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£ Simple Nodsi Applicable in Struct ural ia1t~~iUey,
Extincti on of Sp.ciu, Inventory Depl.tioe, and

Urn S.splin~, II. Syt  Lif.l.n tb.

by

1. 11-Neua*hi 1, F. Proschsn2, and

Ibis La Part II of a eve-part papor dswrot.d to the follosda~ andel • A e.ries-

parallel syetau consists of k e~*syst. in eerie., subsysten i centsiuis$ 
~1

components in parallel (dseot.d C~ and call.d cut set L), i.l ... k. After y

-
• 

composmnt in the sysea. fails, ths next compocant failure is squally lJJi.17 to

be any of the components in the mysta. still functicaia . Is Part I, vs cump..tsd

the probability that a sp.cifi.d cue set fails before any of the ethers do, sad the

probabi lity .f failur , of the cue et, in a specified sequence. So also computed

recurrence ~~latioas for and various thterestis$ properties of thee. pvcbabilitiss.

Is the prenant Part II, us compute the probability distrib ution, frequency

fanctios, d failure rate of the lifsl s.~th of uriss-pe rallal syst . We also

obtain esusspo.dia recurrence relations and finite mad a.~mptotic ptøpaxtise.

1Usiverntty of Lsntucky ,

_
__

__

2 1 !fds Stats Wetssrsity
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£ Simpi. Model Applicable in Structural Reliabili ty,
Vztthction of Specie., Inventory Depletion, and

Urn Sampling, II . Syat Lif.l.ngtb.

by

I • Il-I susihi, F. Prosehan , and J • Ssthura mn

1. Introduction and 
~~~~~~~ 

This is the second part of a tue-part paper
devoted to the stud~ of a simple probab ility sodel which has applications in r.tiahility
theory, in~~ tory theory, the extin ction of species, and s~~ liag fros urns.

~~liabLlLt~ Model • So state the andel init ially in the reliability context ,
and th is shon that tbs sent aodel can be used in the other areas sentiosed. Also,
in later section. is pree ting the solution and describi ng its properties, vs use

the l guags of reliability , without repeatedly pointing out that the solution id
its properties apply is the other area..

Cossids~ a syst.. consisting of k sybsysta in sari.. , where eubsyst
La a paraflsl arr r— ---’e ~~ 5~ component.; suck a systa. is called a

~~~~~ systa.. Vs shall uslly refer to the parallel subsyst~~ is a series-
parallel syst.. a. ~~~~~~~~~~~~~~ If little is knows about the reliability or life

dist r*etINs of the critical c:mpia.sta Ia 
- 
the systM (as ui~~t vsll be the case

in abs vary eStly st.N of systa. doeiga ) , it is sot onrsa.se. bI. to us
mu .~~~u~~ts are squally likely a. fail.

Ii Pent I, vs njIsd d WL.rmA much quasti.nias z
(1—1) Some is the probability thea a iwsn enS set ta il. befeds say of the others
do?

(14) Sosa is di prch.bfliey that ena asti fai l in a ipeciflad sa4mr~ e?
(I-)) Some prope rties do the.. psebabilitt.s pms.s? Soat Inequalities d
baands san be shealsed Ire. a kasvl.d of these proput i..?

— — ~~~~~~~~~~~~~~~ — -----—-- e*- • — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - “--.t . S—

--
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Although the model was orig inall y conceived In a reliability context, it may
b. applied In a meaningful way in other areas. Consider the following applications
of the s .~del:

Extinction of Species. As a conc rete ex ple, consider a lake containing in
additi on to other b ras of life , k species of fish, species i containing
speciseel, 1—1,.. . ,k. The fish are comparable in their vulnerability to capture ;
fish are caught In succession In a period dur ing which no births occurs (or if
new-bor n f ish are caught, t~oy ar, thrown back into the lake). Some. is the
probabil ity thp ,t a given spec ies becomes completely dSpl ItSd bslors say ‘1 the
others do? Some is abs probabLliey ~ that depletion of spec ies occurs is a specified
order?

