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CONIINU 1ThI THEORIES FOR CYLIND RICAL

WAVE PRDPAGAT ION IN A LAMiNATED MEDIUM

by

Yako Benveniste

Department of Solid Mechar~ics , Materials & Structures

SchooL ~f Engineering

Tei•Avcv University

Tei-~Avc~ , Israel.

Abstract

In this report , interacting ccntinuum theories are developed for

cylindrical wave propagation in a bi.-laniinated 9 linearly eiastic~ campcsire

medium .. We consider a :ylindri- .al ci~ :uia~ infinite cavity perpendicular

to the layer :ng cf the ccmpcs1t~ . The laminated medium is st~bjected at

the cavity wa .I z~ a ~:n axisymms.~~~.: ~hea~ and n:rmal loading uniform in

the direction of the cavity axis. Two m :~ cstru~ture theories are

developed : the first s~mulater the f~ - t ~~:€~ y tt~o~d~mensional plane

motion cf the medium whl:h ..s dut -
~~~~ a ncrmal and shear loadIng in the

clrcumfetentia . direc:~on~ the eec :nd models the effectively anti—plane ,~~~~~

motion due to a shear icading in the dIrection ci the cavity 9 s axis, 
-

~~ ~~~
-
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1. IntroductIon

The investigation of wave propagation In a composite medium is usually carried

out by constructing a model of the compcbite which describes irs some sense its gross

mechanical response. Such an approach is unavoidable since an “exact” description of

the mechanical response ox the composite cs almost impossible due to the complex

geometry and the multiple reflections that waves undergo at tne interfaces of its

conatituents. The simplest model or a composite medium is the sc— .alied “etfective

modulus theory ” which replaces the rnp~.siL ~ ov an equivalent homogeneous a!~taotr~pic

material with equivalent elastic constancs and describes the gross mechanical

behavior in terms of the averages of dispiacements , stre.ssea and strains over the

representative elements. The effect ive moduius theory, however, as not. able to

account for a very important phenomenon in the propagation ot vavea in composites5

that is, dispersion and attenuation.

A more rea1isti~ description of the mechanical benavior af composite media can

be attained by taking into consideration in some sense itS miorostructure, Several

*such models exist now in the ilteracure and recent review papers oy Achertbach [11

and Moon (21 cover the majority cf the research works carried out in this area.

One approach to model a composite by taking into account the microatructure ia te

use mixture theories as models of composites as si~ggesteci b~, Lempriere t3]. These

are interacting continuum theories ~there the constituanr~ are superimposed in epa~e

bst allowed cc undergo indi iidual .iefcrmations. The basic difficulty ir. these theories

ie the analytical spe:~fication of the interaction terms which arise in the formulation -

Vor the specific case of longitudinal wave—guide type propagatien jr laminated

composites, Hegemier et. al. (4] use an asymptotic method whose first order term can

*Numbers in the brackets designate references at the end of the paper,
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be cast (n :ne form oi a binary mixture theory, and give a rational ‘~onstrucrion of

both mixture interact~ ors and constitutive relations. By compar ison with exact and

epproximate phase velocity data, they show that the developed theory gives good first

mode agreement ~cr wavelengths greater than the typical composite mi:ro-d lmension .

~urc.hermore good ccr~-elat1cn with experimental data in transient wave propagac~ on is

reported in [4J . Tba vsilcl ity  of this theory in transient wave pr :pagation was also

checked by Aboud~. by comparing results with those obta:ned by solving the complete

dynamic equations of elasticity (6J , In [7J Nayfeh and Gustmar~ extended the theory
to study shear waves an laminated wave g~..ides. Again , very satisi~~:t:- r-j r -suits a~e

obtained by ccmp~ ring cu e dispersion relations with exact phase ~eiccity spectra for

the L.we~t mode ci pz.opagatlon. The theories developed in 14J and are effectivel~,

one—dimensional ~.n the sense that the rnixt u~e var rables are dependent on ~.ne space

variable on~y.

In this paper continuum mic-rostructure theories of the type give-n in 14J and

are developed for the case of two—dimensional wave propagation from a cylindricel cavity

in a bi—laminated medIums We consider a cylindrical circular infinite cavity perpen--

dicular to the layering ci the compcs~te and define a cylindrical cc’crdinace system

(r , 9,. z) with z being along the axis ci the cavity (Ses Fig. 1). ContInuum mixture

theories will be developed for two loading situations at the cavity wall~ a) Situations

tn which the loading is tangential in the 9-direction ., and/cr normal to the cavity~

with dependence on 9 but uniform in the z direction, and b) S1.tuat~ons in which

the loading is tangential in the z—d~rection with dependence on 9 but again uniform

in the a—direction, Clearly~ a specific example of a 9—dependent and z—independent

loading is an infinite line load in the z- -dire~ tion. Symmetry considerations show that

cas~ (a) yields symmetric u~~°~ and ~~~~ and anti-symmetric u
~~~~

