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CONTINUUM THEORIES FOR CYLINDRICAL

WAVE PROPAGATION IN A LAMINATED MEDIUM
by

E . Yakc Benveniste

Department of Solid Mechanics Materials & Structures
Schocl of Engilneering
Tel-Aviv University

Tel-Aviv. Iszael,

Abstract

In this report, inreracting continuum theories are developed for

cylindrical wave propsgation in a bi-lzminated, linearly elastic, compcsitce
medium. We consider a cylindrical circular infinicte cavity perpendicular
to the layering cf the ccmpcsite. The laminated medium is subjected at

the cavity wall to & non-axisymmecric chear and ncrmal lcading uniform in
the direction of the cavity axis. Two microstructure theories are
developed: the ifirst simulates the effectively two~dimensional plane

metion c¢f the medium which is dus to a ncrmal and shear loading in the

circumferential direction: the seccond models che effectively anti-plane

.,
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L
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motion due to a shear lcading in the directicn oi the cavity's axis.




1. Introduction

The investigation of wave propagation in a composite medium is usually carried

! out by constructing a model of the compcsite which describes in some sense 1t$ gross
mechanical response. Such an approach 1s unavcidable since an "exact" description of
the mechanical response of the compcsite is almost impossible due to the compliex

geometry and the multiple reflections that waves undergo at the incerfaces of its

Lo L s

constituents. The simplest model of a composite medium 1s the sc~calied "etfective
modulus theory'" which replaces the composite by an equivalent homogeneous ani@otropic
material with equivalent elastic constancs and descripes the groes mechanical
behavior i1in terms of the averages of dispiacements, stresses and strains over the
representative eiements. The effective modulus theory, however, is not able to
account for a very imporiant phenomenon 1n the propagation of waves in composites,

that is, dispersion and attenuation.

A more realistic description of the mechanical behavior 9f composite media can
be attained by taking into consideration in scme sense its microstructure. Several
X : : : *
such models exist now in the literature and recent review papers by Achenbach [1]

and Moon [2] cover the majority ci the research works carried out in this area.

One approach to model a composite by taking inco account the microstructure is o

use mixture theories as models of composites as suggested by Lempriere [3]. These

ira interacting continuum theories where the constituents are superimposed in spage

but allowed tc undergo individual defcrmaticns. The basic difficulty in these theories
18 the analytical specification of the interaction terms which arise in the formulation.
For the specific case of longitudinal wave-guide type propagaticn in laminated

composites, Hegemier et. al. [4] use an asymptotic mechod whose first order term can

* -
Numbers in the brackets designate rcferences at the end cf the paper.




be cast in the form oif a binsry mixture theory, and give a rational construction of
beth mixture interaction and constitutive relations. By comparison with exact and
approximate phase velocity data, they show that the developed thecry gives good first
mode agreement for wavelengths greater thdn the typical composite mizro-dimension.
Furcthermore gcod correlaticn with experimental data in transient wave propagation 1is
reported in [ﬁ] » The valiidity of this theory 1in transient wave prcpagation was also
checked by Aboudi (k] by comparing results with those obtained by solving the complete
dynamic equations cf elasticity [é] s . In Eﬂ Nayfeh and Gurtman extended the theory
to study shear waves in laminated wave guides, Again, very satisiactsry r-sults are
obtained by comparing the dispersion relations with exact phase velocity spectra for
the 'cwest mode cf propagation. The theories developed in [4] and QJ are effectively
one~dimensional in rhe zense that the @ixtu;e variables are dependent on une space

variable o2oly.

