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• S S
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I by describing a method for estimating gravity anomalies from satellite -

derived geoid height data. -
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ABSTRACT -

I S .

A grldded data base of geoid heights can be developed from

GEOS-ILI satell ite altimetry data. The derivation of two methods Is

discussed . A procedure for estimating gravity anomalies from the - 

5 
- 

5

-
- 

resulting geoid heights Is described with simulations shown in
- - tabular and graphic form. The report also dis cusses the computation

j  of the calibration geold for the GEOS—Ill test region, the data base - 

- - -

from altimetry data and the simulation of test data for the estIma-

tion program. The method of localization for estimation and the

methods of testing the computer program are given In some detail.

Test results which were computed from mid-1974 to early 1975 are 
-

included along wi th supporting tables and figures . - 
- -
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I. INTRODUCTION

Prior to the launching of the first arti ficial satellite In -

1957, the best approximation for the gravi tational potential field of 
- 

-

the earth was a spheri cal harmonic series to degree and order four 
-

obtained from studies of the moon ’s orbit and gravi ty observations at -

a few scattered land stations. Extensive satellite tracking data has

made it possible to analyze orbital perturbations for a more detailed -

representation of the potential field. In recent years technical -

developments in improved satellite tracking and advances In missile

weapon systems have increased the need for a more accurate represen-

tation of the potential field to higher harmonic degree and order.

The incorporation of orbital data with an increasing number of gravity -

observations on land has allowed approximation of the potential field 
_ - 

- -

to degree and order twenty with several zonal and tesseral coeffi-

d ents beyond that level . The models developed by several investi ga-

tors duri ng the last few years are fairly consistent to degree and

order twelve. Usually , the lower degree harmonics are based on orbital

data and the higher degree harmonics are developed from surface -

observations. Development of harmonic series to higher degree and - - -

order requires more detailed knowledge of the gravity field over the 
-

enti re surface of the earth. Grav i ty data, particularly ocean gravity

data, is generally not adequate outside North America.

p The National Aeronautics and Space Administration (NASA)

Included a radar al timeter in the Geodynami cs Exper imental Ocean

p — 5 - 5
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Satellite (GEOS—III), launched 9 Apri l 1975. The purpose of the altim- :

eter is to measure the ocean surface topography in order to obtain a

detailed representation of the geoid for the ocean regions. Geoid

heights, deflections of the verti cal , gravi ty anomalies and the gravi-

tational potential are related in such a way that observations which

are adequate for computing mean geoid heights are also sufficient

for computing mean val ues of the other geodetic parameters. Princi pal

investi gators were selected by NASA to analyze and evaluate the data

collected from the various experi ments on board the satellite .

As a user of gravity information , DoD has developed a

separa te exploitati on plan [1] to utilize GEOS-Ill altimetry data for

geoi d, deflection of the verti cal and mean gravi ty anomaly Information .

As a part of this plan, the Naval Research Laboratory (NRL) corrects

the altimetry data for tides, winds and ocean currents. The Naval

Surface Weapons Center, Dahl gren Laboratory (NSWC DL) computes the

corrected heights of the satellite above the geold, along tra ck

geoid heights , geocentric radius of the satellite position and the

elli psoida l radius of the suborbital point (Figure 1).

This data is then provided to the Defense Mapping Agency

Aerospace Center (DMAAC ) for development of a gridded data base of

estimated 10 x 1° and 5° x 50 mean geold heights and gravi ty anomalies.

This data, when combined wi th mean anomalies from surface gravi ty data

and satellite orbital analysis , w il l be used to deri ve an imp roved

earth gravitational model .

L 2 - S
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S

U,
.p- -

S S
Ew
-C

S.—— G~~~) - -
- 

- - 

_
- — C u.— 0) - - -

— .‘-~~~~~. >
~~~~~~~~~ w
U, 0)0

~~~ -

/ \ ~~~~~ .
~~~~ 

w

x ..- #‘ w 0) C.J E
/ ~~~ 

.

~~~ 

‘S.

-
0) U,

/ 

1

S ._ .  _ _ _ S _ 
-

p 3 _ S  ~~~~~

P V •_ _V V V S S S S



p ___
5 

_ o
The purpose of this report is to show that estimati on of

gravi ty anomalies from gridded geoid height data can be effecti vely s s

accomplished with the methods described. For specified accuracy

levels of the geold height data, an Indication of the accuracy

I attainable for estimating mean gravity anomalies over 10 x 1° 5 .
- 

squares with an unweighted least squares estimator Is presented . -

I -
S S

• 
_

S S

I

I .
- 

S
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II. GRAVIMETRIC GEOID HEIGHTS

To provide a standard for comparison of satellite deri ved 0 5

- geoid heights , DMAA C computed gravimetri c geoid heights over a region -

of the North Atlantic Ocean designated for GEOS-III calibration . The 
-

I 
- 

calculation required a worldwide integration of 5’ x 5’, 15’ x 15 ’, S 
- 

S

lU x 1° and 5° x 5° elements , (Figure 2).

The mean free air gravity anomalies and their accuracies

for the test region are stored on magnetic tapes in the DoD Gravi ty S S

Library. These tapes are continual ly upda ted. Surface point values

are not available for all the required 5’ x 5’ elements . There fo re,

p interim values have been obtained for the remaining elements by least S S

- 

- 
squares prediction. The interim values consti tute about 50 percent

of all the requi red mean 5 ’ x E’ gravi ty anomalies in the calibrat ion - -

a 
a rea . The 15 ’ x 15’ and 10 x 10 values in the test region are means .S S

of 5 ’ x 5’ elements. The values for the worldwide array of 5° x 5°

elements are avera ges of 10 x 1° elements obtained from observed

data , geophysical correlation, extrapolation , etc. S S

Values for all 5° x 5° elements are reference d to the Worl d 
-

Geodetic System 1972 (WGS 72) [2]. The anomaly data referenced to

I the WGS 72 gravi ty formula was used to compute the geoid heights at S S

the centers of the 1° x 1° surface elements in the calibration region .

A contour plot of these geoid heights is shown In Figure 3. Computa-

• tlons are being performed to expand the calibration region to incl ude S S

all of the North Atlantic to 65°N, the limit of GEOS—lIL coverage.

5 _ S_ _ ~~~~~

p S S ~~S S S S S S S S S S S S S S
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- III. THE GRIDDED DATA BASE - H

The gridded data base consists of geold heights and corre- - 

5 
- - 

-

sponding error varian ces estimated at the centers of 10 x 1° elements : .- 

- - -
- - 

-

from GEOS-III data (Figure 4). The geoid height observati ons are : :-~~
- - -

regarded as the sum of a stochast ic signal ( true geoid height) and a -

- - 
stochasti c noise (error). This secti on discusses two methods for

• obtaining the gridded geold height data base: point predi ction and -

profile prediction. 5 5

A. Point Prediction Method

The centered 1° x 1° values in the gridded data base 
- 

-

are estimated by Wi ener fi ltering and predicti on which is a discrete 5

least squares estimator [3) . It is assumed that the estimator 
-

at a point P is a linear function of a set of observations N1 with - - 

-

• 
prediction coeffi cients such that

N~ 
= aPl N1 

+ aP2 N2 + ... a~ Nn = 

i~1 
ap~ 

N1. (1)

The prediction coeffi cients a1~ depend on the geoid

height autocovariance function and the positions of the n observation

points relative to the calculation point P. The best estimates of

the coefficients (from observed data) are obtained by minimizing the — S S

mean square error of prediction. If N~ is the true value of N at 
- :

point P and Cp is the error of prediction , then

L Cp = N~ 
- N~ = N~ - 

i~l 
apj N1 , (2) 

S S

[~~~
IO

~~
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~ IO - 
S
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= (N p - 

i~l 
api N1) ( N~ - 

I~l ~~ 
N1), (3)

and ‘
: . . -

C2
p 

= N2~ - 2 

~ 
apj N~ N1 + i~l k~l 

api aPk NINk. (4)

The geold height covari ances are estimated by averaging

over the region of interest, — - .1 
-

M{N.N k
} = C

ik  
= the covariance between the observed geoid heights

1 at points i and k ,

M{N~N.} = C~. = the covariance between the geoid heights at the
1 1 computation point P and the observed point i ,

M{N2~} = C0 = the variance of the geoid height. : •
The mean square error of prediction of the geoid height at point P is •~1~i~~~:

