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SECTION 1

INTRODUCTION

A pr imary  consideration in the design of s t ructura l  sandwich corn-

porients is the overall  stabil ity of a pane l which is subjecte d to inp ianc

loadings. These applie d loads commonly consist  of ed gewise compress ion ,

ed gewise shear and edgewise  bending moments , as shown in Figure 1.

A large amount of l i terature is available concerning  the bucklin g of

f la t , rectangular sandwich panels loaded by uniaxial  ed gewise compress ion ’ 6*~

Kuenzi , et al. 
7

have studied the problem of shear acting alone. Other inves-

t igators have considered the effects  of compression combined with shear by

the use of interaction formulas 8, ~ des igned to account for in te r fe rence

between the variou s buckle patterns.  The case of combined edgewise  bending

and compression has been investigated by Kimel 1° with good results.  The

results of a similar study which considered combined bending, compression

and shear ’’ exhibited poor convergence behavior , part icuiar l y f or cases  in

which the shear loads predominated.

This report presents a method for the prediction of the general

instability of flat sandwich panels loaded by combined ed gewise bending,

biaxial compression and ed gewise shear. It is anticipate d that the method

discussed herein will prove usefu l as a tool in both the desi gn and the

analysis  of structural sandwich components.

1. 1 PROBLEM DEFINITION AND SCOPE

The present analysis considers incip ient buckling of fla t s rectangular

øan dwich panels subjected to a rb i t ra ry  combinations of biaxial edgewise

*Nun .lerical superscripts  indicate re fe rences  listed in Section 

6.I
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compression, edgewise bending and edgewise shear loadings. Only simply

support ed panels are con sidered , for  which the component layers ar e

4 restricted to linear elastic behavior and small di splacements.

The core is considered to be completely ri g id in the normal direction.

The r esistance of the cor e to extension and bending ar e assumed to be

negligible ; the refore the strain energy may be tak en to consist only of con-

tributions due to t ransverse shearing deformation. The t ransverse  shear

rnoduli of the cor e may be unequal , as is typical of many types of core

construction.

Facing sheets are assumed to be isotropic and may have different

*p roperties and thicknesses. Since the flexural rigidity o’ th e faces is not

neglected , critical combined loads of classical plates may be obtained as a

special case (subject  to the Love-Kirchhoff hypothesis).

1. 2 METHOD OF SOLUTION

In general, linear analy ses of sandwich deformations fall into two

categorie s:’2 formulations in terms of face displacements, and analyses

in terms of functions related to core displacements. The two methods are

theoretically equivalent but permit slightly different  numerical treatments

of the boundary conditions .

The results presented herein are based upon the so-called “tilting

method ”3, by which the displacements in each layer of the sandwich are

related to displacements in the core. A solution is obtained by using a

disc retization based on the Ritz method to minimize the total potential

energy of the panel . As a means of uncoupling the flexural and extensional

strain energ ies , it is postulated that a “neutral plane” exists in which no

inplane displacements occur during the buckling deflection. The neutral

*The accurate analysis of severely unbalanc ed sa ndwich may requir e the
use of a nonlinear technique. See Paragraph 1.2.

3
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plane location which correspond s to a given buckling mode is then treated

as an additional degree of freedom in the process of minimizing the energy

expression.

It should be noted that such a linear analys is is valid only under

cer ta in  ideal circumstances. The most important of these are the require-

ments that the structural  components unde r conside ration experience only
infinitesimal changes in geometry prior to buckling, and that sufficient

symmetry is present that any assumptions aimed at uncoupling modes of

deformation (in this case , the existence of neutral planes) are justified .

In pa rticular , sandwich panels of severely unbalanced face construction

are likely to require a more rigorous (i. e . ,  nonlinear) treatment than is

presented here , since the range of validity of the assumptions concerning

the neutral  plane s may be exceeded.

4
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SECTION 2

4 THEORETICAL APPROACH

A displacement formulation is used to construct the total potential

energy of the panel. The the ory upon which this analysis is based is pre-

sented in Reference 12. The essential equations are cited here for

completeness.

2.1 GEOMETRY

The panel configuration, reference axes and loading conventions are

indicated in Figure 2. The x-y plane is chosen to coincide with the panel

midplane. Pos tive senses of the stress resultants and displacements are

as shown in the figure.

Figure 3 shows the assumed geometry of deformation in the xz

coordinate plane . The displacement u~ represents an inplane deflection

due to stretching only, and is not of interest here, since only the state of

incipient buckling is to be considered. As the panel buckles, a transverse

deflection occurs, accompanied by transverse shearing deformations within

the core. During this deflection, it is assumed that in some plane located

at z = e there is no fu rther inplane displacement , and that the rotations of

the panel in the xz plane occur about points in this plane. Similarly in the

yz plane, rotations are assume d to take place about the plane z = e .  With

this assumption, each of the inpiane displacements of the panel are expressed

in terms of the transverse deflection w and the core rotations ~ and # .

2. 2 BASIC EQUATIONS

The assumed geometry ( Figure 3) permits the displacements of the

core and faces to be stated as

’ 5
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u = u + (z-e )~c n x

v = v + (z-e )~ ‘c n y

w = w
C

( 2 . 1 )

U
f 

= - (~~1) f 
[a~~ # + ~f

W~~~~ ] - zw,

v = v - (_ 1 ) f 
[a # + ~ w , J - zw,f n fy f y y

W
f 

= W

wh e re

• = •(x , y )  , 
~‘ ~‘(x ,y) ,  w = w(x , y )

and

~f = 
~~ 

— t
f

P - ( - l ) 1
efx f x

5
fy = Pf

( _ l )  e~ ; f = 1 ,2. (2.2)

It is important to notice that the neutral plane locations e , e are unknownx y
parameters to be determined in the process of minimizing the potential

energy.