In this paper continuum microstructure theories of the type given ia BJ and (ﬂ
are developed for the case of two-dimensional wave propagation from a cylindricel cavity
in a bi-laminated medium, We ccnsider a cylindrical circular infinite cavity perpen-
dicular to the layering of the compcsite and define a cylindrical cccrdinate system
(r, ©, z) with 2z being along the axis cf the cavity (See Fig., 1). Coatinuum mixture
theories will be developed fer two locading situations at the cavity wall: a) Situations
in which the lcading is tangential in the ©-direction, and/cr normal to the cavity,
with dependence on © ., but unifcrm in the 2z direction, and b) Situations in which
the loading is tangential in the z-direction with dependence on € but again uniform
in the z-directicn. Clearly, a specific example of a ©-dependent and z~independent
loading is an infinite line load in the z-direction, Symmetry considerations show that

®) &) )
T 2]

case (a) yields symmetric u and u displacements with

respect to the midplanes of each layer, whereas (b) yields anti-symmetric qfx)& uec*)

and anti-symmetric u,

and
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symmetric uz(a) displacements again with respect to the midplanes. It is
clear that when the displacements are averaged over a layer no net u:a) displace-
ments are obtained in case (a) and no net u:a) and uéa) displacements in case

(b). Therefore we will characterize the motion in (a) by the name quasi-plane
motion and that in (b) by the name quasi-anti-plane motion. Note that both
motions are two-dimensional. For the specific situations in which the loading at

the cavity wall is axi-symmetric, three cases are distinguished: (1) Axi-symmetric

normal loading at the cavity wall; in this case there are no uéa) displacements
and the uia) and uia) displacements are respectively symmetric and anti-

(o)

symmetric with respect to the midplanes. Since, on the average the u,

displacements vanish, this motion can be characterized as quasi-radial motion.
(2) Axi-symmetric tangential loading in the ©O-direction at the cavity wall;

u(m) (a)
I

in this case there are no displacements and the and u, are

(a)
o
respectively symmetric and anti-symmetric with respect to the midplanes. The
motion is characterized as quasi-rotatory motion. Note that cases (1) and (2)
are special cases of the quasi-plane motion. (3) Axi-symmetric tangential loading

in the z-direction; the motion caused by this kind of loading is a special case

of the quasi-anti-plane motion which does nct have any 6O-dependence.

In the second section of this paper, the equations of motion and constitutive
equations for each constituent will be given. In the third and fourth sections,
continuum microstructure theories will be developed for the quasi-plane and

quasi-anti-plane motion respectively.

*

Here and in the sequel the superscript or the subscript X will take the values
1 or 2 and will indicate that the quantities belong to either one of the
constituents.




2. Basic Equations

Consider a periodic array of two alternating isotropic linearly elastic layers
of widths Zhl and 2h2 respectively. Let us also consider an infinite circular
cylindrical cavity perpendicular to the layering. Define a cylindrical coordinate
system (r, 6, z) such that the 2z coordinate is along the axis of the cylindrical
cavity. Furthermore, let z, be a local coordinate measured from the midplane of

each layer (See Fig. 1).

The equations of mction and the constitutive equations in cylindrical ccordinates

for every individual layer, are given by :

20@ 4 am o) + az;f‘;’ RCE VST <
AR TR ol 3za i:) + o) =g, %2' 5
cég) = Aall\(a) + 24 ( ge éa) + ui&) )/x
ciz) = AuA(a) + 24,( %Zau;a))
ig) " [(l/r)-%g uia)+ gr (@)_ (u(u)/r) ]
CRIRE RS
o
Ty Uy L5z g™+ /) G ®)
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where

fa) J 8- &0 L g L 1))

4 dr r ® 20 g T ¥y d/x ] + 3z Uz (2.10)

(a) (o)

and oij and uj with 1 and j standing for r, 6, z are the stresses and
displacements, pa is the density of eazh constitueat, AQ and ua are the Lamé

parameters and t denotes the time.

3. Quasi-plane Motion

: , , Q. 3
In this section, we will consider sicuations in which the u; ) displacements

are anti-symmetric and the uia) and uéq) displacements symmetric wilth respect to
the midplanes of the layers. The general casz 5f a v-dependent normal,and shear
loading in the f-direction at the cavity wall wiil be treated and a continuum
mixture theory will be developed which willi modei the composite in this two-

dimensional quasi-plane moticn. At the end cf the section, the special case of

axi-symmetric wave propagation will be briefly discussed.

