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Abstract

This report describes a stage of development of Surface Ray
Methods for mutual coupling in conformal arrays of aperture elements on
conducting cylindrical surfaces, with a subsequent generalization to
conical surfaces. Asymptotic techniques are used to develnp expressinns
for the dyadic Green's function for a circumferential and axial magnetic
current sources. These expressions are to lowest order in R}a_ and
to two asymptotic orders in FE_ , where ka is the cylinder circumference
in free space wavelengths and kD is the length in radians of the geodesic
distance from the source to the observation point on the cylinder surface.
The region of validity of these expressions does not include the paraxial
region. Rigorous transition functions for this region have not yet been
derived, but instead, in this report, approximate transition functions

have been developed. These transition functions are employed to obtain

numerical results for the mutual admittance-or the coupling coefficients between

'"single mode'' circumferential and axial slots on cylinders with ka =10 or 20.
The numerical results are compared with those obtained via harmonic series

and via GTD formulation.
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I. Introduction

The theoretical determination of mutual admittance coefficients
in arrays of aperture elements in a conducting surface requires the
knowledge of the dyadic Green's function of the surface. This Green's
function (G. F.) represents the magnetic field excited on the unperforated
surface by a magnetic point-current element located on the surface. For
the case of separable geometry G. F. is obtained by modal techniques.
However, even for a separable geometry such as a conical surface, the
modal series are very slowly convergent. Furthermore, modal analysis
is inapplicable to non-separable geometries. A more efficient technique,
also suitable to nonseparable geometry, of constructing the dyadic G.F. is
that of the Geometric Theory of Diffraction (GTD) and its extensions which
we may term as Surface Ray Methods, These are based,similarly to GTD,
on high frequency asymptotic solutions of problems in canonical geometries,
such as a circular cylinder or a sphere. These solutions are then general-
ized on the basis of locality of the high frequency propagation to other
ge~metries. However in contrast to GTD which considers only lowest order

asymptotic terms, Surface Ray Methods include also higher order terms.

This report describes a stage of development of Surface Ray
Methods for analysis of mutual ccupling in arrays of a.perturt;. elements on
circular-cylindrical surfaces with application to conical surfaces.

A comprehensive survey of the state of the art of GTD as applied to
both the far and the surface fields radiated by elemental magnetic currents
(short slots) located on smooth curved conducting surfaces of large radii of

curvature is found in Ref., (1. . Recently, this procedure has been




successfully applied, after certain modifications that preserve
continuity of polarization. to the determination of far field patterns
of slots on conducting conical surfaces [2] .

These calculated radiation patterns are based on the lowest order
asymptotic results [1] and furthermore do not include the cone tip
scattering. Nevertheless, they compare favorably with the numerical
solutions based on harmonic series backed by experimental data
(3] . While the lowest order asymptotic far field expressions seem to
yield sufficient accuracy even for curvatures ka ax~ 9.5, a different
situation arises in calculation of surface fields, which are required for the
determination of mutual admittance coefficients.

It is found that for a current element on a conducting circular
cylinder, the validity of the lowest order GTD result is restricted to
observation points not too close to the source and in addition these expres-
sions do not hold in the paraxial and the circumferential regions.

In order to determine the near zone fields of the source, which are
essential for calculation of the nearest neighbor mutuals, asymptotic
expansions for the Green's function are required to higher order in El_f)'
where D is the geodesic distance between the source and the observa-
tion point.

In this report a rigorous asymptotic expansion is obtained for both

circumferential and axial magnetic current element on a conducting circular

cylinder. The expressions are to lowest order in 'kl'a_ and to second order

in Fi)_ . These expressions correctly reproduce the H-plane behavior of

the Green's functions for a circumferential current element.

i




However these asymptotic expressions based on Fock
type integrals [4] are invalid in the paraxial region of a source. This
is due to the fact that the Airy function approximation of the Hankel

function HS}Z) (z) breaks down for small values of z. As a resulte.g.

the lowest order TM (soft) and the next order TE (hard) H:c con-
tributions for a circumferential magnetic current element become un-
bounded as the observation point tends to ©® = 0, i.e. to the cylinder
generator through the source.

As anticipated, the angular region of validity of the asymptotic
expansions increases with larger values of ka.

The asymptotic evaluation of surface fields in paraxial region
(E-plane) of a circumferential magnetic current element will necessitate
a different representation than that used in this report and merits a
separate study. Here we have chosen to concern ourselves with the de-
velopment of an approximate ''Modified Planar Formula' for the surface
Green's function which provides a transition to the paraxial region. The
Modified Planar Formula which is cast in an invariant vector form, includes
a provision for arbitrary orientation of the tangential magnetic sources,
It reduces to the planar dyadic Green's Function to 0(—17/‘, when the ob-

(kD)
servation point tends to the source. When the Modified Planar Formula is

specialized to the case of H:D for a circumferential magnetic current
element, it will be referred to as the ""Full Formula''.

The "Full Formula' matches in the H-piane the exact asymptotic
expansion to second order in EID_ , is finite for ®» = 0 and reduces to the

planar result near the source. A variant of the ""Full Formula'' is also con-

sidered in which one term of higher order in '1%3— has been neglected and
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the soft polarization term is discarded for observation direction close

to the E-plane.

In contrast to the case of circumferential sources, the asymptotic

expansion to 0(-—-17-/ for H, due to an axial magnetic current element and
) B
based on the Airy function approximation of Hv (z), is formally well

behaved in every direction, From the comparison of the
numerical data for mutual admittance between axial slots on a conducting
circular cylinder of ka=9.5 with the harmonic series results (5], one
may conclude that this approximation is fairly accurate for calcu-
lation of mutual admittances between axial slots and by GTD generalization,
i for radial slots on conical surfaces,

The structure of this report is as follows:

Chapter II develops the asymptotics to second order in %D- for the
surface fields excited by magnetic point sources located on a conducting
circular cylinder. In Sectionl, the scalar TE and TM potentials are con-
structed for the case of an infinitely extended conducting circular cylinder.
In Section 2, an integral representation suitable for development of the
surface ray formalism is presented. Section 3 is devoted to the evaluation
of curvature terms. Section 4 addresses the asymptotic evaluation of in-
tegrals developed in Section 2. Section 5 discusses the approximate formulae
used in this report for numerical evoluation of the mutual admittance Y,
between rectangular slots. Section 6 presents a list of the various formulae.

Chapter III is devoted to numerical results.

Chapter IV deals with the GTD generalization from the cylinder to a
i cone.

Conclusions and discussion are found in Chapter V.

{ Appendix A reviews the theory of the alternative representations for

scalar potentials,




Appendix B considers the details of analysis of the curvature
terms (Fock type integrals).

Appendix C summarizes the derivation of asymptotic series for
Laplace type integrals.

Appendix D deals with the vector form of the planar Green's
function.

Appendices E and F contain computer program listings.




II. Surface Fields Excited by a Magnetic Current Element
(Short Slot) on a Large Conducting Circular Cylinder

For evaluation of mutual coupling in conformal arrays one is
particularly interested in surface magnetic fields excited by elemental
magnetic currents placed tangentially on the surface of a perfectly con-

ducting, large, circular cylinder, with the geometry shown in Figure II-1.
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Figure II-1. Geometry of a Circular Cylinder.
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Following Ref. [6,p.197] one finds for the total, time harmonic
(e:'wt dependent) magnetic field excited by a magnetic point current

source, the following result:

H(zr,r') = -jue_ (vx2) (V'x2)S'(z, ) * M *Twld‘ (Vx 2) (Vx9'x 2)S' (r, r) M,
o

(1)
where: M denotes the magnetic point source current density, eo and

N the free space permittivity and permeability, z the axial unit vector,

and v/ and EI refer to the source coordinates.

mrTE— o —— - . T TT—— " T T




1. Scalar Potentials for the Circular Cylinder Problem

The aim of this study is to establish the high frequency surface
ray formalism suitable for mutual coupling applications in cylindrical
and conical arrays. This is facilitated by the particular integral repre-
sentation of the potentials S’ and S". From Appendix A (9), (13), (19) and

(2la) one finds

L T RO e B )
PR ' Q ar 3
sm Ve 2j SR o 2% sa fi e

(1)

QH (k.a)
i g v x IR ok (2) - (2)
-jm v i 1
QH (k,a) t
of X\J t

g ' S " =5 a 2
where for S, Q=1, for S, Q-ﬁ-, andkt-Jk -KH

With A, = ve , the contour Ccp in the A, -plane maps into a straight

line from -w to +w just below the real axis in the V -plane.

-ji X |z-2'| =-js
% o ) T - e ‘/—: -cos V(M- -0’])
S(z_,z_ J= = ——2—3) dku I dv SRR X
4n c 2j [/ 7
z M -®-j6
(1) QH(I) (ka) (2) (2)
: a -
T H, (0o - —prr—— H, (ko) H, (ktn>);-lz-. (3)
QH,, (k.a) t

where & is an arbitrarily small positive quantity. The only singularities

- s




(2)
in the v -plane are simple poles at QH, (kta) =0 and atVv=0, £1,%£2, --- .,

Another transformation kH= k‘: maps the KH -plane into lo:z -plane,

where one finds two branch points at kz = £k. The complex kz -plane |
is the usual two sheeted Riemann surface of the kt = /kz - ki . The |

proper branch of k can be determined by the large argument expansion

t
(2) .
of the Hankel function #H, (kt°>) in (3). For lktl o> >> |v], ]

g

(2) -ilkypy -V 5 =)
H, (k,oy) ~ﬁ,%§ e . (4)

The radiation condition requires that for 0 < ki <k2 : kt=\/ kz-ki >0

and for ki >k2, Im(kt)< 0 on the integration contour running along the real

axis in the kz plane, as shown in Fig, II-2. With the branch cut as indicated,
Im(kt) <0 in un-shaded region and Re kt >0 on the entire top sheet. In this

fashion one finds for S’ and S’ the expression

Imkz

il

path of integration

Re kz

&io I

/'

Figure II-2, Top Sheet of kz-plane.

®+j8’ -jk_lz-z"| i
s S s e f cos V(- jp-9'|)
St z)= -7 4 dk, e J sin vnkp 2l .
ST -=.jb
(1)
r () . QH,, (ka) (2) - (2) 1
Hy (keg) =—zy——— H, (ko ) H, (kto>)-k-;_— : (5)
QH, (ka) t

8




where 2’ is an arbitrarily small positive quantity. | 1
In order to cast S into a form appropriate to the surface ray
formalism, it is necessary to convert the angular Green's function into i

a traveling wave series.

cos Vv (r-fo-2'|) _ .
sin VTT 3
i

(6)

o =iV (3, +212)
o

~7 N

L=0

"
—

where Py l@-FO‘L ’£2= 2t - |‘$-fc'| and - _<_ f:; <m. Consequently

Y .

: ; 2 ; ®4+j6 ®.j8 ‘jkz V2] -3y ($i+ 2m )
strzd=-gd=) 3 [dak [ ave e x
. !

(1)
(1) QH, (ka) (2) 5 (@ ;
[Hv (ko) e By R By (kt°>)'l:2_ (7)
QH,, (k,a) t
t
-jVvoo
One notes that for a given value of vV, the two waves e and
-j\m)
e propagate in opposite directions. The terms with £ # 0 represent

waves that arrive at © after having traveled . complete circuits around

the cylinder. If the cylinder radius (ka) is not too small, the terms with

aissidasaies e

L #0 are negligible, because of the exponential attenuation of the creeping

rays, as will be shown. Also for the same reason, if Ty > >cp:l , the con-

tributions of the 4=0, ©, term may be neglected compared to that of ¥, term.




Thus, it will be sufficient, except near |»9'| =7, to consider only

the 4=0, ? term, i.e,

@®
. -jk ‘z-z" rel
Stz = -y [ ey e ° [ave ¥ x

1) :
r @ QH, (ka) (2) 1 (2) 1
Loy e ks e Hy e S JH (kt°>):2‘ ; (®)
QH,, (ka) t

In the above, %, was replaced by ¢ and the integration contours have been

shifted to the real v and kz axes,




2. Integral Representation for the Field Components

There are two independent tangential source configurations
on the surface of a conducting cylinder giving rise to
different solutions. One, an axial, the other a circumferential
(transverse) magnetic current element.
a. Circumferential Magnetic Current Element (Short Slot)

In this case

M=M_ 9

and therefore, from (1) one has

HC (r 1) - Mtp 52 az S”( I) iwe M 32 SI( r) (9)
SR W 3z Sz o1’ Er D = JEE My 3020’ En
M 2
(o] N o_ o) 2 o) " #
Hz (r,r) = Tw—u—o?r (-Vt )W §(r,r) (10)

where the superscript ''c'"' denotes quantities excited by a circumferential
magnetic current source.
In view of the relation [Ref. 6, Eq.33b, p.198]

_th S” (5' _l'_l)= o V;z s// (£'£l) = Gll (.1_.'_,5,) (11)

(10) may also be written in the form




AN TLATT AN

The formal modal representation of the scalar Green's

function G” is (Ref. 6, Eq. 33b, p.198]

“ O A u oy ’
G (r.xr)=) ¥ (0¥ (o) g, (z,2) (13)
i
Upon combining (A2), (Al8) and (13) one finds that G” satisfies
(VZ A kZ) G”(I,II) o 6 (£-£l) i (14)
with
o) ”
=G ()l ,=0. (15)
. 0=0 =a
» There is no TM contribution to the z-component of the magnetic
field.
Upon introducing the Wronskian
1’ (@) m (@ 45
Hy (2) H, (2) -H, (2) H,, (2) = =1 , (16)
one finds that for o = o': a, i.e. the case of surface magnetic field Hc 4
excited by a circumferential magnetic current element located on the
surface
c it C /1C
=H " +H 17
Hy = Hy P a7)

where Hc'; and Hc; denote the TE and TM contributions, respectively.

12




From (8), (9) and (16) one has

e M, * stk henaliie T H(j)(kta)
Hy (') = ———— | dk e 3 jave Py
e 411’2 Wi a A 5 k ;
0=p = (o] -® t -® HV (kta)
(18)
and
! 3
-iM_ we > <ik | z-2'| i H(Z)(k a) i
H'C (r, ¢’ l=-——-7—-$ e e 7z Lo d\)e'jw§ —(2-5———v £ (19) !
o 4m-a J e :
n=gp'=a -® -@ H\) (kta)
Similarly, for Hz , one obtains from (R), (12) and (16)
i 3 ¢ -iM,, 2 -jkz[z-z’[ k, ' _jve H‘V‘)(kta)
H (r,r ) | =sgn(w-v')sgn(z-2z )—-z————z-— Jdkze + Jdve e
. 4T WM 2 t
a=p=a o -® -® H. (ka)
I
(20)
with
= 1, u>0,
sg““"[-l,u<o. (21)
The reason for appearance of the sgn u in (20) is the operation
2
3 7
Sz7sp In (12); the absence of sgnu in (18) and (19) is
2 2

brought about by the operations —3";37 and TCE%T’— in (9) which because
of the presence of |z-z " and \:c-:n'\ in the exponents, do not give rise to

sign changes.

S ——
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b. Axial Magnetic Current Element (Short Slot)

In this case

M=M_ 2 (22)
— z

and in view of (1), one has

M
5"‘(5.5')=N (7x 9x2) (-9%) 8" (z, £
Mz ;
< v - " : 23
SN VxYx2z G (r.r) (23)

where the relation (11) has been used. Therefore,

a o z a 2\ " 7
B2 (5 x) = - (=g + %) 6" 1) (24)
o) oz
and
Ha ( I) ik MZ BZ G// l) (25)
p =2 TJWno Jvaz B L

Following an analogous procedure as in (18), one obtains, via

(8), (11) and (16), the following expressions

y a2l = o o (k)
-iM r -jk_|z-z " i a
HS (r,2) | = = jdk e 7 k, J dve P (26)
D=Ol=a 4 WHoa. S % HV (kta)
and
My, 5 et kel § o B G
H2 (r,r) | = sgn(»-v")sgn(z- z)—z‘_Z‘ fdkze ], NS
et 4mcwu a en 12 k. a)
p=p'=a 2 v ¥
(27)

14




where the superscript "a' denotes the field excited by an axial magnetic
current element.