= m2
~ = C0 - 2 

~ ~ 
Cp1 + 

~ k~l 
~~ apk Cik. (5)

The mean square prediction error is mi nimized by setting the deriva- 
-

tive with respect to apj to zero and solving for the coefficients. -

Thus , S S

~m2 n
____ = -2 C + 2 ~ a C. = 0 (i=l , 2 ... n), (6)

which reduces to a system of n linear equations S 
- 

S

k~1 
Cik aPk = Cp1~ (7)

wi th 
~Pk as unknown coefficients. The solution for the coefficients -- S _ S

i s
n

apk 
~ 

C11~~’ Cr1. (8) 1

P. 11

I ~._ s S S ~~S S__________ _5 _ S S S S •
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Then the predicted geold height becomes 
- 

- •  

-

I n n n
N~ k~l 

aPk Nk - 
i~ l k~l 

C1k
1 Cpi N~, (9) 

- 
-

which in matrix form is 
- _~~~~~. _ -

~~i c 12 . . .  -1 N1 
S

C2l C22~~~s C 2n N
2

I N~ = (C r1 c~2 ... c~) : 10 ~~~~~~~~~~

I 
C 1 C~2 C~~ Nn - :... -:

where N1, N2, ... , N,~ are the observed geoid heights . -

The error vari ance of the least squares predictor is

j  calculated by inserting the coefficients (8) into the error equation -

(5) which becomes

-
~~~ m2

~ = = C0 -2 
i~l k~l 

C1k ’ Cpi Cpk 
~a

+ 
~ 

C1~
- 1 C~ C~9.-’ C~~ C~~ ( 11)

- with the subscripts j and ~. representing the s ame set of observed
S

val ues as i and k.

- Since 
-

. 
-

~~C ‘ C  ~ if j=k ,
P. ~ j 9. k9. 0 if j fk , .5 5

p .__ .__ __ S -
12
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- - -

o

the error equation becomes 
— —

n n S S
m2p = C0 — 

i~l k~l 
Cik ’ Cp.j Cpk. (12)

In matri x form this is -

C C  C - ’  C11 12”~ in P1

C21 C22 . . .  C2~ C~2

m2~ = C0 - (Cr1, C~2 . . .  C~~) . (1 3) 
- 

S

C C  C C - ——nl n2 nfl Pn 5 5

The matrix [C Ik] of the autocovari ances of geoid heights at the 
-

observed points is used to predict the geoid height and its error -
vari ance . The estimators (10) and (13) do not include the noise or -

measurement errors. However, the errors of the observed points can 1 -

be i ncluded in the pred i ctions by replac ing Cik in equati ons (9) and .1 
- 

- 
-

(12 ) wi th S 5

Cik = Cik + Dik, (14) -

where - 
-

S S
0ik 

= M{njnk
} -

i s the autocovar i ance of the no i se.

The error covariance is the correl ation of the predic-

tion errors Ep and CQ at po ints P and Q~

5 S
13

p S 5 S ~5 5 S S — S e 5 S S S •~
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apQ = M{ c
p

c~~} = CpQ - 

i~ l k~l 
Cpk CIk ’ CQ1 -

ni n I
— V V C C — ‘C - -

j~l t~l Qt it Pj ~~~~ - :  - - -

n n n ’ n’ —5--’
+ 

i=~l k~l j~l Jl 
Cpk Cik ’ C1~ C~~- ’  CQ9. (15 )

where the observed points (j, ~
) associate d wi th point Q do not

necessarily coincide with the (I , k) points. The relationsh ip in 
— 

s s

equation (11) is a special case wi th P=Q.

B. Profile Predi ction Method

Profile data may also be regarded as sample points of 
- . S

a conti nuous function. Then the methods of spectral analysis are

available for the prediction of the gridded data base . The geoid I

j  height autocovari ance function of Tschernlng and Rapp [4) is used in ~~~• 
- -

the prediction of the mean geoid heights and the predi ction error

covariance function. The Fourier transform of the geoid height -

covariance function is the power spectrum of the geold height field • •

which is assumed to be isotropic. The transform changes the data on

a flat surface from the time or space domain to the frequency domain.

The W iener theor y of pred i ction i s used to est imate the mean geo id S S

heights and the pred i ction error spectrum in the frequenc y doma in.

Then the inverse Fourier transform of the error spectrum is the

prediction error autocovariance . The profile prediction method is 
~~~ -

discussed in the appendix.

p 14 - 1
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— IV . ESTIMATION OF GRAVITY ANOMALIES

The gravity anomaly estimate s presented in this report are 
-

• computed from simulated geoid hei ghts and are compared with gravity

anomalies known to be consistent with the Input geoid heights . This 
-

- - - -

secti on introduces Stokes ’ integral and a method of localization. — - -

‘ 

- -

The localization is supported by a discussion of the contributions of

dis tant zones and high degree harmon ic coeff icien ts to the computed - :  -

I geoid height. Effects of errors In the low degree harmonic coeffi - -

cients of the earth gravi tational model (EGM) are also considered.

A. Stokes ’ Integral

The geoid height N and the gravity anomaly ~g are

related to the disturbing potential 
- :

- . - 
- 

-
-

T = W-U, 
•
- 

-

~~~ 

- - -

where W is the total gravity potential and U is the normal gravity ~~~~ .
5-

potenti al ( the potential field of the reference ellipso id). The

disturbing potenti al is representable as a harmonic series - -

~ n
T(~,A ) = R n~2 JO 

[Cnm cos mx + Snm sin mx)Pnm (sinl)]. (16)

(n ,m) ~ (2 ,0), (4 ,0). -

The gravity anomaly is defined in terms of the disturbing potential •

by

~T 21 
.

- - 
-

and the geold height is defined by Bruns ’ equation

N = 1 .
I

- 

15

- -  
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S S

Stokes ’ integral makes it possible to compute N from ~
g without  ~ 

-

working through the disturbing potential . Stokes ’ Integral Is .— • S

N(+,x) = ~!i_ If S(~)~g(~ ’,x ’) cost ’ d~’ dx ’ (17) - :

over an approximating sphere of mean radius R and mean gravity y .  
__
• -

Stokes ’ function for the angular dis tance ,~ between (~,x) and - :
(~ ‘ ,x ’) is -

-

1 — 6 s i n(~) + l - 5 c o s i p  
- 

S S
sin(~.)

— 3 cost Rn[sin(~ ) + sin 2(~.)] ( 18)

for points on the unit sphere [5]. 
- 

S S

Stokes ’ integral is ordinarily used to compute geold

hei ghts by worl dwide integration of the gravi ty anomaly field. For I
this purpose the integral is replaced by the disc rete form :. ! S

N(+,x) = .
~~~~

— 
~~ ~ S(ip)K~(~ ’ ,x ’) cost ’ 

~~~ ~x ’ (19) - - 

- - I
I •

wi th some provision for dealing wi th the singul ari ty of S(~ ) at p=O ,

and X~ is the mean gravity anomaly over an element with center (~ ‘,x’).

Stokes ’ integral may also be regarded as an integral

equation for the inverse problem of estimating anomalies from geoid S 5

heights. Then the discrete form (19) becomes a worldwide linear

algebraic system -

A x = b , . _ _ S - 5

where A Is the coeffi cient matrix of val ues of Stokes ’ function , b

is the data vector of geoid height values , and x is the system
_ • _ S
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S

parameter vector of gravi ty anomalies. Since reliable geoid height

values are not available for much of the worl d and the worl dwide 
- 

S S

algebrai c system is much too large to estimate the vector x over a

one degree grid , a method of localization of the computations is - - I I :

needed. That is , there is a need to restrict the data and computa- 
- i

tions for Stokes ’ integral equation to a relat i vely small local

region . The next section proposes a method of localization which

consists of estimati ng the global (long wave length ) harmonics with s s

the earth gravi tational model of a worl d geodetic system , and then

estimating the high degree (short wave length) components over a

small loca l region. s

B. Localization of Stokes’ Integral Equation

Each of the funct i ons N , S(~P) , and ~g involved in - 

-
-

Stokes ’ integral equation is harmonic and expandable in a series of 
- 

•
• Legendre associ ated functions. The harmonic series are -

~~ n -

N(~,x) ~~~~~ 

~ 
[(C m cos m x + S m s in m~)P m(sin~)], (20)

1 n 2 m 0 n n n S S

S(~ ) = ~ 2V19 l P ( cos~), (21)
n=2~~ -

S
P~ (cos~) = P (cos~ ) P~ (cos~ ’)

+ 2 J1 ~~~~ 
[cos mx P (sin~ )cos m~’ P (sin~ ’)

+ s in m~ Pnm (s in
~
) sin mx ’ 

~~~~~~~~~ 
(22)

P 5 S
— 17 
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• •

1~11
~g(~,x) = ~~ ~ (n-1)[C m cos mx 

- 

-

R2 n=2 m=O _ s S

+ Snm sin mx]Pnm(slnq) , (23)

where (n ,m) ~ (2,0), (4,0). 1 I - - . 
- 

-

I Since the Legendre functions are orthogonal , they are linearly i nde-

pendent so that N, S(*), and ~g may be decomposed into high and low

degree components. Figure 5 shows the effect of removing lower har- :

moni cs from Stokes ’ function , wi th the full function and three

residual forms being shown . The high degree (short wave length ) -

components have short distan ce effects and the low degree components

t have long range effects .

