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Abstract: In an automatic pattern recognition system , the p rocessor tha t
selects and measures features of the data , on the basis of
which classification is made , is ca l led a “feature selector ”
or “feature extractor ”. This paper presents a math ematica l
progr~rnming approach for the desi gn of 

a feature extractor.
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DES I GN OF OPTIMA L FEATURE EXTRACTORS BY MATHEMATICA L PROGRAMM I NG TECHNIQUES*

by

Ru i J. P. de Figue i redo
Rice Univers ity, Houston , Texas 77001

1. Introduction

The “feature extraction ” operation p lays a very significant role in the

functioning of a pattern recognition system. For this reason , considerable

attention has been devoted to the feature extraction prob lem in the pattern

recognition literature (see, for examp le , [1] and 12) and the references

therein). However , most of the existing techniques for feature extractor

desi gn rel y on the maximiz ation of some average distance measure amongst

pattern classes in the “feature (transformed) space.”

More recentl y, it was proposed by the author [3] tha t the performance

of the entire patter n recogn~ cion system ought to be taken into account when

selecting the optima l feature extraction transformat ion. According to this

point of view , the structure of the desired feature extractor would be tuned

to the classificat ion strategy adopted in a given prob lem. In  particular ,

if the classification strategy were Bayes , the optima l feature extraction

transformation would be the one that would min imize , over a suitable class

of admissible transformations the Bayes risk (probability of misclassif ica-

tion) in the feature space. The prob lem thus posed becomes essentiall y a

rnathemat ica l prog ramming problem.

In what follows , we formulate precisely the above prob l em in a framework

sufficiently genera l to permit the use of statist ica l and/or linguistic con-

sideration s . Then , for the case in wh i ch the classification strategy is Bayes ,

we discuss the important desi gn considerations and cite some specific results.

_ _  

p 1 ~Fi g. 1. Block Diagram of a Pattern Recognition System.

*Supported by the AFOSR Grant 75—2777 .
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2. Mathematica l Formulation

~~ The genera l confi guration of a pattern recognition system is depicted in

Fig. 1. It consists of four blocks rep resenting respective l y a system S of

sensors , a prep rocessor P, a feature extractor a, and a classifier C. In an

actua l hardware imp lementation ,some of these blocks may overlap or be comb i ned

into a single unit.

The sensing system S converts the exc i tation from a “pattern ” v being percei-

ved by S into some form of raw data w. This data is usually contaminated by

“distortion ” and “no i se” introduced by the sensing devices and the environment .

The p rep rocessor P simp ly removes, to the extent possib le , this distortion and

noise from w by means of some “cleaning ” (filtering , enhancement , restoration ,

) operation. Thus the output x from P is what may be called “clean

data ” or “prep rocessed si gnal” . The feature extractor a then measures the

va l ues of a set of variables pertaining to x called “features”. Hopefull y

these variables contain most of the info rmation needed for recognition purposes .

Fina l l y, if y denotes the output of a , the classifier C assigns y to some

pattern class H~ , and thus the recognition operation is comp leted.

It may be remarked in passing that, in some pattern recognition

literature (see, for examp le , [I], p.7), the p reprocessor P and the feature

extractor C are considered to be one and the same entity . Here , we make

the distinction between P and C, in the sense that P perform s a “signa l p ro-

cess in g” operation on the raw data with the objective of essentiall y opti-

m i zing the signal-to-noise ratio without necessaril y taking the ultimate use

of the signa l into account (many of the so—called “p icture p rocessing ” papers

dea l with this p rob lem); on the othe r hand , the objective of C is to p rov i de

measurements on the (filtered) si gna l sole l y for the purpose of recognition.

Let us now attempt to formulate precisely the prob l em under cons i deration.

Let TT denote the set of all patterns v to be sensed by S. Assume that

rr may be partitioned into M pattern classes H 1 , . . . , H~ , and let the set

. , H~ be denoted by H. Each member of 14 is to be classi fied as

belong ing to some Hi.

Let r, Y, •and ~~denote the sets of outputs from respective l y S, P C ,

and C.

As done earlier in thi s section , members of r, ~~~, and •wi ll be denoted

respect ive ly by w, x , and y. Any given output from C is a statement say i ng

that a pa tt ern v be ing perceived by Sbelong s to some class HJ. We wiU
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denote such a statement simp l y b y  TiI . The set of al l 1P , jul , ... ,

constitutes the set 11 ment i oned above.