Inwutoiy Depletion, k types of it~~ are stocked in a depot. t T~~4s for

the given types of james ate ~queIly like ly . The two ~pss of probabilities of
in th. earl ier lode l. and their properties are also of interest in the

pr.... t a,del .
.1 ~~~~ - - 

-

~~~~~~~ An urn contain. nj  balls of coi.r i i—i... . k. 1*11. are
dr~~ In sucesestos, with each of the balls ~~~ iaiag in the urn eqqpsjly Likely
to be drape at sack draiing. Soat Is the p~~bability of dsp~Laticn of a gives color
fi rst? Some ia the probshU4ty . 1 depletion .1 c4brs in a gives a.ç ’-?~~ Some
a ,  ~~ propertiw ~~ bosm s far the., probabiliC4.s? -

p the pr: Part II, us stud y the lif .lssgtb of the series-paral lel
system — is. distribut Ips tanctien, fenqenocy f~~ dos, tailors rate fuact ios,

- 
—

: .~ - ~~ -~~~~ . ~ 

— -.-, — - 
— - — - —
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ly system life lesgth we an the n~~ er. of component failures at the tins of, the
syStem faiJ.urs.’ ~In add*tion, vs -Isrirs •intere ttng jo~tI useful properties sad
bounds fo r these lifele ngth fun ction s.

In Section 2, vs derive basic formolas for P(L® > L), the probability
that the system survives the failure of £ components, and EL®, the expected
value of system lifelength L®. Iscall that u — (n1.....Q , 

~1 masher of

components in cut set i, i—l,... k, and k — n*~~er of cut sets in the ~~riu—
parallel system. (In Part I, it was more convenient to assume the syst cons isted
of k+l cut sets labeled C0,C1,. . . ,C~.) V. also obtain various useful recurrence
relations satisfied by P(L® > £), EL®, and the probability frequency function

- L).

In Section 3, on derive various useful properties of P(L® ‘ 1), EL®,
aud P(L® - L). Thus vs show that PCL® ‘t ) and EL® are Schur-concave
in (a1, . . “~k~• In addition, me obtain aaysptotic properties.

Pin.ll y, in Section 4 us obtain propert ies of the system survival function
bros the point of view of system aging. Thus us show that the system survival

fuactios has the “new better than used” property, i.e.,

for all 1—0,1,2,... ; a—O,1,2,.. . So obtain an explicit a~Iseslen for the
system f ilure rate PO(~) • £ + l)/P(L6J ~ 1). We coejecturs it to be an
iacrseeimg fe.ctics of 1, bat are sble to prove the eoij ctvrs , .ae.pt in

— cases.

2, 
~~~ c Parmalas -

~~~~~ 1sc.. ~~,ce lelaticue. In this seettos me derive basic

empressiems for P(L(~) 
) 1) 4 EL®. So also obtain useful re~~r .~~ce relations

- — — -
• - • ~~~.
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satisfied by P(L ® ~ 1), EL®, and P(L® — 1). With suitabl, computer
progra , these recurrenc , relation, yield numerical value, for th. quantities
of tnt5reu. Also the result, of this section are used in Section 3 to derive
some inte rest ing propertie, of L®.

Throughout, we shall assume a series—par allel syst em of k cut sets
the it h cut set consisting of n~ components In parallel, il ,...,k,

unless otherwis, stated. Ve also denote the total ntober of components n1+•• .4a.
~by a.

lefore we stat e and prove Theorem 2.1, vs need the following l e a  presented
in Part I and proved in Langb.rg, Proschw, and Quinn (1977) .

I.smaa 2.1. Let (0, A, P) be a probability space and A~ € 4,, ii ,.. ,m, be a
given events. Then

a a a(2.1) P (n A ) .Ip (~~).. Ii_l i 111 1 .

~ l�i�j~a ~ J i_l i

We y — prows:

Theors~ 21•  The surv ival Probability function is given by:

r I
Z(~1) I 5 h IZ / l I J for t~~ n — k

(2.2) POa~&~~~1)~~
. ,! . . - L ~~ -.~- tics)

. 0 . . ,  ~~
.. otlarw*a.,

where

is an arbitrary subset of (l,..,1,}, possibly the empty swh.ee,
demote. the cardinality of 5,

- t-w .  - - . 
. ,

[) — 0 , for b ’a, ad 
- - 