It is noted, following a similar reasoning as for the case of a cir-
cumferential magnetic current element, that H: does not change sign for

’ > a
= Z zZ or ® ¢ :':', but H_ may do so.

3. The Curvature Terms
Relations (18-20) and (26-27) involve two contour integrals with
respect to the angular and the axial wavenumbers. They contain two
independent large parameters, one ka the circumference of the cylinder in
wavelengths, the other kD the free space phase delay along the geodesic
distance from the source to the point of observation. The asymptotics will

: o fal
be carried out to lowest order in %a ineach polarization and to O(—-—T—

kD)3 2/
in the deep shadow, or equivalently to og——z/m the near zone. An evalua-
kD)
tion to the lowest order in The is insufficient for applications to mutual

kD

coupling in conformal arrays, because the elements of the array are not
necessarily far apart. Furthermore, for the case of circumferential slots,
the lowest order TE contribution vanishes in the H-plane and a consistent
expansion to second order in -kl—D is essential, as will be seen in Section 4.
One notes that, in principle, it is sufficient to carry out the evaluation
of the fields in the first quadrant, 0 <8 <§, those in other quadrants follow,
in view of (18-20 and 26-27) via the various sgnu relations. This procedure,
however, will be replaced by an equivalent method that conforms naturally to
the surface ray description. In this simple alternative scheme that avoids

the use of the sgn symbols and will be explained with the aid of final form-

ulae, the observation angle & (Figure II-7) ranges over all four quadrants,




Following a standard pré'cedure (e.g. Ref. 4) one transforms

variables via

v = kta+ £tt (28)
where
kta 1/3
ft=( : ) (29)
so that
o 202
v -kta +2ktaftt+£tt (30)

Substituting (30) into (18) and making use of the Airy function approxi-

mation for the Hankel functions to the lowest order in RIZ (see Appendix B),

one finds
- ? 2 2
-iM -jk_lz-z'| - jk at Kk’ £
Gl | R S 5 S 2t vk
oy ~'— 4ﬂ2mu i z kt
p=p'= : ©
F Sk le-z'] - jk a8k’
+ dkz e T(_ Vllx)
-l t
e -k 2’| - jk, atil £ ,
+[ak_ e Vv, (x) (31)
J z k3 2
] t

where x = ft‘? and Vn(x) denote the Fock type integrals:

v, () = [ at 7t lvl(f)-
: %, (t) (32)
Y w,(t)
V,(x) = r at 67T g (33)
¢ ¥ w,(t)

and

16




. w,(t)
e-)xttZ z

v, (x) = [ at

T

(34)

The integration contour T is depicted in Figure II-3,

The validity of the Airy function approximation of Hankel function

HfZ)(z) is predicated upon the condition of large z and lv-z| <0 (21/3).
If z is not large as, e.g. in the paraxial region ¥ =0,
AImt :
: . !
2 > — »Ret

/6

Figure II-3. Contour of Integration for Curvature Terms.
where the value of k. a at the saddle point as in (31) becomes small, this

approximation of HE}Z) (kta) breaks down, and the above method of asymptotic

W

evaluation becomes invalid. The extent of the paraxial region depends on the
value of ka; the larger the value of ka the narrower will be the paraxial
region where approximation (Bl) does not hold. To date no rigorous asymp-
totic transition function is available for the paraxial region, but in Section 5
we shall derive an approximate transition function, which will be employed
in Chapter III to obtain numerical results for mutual coupling between rec-
tangular slots on circular cylindrical surfaces. In spite of this deficiency,
it will be seen from comparison of the numerical results with those obtained
b via harmonic series, that the overall agreement is very reasonable for

ka ~ 10 and 20, including the paraxial region for circumferential and axial

slots.




In the deep shadow, i.e. for sufficiently large values of the para-
meter x, the Fock type integrals are evaluated by closing the contour at
infinity in the lower half of the t-plane. The resulting residue series at
the simple poles ?p of the integrand with wz'(?p) = 0 will give rise to sur-
face rays, one for each pole. This representation becomes poorly con-
vergent for small value of x, necessitating too many residue terms. To
amend the situation, an alternative, power series representation of Vn(x)
is employed near the source. This series converges well for small values

of x. The results are (see Appendix B)

.
I
Vo (x)= -2m S— v (x) , (35)
JTox
where
[r— 5
1 -'-—il x3/2 +%’%x3 +Z—"/:n_-— xw2 +..., for small x
Jijsl2
(x <0.6)
vo(x) = (36)
ey =jxt
g P
T x 2 2 , for large x (x >0.6),
a2 PES o
ST
-JZ
I e
2»\/7? X
where

X +..., for small x

: Ji 64
(x <0.6)
v, (x) = (38)
®  .jxt
24T x3/2 S e P, for large x (x >0.6)

s 1T
-JZ
e

p=1




where 1

l+jizz-x3+ 77 xc"/2 +..., for small x (x <0.6)

11 32
vz(x) =
5/2 =JxE
N 35 % ;p o P for large x (x >0.6) . (40)
=l 3 p=1

Here 't; = 't_pl e s Ail(- !t-p |) =0 and A; (y) denotes the derivative of the
Airy function Ai(y).

Another type of Fock integral that represents the TM polarization contri-
butions is defined by

’
-jxt YZ
w_T{t)

Usle) = | dee
0 2

T

(41)

where T is the same contour as in Figure II-3,
Similarly to Vn(x), Uo(x) becomes a residue series for large values

of x and may be expanded in a power series for small values of x as follows:

L]
-Jz
Un(x) = - 2nj——7—e ua(x) (42)

where




i x3/2+%x3 s 3T 92,

2 JT 64 . !
for small x (x <0, 6) |
uo(X) = 1

*p

@®
3/2 & -jxt
E[”_’sn__ Sk for large x  (x > 0. 6). (43)

IZ  pe
e ¥ Pl

-J 3
Here t = |t | e ~° with Ai(-]t |) = 0.
P P

p

Figures (II-6, II-8) show the residue series-power series crossover
regions for the curvature terms vo(x), vl(x) and uo(x). From the computed |
data it is found that the smoothest crossover is obtained for x = 0.6, where

the difference A between the sum of ten residue terms and the sum of four

power series terms is as follows:

Alvo(x)l = 0.0025% Barg v, (x) = 0. 012°
alv =) | = 0.42% barg v, (x) = 0, 126°
A‘vz(x)| =1.7% barg v,(x) = 0. 101° |
Slugx) | = 0.2% b arg uy(x) = 0. 10°

In actual computations, the crossover value of x = 0.8 was employed, with |

blv ()] = 0.13% Barg v,(x) = 0,012° ‘
Alv 60| = 0.77% barg v,(x) = 0, 13°
Aluo(x)l = 1,26% b arg uy(x) = 0. 28°

The integrals Vn(x) arise from the TE polarization in the cylindrical

PP PP P R A R

geometry or from the Neumann boundary conditions. In the terminology bor-

fored from acoustics, the latter corresponds to a hard boundary. Accordingly,
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the TE polarization is termed the hard polarization, Vn(x) are the hard curva-
ture terms and the residue contributions arising from Vn(x) at poles ?p will
give rise to hard surface (creeping) rays. The Vl(x) and Vz(x) are, within a
numerical factor, the first and second derivatives of Vo(x). The TM curvature
term Uo(x) is called the soft curvature term, since it corresponds to the
Dirichlet (soft) boundary conditions. The residue terms resulting from

evaluation of Uo(x) at the poles tp will give rise to the soft surface rays.

4. Asymptotic Evaluation of Surface Fields.
a. Circumferential Magnetic Current Element.
Returning to (31) and denoting by D the geodesic distance between

the source and observation point (see Figure II-7)

N>

Observation
point Observation
O/ point

z2-2' A QFf] _— Surface ray

.‘
=

Source T~ Magnitude dipole
location : C_—j\Conducting
circular cylindar

(a) (b)
Figure II-7. A Surface Ray on a Circular Cylinder

(a) Developed Cylinder, Source located at (a® Sy
(b) Physical Structure,

with
D= [(z-2 ')z + a.z(Cp-CxJ')z]é (44)

’

one finds that for observation points in the first quadrant the exponent in

(31) may be rewritten in the form




k, lz-21 + k, af = Dk, sin 8 + k, cos 8), (45)
where

|z-z"|

._a__b = tan S . (46)

Introducing the change of variable

k, = ksin2 (47)

k, = k cos 1, (48)

where the positive sign is chosen in order that for k= 0(®=0), k, = k, and
\
substituting (47) and (48) into (45), one finds

k, lz-z"| + k, a® = kD cos (@ - 8). (49)

Combining (49),and dkz = kt da ,with (31), one obtains, for observation points

in the first quadrant the hard (TE) contributions

-jiM. :
H  (r, ) g e 2|2 ¢ [ aaeJkD cos (2-0) 2/ giuZav x)
& ’ T W a =
p=p =a o P
+ kz r da e'jkD cos (%-8) sinzo. Vl(x)
P
Pt -ikD cos (2-8) . 2 4/3
+ :Z | dae™d sin”@ cos ' TAV,(x)|,
P
(50)
where
1/3
ka\
f= (T) 3 (51)

The integration contour P is the @-plane is depicted in Figure II-8.




Top Sheet of Fig., II-2

(g
1©10 | @)
-] -W/2, S 17/2 :r Ria’

=10k

Figure II-8. One Period of the G-plane and Contour of
Integration. Shaded Regions are Valleys for

L. cass - The Numbering Corresponds

to Mapping of the Four Quadrants of Figure II-2.
To perform the asymptotic evaluation of the integrals in (50), one
first deforms the contour of Figure II-8 into the steepest descent path
(SDP) through the saddle point &_,as depicted in Figure II-9. The SDP

intersects the real @-axis at an angle % From (Cl) one has for the

Ima

Figure II-9, SDP in the a-plane
first integral in (50)
q(®) = -j cos @-8) = -j -s2 (52)

2 2/3

F(a) = sin & cos Qe Vo(x) (53)

and
G(s) = F(a) %—% 7 (54)




From (52), the saddle point is

a = 8. (55)

The even power terms in the Taylor series expansion of (54) about s=0 are

found below

G(0) = F(B)a" (56)
G"(0)= F'(8) @) +3F ()2 a’ + F(B) a, (57)
where
(n) _d"a
Gs = d—s; (58)
s=0
and
n
ri?e) - £ £6) ‘ : (59)
da
a=9

From (53) one finds

F'(9) = -%—cos' 1/34 sin39 Vo(xs) + 2c035/3931n6 Vo(x’)+coszl331n29 Vé(x')x" .

(60)

F’(8) = -%cos'4/39 sin49 Vo(xs) -%—cos’”z'e sin39 Vé(xs)x; -%"—coszne sinzﬁ Volxg

+2 c038/39 Vo(xs) +4 cossl3esin ] V(;(xs)xs' + cosz/39 sinze Vg(xs)(xs')2

+ cosZ/39 sinze Vo(xs)x; : (61) i
where 3
x, = x| =XD.fcos!/ %08, (62)
a=6 ng

with f defined in (51) and

s s i e

27




s

a=0
and

2

” dx 2 Z

x = = -=x tan 8 -z x .
& 3 3

1:6

The mapping derivative can be found via (52) and the proper branch

is determined by the condition that at 2=9, arg (g%) = % . Therefore,

2\‘%
%-:_=,rj(\1‘j-sz-) »

and

Consequently, the higher order derivatives become

a2’ =0,
s

As a result, one has
G(0) = V2 sin?0 cos?/30 Volx,)

and

c’(0) = ZjJ?TF %—col"“" :in49 Vo(x.)--;-cos' 1/34 oin33 Vé(x') x.'

- -156- cosZ/39 linze Vo(x.) +2 c008/39 Vo(x') +4 cossl33 sin® Vo'(xs) xs'

+ cosZ/39 sin® V(';(xs)(xs:)2 + cos2/3
+ 1—/-;-2-— lin29 cocz/39 Vo(x.) .

28

e ’ ”
sin evo(xs)st

(63)

(64)

(65)

(66)

(67)

(68)

(69)

(70)

(71)




Thus, one has, with Q = kD

C ’ _JM X Z/ e-jkD
H; 1z, ) * e f [ ETT] 8400 ecos v ( x.)
Ry & 4n? wy a (kD)
+-J‘—2-J-[(2c 38/39-?; 2/33 sinze-%:os'4/39 sinze)vo(xs)

¥ (4c68> 30 8in0 . i;-cos‘ 1/34 sin39)V6(xs)xs'

+ cosZ/3G sinze V(;(xs) x”

2/3 24 <
+ cos 8sin“9 Vv (x ) (x ]—-3-7-2— (72)
(kD) ‘

where the second subscript '"1'"" denotes the first integral in (50).

Carrying out the various derivatives in the bracket, one finds

LN o o e kZfzﬂ._‘V( Jeoel Wiy e
) P i = ™ X cos 51n
s TR JED
M, k2% s
) 217 2 ~4/3, ., 4 8/3
+m—zlvo(xs)<- —9'COS es1n e+2COS 8
o
T8 sany sinze) e -JkD
12 (D)’ 2
M, & Neigi gy - P T
+—3 =V (xs)(-gsin 6+ 5cos“8sin8) ., (13)
4m wuoa wr

where the term with Vz(xs) has been neglected due to its lower order in
%. One observes that the three terms in (73) have the same exponential
order in ka, because the residue series for Vo(x), Vl(x) contains the same
"hard'exponents (see 36 and 38). However, the algebraic orders in 'kl-a of the

terms differ. Therefore, for consistency, the third term is also discarded.

If one transforms Vo(x) into the near zone form vo(x) via (35), one

finds the form

29




sustie e

2 4, -jkD
kY 2o 61 .20 Toata™8 )\ e”]
+ 1\4:n —Z-;Y—(cos 8 -ﬁ sin -?)'—T}VO(XS) ——'z (74)
cos“ @ (kD)

where for small values of x, one uses for v_(x_) the power series expres-
sions and for large values of xg the residue series (see (36) ).

The second integral yields

H"S ( 2) 'Mw kz BT si 23 V. (x ) e-jkD +O(-1-—) o 1 (75)
0, 2 X S AL Sl S ey Rk T B 7
on ' 5a 4m wu.oa (kD) (kD)

1/3
Because H;TZ is O(%;), it is also discarded, as compared to O(%/ of the

first two terms in (73).

The TM contribution follows via an analogous procedure. From

(19) one finds

jwe M .
B r) | -2 [ ag e HDeos -8 y (76)
p=p=a 472 p

where the integration contour P is same as for the TE case.

The asymptotic evaluation yields

jwe M -Jk .‘Jz—ﬂ: -_]kD
H'c(r,r') ~ 2.2 J2T) U (x = + U (x)
w--‘,:‘p,a'zz'a— wod B el o
1 \ 1
+ 0 = (77)
(ka)b/3 / kD)B/Z

1 % 1 Yo

The O term results in the near zone in . ToO
<(kn)§72) (kD)> ((kD,z)

in the near zone one needs to consider only the leading soft contribution.




H 'S, ") M —f—Y ! u (x )e-jkD (78)
©w = — 0 2n Cosze o''s (kD)i

p=p'za
Combining (74) and (78), one has the total ¥-component of the surface

magnetic field excited by a circumferential magnetic current element:

2 -jkD
c ) 4 k¥ . 2 e J
B {s.2) 7 -iM,, 55 sin 9 vo(xs) kD
P=p =a
2 o - -ijkD
R¥YY . #. 6Y . 2y Losiald :
+ M. fi_:.\cos 8 -==sin“® e e e v (x )"'—"—2
? : 4 Yeos d ° * (kD)
2 -jkD
sl
F M, s u (x ) (79)
PER: eok 0 A en)

Besides those already neglected additional terms of order —-1—7
(kD)

but of lower order in -I% appear when the uniform expansion of H(VZ)'(z)
is used. These terms are similarly discarded.