In order to describe the operation of 5, P, C, and C we introduce

respectivel y the maps

( 1)

P: r-.~~ (2)

(3)

C: ~~~~~ (4)

The operation of the pattern recognition system may now be expressed

by

= C(A(P(S(v)))) (5a)

A K (v). (5b)

It ought to be noted that in (5a) the superscri pt j on H~ is generic ,

—1 M
that is , depending on v , & could be any one of the statements H , ... ,

In terms of the above notation then , we w il l call a g i v e n  set (TT ,H) a

“pattern structure ”. Also , g i ven any “pattern recognition system” , we wil l

refer to it by the set of maps Cs , P, A, C)~, or simp ly by the corresponding

compositi on map K , wh ich describe s it.

In our formulation , we wi l l  assume , as in most practica l cases , that

S is fixed because of hardwa re constra i nts, and so is P since the des i gn of

P is conditioned by the structure of S, as we pointed out earlie r.

The same is not true with regard to the two remaining maps A and C

Cle arl y, A is not f xed since our very objective is to select a A* ~ Xwhlch

is optima l with respect to all maps A belong ing to an admissible class X.

Usuall y the classification strategy is selected beforehand. However,

s i nce the domain of C depends on A , the structure of the class ifie r i tself

w il l  vary with A . To signa l this fact we will rep lace the symbol C by

C
*
.

One fi nal consideration is the inclusion of training sets in our

problem formulation. Such sets constitute the main source of i nformation

on a given pattern structure , on the basis of wh i ch a recognition system

-
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for that structure can be designed. We will denote by & the available

training set pertaining to the pattern class H~ , j 1 , ... , M. E)ements’of

will be denoted by u~ , and when necessary to dist ingui sh these elenents

among themselves we will number them with subscri pts , thus u~ , u3 ...,
U
~ N , where N. is the tota l number of trainin g samp les in J~ .

in a conventiona l way, we will assume that the elements in A!, j=l ,

M , are independent (with respect to some underl y ing probabilit y measure),

and that each s partitioned i nto two subsets: a subset is used in

the construct i on of the structure of the classifier , and a subset .AI!
A 

used

in the design of the map A . Let

A = .i’~)u&2u ~j~M (6)

and define the pa rtition of A into A and A
A 

where

A L U  IJA (7)

~~~~ ~~~ U ... , 

~~~A 
(8)

To indicate that the structure of the clas sjfier ’is based on A
~ 
we wi l l

rep lace CA 
by CA~~

.

Let a function ~ from HxH to the reals be defined by

~~ ~~~~~~~~~ 
•j;k) 

~~
6
jk’ j,k = 1 , . . ., M , 

(9)

where 6~ = Kronecker delta.j k

Then the total cost (risk or probability) of misclassification when all

the training samp les in A are presented to a pattern recogA ition system

Cs , P. A , CAA ) ~s
C M

Q CA) 
~~ ., ~j k ( i )~’~~~ ’ 

C
AA 

(A(P(S(u1 ) )) ) ) ,  (10)

J= ’ U
~
E/tJ

A 
C

where the nonnegative constants 
~~k(~) 

are su i table “cost” wei ghts. The
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subscript k(i) on °‘j k ( i )  is the superscri pt on the Output of the pattern

recognition system with ul as input , i.e. 11~ C
A~ ~~~~~~~~~~ 

(Il)

The optima l feature extractor design problem now reduces to the fol low i ng:
F~r ob lern .  let a l l  the symb ols  be .d~efined as above. For the purpose of

find i ng a system CS , P, A , C)to recognize a pattern structure (i., H), suppose
that you are given S , P, 6, a classif ication strategy C , a set of wei ghts Q~

* 
j k ,

j , k=l , .... .M ,j~~k , and a class X of admissible n~aps’.A. Fi nd a A E X wh i ch
min imizes Q~~

) defined by (10) over all A E x.
At this point , the following observation s about our formulation are.

in order:

(i) In se lecting the feature ext raction map, we are considering the

performance of the ent i re pattern recognition system. -

(ii) Excep t for the mild measurabilit y condition assumed on the trainin g

sets needed to justif y our criterion functiona l (10), no restrictions have been

imposed on the ranges and domains of the four maps constitutin g our patte rn

recognition system. So our formulation may be used when the pattern

recognition system under cons i deration is described either by operators

in linear vector spaces as in statistica l pattern recognition [1], or by
the forma l language approach [4].