- Lineari ty of the integral allows a corresponding decom-

position of the surface of the earth according to distan ce from the

I point of esti mati on. Then the worl dwi de integral is the sum of the :
Integrals over a near region R1 and a distant region R2 such that

the two regions together cover the surface of the ear th. In th i s

I report it is assumed that the low degree component of Stokes ’ func- S

tion consists of harmon ic degrees 2-12 and the high degree component

consists of degrees 13-°°. It is further assumed that the region R1
has a rad i us not less than 5° for 1° x 1° estimation .

By means of the decompos iti ons mentioned above , Stokes ’

integral equation may be written
p 5 ._ S

N(~,x) = ~ R1 ~ 
S2 1 2

(~p)~g2 1 2 (~ ’ , x ’)cos ~ ’ d~ ’ dx ’

P - .
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1 • S

+ K 
R1 

~ 
S13_ ~ ( p)A g 13~~(~ ’ ,x ’)cos ~ ’ d~ ’ dx ’ 

- 

— -

+ K 
~ R ~ 

S2 1 2 ( p ) ~g2 1 2 (~i ’ ,x ’)cos cp ’ d~ ’ dx ’
- 2

I + K f f S13_ ~ ( p ) ~g13~~(c~’ ,x ’ )cos q ’ dq ’ dx , (24 ) •
- 2

where K = —.4Tr y

p . . . . . S S
• The fi rst and third integrals on the right side of

equation (24) are global components and may be approximated wi th

ha rmon i c ser ies in C nm~ 
5nm of the earth gravitational model . Wi th

• suitable choice of R1 and R 2, the fourth integral may be cons idered

negligible due to the high harmonic degree of the integral and the

distance of the region from the computati on point. Thus , Stokes ’ - - 
- - 

-

I integral equation reduces to

N13 4-!:- ‘R1 
~ 

s 13 ( - ~ )~~g13 (-~‘,x ’)cosc~’ d~’ dx ’ , (25)

by removing the low degree components of the geoid heights ; that is ,

= N2~~ 
— N2 12 (EflM). (26)

The approximation (25) allows computati on of the high degree estimate

in a smal l local region . With the high degree estimate

the total anomaly estimate iq is

I = 

~~2-l 2 
(EGM) ÷ ~g1 3 ,. ( 2 7 )  S

Methods of estimation of ~g13_~ are discussed in more detai l in

Section IV .E.
P _ . •
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- - C. Contributi ons of Distant Zones and High Harmon i c Degrees

— 
To Computed Geold Height S

The expected error var i ance ~2(N) of the computed geoid

height due to neglect of gravity anomaly data beyond a region of

radius 4’o and harmonic degree greater than K is , from Heiskanen and •

Mori tz [5] , 
-

~2(N) = ~~~ - -  
~ 

Q2 C,~ (28)
“ n=K+l n 5 5

where

= f S(4’)P~(cos 4’)sin~ d4’, (29)
S S

C~ is the degree var i ance of degree n,

S(4’) is Stokes’ function of angular distance ~
p. -

• 
S S

Computed results for the degree vari ances of the test model are shown

graphically in Figure 6. The graph shows the expected error in geoid

heights due to neglecting gravi ty anomaly data outside a circle of
S S

radi us and harmoni cs above n = 8, 12 , and 18. For high degree

components above degree 12 , the graph shows that the expected error

for 4’ = 5° is approximately 1.5 meters.0 S 5
The inverse problem of estimating the expected error

varian ce a2 (Ag) of gravi ty anomalies due to neglect of high degree

harmoni cs and di stant regions is much more diffi cul t. The error
P 5 S

vari ance for geoid heights suggests that high degree gravi ty anomaly

components of degree greater than 12 may be effec tively es timated

__ • S
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S •

- 
- by neglecting geoid height data at distances greater than 5°. It 

- - 

- - - 
-;

is assumed that the fourth integral, over R2, of equation (24) is S

negligible since the high degree Stokes ’ function is effecti vely

damped out for the distan ces incl uded in this integral (Figure 5). - 
- - 

-

The present series of tests is a more speci fi c justification for •

this assumption than the statistical method discussed above. - - - -

D. Effects of Errors in the Low Degree Component

Errors in the low degree harmonic coeffi cients are not • •
related to the satellite altimetry data , bu t are incl ude d in the - -

computational process by means of the su pp lementary data. They have - -

a two-fold effect on the estimated gravity anomalies , w hi ch can be S

seen by analyzing the computati onal process. They affect the high

degree gravity anomaly estimates by being included in the geoid

height data used in the recovery process , and also they have an

effect on the low degree component since it is computed from the -

coeffi cients . An estimate of the magnitude of this effect was

determi ned by repeating the recovery process with perturbed coeffi - 5 S

c ients. The resul ts of th i s anal ys i s show that the effect on the

geoid height values is ±0.6 meters , which causes an error of ±0.2

mgal in the high degree component of the gravity anomalies . The S S

effect of these errors on the low degree components is about ±0.7 
- -

mgal , and there fore the combined effect on the gravi ty anomalies

is ±0.7 mgal. These errors in the harmonic coefficients will be 5 5

reduced by updating the earth gravitati onal model as geoid height -

data from satellite altimetry becomes available.

S S
• 23 -
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E. Method of Estimating Anomalies 
-

The discrete form of N13 (R 1), equation (25), may be 7 ’
solved as a linear algebraic system

Ax= b , (30)

U where A is the coefficient matri x with one row and one column for each S

square in region R1. For a least squares estimator, R1 may be decom-

posed Into an inner and outer region with

A x + v = b , (31) 5

where v is the residual vector and A has one row for each square in

the outer region and one column for each square In the Inner region .

• With the least squares estimator, anomal ies are es timated S 5

only In the inner region and there is a loss of information in the

outer region . Both methods of estimation lose accuracy near the - -

I boundary. These errors of localization affect the parameter vector S - S

x and the coefficient matri x A so that the erro rs carry over to all

elemen ts of the covar iance matrix. Thus , even though only the esti-

I mate of the cen tral square i s acce pted for each run , the corresponding 5

element of the covariance matri x is dominated by localization error

and the es timati on erro r mus t be evalua ted by some other method.
p Most of the test runs presented in this report were made

wi th an unweighted least squares estimator. Then the estimator ~ of

x for equation (31 ) is

• = (A TA)~~ ATb. - (32)

The outer region was 110 x 11° and the inner region was 5° x 5° . The

singulari ty of S( 4 ’ ) was avoided by arbitrarily offsetting by eight
I S S
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minutes from ~ 
= 0. The program was modified for i terative improve-

ment of two estimated anomaly fields. Estimation errors were com- - —

puted by subtracting anomalies known to be consistent wi th the input

geoid heights from the estimated anomalies.

