.)
HR (0.,0.)
DO 4 1 1=1 ,1
SNX= (FLOAT (N+ I )/2.—FLOA T (I ))*SX
XQ2C = X C 2 + S t X
DC 41 J=1,~’

____  
SMY * (FLOAT(M ,1 )/2.— FLOA T (J))*SY 

___________

E2=COS (PT*SMY/ (SY*M))
YQ2C =YQ2—S frY

C SL OC A TREATS THE SUBD IvI!1CM S OF THE 2ND APERTURE.
41 CALL $LOCA (E2 ,R1,XQ2C ,Y QZC,HT,HR I

YY (IJK )=— l-T’2 ./(AA ’eB1
• IF (IJK .GT.12 )GO TO 50

TYY= SQRT(REAL (YY (IJK ))**2+AIMAG (YYUJK ))**2)
TYP=ATAN2 (AIMAG (YY (IJK ) ) , R E A L ( Y Y ( ! J K  )fl*180./pj
TYL ZO.*ALCG 1O (TYY/ YAP -— - -~~~~~~~ --

1J=IO ’UJK—l
WRITE (6,958)IJ , Y ’Y IIJK ),IYY,IVP ,TVL
SM=—2. *YG*Yy (rJIc)/ ((YG+Yl .YY (IJK))* (YG .Y1—YY ( IJK )))

____

SA=S~ RT( RE M..(SM)**2+AU~A G ( S r4 ) * * 2 )
$P=ATAN2 (A IMAG ISM ) ,REAL I SM P P *18O~ /PI
SL=20 .*ALOG IO (SA ) 

_________________  _______ _____

WRIT El 6,955) SN ,SA , SP,SL
50 CONTINU E

NN=NDL /6 
_____ _____ ______ ____

00 31 IJ= 1,NN
IFIIJ.LT.13 )GO TO 31

____ 
IJK=lO* (IJ-1 ) - 

____

YY(IJ)=YVI IJ)+YY(IJ+NN P
YAM = SQR T (ATMAG (YY (IJ))**2+REAL (VY (IJ))**2)

____  

YAR=AT A NZ( AIMAG I YY (IJ) P , REAL IVY I IJ)) )*183./P! 
____  _____

TYL = 2O.*ALCG LO (YAM / YA P 
- -  -- ____  _____ ——

SM=—2.*YG*YY ( UP /C (YG+Y I 4YY( tJ ) )* (YG ,Y1—VY ( IJ)))