displacement s with

respect to the midplanes of each layer , whereas (b) yields anti-- symmetric t~~~~~& u
9~~~and

A

-~~~~~ — ______-
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(
~) *symmetric u displacements again with respect to the inidplanes . It is

clear that when the displacements are averaged over a layer no net u~~~ displace—

(c&) (ce)ments are obtained in case (a) and no net U and u
0 

displacements in case

(b). Therefore we will characterize the motion in (a) by the name quasi—plane

motion and that in (b) by the name quasi—anti—plane motion. Note that both

motions are two—dimensional. For the specific situations in which the loading at

the cavity wall is axi—symmetric , three cases are distinguished : (1) Axi—symmetric

normal loading at the cavity wall; in this case there are no displacements

and the and displacements are respectively symmetric and anti—

symmetric with respect to the midplanes. Since, on the average the

displacements vanish, this motion can be characterized as quasi—radial motion.

(2) Axi—symmetric tangential loading irs the e—direction at the cavity wall;

in this ease there are no u~
°
~ displacements and the u~~~ and arer 0

respectively symmetric and anti—symmetric with respect to the midplanes. The

motion is characterized as quasi—rotatory motion. Note that cases (1) and (2)

are special cases of the quasi—plan e motion . (3) Axi—symmetric tangential loading

in the z—direction ; the motion caused by this kind of load ing is a special case

of the quasi—anti—plane motion which does not have any 0—dependence .

In the second section of this paper, the equations of motion and constitutive

equations for each constituent will be given . In the third and fourth sections,

continuum microstructure theories will be developed for the quasi—plane and

quasi—anti—plane motion respectively.

*
Here and in the sequel the superscript or the subscript OC will take the values
1 or 2 and will indicate that the quantities belong to either one of the
constituents.

I 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Basic Equations

Consider a periodic array of two alternating Isotropic linearly elastic layers

of widths 2h
1 

and 2h2 respectively. Let us also consider an infinite circular

cylindrical cavity perpendicular to the layering. Define a cylindrical coordinate

system (r , 0 , z) such that the z coordinate is along the axis of the cylindrical

cavity. Furthermore, let za be a local coordinate measured trots the midplane of

each layer (See Fig . 1).

The equations of inction and the consticutive equ ations in cylindrical coordinates

for every individual layer , are given by

+ (lit) ~~~ + ~~~~~~~~~ i- ta~~~— a~~~)/ r  ~ 
= p -

~
-
~a u~~ (2.1)

f o~~~+ (l/r) + f a~~
)
~- (2a~~~/r) = p 

~~~~~~~~ 
u~~ (2.2) 

—

+ (lit) ~~ o~~~ + + (~~~~~/r) = u~
°
~ (2.3) 

—

= -
~ 2~~( fr u~~~) (2.4)

w + 2 (  ~~ u~~~ + u~~~ )/r ( 2 - 5 )

— -r 2~~( ~~~~U~~~~) (2,6)

~~ ~~ijr~ ~~ u~
°~+ f u~~~- (ur/r) ~ (

~~~
)

C — ~ ( -F- u~~~ + ~~~u~~~) (2.8)

= ~i ( -~-— u~~~+ (l,
’r) hu~

’
~~
] (2.9)

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~



- 

-
.,,, 

~~~~~~~~~~

where

- u~~ 
1- [ (  

~~~~~ ~~~ -s- tC) ) 3 ~~~~
) 

(2.10)

and and u~~ with i and j standing for r, 6, a are the stresses and

displacements, p is the density of each conse~ tue~t, and are. the Lame

parameters and t. denote. cr,~ time .