~~~~~~~~~ ~ . . •  .~~~~
, . . . . .

,
~ - .

I x o  f o r $ .O ,
‘4$

I
• . • 

-

. - . 

- .

~~~~~~~~~~~

_ _ _ _ _ _
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!122&s Let denote the event that has at least one co~~ofl.nt ~~ ng the

last n—I failin g components, i—1 ...,k. Then P(L® ~ I) — PC ~ As). ly (2.1) ,
tel

k k
P(L® > I) — 

~~ 
PCi1) - ~ 

P(A~ u A~) +• • •+ (_1)k47( u A~)ii l~i~j �k i—i

.

. 

t!l 
[i_(~J / ~~~~~~ (n~ n) / (nisiJJ + .••

~~(~~)k’1 [‘— (~}‘t :B

— (
~1 (21 • .+(_l)k

~~ 
L!l (~iI’ ~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~

+ (.4)k f~)’(:)~
-
~

Since (
~
) — (

~
) +...+ (4)k1  • I, it follows thee

?(L(~~ ‘1) • I(_l) I8
~IT ~ a~ i1 i.nj l . ii

. ..$ . ,. , :• -Utc$ . .ti*$ M

Corollary 2,1. -The ssp.ct.d system Iifelength . is given by:

- a
(2.3) 

- 

EL® — ~ !(_1)h1t
J[~~ fl1J.I ‘~ ll

~~~ The re ie. fol ios. i diately f ron (2.2) and, the fact that

• 
~~~~~

. P~L® . ‘.1). II 

— - ,- — — ,.— . ————- —. .— .— -- — — ...  . . .—‘ — 

- - ..— .,‘ ,- - • - .— -
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Pamark. For the triv ial case k’l, (2.2) and (2 .3) yield the obvious results
that L(a1) n1 with probability one and EL(s1) • a1.

An erpressina with alternating signs is inconvenient fo r certain purposes.
Thus we neat represent P(L(~) ~ I) and IL® as s~~~ of positive terme only.

Theorem 2.2. An alternative formola for P(L® > I) is given by:

(2.4) P(L(a) ~ 1) • ~ 
for L.~ a — k,

z1�l 1

and

k (a ‘I 1k )
(2.5) 

~~
, . EL® — ~~~~. n .(x ~J ’(*~Jf ~

- 
~~~~ 1 -1 ‘

!!22 ~ 
The system cootleusa to fonction after £ of its components have faL2ad

if an4 only if each of the cut sets C1,...,C.~ has at least one of its components
stil l f~~ tiosing. This implies (2,4) .