— In these computat ions , the eight minute offset of S(O) - 

•
was used to avoid the singulari ty of Stokes’ func tion. However ,

additional tests suggest that a larger offset may have been better 
- 

-

5 for the 10 x 10 estimates. An optimum offset of 18’ was selec ted

after analyzing offset values out to about 21’ from the computation

point. Moritz [5] discusses a method in which the size of the off-

set depends on both the size of the square and the probable error 
•

of the geoid field. Further study of this approach is being carried

on at this Center. -

It is also possible to introduce a local correction to

the harmo n i c coeff i cient C00 or the equatorial radi us a. This mi ght

be done by subtracting the mean geoid height over the integration

regi on from the geoid height of each one degree square or by inserting

a column of ones into the design matri x A of the least squares estima-

tor to estimate the loca l bias. The use of weight matri ces has not

been completely tested. The best weight matri x for this purpose 
5 5

appears to be the inverse of the geoid height covari ance matrix. A

least squares estimator weighted in this way becomes a minimum van-

ance estimator. Another procedure that wil l  be investi gated is the use -

of initial estimates of the gravi ty anomalies based on existing gravi ty

25
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I ~~~S S 
- -

observations. The computer program could be modified for any of

these methods . A computer program for least squares collocation [6] s s

is being prepared to continue these lines of investigation . -

I

• 5

• S S

I ~5 5

• S •~~

• - S S
•

I S S
26
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- 

- V. TEST DATA SIMULATION

• Tests were conducted to demonstrate that gravity anomal ies S S

-
- can be predicted from local geold heights wi th sufficient accuracy

to make effective use of GEOS-Ill altimetric geoid height data.

Testing of the computational method descri bed earl ier requires con- • 
- 

S

sistent sets of simulated high frequency geoid heights and gravity

anomal ies. In some of the tests , the geoid heights were modified

I by the introduction of random errors or by smoothing to simulate mean 
- 

s S

val ues. 
-

Three methods of developing consistent sets of high fre- - - 

- 
- 

-

P quency ~eoid heights and gravi ty anomalies are considered feasible: 
- 

S

the gravity anomaly method , the po int mass metho d , and the harmonic

- method. In the fi rst method , a gravity anomaly field is assumed and

the geold heights are computed wit h Stokes’ integra l and worldwide

integration. In the second method, a point mass set replaces the

mass of the earth in the computati ons and both the gravity anomaly I~ 
-.

field and the geoid height field are computed from the disturbing S

potenti al field of the point mass set. In the third method, a set 
- 

- •

of harmonic coefficients to high degree and order is constructed —

and both the gravity anomaly and geoid hei ght fields are computed - S S

by harmonic series . The last method appears to be the simplest and 
-

most consistent since no worldwide integration is invo lved. Moreover ,

P the exac t ha rmon i c s truc ture of the da ta is known so that separation s •
of the high and low degree components of geoid heights or gravity

anomal ies i s s imp le.

I _ _ • _ S
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In order to produce a gridded data base whose exact harmo ni c

content is known for testing the estimation of gravity anomalies , it •

was decided to generate the data base from a hypothetical harmonic -
-

model consisting of spheri cal harmonic coeffi cients to degree and - 
- 

-

order 18 from an existing earth gravi tational model and ficti tious

coefficients beginning from degree 19 through degree and order 141. 
-

The ficti tious coeffi cients were generated by Kaula ’s approximate

formula [7]

Cn ~ 
mgal-~ (33)

n(1+~~) -

and the harmonic form 
- 

S

Cn = M{t~g
Z
~} = 

~~~ ~
nm
2 + 

~nm2~ 
(34) ~~~~~

so that all ~ and ~ of degree n have the same magnitude and random 
-

~~~

signs , and the Cn in equations (33) and (34) agree. The A
~nm~ ~nm 

- 

.1 -

were trans formed to Cnm~ S m which were used to compute compatible

sets of geoid heights and gravity anomalies at center points of 5 5

10 x 10 elements of a 50° x 50° b lock w ith

GM 141 n
= ~~ — 

~ (C ces mx + S sin mx)P (sine) , (35)
‘
~ n=2 m=O nm nm nm

GM 141
Ag(~ ,x ) = — ~ (n—i) ~ (C 

~ 
cos mA

R2 n 2  m=O n

+ S
nm 

sin m x )P
nm(sin

~
). (36) • I - 5
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A 10° x 10° block loca ted in the center of the data was selec ted for -

L testi ng and the geold heights were input to the estimation program • 5

• which subtracted the low degree component and then estimated hi gh

degree anomalies from the high degree geold heights . The low degree -

component ~g(2-l2) of the anomaly field was added to the estimated

- 

Ag( 13— l41 ) and the results com pared w i th the s imula ted ~g(2-l4l).

• Although the simulated gravity anomalies are not intended to repre- -

I sen t the phys i cal values , they are consisten t wi th the s imula ted 5

- geoid heights . Hence, the di fferences between the estimated gravity -

anomalies and the simulated values are the errors of estimation .

P Figure 7 i s a flow chart of the test procedure for the hypotheti cal 5- 

5

model.

S 
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VI. PROGRAM INPUT AND TEST RESULTS

Results from the estima tion of gravit y anom al ies of one -

hundred 1° x 1° squares in a 10° x 10° block from simulated input

data and the associ ated estimati on errors are displayed in tabular 
- 

- 
‘ 

-

and graphic form. The graph ics incl ude contour plots of the data —
• 

—
~~~

and amp l i tude spectra. Mean gravity anomaly val ues were simulated 
-

in these computations by a smoothing operation. The effect of

measurement error in the geoid height val ues was approximated by 5

addi ng random noise to the data.

Con tour p lo ts of the geo id heigh ts and grav ity anomal ies -

at the centers of 1° x 1° squares for the full spheri cal harmonic

se t (n ,m = 2-141 ) are shown in Figures 8 and 9, respecti vely. These - : -

fields are considered errorless. Po int grav ity anomal ies from the - 
- 

-
-

high degree component (n,m = 13-141 ) of the anomaly field for each ‘
•

1° x 1° element are shown in Table 1. A set of 1° x 1° mean gravi ty

anomal ies was simulated by applying two-dimensional smoothing to

the hi gh degree anomaly field. The smoothed value for each element -

is one—hal f 7ts raw value plus one-eighth of the sum of the values -

of the four adjacent squares. The smoothed field is shown in 
-

Table 2.

The gravity anomalies estimated from gridded geoid heights

for 1° x 1° elements are shown in Table 3. To determine the estima-

t ion errors for each 1° x 1° element, differences were computed

between the gravity anoma ly estimates (Table 3) and both the reference

point values of Table I and the reference mean values of Table 2.
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Figure 8. Hypothetical Geoid Heiqhts (n ,m=2-~l41 ) (meters).
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Fthure 11 . ~l”nothetical C~ravity Anomalies (n,r-~=~ -l~’i) (m~al).
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Table 1

1° x 1 ° POINT GRAVIT Y ANOMAL IES FROM THE

HYPOT HETICA L HIGH DEGREE FIEL D n ,m = 13+141 - • S

(ag , mgal)

—
S S

-21.5 12.7 38.1 33.7 26.6 36.6 46.4 39.9 25.4 13.6
—

S S
- 7.1 - 3.2 20.7 37.8 32.1 24.5 29.4 26.7 4.6 -15.9

4.0 - 8.0 3.6 29.5 33.6 25.4 25.6 17.7 - 6.3 -21.1

• P 5
- 3.1 - 8.3 3.5 28.0 27.5 13.4 11.0 7.7 - 3.3 -10.9

- 0.8 -22.3 -11 .6 20.0 22.9 9.6 12.1 21.4 24.1 15.6

5
-
.

13.9 -22.4 -22.2 6.7 13.7 4.3 6.8 15.6 18.5 11.8

3.4 -14.6 -12.3 3.4 4.2 - 6.0 -11.2 -12.3 -14.0 — 18.5

—S S
-27.0 -32.7 -16.0 0.6 8.0 12.0 12.1 10.2 9.6 2.0

-10.4 -14.0 1.7 10.5 15.5 25.7 28.4 22.7 19.5 12.6

• S S
23.5 23.9 22.1 13.2 9.0 13.7 13.3 6.9 4.8 3.9

MEAN VALUE = 8.7 mgal

• RMS = 19.0 mgal - S S
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Table 2

10 x 1° SMOOThE D MEAN GRAV ITY ANOMALIE S FROM -

U S S
ThE HYPOThETICAL HIGH DEGREE FIELD n,m = 13+141

~~ mqal)

S S

-15.3 11.0 31.1 31.1 28.1 30.8 41.6 34.0 19.9 9.1

I S I
- 6.6 0.7 19.9 33.4 31.4 27.7 30.1 24.8 6.0 -10.8

- 0.3 — 4.5 7.5 27.6 31.1 24.8 23.2 15.6 - 3.4 -12.7

P 5 S
- 4.5 - 7.9 3.2 24.1 26.0 15.9 12.8 9.7 0.2 - 8.3

— 1.1 -16.5 — 8.4 15.8 20.3 11.4 12.2 18.1 18.6 10.3

• S S
8.6 -16.8 -16.0 5.2 11.6 5.2 6.0 12.1 13.9 7.5

- 3.4 -11.5 -12.3 1.6 4.5 — 1.8 - 5.5 — 6.1 — 7.3 -12.2

S S
-18.8 -25.3 -13.3 1.0 8.0 11.0 11.0 9.1 7.0 - 0.4

- 6.5 - 9.2 1.2 9.1 14.4 21.6 23.4 19.5 16.0 8.7

~~ S S
14.3 12.0 14.9 10.6 9.6 13.4 13.3 9.1 7.9 6.4

MEAN VALUE = 8 . 3  mgal 
-

s RMS = 16.3 mgal -

5 35 
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Table 3

1° x 10 ESTIMATED GRAVITY ANOMALIES FROM GRI DDED GEOID
A -S  S

USING THE HYPOTHETICAL HIGH DEGREE FIELD n,m = 13÷141

(i~~, mgal)

-14.2 9.8 27.9 28.0 25.5 31.6 36.0 29.5 17.7 8.1
r
.1 5

- 5.9 0.8 17.8 29.8 28.2 24.4 25.7 21.2 5.3 9.1

O - 2.4 7.6 24.1 27.4 22.7 20.9 13.9 - 2.1 -13.3 
-

S S

- 3.3 - 3.8 5.7 21.7 23.3 15.5 12.8 9.1 0.5 - 7.0

- 0.8 -10.8 - 3.5 15.0 18.3 11.7 12.0 15.5 14.8 7.4
I

7.3 -10.5 - 9.3 6.6 11.5 6.9 7.3 10.8 10.7 4.7

1.8 - 7.9 - 5.7 3.9 6.0 1.4 - 1.5 - 2.7 - 5.0 - 9.6 
-

* -
S I

-12 .3  -16 .1  - 6.9 3.5 8.8 11.3 11.1 9.1 6.8 0.5 
-

-

- 2.9 - 4.6 3.3 9.0 12.8 18.2 19.6 16.4 13.4 7.8
• S S

13.3 14.0 13.6 10.5 9.8 13.3 13.7 10.6 9.3 7.6
50 x 50 INTEGRATION
MEAN VALUE = 8.5 mgal

S RMS = 11.5 mga l I I
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For this evalua tion , Tables 1 and 2 are cons idere d errorle ss. The

differences are shown in Tables 4 and 5, respectively. The root 5

mean square (RMS) error of estima tes from point data is 6.1 mgal and S -

the RMS error of estimates from mean data is 2.9 mgal . Thus , 10 x 1° 
- - - 

- - 
- . 