The above asymptotic evaluation is valid as long as kacos 8 is not
too small, because otherwise the Airy function approximation breaks down,
The failure of the Airy function approximation of H(\’,Z)(z) for small values of
z manifests itself in appearance of a spurious algebraic branch point at

3/2

a =% in the various integrands and of &~ /2,04 ¢ factors (see 30, 35

: 1 1 1 1 m
and 62) with V. (x) = — = —, U,(x) ~ =73 377 28 =0 or 8=5 . Although
the proximity of the saddle point to the branch point for paraxial propagation
could be taken into account by appropriate parabolic cylinder transition func-
tion [7], the presence of 8112 40a 8732 gactors yields infinity in the axial

direction ($=0) which cannot be removed by constructing a transition function

based nn the assumed validity of (Bl). An approximate transition function and

31




its variant which render the field finite for $=0 will be given in Section 5.
From (20) one finds,in a similar manner, for the z-component of the

surface magnetic field to lowest order in -El;:

H;(r,r') ~ sgu(®-v )sgn(z z') 2 rdde'Jchos i )sinacoss/3GVO(x). ]
T , 4m WM a
ol P (80)
Following the same procedure as in (79), one finds
€ ’ ’ ] 2Y -jkD
Hz(}_-_,_:: ) ~sgn(o-v') sgn(z-z )jM B sinBcos fv (x Y= 5
p=p'=a
2 -JkD
k“y/ 23 . 5 sin 3g7
-Mw—zﬁ'\-—s—'SIneCOSe 9—0—5—6-} O(X )—(;—]-)—)-z . (81)

Again the second order terms are inadequate as 8 "’-Tzl . As mentioned previ-
iously, the sgn symbols in (81) may be removed when the range of 9 is
extended to all four quadrants i.e. 0 <8 <2m,

b. Axial Magnetic Current Element

In contrast to the case of circumferential magnetic current element,
in spite of the fact that the Airy function approximation of Hs)z)(z) breaks
down in the paraxial region, the asymptotic series terms Og-k—é-)ez\)are
bounded.

The z- and ¥- components of the surface magnetic field may be
obtained from (26) and (27). For mutual coupling between axial slots, one is
particularly interested in Hz. Proceeding in a similar manner as in Section
(4a) with (28) and (32) one has

-JM szz

[ gae-ikDecos (@-8) 83,y o(%,) (82)

u? 2T r's,l !
SDP

™
p=p'=a 4 wu a
where SDP is shown in Figure II-9 and Vo(xs) is the hard curvature term,

with X given by (62).
32




One finds in (82)

a =8 (83)
F(@) = cos® 2 v (x) (84)
F’(@) _;49‘:052/3a sinza Vo(x) _%c058/3a Vo(x) -—1;-’-coss/3a sinQ Vé(x)x'
+ cosP V) (x")2 + cos?*a v (x)x” (85)
Therefore
G(0) = cos/ v (x ) (86)
and
G (0) = 2j V?T"_%Qcosme sin%8 v (x_) -%c038/38 v, lx,)
-lf’- cos28sin8 vV (x_)x, 't oo vex ), Y24 codPO V] (x )x”-‘
+J_£f_TJ'_c058/3e 1 (87)
s
In accordance with (C6), one has
-iM, kot o-JkD
H:(_T_'L')\ ——T——'— «/ﬁJ_COS/ §Vy(xg )
Lol 4T WM 2 JKD
p=p =2 ]
+ J—“—Z—L (%—0 2/39 sinze -%cosSBG)Vo(xs) 1
-—13—6cos /35 sin VO(x )x + cos 8/3g V(;(xs)x;' _,
§ 3
o-JkD L
reol Vi x2S =g, @
(kD) :
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Carrying out the derivatives in the bracket yields

: 2.2
-iM_ k% §/3. o-JkD
Ha(r, r’) - __z__z J2Ti vV (x )co B8
oI e IO ST T T vkD
=p'=a o

M, k" Nl 2 By B0 e " IED

-— V.(x) ——cos 8in8 - &3 cos? 38
TR e kD

+ zz «/gEJ Vl(xs)<-%cos 8 sin 3+-6-cos49/——72 . (89)
4 wu 2 lkD)

Note, the last term is of 0—77— below the leading term and is therefore
(ka)
neglected.

Finally one arrives at the following simpler form

2 o-JkD
H:(_::,I') , ~-jMzEZ—gcoszev (x 2 5
p=p =a
2 -jkD
+M, Tk (20 inZ0 --2-2cos G)V (x )———-z-(kD) (90)

Because of a similarity between (25) and (12), H?

o COomponent excited

by an axial magnetic current element becomes

kZ e-JkD
H(rr) "jMz—Z-T—Tzsinecosev(x) 55)
p=p’=a
2 3 . -jkD
k 2 5 sin
B Baimocos 0435000 vy, )73)2 S

(91)

5. Approximate Formulae
a. The "Full Formula" for Circumferential Current Element,

Since the limits of validity of the rigorous asymptotic expansion (79),

34




(81) and (91) do not extend to the paraxial region, we shall derive an
approximate, simple transition function which is finite for 8 "%, matches

‘ to O(—lj-) the rigorous formula at 9=0 and reduces to a planar result to
| (kD)

£ 1
(@)
\eD)2

)when the observation point approaches the source.

The derivation of the '""Full Formula'' is given below,
Starting with (31), we immediately discard the integral containing
Vz(x), since it gives rise to a lower order of l-cl'ﬁ than considered here.

The first integral in (31) is replaced by

. ® - ’ ? 2
iM,, 32 -ik_ |z-z'| -Jktaé 79
4m7wd a 4B t

while the second integral is left in its original form which contains kz :

Hence,

iM, r 2% ¢ -jkDcos(x-8)

nC ’ 2
B o ) ~ > i > |dee ft Vo(x)

p=p’za & u“'loa Sz P
.k2 {‘dc.e-JkD cos(a-8) sinza Vl(x)} . (93)
P

The contour P is deformed into SDP of Figure 1I-9 and the

asymptotic evaluation yields the leading terms

-jkDcos(a-8) 2 2 2/3q 2T _-jkD
[ dae £2 Vo) ~£2 Vylx ) cos?8 jile (94)
SDP
and
J\ dae-jchos(O.-e) sinza Vl(x) ~V1(xs) sinze fg—-e'jkD (95)
SD

where Xg denotes the value of x evaluated at the saddle point as=9.
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In view of the relation (35) and (37) one finds

yor -JkD
f V (x ) cos d3g ‘/'Fﬁ 'JkD-Zﬂ’kavo(x )—-E-D—-

and
] _-jkD sin?0 ¢ kD

2
V,(x_)sin"8, --JZTTk av (x)
1s /kD 1 cosie (kD)Z

Substituting (96) and (97) into (93), one has approximately

H//C( /) 2 JMCD Zﬂ’ka—z L (x ) 'JkD‘\
grlf e 71V0®s) ST
gid =g 4n wu a
s1n23 e JkD"

+j2mk a.vl(x )—-2— e

cos“ 8 (kD)

Rigorously, the asymptotic evaluation of the integral in (94) should

be carried out to next order.

(96)

(97)

(98)

Since for x <1, vo(xs) is slowly varying (see Figure II-4), one may

employ the approximation

o2 -jkD o- kD
'a‘z‘iL"o("s) ]’Wo(x )_2' kD

~ - kzv (x )(sinze - sinzegﬁ + cosze -l-(-lﬁ /—'ﬁ_'

-jkD

(99)

where after differentiation terms O(—ﬁ-/ have geen neglected. Meanwhile,

(kD)

the next term in (95)is O((—k-D—l)372—) in the deep shadow, so that in view of (37)

the corresponding near zone expression will be O((kD)g

/ and is neglected.

Substituting (99) into (98), one finds the approximate field expression

H (_1:_,1' ~M EJ(sm e-sm2 éjﬁ)

CDZTT

smze 1 ']e’JkD
2o Kb "1%6) 1 %D

cos
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The soft contribution is obtained directly from (78). Combining

(78) with (100) one finds the '"Full Formula"
2

/ s
H:(I_.L') ~-j M.ﬁ%‘g\sinze - smze-l— + cos 3 kD>v0(x ) e —I:_Eg
=0 =a
2 sl By (x ) mabx )o otiD
kY 1% el T a7 ,
-M’ID—Z_-;LVO(XS)+ ) i v (101) E
cos 6 ~ (kD)
The properties of this Full Formula are as follows:
a) it matches to O( /the asymptotic formula (79) for 9=0,i.e.
(kD)
in the circumferential (H-plane),
b) it is finite on 6 = 7, and
c) as D=0 Hﬁ tends to the planar result to O ‘ 2/
: (kD)
This is seen as follows:
sinzevl(xs) - uo(xs) ‘1
w(xs) = Vo(xs) = 29 :
cos i
Ji7 (D2 £D
5 —'14—<?) (L+ 381:26) - 3)‘( ; (18 442 sia°8) cos -0+ o(—— (102)

Consequently w(xs)" 0 as D~=0 and (101) reduces to the planar result for
Hg, where ( denotes the Cartesian coordinate in the direction of the magnetic
dipole on a ground plane and 8 is the angle of the radius vector with the ¢
direction,

Following the same line of reasoning one has from (12) and in the

first quadrant

Sl

; ® : ’ ® (2)
M 2 ~-jk - " H k
Hc(r r') = : ? 9 J\dk e ; zlz Z l.—l— rdVe'JVQ_X_(.P.a_)
B L, anten g e En . B Ky o (2)°
p=p'=a é T et -® H” (k)

(103)
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After certain amount of algebra one finds

MY 2 -jkD
c ' o ol 3 e
He oz} ~-izwg ol 757 %D ia

D=p'=a

where the integrals were evaluated to lowest order in 'kl—D and vo(xs) was

assumed slowly varying. Hence approximately

HE ( 5 ~jiM szs'ne s 9(’1 -31\\1 (x ) e-jkD (105)
g ekl B SMINg T O TR TRD 10y R
=0 =a
b. Variant of the '"Full Formula"
This formula is obtained from (101) by retaining, in addition to the
soft polarization contribution uo(x), only hard terms to lowest order in T(%'
in line with the rigorously asymptotic procedure used in (74). Examining in

the deep shadow the hard polarization terms vo(x) and vl(x) one observes, in

view of (35) and (37), that for a given distance D

o L o( S (106)
Vol T N3’

2/3
e
since from (62) and (63) one has x = ilz)—z E;Ql\i%:—s—e-} . Thus, for
g

consistency, the term involving vl(xs) should be discarded. As a result, in
the paraxial region, for Xg <0.8 or 0.6, it is necessary to neglect the soft
polarization term uo(x), which becomes unbounded for 8 "% .

Thus, the variant formula becomes
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% . s -jkD
c ’ ¥(..2 o 2ard 2 e
H (r,r) i ~-jM_ —2-,;- ,sin 8- sin GEJb+cos e-RJ-IS/-vo(xs)--T(—D—
=0 =a
Y o(x) 'jkD
+M:n N ey 5 for x > 0.6 (107
cos 8 (kD)
ko . e-JkD
SR -zl(smze-sinzezz‘é"°°szeﬁﬁ/ Vot ¥,
for x <0.6 (108)

It should be noted that in the 6=0° (H-plane) both the ""Full Formula"
and its varianf coincide with the rigorously asymptotic result of (79).
c. Axial Magnetic Current Element

From (8), (11), (16) and (24) one has

® (2)
2 ks _Jk ‘z_z ‘ A o H (k a)
(e, )| g +k2)_1dkze 3 = (dve IV Y ™
o T#% s wu a 3z % t o (2) (k,a)
-iM \ s a.-0
~— £ / az+k2/' rdae jleD cos( )c052/3a.V0(x). (109)
4m wu a dz P

In a similar manner, retaining in the integral of (109) only the leading

term, one has

-JkD-ﬂ

a ’ )4 az
H (r,r )‘ ; ~-jM, (—z+k /[ 0(x )_ﬁ_ (110)
P=p0 =a
Again, assuming that vo(xs) is slowly varying for xs< 1, one finds
2 i -jkD
vig KL YT . 8 2ef . . 228 e’d
H:(z,_::') N-JMZ‘F\COS 8 .cos e-dﬁ+ sin e'kJﬁ/vO(xs)_EF' (111)

P= O'=a

In view of the identical form of (25) and (12) and because

s .
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G”, one has, via (105)

- 3z ¥’

r,r)| =~jM S SRR T (x_) & (112)
2} ™M, S con S aindll - ghy vyt ) Sy
P=0 =a
The range of € in (101) and (105) and (11-112) is 0 <8 <2m i.e.
over all four quadrants. This feature automatically accounts for the sign

changes from quadrant to quadrant, as required by (80) and (91),

d. Modified Planar Vector Formula for Arbitrary Orientation
of Current Source

The set of approximate relations (101), (105), (111) and (112) can be
cast in a vector form similar to that for the planar case (see Appendix D).
In Figures II-10(a) and (b), the unit vectors t and t are tangent vectors,

6 and 6’ binormals to a typical surface ray and s denotes the source

(a?:z')/ Wl Sl

(a) Circumferential M (b) Axial M
Figure II-10. Surface Rays on a Developed Cylinder

direction. The prime indicates source coordinates while the unprimed
4

quantities refer to the observation point. The angle 0 is given to tan'lﬂ—'——

a(w-0")

One now obtains for a circumferential magnetic current element (Figure II-10a);

" ~ -~
1- e. s = m
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sin“9 =s.b6'6. 3, (113)
2 A Apa A
cos“8=8s.-tt.o (114)
and
sinfcos@=5.6(-6.2)=(s-t)&- 2). (115)
Therefore,
Cc ’ , - al A = EJ_ ] e"jkD
H, (r,r) ~-JM£—2— \_6 ~o(l - )+t t S 1E Vo) 5
=DI::a
2 -jkD
N Mw%;{ wix ) 5 . (116)
iy (kD)

The second term in the bracket in (105) may also be written

sin® cos 8 + 2cos € sin®, Therefore, one has, via (115),

HS (r, ) iM K’y - 6'“ T RR L 5 ‘-zl}v ( oIEE (117)
s Bel M} o~ Vegn s 2V =D 25Dl Yo%
p=p'=a
Making use of the unit dyadic "+ 2z = 1, one finds
B (x| =8H () +2H (rr)
=p'=
2 -jkD
’ 2j J
~ - M, S (8601 - ootV el vy S5
sz -]kD
-M wix ) P . (118)
0 2m (kD)z
For an axial M, (see Figure II-10b)
2 ~ Vi a
cos“8=s5s.6'6.2 (119)

and
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Lo ~

cosOsinls-8-6'B.0=t-58.1 . (121)

Hence, in a similar manner as in (118), one has

2 ; iia -jkD
' iy s T o ara i e
B ("] meIM g . 660140+t gL |vox) S (122)
p=p =2
Combining both slot orientations, one finally has
2 : ’ -jkD
’ .Y Py B RN U Elj e
Hr)| --i5M- S60-4p)+Vigp vt o
o=p0 =a
2 -jkD
~ra kY e
-M_.cp'cp—-—w(x ) ; (123)
2m s (kD)Z

where M denotes an arbitrarily oriented magnetic point source. Note,
this formula is identical with the planar formula (D8), save for the curvature
terms vo(xs) and w(xs).

The analysis of the circular cylinder problem was carried out in
terms of the ® and z coordinates which simultaneously constitute the direc-
tions of principal curvature of the surface. Inits generalization to a conical
surface ® =¥ and z ~r, ® and r again being the principal curvature directions
on a cone (see Chaptér 1v).

For a more general surface of revolution, the tangential M will have
to be decomposed prior to further treatment into components along the two
principal directions.