Since EL® — P(LC~) ‘ 1), (2.5) follo w, f~os (2.4) . tI

~~~~~~~~~~~. The relation (2.4) may also be .eec r Mily by considering the following
equivalent coshinetorial problem. Assess that urn I has a1 bells , i.1,. .  ,k.
The balls are drsem at random one at a tins, the at possible orders of the
dra balls being eqeally lS.ksly. Then the ptobsbility that none of the urns
is empty after the f irst I balls have beon~dr~~ is P(L® I), given by
(2.4).

- -

The follaudag theorem gives alternative sapresetons for P(L(*J’ I) and

V® .  These various ~~ ressioss sill be used to prows interesting pnipetties
of L® .

I
________________

•1~~ 
—

~~ 
_ _ _
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~ 
j t~~or 2.3.

(2 6) P(L’ ’ I)— I (n-~L)1. / 51
x~�l (nl~

z1) l s s0 (n
k~xk)I x,t ...z

k l Uh 1 f l k1

Zzi.n—t

for £ f u — k , and

-
. ..(n-Xz)t at

(2 .7) EL® S 4.t (nl—zl)~
...(nk—xk)I ‘l1~~~’k

t / nht...nkl

1z1�a

Proof. The nu rato r of (2.6) represent. the ni~~er of ways at least one

component from each cut set a rv ives past the 1th component failure ; the

denominator represents the au~~er of arrangement, of the a component failures

without diltthguiabing among components from the s~~ cut set .

For the special case of k-2, the expressions given for P(L(& 0.
P(L(&~~ L), a n d V~g) reduce re.dily to simple cbosed torns. Not only ars

these resul ts u eful fo r th. special case of k 2 , but they will also be directly

utilized to derive interesting properties for the general case in the fl*xt Section.

~~~~~~~~~ Consider a .sris s-parall al system coseiaeing of two cut set. C1
and C2 hawing n~ and 

~2 components respectively; let a - n1 -+ 

~2 Then

(2.5) PIL(n1.12) >  £)‘ a l  —{{~ + (~j}if .~J , £ ~ a — 2,

(2.9) 1L(m1~s2
) u — ~~~

.
~~~fr . (n+2).

:~
i- . ~~~~~~~~ 

1~~~T T T7E:.T:ITI.::T~~~ I ‘
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Proof. Note that (~J/ (~j is the probability that C1 fails dur ing the first

I failu res , 1.1,2. Since both C1 and C2 canno t both fail during the fir st
a — 2) failu res, then (2.8) foll Ow..

To prove (2.9) , write

EL(n1,n2) — ~ 
P(L(n1,n2) I) . 

~ [1 - + L2J}L1~J

• “ {L:~
) / (:~

j } — { u’)’ (:j } — — ~2 — n;+l

a a_~~ l •~~~2 (n+2)111+1 n2+l

Theorem 2.3.  For a series—parallel system consisting of two cut sets C1 aid
C2 with n1 and a2 components respectively, we have:

(2.10) 
~~~

- - F~L~n1,n2) • 1) ~~1~)/fm J~ +
for

Pro f. Let denote the event that cut set - C1 fails at tins I, ial,2. Thsn

P(L(n1,n2). — 1) • P(&i) + PCi? . {L_11’Lj] + [~;~1ji( jj . it

Sent vs present recurrence relations satisfied by P(L® ‘ 0, P(L® — I),
end IL®. Let denote the (k-1)~-tupl. obta ined from 

~ 
by deleting n1.

- -J-____ - - - - -I--- -. -~ -

4 - - - -
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Thepren 2.6.

(a) P0. (~) I) — ~ ? [ 1 (:1) •• •  (n1_l) ... / (n;1}]
iuI z~z1,j~1 1

Ex~ n~1~I

(b) P(L® — I) — EE~
’tJ/(

~
)] P(L(n )~ > I —

Cc) EL® — I~~~ IL(n11... ,n11, a1—l ,Qt+i,...,~~
) + 1-

Proof. (a) Let denote the event that the last component to fail is from

C1, il,... ,k. The result in (a) follows i sdiateiy from the 1.a~ of total

probability, assely:

k
P(L® 1) • Z P(L® L u 1) P~A1).

i—i

(b) Let I~ denot. the event that cut sat C1 fails at time 1, ial,...,k.

In a similar fashion, vs have :

k
P(LC& — 1) — 1 UL(& — £i$~) P~*1),i—i

aid the desired result follows.