3. Quasi—plane Motion

~c~)In this section, we wiil consider sicuatior.o in which the u displacements

are anti—symmetric and the ~~~ and ~~~ displacements symmetric with respect to

the midplanes of the layers, Ihe gene-tal c~ s~ ci a s—dependent normai3 and shear

loading in the 0—direction at the tav~ cy wall Wi~~j oe treated and a continuum

~~xture theory will be developed which will model the. composite in this two—

dimensional quasi—plane moticn~ At the end cx Lt~e section, the special case of

axi—sy etric wave propagation will be m~iei1y discussed ,

To develop the miorcstructure model the equati~ris of motion (2.1) and (2,2)

will be averaged over t~e Z
n 

coordinates and a:ter dei~ning “partial stresses”

and “partIal densities” they will be cast in a standard binary mixture form. A similar

averaging process will be carried c-ut Lot the oor~ cituti’.a equations (2,4), (2,5) and -

(2.7) and approximate constic-uti-ve relations connecting the partial stresses to the

average constituent displacements will be obtained .

-‘ We define the. average quantity

n

~~~~ (r ,0 ,t) (1/h ) j ~~~~(r,0,z~ ,t)dz (3,1)

Li 
—- - - - —.---—--- --- - -- -~~

.—-—--.-.- - ~~~
-—.--—- .-- - .-— -.—----—-~ -- —--— -,-. - - --.-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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and the partial stress and densities as:

- ~~~~~~

— ~~~~~~ (3.2)

(tsp) 
= 

—~(cs) 4 .na O O

~
(
~) 

~~p

1
where

ru
ts 

— h / h  , with h • h1 + h2 . (3.3)

Note that the symmetry of the u~~~ and -u~~~ and the anti—synaetry of

displacements imply symmetry with respect to the inidp lanes of the ~~~~~~ ~~~~~~ c1~~~,

stresses and anti—symmetry of and We now take the average of

equations (2.1) and (2.2),and employing the stated anti—symmetry and continuity

conditions of the and stresses at the interfaces we obtain the following

mixture equations of motion:

(l/ r )  
~j- 

~
(
~P) + ( ( a

(t5
~~~_ a~~~~)/r] — 

(p)a
2 

—(a)

= ~~Q(r~O ,t) - 
(3.4)

~~~~~ 

a~~~ + (l/t) ~~~~~ ~~~~~ (2~~~~~/r) 
~~~~~~~~~~~~~~~~~ 

~~
)= q~P(r,O ,t) (3.5)

where 

~~~~~~~~ ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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[Q(r ,O ,r)J (h) = a~
2
~ (r,0,h2

,t) = oW (r ,0,~h,,t)= -a~~~(r ,O ,h
3
,t) (3.6)

[P(r ,~~,t )J(h) = a~
2
~ (r,e ,h2

,t) = o~~~(r,0,-h1, t)  = -o~~~~(r ,0 ,h1
,t) (3.7)

and

q1
1 q2 —l -

We will call the partial stresses 
(ctp ) ~(ap ) 

and the average displacementsrr °eo r

by the term mixture variables . The next step is to develop approximate

constitutive equations relating the partial stresses to trie average constituent dis-

placements. Furthermore , expressions relating P and Q to the mixture variables

will be obtaIned . These expressions will be based on the assumption that for a

characteristic wave length L , and composite microdlmension h = h
1 

+ h2 , the ratio

c = h/I. is a small parameter and terms of order can be neglected (see [4]).

Averaging equations (3.4 — 3.7) according to (3.1) and using the anti—symmetry

and continuity properties of ~~~ we cbt.ain :

IA - (E /X ) fr - (1/r)( 
~ 

- 
_ (t s)

) ]  = 
_
~~S(r~ O~t) (3.8)

- (E
a
/Xa)(l/r)(fr ~~~~~~~~ - fr ~~~~~~ = _ q

~S(r~e~t) (3.9)

- ~ ~
(a) (X E )(i/~~( ~~ 

-(a) ~~(ts)
) ]  = 

_
~~S(r~ O~t)

(3.10)

0~~ p) 
= n~~~ (( 1/r ) ( ~ -( a) 

- 
-( ts)

) + ~ -(a)
3 (3.11)

In order to abbreviate the equations , this notation will be used in the sequel too. 