To develop the micrestructure model the'equations of motion (2.1) and (2.2)
will be averaged over the z, coordinates and atter deiining "partial stresses"
and "partial densities" they will be cast in a standard binary mixture form. A similar
averaging process will be carried out fcr the constitutive equations (2.4), (2.5) and
(2.7) and spproximate constitutive relationms connecting the partial stresses to the

average constituent displacements wiil be obtained.

We define the average quantity

By

=(a) - (1/3 [ () . \
Vv (x,0,t) (1/"03 : V(8,2 5 t)dz
o]




and the partial stress and densities as:

N
°1(r:p) » “a?’ﬁ:) (3.2)
égp) ¥ naaég)
Dép) = “apa
where
na = hd/h s with h = hl + h2. (3.3)

Note that the symmetry of the uia) and uéa) and the anti-symmetry of uia)

displacements imply symmetry with respect to the midplanes of the cig), ég), °£:)'
56) stresses and anti-symmetry of oé ) and cig) . We now take the average of

equations (2.1) and (2.2),and employing the stated anti-symmetry and continuity

conditions of the U(a) and oé:) stresses at the interfaces we obtain the following
mixture equations of motion:
ar (mp)+ (/1) _3 U(Otp) + [(c(ap) égp))/r] ép)a > —ia)
. an(r,e.t) - (3.4)
08P + /) T ol 208 ) - pép)-g-i-z- 3 M= q_p(r,0,6) (3.5)

where
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[Q(r,8,0)1(h) = 0.2 (r,8,h,,6) = 0°2) (x,0, =nys6)= =0 D (£,8,h ) (3.6)
2 1 1

[P(x,8,0) ) (B) = 02) (r,0,h,,0) = 0820 (x,0,-n,6) = -o{D (x,0,m,00  (3.7)

and
i

q1=1 q2=—1

We will call the partial stresses Oigp) 5 o(ap) igp) and the average displacements
66

;ia) s Géa) by the term mixture variables. The next step is to develop approximate

constitutive equations relating the partial stresses to the average constituent dis-
placements. Furthermore, expressions relating P and Q to the mixture variables
will be obtained. These expressions will be based on the assumption that for a
characteristic wave length L , and composite microdimension h = hl 2 h2 , the ratio

= h/L 1is a small parameter and terms of order €2 can be neglected (see [4]).

Averaging equations (3.4 - 3.7) according to (3.1) and using the anti-symmetry

and continuity properties of uia) we cbtain:
(G - By T3 - (&Y - 8 n, = -q 5(r,0,0) (3.8)
[Gog) Ay = (BgA) W/ G & Pl - 2 31n < sq 500 (3.9)
(G /e - O /e =506 mp W (&5 + 310 = —q 5(x,0,0)
(3.10)
s _ (a) (a) 3 5l
Sro Llamds ) # 2= 5 (3.11)

In order to abbreviate the equations, this notation will be used in the sequel too.




[Q(r,8,01() = 012 (x,0,n,,6) = 002 (2,8,-n; )= =o' D (r,0,0,,0)  (3.6)
, 3 (2> i O 2 B oy

[P(r,0,t)](h) = (x50 h yT) = oez (rle’ hl’t) - Oez (rpeahl’t) (3.7)

and
.¥.

ql = 1 q2 = =1

We will call the partial stresses oi?p) - O(ap) 3 Oigp) and the average displacements
06

Gia) - aéa) by the term mixture variables. The next step is to develop approximate

constitutive equations relating the partial stresses to the average constituent dis-
placements. Furthermore, expressions relating P and Q to the mixture variables
will be obtained. These expressions will be based on the assumption that for a

characteristic wave length L , and composite microdimension h = h,k + h2 , the ratio

1

= h/L 1is a small parameter and terms of order 52 can be neglected (see [4]).