6. Summary of Formulae
a. Strictly Asymptotic Expressions to Lowest Order in _121; and

to Second Order in D°

A. Circumferential Magnetic Current Element
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2 -jkD
| c ) Y Ze J
! H;g(.’l'l) ; --;‘v[ == sin v(x) <5
"! =0 =a
[
2 e SO 1 s1n26 i
3 +M_ S=—'cos“8.33sin" 8- volxy)
g 27N 24 COS ) 0 (kD)z
' 2 -jkD
| kY 1 ]
! +M —— u,lx,)
22T 0628 0 ® (1)’
2 -JkD
c ] . k™Y
H (r,r") , ~JM§CTY—sm9cosevo(x)——b—
=0 =a
- Y/ 23 ¢ B
- M, -2—'\-—8— 1n9c°se49-—?s—e/ o(x)—z-

B. Axial Magnetic Current Element

(kD)

2 .-jkD
’ ¢ k'Y
H:(_g;)' ~=-jM, 55 cos 2oy (x) o
p=0'=a
2 o-JkD
k“Y /(20 2 29 2
+Mz-zT(-9—sm 9-2-4-cos G/VO(x )-——z-
(kD)
2 -JkD
H;(_{,z') ~jMzk2—ﬂYsm9 cosev (x)
p=p'za
-kD
Y/ 23 5 sin 9 J
= MZT\-—slnecose"‘ /V (x )(l<_DI)7-

Validity of these formulae is restricted to 8 not too close to T/2 ,

b. The Modified Planar Formula

This formula is not strictly asymptotic.

M, and is written in a vector form.

It applies to an arbitrary

(124)

(125)

(126)

(127)
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) kY I} i ara 27 -jkD
H(r,r) ~-jz7= M- b S(l-ﬁﬁ)nti%jo(x).vb_
:pl-_'a
2 -jkD
arakTY e
-M. 90 w(x )—z- (128)
T e (kD)
where 26 : g
sin B8 v (x)-u (x
s o s (129)

wx )=v.(x )+
- 0"'s cosze

c. The '"Full Formula"
The expression for I-I:‘J excited by a circumferential magnetic current
element derived in (101) or obtainable from (128) - (129) is termed here the

"Full Formula."

2 : o -jkD
c ‘ . kKoY .2 . 20 j 2a 2 e
Hm(l'.'I ) "'JMm"Zn—(sm 8 - sin ekD+cos GFJI-)}vo(xs) 8]
p=0
2 -jkD
'Y e
- M, w(x ) z (130)
P 21 s (kD)z
where W(xs) is shown in (129),
d. The Variant of the ""Full Formula"
2 . s -jkD
c ’ e T e PR T 2 ‘ e”)
Hm(‘x;,_g ) a~--JMcp - (s1n 8 - sin Gm-’j+cos GE'IL))VO(XS)—EF'
p=p
2 -jkD
EY. ) e”J
+M ua (x) 3 for x >0.6
P2 5528 © S (kD)° .
2 : . -jkD
; 0 o R PO TR 2 ) e”J
~ =) Mcp"Zn_\sm 8 .-sin"0 E-%) +cos“® RJ—D)VO(XS) ———
for Xg <0.6 (132)
P 1/3
/XP
_ kD PRl e
where x, ==, f = \—2-5/ and Dg = :o—szz (see 62 and 63).

The curvature terms VoXg, vi(xJand uy(x )are listed in (35-43).
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III. Numerical Results

This chapter is devoted to numerical tests of validity of surface

ray methods for mutual coupling in conformal arrays. Specifically, these

; methods are applied to mutual coupling between slots on conducting circular

cylindrical surfaces. Once the limits of validity of the surface ray tech-
niques have been established, the asymptotic results of the cylindrical prob-

: lem can easily be extended in a GTD manner to conical surfaces. This is
described in Chapter IV,

A literature search has disclosed the availability of numerical and

experimental results for mutual admittance between '"single mode'" rectangu-
lar slots in a conducting circular cylinder[5],[9]. These were obtained via
harmonic series in £ and a2 numerically evaluated Fourier integral with respect
to the axial wave-number spectrum. To enforce convergence, a small loss

was assumed in the surrounding medium. The authors were helpful in sup-

plying us with some of their numerical data in a computer print-out form.

They also made available their computer program to Drs. Kummer and
Villeneuve of Hughes Aircraft Co., Culver City, California, who in turn £
furnished us with additional numerical harmonic series results.

The surface ray computations of mutual admittances between ''single

mode'' rectangular slots in an infinite conducting circular cylinder were

carried out by numerical integration of the mutual admittance integral
TR T S N
y.. = Aperture 2 (1)

12 vl VZ ]

where EZ =V, e E.=V denote the tangential fields in aperture (2) and

222 =] 1 &1

(1) respectively, 2 and e, representing the respective TEIO mode functions,

45




normalized so that
[0 tagPane o boylBaser, @
Aperture 2 Aperture 1
and EZI is the surface magnetic field intensity due to aperture 1 on the
unperforated surface in the location of aperture 2. The surface magnetic
current density is
M=ExndS (3)
where n is the local outward unit normal of the cylindrical surface and dS
denotes an infinitesimal area in the slot. In the case of circumferential slots,
it follows from (1) and (3) that only Hm needs to be considered, while for
axial slots only Hz is required.
To compare to Stewart-Golden's data, the slot dimensions were
chosen those of a standard X-band 0. 9" x 0.4'" waveguide.
a. Circumferential Slots
Two formulae for H_ were used in obtaining the numerical values

®

for Y the "Full Formula' (II-101) and its variant, (1I-107,108) as

12’
described in Section 5 of Chapter II,

In the following, Z  and <§° denote the axial and the angular

center-to-center separation of two circumferential slots (see Fig. III-1,

For further comparison, curves based on Hwang and Kouyoumjians'
GTD formulation [10Jare also included. These formulae consist solely of

the dominant hard and soft terms of (II-123). For a circumferential
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Figure III-1. (a) Two Circumferential Slots on a Cylinder of Radius a = R,
(b) Slot Geometry,
(c) Partitioning of Slots for Numerical Integration.

magnetic current element, in our notation, these formulae are

2 -jkD
H; (3'_,1') ~ - JM:p 52-1%{51n29 vo(x ) ekD
p=p'=a
2 -jkD
kave =l e
+ M 5= —— u,(x ) (4)
BAET T
and for an axial magnetic current element,
2 -jkD
a ’ : k“Y 2 e
Hz (-1:’—1: L et Mz 2 cos™@ VO(xs) 1 o R (5)

p=p'za
We shall consider the mutual admittance between circumferential
0.9" x 0.4'" single mode slots in conducting cylinder with a =R = 1, 991" at
f=9 GHz (ka ~ 9.5) and subsequently with a = 3,777" at f= 0.975 CHz
(ka =~ 19.6). In each case the data are normalized to the magnetic of the self
admittance \Y“ ¥ where Yu/Yg = 0.8588 + j 0.3834 for a = 1,991 at
9 GHz and Yll/Yg = 0,8440 + j 0,4040 at 9.75 GHz,for a = 3.777", Yg being

the TE, modal admittance of the rectangular feed waveguide with 0.9" x 0. 4"

0

I.D. The computed points are in 10° steps of angular separation & for
P P P g P o
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a =1,991" and in 10.1333° for a = 3, 777",

The procedure of numerical integration of (1) for circumferential
slots was based on a subdivision of each slot into 14x2 = 28 elemental
areas AS of equal size (Figure III-1c). An increase of the number of sub-
divisions to 14x 4 = 56 reduced the difference between S-G and PINY by
0.3 DB for the near slots (¢_< 50°) but did not appreciably affect the
numerical results for the far apart slots.

We shall begin with the H-plane coupling (Z° = 0) and increase Z‘o
in steps. Figure (III-2) shows ‘Y12/Y11| calculated by the Full Formula
(PINY) for Zo = 0, in comparison with the harmonic series data (S-G),
and GTD . The PINY curves show good agreement with S-G,
but the GTD curve markedly deviates from S-G and shows a different slope.
As discussed in Chapter I, the reason for this discrepancy is that the lowest
order in ﬁll_D hard contribution vanishes for 8=0 and the behavior of Hw is j
dominated not by the soft contribution, but rather by the second order in
l_clT) hard contribution, the exponential attenuation rate of which is identical
with that of the lowest order hard contribution, the attenuation constant of
the dominant hard surface ray being ~% that of the dominant soft surface
ray for the same geodesic. Figure III-3 shows the effect of neglecting the
vl(x) term in (II-101) and in addition discarding the soft contribution uo(x)
for x <0.3 (actually x = 0.6 would be more appropriate). In the H-plane

sin”“8

the vl(X) term has a negligible effect, because its pattern has a

cos“ 8 '

null for 8=0. j
Table I gives the phase comparison. It is seen that the ""Full 3

1

Formula" (F.F.) yields, except for 8 = 116°, a maximum phase difference . 1

of ~ 139 from S-G. ;
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Y
of the F.F. from the S-G result increases and the departure of GTD decreases.

12
11

Figure III-4 shows for the case of Zo = 0.5'", The departure H
Table II summarizes the phase comparison and it is seen that the correlation
of the F.F. to S-G is very good, next comes the variant formula and finally
GTD.

Figure III-5 shows the Zo = 1" case, The F.F. curve is now above
S-G and so is the variant formula which shows now a better amplitude cor-

relation than F.F. with the harmonic series result., The phase comparison

et SR N

is shown in Table III. Again best phase correlation is obtained via F.F.

Figure III-6 and III-7 and Table IV present the case of Z,=2". The
F.F. is about 2 DB higher than S-G, while GTD correlates better for &_> 30°,
but tends to diverge for small <§° values. On the other hand the variant
formula result, to the accuracy of the graph, is indistinguishable from S-G |
except towards the E-plane where it falls below S-G by about 1 DB, Similar
comments z-;.pply to the case Zo = 3", represented Figure III-8 and III-9 and .
Table V. It is seen that in Figure III-8 the difference between the F.F. and
the harmonic ‘series result is ~2DB. On the other hand the variant formula
and GTD track S-G quite well,

Figures III-10 and III-11 and Table VI summarize the comparison for

the case of Z = 4", There is about 1.7 DB difference in the E-plane for

either F.F. or the variant formula. The F,F. phases track very well, next
best is the variant formula.

Figure III-12 and Table VII present the results for Z = 8", The
maximum deviation of the F.F. result from that of harmonic series is about P
3 DB. However, it is to be noted that in view of the assumed loss, i.e.
€= €°(1 - j 0.0025) the actual discrepancy should be reduced to no more than

2DB.
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As a general comment, the GTD formulae show good agreement

in amplitude with the harmonic series for Z  >2" and 3_>30° The variant
formula matches very well to S-G in amplitude over the entire range of Zo

including the H-plane, but falls below the harmonic series result in the

E-plane. Also the phase of the variant formula tracks better that of S-G

than the GTD result. The phase of the F.F. tracks best of all. The dis-

Y
crepancy in -#
11

values of Zo, in view of the loss assumed in S-G program.

is increasing with Zo, but seems to level off for large

Figures III-13 to III-17 and Tables VIII to XII show the amplitude
and phase of Y;lel- for a = 3.777", £=9.75 GHz and 0.9'" x 0.4" apertures
for different axial slot separations Z,- In this case, the harmonic series
computer program employed a loss tangent of 0,003, As expected, for this
increased value of ka=x19.6, the correlation between the harmonic series
and the asymptotic surface ray results is improved in amplitude.

b. Axial Slots

Since the expressions (II-90) are finite as 6 -';, they may be
adequate for the description of the field in the neighborhood of a slot uni-
formly in all directions and thus, suitable for the determination of the
mutual admittance. One observes that for axial slots only the hard polar-

ization is excited, so that the soft transition function uo(x) does not appear

in (II-90).

T e R AR

Samples of numerical results, obtained via harmonic series, for
mutual coupling between single mode axial slots on a circular cylinder can
be found in [9]. These data are in the form of isolation 20 log,, ‘Slz‘
between two open-ended rectangular waveguides feeding the slot apertures,

where S12 is the scattering (coupling coefficient between the waveguides).
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TABLEI Phase Comparison, Arg. le

Z =0, R=1,991", £=9GHz

No. V, Full Formula GTD S-G

DEGREES DEGREES DEGREES DEGREES
-3 - - - 2
0 o - g :
10 - - - -
20 - - - -
30 -60.23 -62.77 -56.01 ~76.85
40 176. 68 179. 36 178.02 167. 74
50 71.18 69. 28 60. 54 58.18
60 -38.10 -39.66 -54,93 ~48.51
70 -145.75 -147.10 -169.76 -154.31
80 107. 89 106. 63 75.63 93.19
90 2.34 1.29 -38.86 -8.28
100 -102.09 -103. 25 -153,17 -99. 86

110 153,70 152. 82 92. 71 121591
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TABLE II Phase Comparison Arg, T
Z°=. 5'', R=1,991', f=9 GHz
No V1 Full Formula GTD S-G

DEGKEES DEGREES DEGREES DEGREES
° :
0 -81. 84 -70. 85 -72. 38
10 -85.57 -77.63 -77. 88
20 -99. 46 -107. 29 -105.71
30 -151, 36 -172,.00 -144, 44 -172.93
40 -117,03 103, 28 108. 76 103,17
50 19.18 8.77 2.51 7.45
60 -81.43 -90. 17 -104, 95 -92.63
70 176. 65 168. 89 146. 80 168. 20
80 74. 26 67. 15 38.17 67. 67
90 -28.18 -34.79 -70. 49 -41,51
100 -130.46 -136. 65 -178.93 -142, 26

110 127. 49 121/69 73.03 131/22
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TABLE III Phase Comparison, Arg. le

Zo=1" » R=1,991", =9 GHz

No Vl Full Formula GTD S-G
DEGREES DEGREES DEGREES DEGREES

5

0 152. 62 152.99 - 154, 67
10 151, 24 142, 84 - 144, 69
20 134,53 111,19 - 113,51
30 86.51 57.95 101,53 61,20
40 9.01 -12.30 13.62 -7.90
50 -75.81 -93, 86 -77.03 -88.37
60 -165. 88 177. 49 -172.19 -176.18
70 100. 36 84. 48 89. 47 91, 39
80 4,22 -11. 27 -10.91 -3.58
90 -93.40 -108.69 -112.58 -100. 29
100 168.07 152, 88 144,99 161.02

110 69. 00 53.87 42.12 61.96




dB
O
20m%o|

- -10

-20

-30

- 40

=50

- 60

-80

- 90

-100E

M

UTUAL ADMITTANCE OF CIRCUMFERENTIAL SLOTS
ON A CONDUCTING CYLINDER

e 3

12 : - : —

MT T Hr
t e = —— STEWART-GOLDEN jnas
TrrrT 1 T
- |
= jana

I

B S, " " g s " i
T T 2K T
T 1 :

: NG a5 T : I
i 3§ ! S i i 36 1 i
T R T 8 HE s Tt
T N I w
1 RN Pt +
- N £ | ¢ ]
—r \ —
1 N <5
EFE T wrﬂj .
$ i ke i
2 ! T TN ! T BEEENE
ERK 1 1 | 1 N
i 5 L it \7}'_
T 1 RS T 1 ! e
R ; AT, ! 4= P R S
5 N T 1 1§
N : — T
qe N ‘:_T_L =t — \¥ 1T
1 \ -
7 T+ GTDh 11 ; -
N H R : - 4
g 1 O Sy B Bt I 7
T - -
T | B 1! J-i5 1 EE B )
¥ $ 3 B 75 T T ]
i T 1 ] N ‘ ™ m 1
! ] SER T1 N ! ;
1 0 FELL 1 N |
B0 0 92 1 ¢ ) T ! i L 3 ‘\‘X'
I ] | PR 11
o S 1 L Vo 1
R ENE! i 1 N :
1 1 l ! NN !
1 S (18! 1 1 Yf :\. \-‘
. ! i H
"‘---D’I T " L\ 1
i u - ?
1 \ D = 1 =S
17 Q—o "‘ b 3 O°4 ol IA: .
1 l )
! e : f=9GHz |
H ¢ 5= W 155 L §
L 1T ] i
ik ° 1 o B ]tb Ifi’
{ i | e—s FEEEAENEE s
sa \_p mE - a — :
b 18 5 7 5 | i Ay | T
; b og SN aBEmEmEasAEETaEzasTaSe:
e - l.9' — bt + :L + '_LJA‘ d %‘ " l#_“ *
=E [ EEEEEE 7 W B REmBAEE
1 i e 1 bl vl_r-' 1 1 S O P QL =
: j . dl 4 Sl =
! Gk — 1 L '%4 :'1‘ ) :j' T o =
b + " = (. 4
NS RN R NN R N EEEERNS NS AR