The strains are then found to be

1 2
e = Uxf f , x 2 x

1 2
e = Vyf f ,y 2 y

v = u  +v + w , w, (2.3)xy f f , y  f, x x y

.y = u  + w , =Cxz c , z x x

)‘ = v  + w , = # + w , ,cyz c 11 z y y

8



and th':! strPases by Hooke's law 

E£ 
tT = 2 ( t f + \) f t __ i'} 
yf 1- \) y X.1 

f 

( 2. 4) 

T = G y cxz cxz cxz 

T = G y cyz cyz cyz • 

It is evident that each of the components of displacement, strain and stress 

du<:: to bending of the sandwich is a function only of the core rotations cp 

and t/1 and the transverse displacement w. The responses due to inplane 

stretching are functions of the displacements u and v • 
n n 

Notice in Equation 2. 4 that the inplane stress resultants applied to 

the panel up to the point of incipient buckling are those related to the 

stretching deformations u and v : that is, 
n n 

d/2 

N :: 
X f E 

-
2 

(u + v v } dz 
l-\J n,x n,y ., . -d/2 

d/2 

N 
xy = 

, E < J 2(l+vt (uf'l,'Y +:vn,x) dz ( 2~ 5) 

-d/2. ' ;> ., 

d/2 

N 
y = 

, , E: , , , . ,·. 

f i ·; ~ .. <:Vn y + :V un·x) dz; t-v , • , , ' . , i 

-d/2. ' 

9 



Since the core does not resist inplane stretching, these integrals receive

nonzero contributions only from the face sheets. Accordingly, each of

the resultants defined by Equation 2. 5 may be thought of as the sum of the

stress resultant s in the two facings; that is ,

N = N  + Nx xl  x Z

N = N  + N  (2 . 6)y y l y Z

N = N  + Nxy xy l xy 2

2.3 POTENTIA L ENERGY

The total potential energy of the panel may be expressed as’4

E f f f  
[

~~f~~~f + T~~~f Y~~~~+ °yf ‘yf
f= l  Vf

1 —  2 — — z l
+ ~~

— (N,~ w, + 2 N,CyfW~~WD + N~~WJ~~)] 
dxdydz

+ 
~ I ii ~~~~ 

‘
~~~~~� 

+ dxdydz (2. 7)

where f denotes the re spectiv e face sheets, and V
f 
and V represent the

volumes of the facings and the core, respectively. In the statement of

EquatIon 2. 7, it is tacitly assumed that displacements experienced at points

within the panel prior to buckling are negligible (that is, u = V = 0). The

stress resultants N , N , N have , the refore , assumed the character of
xf xyf yf

initial stresses present throughout the face sheets immediately preceding

the time of buckling. Furthermore, the st resses °ijf and the strains tijf are

to be interpreted as de partures from the prebuckled equilibrium state

10
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defined by the displacements u and v . It should also be noted that the

squares of the derivatives of the inpiane displacements have been neg lected

In comparison with the squares of the slopes; * that is ,

2 2 2 2 2 2
(u ; u ; v ; v ) <<(w , ; w , ) (2 . 8)f , x f ,y  f , x f ,y  x y

The displacement formulation corresponding to Equation 2. 7 is

obtained with the use of Equations 2. 3 and 2. 4. It is then assumed, for the

linearized problem, that cubic and quartic terms in the strain energy may

be neglected. After making this substitution and performing the integrations

through the thickness of the panel, the following potential energy functional

**is obtained:

~~ 
f= l~~~~~~~ 

~~~{a f
2

t
f (

~ + 
l~~v~ )

+ a a t fzv 4’, ~~~, + (1-’) )4’, ~~, 
-I

f x f y f L f x y £ y xj

I 1~~V2 ( 2  £ 2
+ a ~~ ~~~ , + ‘1’,

fy~~~~\ y  2 x

- *f,~
t
f 

+ V f
W~~~~) + (l-v f)4’~~

w~~~]

2
- a t [

~, (w , + V w , ) + (1-V )~L, w,
fy f I y yy f xx f x xy

+ f t ~ [w , z 
+ Zv

1
w, w , f W , 

+ Z(l_ V f
)w.xy ]~~

dxdy

*This assumption is reflected in Equation 2. 3.
**The definition A

f=l-
V ~ has been introduced here.

is - - - --



+ I ( I IG t (4 ’  + w , )
2 
+ G t (# + w, ) 2]d dZ j  j  I cxz c x cyz c y

o 0

+ ~ I ([ ~ w , 2 
+ ZN w , w , + N w .

2 J dxdy (2.9)
2 J J  x x xy x y y y
o 0

It is important to realize that , although the resultants N , N N arex xy, y
required to satisfy equilibrium before buckling, they need not be constants

throughout the panel. Hence, the quantitie s N and N may be taken to

inc lude both uniform and linearly varying coft~pres8ive forces;  that is ,

N = N  + N  ( y/b )x xo xb
(2. 10)

N — —
y = N + N

b
(x/ a)

These forms for the app lied loads satisf y the equations of equilibrium,

N + N  = 0x , x ,cy,y

N + N  = 0 ,xy, x y ,y

and permit  the conside ration of edgewi~~ bending forces.  The special case

of a pure edgewise bending moment (see Figure 1) will be indicated by the

symbols N or N , such that
xB yB

j:;j = N  (l-2 y /b )
x xB 

(2.11)

N = N B (l
~~

Zx/ a) .

That is , th l inearly va ry ing component of the pure edgewise bending load

is twice the magnitude of the uniform component , and opposite in sign.