-—~~~~~~~ - - --—~~~~~~~~~~~~--— - --- - - -- -~~ —— - -~---- — 
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[Q(r ,O ,t)](h) = c~~
2
~ (r,0,h2

,t) = oW (r ,0,~h1,t)= ~c7
W (r ,O ,hj ,t) (3.6)

[P(r ,0,t)](h) = o~
2
~ (r,0,h2

,t) = ~~~~~r,0,—h1,t) = —o~~~(r ,0,h
1
,t) (3.7)

and

4.

q
2

= — 1

We will call the partial stresses o~
°
~~ 

(ap ) 0
(ctp ) 

and the average displacements
rr 0

~ ø r

~(a) by the term mixture variables . The next step is to develop approximate

= constitutive equations relating the partial stresses to the average constituent dis-

placements. Furthermore , expressions relating P and Q to the mixture variables

will be obtained. These expressions will be based on the assumption that for a

characteristic wave length L , and composite microdimension h = h
1 

+ h2 , the ratio

C = h/L is a small parameter and terms of order c
2 

can be neglected (see [4]).

Averaging equat±ons (3.4 — 3.7) according to (3.1) and using the anti—symmetry

and continuity properties of u~~ we obtain :

[ ( c Y~~~~/ A )  — (En/A) ~~ — (1/r ) ( ~ —(a) 
— 
_ a )

)] = —q S(r ,0,t) (3.8)

— (E /A)(1/r)~fr 

_ (a)~
_ (a)

) — ~ — (a)
1 = _q~S(r~O~t) (3.9)

[(
~~~~

/E
~
) - 

a~~a~ 
~~~~~

a)_ (A
a/Ea

) ( i/ r) (  D -(a) ~ -(a~~ = 
_
~~S(r~O~t)

(3.10)
— 

= r
~cz~a 

[(l/r)( ~~~~~~ -(a) - -(a)) + f- -(a)1 (3.11)

In order to abbreviate the equations, this notation will be used in the sequel too .

~~~~

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~— - - —~~~~~~~~~~~~~~~~~~~~~~
_ .-— --.-.... - -.--—- -- -—— —

~~~~~~~~~~~
- - ----

~ 
--“.--- --- -— --

~~~~~~~~~
,-.

~
-— 4
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where

E = A + 2~ , (3~l2)a a a

and

(h)[S(r ,0,t)] = u~
2
~ (r ,0,h

2
,t) u~~~(r,0,-h1

,t) = -u~~~(r ,0,h
1
,t). (3.13)

We will now obtain an approximate expression for S , which , when substituted

in (3.8) and (3.9) will give together with (3.11) the desired mixture constitutive

equations . For this purpose we expand ~~~~ 
~~~~~~~~ r i. :i~~~~ s 

—

utilizing their symmetry properties. Using then these expressions in (2.6) an expansion

for is obtained (See [4]). This is of the form:

= ~~~~~ + 0(c
2)] (3.14)

Using the continuity of across the interfaces, up to the order of approximation

we are concerned with in this paper , we Can write:

~(i) &~~
) 

(3.15)

Equation (3.15) together with (3~l0) furnishes an expression for S

S(r,0,t) = (A
1
/E)[ a~~~(1) + (l/~)(~~~~ 

~~ ~~~-(l)~~ - 
—

— (A
2
/E)[ ~~~— (2) ~ (l/r)(u

(2) +. 2)
) ] (3.16)

— ~~~~~~~~~~ —~~~~~~~ —~~~~—-~~~ - - ~~~—.-- ~~~—~~~~~~~ -—~— — —  —- --.~~~~~~~~~ 
-
~~~ ~~~~~~~~~~~~~~~~~~~~~~



where

E (E2/n2) ~ (E1/n1)

Substituting (3.16) in (3,8) and ~3,9) we cbtain

— 

~~~P) 
~~~~ 

1~ C]j[ 
a ~(2) 

~~ (1/r) ( .~~~. 

~~~~~~ 
;(2)

)I +

.r d
1[(1fr)(fr ~~~

’) +~~~~
) ~

C 22 
.L. ~j(2) + C12 ( 

~r 
1) 

r (li~
)( ~~1) 

+ 
1)~ ~ +

+ 02 ( ( I I r) ( fr ~~
) 

+ 
_(2)
) ~ - (3 1$)

= c
~~ 

[(ujr)( + ~~~1) ) ]  + c12 [ ~~~2) 
~ ~~~~~ ~~~~2)~.;(2))~ ~

~ 
~~ . , ~

— u (3.19)
~~~

= c22 [ ( 1/ r ) (  ~ 2) _ (2)
) + c1~ L + (1/r)( ~ r~’~+ ~~ I

(3.41)

where

C
~~ 

(n
~

E
~ 

— (X2 IE)

= X
~
A
~
/E (3 .21)

* — (X~ /E) J j
wtth

