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When, in the course of inquiry, and to what extent should the

I investigator engage in formal model-building in order to influence

the course of research? Undoubtedly, the answer will vary with cc.*-

~ .exity of the phenamenon ~mder study, research auspi ces , and personal
t~ I taste • ~ z at least one sense, it would seem that the modelling re-

quirsaent becomes more pressing as one moves nearer and nearer to a

~ I cc~~~taent to solve problems actually to be totu~d in the everyday
- world. The everyday world supplies perfor mance req~iirements which

are not just academic. I will argue that these requirements usually

( define performences which are, in some sense, multidimensional, ne-

cessitating what I will call response modelling.

I Th. model to be presented--which stems from conceptual require-

f aents of Task BASI~’XRA~~--grev out of a minuscule problem in research

on transmission of essential ly rote learning contents • Given a group

~ I 
of students, each utilizing as uich exposure time (I-axis value) as he

desired and .ach yielding a performance CT-axis value) based on his

~ I. own ~zziqus exposure time, how could one sunmarize the data? Partic-

I I ulsrl.y, how could one suurize the data if his preference ran to a

curv ilinear view of the form of the Ametion T of X instead of the

imbelievable linear view so often adopted in treati ng the data?

- . - f Dec. .~bsrked upon solving this problem, it became evident that

1. a little extra effort would yield a model wh ich better represented
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performance requirements underlying the research at hand. Given such

a model, determination of the empirical requi1’eaant and ccnss~*nt

setting of the experimental peradiga or paradigms is readily accos

pu shed, and this Ihave done.

~ I Dee of the great obstacles to the conduct of syst.eatic investi-
- - gation. Into hunan learning--specification of the units of content

and associated input--is not touched hero • Until h~~ n learning

- 
research can, appreciably, be emancipated frc~ response-def inition

and intuitive scaling of independent variables and from the practice

~ I of describing only an infinitesimal fraction of the stimulus ccm~plex

- 

- 
underlying investigati ons , all efforts at quantificatio n of learning

will be as mighty editices built upon foundations of je lly. If it ii

I too much to hope that a neat cent imeter-gram-second syste m of units
- - 

-~ will be found appropriate to inputs to which we are irrevocably

c~~ itted, at least we must push beyond the arid regions of attribution,

~
, 1- -

. adjectivality, and contingency when scaling content and associated
- input. Although this paper i~ generally mute with regard to our

t I 1-axis units, crude beginnings on a more satisfactory dimensionali-

zation of the stimulus complex are underway within the BA8~~~ A~~
framework.
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In studies of human behavi or, two tendencies stand out. First,

• performance is widely conceived and measured as if it were unidimen-
• lionel. Second, the tendenc ies of students to diverge in favored

: content presentation and acquisition demonstration rates are vide].y

I r igaored or stifled .
F

Di this paper, a multidimensiona l view of performance will be

1 discussed, conditions fair to expression of student rate differences

during acquisition and testing will be elaborated, and a model which

Ii consonant with multidimensional performance and exploitatio n of

diff .rences in student rate preference will be presented.
- L

A , Performance: Dee Dimension or More?

- 
Before one can address the question of dimensions of response B,

the question of the d~ min of R must be treated. It is conceivable

1. that the rn~nber and kind of dimensions of B which will be required

- I for an adequate description will vai’y with the domain of B--its
- behavioral scope • A spatially end temporally hwje B--say a unitary

response sequence which ta1~es five minutes, involves radical shifts
-

~~ in respondent topography, and moves the respondent a distance of 100

1 ,! yards from origin~-will generate a more elegant descriptive scat-
- folding than a much more modest--molecular, if you will--response.

Behavior scientists by no means agree that freedom to set the scope

of performance of interest is unrestrained .

L
1’ 

_________
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Educators addreu .among other object ives -se requirement that
L behaviors which are taught impact ~~on the hell, of c~~~erce. lb.

L question of validity of response specification has empirical urgency
- 

ishen it is asked with respect to an everyday world in which decisions

must be made end alternate actions are not equally consequential. -~~.

unhurried Investigator in the haunts ot untr&meled scienc. need not

~ I _______

- 
accept a requirement that his impact t~on coi~merce be imamdiate or

I dirsct. Bence, validit y of response specification in untrurliled

science need not be established wit h reference to the world of c~~~.rc. .[. Brunsvik (1) laid down the requirement that laboratory conceptual.

isations of behavior and it . conditions be representative of life

situations to iilii th laboratory findings will be directed • To follow

I i~ 
the lead of Brunsvik is to define laboratory ta& • Ln terma of every-

day world considerations • I have no position on how generally behavior
I scientists should bow to Brunawik ’ s dictum on representative desiga.