(iii) We have developed our genera l formulation to the point where,

with the addition of details pertaining to a specific app lication , the

feature extractor design prob l em becomes a very well-def i ned nonlinear

programm i ng prob l em wh i ch can be readily solved by any one of the standard

al gorithms avai lable in the literature [5].
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3. Specific Considerat ons and Results

3.1.  The structure of IT, r, ~ and 4’

A given pattern recognition app lication would determ i ne the structures

of the se ts TT , r, v , and In many app lications , r, ‘i’, and 4’ are linea r

spaces , the dimensions of r and V being high and that of 4’ low. For this

reason , the selection of A is sometimes called the “dimensiona lity reduction”

p roblem.

From now on , we will asuume that 4’ and V are linea r spaces.

3.2. The characterization of X
One i mportant conside ration in the design of the optima l A* is the

characterization of the class X of admissible transformations A. A verj.~
genera l class that we propose is that of continuous functions from V to

4’. We denote such a class by X~~
• Provided the domain of each A E

is assumed compact , any member of can be represented to any desired

degree of accuracy by a pol ynomic operator [6] [7]. In particular , if

‘1’ and 4’ are finite-d i mensiona l with dimensions n and m respectively,

a member of X may be app roxi mated by m mu ltivar iate pol ynomials p~ ,

= 1 , .. .. , m , expressing the components of y (y 1, 
~
‘m~ 

E 4’ in

terms of the components of x = (x 1, . . . , x )  E V , thus

y. = A .(x) = p
~

(x i, ... , x ) , i = 1 , ... , m . ( 12)

A subclass of such X C is the class X CL of linea r transformations

consisting of all mxn matrices.

The va r i ous d i s c r ete t ransforms (e .g.  Fo uri e r . Wa l sh , ...) that

hav e been used i n di gital data processing are linea r transformations and

may be used as intermediate vehicles in compos i ng a subclass of X CL~
For examp le , suppose we pick for this purpose the discrete Fourier

tran sfo rm which we denote by D. Then 0 i s a l i nea r transfor ma ti on f rom
V to ~Y , the span of an appropriate discrete Fourier transform basis elements.

The d imens ion  of ~
“ is the same as tha t of V and hence equa l to n. It is

well-known that in some pattern recognition p roblems , events pertaining

to different pattern classes are better separated in the transformed

domain Y. For the purpose of dimensiona lity reduction then , one wou ld
follow the trans form operation by some other appropriate linear operation

L. For example , I. could select m of the spectra l components of the



r

7

transformed data vector , the choice of these components be i ng such that those

m components containing the maximum amount of information needed for recognition

are selected. In this case , we would construct a subset of XCL consisting

of all maps A = ID , different A’ s corresponding to different L’s (different

choices of m spectra l components).

3.3. The Bayes risk as Criterion Functiona l

If the pattern structure to be recognized is modeled p robabi l isticall y,

then the criterion functiona l (10), with appropriate interpretation , may

be viewed as the Bayes risk (probability of misclassification).

Thus in the p robabilistic case, for j=1 , ... , M , let f~ (y/&, A)  deno te

the probability density function for the random vector V = (Y 1, . . . , Y )
conditioned on the pattern class H~ and on the transformation A. Here

we consider the elements y = (y 1, • •

~~~~~ 

y~
) E 4’ as realization of the

random vector V conditioned on one of the pattern classes. Also , let

denote the prior probability for ft1 and 
~~~

.. the cost of classif y i ng

a y arising from H~ as pertaining to H ’. Then the Bayes risk is:

M M
Q(A) = Z E P. ~~~~~~~~ f~ (y ~H~~ A) dy, (13)

i=l j=l ~ ‘ -~ Q. (A)
j~~i 

I

whe re ~l.(A) is the Bayesian decision reg ion in 4’ for H ’ .

If
= 1 — , i , j=l , .. . , M , (14)

(13) reduces to the probability of misclassification

M M
Q(A ) = ~ E p. ,~ f (y/& , A) dy . (15)

i=1 j=l ~ “L (A) ~

i~~i 
I

Under (14), the dec is i on reg ions c2.(A) appearing in (15) are

def in ed by

j yEl: g.. (y,A) > 0 j#i , j=1 , ... , Mj, = 1 , . .. , M, (16)

wher e
g1j (y, A) P. f~ (y/H 1

, A) - P~ f~ (y/H ~ , A) . (17)

We assume that the functions f~ satisfy conditions that allow

to be well defined (see (3)).
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A number of ways of estimating the p robab ility of error from the

training samp les have been rev i ewed by Toussaint [8].

However , a new way of estimating the error in the feature space

has been proposed and studied by Sagar and the author [9]. This

app roach essentiall y considers the discri rni nant functions

= 1 , ... , M— 1 , j = 2 , ... , M , j>i , as random variables.