Cc) Since L® — L(n1, .. ,nj_1,n1—l ,n1+1, . ,n5) + 1 with probability

i.l,...,k, then

EL(2) 
~~~ 

~ ItL(nl,...,ni.,l,nl~
l,ni+l ,...,nk) + 1)

k

• 
~ 

IL(n1,...,aji,si
_l,ni+i,...,~~

).+ 1. .
~~~~~



10

lesark . The recurrence relati on. (a) and (c) in Theorem 2.6 provide expressions
for P(L® > I) and EL® in terms of similar quantities obta ined by reducing
the n~~ er of eseponents in one of the k cut seti by one. Islation (b) provides

an expression for P(L® • I) in terms of P(L (~~~ > I — n~) for syst~~~
with fewer Cut sets

3. Properties of the Life length L(nJ . Using the resul ts of Sect ion 2, we

now obtain various propert ies of P(L® ‘ I) and EL® . These results express
in precise form several intuitively obvious properties of P(L® > I) and EL(S)
Thes. propert ies may be helpful in designing series-paralle l systems so as to
.ad,ize both P(L® > 1) m d  EL® . We. start with th. obvipus property:

~~~E!!�i. Seth P(L6J ~ I) and IL are s~~~itr1c fancti ous of

As one might expect , the more components the re are in the cut sets, the
more likel y it is that the system survives the failure of I components . This
is made precise in: 

- - 

-

Theorem 3.~~~~~ For - *33 1 ~ 0, P(L® > I) is manotomically - increasing in
a1, i—’l,...,k, 

- 
-

Proof. It suffice , to shew that P(L(ii1+l, II
Z~~~

ø.,uik
) ‘Z) � P(L(n1 ...~%) ~ I).

Let L1,. . . ,L11~ be the exchangeable random variablas representing ccmpoa et
lifelengths (i.e., L~~l represents the nu~~er of component failures preceding
the failure of the i~~ component). Let L 11  denote the lifelsngth of the
additional, component in C1. Let • x (L1), j.l.... ,k. Thea

S . - - 
~~ i(C~~ - ~L. - ,

Jl

I
(nd*Ct l,.e.,t

k
)~~L

t
J I  Also, let — max then
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L(n1 + l,...,nk) — I 
~ j 2 .1~)aL11. Obviously L(n1 +

� L(n1,...,nk) for every s~~ le outcome. The desired result foll ows i sdiately. II
Corol lary 3.1. IL® is monotoni cally incre asing in n1, i1,...,k.

Proof. Theorem 3 2  and the fac t that K ~~Y as .  isply that U ~ IT.

I~~ rk. For the special case of k•2, a direct proof for Theorem 3.2 and

Corollary 3.1 using (2.8) and (2.9) is easy.

The concepts of jorization and Schur functions have bean applied to

develop, a var iety of useful inequalities Sn many branches of mat~~~ tics and

statistics . Maj orisatio n (see Definition 3.1 below) is a partial ordering in

the k-d~~ ”eional Euclideaa spaca, . A Schur function is a function that

is monotone with respect to this partial ordering. Many well keows inequalities

arising in probability ~vsd statistics are equivalent to the state nt that

certain functions are Schur functions • Theorem 3.3 and Corollary 3.2 below

show that for a fixed I, P(L® > I) and IL® are Schur functions in

a1,.. •
~~k lefore presenting these results, vs give definitions of m~jor iution

and Sober functions. We wee the notation that for a given vector ~~
the decreasing rear r ; - t  of the coordinates is d oted by

DS~*M.t~%~ ~~ 
A vector ~ is said to 

~~~~~~~ 
s vector j’ (in spab4e

x ~ 1 1. 1
L L Iji • L J ‘,...,•_.l. ,

1s1 I • -j ~$~- ‘ - -

med

.

— —--——~-—--——— . .——.———.. ---—--—-— -—- ------— —————— -- - — -  -.— -

- ‘W “~~— - - ~ , -. ——-- . - — --—-S — -

4 , , - - - - - - - - -~~~~~~~~ ___ __
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Iota that if 
~‘ is a permotation of z, then x~~ z’ and A’ ~~~~~

.