~~~~ 
-

estimates are better in compari son with mean data than with point . • 
- 

S

data.

Input and output data fields were analyzed by spectra l

methods for their harmonic frequency content. Contour plots of the - • S

amplitude spectra are shown in Figures 10 to 14. The sampling inte r- 
-

val on the contour plots is a one degree increment of latitude or

p lon gitude between da ta points. The coordina te axes are frequenc ies 5 5

of the Fourier representation of gravity anomalies or estimation

errors. The wave lengths in degrees are reciprocals of the frequen-

• cies. The axes are in the direction of increasing frequency and 5 5

decreasing wave length .

The amplitude spectra of gravity anomalies and errors were

computed as though the data points were on a plane. Contours of S S

ampl i tude spectra for isotropic fields over a plane are arcs of

concentri c ci rcles. Curvature of the surface and convergence of

meridians distort the contours of an isotropic field to elliptical . 5 .5

arcs. If the field is not isotropic , then the contours are dis— -

torted accordingly.

p The contour plots of amplitude spectra in Figures 10 , 11 -

and 12 show that the fields are approximately isotropic in the long

wave lengths. There is distortion in the contours of the high

p 5 I
37
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Table 4 -

ERRO R OF ESTIMATION (i~ - 
~ g) - —._----

I • 1 S

- 
FOR 10 x 10 POINT VALUES

(mgal) - -

I ~. H

7.3 - 2.9 —10.2 — 5.7 — 1.1 - 5.0 —10.4 -10.4 - 7.7 — 5.5 -
I 

_
S S

1.2 4.0 - 2.9 - 8.0 - 3.9 - 0.1 - 3.7 - 5.5 0.7 6.8

- - 4.0 5.6 4.0 - 5.4 - 6.2 - 2.7 - 4.7 - 3.8 4.2 7.8

• S I

- 0.2 4.5 2.2 - 6.3 - 4.2 2.1 1.8 1.4 3.8_- 
3.9

- 0.0 11.5 8.1 - 5.0 - 4.6 2.1 - 0.1 - 5.9 - 9.3 - 8.2

- 6.6 11.9 12.9 - 0.1 - 2.2 2.6 0.5 - 4.8 - 7.8 - 7.1

- 1.6 6.7 6.6 0.5 1.8 7.4 9.7 9.6 9.0 8.9

14.7 16.6 9.1 2.9 0.8 - 0.7 - 1.0 - 1.1 - 2.8 - 1.5 -

7.5 9.4 1.6 - 1.5 - 2.7 - 7.5 - 8.8 - 6.3 - 6.1 - 4.8

I S S
-10.2 - 9.9 - 8.5 - 2 .7 0.8 - 0.4 0.4 3.7 4.5 3.7

50 x 5° INTEGRATION
MEAN VALUE = -0.2 mgal

I RMS = 6.1 mga l

p S S
38
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Table 5

ERRO R OF ESTIMATION (K~ - X~) —

I S S
FOR 1° x 1° MEAN VALUES

(mg al )

S S

1.1 -1.2 - 3.2 - 3.1 - 2.7 0.8 - 5.5 - 4.5 - 2.2 - 1.0

U S S
0.7 0.2 - 2.1 - 3.6 - 3.3 - 3.4 

- 

- 4.3 - 3.6 - 0.7 1.6

0.3 2.1 0.1 - 3.5 - 3.7 - 2.2 - 2.3 — 1.7 1.3 - 0.5

I ~~I S
1.2 4.1 2.4 - 2.4 - 2.8 - 0.3 

- 

0 - 0.6 0.3 
- 

1.4

0.3 5.7 4.8 - 0.9 2.0 0.3 - 0.2 - 2.6 - 3.8 - 2.9

I 
5 - -

.

-1.4 6.4 6.8 1.4 0.1 1.7 1.3 - 1.3 - 3.3 - 2.9

5.2 3.6 6.6 2.3 1.4 3.3 4.1 3.4 2.3 2.6 
. 

- 

-

- 
S

6.5 9.2 6.4 2.5 0.8 0.3 0 0 - 0.1 0.9

3.6 4.6 2.1 - 0.1 - 1.6 - 3.4 - 3.8 - 3.1 - 2.6 - 0.9

I S S
- -1.0 2.0 — 1.3 - 0.2 0.2 - 0.1 0.4 1.5 1.4 1.3

50 x 50 INTEGRATION
MEAN VALUE = 0.2 mga l

p RMS = 2.9 mgal ~~ 
_~• -
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Figure 11. Amplitude Spectrum of 1° x 10 Mean Gravity Anomalies (Xi).
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frequency components . Compari son of spectra for point gravi ty

anomalies (ag) and mean (smoothed) gravity anomalies (~j) shows that • s

there Is a loss of high frequency in smoothing. Figures 11 and 12

are almost identical . This indicates that the estimated gravity -

anomaly field and the smoothed gravity anomaly field have very nearly . .

the same Fourier harmonic content. The closer simi lari ty of ampli-

tude spectra for smoothed val ues and estima ted val ues is corrobora ted

by the spectra for estimation errors in Figures 13 (estimated minus •

point values ) and 14 (estimated minus mean).