~~~
,B l, 2 and

L _ 
_ _ __ _ __  _ _  

L I

_________ — -  . “~~~~~~~~~~ -~~~~~~~~-—,—— , .. ~~~~~~ ——~~~~~~~~~ —--~~~~~ —~~_-—- ~~~ - - - - — -—-__________________
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Equati;ns (
~ 

l_ ) and (3,17—3 20, ar e. t f ,e u~~~ r~ a ~~~~~~~~~~ n~tit~ L~~e u~~~c~~

it remains nOw ~~ iec1~~ ~xfress~~c~ rei~ o~.r,g .~ i.r.a t’ t .  cr~e. £ L iX LL L a  ~â .aDi.~~~
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The expression for P can be obtained by applying the same steps , this time to equation

(2 .9) . The resu 1~ is:

P(r ,0,t) (K/h2)(u~~~— 
— (2)) + ~~ (2/r

2
) ~~ {M[(A

1
/E)~~~~— (X

2
/8)~~

2
~]}

2
÷ (1/r) ~~~ {M[(A 1

/E)~~
’
~— (A 2

/E)~~
2
~]} (3.30)

The mixtur e equations of motion (3 .4 ,3 .5) together with  the interaction terms Q and

P given by (3 .25) and (3 .30) , and the mixture constitutive equations (3. 1, 3.17—3.20)

define completely the quasi—plane motion of the laminated medium as mcciel..d by the present.

L. crostructure theory . ~iote that the equations are two—dimensional in r and 0 and the

Can~e~tial displacement and the radial displacements are coupled to each other.

Substitution of (3.ll. ,3-!7—3-.20, 3.25 and 3.30) ..n the equations of motion (3.4, 3.5)

- - — - —(.‘.) —(2) —(1) —(2)provid~ tour coupled partial ditterential equations £D1 U u 
~ 

u0 and u0 ; when

these are prescribed at the cavity wall, together with init ial  condit~ ocs , they can be

determined throughout the laminated medium .

For the special case. of axi—symmetric loading at the caviL~ wall , there is no depend—

anc~ on 0 and. inspection of the field equations show chat the and displacements

decouple each other.  In one case there  is a net radial motion or the medium and in the

other , a net ro ta tory  motion ; these are called respectively the quasi—radial and quasi—

rotatory motion of the laminated composite.

4. Quasi—antI—plane motion

In the present section we will consider the. motion or the composite which is caused

by a tangential loading in the z—direction at the ca~icy wall, this input being uniform

in the z—dlrection but dependent in 0. The motion wlil ~e such that the displace-

ments are symmetric with respect to the midplanes whereas the u~~ and the displace—

rents are anti—symmetric. A net moticn ~n the z—direction will be present which will be

tw —dtmensional in r and 0~ As in the previous section we will develop t~ re a concinw.~

aicrostructure theory modeling the laminated composite in tnis twc—di.mension~l quasi—

ant i—plane motion

- ~~~~
—

~~~ --~~~~~ 
- A —.—-.——~~—-—-——-..———.. .- .— -—-— -~~~

—-.-- -—— - —---———-- .—-
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first , ~.t :s noted t~Aat symmetric and anti—symmetric ~~~ and u~~’~ give

rise to symme~~ri~ and and anti—symmetric ~~~ c~~, c~~ , ~~~ with respect

tc ~.ne mldplanes A;e.ra~ia~ equation (2.3) according to(3.1) and defining again the

ps. t ia l  st i~ ss~-~

— n ~ ( cc) 
(4.1)

f U ’r (1/i) ~~~ G~~~~~- ~~~~~~~ = q a ~r,e,t~ (4.2) 

‘

where

[R~r.0,t)]h :
‘
~~~(r ,0,h2

,t) = ~~~~(r ,0,-h. ,t) = ~~~~~~~~~ h1
,t) (4.3)

Averaging - .juat ions i,2 .8)  sire (2 9) we obtain:

- 
~~~~ = q~~ U(r,0,t) (4,4)

— u (i/r) = q u  T(r,0,t) (4.5)

where

= n (4 6)Oz

and

= u~ (r,0,h1
,t) = U (r,0,—h

2
,t) = 

~
Ur (r,0,h

2
,t) (4,7)

[T(r ,0,t)]h u~~~~(r ,O ,h1
,t) = u~

2
~ (r,0,-h2,t) -u~

2
~(r,0,h2,t) (4.8)

Equations (4.2, are the mixture. equations of motion and equations (4.4) and (4.5)

the mixture constitutive equations. They contain the functions R(r,B ,t), U(r,0,t) and

-r(r,0,t) whIch will have tc be determined in terms of the mixture variables. The

determination Ct these functions will be carried out by following similar procedures

to those given in (73. In the present case, three coupled differential equations will

be obtained for R, Ii and I. 