A useful charaetsrjsstjcn of major isation is given by liardy, Littlsvood,
and PGlya (1932) , p. 47 . - -

L* 3.1. * ~ z’ if and oely if there exists a finite number, say r, of
vecto rs z(l),...,~(r) such that ~ . ~ 3

(2) i~~ ... ‘~~ 3
(r) _~~~~. ~~~~~

that and ~UI
1) differ in tvo coordinates only, i•1,2,..,r—j.

Definition 3.2. A function f: l~ . I ii said to be Sckur-con,sz (Schur-cancave)
if f(zj  ~ (~

) f(~’) whenever 
~ ~ ~~

‘• Functions which are either Schur-cosivex
- or Scbir ceucave are called hur-fliactioe~p. Mate that a Sober funct ion f is

aeceisarny- psremtat1os—in ,ar4~~e (spemetric); that is , f® — 
~(!

‘) vhene,sr
A’ isaPSil.JLat j os of A

The following are O lea of Schur functions:

I
I 9(z~) is Sc~~ -~onvex ($chur—conca,s) if~~~ Ia 1mg-convex- - i—i -

(log-conca~~),

~2(!i—  ia $char—conv.z,1 m j ~~~k.
- ~~~~ :- -

- . 

~9
(& -

~~ 
II

~ 
in both 1~~ r~i.svez and I~~~ - eemceee.

1—1
- We~~~~*~~~ tats MI4 proee: - -

Por èll I, P(L6J ) t~- is’Scht r.coecauie in (e11...,~~). ~~~~

Proof. 57 L’~~a 3.1 it suffices to show that:

P(L(mf.3.. ‘2~~’ 
n3,...,n~)- I) ~ P(LW ‘ I),

where



— - -
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Firs t vs prove the theorem for I • 2; i.a. ve show that P(L(n~’1,n2+Z) ‘ a) �

P(L(a1,.2) n). By (2.4) vs have P(L(a1,a2) ~ I) • 1 — +

vbere n
~~ a 1+ n2. L e t n — m . a ; then for n1~~ n2 vs ha-,e:

+ • + 

~~ 
+(:21 � 

~ 
+ • • rn

Therefore -P(L(n
1

,A
2
) a) ~ P(L(ii~-l.a2+1) > a), which prove, the result for

k — 2.

For the general case, we have by (2.4) :

•

P(L~~ ,L - ~.

- - -

z~nl~js3 ~~~~~~~~~~~~~~~~
£ * .1 a -IiL ’
j�3 1j~3 ~

V have proved P(L(a11*~,) a  I’) is $chur-cosc ve for all I’. Jiace a moenegetiws

linear ceabinatios of $cher—cescav e functions is a Scher—ooscave function, this

‘I) is a $whsr’csscaea feactiss in ~~~~~~~~~~ II
~~~~~~~~~~. M eI~~~~t*Ws 

- 

~roof of Th~ t~~ 3.3 ~~ be constructed emlag a p&ss.r~-

vetiom chassis ed Ptsi* ced .thar (l~~7fl (Thaue 1.1) .

Ceolacy 3.2. EL(S) is Ishur—cencave in

- - - .. -- — 

~~1 
- -
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- - 

- -

Proof. As in Theoran 3.3,it su ff j ces toshow that j f n > f l  then

~ EL® . 57 Theorem 3.3.L(n
1—1,n2+1,...,n3,...,~~) is

stod%astjcej .ly larger than L6J, which isplis. that ZL(a1—J ,n2+A,. . .
EL(e1~D2~...,%). II

~~~~~ The results in Theoris 3.3 and Corollary 3.2 are intuit ively quite
reasonable. Iovgbly speaking, the resul ts state thst for a f ixed to tal maber

of e~~~inents , the more honogsneous are th cut s~~ sises, the larger
(stoc hastic ally) is L®.

Remark 2. Assume a1 + ... + a1 - kr, then obviously (n-k+l, 1,...4) ~
a (k-I ) times
� (r,...,r). Since PCL® Z) and 

~ ® are SC ivr—ccac1s,e
I t i s

functions, we i diately gst upper and lover bounds for t~~~.
Next vs obtain sons aspeptotic properties of P(L® ‘1) and EL®.