Those of us who, by virtue of interest or charge, are rather imediately

concerned with the question of efficient education for worldly action

will find it difficult , however, to exclude a representativeness plank

from our platform. Given the dictum of repreeentativenees-tindings

will be applicable to behaviors in the worldly domain--we will proceed

to specification of a worldly B and its laboratory representation.

It will be n~r position In thi , paper that most utilitari an B’s of

~ I 
everyday life cannot be characterized adequately unless the characteri-

sation is multidimensional.

2
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In some sense, moat of us could a~~ee that .1]. learning situations

compel or at least invite the measurement or assessment of more than

I one effect of acquisition. If’ umny investigators and theorists treat

- performance as unidimenaional--aiuong educational investigators the

- 
I test score scale is by far the most popular un~dimensional preference--

it hardly taxes the mind, to supply alternative or supplementary

_ 
indicators of acquisition.

In addition to the score , or accuracy, dimension--itself potentially

multidi mensional --the def iner of response has access to several varieties

L of response rate, to response probability, end to response attenuation

r - over time. Skinner (6) def ined the response of operant condition ing
- in terms of rate of responding and number of responses to extinction.

Hull (~) presentedasomevhatmore elaborate viev or z’esponse. In this

I particular system of Hull--his systems vary--there are tour indicators

of an over-all reaction to B. These are:

p - the probabil ity of B
. 1 .

— the latency of B

~ 
fl a the number of unreinforced B’s to extinction

A—aznplitudeof R

Each ot these indicators is,tor Hull,a specified function

~ f (Postulates 12-15, p. 3114) of theoretical constructs which in turn

~‘ are specified functions of input • As Koch notes--in Estes et a)..

- “ 

~: (2)--.Eull fails to specify topogra~~y of the data-level correlate of B.

1’
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B has four properties, but what is B? Worse yet, from a standpoint

~ 
I of the representative desigaer, Hull fails to convince us that the

~ I four indicators represent a systemetic view of the requirements for

adequate description of the system concept of R. Even so, we see In

~ 
j  Hull’s system a program of response definition in keeping with

- - 

- representative desi~1 notions of pertormsnce ccsnple~dty. In it , B

I has become something more than whatever happened to be at hand.

I Many Investigators at least implicitly acknowledge en interest in

I 

- a multidimensional R by virtue of the tact that results are reported

~ I along two or more dimensions of behavioral measurement. Moet studies

dealing in multiple response measures can beat be thou~it of as

~ I directed at an eventual multidimensional definition of B. We are

accustomed to being told that if B is taken as B’ , then B is Function
~

-
- 

A o f X,while i fEis taken as R”,thenRis FuncticnBof X. While

[ such an approach does not get the job done as I would have it done,

it hints , as an iceberg, of more substance than meets the eye.

It would seem useful not to consider B as multidimensionally

defined until its author is willing to assert two things: (1) the
- dimensions of B, in kind, and number, which underlie adequate description

L of B (e.g., B’, R” ), and (2) the functional relation between the

dimensions of B (e.g., H a R’~~~~). or course, topographic delineation

- 

l 
~ ot B is propaedeutic to useful dimensioualization of B. (First take

- its picture and only then analyze it.) Delineation of response
-- topography will , be treated only implicitly in this paper.

I, —
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_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _I B. The Fair Conditi ons to Aptitud e Ma.~cimization in Education

Recently, the conductors of behavioral research for educati on have

- I discovered the rate dimension of the genus Aptitude. This discovery

- 
.- baa given way to a spate of studies wherein the student is removed,

I duri ng acquisition , from the grip of a classroom rate of content

presentation not his own • Some me~r feel, that with these studies the

humen student employed In behavioral research for education has been

extended all the privilege s allowed to rats , mice, and monkeys partici-

pating in behavioral investigations. It is uw position that this con-

-
~ I cluaion is incor rect . His neighbors-down-the-tree still enjoy one

advantage not general ly--if at all--accorded our student • Not only

3. does the rat, the cat, or the canary most usually respond at his- awn

j  rate to a stimulus complex during acquisition, thus controlling rate

of presentation, but he also responds at his own rate when it comes

~ [ time to demonstrate the extent of his acquisition. That is, he controls

I: traini ng time (x ) and testi ng time (t). The h~~an student employed in

behavioral research for education has at laBt been allowed to fix X

per unit presentat ion • Not so, t.