Averaging equations (3.4 - 3.7) according to (3.1) and using the anti-symmetry

and continuity properties of uia) we cbtain:
(GO0 - ErY 25 - (%Y - 8 )n, = ~q 50,0, (3.8)
[Ggg Ay = EAY WD G o D) - £ ulPln, = —g 50,0 G.9)
(G ey - 0 /e 5D p) 5 + 5 In, = - 5(x,8,0)
(3.10)
ol 2 a1/ (F5 8 - 5 + 5 (3.11)

In order to abbreviate the equations, this notation will be used in the sequel too.

4 v




where
Ea = Aa + Zpa = (3.12)

and

(2)

(0 [S(x,8,6)] = uy?) (£,6,ht) = u (L)

z

(1)

2 (r,e,_hl’t) &= =13

(r,e,hl,t). (3.13)

We will now obtain an approximate expressicn for S , which, when substituted

in (3.8) and (3.9) will give together with (3.11) the desired mixture constitutive

(@) () ., (o)
y s and u
r z

Q

S an B g opema ~t » |
1ir cerms © < witlile
U

equations. For this purpose we expand u

utilizing their symmetry properties. Using then these expressions in (2.6) an expansion

ia) is obtained (See [4]). This is of the form:

for ©
P

() _ =(a) 2
o, . [1 + 0(e7)] (3.14)
Using the continuity of Uiz) across the interfaces, up to the order cf approximation

we are concerned with in this paper, we can write:

St = mte)

2z 2z (3.15)

Equation (3.15) together with (3,10) furnishes an expression for S :

v 8. =(1) =(1) . 9_=(1).s _
S(r,d8,t) = (Al/E)[ 5% Up + (l/r)(ur + 35 Y )]

(2)

*umeFL%”](mm

' _a__ =
= (/B 57 vy r T3 Y% )




wvith o,B

E = (E,/ny) + (E,/n))

Substituting (3-.16) in (3.8) and (3.9) we <btain

o(lp)

IT

o'2p)

rr

(lp)

8

(2p)

%8

aa

CaB = A_A

[aghy = (A2 /E)]

= 1,2 and o # B .

+d [\llr)(

+ (/) ( == aa
+ u [(i/z)( 33- (2) + ;5?))

ey Lm(&EH + 81+

(2’)1 +cy (1’ + (1/x)( -3

0ol (/1) ( 35 56" +

¢3.17)

(3.18)

+ i (L 3§+ i1+

(3.19)

(1), ;9}5 1

(3.20)

(3.21)




Equaticns (3 11) and (3.17-3 20, are the aesirea MIXTErs CoNeliCULLVE @RUalions -
it remalns now to derive eXFressions relaiing y &and ¥ UC (he MiXLiLe vaiidbDics
Let us first cobtain the expressicn ror Q Again The pro_edure 1CLiOWed 1o (4) wiil
be used here and 1t will be given priel.y withocl dECa.is MULiapay.ng eqUaltion .2 8,

by A, s expanding in powers -I z, N0 .OLLL=LI0B DY Parts we -DLaLh:

Q) : = (i e o . L0
ui )(r,o,h& st) = ui ) T \rl,)’/J[L .o_r- u: )\L,U,na,t_) = \l/pu, s !\-,u,h‘.,.“:-‘f
(3.22 i
Using the definizicns (3 6) and (3-13) gives: ;
3 =(1 S e - -
05 )(r,b,hl,t.) = h: ) + \nlh/.i;‘[- ';':' > T \“J"i) Q=D (3 7
3
. (2) L=(2) L3y e O = 3 L i
U (r,a,nz,t) wit (r.zn,..,L 3 O \L/pz) Ql=C L
3
Subtracting (3.24) from (3.23),empicying the .catinuity coadition of a:“) acrus .
the intertaces, and using equation (3 16), we get: ]
: 2, =(3y ={2} i A R ) 1
Q{r,8,r) = (K/h )(u.(_ e T r! Mg /E) sy ¢ 51E) u\‘ljj - :
: - 1 Y i t < [ o
ih gy o) _ v =(2), e
T xztmhAL'E) Ly \\ZIE) uy it X0
where
¢ ‘ =
= y “ { j 1 Soaan
K= [(n;/3u)) + {n,/3u,)i (3.28)
M=K/3 1
and jfl and ,22 are diifersntial cperaccs: cuch chat , 1
Liw ==Yy (s 77
i or %o x
a 3
jte(¢) el o (1/e)yp (3.8
il :
¢ B d & 9. . s
iZ(L) = (1/r) 5150 \P (L/e7) 38 v (Jee
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The expression for P can be obtained by applying the same steps, this time to equation