~~~~~~~~ Por sU. lS i � k  and fo r d t O ,l ,2-,~ .., vs ba,e:

P(L(nJ~~ .t) ...1 asaj •..

Pteof. Let I~~~a1 + ‘•~ +*~ ~~~~~~~~~ .. +n1. For u~~~larIs eaougb ve hauis :

1~~~P(L(& �
~~~~

)/
~~~~

“ J • 1  a sa 1 • •  S

~~~~~~~~~~ . It follows i sdijtely f e q  the above tb ores isd the ~~~tenMity of

P(L® -L) that li$ P(L(& > L) •- 1., vb ra S $asqn.u~~~cy s,bpso of (I,...,k}.
i
i
.’.

ill

4

_ _ _ _ _ _ _  —--— - -- - --~ .--—- -~~.--— —~----‘. — - I  

-4 - - - -  - -
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Theorem 3.3. Let S be a uon-.spty ai*eet -of. .11,~ ~,j k)~ ibm in ZL(3) ••.
a1...
us

Proof. It suffices to show that lie EL® — —. Write
Dj

4•

t
n-k

IL® — I P(L(nJ~~~t ) —  I P (L ® ’Z ) I (.)
(O,...,O,n—k)

where denotes the indicator function of the set A. As a1 ~~
., we hais

?(L® > 1) I C.) • 1, and by the monotone ccnver~~ ca theorem,
(O,...,O,n—k)

IL®... II
4. Pros~ertiss Based on lotions of Agin i. In this sectio n vs explore notions

of syst aging analogous to eboes discussed for general life dist~ibstioes in

end Proechan (1975), Chape. 3 and 6. lou ily speaking, vs cnspsre the

• lifelungth of a “fresh” ssrtes-per all.l system with its r~~ iniag lifelangth after

it has survived the failure of 1, say, of its c~spoIi.nts.

Tha~~~ sst this section, let V(t) • 1 - 7(1) denote the survival probability

?(L(& ‘1) of the .yatsm. Also let A
1~ d ote the set ((*i,...,z.~

)s *~ ~ 1,

k
i 1,.. .,k,asd Z x i

.r } .
i.1 

-

Pot all at ative integers I and a, vs have:

(4.1) 1(1 + a) S

!~~L. Let • CZç.....Zç
). whets 11 1. the vs isu a~~sr .1 osupenente

r s*aiag Ia cot set C11.11,...,I,after £ auspsaist kilu rn. ~~~ L ~~t, ottce

that a I — 1,2, ...

_______  — -- — - - - - -  - -
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- 1(L® ~ t + alL® ) I)

• I P(L® >1 + ml~~u’z,L(& > L)P(~~ - IlL® I)

Obviously, P(L® I + ml~~ • z, L® > I) • P(L® > a). By Theorem 3.2 vs

have P(L® a) a P(L(nJ a) since x~ Sn 1, i”l,...,k. Thus) P~~~•xlL® L).p(L®~~ a).f(a). Thus

P(t + a)SP(L)P(ai). II

Remark. A life distribut ion F for which (4.1) holds is said to be am, better
than used (11*1). See Barlow and Proschan (1973), Chap. 6, for a discussion of
Ill S life distributions and their prcpertiee.

Iscall that f(L) - P(J.6J - I) is the prob ability that the system fails
with the failure of the 1th faili ng coaponant. We define the coeditiosal failu re
rats r(Z) of the syste. by r(Z) • fCL)/~(L-l), so that r(t) denotes the
cosditio~al probabil ity that the syste, fails upon the failure of the 1th

c q c e gives that it has survived the fai lure of the first 1.1 ~oapuaemts.

*sa r(t) is a momotonically increasing function in I, the distribvtic~ fsmcttsn
P is said to be an jscre.sina failure rate (I ll) distribution.