4- 1 It seems reasonable that an individ ual whose aptitude for a task

~ E is low will be slow to acquire ~~~ slow to demonstrate acquisition .
- There is litt lepoint in allawin g a student to spend a good deal of

time in training and then to cut him off during testing before he has

had an opportunity to demonstrate acquisition to the full extent of
-

- 
- 

- 
the requirement posed by the test instrument • Particular ly when we

5 
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are concerned with demonstrating efficacy of exploitation of some

-r individual difference In aptitude, we cannot hope the test will be

- [ fair if the student is considered to possess his rate of response

during acquisition and ~~ rate during testing. For the student to

I control X and the experimenter to control t ±5 to employ en aptit ude

test to measure achievement.

I Absence from the learning literature of studies which feature

U simultaneous student control over X and t mey arise from an undue

- 

* statistical orientation on the part of investigators. 8peaking of

and to the conductors of behavioral research for education only, we

• may be tailoring the experimental learning sit uation end its response

requirement not to the vorld -we live inbut to the world of available

statistical and research desiga too ts • This is unpardonable technocracy.

It is fitting the nut to the wrench Instead of the wrench to the nut.

~

—
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I Thus fez’, we have established that a response H--a behavior of

ultimate interest--will be utilitarian activi ty in a reference worl d

I Of c~mserce • We contrast a utilitarian R - wit h a creative one of the

sort characteristi c of the domain of the plastic arts. Moreover, we

L have committed ourselves to the notion of a response T--the analogue

I of response B--whose domain will be the classroom and the laboratory.

While we cannot settle here the conditions under which findings

— I generalize or, in tact , what is meant by generality, we have In

principle accepted the Br~nzewikian principle of representative desigu.

Hence, response Y and. its conditions will be taken as representative

[ of response R and its conditions. Finally, we have asserted that H--

- 
end hence T--quite probably cannot be described adequately unless more

I than just one of its properties enters into the description . Our next

- 
i_ task is to describe the conditions which give ! meaning, to give some

idea of the scope of Y, and to specify its apparent necessa ry and

sufficient dimensions for purposes of adequate descri ption .

- A. The Sy~tem in Which! Is a Cons~quence
I Th any acquisition-demonatration situation, we may distinguish two

- I general classes of response. There are responses assoc iated with

acquisition itself , which culiit in~te in student exposure to a content

I of interest, and there are responses associated with demonstration of

acquisition. Response Y will belong to the demonstrational class. As
- such, it will occur during testing time

* - ~

7p. - -

I
• - —- _ - - _ - . -..S-~-
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I The teat in which ! will occur will consist of discrete items

~ I 
of written or voiced material which , taken together, constitute an

acceptable sample of the content presented during an acquisition ~ias..

- - I Its items will be generally equally difficult , reflecting a content

— I whose items of information possess the same characteristic, for how
- - else can equally difficult test items be equally valid?1’ 2

I Temporally, the acquisition-demonstration situatton surrounding

Y will consist Of the following:

I X a train ing interval of student-deter~ained duration, which

coincides with one negotiation of a C~ntent A, the content
- I to be learned

j D a post-training Interval of investigator-determined

duration, which coincide s with one negotiation of a

r [ Content I, a content which interferes with Content A

The assumption to which one is entitled regarding item diffi-
- culty is a function of the nature of the content taught. It is not

properly a function of how difficult it is to devise items of a
1. specified relative diffic ulty, a1tho~~ the psycheinetrically-oriented

Often talk as if it is • Oue hears many probibitions against the notion
I Of test items of equal diff iculty, on grounds that it is almost impos-

sible to ~cnstruct such items • Perhaps there are few occasions which
warrant test items of equal difficul ty. The reason for this i. not

f - construction difficul ty but that the curriculun does not warrant the
P ( approach.

- 

2 
~~ notion at item difficult y as I employ it refers strict ly to

- I item characteristics. ~4~ile it might seem quite tautological to re-
- late that I mean by item difficulty item difficulty, it needs saying.