! AR NSNS N NS FENE NS NEEEE]

= - kil | e Jil L ] Ll | ) ) 51 2 O O 2 Ll

F 78] 0 P O O ] baks: HERED I i 3 0 5 1 7 Ll 3 8
e i T I I ] i ! 7w s

Lk Ll X3 & Jal ] | O R 1 ) 0 7 7
1 L 200 0 190 L HE 0 R | 0 0 ) 0 | T O I B O R | 1l
REHEN A L Sidakil Sakdak 5% A 1 O O T O O
) - ik " | Y U T 1 1 14 O R R balt [
= o ] 52 N ! O N 1 O O § L I 9 O T ald
. N H N ) [ O I 1 R O R R
} ik 1] fuid e ! 7 R T 0 6 6 0 9 i ] i ! 0 3 Ll 1 3
L | I W A O S R R . ki 1 | S 1 5 8 2 i 0 O

20 40 60 80 100 120 140
c% DEGREES

Figure III-6, Mutual Admittance of Circumferential Slots
on a Conducting Cylinder, a=1.991", Z =27
e

58 i




MUTUAL ADMITTANCE OF CIRCUMFERENTIAL SLOTS
ON A CONDUCTING CYLlNDER

| e BRSSPSR, TS ST IS S s e e R S

ISR RS S RS W S A S R MR SR RS

g B ) o ] I
| I e St R B v b
1

T TS B SRSSION (97 SN} S M

T ———— ELIMINATE v, (x) AND LEAVE OUT !
< Qe uo(x) FOR X<08 o e

-~ — —— STEWART - GOLDEN

OO e e g I
20 40 60 80 100 120 140

%DEGREES

Figure III-7. Mutual Admittance of Circumferential Slots.
on a Conducting Cvlinder, a = 1,991", Z-_ l" .
50




TABLE IV Phase Comparison, Arg. le
Z_=2", R=1.991", {=9GHz
No V1 Full Formula GTD S-G

DEGREES DEGREES DEGREES DEGREES
© 4 : 2 .
0 -113.06 -118.21 - -117.01
10 -120.75 -126.10 (-10. 33) -124.73
20 -143. 46 -149.45 (-14. 44) -147,59
30 -178.14 172, 64 -133,74 175, 34
40 140. 10 121.90 156. 78 125, 66 {3
50 81. 44 60. 48 87. 81 65.19 |
60 9.25 -9.56 13,48 -4,26 1
70 -68.76 -86. 36 -66. 25 -80.58 }
80 -151. 37 -168. 32 -150. 49 -161, 05 ;
90 122, 46 105.78 115,55 115,55 ;
100 33.33 16.87 31.12 26.12
110 -57. 59 -73.26 -61.35 -69.08
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TABLE V

No V1

DEGREES

-22.89
-28.67
-45,76
-71.91
-103.96
-147.55
153.96
88.94
19.01
-55.24
-133,40
145.59

Phase Comparison, Arg. Y

12

z =3", R=1.991", {=9GHz

Full Formula

DEGREES

-32.
-38.
-55,
-84,
-123,
-171,
132
69.

33
19
67
27
14
15
82
90

.15
-72.
-150.
129.

46
12
69

GTD S-G
DEGREES DEGREES
- -30. 90
(75. 84) -36.72
(72, 46) -54.11
-22.20 -82. 33
-83.23 -120.52
-140. 36 -167.78
+158. 90 137.00
93.13 74, 88
22.42 6.78
-52.59 -66. 24
-131,53 -143,17
146, 75 137. 29
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TABLE V1 Phase Comparison, Arg. le
Z°=4", R=1.991", f=9GHz
No V1 Full Formula GTD S-G
DEGREES DEGREES DEGREES DEGREES

o - - - -
0 65. 14 52.98 - 54.11
10 60. 54 48, 33 (161.79) 49. 54
20 46.83 34. 45 (158.99) 35.73
30 24,31 11,57 81.11 13.08
40 -6.57 -19.81 25.54 -17.72
50 -45,21 -58.98 -24.85 -56, 21
60 -90. 97 -105. 25 -76.76 -101, 83
70 -143.16 -157.94 -132.75 -154,02
80 159.01 143,71 166. 84 147,94
90 95.98 80. 36 101. 94 84,99
100 28.81 12.66 33.31 18,78

110 -42.76 -58.53 -39, 34 -50, 84
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TABLE VIl

No‘V1

DEGREES

51,61
56. 82
71.02
18.17
53.09
15,30
-21.60
-58. 87
-98.08
-139.91
175.38
127.73

Phase Comparison, Arg. YIZ
Z:B“, R=1.991", f=9GHz

Full Formula GTD S-G
DEGREES DEGREES DEGREES
33.42 - 36,67
30. 84 - 30.09
23.10 - 22,65
10. 29 98. 60 10.18
-7.66 56.43 -7.33
-30.32 17.55 -29.57
-57.52 -19.13 -56.33
-89.05 -56. 35 -87.29
-124.69 -95.58 -122.47
-164.18 -137.45 -161.78
152.71 177,77 155,71
100,19 130. 05 0,11
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TABLE VIII

e
0

10.
20.
30.
40.
50.
60.
70.
81.
91,

13
27
40
53
67
80
93
07
20

101. 33

111, 47

No Vl

DEGREES

178. 24
-45, 28
97.81
-116. 29
31.46
180.73
-28. 80
-122.44
-85.98
65. 68

Phase Comparison, Arg. Y

Z°=0, R=3. 777", £=9, 7SG§-IZz
Full Formula GTD S-G
DEGREES DEGREES DEGREES
177.92 176.11 166.5
-45, 63 53.53 ~54, 65
97. 55 82.59 89. 20
-116.52 -140. 40 -124. 89
31. 26 -3.36 27.71
180. 55 133, 64 167. 26
-28.96 -89.23 -29.50
122. 29 48.11 105.03
-86.11 -173.96 ~-77.49
65. 46 -35.23 9.97
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TABLE IX

No Vl

DEGREES

2°
0 -81.78
10.13 -111,94
20. 27 118.33
30.40 -83.20
40.53 69. 35
50.67 -139,68
60. 80 11,22
70.93 162. 64
81.07 -45, 27
91. 20 107,33
101.33 -99.88
111,47 52. 80

Phase Comparison, Arg. Y

12

Zo=. 455", R=3, 777", £f=9.75GHz

Full Formula
DEGREES

-64.43
-98.63
109. 17
-87.79
65.99
-142.50
8.70
160. 34
-47. 37
105. 42
-101.58
51,28

GTD S-G
DEGREES DEGKEES
- -66. 36
- -98. 84
112,06 105. 25
-100. 20 -92.43
44.90 bl. 76
-171.76 -146. 67
-29.22 3.66
113, 27 158. 34
-103.72 -57.03
40. 24 109. 48
-174.55 -116. 88
-27.91 65. 49
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1
TABLE X
Phase Comparison, Arg le
Z = 2", R=3,777", £=9.75 GHz
Ho.i %, Full Formula GTD S-G
3 DEGREES DEGREES DEGREES  DEGREES
e -157.72 -159.06 2 -158. 07
| 10.13 178. 45 171. 24 - 173.22
| 20. 27 109. 69 86. 80 117.89 91. 24
i 30. 40 -25.78 -40.14 -21.49 -32.46
40.53 176.63  164.75 177. 88 176. 39
50. 67 3.11 -7.87 1.87 1.58
60. 80 179. 35 168.71 175. 27 -171. 96
70.93 -10. 92 -21.46 -17.40 0.29
81.07 154, 59 144. 02 145, 82 171. 41
91.20 -42.70 -53.37 -53.70 -27.29
101. 33 118.09 107. 29 104. 92 145. 33
111,47 -82.52 -93.46 -97.81 -69. 45
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TABLE XI

Phase Comparison, Arg. Y12

Z°=4", R=3, 777", £=9.75 GHz

No. v, Full Formula GTD S-G

DEGREES DEGREES DEGREES  DEGREES
e -25.69 -32.26 - =31, 74
10.13 -35.18 -49, 52 . -48.15
20. 27 -67.04 ~ -100.03 -58.55 -97.04
30. 40 -160. 52 -179. 47 -156, 31 -175. 26
40.53 88. 30 73. 46 91.82 81.67
50. 67 -40. 36 -53.06 -37,61 -41,78
60. 80 175. 89 164, 21 177. 86 179.08
70.93 20.10 8.94 21,29 27.21
81.07 -145. 11 -155, 98 144, 67 -134, 39
91.20 42. 35 31,61 42.05 57. 36
101. 33 -135, 96 -146, 62 136,97 -118. 90
111. 47 41,15 30. 51 39.45 64. 32 !
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TABLE XII Phase Comparison, Arg. le
Z°=8", R=3.777", f=9.75GHz
No V1 Full Formula GTD S-G

& DEGREES DEGREES DEGREES DEGREES
®
0 -131.01 -142, 09 - -140.77
10.13 -133.94 -151. 40 - -150. 35
20. 27 -134,94 -179.04 -119, 36 -177.69
30. 40 167. 65 135,71 169.93 138. 36
40.53 95. 66 73.59 98. 00 78.16
50. 67 13.91 -3.74 16. 15 2.89
60. 80 -79.61 -94, 97 -77.51 -85, 86
70.93 175. 36 161, 32 177.30 173,67
81.07 59.72 46,51 61, 48 61,87
91. 20 -65.48 -78.13 -63.91 -60.59
101, 33 160. 79 148, 54 162, 17 170. 44
111,47 19, 47 7.53 20. 66 32.90
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Figure III-18. Axial Slots on a Cylinder ‘
To arrive at a comparison, it was necessary to convert the le values

obtained via (1) and (3) to S12 via

=2.Y 'Y

8. K12 (6)
R Ty e Y ey, - Y

where, again Yg is the characteristic admittance of the dominant feed -
waveguide mode and Y11 the slot self-admittance. To save computer time
the number of subdivisions for the axial slot was chosen 10 x 2 = 20, and
the tests with 14 x 4 = 56 subdivisions changed the result by 0.1 DB even
for the nearby slots.

Figure III-19 and III-20 show the comparison between the harmonic
series and the surface ray results of E-plane coupling (Zo = 0) and &= 1,54
at 9GHz, for ka=~ 9.5. A very good agreement is found everywhere within
the angular separation of 20° to 150° for the case of &= 0, and 0° to
150° for z = 1.5". The GTD formula is completely inadequate in the

H-plane (axial direction).

*11
.
g

From [9], = 0,748 + j 0.434,
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IV. GTD Generalization to Conical Surfaces

a. GTD Generalization of the Curvature Factors to Surfaces
with Variable Curvature

The generalization will be discussed for vo(x), the other curvature

terms are treated in a similar fashion.

For a circular cylinder one has from (II-36)

P
vo(x) =e NGINET £ - — , in deep shadow,
p=1 tp
=1 ___,Z__,'n x3/2 + %%x:3 + 7‘—mx9/2+. .., in the near zone,
Vi 512
where
1/3
kp..
_ kD = ) a a
R fg'(_f&) ’ pg'_Z_
zfg cos“@

and Dg is the principal radius of curvature of the ray trajectory. Ona

circular cylinder pg is constant along a ray. On a cone however, or other

surfaces of variable curvature pg = pg(s), varies along the ray, where s

" is distance parameter along a ray.

The generalization of vo(x) to a conical surface proceeds as follows.

Firstly x in the exponent is replaced by x such that for an infinitesimal

distsnce along a ray

d X(s) = £ ds
ng(s)
and consequently
Q
x= [ Xgs
2£7(s)
-~ AR
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In (4) Q' denotes the source point, Q the observation point and the ray
trajectory passes along a geodesic path from Q' to Q.

Secondly, in (la),./x which represents the product of the launching
and attachment coefficients [1],is symmetrized in order to preserve recipro-
city with respect to an interchange of the source point (Q’) and observation

point (Q). Thus,

7 .l;DZ -“’IZf 1;]? £ : 7
fg g( ) g (Q)
where
p_(Q )-,
fg(Q —-5r— (6)
and
k8@ o _
£(Q) = ] : ' (1)
Therefore,
o o 'J.’?Ep
vy(x) ~e Zﬁ / 22, > -e—_— . (8)

B ? .
ng(Q )fg(Q) g t

But from (la)

32 ® -jx'?p
g s s
e Y /FVX 2 s = vy ) : (9
t
=l p
Consequently,
Vo) = | ——2 vo@®) = 7, (10)

- ’
\/ 2x fg(Q )fg(Q)

Similarly,




312
v, () -[ v, @) = 7@ (11)

fo (Q )f Q-

and

3/2
ugle) = [ — T e @ = 6@ (12)
2x1, - )£ (@°

b. Example:

Generalization of the Full Formula to a Conical Surface

The formula (II-101) generalizes for a conical surface to:

c Yr ' 2i ~JkD
Hcp Mcp > b51ne Sine'EJ]')SIne sin @ +-§T3cose cose,_m_

' 1 ‘JkD
o 2n

(13)

Mg O(X) - sinf8’sin® ¢ (x) |
cos 8’'cos ® & k(D)

OBSERVATION
POINT

+M

MAGNETIC
CURRENT
ELEMENT

Figure IV-1, Surface Rayona Cone
In (13) on a conical surface the pattern factors :=zinze and cosze have
been replaced by sin8’ sin® and cos 8’ cos® (see Figure IV-1), in order

to preserve reciprocity.

Samples of numerical results for circumferential slots on a conical surface
may be found in [2].
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V Conclusions

e LR | S it it

This report is a study of the validity of Surface Ray Methods for
application to mutual coupling in conformal arrays. The study consists of

an analytical part and a numerical part.

The classical GTD [1] includes leading terms in either polarization

of the high frequency asymptotic expansion. These correspond to rays which

propagate along geodesic trajectories of the unperforated conducting array
surface with a near free space velocity, and attenuate exponentially during

their travel. Furthermore, because of the ray spreading there is an alge-

braic ray divergence coefficient : <
JkD

In this report it is shown that, in addition to the surface ray terms,
diffraction of surface rays must also be included in certain angular regions.

These diffraction effects amount to the inclusion of terms O (———lm)in the
(kD)

deep shadow or O/—I—Z) in the near zone. The significance of the O Q—%Tz—)
kD) kD)

terms shows up clearly in the circumferential (H-plane) coupling which would

1
terms. The S terms in
VKD (kD)

the near zone are also necessary for the near neighbor coupling.

be grnssly underestimated on the basis of

A basic difficulty is observed in the paraxial (E-plane) region for
< circumferential slots. It has to do with the break-down of the Airy function
approximation of HLZ)(z) for small values of the argument 2. A correct
treatment of the dyadic Green's function in this region requires a different
approach than used in this report. For example a harmonic series could be
used. Here, the Fourier integral with respect to the axial wavenumber
would be evaluated asymptotically to second order of the inverse distance

from the source. This representation which is not a surface ray representation

 N—
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should yield a smooth, valid transition to the surface ray representation.

A further question that arises is the generalization of this transition

function to the conical geometry. )
Instead of proceeding along these lines this report establishes

first the correct asymptotic expansion of the surface H,, for circumferential

magnetic current element on a circular cylinder. 'fhis expression is valid

in the circumferential plane and its angular neighborhood. An approximate

transition function is then constructed that blends with the above representa-

tion in the circumferential plane, is finite along the axis (E-plane) and

reduces to the planar Green's function to O(—-I—T/‘in the proximity of the
(kD)

source. A variant of this formula is also provided.
The correlation of the numerical results in Section III with those
obtained on the basis of harmonic series for cylinders with ka ~ 9.5 and
19. 6 justifies the use of these approximate formulae., These above approxi-
mate formulae are easily generalized to conical surfaces. t

As mentioned the numerical data for Y between circumferential

12
slots indicate a good agreement with the harmonic series results for cylin.
ders with ka ~ 9.5 and an improved correlation for ka ~ 19, 6.