~~~~~~ For a seriee-parajlel system, the life distribution P is Ifl .
Neat vs prove the conjecture for tmo special cases. First vs prove it for

the case 1—2:

~~~~~~~ 
Let - d be -~~ cot sets I emonag a eswias’-pisallel system

hemdag 
~1 ~ 

.
5 .Japmeeats !S~~ stteeS7. Th tU) is iair ~~eIag fisctics

.11.
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Proof. By Theorem 25 we have:

• + (~~~i)}/ C~~~2) for min(a1,n2) � £ £ a — 1.

Obviously, f(L) is increasing, while P(Z-1) is decreasing. Thus the ratio
r(L) is increasing. 

~
We extend the above result in:

~~~~E!B.± 2.. For the series-parallel system let a3 a4 — •‘• • 1 • Thea
P ii Ift .

Proof. We use the fact that r(L) i.e an increasing funct ion U end only if
P(Z) /t(t—1) decreases. By (2.4) :

P(e) 7
~~

(fl 1P 52~
],.. ,1) ‘I) •

- - 

• 1(1) ~(I), 
-

where 1(L) . ~~~~~~~~~~~~~~~ d a(L) - f(L(a10~2) ~ 2). By Theorem

4.2 , e(L),5(z—1) is decreasing. Also it is easy to verify that 1(O~1(Z—1)

is decaSising. ft follows that P(Z)/P(I-z) is decreasing, iaplyiag that r(Z)
ia i*cteasiag. II -

Next we esprees r(e) is the general ease:

_  
- 

-

r(L + 1) • 
~~~~~~~~~~~ ~~1

1(x1
u l)J ~~~~~ 1!1t~1

-  - -4 -
-

~ — a - 
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Proof. Let I — where is the random n~wher of caspoasnes
remaining in C1, i—l ,... k. Then

—
. 

I P(L ( f l ) 2 + 1 l Z .& p (X .X 1L ®  >2)

— 

z~A 1[~~ Ji ~~~~~~~~ ~~~~ ziA11~.~i1u1 1j} I I

5. Additional Prob l.~~~ It seems highly reasonable to believe that the
failure rate for the distribution of the iife length of a series—parallel syston
is incresl ing. The intuitive basis for this belief is that as the syseem continues
to survive additional coaponent failures , the n~~ er of cut sets of size one
increas es wh ile the aushot of functioning coaponeats remaining decreases • Since
the failure rate is precisely the n~~ er of cut sets of size one divided by the
n~~ er of functioning coapones$s, it sS very likely that the fail ure rate is
an increasin g function. We are aetsapting to prove this isportant conjecture .

We are also studying the life lengths corresponding to more general classes
of syst~~ in which cut eec. overlap; i S., the sans coaponast may appear in
more than one cut set . The most general class of systems of this type is the class
of coherent sys t~~~. (See Barlow and Proscban, 1973, Chapter 1.) For thi. general
class, the corresponding results concerning lifelength would be .i ch more 

- 
coap~1i—

cated. We are currently considering s~~ special cases of the series-parall l
system in which:

(a) a singl e cnaponsnt appears in ant. then n.e cut set ,

(b) several e~~ onsst. appear is each of two cut sets .

4 - - -~~~ - - - -  - — _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _
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Other direction s for generalization include:
Cc) the lifel.ng th of sy.t~~ other than series—parallel syst~~~,
Cd) coaponeet, within a cut set have the same reliability; coaponane rel iability
varies sg cut sets.

Pot each of these models, it would be desirable to obtain exact expressions,
bounds, end qualitat ive properties for system lifelength .
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