12
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SECTION 3

NUMERICAL SOLUTION FOR BUCKLING LOA DS

The principle of minimum potential energy can now be applied to

produce the conditions of equilibrium. The potential energy  is

expressed in terms of a complete and geometrically admissible set of

functions. Application of the principle of minimum potential energy pro-

duces the approximate minimizing relations , in the form of an eigenvalue

problem. By considering successively larger solution spaces , each of

which contains the previous one , monotonic convergence to the solution

is guaranteed.

3. 1 DISCRETIZATION OF THE POT ENTIAL ENERGY BY THE
RITZ METHOD

The total potential energy associated with the incipient buckling of the

panel is given by Equation 2. 9 in terms of w , 4’ and ‘/‘. Admissible assumed-

mode fu nctions must satisfy condition s of continuity and differe ntiability, as

well as the imposed boundary conditions ’2 for  simple supports ,

w(o ,y)  = w(a ,y)  = w(x , o) = w(x , b) = 0;

therefore an appropriate set of functions is

£ £
. mirx .~~~~~w(x , y)  = W s  in a sin b

m=l n=1

L I

E ~~ • cos aj n —~~ (3 .1)

m= 1 n= 1

£ £

E E + 81~m 1Tx coB !?
m=l n= 1

13
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Substitution of the assumed forms of the displacements into the potential

energy (E quation Z~ 9) y ields a functional which is expressed entirely in
terms of the tri gonometric functions of Equation 3.1. The integrations

over the area may then be carried out directly, according to the followin g
formulas:

a
r rni~x r ,~x aI sin sin dx= — 8
j a a 2 mr

0

a
t mnx nix aI cos cos d x =— 8

J a a 2 mr
0

a
miix rnx  2amf  sin a 

-o~ a 
dx = 2 2 mr

0 ir( m - r )

a 
2 2t . m i~x r ,,x a 4a m ri xsit ~ sin —dx = — 8 -J a a 4 mr 2 2 2 2  mr

0 it (m - r

where 8 is the Kronecker delta , and ~ is defined such that for any

ari thmetic  expression * denoted by X ,

m + r  even
x~~ =in r

X ; m+r  odd

The expression obtained for the potential energy upon substituting the

assumed modes ( Equation s 3. 1) and performing the indicated integrations

is given by

*Th e expression may be indefinite or definite.

14
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1 6mnnr s 
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r= 1 s= 1

1— m i t  
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~~~ E~ 
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~~ab 
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~~~~ 2 2 2 2 inn ins
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$ + 
2 2 ~~~~ 

[
~

_
~ ~ mrj

W W (3 .2 )ab 8 mr 2 2 2 2T r ( m -r  ) inn rr
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It is important to recognize that since the paramete rs  a~~ , a
f 

contain the

positions of the neut ral  planes (E quation 2. 2), they too are undetermined

paramete rs  dependent upon the par t icular  buckling mode; that is ,

a
fx fx mn

a
f y f y m n

Since the energy expression contains cubic terms (such as a 4
2

fxmn inn
which are not quadratic forms in the unknowns 4 , 4’ , W , einn mn inn xmn
and e , the minimization of the energy in its present form will involvey n-In
the solution of a system of nonlinear simultaneou s equations. In order to

circumvent  this difficulty , it is advantageous to define the additional

parameters

h = e  ~inn xmn inn

k = e  4’inn ymn inn

It is also convenient to define a (4 x 4) matrix A , a (4 x 1) vector B, and a

constant C corresponding to each mode , as follows:

a 11 

2 

+ 2~ 
n~~~~

] 
+ Gcxz t

c

a 12 =

~~~~ 
A~~ f~ f ( 1 + v

1
) 

ab

2 
E 2 2  1-V 2 2

a 13 =
~~~ 

— t
1(- 1) + 1  

~~ 
[m

a
: + 2 

~~~~ 
]

2

~~~ 
Ef f + 1  2

a 14 
~~~~~~~ 

-
~~ A tf Pf ( 1 )  ( 1  +v f

)
b

f= 1
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a2 1 = a12

2 E 2 2 2  1- V  2 2
a22 

= -
~~~~~ t

f 
13

f ~~~ 
+ 2 

m

a: 
+ Gcyz

tc

a
23 

= a14

2 E 
~ 

1 2 2  1 - v  2 2
a

24 
= -;:

~;- 
tf 

( - 1)  13f + 2 
~ _____

a
31 

= a
13

a
32 

= a23

a
33 

£ =1 

t
f 

[ z z  + 
1 ~V

f n
2
it
2]

2 
~
-, 2

1 
:.~f mnit

a
34 =~~~~~ ~ ••~~~t

f ( 1 +V f
) 

ab

a41 = a14

a
42 = a24

a = a43 34

a44 t
f 

~~~:

2 
+ 

1 ~V
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3 3  2 3 1
b ~~~! 

~~
._ t

f Pf [ _ 3 
+ 

m
u i ; j +  

mitG t —

a ab cxz c a

3 3  2 3 1
b

2 = - 

~~ tf 
2 

~ [ b 3 + 
a2b j cyz c b

f l i t  m n n  i nit+ G  t —

f =1

2 1 3 3  2 3]
_ _ _  

mn i t  II E f 2 f 
_ _ _ _— 

2 ~~~tf 
(-1) 

(-

in; + 
2

f=1 a ab j

2 1 3 3  2 3 1

b
4 

~~ ~ 
E

f 
____ ______ _ _  

m i n t
= — ~~ t

1
2 ~~~~ 

[b ~ 
+ 

a2b Jf =1

2 
E
f 

t
f~ (2 2  

2 2~ 2 2
+ n l r ) + G ~ 

m i tC = ~~~~~ -

~~

— 