• 
- -

~ Th the hands of the psychometrically-oriented--for instance, Guilt oH
(~)--th. concept becomes a joint function of item characterist ics and

~ I t student past experience. ~ientunUy , I plan to elucidate a procedure--
consistent with the model to be presented--which removes past experienceF from establishusnt of item difficulty.

8

— 
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t - a testing interval Of student-determined duration, which

coincides with one negotiation of a Content A’, an

acceptable sample of Content A, given in test for t.
- Certain treatments will be associated with the content to each

class of Interval, namely:

1. !mA — acquisition treatments of Content (e.g., the 7-axis

dimens ion redundancy, n values 1, 2, ii, etc., applied
L 

t o A ) -

• ZnI — interference treatments of Content I

[ Z~A’ = testing treatments of Content A’ (e.g., the 7-axis
- 

dimension response coot iguratio~, n values recogoitian,

- I ~

- 

- 
recall, relearning, etc.), where the relation of ~ ‘ to

A in kind is understood and in extent is specified

The symbol a will stand f or test score , defined as follows:

number of items correct

- 

1nm*er o~~iteias 1n teet

- )  The outstanding feature of the system in which Y is a conseq uence

is that it features student-to-student variation in ~, ~~, and a.

B. Our View- of !

To recapitulate in terms of a three~dimenkional coordimte system,

where D - 0 (offset of X followed iaimdiately by onset of ~, absence
- 

of Content I), we have :

-~ C~i the 7-axis, the independent variable (say redundancy).
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the X.axis, duration of exposure to Content £ under can-

diticris of the Independent variable; that is, the interval ~~.

- - ~ i the I-axis, duration of exposure to Content ~ ‘ sod sace.

I. onCcntent~~’: the intervsl~~ and score~~.

[ It should be noted that the ! value which occur. under the son-

}
L The world of ccmerce and, hence, the world of education generally

require occurrence of a I of plth and moment under the condition ~ -
- 

-

~ L where the Interval D is cluttered with all so rts of interfer ing

Contents I. Hence, a representative desi~i will incorporate such

features as are to be fo und in response attenuation (forgetting)

- : desig os. Later , we will look at! under conditions of~~ — O t o n.

For the present, Y will be defined under the more artificial condition

of D m 0 .

For a given value of the independent variable 
~~~ 

t(1, ~
) -

f (x ). Let us translate this as ~The measure of performence equals a

function of a measure of accuracy and a measure of speed which in turn

are functions of duration of expocure to the acquisition treatment.”

Accuracy of performance is reflected by the dimension of a--here

an equal interval scale ranging from 0 to unity. The minimum re-

- 
quirement for defining accuracy is a. Were one conce rned with

-~ 
- 

-
~ 

1 _ —

When we study the decay o f !  to some criterion--decay function
asymptote, relative loss , absolute loss, eto., - -as a function of amount
of tra ining, D becomes the dependent variable, a measure which is anal-
og~~s to Hul]Ys n. In one retention paradi~m, ~ - f(~ ); in another,

H. ~
-

10

_________ 
__________________ 
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mowing effects of chance probability of correct response., accuracy

11 would become a function of a and of the chance probab ility of correct

responses inherent In the test task. We use the terms $ and accuracy

L Interchangeably here •

-~ The dimei~ ion of t reflects rate of performance. In the realms

1! of cameerce, few indeed are the tasks ~therein s~~ sort of time
- 

~- 
pressure doss not occur. Whereas only one way exist. to define accuracy

if we iguore the question of possible correction for chance-correct

responses, rate can be defined in various ways • Among these are

- 

where ! is score; ~~ 
where r is proportion of test items responded

• - to, whether or not correctly; and Wt, where n equai.s ~~~~~~ 2

- 

- 
has two dimensions. Specification in kind depends upon

selectio n of a rate def inition . We choose !/~ 
although with some mis-

givings. Uence,tbed naionsof 0 U be t k e v as!and !J~.

-~ The dimensions of I when D is a dependent variable will be !~

~ L !Jt, and ~, since a definition of 1) as number of days to extinction

or to the asymptote of a decay function does not appear to be vary
- aeanIn loutofthe context of the value~~~~~0.

• 1 The consumer of eki1~1 might be indifferent to all rates in excess
of some minimum. Under such conditions, rate would be increasingly few-
orably received until the minimum acceptable rate was attained. There- - 

-

after, Improvement in rate vould not reflect better perforemuce In a
domein of practicality.

- 
2 Bate mey change with warmup, fatigue, and other factors assoc iated

with extent of test • Let us consider our rate measure as a mean value
of rate for negotiation of a test vho e length and difficulty are - 

-

- I sufficiently great to minimise warmup and sufficiently curtailed to
minimize fatigue .

V 

U
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It will not be missed by the reader that S ie analogous to

Hull ’s p, that t is analogous to his str~ 
or that ~ is analogous

to his u.

This completes the specification of dimensions of I in nue~sr

and kind. There remeins to be specified the relationships between

them. ~ie objective of the section which foll~~s will be specifi-

cation of these relationships .

L.

L -

1 L~
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III . R~~ATIUS BWL’W~~I X s !J~, AID D:
* A ~~LDITh.P3Y M~~L F~~ SPL~1~1~~ ~i WJCNi!~~

A. Why Model Now?

Let us confine ourselves for the moment to the sit uation in which
- D - 0, or at least appreciably near to 0. Two general designs mey be

[ distinguished:

-

~~~ D.sign A: 
~l’~~1

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

We might call DesignAt he poor nmn ’s design . In it, we train

once and test once, It is a fine design for pilot work, inclii~iing

work directed at sc*nn4ng potential predictor variables to see if one

cannot be found which will permit operating on the basis of quite

s~~U treatment H’s. For each student in Design A research, we obtain

a single point fal”ng on a function which he would Yield if trained

and tested under Design B conditions • The trouble ii that different

students In the same treatment group will present different points

- with respect to X. Design A measures require extrapolation to a comei’
value of X. Linear extrapolation is easily done . If one rejects

linear extrapolation as I do, then an alternative model is required

before Design A measures can be sim~~rized.

What it comes down to is that Design A zequires specification of

- relations of~~,~~, and~~/t as a prerequisite to extrspola tion of the

performences of diverse individuals and of diverse groups to some

I comeon point on the abscissa , whereas Design B permits these relations

to be settled upon after the fact of data collection.

- 
• 13
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Rence, In the model to be developed, I plan to take n~self seriously

from a standpoint of the requirements of programsed Design A investi-

gaticas. From a standpoint of Design B investigations, I expect the

L model to show itself In need of revision with its first test.

I - In paragraph B, empirical measures will be defined and their
L theoretical relations preliminarily asserted. In paragraph C, all

terms in the theoretical expressions will be defined in relation to

their empirical requirement and evaluative procedure. In paragraph D,[ step. underlying generation at the function T of X, where D - 0, will

, 

~~~

- be aet down. Inparagraph E,a etab vill be taken at the function!
L o f X,where D~~ 0to n.

1. Terms and Relations

- 
Repirical terms and prel1nlln~iy assuspticas concerning their —

~~~~ theoretical relations are given below. The bar below a term indicates

it to be an empirical measure or ei.nimary T value based on e~~iricsl

measures.

~~ irical (Cbtained) Measures Theoretical tAssueedJ Relations

1. ~~~— traini ng time, nth train- i.. xir~• !1.-k +k
a

where: — curve.fitted value of
- tra ining time, let

training trial ~
- 

.4 
_________________________________

The symbol ~ is used to designate fitted values of the function
Zof a.

- I

1~..- - 

-

_ _ _ _ _  _ _ _
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~~pirica1 fCbtained) Measures Theoretical (Assumed) Islations

k. limiting value of

the Amcticn X

1.
vbsre a trlsl

~
asgntiattonoe a

Ocatsut A

a - slope osmetsut

2, g~~— proportion of test items-.. 2.

or other t..t task__cozs_ 
where: C — hypothetical trsi~ing

rect].y responded to, when tims,~ whose onset is
student is tested f ).lcwing I ~ 0 -1 m~z~ is
training on the nth trial 

T - 0, and where T is

reel tr~intng ~~~~

n

i_I.

b - elope constant

e - base, natural logarithms

3. ~~ - testing time, ~ñien student 3. t~ zns~X1~
is tested following nth

where: XA - slope constant
tr*tning tria l.

The construct C peruits dealing with the case where ! is greater
than O a t T- 0 .