The agreement for le between axial slots on a cylinder with

ka =~ 9.5 and based on formula (II-90) is very good, although no phase com-

parison is available,
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Appendix A. Review of the Theory of Alternative Representations

The procedure for obtaining electromagnetic field solutions in
cylindrical regions of uniform cross-section, utilize various represen-
tations of fields and their sources in terms of a complete set of vector
eigen functions, with the resultant scalarization of the relevant vector
problem.

The scalar potentials are defined via [Ref. 6, Eqs. 24a and 25a,
pp. 196-197]

%

‘ wg')(”)(_p_) wgr)(n) (")

M1 <) DI g (22 .
i

t.
i

k

In (1) the prime and double prime denote TM- and TE- polarizations,

respectively, p and _g' are the transverse position vectors of the observa-

tion and of the source point, and gz(z, z') is given in (A18). The sub-

script i stands for a double index, one corresponding to the radial, the
other to the angular domain. The mode potentials tf,ri'( f) and w:( P) indi-

vidually satisfy in the cross-section the Helmholtz equation

4o k0,0 < 0

with periodicity of 2m in © of the function and its ¢ derivative, and with

d .
¥/ (a,2) =0, == #/(p,0) | =0
i dp i A

In (1) and (2), kt denote the radial eigenvalues (wavenumbers).

i
The normalization is such that
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(1)

(2)

(3)

T COMR TR PP

e




it le{ M) g2 as =1, (4)
cross-section
v v/(0) v, 41(9)
where e/(®=-—L">—  and el(p) = - St x3 (5)
kti kti

To facilitate conversion of the various alternative representations,
it is useful to define three one-dimensional characteristic Green's functions
as follows:

a. Angular Green's Function

This Green's function satisfies

7 32
o i

3l

o) Bp(@ @A) = - 8(0-0), (6)

subject to the periodicity conditions

g,(@ + Mo'h ) = gy (0 - mo')) (M
and

d by sl ’,

58,0+ MO A ) = o g, - T ehA) . (8)

This Green's function is found in Ref. [6, Eq. 5lc, p. 310] and is given

below
[
R cos A (m- lo-0’]) ® G
g @,9 3 —— . ’ -n< A 9
® Vv s — ’
2,\[1_\) stan o0

The corresponding completeness relation Ref. [6, p. 277] reads

1 ., e Tk 5L ’
C o b A g 0,0"h ) = 5 ) € cos v9-01) = - B(0-01 (10)
Cw v=

aid - "
where €, = > for v=0 and o 1, V£ 0

The simple pole singularities of gc0 and the contour C:p enclosing them
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are shown in Figure A-1,

C; @=0

| qf 4 a=-21r/

?‘o = ——%Re \__%e)\p
P X

X kz cﬂ- B=
P =T
_’,//'Y

Figure A-1, Complex lv-pla.ne Figure A-2, Complex Xu-pla.ne

Q= arg 0’u)' B=arg (k2 - lu)

b. The Radial Green's Function
This Green's function is defined by
x i ‘

F1d . d 2 v T o B )
Lp?ﬁpd_p“*' (k -lu) -?Jgp(o, P ’)\u’lv) Hokar A (11)

subject to the boundary conditions:

g; ' = 0, for the TM case (12a)
p=a
d g’ | =0, for the TE 2
5 8o = 0, for the TE case (12b)
P=a

and the radiation condition at p = for either polarization. While g is a
function of one parameter )‘v’ g, depends on two parameters )‘v and lu.
This feature follows from the separation of variables for Helmholtz equation

in cylindrical coordinates. One finds [Ref. 6, p. 277]

% A i st o i S A A 8 o 0




.
ot (T
- B T pomt v T P
gp(ppp:)‘u:)‘v)"‘% <l xu °<)- H (,\!k -)nu °</ X
“ﬁ‘: QH‘?_(."k -Xua JX—;
v
@ (o) (13)
~/)~V :

where Q = 1 for a TM« case, Q= % for a TE- case, and P, denote the
<

greater and the lesser of p and o’ , respectively,
There is no branch point at X = 0, since, in view of the relation

(l 2)(z)- e—jarm H‘1 2)(2) i (14)

gp is an even function of .})\\) .

It is convenient to introduce the transformations "/xv = v and

,Jl'k - Xu = k,, whereupon g, becomes
(1)
QH (k, a) 2) (2)
o'iagh ) = - e g 0 - — ul ko)]H (k, (15)
go(P, L [ ( —72-)-&——33 g0k <J S) .

The singularities of g, in the Xv-plane are simple poles at the zeros

of QH(Z) (kt a). They are indicated in Figure A-1, which also shows the
v

contour of integration C: enclosing these singularities in the completeness

relation [Ref. 6, Eq. 3-4-98, p. 326]

Q! (k,2)
-z & ax g e, i )—-Jiivbﬁ(z)(k o H 1,0 =
C

X H(Z’(k 2)
P
=-0'8(p-0") (16)
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In the lu-plane g, exhibits a branch point at Xu = kz. The choice

of the proper branch of M/k - A is such as to satisfy radiation condition

M
for ¢ =, A convenient branch cut and the path of integration CL; for the

completeness relation [Ref. 6, Eq. 99, p. 327]

1 ra .2y 2 8(e-0")
A RO = (17)

M
g P
is shown in Figure A-2,

c. The Axial Green's Function

This Green' s function satisfies

(it 5 S e -
;—Z-+ugz(z,z,u--(z-z) (18)

subject to radiation condition for |=} ==, Therefore

-if%; lz-2]
Ty

One observes that g has a branch point singularity at )\IJ. = 0. The

gz(z, z';lu) =£ : Im lu <o. (19)

proper sheet of /E is defined as 0 > arg (lu) > .21, For convenience, if
the positive real l“-axis is chosen as the branch cut (see Figure A-2), one

obtains the completeness relation for the z-domain

1
3 fﬂ—j $ d )‘u gz(zs z,;)‘u) S 5(2-2 ’) (20)
C
z
To facilitate the conversion between alternative representations one
transforms the modal potentials S’ and S” of (Al) into the integral representa-
tion of (21a) involving the above three one dimensional Green's functions,

This representation,in turn enables one to deduce the various alternative
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representations merely by deforming the paths of integration Cm or Cz
into C; or C:, respectively. Examples of alternative representations

for S are:

1 r 1 2o ’, ’,
'(-271)? d)‘u;fx ED(D, p .Xu.lv)gm(% o0 .lv)gz(Z. z ,l“) (21a)
Cz M
St x) = { -5 ) e cosvo®) [ ah, 5l —g (6,00 s 0g (2,20 (a1b)
- = 2n?; v ) 3% L P 31 z M
v=0 5 8]
1y c08 vy(m- -0’ ]) L u®@( 2% e 2y o
ZZ sinv, T r d)\u kz N H\)L(‘\/k ’)‘u D)Hv&(’*/k -Xup ;%
1=1 Cz TR
(1) 2
QH\)L (Jk -Xu a) ;
7 — 8,(z,27) (21c)
QHvL)(A/kz-lu a)

where Q=1 for S=S’ and Q= % for S=8" .
Representation of the potentials S’ and S” in (Al) follows from the

relation [Ref. 6, p. 198 Egs. (32b), (33b)]

E VE s! ')(”)(E-.l_") & G(,)(”)(E.:L,) ; (22)

where

Mg, =Y 4§ Mg N (50 g 2,00 (23)

i

In a similar fashion (21a) follows from [Ref. 6, p. 285 Eq. 37] and (A-22).

To obtain (21b), the integral in (21a), with contour Cm, is evaluated as
a sum of residues at the simple poles of 8oy To derive (21c), the contour
Cm is deformed into C and the resulting integral is expressed as a residue

P
series at the simple poles vy of gy
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Appendix B: Curvature Terms and their Derivatives

Basically, there are two curvature terms, hard and soft.

50
They are derived from the integrals j

= dv and
- H? (z)
F jvd HSJZ) (Z)d
V.
fe ]
ae

The hard curvature term and its derivatives

For large and almost equal argument and order the asymptotic

expansion of the Hankel function Hf}z)(Z) and its derivative with respect to

argument is found in the form of a combination of the Airy functions[4]. The
leading term of this expansion is

(2) j -1
H "(2Z) ~ -:-f w,(t)

3 for v~ Z and |Z|>>| ,
uH(z) . . L2 wy

(1)
1/3
where = _\_)%Z_’ f = (22—) (2)
Here
w,(t) = T [Bi(t) - Ai(t)] , (3)
where Ai(t) and Bi(t) are the two independent real solutions of the Airy
differential equation. Therefore wz(t) satisfies
2
d g
(Ft - t) wy(t) = 0. (4)

The lowest order (in Z) asymptctic term of the ratio of Hankel
functions is, from(Bl)
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(2)
H"(2) s w,(t) i
’ ’
B gl

If Z>>1, this ratio exhibits a peak value near the poles of the
integrand. Therefore the major contribution of the Fourier transform of
this ratio is derived from the region of the v-plane where v~ Z, For

Z >> 1, one may use the asymptotic form of this ratio. Thus,

® (2)
.2 H = (Z) . P w_(t)
% i SRR i R AT 6)
-® Hg}z) (2) ¥ w,(t)
where 8 >0, is a parameter, and the integration contour T depends on Z.
w,, (t)
one notes that for |t|==, is algebraic [Ref. 6, pp. 394-395]. When
W, (t)
arg 2=0, argt=0 and T runs from -® to +® along the real axis in

the t-plane, the valley regions being the eatire lower half t-plane. But
m

when arg Z = --;—r-, argt = -%E as v~ - % and argtzg- as v+,

with the valley regions below the

ol

I’ ’ ’ [ "’ﬁ;‘.‘} v. =o)
FOOCADOORRNG
w’% ’z”;’b"‘»’c’&’o’m

Ret

Figure B-1, ‘Complex t-plane and the Integration
Contours for arg Z = 0 and - -g- .
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contour T. Figure B-1 shows the contours T for both arg Z=0 and -% .

To find a contour valid for either case, one deforms that part of
the straight line with Imt >0 (for arg Z= -%) to the real t axis and, in

this fashion, recovers the usual,broken contour T of Figure II-3 running
o ST

=)
from = e to +e,
The hard curvature term Vo(x) is defined by

Vo) = {'e'j’“f'-z;(i dt (7)
- w,(t)
where x=f8,
There are two expressions for VO(x); one is for large, the other
for small values of x. For large values of x, one may close the contour 7
in the respective valley regions (i.e. those of arg Z=0 and - %) at infinity in

the lower half plane. This procedure results in a residue series evaluated at

the simple poles of wZ'(t) =0

> xTw,(T)
Vox) = - 2] Ze P—f——R- ) (8)
p=1 o

AL 7

- - =J - e
where tp = \tp‘ e 3,with Ai (-|tp|) = 0. Numerical values of ‘tpl may
be found in [7].

From (B4), one finds

® -ij:p
i 2 e
Vo(x) = - 21j 2 _—T (9)
p=l 'p

For large values of x, this residue series converges rapidly. In

contrast, for small values of x the residue series becomes poorly convergent,
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An alternative, more efficient representation in this range is a '"power

series'" in x which can be established by an asymptotic expansion for

w,(t)
large values of t of

; and a term by term integration. To this end,
wz(t)

one may rotate the contour T clockwise by 90°. For arg Z=0, T maps

into a Bromwich contour T’ by letting

t=3s,
whereupon
jﬂ
e (38
J
abajh et 4
0 FreLTg Zps
-)—2- WS(JQ)
®e
For arg Z = -% one rotates the contour clockwise by 120° by the
transformation
LT
%

which again yields the same Bromwich contour T, Lus,

LT f . j'6
iz A w,(je °s
Volx) = je 6 el"|s—3-‘-———2ds.

o

P
' 2.6

T v (J : s)
Following [8], one has

wz(jS)

32s

¢ It
A s |
—e 4[:1_5-;[:5:,_1177775%;54,0(5-13/2)]

w,(js)

Similarly, one finds
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(12)

(13) !
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m -) -j..
) \ 12 3 - 12
wiie®s) -if|iy -l
= ~e gi= 4s 32
’. Jg A
wolje s)
er.'
2l e 3 ( -13/2°
: ) )
JT 64 s (15)

Each term of expansion (Bl4) is an inverse Laplace transform and

is evaluated explicitly below.

5 Elﬁ J. e lx s F(s) ds = R (s) (16)
,rl

where . denotes the inverse Laplace transform. Therefore for
arg Z=0, one finds

w,(js)

V) = 2m 27t 2

w,(js)

jrr

3 - : .

cotmp B (1 oA A2 L BBy LIV R (17)
J7 xE 512./3
and for arg Z = --;- , one obtains
FLLEE
i% -1 “’z(jej-g’/‘
Vo(x) =2ne L =
%
wz'(Je s)
" af - j7—ﬂ-
-itz| i1z 1 e 3 Ix | 7je " leF/z
~27e e > = x|+ i
\: “‘ lSﬁ
Y
, 2le 13 |x|4’ .
Jy 64 (18)
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T
17

. SN 32 11 77 9/2 \
2« 2T 2 | R LA +%—x + ——x (18)
e £ 0% Tetae o /

Note that (B17) and (B18) have the same form, but the former is valid for

real x while the latter for x complex. In either case, if one defines vo(x)

as the '"'power series' shown in the bracket of (B17) or (B18)

one has
/
1'1/‘&_‘ e %:_O'x + (L4 <1 +..., for small x (19)
JJ 812
v.(x) =
f < ,& ® .jxt
: z e_. ’ for large x (20)
3-4- =1 t
\ e P P
and .
iz
V. (x) = - 2T —— v, (x) (21)
0 Jﬁx; 0

The two series in (B20) and (B21) connect smoothly both in the
amplitude and phase. If one considers ten residue terms and four power
series terms, then at x = 0.6, the difference between the two series is
about 0.0025 percent in amplitude and 0,012 degree in phase. Figure II-4
shows the cross-over for vo(x).

The derivatives of the curvature terms can be obtained by a direct
diffe rentiation of Vo(x). Thus, for the first derivative of the hard curvature
term, one has

w,(t)

Vo) = -j [e e 2_at=-jv (x) (22)
T “’z(t)
where
100




Defining vl(x) as
(

. . f-
1 +—--E—vﬂ x3/2 - Jl-’zxg' i i xc)/2 +... , for small x (23)
Jj 64
vl(x) =< i 4
32 ~ -jxt
2./7 x \
/e P for large x (24)
LT e

-j%
one has V,(x) = - 2mj 9—"'372 v, (%) . (25)
2.7 x

For ten residue terms and four power series terms, the difference
between (B25) and (B26) at x = 0.6 is about 0.42 percent in the amplitude
and 0. 126 degree in the phase., Figure II-5 shows the cross-over for vl(x).