~~~~~~ 2a b2 cxz c 2
af =1

2 2
+ G  ~ 

ni t
cyz C b2

With these conventions and the use of E quation 2. 2 , the potential ene r gy
(Equation 3. 2) can be written in the form

a a a a i b  ~~r ~~~ -

rim 11 12 13 14t 1 rnn
l

4’ a a a a i bL I inn 12 22 23 24’ 2 inn ’

it - ~~~ it = 
2 

a13 a
23 

a
33 

a34 ~

~~
Ih ~ b h

m=l n=1 k kinn a
14 a24 a34 a 

4

W I b
1 

b
2 

b
3 b

4 : C W
mnJ mnJ

18

is



+ f + N -;:~--1 w z

I I

+ I ~ ‘V’ ‘V’ 32 mn r S A A w w
2 xy~~_j  ~~~j  ab 

(m
2-r 2

)(s
2-n 2 ) 

mr ns mn rs
r= 1 s=l

+ + N b 
4m

2 
o

nB 
- 

2
(
2 2

)2 
A ]W

+ 
~ 

N y~ ZbZ ~~~~ [t~ 
8mr 2 ( 2 2 ~2 A mr] 

W
mn 

W
rn )
~ 

(3. 3)

The discretized potential energy (Equation 3. 3) is a quadratic function of the
undetermined para meters • ,~ h , k , and W . The use of theinn mn inn mn inn
pr inci ple of minimum potential energy then leads to a linear system of

equations for the undete rmined parameters.

3.2 APPLICATION OF THE PRINCIPLE OF MINIMUM POTENTIA L
ENERGY

The variational form of the princi ple of minimum potential energy is

61T 0,
p

where ii is given in Equation 2.9. After discretization using the Ritz

method, the minimum potential energy principle requires

$ ii~~~ ~ (P1k P2’ ‘.‘ Pa )] = 0 ; i 1 , 2 ,

where the p .  are unknown discrete parameters. For the present case ,

f rom Ec’uation 3. 3,
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1 t~, 
•
‘
~ 

‘0a 11 a
12 

a 3 
a

14 
, b 1 ~~~f l i  

(p n’m
i 

~~~~ 
[a

12 
a22 a

23 
a b 1 I + i

24 I a t  I m n t  )p inn

~~h ~ “~o 1 (3.4)
a~~’/a h 

= 

[a
13 

a
23 

a
33 

a
34 

b~~p inn 1 mn l 
~ I

a a a  a I b I  1k  I 0 -4 34 44 4J i m n ~~inn 14 2 mn 
1~~mnJ

and sit’ / 0W = (b ‘I + b + + b h + b k + C W
p inn m n  inn Zmn inn 3mn mn 4mn inn inn inn

2 2 2 2

a YO b
Z ) mn+ ~~~ !1fl 1t 

+ 
f l i t  W

xo 2

I I
32 mnrs A w+ ab 2 2 2 2 mr ns rs

(m -r )(s -n
r= 1 s= 1

+4N 
Tfl IT , E~’ - 

Zns 
A ]  

W
xb a

2 ~ 2 2 2 2  ne ins
8=1 

it (n — s

2 2
+ 4N b b

2 
~~~ [1 ~ Zmr 

A ] w - 0 . (3 . 5)
mr 2 2 2 2  mm mn

it (in -r )r= 1

The unknown parameters may be normalized with respect to W by takingmn

X~~~~~ / W  ; X
i inn inn 

4, /W
mn mn

inn 4 = k  1WX 3 =h 1W ; X mn inn

Upon substituting these definitions in Equ ations ~~. 4 and 3. 5, the following

final system of equations is obtained:
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ía a a a X b 0
I l l  12 13 14 1 1

1a 12 a
22 

a
23 

a241 ~ X2~~ + f b2~~ 1 0
(3.6)1a 13 

a23 a33 
a
341 ~ X3 

b
3 ( = 

0

La14 
a

24 
a

34 
a~~~~

j inn ~~4 J mn 
I b 0
k 4_ inn

and

4 2 2  221
(C +~~~~~ b X ) W + F~ ~~~ N n i t j wmn j mn jmn mn L xo 2 

+
a Y0 b

2 mn
j =1

I P

+ 
32 mnrs 

~, ~ab 2 2 2 2 mr ns rs
(m -r  )(s -n

r= 1 s= 1

2 2 Zne 

~ 
] ~+4N in

a ~~~~ [ + ~ ns 
- 2 2 2 2 ns mexb it (n - s

s=1

2 2  1 

[1 6 Zmr 
~~ l~ ~~~~~+4N

~~ E 8 mr 
- 2 2 2 2 mr j  rn

it (in -r )

r=1

m = 1 , 2, ...,t

n = 1, 2, ..., L .  (3 .7)

3 . 3  ASSEMBLY OF EQUATIONS FOR SOLUTION

It is clear f r om E~uations 3. 6 and 3. 7 that only the parameters ~~~~

must be conside red explicitly in the solution proc ess , sinc e Equation 3. 6 can

be inverted to obtain the X.. The quantities W are collected in a vector ,
1 mn

{W}T = Lwii , w 12, . . . , w ii, w zi , w zz , . . .w 2 1, .. ., w11, w12, . . .w 111.
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The prescribed loads are assigned constan t relative magnitudes , and are

related to a sing le factor which is sufficient to indicate their intensity;

that is ,

( N  , N , N , N , N ) = X  ( n  , n , n , n , n ).
xo xb xy yb yo xo xb xy yb yo