* 15
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Although we do not show it as pert of the set of ~~ drica1 ss~~ss

of the model, a later view on rate--one which is ~~ s rsp...snt.ti,s...
L might require us to include the measure ~~ (proportion of test items

overtly--whether correctly or Incorrectly-.responded to, iten s~±~~t

is tested following train ing on the nth trial). It . th.or ticsl ~~ 1~~ s

would be an exponential growth function identical in form to that fo r

that is: r~ • i. - e~~~ 
+ T), where h is a slope constant.

L We have misgivings about the equation for tlr~• At a later date, vs

- ~- mey shift to such an alternative as t~ - ur~
X
~
, where u is a slops

- 
constant, or even to tn — mX~, or to some other alternative which the

data mey indicate .

Rerlier we stated, with misgivings, that we would presently accept

~Jt as our rate measure. Hence, it remains for us to relate e and. 5/t.
Below we do this.

- 

Theoretical Analogue to Relation
Relation between ~~~ rical Measure s between ~~pirical Measures

~~~~ 

- 
~~(s~/~~

) - In - s~/t~ - s
~/msnZfl -

Thus, we have settled, at this time, upon a multiplicative relation -

ship between accuracy and rate • Had we defined rate as £/ ~ 
the

relationship would have been - 

~~~~~ 
with corresponding charge in 

j .[ the theoretical analogue . There seems these days to be a good deal of
— 

- reservation concerning employment of multiplicati ve relatio”#itp.. Let
L us look quickly at some alternatives. By far the simplest ones are

arithmetical ones • In addition to multiplication , we have addition

L i6

~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~ ~~* ‘ - ~~~~-



— -- .-~~ —‘-~-----~-,--‘ —~~-.—- ----- - -

1 U (a+~ Jt), subtraction (!- !/~, 
or vice versa), and divis icn (~~~ , or

or vice versa, -i- , or l/~). All of these are completely usbeJiev-

~~L _ .
- able as statements of T. Thus, if one must quarrel with the multiplicative
- relationship, ther. is nowhere to go except toward more elegant expres-

alone, which are harder to Justify out of the armchair . Examples of

such alternatives are:

L Expirical Theoretical

!n s(t
) 