(2.9). The result is:

TR (x/hz)(ﬁél)_ ;E‘f)) + 1L+ 2/c%) -2-3] {M[()\l/E);f_l)-(kz/E)Giz)]}
2
3 R R
+ (1/r) 392 {M[(AI/E)UQ (AZ/E)ue 1} (3.30)

The mixture equations of motion (3.4,3.5) together with the interaction terms Q and
P given by (3.25) and (3-30), and the mixture constitutive equations (3.11, 3.17-3.20)
define completely the quasi-plane motion of the laminated medium as mcde.cd by the present
wicrostructure theory. MNote that the equations are two-dimensional in r and 6 and the
-(a) =(o)
6 r

tangential displacement u and the radial displacements u are coupled to each other.

Substitution of (3.11,3.17-3.20, 3.25 and 3.30) in the equaticns of motion (3.4, 3.5)
provides four coupled partial differential equations for Gil), 522)) Gél)and ﬁéz); when
these are prescribed at the cavity wall, together with inicial conditionsz, they can be
determined throughout the laminated medium.

For the special case of axi-symmetric loading at the cavity wall, there is no depend-

(a) -(a)
)

ance on O and inspection of the field equations show that the u and u

displacements
decouple each other. In cne case there is a net radial mction ot the medium and in the
other, a net rotatory motion; these are called respecrively the quasi-radial and quasi-

rotatory motion of the laminated composite,

4, Quasi-anti-plane motion

In the present section we wili consider the motion o1 the composite which is caused

by a tangential loading in the z-direction at the cavity wall, this input being uniform

in the 2~direction but dependent in 6. The motion wilil be such that the u:a)

g (¢}
ments are symmetric with respect to the midplanes whereas the ui )

displace-
(o) J
and the uy displace~
ments are anti-symmetric., A net moticn in the z-direction will be present which will be
two~dimensional in r and O. As in the previous section we will develop here & continuum

microstructure theory modeling the laminated composite in tnis twoc-dimensional quasi-

anti-plane motion.




T

o

; o : : o) o ;
firsc, it i{s noted that symmetric ui ) and anti-symmetric ué ) and uiJ’ give
5 () (o) (x ) (@) (&) ()
y bkt a - o v
rise tec symmerric Uz and orz and anti-symmetric c > 066 s O r6 with respect

tc cne midplanes Averaging equation (2.3) according to(3.l) and defining again the

partial stresses

Gpy _ - =(0)
rz 830y z (4.1)
gives
3. ey 1¢9P) o {op) _ (p)B =(a) _
[ T (1/x) jc Wt (1/r) 58 I, Ty, ac2 u, un(r,e,t) (4.2)
where

{R(r,6,t)]h = -ZZ)(I 6, 2,t) = 0(1)(1 0 —hl’t) = —Oii)(r,a, hl,t) (4.3)
Averaging - quations (Z2.8) and (2.9) we obtain:

c(Ocp) - o -(a)

25 Hla 52 %~ =40, U(x,6,t) (4.4)

é:p) - U n (1/7) gg Gga) = q i, T(r,8,t) (4.5)
where

éz) " e -éi (4.6)
and

[UGe,6,0 10 = ulD (r,6,h,0) = 0P (r,8,-n,,0) = P z,8, SR )

72,8, 10 = u$P (2,6,h,,0) = 0P (2,6,-n,,¢) = P ,en,0 @8

Equations (4.2) are the mixture equations of motion and equations (4.4) and (4.5)

the mixture constitutive equations. They contain the functions R(r,9,t), U(r,8,t) and
T(r,0,t) which will have tc be determined in terms of the mixture variables. The
determination cf these functions will be carried out by following similar procedures
to those given in [7]. In the present case, three coupled differential equations will

be obtained for R, U and I.