Equations 3. 7 can then be arranged in the form

[K] (wi + A [G] ~~~ = {o~~. (3 .8)

f x L  l x i  t x L  l x i

Here the matrix K is diagonal , with the 1th diagonal entry defined by

4

k .. C ÷‘c~~~b . X .
ii inn Ls )rnn JTUfl

j = 1
where

i = L ( m -i )  + n

and the X . are solutions of Equation 3.6 for the appropriate in and ii. The

i, j entry of the matrix C is related to the applied loads te rms in

Equations 3.7 , such that

1 2 2  2 2m i t  n i tg.~~= I n  + n  6 6
1) ( X 0  a2 ~~ b2 mr ns

32 1
+ fl — A A

xy ab 2 2  2 2  mr ns
(in - r )(s -n

a z  r
+ ~~~ 

m i t  I L 1  Zns 
Axb 2 mr 18 ns 2 2 2 1  ns

a i. rr (n -s )

r
n i t  I i  2mr

+ b 
b
2 

6 ne mr 
- 

it
2(m2

-r~~~ 

A
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where
j  = L(m-] . ) + n

and

j = L (r-1) + s

Finally, the c ritical load s and corre sponding mode shape s of the panel are
obtained by solving the eigenvalue problem represented by Equation 3. 8.
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SECTION 4

SUMMAR Y OF RESULTS

The procedure outlined in Section 3 has been implemented in a com-

pute r program. Numerical results have been obtained for numerous examples

of individual critical loads from othe r sources in order to verif y its

accuracy. Critical loads have also been calculated for various cases of

combined loading s, and compared with existing interaction formulas.

4 .1  VERIFICATION EXAMPLES

The results of typical calculations performed in the process of

verifying the computer program are presented in Table 1. The example

cited from Reference 15 is based upon a nonlinear, post buckling finite

element analysis. The remainder are taken from linear buckling analyses

similar to that presented here. Note that Examples 4, 5, 6, and i i  are

specializations of the theory to the case of a classical isotropic plate.

Agreement with the previously published re sults was good in all

cases. Critical loads calculated for compression agree closely with those

cited , since the variou s modes uncouple , allowing the equations to be

solved in closed form.

*Pure edgewise bending results are also in good agreement with

the previou s values. Convergence for these calculations gene rally requires

no more than 6 terms in the displacement series (E quation 3. 1). The

results cited from Reference 10 apply for face sheets having only membrane

stiffness.  Consequently the present analysis yields a slightly highe r c ritical

load for Examp le 9.

* Pure edgewise bendi~~ values are stated in the form of Equations 2. 11;
that is, the value of N defines N = N (1-Zy/b), and so on.xB x xB
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TABLE 1: VERIFICATION RESULTS FOR INDIVIDUAL
CRITICAL LOADS

E , t C— 
1 1 1 cxc a Terms Critical ReferenceinE , t C c

No. Con.t ru cti~ Loading 2 2 2 cyz b Ser ies Loads Ref. Resu1 t
= 

9. 5,1106 
. 181 23~~ H z -3 09 . 39 15 -307. 5

I Sandwich Compr . 9. 5*10
6 .30 .021 19000. 2 3 5  X

.30 .025 50000. .25 i N ~-1O25. 7 I -1025. 7
2 SandwIch Compr . 10.6,1106 .30 • 025 20000 20.
— 

10. 6,1106 .30 .025 50000 60. 3 N ..-1025. 7 I -1025. 7
3 Sandwich Compr. 10.6xI0~ .30 .025 20000 20.
— 

lO. 6xlO~ .30  .25  • 0 1 N .13975 16 -13 97 5
4 Isotropic Compr. 10.6,1106 .30 .25 • 20.
— 

10 6 10
6 

~~° — 0. 7 N ~27931 16 27963
S Isotro pic Shear 10.6,1106 .30 .25  — 20.
— 

10.6,110
6 ~~ • o. 17. N =11455 16 11468

6 Isotropic Shear 10.6x10
6 

.30 1 /6 — *7

— 

10.6,110
6 T .025 

~~ ~ 3 N =1344. 3 7 1349.2
*77 Sandwich Shear 10.6~ 10 .25 .025 4359. 40.

— 

10.6*106 
~ . ozo 5496. .1875 10 N ~l252. 7 7 1260.5

8 Sandwich Shear 15. *10 .25 .015 5496. 28.

10.6:10 .25 .005 4359. 6 N ~~~~ 10 256.1

~ Sandwich Sending 10.6x10~ .25 .005 4359. 40.

10. 2*10 .30 .005 540. 8 225 48. 6 N ~Il9. 3 1 119.8
*810 Sandwich Bending 10.2*10 .30 .005 540. 8 48.

10. 0*10 . 30 .0625 • 6 N — 117. 1 16 116.7
:511 Isotropic Bending 10. 0*10 .30 .0625 60.

*Max imum value along edge Is given here ; i . e . ,  N = N (1- Zy/b) .x xB
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Comparison of the calculations for pure edgewise shear loads show

much larger  discrepancies than for  bending or compression. This is to

be expected , since convergence to the crit ical shear load is quite slow due

to the marked difference between the forms of the assumed disp lacements

and the t rue  mode shapes. Slightly lowe r values are obtained for  each

example by the present method . These results appear to be more accurate

than the previously published values , since more terms in the disp lacement

series (Equations 3. 1) are considered , and because the solution doe s not

depend upon discarding various te rms from the complete series , as has

been done in Reference 7.

4 . 2  TYPICAL RESULTS FOR COMBINED LOADINGS

Critical loads calculations for  typical sandwich panels subjected to

combined loadings are presented in Figures 4 and 5. The physic al data for

each of the three panels considered is listed in Table 2. Panel 1 is square ,

with balanced facings and equal shear moduli in the core. Panel 2 is similar

to Panel 1, but rectangular (a/b  = .556) .  The third panel studied is rectangular

with unequal core shear moduli.