The second derivative of the hard curvature term is

wz(t)

Vil e (el it o e Vo), (26) J
0 : w.!(t) 2 :
T 2
With ‘
r1+%x3+-;_i;'—x9/2 iy for small x (27) i
T 32
vz(x) =<
e
%—.ﬁ e zxsfz ] —tp e i for large x (28)
\ p=1
one has
-'% |
V,y(x) = - %5;2_ v, (x) (29) i
x R




The cross-over point is in the proximity of x = 0.6 where the
difference between (B29) and (B30) is about 1.7 percent in the amplitude
and 0, 101 degree in phase,

b. The Soft Curvature Term

® )’ '
s BT (Z) ! w,(t)
-jvé v -JjZe ¢ _-jxt "2
[e o or 2% e o o (30)
-® v 11

where x = f§, and T is the same contour as shown in Figure B-1,
The soft curvature term Uo(x) is defined by

w, (t)

-ixt
Uo(")‘Ie & w,(t)

T

dt (31)

In an analogous fashion, the residue series representation of
Uo(x) is

-xt
Uyl) = - 2j ) e : (32)

p=1

-j=
where tp = ‘tp‘ e 3 , Ai(- ‘tph = 0. This series (B34) converges rapidly
for large x.
Similarly for small x, with t = js, one has (since arg Z = - % will

not generate a new function, we consider only the case arg Z=0 here)

sz(Js) Jz [1 : Jj'el:, +O(,-13/z):| (33)

Hence,
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% e
UO(X) & - ZTTJ muo(X) ¢

The two series in (B38) and (B39) connect smoothly at x = 0.6, if

one takes ten

T T Gl Lo B o fansiaig T
‘.
ok w,(js)
UO(X) = Zﬂ Wz—(ja
ZMJ'E[_d_( 1 +_i/j-‘_x__5_'%x5,28 Co 16 x4+ )} e
&\ fixE 3275/  Jiea 24
Consequently,
-jg
: AT 32,5 3, 5/ 92 .
U.(x) ~ - 2Tj 2 1--%——:: + X" 4 ——x" +... /. (35)
Defining uo(x) via
( ;
1 -_L/%_T:_x3/z+31-5§x3 +2'5-/i ::9/2 2 for small x (36)
Jj 64
uo(x)=< r
3/2 -jxt
2,/ : Z . b for large x (37)
Lo
one has
s
-J—4-
(38)

residue terms and four power series terms. The difference is

0.2 percent in the amplitude and 0. 10 degree in the phase.

There is no need for the derivative of the soft curvature term, since

it yields term

s of higher order in T:lz than considered here.
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Appendix C. Asymptotic Series for Laplace Type Integrals
Derivation of the complete asymptotic series for the case of an

isolated saddle point for the following canonical integral is reviewed below.

Q) = J‘ @) pa) 4o (1)
SDP

where Q1 >> 1, SDP denotes the steepest descent path while F and q are
analytic functions of &.
If q(a) has a first order saddle point, i.e. q'(as) = 0 but

q”(as) # 0. then one transforms q(&) into a simpler function T(s) via

2

q(®) = T(s) = -j-s (2)

With this transformation the saddle point & maps into the origin of the

s-plane. Therefore
Q@) =-j. (3)

Consequently, the integral becomes

Oq(a_) 2
IQ) = e # Jl' G(s) e'Os ds , - (4)
where
G(s) = F(@) &2 ' (5)

The proper branch of s = /<] -q(@) is determined by the orientation
of the SDP, i.e. by the phase angle of % at the saddle point. One then
expands G(s) into a power series about s = 0, and evaluates the integral in
‘4) by carrying out the integration term by term. The radius of convergence
of this power series will be determined by the numerical distance, or the
distance from s = 0 to the nearest singularity of G(s). The numerical distance

will determine the error of the asymptotic expansion. Thus,
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Qq(a.) o - 2 S
4D~ * [ [G(0)+5G’(0) + 57 G"(0) +... o5 as

-

Sy

® 2n+l
e%(as)z G(zn)(O) r(—z—)
(Z2n)! a 2n+l

n=0 2

(6)
where ~(Z) denotes the Gamma function and G(Zn)(s) the 2nth derivative of

G(s). Note, odd terms do not appear since

@
~

J $h e-('Iszds = 0 for n odd. (7)
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Appendix D. Vector Form of Planar Green's Function
The fields radiated by a z directed magnetic point current source
M= z Mz on an infinite ground plane which coincides with the yz plane of

a Cartesian coordinate system, are

T,
Hir,r') = jM, EX[8(sin0 - jsine & sine L)
(kr)
/ : -jkr
il 1 e T
" 2 6 —+2 ] .
r (J cos 0 = cos 3 ;Z)_ = (1)
2 \ o-jkr
Err) = - M, 5= bein (155 ) S — (2)

where r,® and o are the standard spherical coordinates.

Formulae (1) and (2) may be cast into a ray vector form. The
ray trajectories are straight lines emanating radially from the source to
the observation point. Let the unit vectors t, ' and 6, 6’ denote the
tangent (radial) and the binormal directions of the ray at the observation
point and at the source pnint, respectively. Furthermore let s be the
unit vector in the direction of the source and n the unit normal to the

ground plane, so that

b=txn (3)
and
Fat. (4)
Referring to Figure D-1, one has
8sin8=-5-6"6 (5)
®sin8=s5.6"n (6)
cosf=5.% (7N

Therefore,




(;
A
: b(=8)
M1y
Ol A B
bl

Figure D-1. Surface Ray on a Ground Plane

2
B s -5 M (676 (15 - —25)

(kD)
R =
PELEY L7 NPT RN (8)
( kD (kmz).l kD
and
, 2 e _-jkD
Ews)=-ifme8'8(1- iy ) S ©

Here M denotes an arbitrarily oriented magnetic point source and r has

been replaced by D the distance between the source and the observation

point.

Formulae (8) and (9) are in a vector form and are thus invariant to

the choice of coordinate system.
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Appendix E, Y2 and SlZ for Circumferential Slots

This program calculates the mutual admittance Yo (and Slz)
between ''single mode'" circumferential rectangular slots on a Conducting
Circular Cylinder. The slot illumination is TElO’

The geometry is simply illustrated on a developed cylinder.
Z

nd
\ HE 2= SLOTS

ZSEP= (z-z’){—
=

|
=B - af

R
ag=Q2(IP1)
REFERENCE SLOT

Figure E-1. Devéloped Cylinder-Circumferential Slots.
In Figure E-1 the center of the reference slot is fixed at r = a,
o' = 0, z' = 0 of a standard cylindrical coordinate system. Thus,the

reference slot is located at

Q1 (1) = Radius of the cylinder,

Q1 (2) =o' =0°
Ql (3)=z'=0.
The locations of the centers of the other slots are generated by DO
LOOP 56. Each step of increase in & is 10° for R = 1.991" and 10.133°
for R = 3,777". For different steps value the step size in DO LOOP 56
should be modified. The symbols are
Q2 (I) = radius of the cylinder

et} = ’o . wcenter

Q2 (Ip2) = zcoutex-
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The long side of the slot is divided into N subdivisions and the
short side M subdivisions. Thus, the total number of sub-areas in one
aperture is M x ‘N.

The Green's function of the surface magnetic field (H;) is found

in the subroutine '"Fock'', where
HTD = H_ .
T HQp

If ITT = 1, denotes le (or Slz) calculated by the '"variant" formula.
If ITT # 1, the "Full Formula" is used.
In the program:

Y,, is the self-admittance of the aperture in TE, illumination,

11

Yg - the characteristic admittance of the feeding waveguide,

ZSEP - the axial separation of the reference slot and the second
slot,
WL - the wavelength.
The curvature terms vo(x), vl(x) and uo(x) are termed in the program
VV, VVI1 and UU, respectively. X(= £t§) is called XX in subroutine "Fock!".
Aperture size is ax b,
The program is composed by three parts; (1) the main part,
(2) the subroutine SLOCA (which treats the locations of the subdivisions of

the second slot.) and (3) the subroutine Fock.
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v G LEVEL 21 MAIN DATE = 76190 13714721

— €  FUTUAL ADMITTANCE OF CIRCUMESRLTIAL SLOTS ON A CYLINDER
COMPLEX HT,HR,YY(200)y5V,Y1,CEXP
DIMZNSION Q2(200),Q1(3)

|
e S—— ——

REAL K,LQ
COMMIN /AREAL/ITT NoMsPI AAsBByCCoKyWLIDELySX,SY

C Ql(l)=Ry QL(2)=PHI, Ql(3)=Ll.

c IN THE INPUT WL IS IN CMS, ALL OTHERS ARE IN INCHES.
READ(5,4110Q1(1),Q1(€2),Q1(3) WL +ZSEP 4

READ(5,412)YG,Y1
411 FORMAT(5FL1C.S)
412 FCRMAT(3E15.5)
1T1=1
C IF ITT=1 DENCTES THE FORMULA (OF NO V1 AND DROPPING VO FRGM X<e3o
R1=Q1l(1)*2.54
Pl1=3,14159
TF=2.33811
TFE=1,01879
NDLl=19%6
ND2 =ND1*2
ND3=ND1%3
C YL=SELF ADMITTANCE, YG=CHARACTERISTIC ADMITTANCE
Yl=Y1*YG
YA=SQRT(REAL(YL)*%2+AIMAG(Y1)*x%2) 1
YP=ATAN2(AIMAG(YL) yREAL(YL) )*180,/P!
C WAVEGYIDE SIZE=AA"*BB", WL=WAVELENGTH IN CM.
- AA=,9%2,.54
BB=e 4%*2¢54 A
K=2e %P 1/WL ; !
SSX=AA
N=14
M=2
NNM=NEM
WPITE(6435) NNM
35 FORMAT(1HLy1XyI3,1X, *POINTS IN THE APERTURE, CIRCUM. SLOTS')
C GENERATE THE ARRAY OF THE SECCND SLOTS. !
WRITE(6,2214) :
2214 FORMAT(20X,'Koe CYLo'916Xy'Z IN CMe'y 3Xy'PHI- IN DEG.')
DO 56 1=1yND1,3
IPl=1+1
IP2=1+2
11=1P2/3
Q2(I)=Ql(1)
Q2(IP1l)=10.*(1P2/3-1)%PI/160.
QU2(IP2)=1SEP*2,54 :
IF(I.GTeND1/2) Q2(IP1)==2,*PI1+Q2(]1PL-NDL/2)
QP=Q2(1IP1)*180./PI
56 WRITE(€,82)11,Q2(1)4,Q2(IF1),Q2(1P2),QP
: WRITE(6581) (QL(L)¢L=1,y3)
I WRITE(6983) NsMyAA,BB,WL
81 FORMAT (1X,y 'R1="yF1l2e5910X%Xy*PH 1='9yF12:,5910Xy*TH 1='4Fl2e5) .
82  FORMAT(1X,13,10Xy4F12.5)
85 FORMAT(IX, IN=! 013!10x"M=' 7131/1X0 'A-’-'vFlZoSv CMSY !lOXo
1'B=*3F12659'CMS*' 410Xy 'WAVELENGTH=" yF1265,'CMS"*)

110




V- G LEVEL

976

191

54T

1074

41

50

1'08*)

21 MAIN DATE = 76190 13714721

—WRITE(0s976) YLeYAsYP,YG . RPNV I
FURMAT (L Xy *SELF~ AG“IT-'p2EZC.b,10X.‘M‘GS'.Ela.).IOX.'PH .FlS.S,/

11X, 'CHAC, ADMIT.=',E20.5)

PQl=QL(2)*P]/180.

SX=AA/N

SY=838/M

DEL=SX=SY

WRITZ(6,191)

FORMAT (1Al y1X, 'Y DENOTES MUTUAL ADMITTANCE, S ISOLATION')
NUMERICAL INTEGRATION BEGINS

WRITE(6,5417)

FORMAT(1Xy *PHI 911Xy *REAL',18X,'IMA® 414X, "'MAG'416X,'PHASE*,15X,

DO S50 12=1,ND1,3

1JK=(12-1)/3+] : .
YY(IJUK)=(layls)

IF(TJK GTo 18eANDeIJKeLTL3L)GC TO 50
IF(1JUKeGT 361G TC 50

IP1=12+1

[P2=12+2

XQ2=Q2(IP1l)%R]

Y02=Q2(1P2)

HT=(0e+0.)

HR=(0e +0e)

IF(YQ2.NEs0,0)G0O TC 1074
JFU1P2/3.LTo4)GC TO 50

CONY INUE

DO 41 I=1sN :
SNX=(FLOAT (N+1)/2.-FLGAT(I))=SX ;

E2=COS(PI=SNX/(SX*N))

XQ2C=XQ2+SNX

DC 41 J=1,M

SMY=(FLOAT(M+L1l)/2o- FLCAT(J))*®SY

YQ2C=YQ2-SMY

CALL SLOCA(E2,R1yXQ2CyYQRCyHT,4HR)

YY(IJK )==HT*2./(AA*BB)

IF(IJKaGTe1l2)GO TO 5C

1J=10*%(1JK-1)

TYY=SQRT(REAL(YY(IJK ) )**2+ATIMAG(YY(IJK. ) )%%x2)
TYP=ATANZ2(AIMAG(YY( IJK ))pREAL(YY(IJK 1) )%180./P1
TYL=20.*ALCG10(TYY/ YA)

WRITE(6,958)1J » YY(IJK )oTYY,TYP,TYL
SM==2,2YG*YY(TJK)/((YGH+YL+YY{IUK) ) *(YGC+Y1=-YY(IJUK)))
SA=SURT(REAL(SM)%%2+A]I MAG(SM)*x%x2)
SP=ATANZ2(AIriAG(SM) yREAL(SM) ) *180,/PI
SL=20.*ALOGLO(SA)

WRITE(69959)SMySA,SP,SL

CONT INUE

NN=NDl/6

DC 31 IJ=1,yNN

IF(1JeLT613)GO TO 31

TJK=10*(1J~1)

YY(TJ)=YY(TJ)+YY(IJ#NN )




r

Iv. G LEVEL

21 MATN CATE = 76190 13/714/21

SM==2,.*YG*YY(IJ) /L (YGe+YLeYY(IJ) )= YGeYL=YYLLS2YY

- 31
63

337

827
33

958
959

SA=SQRT(REALISM)*#2+AIMAC(SM)*=2)
SP=ATAN2(ATMAG(SM) ,REAL(SM) ) *1804/°I

SL=20.*ALOGLO(SA)

YAN=SQRT (A IMAGIYY(1J))**2+KEAL(YY(IJ))%=2%2)

YA 1MM=YAM/ Y(G
YAR=ATAN2(AIMAGIYY(IJ)),REALIYY(IJ)))=*180,/P!
YARR=-360.+YAR

TYL=20.%ALOGLlO(YAM/ YA)

TYPD=YAR~ YP

DISK=1.0

TYFDD=TYPD-DISK

TYCOC=YAR-DISK

WRITE(6,958)1JK,YY(1J),YAM,YAR,TYL

WRITE(64959)SM, SA,SP,SL

CONT INUF

FORMAT (LX,'S=",2E14e595X ' AMP="? , £14,5,5X s 'PHA='4E1445595X
1'CE-S="4El%e5)

FORMAT (3Xy'Y0' 3139'=232E20e6 910Xy " YAG=',E1545910Xy'PH=",F15,5,
13X,F7e2)

FORMAT (1 X, .DB-Y=.052006' 10Xy 'FH~-CIF=1',3F1565)

FORMAT (1X,°YO0' y124'='42F52046+/)
FORMAT(LXsI395K9'Y="925150595X1515e595X4F1l56545X9E1565)
FORMAT ( 9X4'5=",2E156575%X9EL1565y5XsF15 515X:515e59 /)
sSTOP

END




Iv. 6 LEVEL 21 SLOCA DATE = 76190 13714721

. SUBRQOUTINE SLCCA(E2sRLyXQCYQLC ,HTaHR) __ - EO el Sler D ]

COMPLEX HHTHTD,HTS,yHT 4 HR :
RFAL KylLW
COMMON /AREZAL/ITT yNgM,P] ,AABByCCoKyWL,DELSX,SY
DEL=SX*SY
DO 11 I=1,N
SNX=(FLOAT(N#1)/2.-FLOAT(]))*SX
EC=COS (PI*SNX/ (SX*N))
XD=XJ2C-SNX
DO 11 J=1.,M
SMY=(FLOAT(M+L)/2.- FLOAT(J) }*3Y

C SMY=(J=-2)*SY
YD=YQ2C+3MY
IF(XCeEQe0.0)GD TO 21
TCL=ATAN2{ YD,XD)
GO T 23

S 21 TCL=Pl /2

Cc IF(YDeLTo0,)TCL==-PI/ 2.