The precedin g results were ob taine d w ith an errorless geoi d

height field. Since measurement necessari ly involves error, the S 5

effects of random error and b ias in the geo id f ield we re inves tigated

and the results shown in Tables 6 and 7. A random error field wi th a 1 - - -

j  
distri bution of zero mean (p=0) and standard deviati on (a) of one - 

~~~~ 

—

meter was added to the geoid field. The error of estimati on for each

10 is the difference between the resulting predicted anomalies (A)

and the simulated mean anomalies (Table 6). Inclusion of the .i=0 , • s

a=lm errors in the geoid field increases the RMS anomaly error from 
-

2.9 mgal to 9.0 mgal wi th no signifi cant change in the mean error.

A one meter bias was then added to the geoid field. The error of S S

estimation for this set of anomalies (Ag) is shown in Table 7. Addi-

tIon of the one meter bias Increased the mean error from 0.2 mgal to

1.5 mgal and the RMS from 2.9 mgal to 3.5 mgal . s

Tes ts for the ef fects of random error in the geo id fiel d -

were extended to incl ude random errors wi th a = 0.3 , 0.6 , 1.2 , and

45 ~
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Table 6

ERROR OF ESTIMATION (i~ -7ii) FOR l°xl° MEAN VALUES 
• 

-

FROM A GEOID WITh A RAN DOM ERROR OF ONE METER

1

15.9 - 9.3 -16.9 -26.3 17.7 - 9.3 - 3.1 -11.7 -12.2 - 6.3
S S

- 7.5 6.9 2.6 -11.0 —21.7 - 3.8 — 2.8 0 7.6 - 8.3

- 0.7 - 0 . 6  5 .6  - 7.4 16.5 -10.3 - 4.6 0.5 14.8 4.5

S S •
2.9 4.2 3.9 - 1.2 — 3.9 - 1.1 -12.9 -11.7 15.1 - 1.3

- 4.5 16.3 - 1.8 - 0.5 6.1 13.9 -11.7 8.4 - 6.6 - 2.8
- -

5
- - -

.
4.0 11.4 2.9 3.7 1.9 -14.2 4.1 2.2 - 2.5 9.3

- 5.6 1.3 - 0.3 4.7 - 5.0 3.3 3.8 21.2 0.9 5.4

I S
22.7 14.1 7.9 6.2 - 2.4 0.6 7.6 - 8.7 10.0 — 4.7

0.8 4.7 5.3 - 5.3 -12.6 -10.9 3.6 - 8.0 - 6.4 5.9

S S
- 5.2 - 1.9 - 1.2 - 4.7 18.1 5.3 - 3.2 — 6.2 - 1.6 - 4.7
50 x 5° INTEGRATION
MEAN VALUE = 0.1 mga l
RMS = 9.O mgal S S
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- Table 7
A

ERRO R OF ESTIMATION (.\~~~
-

~~~~~~) FOR l° x 10 MEAN VALUES 
-L

FROM A GEOID WITH A BIAS ERRO R OF ONE METER

_ _ _  _ _ _  _ _ _  _ _ _  _ _ _  _ _ _  _ _ _  _ _ _  _ _ _  _ _ _  

S

- 2.~ 0.7 3.0 2.7 2.0 - 1.4 6.8 3.5 09 - 0.5

- l S  - 1.0 1.6 3.2 2.7 2.5 3.4 2.4 - 1.0 - 3.7 5 5

1.3 3.3 - 1.0 2.8 2.9 1.2 1 .1 0.3 — 3.2 — 1.7

- 2 5  - 5 .5 -3. 5 1. 5 1.8 - 0.9 - 1.3 - 0.9 - 2.0 - 3.3 5

- 1.5 - 7.4 - 6.4 - 0.2 1.0 - 1.6 - 1.1 1.4 2.7 1.6 
- 

-

p 
—- S -— ~~~~~~~~~ _-

1 - 0.3 - 7.6 - S.8 - 3 4  - 2.0 - 3.6 - 3.1 - 0.5 1.6 - 1.5 s~ •

- 6.8 - 5.1 - 8.2 - 4.1 . 3.2 - 4.9 - 5.5 - 4.7 - 3.5 - 3.5 
-

I - S.2 -11.2 -8 .1 - 3.8 - 1.9 - 2.2 - 2.0 - 1.1 - 0.9 -2.1 s s

- 4.9 - 6.0 
-

- 3.6 - 1.5 0 1.6 2.1 1.5 1.1 - 0.5

I - 0.7 - 3. - 0.4 - 1.4 - 1.8 - 1.5 - 20 - 3.0 - 2.9 - 2.8

x 5~ I~4TEGRATI0N
~iEAN VALUE = -1.5 nqal
RMS = 3.5 rnga lp 

5 5
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3.0 meters , all with zero mean . The error of estimation increased

from 2.9 mgal to 26.2 mgal as a increased from 0 to 3 meters. Results 
5- .

of this anal ys i s are shown i n Figure 15. Also shown are results for

2.5° and 50 elements accomplished by averaging the 1° resul ts , and ,

as ex pecte d, the error is reduced as the element size is increased. •

For the purpose of iterative improvement , new geoid heights

were computed from the estimated anomalies by Stokes ’ integral and

a AN field was obtained by subtracting the true geoid heights from 
-

the new geoid heights . The AN values were input to the estimation

program and corrections to the original anomal y estimates were con-

5 puted with an al gebraic solution over a 5° x 5° integration region . 
- 
s

The corrected estimates are compared with point and mean anomalies -

in Table 8.

Table 8 
.•

ITERATIVE IMPROVEMENT -

(36 1° x 1° SQUARES ) -

p RMS MEAN POINT 5 5
ANOMALIE S ANOMAL IES

First Estimate 2.20 mgal 4.42 mga l 
S

iteration 1.45 mgal 2.23 mga l

5

S S
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Fiqure 15. Effects of Random Error on Gravity Anomalies.
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VII. CONCLUSIONS

It is possible to localize the estimati on of gravi ty

anomalies from a 10 x 1° gridded data base of geoid height values.

The method of localization consists of:

Approximating the low degree (long wave length) component

of gravity anomalies and geoid heights from the harmonic coefficients

of an earth gravitational model. -

Estimati ng the high degree (short wave length) components

of gravity anomalies from high degree components of geold heights

over a local region with a linear estimator.

Mean gravity anomalies for 1° x 10 squares can be effec- S S

tively estimated from local ized geold heights which contai n random

errors whose standard deviation is one meter or less. Random errors -

with a standard deviation of three meters increase the RMS error of 
— -  -

estimation to 26 mgal. Mean anomalies for 50 x 50 squares can be

local ly esti mated from 10 x 10 geoid heights whose random errors

have a standard deviation as large as three meters. A bias of one -

meter in the local geold height field , i f not removed , has a s i gni-

ficant effect on the mean error of the gravi ty anomaly estimates,

al though such a bias does not change the RMS error of estimati on

appreciably.

Errors in the low degree harmonic coefficients of the

EGM affect both the high and low degree components of the anomaly

estimates. These errors can be reduced by updating the EGM as

altimetry data accumulates . Methods of avoid ing the singulari ty of

_ ._ _ S
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I. 
S S

S Stokes ’ kernel function , the use of smaller element sizes and methods

~f minimi zing the effects of bias in the data are indicated to be - — ‘

areas for further study.

The unweighted least squares estimator is not necessarily

the best choice of estimation model since It does not use all avail-

able data. The model could be modified to use weight matrices

derived from covariance matrices and to compute corrections for

initial estimate s of gravi ty anomalies. Moreover, the se lected S

estimator apparently does not achieve the optimum resolution of

the data into signal (true values) and noise ( random errors). 
-

~~

S Addi tional s tudy is also indicated in this area. I

I -
, S

a S

S S S

S 
S S

I __ S _ S
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APPENDIX

PREDICTION OF GEOID HEIGHTS FROM PROFILE DATA 5 5

Al. INTRODUCTION

Profile data for GEOS—Ill altimetry consists of measured 
- -— ____

S S
geold heigh ts at closel y s paced interva ls alon g app rox imately parallel

tracks . This appendix outlines a method for estimating the predic-

tion error covari ance function for Wiener prediction of a geo id height
S S

gridded data base from profile data . The error covari ance function

is computed in the frequency domain for simplicity since integra ti ons

in the time domain become multiplications in the frequency domain. 
-

S S
The accuracy of the predicted 1° x 1° geoid height values is given by

the error integral , which is the integral of the error covariance

function over the 1° x 1° surface elements . Also incl uded in the
S S

discussion are geoi d height autocovariance , power spectra , geoid

height prediction, the spectral coefficients of the Wiener equation

and their application in the error analysis of predicted geoid 5-
S S

heights .