=30

Mulciplying equations (2.6) by z expanding uga) and 0::) in powers
of z, and then integrating by parts give (See [7]):
(@) _ =), _ (@) !
Ea[uz (r,a,ha,t) u, ] (ha/3){0zz (r.e,ha,t)
- o (@) (o) o ()
)\a[ e ur (r,e,ha,t) a0 (l/r)ur (r’eyhd’t)"’(l/r)sgue (r.e,ha,t)]}
(4.9)

Using the definitions (4.3), (4.7) and (4.8) results in:

~(1) SR 5
a (h h/3E){-R Alcliu A /) 55T (4.10)

(1) 2
uz (r,eyhllt)

(2) -(2) 9
u, (r,e,hz.t) = (hzh/BEZ){R + AZJZ U+ 12(1/r) 5 7} (4.11)

Subtracting (4.11) from (4.10), employing the continuity condition of u;u)across

the interfaces, we get:

a,f U(r,8,6) + 2 (1/1) 35 7(x,0,8) + a,R(x,8,6) + [P 5Dy /m?)=0

(4.12)
where
a, = [(Xlnl/El) = (kznZ/Ez)]/3 (4.13)
a, = [(n,/E)) + (n,/E,)]/3 (4.14)
(Ot)_

Equation (4.12) is the first differential equation relating U, R and T to Gz

Substitution of (2.4), (2.5) and (2.7) in (2.1) gives:

2
L EO P e D e
o o

where fga) and xid) are differential operators such that,

| 4
| @
i

‘;




e s e e e

() 2, @ 3
L3 =L W) + /%) S5 ¥ -p =y (6.16)
9 ot
(a) o - e g 9
3,70 = g v a0 - @i S5 47}
Multiplving eanation (£.15) by 2, expanding u:a) apd uéa) in powers of z, and .
intecratine bv parts, we obtain:

=14~

2 2

DR ,00n 0 + 4P WP e 01+
+ a1l em,0 - 1)+ (0P ,en,0 § D=0 a8

Substitution of (4.9) in (4.18) furnishes:

(/3 iV 1l (2,0,h,0 M1} + L0 /DY, 9 (0™ (x,0,b_,t) M1}

+ {0 /) 2 10 (x,0 0 /) + (10l (r,0,n 0 - 5P /m=0

(4.19)
where
() 2, 2, 92 52
iS = [Ea—()\a/ﬁa)] 5(11]: + [(ua/r ) ;(;7 ] -na ~ ih (4.20)
at
Dy o g iy - OZED 1R - u i oy 420
Introfnetion of the definitions (4.3), (4.7) and (4.8) in (4.19) provides:
[(n1/3)gﬁél) m o+ (/)£ 1) - [ Ghyn /38 «— -] +
L R, |
+1 o, (r,0,h ,0) =0 "1/h } =0 (6.22) !

-l<n2/3)&§2)ul - [y /3P + [(A,n,/3E,) %; R] +

+ {[oﬁz)(r,a.hz.t) - 8§:)1/h2} =0 (4.23)
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i which, when subtracted from each other finally yields:

N S SN P, e v+ S AV

£, 00,8, + LT(,8,0) - a; = R(2,8,6) + (@ 2P /)~ 2P /n 3 1/m%e0

i (4.24)

E where |

| (1) 2) {

g Ly =l EPy + yn L2 (4.25) |
Logv = /) L+, L2 (4.26)

Equation (4.24) is the second differential equation relating U, T and R.