The effect of edgewise shear loading upon the magnitude of the critical

compressive loads is plotted in Figure 4. Here N = N for all points
3(0 yo

calc ulated , while the magnitude of the applied shear load is increased rela-

tive to the compressive forces.  Result s are given in te rms of the ratio

Nxcr 
— 

Actual critical compressive load
N * Critical compressive load for  ~ = 0xcr  xy

and the relative magnitude of the shear and compressive stress , N I Nxy x

Figu re  5 depicts the effect  of the addition of ed gewise bending moments

to an applied biaxial loading . In each case the compressive loadings N ,

N are  equal. A shear  load is also app lied such that N =ZN . Variousyo xy xo
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~ xcr -N1,,
* Nxy

xcr 
_ _ _ _

1.00 ~~~ —“ I

0.90 -~~~~~~~~~~ ~~1 1 1 1 t ~~
PANEL I

0.80 - PANEL 2

PANEL 3
0.70 -

0.60 -

0.50 -

0.40 -

NOTES :
0.30-  ‘~~~~

-
~ ~~~i

I .  —

2. t~xcr * F~xcr FOR 
~~ 

:0
0.20 - 3. PANEL DATA GIVEN IN TABLE 2

0.10

I I I I I I

I 2 3 4 5 6 7 8

Figure  4. Effect of a Shear Load Upon Critical Compressive
Stress in Biaxial Loading.
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-N~ Nxy

LIW~
NOTES.. I

I
-I. Ny =

2 J1xy :2N~~3 F ~ ~~~~~~~~~~~~~~4. Nxcr * F ~xcr FOR ~ xB 0
5.PANEL DATA GIVEN IN TABLE 2

flxcr *

PANEL I

0.90
PANEL 2

0.80

V 070

PANEL 3

0.60

I I I I

-4 -3 -2 -I 0 I 2 4
NxB /Nxo

Figure 5. Effect of an Edgewise Bending Load Upon Critical
Compressive and Shear Stresses.
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TABLE 2 : PHYSICAL DATA FOR COMBINED-LOA DS EXAMPLES

Pane l 1 Panel 2 Panel 3

E
1 

9 .5x 10 6 l0. 6x10 6 l0. 2x 10 6

E
2 

9.~~x l O 6 l O . 6 x 10 6 lO. Zxl O 6

t
1 

.02 1 . 050 .030

t
2 

. 021  . 050 .030

.30 .30 .2 8

2 
.30 .30 .28

G 19000. 30000. 8000.
cxz

G 19000. 30000. 22000.
cyz

t .181 .2 5  . 370
C

a 20. 20. 32.

b 20. 36. 64.
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proport ion s of edgewise bendin g s t re s ses  are then added to this state of
.4 s t re s s , and the resu l t ing  loads observed.  Results  are expressed in t erms

of the ratio

N
xoc r 

- 
Actual c ritical compressive load

N * 
- 

Crit ical  compressive load for  ~~ =0xoc r xB

and the relative magnitud e of the bending and direct compressive s t resses ,

N I NxB xo

4. 3 COMPARISON WITH INTERACTION FORMULAS

In order to facili tate the analysis of stability fo r  cases of combined

loadings , various interaction formulas  have been proposed. A numbe r of

examples are given in Referenc e 1. The purpose of any interaction formula

is to account for the combined effects  of variou s app lied loads by com-

parison of the intensity of each load to the critical value of the same load

acting alone. Each such ratio is weighted by means of an exponent ,

associated with th par t icular  type of loading; for example ,

e
+ R 2

2 
con st .

wh e r e

R . = N / N .
i i i c r

The e . a re  consta nt exponents , and the index i is associated with the type

of loading.

The use of interaction formulas  is at t ract iv e s inc e any number of

load cases may be analyzed onc e the individual cri t ical  loads are  deter-

mined. However , such formulas  obviously represent  approximations to an

exact analysis of stability unde r combined loadings.  Interaction fo rmulas

fo r  the cases of edgewise compress ion c ombined with edgewise shear ,
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ed gewise compression combined with ed gewise bending, and edgewise shear

combined with edgewise bending have been evaluated to a limited extent

during the course of this study.

4. 3. 1 Inte raction Formula for Combined Edg_ewise Shear and
Co mp r e ssio n

The interaction formula for axial compression and edgewise

sh ear is
1

N IN + (N IN ) 2 
= 1. (4. ~x xcr  xy xyc r

When biaxial compression is present , E quation 4. 1 is general ized to the
8form

N /~ + N ,/~~ + (N /~ ) 2 
= ( 4 . 2 )

x xcr  y ycr xy xycr

The lef t -hand side of Equation 4. 2 has been evaluated (see

Table 3) for  Panels I and 2 of Table 2 , for var ious  combinations of biaxial

compression and shear loads . The formula is reasonably accurate for most

of the cases considered.  For the square panel (Panel 1) the maximum e r ro r

observed is . 2807o . For the rect anFula r panel ( Panel 2) this  e r ro r  increases

to more than i i ° . It is important  to rea l ize  that  a v~’lue of the lef t-hand

side of Equation 4 . 2 which is g rea te r than  one r ep resen t s  a conserva t ive

e stimate of the cr i t ical  loads. For all  cas s inc luded in Table 3, the inte r-

a ction formula  is c o n s e r v a t i v e , wit h the exception of one examp le ( Case 2 -7 )

involving shear  combined with both t ens ion and compression loads.

Equation 4. 1 has  also been examined for  variou s proportions

of compression and shear  loads. The er r o r  in Equation 4. 1 is plotted in

Fi gure 6 as a function of these proportions (a posi t ive e r r o r  corresponds

to a conservative resul t , ~t s  noted previousl y ) .  Resul ts  f o r  the square panel

w er e  again ve ry go od. Case s  tested f o r  the r ec tangula r panel showed a