A2. THE GEOID HEIGHT AUTOCOVARIANCE FUNCTION

The prediction method is based on the assumption that the
S S

geoid heiqht field can be treated as an isotropic stationary stochastic

process. The effect of i sotropy for a covariance function between

two profiles with an origin at point P is shown in Figure Al. The
S S

value of the geoid height autocovariance function relating points P

and Q depends only on the angular distance between P and Q and not

I I
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I. I

on the location of the points or the direction of one from the other. -

The line segment PQ’ is normal to both profIles . -

ii Profile 1 / ,~~~ 5

z’/ a,’ \

Profile 2 QI f~ ~~~j 
Q 1 

- S 
-

- 

-

I
Figure Al. Geoid Height Autocovariance Function

In these compu tations , a form of the geo id height autocova ri an ce

I function of Tscherning and Rapp (4] , wi th the low degree and the S

high degree parts removed, is used:

2 1080 C +
C(*) = .L n F~ 

1 P (cos~p), (Al )
p y

2 n=)3 (n-l)2

where

R = Mean radius of earth ,

p = Theore tical gravi ty of the reference ellipsoid , - S S

Pn(COS* ) = Legendre polynomial of degree n ,

= /a2 + 11,  Spher ical d i s tan ce between P and Q,
P 54 __ 5 _ 5
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5 5

= 
Ufl
A
~~~.~B) degree variance of degree n , where

• I S
A = 425.28 mgal2,

B = 24,

R2
F = ____ = 0.999617, S

rp Q  -

R8 = Radius of the Bjerhammar sphere ,

I rp and r0 = Geocentric radii to the points P and Q. s s

A3. POWER SPECTRA

1. The Power Spec trum A l ong a Profi le -

Assuming the statistics of the local field are known ,

the power spectrum for observati ons along a profile can be d2ter-

mined by the Fourier Transform of the geoid height covari ance func-

I tion . Thus , the power spectr -~m is -

= f C (s )e ’~~ ds. (A2)

Since S

~~~~ = co~(~s) - i sin(ws) ,

the power spec~,utn c-in be expressed as
S S

S(.~ = f C(s)  cos(~ s) ds - i f C(s)  sin(~s ) ds , (~ 7

and ~ fl Cc C(~ ) i _ 
~~n even futicti3n ,

• S S

S s) ~s 
-
~ 1.

S (~5 
. 5 5

S 
5- 
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_ _
I S

so that the expression for the spectrum reduces to

- S S
S(~) = f C(s) cos(ws) ds. (A5) 

-

Since C(s) is syninetri c , the continuous power spectrum along a

profile reduces to 
- 

I

= 2 f C(s ) cos (ws ) ds , (A6 )
0

which can also be expressed in discre te form as S I

n-l -

~(rAw ) = As[C( 0) + 2 ~ C(q As ) cns(!~.!~.) (A7)
q=1 -

+ C(nA s ) cos(r ir)], ~~~

-- 

S S

where n equally spaced values of the covariance function are used ,

r =

11 5 5
Aw =

The no ta tion for the var ious power s pec tra to be use d i s S~~(w) for

the spectral value between points on profiles i and j for frequency w , -

S I
and it is assuned tne along track spectrum is identi ca l for all prc--

files in a local area (i = j), or

S
11~~-) = S92(CL

~
) = S5,3(w). (A8)

‘S S I

2. T~;e ~cross Track Power Spectrum

The spectrum S19(w ) of t~.e covariance ft.~
-
~~ct i on  C-  - .

between points on two adj acent ~rofiles is -~lso ths r~~- -~ r t r5’ lsf r

of the ccvar - 

~nce f~nct~ n’

12 ~~ 
j  C

1 ~( 1)e
_ l w T  d1.
56 S
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Again , since C12(r) is an even function of r ,

— 512(w) = 2 f C12(t) cos (orr)dt. (AlO) S I

From Figure Al , If a is the separation between the profiles , then 
- 

-

C12(1) = C( /á2 +t2), (All ) - —

. S I

so that the crosstrack spectrum is - - -

512 (w) = 2 C( /a2 + r2) cos(wr )d- r . (A12)

Profile 1 
________

a 1 -

p 5 S
a P

a2 
-

Profile 2 ---- -  ——-- - - 

S S
Figure A2. Geometry of Profiles

Similarly, the power spectrum S~1(w) between the point P and profile 1,

Flgure A2 is -

S~1(w) = 2 f C( /a~ + ~2) cos(wr)dr. (A1 3) -

The disc rete form for equation (Al2) is

S(rAw) = As(C12 (0) + 2 ~ C12(qAt) cos(~~ -) (Al4)

S + C12(nM ) cos(r,r)], -

P 57 5 5 S
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I S

where

C12(qAt ) = C([a~ 
+ (qAt)2), ..,.

r = 0, 1, 2, ... ,

q = 0, 1, 2, ..., n.

1 The transformation of the data from the distance domain to the fre-

quency domain is followed by a smoothing process to reduce spectral

leakage and aliasing [8].

The power spectrum computed from equations (A7) and (A14)

Is plotted in Figure A3. The power spectrum 
~ll 

along the profile Is

represented by the section In the x,z-plane. The power spectrum S13
across the profIle , from profile 1 to profile 3, is represented by S 5

the plot in the y ,z-plane . The power spectrum S~,1 of a po int P is

represented by the plot in a plane parallel to the x,z-plane at some

distance al ong the y-axis.

A4. GEOID HEIGHT PREDICTION

1. The Fundamental Equation for Prediction

The predicted geoid height yp is assumed to be a linear 
P 

-—

function of the measured values x1 so that the fundame nta l equa tion

for prediction [3] along one profile is
P 5

Yp(T) = I hp (T 
— cz) x ( a )  da. (A15)

The coefficients h1, depend on the displacements of the measurements

relative to point P, not their magnitudes. The predicti on of the

P 5
58
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S S

geold height at a point P from geold height data along n parallel

profiles is given by the integral equation s s

n +c.
- 

~~
(r) = 

~ 
f h~1(r—cz)x1 (ct)dcz~ (Al6)

I-i -’, -

J where x 1(cz) is the geold height measurement on the l~~. profile at

position (time) cx , and h~1( r-a) is the weighting function relating

x1(a) to the prediction point P at time I (Figure A4). The contri- - -

bution of n profiles is contained in the sunination. 
-

~~~t c x  I

x~(cz) S S

Profile i

Profile j
Figure A4. Prediction of Point P at Time r.

• S

2. The Autocovariance of Measurements

The measuremen ts x 1 cons ist of measuremen t error (no i se )

n.~ and true value (s ignal) 
~ 

so that s s

X i 
= s

~ 
+ n., (A17)

and n1 and 5j are assumed to be uncorrelated [3]. Then the auto-
S S

covarlance function for measurements x on profiles i and j  is

~1j 
= + 0ij’ (A18)

__ _ I _ I
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where
= the autocovari ance of observations x1, x~,

I S

~~ = the autocovariance of the signal s~ , s~ ,

= the autocovariance of noise 
~~ 

n~. -

3. System Functions for Optimal Prediction 
- 
5

In this section , the Wiener -Hopf equation is solved for

the system functi ons whose inverse Fourier transforms are the

weighting functions for an optimal prediction by equation (Al6) .  S 5

The geometry for prediction from two profiles is shown in Figure A5.

x . (T )  t = const . - 
5

x~ ( T )

S S

Ficiure A5. Combined Filtering and Prediction .

The Wiener-Hopf system of linear equations is
S

n

~ f h.~ (u ) ~~.(u-v)du = C~~(v )~ j  = 1 , 2, ... n (P19a ) S
i=l — ce’

or in the compact convolut ion notation
S S S

~ h~ 1 (v )* 
~j j~~ 

r~ .(v) ,  .1 = 1, 2 , ... n. (Ai gh)

61 S
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I 
_
I ~~ S

Its spectral representati on is - _ 
-

n
.~~ Hp.~(w ) 

~~~
(w ) = Sp~ (w )~ j  = 1 , 2, . . .  n (A20)

-1=1

which can easily be solved for the system functions Hp~(w), provided 
- 

-;

• the spectrums of the covariance functions are known (Section A5) . A I S

sample weighting function in the frequency domain as a function of . 5

distance from profile 1 is shown in Figure A6.