.---. -—-- -.
• 

~
--

~~~
-.-

~~~~~
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Multiplying equations (2.6) by z~ , expanding u~~ and in powers

of and then integrating by parts give (See (7]):

E~ [u~~ (r ,O
~
hn,t) 

- ~~~~ = (h~/3){a~~~(r,8,h ,t) -

— A [  }— u~~~
(r,0,hn,t) 4- ( l/ r )u (r ,8,h

~
,t)+(l/r)I .t

~~~
(r,O ,h ,t)]}

(4.9)

Using the definitions (4.3), (4.7) and (4.8) results In:

u~~~(r ,0,h
1
,t) — = (h

1
h/3E

1
){—R—A

1~~
U — A

1
(1/r) ~~~T} (4.10)

u~
2
~ (r ,0,h2 , t) - ~~

2) 
= (h2h/3E

2
){R + U + A~ (1/ r) ~~ T} (4.11)

Subtracting (4.11) from (4.10), employing the continuity condition of u~°~across

the interfaces, we get:

U(r,0,t) + a
1
(l/r) ~~~~~ T(r,0,t) + a2R(r,0,t) +

(4.12)
where

a1 
[(A

1n1/E1) + (X
2
n
2
/E
2
)]/3 (4.13)

a2 
= [(n1/E1) + (n

2
/E2)]/3 (4.14)

Equation (4.12) is the first differential equation relating U, R and T to u~~~.

Substitution of (2.4), (2.5) and (2.7) in (2.1) gives:

+ ~~~~ u~
’
~ + ~f ~~ + ~~ = 0 (4.15)

where £~
) 

and ~~~ are differential operators such that, 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~
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~~(a)~ E~~1
(~

) + (
~~/r

2) - (4.~~ )

= ‘ — (Z~~/r2) f~ ~~ (4J.7)

i~ttlpivin~ eni~~t ion (1 . 1 5 ) by z , expmuli ’i° a~’1 ~~~ in flowers of z~ and -

i nt”~rati”~’ 1w na r t~; , we obtain:

(h /~~~) [ u ~~~~ (r ,’ ,h ,t) + ~~~~~~~~ (r ,~~) ,h , t ) ]  +

+ ~~~. [ u~~~(r,0,h~ ,t) 
- + [~~~~(r ,e,h~bt) ~~~ = 

~~ (4.11)

Substitution of ( L -  .9) in (4.18) fuxnishes:

+ {(it /3)~~~~~(u~~~(r ,6,h ,t)/hJ}

+ {(~~n~/3E ) -~-j 
lo ~~r ,O ,h~ ,t)/h} + ~(a~~~(r,ø ,h~ ,t) —

(4.19)

where

~~~~~~fl) = ~~~~~~~~~ ~ l~
’ + [ ( j ~~/ r 2 ) ~2 

(4.20)

= 4- - (X~~~/~~~~~) ]  
~~~~~~~ 

- (2 /r 2) 
~~

tiitror”rrii,n ~~f the r~ef 1 ni tio ns (L ~.3) , (~ .7) .ind (4.8) in (4. 
1~~) provides :

11] + 1(n
i

/3)
~~~~~~~~ 

T] - -  

1
n
1
/3E

1
) f p~ +

+ { r o(~
)(r ,G ,h~ ,t) - ~~

1
~ ]/h

2
} 0 (4.22)

- ((n
2 f3)~~~

2
~ U] - [(n 2 /3~~~

2
~ T] + [ ( A

2
n
2
/3E

2
) ~~ R~ +

+ {[~~~
2
~ (r ,0 ,h2 ,t) - 