maximum er r o r  of a pp r o x i m a t e l y 4. 5%. Figure 7 shows the compression -

shear interact ion curves  predict e d by th~ present  method in relation to a

plot of the in teract ion formula  (E quation 4. 1) .
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TABLE 3: COMPARISON WITH INTERACTION FORMULA
FOR COMBINED BIAX IAL COMPRESSION AND
EDGEWISE SHEAR

Case Pane l n n n N N N Equationxo xy yo xcr xycr ycr 4 2

1 -42 1.40

1 *881. 33

1 -421.40

1-.1 1 1 1 1 -200.09 -200.09 -200. 09 1.0019

1-2 1 2 1 -177.16 -354. 32 -177. 16 1.0024

1-3 2 2 1 -257.44 -257.44 -128. 72 1.0017

1-4 1 3 2 -118.11 -354.33 -236.22 1.0025

1-5 3 1 0 -411.45 -137.15 0. 1.0006

1-6 1 5 2 - 97.66 -488.30 -195. 32 1.0022

1-7 2 6 3 -133.98 -401.94 -200. 97 1.0028

1 -1037.24
1 ±3453. 94

1 -2331.08

2- 1 2 1 1 1 -759.70 -759.70 -759 .70 1. 1125

2-2  1 2 1 -683.49 -1366.98 -683. 49 1.0942

2-3 2 2 1 -851.82 -851.82 -425.91 1.0648

2-4 2 5 1 -696.10 -1740.25 -348. 05 1.074 3

2-5  3 7 2 -693. 27 -1617.63 -462.18 1.0860

2-6 4 17 1 -553. 76 -2353.48 -138. 44 1.0576

2-7 -2 4 1 -92 1.8 1843. 6 460.90 .9759

— —  ___  _ _ _ _ _ _ _ _ _  _______ _ _ _ _ _ _ _  _ _ _ _ _ _
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4. 3. 2 Interaction Formula for  Combined Edgewise Bending and
Compression

The interaction formula for  combined edgewise bending and

a.xial compression loads is given by
1

~~ IN  + (N  / N  ) 3/2  
= (4.3)xo xocr xB xBcr

Here I
~xB 1S a pure-bending load as shown in Figure 1. Calculated values

of the left-hand side of the formula are listed in Table 4 , and the corre-

sponding errors are plotted in Figure 8 as a function of the relative pro-

portions of the two loads. Result s for  the rectangular panel using

Equation 4. 3 are reasonably good. The maximum error  (5 . 3%) occurs for

a moderately large bending load . For the square panel , Equation 4. 3 gives

accurate results only when the bending load is quite small compared to the

compressive force.  When the bending load predominates, the e r ror  be-

comes as large as 18%. Again , the interaction formula provides a con-

servative estimate of the critical load in each case considered. The same

results are compared graphically in Figure 9 with the shape of the inte r-

action curve (Equation 4. 3).

4. 3. 3 Interaction Formula for Combined Edgewise Bending and
Shear

The interactinn formula proposed 1 for the evaluation of c ri-

tical combined bending and shear loads is

(N IN )
2 
+ (N /N )

2 
= 1 . ( 4 . 4 )xB xBcr xy xycr

Values of the left-hand side of Equation 4. 4, as given in Table 5, indicate

nonconservative buckling predictions by the interaction formula. Er ro r s

for the square panel considered are less tha n 8%. Those for the rectangular

panel are as high as 13. 5%. These values are plotted in Figure 10 for

various relative proportions of bending and shear. Critical load combina-

tions are compared to the shape of the interaction curve in Figure 11,
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TABLE 4: COMPARISON WITH INTERACTION FORMULA FOR
COMBINED EDGEWIS E BENDING AND AX IAL
COMPRESSION

Case Panel 
~XB N xoc r NxB cr  E quation

______ _________ _______ __________ __________ __________ 
4. 3

-421.40

1 ±2387. 55

1

1-1 1 *1 -410.67 410.67 1.0459

1-2 2 ± 1 -418.60 209.30 1.0193

1-3 3 ±1 -420. 14 14C “5 1.01 12

1-4 6 ±1 -421.08 70.18 1.0043

1-5 1 ±2 -384. 17 768. 34 1.0942

1-6 1 ±4 -320. 17 1280. 69 1.1526

1-7 1 ±5 -291.51 1457. 56 1.1688

1-8 1 ±6 -266.43 1598. 58 1.1801

1 -1037.24

1 ±4436. 90

2-1 2 1 ±1 -972.09 972.09 1.0397

2-2 2 ±1 -1019.04 509. 52 1.02 14

2 -3  3 *1 -1028.97 342. 99 1.0135

2-4 6 ± 1 -1035. 14 172. 52 1.0056

2-5 1 ±2 - 847. 36 1694.71 1.0530

2-6 1 *4 - 636. 13 2544. 50 1.0476

2-7 1 *5 - 560.71 2803. 54 1.0429

2-8 1 *6 - 500.21 3001.28 1.0386
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TABLE 5: COMPARISON WITH INTERACTION FORMULA FOR
COMBINED EDGEWISE BENDING AND SHEAR

Case Panel n n Equation

_ _ _ _ _  _ _ _ _ _  
— 

xB xy xB X~’

1 ±2387. 55

1 *883. 78

1-1 i 1 1 8 15.29 815.29 .9676

1-2 - l  1 815. 29 815. 29 .9676

1-3 2 1 1370.34 685.17 .9305

1-4 4 1 1900.11 475.03 .9223

1-5 1 3 291.69 875 .07 .9953

1-6 1 5 176.12 880.61 .9983

1— 7 1 8 110. 32 882.53 .9993

1-8 1 10 88. 30 882.98 .9996

1 ±4436. 90

1 *3453. 94

2- 1 2 1 1 2534. 14 2534. 14 . 8645

2-2 -1 1 -2534.14 2534.14 .8645

2-3  2 1 3534. 07 1767. 04 . 8962

2-4 4 1 4131.24 1032.81 .9564

2-5 1 3 1074.01 3222. 02 .9288

2-6 1 5 668.70 3343. 49 .9598

2-7  1 8 42 5.15 3401.19 . 9789

2-8 1 10 341.79 3417.89 .9852
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4 . 4  DISCUSSION

Variou s calculation s concernin g the stability of a sandwich panel unde r

combined modes of loadin g and the effectiveness of typical interaction

formulas  have been presente d in this section. These results indicate the

characte r of some e f fec t s  due to combined ed ge loadings , and illustrate the

versatil i ty of the analysis procedure described herein.

The data g iven in Paragraph 4. 2 indicates that small amounts of

bending or shear loading added to large compressive forces are usually not

critically important (see Figures 4 and 5). This can be deduced also f rom