23 LQ=R1/ (CIS(TCL)I%*2) : i
FF=EXP (ALOG(K*KL*ABS(COS(TCL))I/26)/30), E
ANG=XD/R1 s i
XX=FF*A3S [ ANG)

SOK=SQKT (XDe%x2+YpDx%2 )

CALL FOCK(ITT yKyiR1gCCyXXyPLlsFFoLQySOKyTCLyHTD,HTS)
HHT=HTD+4TS

HT=HHT*EC*E2%DEL*%2+HT

HR'-'(OQ"JQ)

11 CCNTINUE
RETURN
END




IV G LEVEL 21 FOCK NDATE = 76190 13/14/21

SUBROUTINE FOCK(ITT KsR1CCoXXsPIsFF,LQsDIS,T 4HIND,HTS)
COMPLEX H4,H5 ;
COMPLEX VV +LUyVVD,VP yCEXPyHTD,HTS, H3 ,H1,VV1,VV2
COMPLEX'KKDTP,B3B,AAL,AA2,TTO,YYZZ KKDT ,KKD,TTOP,CONJG
REAL KyLQ
3 CIMENSION TFB(10),TF(10)
i (o TFB ARE THE ROOQTS OF THE AIRY FCT DERIVATIVE, TF THE ROOTS OF AIRY FCT,
1 CATA TFB/1.01879,3424819,4082010+,6616331,7.37218,8,48849,
19.53545,10.5277,11e4751,12.3848/
DATA TF/243381194008795,5052056+60 7867147694413,
19002265, 10.0402411,0085,11.9360,12.8288/

PI1=3.14159

FRO=SQRT (PT)/2,
C ALG=RL/COS (T )*=%2
c TLG=RL/SIN(T)%*2

H5=CEXP((Doylo )%P1/4,)
H8=SQRT(PI)
Y=1./377.
YYY=K*DIS/ (2e*EXF(ALOG(K®RL/ 20)%26/30))
TF (XXoLTo0e8000 ) GO TC 53
VVOS(O..I.)*PI/3. y:
VP=(0es=1e )XXX*CEXP((Oey=1e)*P1/3.)
VV=(0s300)
VWi=VV
VV2=Vv
uu=vv
o RESICUE SERIES
00 37 I=1,10
VV=CEXP{VP*TFBI(I) +VVD)/TFB(T) +vV
VV1=CEXP(VP=TFB(!) )+VV1
VV2=TFB(I)Y*CEXP(VP*TFB(I)=-VVD)+VV2
37  UU=CEXP(VPXTF(1) )+UU
VV=VVESQRT(PI=XX)*CEXP(( Cey=1o ) *¥PT /4, )
VVl=VVI%2 . *SQRT (P1*XX**3 )%CEXP((Oesl ) %P1/ 4.)
VV2=VV2%544%( 00 910 ) %CEXP( (Oeyle ) *PI /44 )%SQRT(PIXXX*x%5)/3,
UU=UU%2,%SQRT(PI %XX%%3)=CEXP( (00 ylo) *P1/ 4s)
GO TO 54
C POWER SERIES
53 VW={1lo=CEXP((Oeyle)*P1/4e) *SQRT(PI :XX%%3)/4,
147<%(0oslo )EXX*%3/600+T e *SQRT(PI*XX*%*G)%XCEXP((Oay=1lo )¥*PI/40)/5120)
VVI= 1o 4+CEXP((Qeyle )XPI/4 )% SQRT(PI*XX%%3)/2,=T¢%(00yle)
1%XX%%3/124-Te*CEXP((Oer—=1e)*PI/4.) *SQRT(PI%*XX%%9)/ 64,
VV2=1le +Te®(00yle ) ®XXX%%3 /126 +To*CEXP((Da9v=1o)*P1/ 4, )XSQRT (PI%XXX¥%%*9)
1/32.
UU=(Lle=CEXP((Oeyle)*PI/4)%SQRT(PI*XX*%3)/2,
1456% (0o ylo )EXX*%3/12o+CEXP((Oos=Lle V%P I/ 4, )%5,%
1SQKT(PI%XX%%9) /644 ) :
H4=1o=(Loe+SIN(T)%*2 ) XHS*SQRT (P IXYYY®%3) /2, 4(5,+T*SIN(T)%%2)
1%(00 9 Lo )EYYYREIXCOS(TI®%2/12e+(5e+Ta*SIN(T)*%2)%xSQRT(PIXYYY
1%%9 ) %COS (T )%%4/ (640 %*H5)
54  CONTINUE
Hl=(K*#2%Y /(2.*PI) )*¥CEXP((Qo9=Le }*K*DIS) /(K%XDIS)
HTD=(0o09y=lo ) *VVX (SIN(T ) %#2-2%S IN(T )% *2%(Qeyle )/ (KXDIS)I+COS(T) %%2

kak i

(s NaXal




amplitude and phase angle are printed out.

DB in Y denotes 20 log].0 ‘YIZ/Y11|

DB in S is 20 loglo ‘Slz‘ .




Iv G LEVEL 21

C

_MUTUAL COUPLING OF AXIAL SLOTS ON A

MAIN DATE = 76182

CYLINDER

COMPLEX HT ,HR,YY(200),SM,Y1,CMPLX
DIMENSION €2(200),QL(3)
REAL K,LQ

411

COMMCN /AREAL/NyMyPI yAA¢EBCCyKoWL yDEL +SXySY

IN THE INPUT WL IS IN CMS, ALL OTHERS ARE IN INCHES.
QL(1)=R, Ql(2)=PHI, Ql1(3)=Z.
READ(5,411)Q1(1),Q1(2),Q1(3) i, ZSEP
READ(5,412)YG, Y1

FORMAT(5F10e5)

412

FORMAT (3E15.5)
R1=QLl(1)*2 .54 i
PI=3.14159_ |

e v 4

ND1=19%6
NO2 =NC1#*2
ND3=ND1%3
Yl=Y1%xYG :
YA=SQRT(REAL(Y1)*52+AIMAG(Y]1)*%2) ;
YP=ATAN2(AIMAG(YL),REAL (Y1) 1*180./P1

___ BB=,9%2,54%

APERTURE SIzE=AAua33-’“‘““ = SR |
AA =, 4%2,5%

K=2,*P1/ WL
SSX=AA q
N=2 i

L
C

2214 FORMAT (20X +'Re’

T IP2=1+42

TQ2(IP1)=10.*(1P2/3-1)1%P1/180,

¥=10
ANM=N=M

 WRITE(6,35) NNM
FORMAT (1HL o1X o3 +1X,PCINTS IN THE APERTURE,
GENERATE ThE ARRAY OF THE SECOND SLOTS.
WRITE(6,2214)

AXTAL SLOTS®*)

CYLe'916X,'Z IN CMo?
DO 56 I=1,ND1,3
IPl=1+1

s 3X,PHI« IN DEG.")

11=1P2/3
Q2(I)=Ql (1)

Q2(1P2)=1ISEP*2 .54 '
IF(1.GTeNDL/2) C2UIP1)=-2,*PI+Q2(IP1-ND1/2)

QP=Q2(1P1)*180,/P1 4
WRITE(6+482)11,Q2(1),Q2(1F1),Q2(1IP2),QP
WRITE(6,81) (Ql(L),L=1,3)

WRITE(6483) NyMyAA,BB,WL

FORMAT (1X,*Rl=*yF1245410Xy 'PH l-'pFlZo5910Xv'TH 1=*yF12.5)

1982 )F12.5+°CMS® s10Xo*WAVELENGTH="4F12.,5,°CMS"*)

FORMAT (1X,13,10X,4F12.5)
FORMAT (1Xo*N=* ,13,10Xs M2 313, /1Xs'A="3F12.54'CMS* 410X,

976 FORMAT(LX,*SELF-ADMIT=?,2E2066910Xy "MAG="yEL15e5¢10Xy *PH=",F15¢5+/
11Xy *CHAR ¢~ ADMI To=",E20.5)

WRITE(64976) Y1,YA,YP,YG

FQL=Q1(2)*P1/180.
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SX=AA/N
SY=BB8/M
DEL=SX*SY
~ WRITE(6,191) A i
191 FORMAT (L1H1 1Xs'Y DENGCTES MUTUAL ACMITTANCE, S ISOLATION')
(o NUMERICAL INTEGRATION BEGINS
MRERERGORT ) 8 w8 B bd b oo it Uy n IR T o L@ VIARET
547 FORMAT(LX, 'PHI® 411X, REAL®y18X, ' IMA® ,14X,"'MAG® ,16X,* PHASE',15X,
1L'08°?) ]
00 50 12=1,AD1,3
TJK=(12-1)/3+1
YY(IJK)I=(Llesle)
_ TF(IJKeLTe3.ANDeZSEP<EQe0e)GC TO 50 _
TIF(1JKeGTe19,ANDoI1JKLLTL31)G0O TQ 50
IP1=12+41
1P2=12+2
XQ2=Q2(IP1)*Rl
¥YQ2=C2(1P2)
_HT=(0490.) _
HR=(0e+00)
NO 41 I=1,N
SNX=(FLOAT(N+#L)/2.-FLOAT(I))%SX
TTXQ2C =X G2 +S AX
00 41 J=1,V
ot _ SMY=(FLOAT (M#11/2.~ FLOAT(J))#SY. : B e o Y el
e, E2=COS (PI#SMY/ (SY*M) ) : f
YQ2C =YQ2-SMY
€ SLOCA TREATS THE SUBDIVISICNS OF THE 2ND APERTURE.
417 CALL SLOCA(E2,R14XQ2C,YQ2C 4HT4HR T 1
YY{1JK )==FT*2./(AA%EB) 1
_ IF(IJKeGT.121G0 TO 50
TYY=SQRT(REAL(YY(IJK ))&*2+ATMAGI(YY (TJK ))**2)
TYP=ATAN2(AIMAGIYY(TJK ) ),REAL(YY(IJK )))*180./PI
o TR0 RALECRORTYY PA) L 0 LR e M e B
| T TTd=10%(1JK-1)
} WRITE(6,958)1J » YYUIJK ),TYY,TYP,TYL
| SM==2,%YG*YY (TJK)/ ((YG+Y1+YY (IJK ) ) =(YG+Y1-YY(IJK))) S
SA=SCRT(REAL (SM)**2+AINAG(SM)**2)
SP=ATAN2(AIMAG(SM),REAL(SM))*180./P1
_ SL=20.*ALOGLO(SA) 4F e St i }
NR!TE(é.GSG)SM.SA.SP.SL \
50  CONT INUE 5
NN=ND1/6 3 |

00 31 1J=1,NN
IF(1JeLT.13)G0 TO 31
ot A e g : Se KA
T XYL =Y LI +YY (TIENN )
YAM=SQRT (ATMAG(YY(T1J))**24REAL (YY (1J)) *%2)

YAR=ATAN2( ATMAG(YY(IJ)) oREAL(YY(1J)))*18D./P1

|

TYL=20.*%AL0OG10(YAM/ YA) ]
SM==2,%YGRYY(IJ)/Z((YGHYL4YY(IJ))*(YG+YL=-YY(IJ)))

_ SASSQRT(REAL(SM)**2 ¢AIMAG(SM)*%2) _ 1

SP=ATAN2(AIMAG(SM) REAL(SM))*1804/P1 1

e a—o—
i AT Y LN I g
o et A i S - v : 2 T

i M N 3 Al A NP O b o L P
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31

958

959

WRITE(6:958)IJK,YY(1J) YAM,YAR,TYL

WRITE(6,95S5)SMySA,SP,SL

GONTINE Yo ipit s "8 ed i B F TS QR W0 8 A QR P sl LTSRS
FORMAT(LXoI3¢5Xe'Y2?  2E1565¢5X+EL1S56595X9F1l5659¢5X9EL1565)
FORMAT( 9X.'SS',2515.5.5X.El5.5.SX'FLS.S.SX,EIS.Spl)

STOP

END
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IV G LEVEL 21 . SLOCA DATE = 76182 - 11732/41

SUBROUTINE SLOCA(E2,R1,XG2C, YQ2C \HT 4 HR)
COMPLEX HHT yhTCyHTS, HTy KR
REAL K,LQ

DEL=SX*SY
DO 11 I=1,N
SNX=(FLOAT (N+1)/2.-FLOAT(I))*SX
XD=XQ2C-SNX
CO 11 J=1,Mm
SMY= (FLOAT (M¢1) /2.~ FLOAT(J))*SY
EC=COS (PI1*SMY/ (SY%*M))
YD=ayC2C+SMY
= _ _IF(YC.EQ.0.01G0 TO 21 i P
TCL=ATAN2(YC,XD)
GO T0 23
B Saeded o i T R Gl
IFIXCuLlTe0a)TCL=P!] i
23 LQ=R1/ (COS(TCL )**2)
FF=EXP (ALOG(K*RL*ABS (COS (TCL)1/241/34) _
ANG=XD/R1
XX=FF*ABS(ANG)
 SOK=SQRT(XC*#2+YD**2) , .
C FOCK TREATS THE CURVATURE TERMS AND THE GREEN'S FUNCTICN.
CALL FOCK(KyRLyCCyXXyP1yFFoyLQySOK,TCLyHTDyHTS)
PHTSHTD‘PHtS
HT'HHT‘EC*EZ*DEL**Z*HT
HR=(0e904)
A CBNT IR oS T
RETURN
END

¢
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§41v ¢ LEVEL

21 FOCK DATE = 76182 11/732/41
SUBRCUTINE FOCK(K, RI.CC.XX.P!.FF'LQ.DIS T oHTD,HTS)

COMPLEX VV o UU,VVOD,VP CEXForTD o HTS ¢H3 9HLly VV1 ,VV2 4 Hé yHS5
REAL K : ;
DIMENSION TFEB(10),TF(10)

C TFB ARE THE ROOTS OF THE AIRY FCT DERIVATIVE, TF THE ROQTS OF AIRY FCT,
CATA TFB/1 «0187993.24819,4.82010,6,16331,7.,37218,8.48849,
1953545910e5277411.4751+12.3848/ 5
CATA TF/2433811,44081795,5.5205606, 78671 ,7.94413, 3
19.02265,10.0402,11.0C85,11.9360412.8288/
PI=3,14159 5
FS=CEXP{(0ayle)*P1/4,)
HB8=SQRT(PI)
YelofBTTe. . 0. o :
YYY=K*DIS/ (2. *EXP(ALCG(K*R1/2.)%2./3.))
IF (XXeLToCe8000 ) GO .TC 53
VVD=(0es1.)%*PI/3. . i
VP=(0e y=1e V*XX*CEXP( (0ay-1o)*P1/3,)
VV={0e +0e)
Wisw_ e M e
vva=vwv
Ltu=vv 2
" RESICUE SERIES B P
€O 37 1=1,10
VV=CEXP(VP*TFE(I)+VVCI/TFB(I)+VV
VV1=CEXP(VPXTFB(I))+VVl & By e
37 VV2=TFR(1)*CEXP(VP=TFB(I )-VVD)I+VV2
VV=VV*SQRT(PI*XX)*CEXP((Cey-lo) %P /44
VV1SVV1$2, *SQRT(PI*XX*%3)%CEXP( (0o -10) %P /44 ) S GRS
VV2=VV2%6.%(0ey Lo ) %CEXP( {0y 1o V¥P1/4 ) %SQRT(PI*XX42%5) /3,
GO TO 54
c POWER SERIES S ; Lo TR
53 W=1(1le=CEXP{(0eyla)*PI1/4 ) *SQRT(PI%XX%*3) /4,
1470%(00vle JEXX*%3/60+Te*SART(PI X X*%9 )% CEXP((Oeyv=1s)*P1/4,)/512.)
VV1=1e#CEXP((Ooyle )*PI/4o ) *SQART(PI%XX%%3)/2e=Te*(00avle) -
T#XX##3/126~Te*CEXP((00y=10)*P1/4,)*SQRT (PI%*XX*%9)/ 644
VV2=1le+Te*( 00y Lo ) 2XX%%3 /12,4 To*CEXPI(Oey~1e)%*P1/4, )*SQRT(PI%XX%*¥*9)
1732,
54 CONTINUE
Hl=(K*%2%Y/(2.*P1) ) *CEXP({Oev~1e)*K%DIS)/(K%DIS)
C THE GREEN'S FUNCTION

v

(RTD=HL*(( (00 9= Lo I*COS(T I **24 (20 XS IN(T )1 %%27/9 =29, *COS(T) **2/24.)/
1(K*D]IS))*Vy)
HTSa(OQQOQ )

RETURN
END
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