~~~~
2

~~~J / h
2

) = 0 (4 .23)  

• -
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which, when subtracted from each other finally yields:

U(r ,O ,t) + ~~8T(r ,0,t) - a
1 f R(r ,0,t) + [(~

(2P)
/fl )(a

(1P) /n )J/h 2 O

(4.24) 1.
where

= + (n
2
/3)~~~

2
~~ J (4.25)

[(n
i

/3) ~~ (l)~ + (n213)2~
2
~~] (4.26)

Equation ( 4 . 2 4 )  is the second differential equation relating U, T and R.

It remains now to derive the third and last differential equation for these

functions. We start first by substituting (2.7) and (2.5) in (2.2), which

provides:

+ ~~~~~~~~ + [(1/r)X u~~~i + = 0 (4.27)

where

E (l/r 2) 
~~~~~~~~ ~ 

+ 
1~
-p
~ ~—~1F (4.28)

£ = 2E (1/r 2) ~ ~j) + (X~ -r ~i )  4

Applying to equation (4.27) the same procedures which were applied to (4.15),

we obtain after considerable manipulation :

~~13T(r ,0,t) +~~14U(r ,0,t) — (1/r) a
1 R + [(~~

2
~~/n2)-(~~~~/n

1
)]/ h2=0

(4.29)
with 

~~l3 and ~C14 being differential operators such that

Sel3~ 
[(n

1
/3)~~~~~~ + (n

2
/3)~~~~~~ ] (4.30)

~~14~ 
= ((n1/3)X~~~i4 + 

~~~~~~~~~~ 
(4. 31)

I

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~--~~~~~~~~~~~ - _____
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and

2 .2
= [E - (A 2/E~)) (1/r

2
) ~~~~~~~~ ~~ 

-

~ 

- p
~ ~~~~~~~~ ~~ (4.32)

= [ (A  ~ ~~
) - (A 2/E )}(1/r) 

~~~

+ [ ( A  + 3~ ) - ( A
2
/E )}(1/r

2
) ~~ 

‘
~ 

(4.33)

Equations (4.2), (4.4) , (4.5) together with (4.12), (4.24) and (4~29)

define the quasi—anti--plane motion of the laminated medium as modeled by the

present continuum mixture theory . They constitute nine coupled linear partial

- — ( c i)  (cip) (czp )
differential equations for the nine functions u , , c , U, T and R.z

Since they are a system of linear equations , they can be manipulated so that they

provide two coupled partial differential equations for ~~1) and u
(2)

; when

these displacements are prescribed at the cavity wall together with initial con-

ditions, they can be determined throughout the 1aic~nated medium .

For the general case of a O—dependent 1oadin~ at the cavity wail, the

mixture variables ~~~~~~~~~ ~~~ and are f~n~cions of the space variables

r and 0, as well as tIme . For the specIal case c-f axisymmetric loading, we

expect that the partial stresses sriou~ i :anish . In fact, this can easily

be seen first by observing that with ~~
__ = 0 we have :

= 

~~6 
= 

~~8 
= 

~~l2 
= 

~~
:= 0 (4.34)

and the terms containing I in (4.12) and (4,24) vanish. Again with = 0,

equation (4.5) gives

T (r ,0,t), (4q35)

which, when substituted in equation (4.29) yields a differential equation for T

which is decoupled from all other variables. Thus, with an axisynunetric tangen-

tial loading in the z—direction , clearly we have T~0, which through (4.36) yields 

... . . . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . . 
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( c1P)~ 0. Equation (4.2), (4.4), (4.12) and (4.24) with ~~~~~
- = 0 define now the

axi—syinrnctric quasi—anti—plane motion of the composite.

5. Conclusion

Wo have developed an interacting continuum theory for cylindrical wave propagation

a larinnted composite. The case of a 0—dependent loading at the cavity vail is

treated and the theory is two—dimensional in the sense that the averaged motion of

each constituent is dependent on t h~ space coordinates r and 0~ as well as time.

Note that the construction of the theory is strongly dependent on the specific

symmetry cor.r1itions which arise due to a uniform loading in the direction of the axis

of the cPvity. Tt can be seen that similar symmetry conditions will be present when

a lavtt’-inted 1-’alf—space , with the surface being perpendicular to the layering, is

impacted by a tangential or normal infinite line load perpendicular to the interfaces

of t~e layers. Thus , it is expected that continuum mixture theories of the same type

can again he develoned for these problems, these in fact being the two—dimensional

generalizations of the theories developed in [4] and [7).
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Figure Captiona
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