the la rge  magnitude s of the cri t ical  bending and shear s tresses as compared

with those for  compression (Table s 3 and 4) .  The effect  of a bending load

upon critical biaxial s tresses shows a rather wide variation for different

pane l geometry and stiffness , in contrast  to the influence of a shear load

upon critical compressive stresses.

Results given concerning the variou s interaction formulas indicate

that the formulas proposed 1 for combined edgewise shear and biaxial

compression (Equation 4. 2) and for combined compression and bending

(E quation 4. 3) may be of some use for desi gn purposes , since both are

conservat ive for all cases conside red here. For the case of combined ten-

sion , compression and shear , an example has been considered (Table 3,

Case 2 -7)  for which the interaction formula (Equation 4 .2 )  y ields a non-

conservative result. The she ar -uniaxial compression formula (E quation 4. 1)

general ly g ives good results and is conservative. The equation for bend ing

and compression should be used with some caution in the event that bending

loads become large.  The formula for combined ed gewise bending and shear

(E quation 4. 4) appears to be unsuitable for the determination of buckling

loads , since the e r r o r  incurred by its use is not onl y large , but noncon-

Se rvative.
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SECTION 5

SUMMA RY AND CONCLUSIONS

An anal ysis p r o c e d u re  has been (it  sc r ib d for  the predict ion of the

g e n e r a l  instability of flat , s imply - s u p p o r t e d , rec tang ular  sandwich panels

loaded by a rb i t r a ry  combinations of biaxial edgewise  compress ion , biaxial

ed gewise ben ding , and edgewise shear fo rces .  The mathematical  model is

formulated in te rms of the total potential e ner g y ,  which is cornp”sed of the

internal  elastic strain energy of the sandwich plate and thi  po t ent ia l s  of tb

applied loadings. The Ritz methoc is used to t r a n s for m  the e n e r gy  t . ioc t ional

in t erms  of continuous field variables into a quadrat ic  func t ion  of c e r t a i n

discrete parameters. Application of the princ iple of minimum potential

energy  resul t s  in a generalized discrete eigenvalue problem , wh ic h can  be

solved by s tandard methods. The finite number of ei genvalue s obtained in

the solution approximate the lowest of the infinite number of cr i t ical  loads ,

while the eigenvectors approximate the corresponding buckled mode shapes.

The accuracy of the analysis  has been demonstrated by co mpar i son

with results available in the l i te ra ture  for  a number of examp les. A limited

stud y has been made of the applicability of typical interaction formulas  which

are commonly used in sandwich design. Comparisons of the interaction

formulas  with numerical  results generated f rom the pr ~sent analysis indi-

cates that  certain of these formulas can y ield substantially nonconservat ive

results  for  some combinations of geometry and loading, and should be used

with caution.

A compute r program has been developed for the implementation of the

combined-loads instability analysis. The p rogram is operable both inter-

actively and by batch mode processing.  A detailed descr i ption of the com-

pute r p rog ram and its usage are contained in a companion report .  17
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The ana l ys i s  p r t s n t t ci has  been  demonst  rated to he a usefu l  foo l  f o r

the s t a b i l i ty  ana l y s i s  of a prac t ica l  c lass  of sandwich  panels.  1-l owu v er , a

nu m h r  of ex t en s i o n s  could be u n d e r t a k e n  to app ly the  anal y s i s  to  more

g e ner a l  s i t u a t i o n s .  R e m a i n i ng  within the  con f ines  of the l inear  fo rmula t ion,

e x te n s ons of the p resen t  method to inc lude  layered composi te  f a c e s , elast ic

ed ge m e m ber s , and n-lore gene ral panel shape s should be g i ven  cons ide ra t ion.

The ana l y s i s  can be gen er a l iz ed  to the cases  of mul t i core  sandwich  and panels

hav ing  normal  deformat ions, at some expense  in the number  of d egr e e s  of

f re e d om  to  he cons idered.  The cons idera t ion  of boundary conditions o ther

t h a n  s imple  suppor t s  a re  accomodated by a l te r ing  the assumed-mode func-

t ions to he used in the Ritz approximations. Ho~ ver , the computa t ional

e f f o r t  is i n c rea s e d  for  more  general  support conditions , sinc e the  normal

disp l a c e m e n t  does not uncoup le f r o m  the o the r  d isp lacement  v a r i a b l e s , as is

the case  f o r  simply - s u p p o r t e d  b o u n d a r i e s  ( s ee  Equat ions  3. 6 and 3. 7).

In conclusion , the sandwich instabil i ty analys is  desc r ibed  in th i s  repor t

represen t s  a u se fu l  and accura te  tool fo r  the design and analysis of lig ht-

weig ht , hi g h - p e r f o r m a n ce  s t r u c t u r a l  components.  In add i t ion , the  method

reported prov ides a sui table s ta r t ing  point fo r  the cons idera t ion  of many more

general  types of sandwich cons t ruc t ion .
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