For g iven f~ (y/H~ ,A) , j = 1 ,... , M , we define the conditiona l

distributions F. , j = 1 , ... , M , as follows: For any given (M—1 )

rea l numbers Y 1, .. we have *

F
1

( Y 1, V
2 , ... , vM 1 /A)

= P rob C y : g 12 (y,A ) < Y 1,  .. .  , g lM (y,A) 
~ 

‘
~M-1 

/ y E H 1), (1 8-I)

F2 
( Y 1, .. . , / A )

= Prob C y: -g 12
(y A) < V

1. g23
(y A) ~ v2, .. . , g2M (y,A) ~

/ ~ 
E ~

2) (18—2)

F
M 

( v~ TM-V 
A)

=Prob C y: 9 lM (~ ,A) < Y 1, -g~ ,~(y.A ) < Y2 ,  .. . 
~M— l ,M~

’’
~~ 

<

/ y € KM). (18-M)

I t now follows that the exp ression (15) for the probability of

misc lassification is equivale nt to **
M

Q(A) = E P. F. ( 0, 0, . . .  , 0/ A). (19)
j=l -~ ~

In writing an estimate ~ (A) of (19) on the basis of training samp les ,

we first use the samp les in A~ to obtain estimates ~(y/H’~,A) of the
functions f.~(y/&,A) by means of the Parzen kerne l [io] , (11]. This

in turn leads to estimates (y,A)  of ~~~(Y~A) via equation (17).
We use the training samp les i n AA to obtain the estimates P~(. IA)
of the d i s tr i bu ti ons F~(. IA) defi ned by equations (18-1) through

(18-M) and hence the estimates (0,... ,0/A) , appearing in (19).

*y E & ~..4” y arisec from a pattern belong ing to H~.
**Strictl y speaki ng , some of the arguments , of F 1 , j~~l , in (19) should be

written 0- instead of 0 , to show that we are r~ferring to left-hand limit s
correspond i ng to the strict inequalities in equations (18).
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p. By means of the Kiefer-Wo l fowitz [12] general ization of the Kolrnogorov [13]

and Sm i rnov [14] theory , one can derive bounds on the error in the estimate ~ (A)

of the p robability of error Q(A). Details of this study will appear

elsewhere [9].

3.4. Optima l Dimensiona lity of the Feature Space

The optima l dimens i on m of the feature space 4’ is intimatel y

related to the size of the training set A . This is because , for sets

A and A of fixed sizes the errors in the estimates g.. and ~~~. of the functionsA C ‘ i

g . .  and ~z . decrease with m(that is , the lower the m the closer the

~~~

.. and 
~~~

. to g.. and F.); on the other hand , the p robability of error

increases with decreasing m , because of the loss of i nformation by

reduction of dimensiona lity. This indicates tha t the optima l dimensi on

m should be the one that corresponds to the best comp rom i se between the

aforementioned two competing effects.

While some papers have appeared previously [15] [161 [17] on the

dimensionality —versus—san ’p le— size prob l em , we have studied this problem

in the contex t of the feature extraction p rob lem using the developments

mentioned in the preceding section , and these results appear in

[9) and [18).

3.5. The Mathematica l Programming Approach

From all the preced i ng conside rations it is clear that the p roblem

of optimal feature extractor desi gn stated at the end of section 2 is

a well-defined nonlinea r p rogramming p rob lem with the criterion functiona l

given by (10) or (19) to be minimized , and the constraints specified by

the p roperties of the given pattern structure to be recognized , and by

the class X over which the optimization is to be carried out.

Typ icall y, in any given application , a comp lete study and i mp lement-

ation of this approach would require : (a) the study of conditions for the

existence and uniqueness of the optima l A*; (b) development of efficient

convergent algorithms for the determination of A* ; (c) prog ramming and

testing of these al gorithms on a computer with simulated and rea l data

bases.

Is
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L All these phases have been carried out by the author and his associates

for Gaussian pattern structures and for the class of linear feature ex-

tractors in [31 [181 [19] [20]. Also , phases (a) and (b) of the stud y

of the genera l nonGauss ian nonlinear case has nearl y been comp leted

by A. Sagar and the author , and these results wil l  appea r in future .

4. Conclusion

A mathematica l prog ramm i ng approach has been described for the

design of a p rocessor for feature extraction in pattern recognition.

The main consideration in the development of the desi gn al gorit hm

is the optimiz ation of the recognition capab ility of the system taking

into account the realistic constraints appearing in a particular

app lication.
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