A5. SYSTEM FUNCTIONS FOR THE TWO PROFILE CASE 
- 

5 I

For prediction at point P between two profiles (Figure A5) ,

the Wiener-Hopf equation (A20) in the frequency domain expands to

= H~1 (w) S11 (w) + H~2 (w ) S21 (W ) , (A2l) S I

s~2(w) = H~1 (~) ~12
(w) + H~2(~) ~22

(w). (A22)

Based on the assumption that the geoid field is stationary and the
I S

profiles are parallel tracks , it fol lows that S11 (w ) = S22(~ ) and

S12(w) = S21(~ ) so that the solu tion to th i s sys tem become s :

~~~~ 
5P1~~ 

— 
~~~~~ 

S~2 (~ ) S S
H~1 (~) = 

— — 
‘ (A23)

— S1,~(w)2

and

• 
~~~
. (

~) S (~
) - 

~~ 
(
~) S (~

)
u ( \ — I P2 P1 , 

S

rIn,,~~W ) 
- — 

~~~~~ - -

~ ‘2 — / 2- 
~l2~~ 

-

where
• S S

H~.(w) = the system weiqhtin q function for point P from
1 profile i ,

S11 (w )  = the qeoid height power spectrum alonq nro~~~e ,

S _ S~
62
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P.

S12(w) = the geoid height power spectrum across profile ,

S~.(~) 
= the geoid height power spectrum relati ng point P topro fi le j.

A6. ERRO R ANALYSIS

1. The Error Covariance Function

The error of prediction is the deviation of the
predicted value y

~ from the true value si,,

C
R 

= s~ — y~, (A25) • S

or in the continuous case (Figure A7) ,
= s~ (T) - Y~ (T). (A26)

S IThen by Equation (A 16)

ep (r) = s~(r) — 

~ 
.1 hp~

(r_ cz)x
I (cx )dc

~, (A27) 
- -

~~

and

- 

- 

C
Q

(O) = S
Q

(O) - 

~ 
I hQ~(-~)x.(8)d8. (A28)

ith Profile
I I

~-P I S

I I

• ____ 

x 1(~) 
jth Profile

T 0  r=t

Figure A7. Error Anaiy~is Between Two Points
S 

64 S S

S 5 5 V S _ S S V _ S S V V V V V V



S

The statisti ca l mean , M, of the product epcQ is the error covar iance

of predi ction for points P and Q, and is denoted by °PQ ’ •

°PQ = M{ E p (T )C Q (O)} . (A29)

Then , S

apQ(T) CpQ (T) - f hpi (~~cc) CQ1 (-cc )dc~ (A30 ) 
-

- I h~.(~~) C~~(t-8)d~_= J 
S I

+ I I hpi (~r_ct) hQ~
(_

~ ) 
~~~~~~~~~~

which is best solved by means of spectral representation [9]. The

Fourier transform of equation (A30 ) is

EpQ (o)) = SpQ (w) - Ilp~
(w) SQi (

~
) - H

Qi
(w) S~~(w ) (A31 )

• + Hp~ (u~) HQ~(3 ) ) Sjj(4~3)). 5

After the weighting functions have been determined by the procedure

outlined in Section A5 , the error spectrum is easily computed wi th

equation (A3l). Then the error covari ance functi on apQ (T) is the S S

inverse Fourier transfo rm of E~Q
; tha t i s ,

OpQ(t) = ~~ .1 EpQ (w)e~~
Tdw (A32) S I

for di fferent combinations of P and Q.

2. Error Vari ances for 1° x 1° Blocks

Assumi ng a suffi cient distribution of predicted points , S

the vari ance of the geoid height for a 10 x 10 block is the mean

p 65 _ .  S
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error covariance over all pairs of points P.~ and P~ in the b lock ;

that is ,

n n
= .1. 

~ 
ci~ j . (A33)

~2 i 1  j=1

As an exam p le wi th n = 9 , ~
a12 i s the error covariance between po int 1 (P)

I l  2 3
a n d 2 ( Q )

1 4  5 6
a73 is the error covariance between point 7 (P) s s

1 7 8 9
and point 3 (Q) .

3. The Error Covari ance Between 10 x 10 Blocks

The error covariance between 10 x 10 blocks I and II is s s

the mean covar iance between all pai rs of po ints P.~ in I and O~ in I I ;

I II

1 2 3 10 11 12

4 5 6 13 14 15

7 8 9 16 17 18
_
S •that is , for n = 9

9 18
c~~(I II) = I a. . (A 34)

~2 i=l j =lO “~
S S

4. The Error Integral

The error integral , often useful in studies of tra.~ec-

tory error or gravity survey requirements , is defined a:.

f f a(~ ,A •‘ ,A ’ )  cos~ ’ d~ dA ’ , (~35) 

- ~~ 

I
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where A is the region of correla tion , and 
~

‘ , x ’ vary over A. For

— the discrete case using the error covari ances defi ned above , this S

becomes

L(~~,x )  n -_ I I = ~ a(I , II) cosc ~~1 ~~ ~~~~ (A36 )
R2 11=1

A7 . COMPUTATIONAL RESULTS

Prediction error vari ances were computed for profile -
S S

spacings of 10 , 2° , 3°20 ’ and 50~ Geoid height sigrnas (CI
N

) of 0.0.
-0 . 3 , 0.6 , 1.2 and 3.0 meters were used in each case. Error vari an ces

and error integrals in meters2 for the 10 x 10 squares are sho~,n in
S I S

iahles Al and A2 , respecti vely. The error of predicti on reaches its

maximur~ valve ~f Vie computation point is midway between two profi i~~. -

If -
~ 3.0 meters and the two profiles are spaced 1° , 2~, 3°20 orN

5° aparc , then the maximum errors of prediction are 3.61 , 3.85 , 4.29

or 4.89 meters, respectivel~’.

The com puted error var ia nces for pred ic ti on r~~ geoid hei~hts
S S

ai o’ :-iuts I5E~tween profiles spaced 1°, 2°, 3°20 and 5C ~.‘art ~u

plo’-~~ i~’ Fiqrre A8. The total error var ian~.~ f~ cc rt~n u~r~
p~’- .~dict~on ~vt-~-~~-i profiles is the tota l ar-ca under the curve . T~ S S
tot~1 er rc . ,’ va: lanc e increases as the distance he ’~-~~-ri nrc~1ilr ~
incf -e~s~s , i~ 

t :~o ‘~h prrc-r variance fm~r p~ec~.iction near ~

~~~~~~~ cIS ci s~ance between input profiles increases .
_ S S

f7
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Table Al

Predi c tion Erro r Var i ances for 1 ° x 1 ° Squares
I

(me ters 2)

—- -
I

Profile Geoid Height Errors (one sigma)
Spacing

___________ 

0.0 0.3 0.6 1.2 3.0

—

1° 
— 

2.746 2.753 2.773 _ 2.85 3 3.470

— 

3.528 3.537 3.563 3.666 4.4462
— 

3.528 3.537 3.563 3.666 4.446

— 

3.444 3.453 3.477 3.577 4.328 
-

_ _ _  _ _ _  _ _ _  _ _ _  — 5 5
• 3°20’ 7.347 7.366 7.425 7.659 9.356

5.400 5.414 5.455 5.620 6.832
— 

1.~3O 1.834 1.847 1.898 2.30 4 
-

__________ 
6.694 6.71 1 6.764 6 .975 8.509

3.386 3.39 4 3.418 3.515 4 .247
8.800 8.823 8.89 4 9.179 11.229

0

10.648 10.677 10.765 iLil5 13.625
P

8.800 8.823 8.894 9.179 11.229

— 
3.386 3.39 4 3.41 8 3.515 4 .247

P 5 I
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Table A2

Error Integrals for 10 x 10 Squares -

— S S

- S 

(me ters 2)

I S
Pro fi le Geold Height Errors (one sigma )
Spac ing S

__________ 

0.0 0.3 0.6 1.2 3.0

10 .001 .001 .001 .001 .001

2° 
— 

.005 .005 .005 .005 .006 -.

— 
.005 .005 .005 .005 .006

.011 .011 .011 .011 .014
N 3°20 ’ .021 .021 .021 .022 .022

.016 .016 .016 .017 .020
— 

.007 .007 .007 .007 .009

__________ 
.020 .020 .020 .020 .025

— _ _ _ _  _ _ _  _ _ _  _ _ _ _  

S S

.013 .013 .014 .014 .017

.037 .037 .03 7 .039 .048
50 .048 .048 .048 .050 .062

.037 .037 .038 .039 .048

.014 .014 .014 .014 .017

p 5 5
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