_____ 
SAaS QRT(REAL (SM)**2 +A IMAG ( SM)’*2) 

____

SPZATA N 2 (AIMAG (SM),REAL (SM ))*180,/PI

_—_ _  _ -.- - - - - —

~~~~~~~

_ —- - _ --— -----

~~~~

-

________ _______  
-
~~~
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~~~~~
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IV C LEVE L 21 MAIN DATE a 76182 11/32141

___________SL=20 . *ALO GLO ( SA) 
____ ____________________________  _______

WRI TE (6,958)IJK ,YY (IJ),Y ~ t4 ,YAR ,TYL 
-

W K ITE (6,955) SM ,SA , SPISL
• 31 CCNT INUE 

____

958 FO RMAT ( LX , 13 ,5X , ’Y = ’ ,2E15.5,5X,E15 .5,SX ,F15 .5,5X,E15 .5)
959 FORMAT I 9X, ’ Sz ’  ,2E15 .5 ,SX ,E15.5 ,5X, F15.5 ,5X,E15.5 , /)

____________STOP__________________________________________ 
__________________________

END -

- - 
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IV G LEV EL 21 SLOCA DATE = 76182 • 11/32/4 1

___________ SUBR OUT I NE SIOCA (E2 ,R1,XC2C ,YQZC ,HT ,HR ) 
___________

COMP LEX HHT,MTQ,I415 ,HT,P4R
REAL K ,L Q

_____- _ CO MMON /AREA I/N,N , P1,AA ,EB ,CC,K ,wL,DEL,SX ,SY 
______

OELaSX*SY
00 11 1 1,l

__________  
SNXa (FLOAT (N+1)/2.—FLO A T (I ))*SX

_________________  ______

XD XQ ZC— SNX
00 11 Ja1 ,M

___________
SMYS (FLOAT (M ,1)/2 .— FLOA T(J))*SY 

_________  ____ _____

EC COS I~~T * S M Y / ( S Y * I 4 ) )
- yD ayCZC-. .SMY
_____  

IF (YC.EQ.O.O )GO TO 21 
________  ____ ______

TCLaA TAN 2 IYC ,XD )
GO TO 23

21 TCL O.O 
______________  ____

IF (X t~ LT.O .)TCL=P I
23 LQ R1/ICOS (TCL)**2 )

_______  
FF=EXP (ALOG( K *RL *AB S (COS (TCL))/2.)/3 .)
ANG~ X0/RI .
XX *FF* ASS(ANG P

-_____ 
SOK SQRT (XC* *2 +YO**2 )

C EOCK TREATS THE CURVATURE TERMS AND THE GREEN’S FUNCT ICN . 
-

CALL FOCK (K, RI ,CC,XX,PI ,FF ,LO, SOK ,TCL,HTD,HT S )
____________IHT=HTO+HT S 

__________ ____

•HT*HHT *EC* E2 *DEL**2-i.HT
HR *( O. ,0 . )

1.1 CONTINUE 
______________  ____

RETURN
END

-~~~~~ - - - -——-  1~~ 
-—----__ --—- - -- -
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£ IV G LEVEL 21 FOCK DA TE a 76182 11/32/41.

_ _ _ _ _ _ _ _ _  
SUPRCUT INE FOCKIK,K1,CC,XX,P!,FF,LQ,DIS,T ,HTD,HTS) 

- •

COMPLEX VV,$JU,VVO,VP,CEXF,HTD,HTS,H3,H1,VV1 ,VVZ,H4,H5
- REAL K . -

_________  
DIMENS iON TFE (lO),TF(LO )

C TFB ARE THE ROOTS OF TFE AIRY FCT DERIVATIVE, IF THE ROOTS OF AIR Y FCT.
CATA TFB/L .01679,3.24819,4.82010,6.16331,7.37218,8.48849 ,

___________ 
19. 53545,10.5277,11.4751,12.3848/ 

- _________

CATA TF/2.33811,4.08795,5.52056,6,78671,7 94413,
19.02265,LO.0402,11.0085,11.9360,t2 ,8288/

____________
P1a3.14159 

-

p5aC EXP((O.,1.)*PI/4,)
• H8 SQRT (PI )

____________ 
Y=l./3T7. _______ _____________ ____

YYY-= K*DIS/ (2 .*EXP (AL CG (K*Rl/2.)*2./3.))
IF (XX.LT.C. 8000 ) GO .TC 53 

-

V V D= (O . , 1 .) *P I/ 3 .  - _ _____________  ________

VP= (O. ,—1 . )*XX*C EXP ( (O.,— 1.)*PI/3.)
VV= ( 0. ,O.)

_____________
‘vV I VV 

________ __________________  ____

VV2 VV
CU =V V

— 
C RESICUE_SER I ES - -

C0 37 1=1,10
VV=C EXP (VP*TF8(I)+vVC)/TFB(I )+VV
VV1=CE XP (VP*TFB (I))+VV1 

_____  ____ _____

37 VV 2 TFt~(I)*CE XP (VP *TF8(I)—VV D )+VV2 
-

VV=VV*SQRT (PI*X X)*CEXPI (O.,_ 1,)tP 1/4.)
_________%‘V1 VV 1*2.*SQRT(P1*XX**3)*CEXPI(O..l.itP I/4.)

VV2= VV2*4.*(O.,1.)*CEXPL(O.,1.)*PI/4.)*SI.~RT (PI*XX**5)/3.GO 10 54
C _!P SERIES 

____ _____

53 VV= (1.—CEX P ((O.,1.)*PI/4.)*SQRT(PI*XX**3)/4.
1-4 7.*(O.,L.)$XX**3/60.+7.*SQRT(PI*xx**9)*CEXP ((O,,—L.)*pI/4.)/512.)

_ _ _ _ _ _ _ _ _ _  
Vv1=1.+CEXP((O.,1. *pI/4.)*SQRT (PI*xx*~3)/2.—7.*(o.,1.)
1*XX**3/12.—7.*CEXP ((0.,—1.)*PI/4.)*SQRT (PI*XX**9)/64.

• Vv2=1.+7.~~I0.,1.)*XX**3/12.+7.*CEXP ((O.,—1 .3*P1/4.)*SQRT(PI*xx**9)1/32. 
___________________________________ _____________________________ ____

54 CONTINUE
H1=(K**2*Y/(2.*P!))*CEXP ((0.,~ l.)*K*DIS)/(K*D1S)C THE GREEN’S FUNCTION

0. ,—1 . )*COS( TI**2+(20.*S INIT )**2/9.—29.*COS IT ) **2/24. 1/
1(K *D IS P )*V V)

~ KTS = (0 . , O . )  -

RE TURN
END

122 
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