It remains now to derive the third and last differential equation for these
functions. We start first by substituting (2.7) and (2.5) in (2.2), which i

provides:

2

(o) () (o) ()
Jfg ug ~ + Jelo m [(1/r)ka Bz g U

(a) (cx)
]+ 2 e =D (4.27)

where

‘°‘)w g (1/: ) —w o f (4.28)

362 a2
(o) 2, 9 ;
Xlo b= 2E (1) S5 b+ Oy uu)o‘ﬁz v

Applying to equation (4.27) the same procedures which were applied to (4.15),

we obtain after considerable manipulation:

L 1e,0,0 + 2, 0,0,0) - W) a) T v+ 16082 /)08 ) 1m0

f (4.29)
with 5813 and 14 being differential operators such that

gt = (/D EDy 4 @y LDy (4.30)

:Zl,‘w -~ [(“1/3)x§ v+ (n, /3)x(2) (4.31)

L B— "




T
and
(e) 9 2 32 32
8 =R = (VIR IILIEET) Sy b ':iflw Bl e s L ARNL LGl
36 ot
I(a)w = A+ ) = (AZ/E )1(1/x) 32 y+
i (A, My o “a dradf

S x5
+ [(lot + 3u ) (Aa/Eu/](l/r ) 35 v (4.33)
Equations (4.2), (4.4), (4.5) together with (4.12), (4.24) and (4.29)

define the quasi-anti-plane motion of the laminated medium as modeled by the

present continuum mixture theory. They constitute nine coupled linear partial

G(O‘) : c(ap)’ c(ep)
z 5}

differential equations for the nine functions % 3

s U, T and R.

Since they are a system of linear equacions, they can be manipulated so that they

provide two coupled partial differential equations for G;l) and Gz(z); when

these displacements are prescribed at the cavity wall together with initial con-

ditions, they can be determined throughout the laminated medium.

For the general case of a O-dependent loading at the cavity wall, the

-(Q (o) (g
mixture variables u; ), Cizp) and 352“) are funccions of the space variables

r and 6, as well as time. For the special case cf axisymmetric loading, we

o
expect that the partial stresses Gé P) shouid vanish. 1In fact, this can easily

.‘lQ'

be seen first by observing that with = 0 we have:

@

o

fz N Xe & fs B flz 5 xm ni (4.34)

and the terms containing T in (4.12) and (4.24) vanish. Again with %—-= 0,

equation (4.5) gives

oé:) =qy,  T(r,8,0), (4.35)

which, when substituted in equation (4.29) yields a differential equation for T
which is decoupled from all other variables. Thus, with an axisymmetric tangen-

tial loading in the z-direction, clearly we have T=0, which through (4.36) yields

.l-llu----n-u----un-nunn-nnhﬂ--n-nuﬁ-nhunufmw




o

(ap)E

002

s Boumtion (.25, €6.4%, 1A 10 Aed Ch-OhY with ?8;6' = 0 deFing fow Phe

axi-symmetric quasi~anti-plane motion of the composite.

We have developed an interacting continuum theory for cylindrical wgve propagation
in a laminated composite. The case of a 0-dependent loading at the cavity wall is
treated and the theory is two-dimensional in the sense that the averaged motion of
each constituent is dependent on the space coordinates r and O) as well as time.
Note that the construction of the theory is strongly dependent on the specific
symmetry conditions which arise due to a uniform loading in the direction of the axis
of the cavity. Tt can be seen that similar symmetry conditions will be present when
a laminated half-space, with the surface being perpendicular to the layering, 1is
impacted by a tangential or normal infinite line load perpendicular to the interfaces
of the layers. Thus, it is expected that continuum mixture theories of the same type
can again be developed for these problems, these in fact being the two-dimensional

generalizations of the theories developed in (4] and [7].
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Figure Captions 3

1. A circular cylindrical infipite cavity im a bi-laminated composite medium,
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