u’(

~~~)

- 
I I The possibilities are very many indeed. I feel. that the multip].i- - - -

I cative relationshi p is a believable one with which we can live until

- the weight of evidence points the direction toward change.

Modification of the model will be indicated when it becomes evident

that the theoretical function I of X does not follow closely the ftm ct ion

- 
Y of X. The model can only be teste d as a consequence of Design B

- investigations.

It shoul d be noted that Design A extrapolations must be premised

I on the assumpti on that C • 0. The reason for this, discussed below,
- 

is that the value of C cannot be established on the basis of data

afforded by Design A. Mau~n~InC that in practice C will always equal

some value in excess of 0, Design A extrapolations will consistently

overestimate the true value of T at the value of X to which the

I extrapolation is made if the obtaineL value of ~ is under the value to

17
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I - 
which extrapolation occurs • Conversely, they will consistently under-

- - L. estimate the true value of T if the obtained value of X is o~~ the

value to which extrapolation occurs.

- C. Eve.luaticn of ~npirical Constants ~~ 
C, a, b, m

- - - Cne purpose of this paper is to determine, given a model such as

is proposed here, the empirical requirement under lying assessment of

the model. All critical unknowns of the proposed model are constants

— whose value may be appraised on the basis of certain empirical measures .

Below, for each of these constants, the empirical requirement and

L evaluative procedure is presented • The subscrip t 0, applied to s and

t, refers to test measures on a pre-training test . Other subscripts
- 

- are self-expl anatory. The procedure for estimating k from data is

taken fro m Lewis (2, p.

, Constant ~ piric al Requirement Procedure

- k X1, ~~, X3, ~~, ~~ 1. Plot X against n. Fit a smooth

curve to the data by inspection. =

(Ifl this plot,X appearson the

I-axis, n on the X-ax is.)

I 
-
~ An undesirable characteristic of this procedure is to be noted

in its application by Lewis (5, p. 61). His freehand fit of values
I 

plotted in his Figure Jj.5 (5, p. 60), together with extrapo lation of
I-values , yie lds an asymptote of -.29, which --as Lewia notes-- is

- - impossible . Z’~r result , using the same data , is an asymptotic value of .13.

i8
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[1 Constant Expirical Requirement Procedure

2. Choose two points--(n., x. ) and
(n.., X..)--whi.ch fall on the

smooth curve, which encompass the 
- 

-

main curvature , yet which do not

fall too near origin or asymptote .

I - 
- 

Then choose a third point whose

value n.. • is the geometric mean

I L- of n. and n. and determine X...

by inspection.

- x.x • . — xe..3. k = ~.,
41.~ ~ — ~~~~.• •

C 
~~
, ~~ 1. Substitute values 

~~
, s~, ~~~

I L ç 
into equations:

H

1 - ~~~~ 
+

2. Solve simultaneously for C.

a k; ç, !2, as read 1. Substitute values!11!2,k,and

from smooth curve; n into the equation:

• n - 2
x2 n5

2. Solve for - a.

19
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C metant ~~~~~~~~~~~~~~~~~~~~~ Procedure

b C requirement 1. Substitute values C and. into

the equation:

2. Solve for- b ,

L. 
in ti, a~, !.~ 1. Substitute values 

~l’ 
!i’ ~~

into the equation:

- : 
- - 

2. Solve for in.

L A quick review of the empirical requirement associated with evaluation

of constants will confirm that only k and a require more data collection

than is implied in the fo1lo~zing paradi~n:

Test Zero - Trial C~e - Test G~ie

- 
;~

_ Our- concept of a training trial is that of a single negotiation of

a content consisting of a collection of items brought together on the

basis of conformity to criteria of any one of many classification

systems of education • So long as we are willin g to study ~ strict ly

I 

- on the basis of Trial 1. effects, we need not be concerned with k and a.

The foregoing paradi~n aims, as education often does, at the big

initial increment, rather than at asymptotic perfoz’mence.

Whether or not consistent with worldly requirements, education seeme

not in general supported to an extent needed to bring a given performance
- to asymptote. ~1e hesita te to portra y educational. requirements appreciably

I -

—,-~~ - —
~ ~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ —



I I(~ eaticn’s a~ s 1 d.tsts aside for bshevioa’sl research would ass.
- 

- bitter served ~~ a basic psrsdige which tsr.tnated on a Trial n rather

— I near to Trial 1 then they vou)A b~ 
—- rather f.x ’ out . However, the

- T 
search for son’s officient .imi ~ for impsrting the instructio n ai~it

I be ‘~4~ily hampered if the search vex’s restricted to the condition

I that training not transcend Trial 1. idien ve step Into a psradige

involving two or more trials , the constants k and a come to inter est us.
- 

j  
i~ether we need the constant a at this time is debatable. The values

of ~ defined by the smooth curve employed in evaluation of k can be

L used in lien of those given by the hyperbolic equation which is our

[ init ial view of the function X of n.

Ass”~~ng that k represents a PhysioloGical limit in speed of

reaction, then for a given form of test performance, there will be

one and cmly one limit k. The student will vary in his rate of approach

L to k--as evidenced by shifts in the value of a--with variation in ccc -.

ditions of acquis iticti . However, k will be unaffected. Rmnes, once
- - 

k has been evaluated with respect to a given content and test farm, its

F I value can be assumed for all consequent investigeticns bearing mpcn

that content and test for m. At any rate, vs will assuse so for the

present.

I Eowsvsr, whatever procedure vs employ to detema ins s1c~s of the

fmectiom ~ of n, it will be necessary to obtain ssurss for several
- 

consecutive training trials. Vs have usmi five trials hers, since this

- ~~ y trials yield a sufficient nur~ sr at pcdnts to per~~t curve-fitting
= I - by Inspection with some little ccnfi~,ncs In the fit. 
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Li
Hsnce, ithere D - 0, we may distin guish three different psrs6ip ~s

I which will be employed in various stages of research :

- 

Design A: Train-Test 1.

1. Design B’ : Test 0, Train-Te at 3..

Design B”: Test 0, Train-Test 1., .Train-Test 5.

r 

- 

D. Steps in Generati on of y — (1 - ~~~~ 
+

- Below, in seven steps, the theoretical function T of X is

generated from the following data: X~, ~~~~~~~~ ~
, •

~~
, t1.

- L The procedure is illu strated by means of two exar ~ples, which share

cosm~ values cf!~, e
~
, and t1, but differ in values of 

~~~
, !2.... !5.

- Step 1. Evaluation of k

Discussion: The first step in obtaining k from empirical data is to

- 1. fit a curve to the data by Inspection. The assim~pticn

• underlying the procedure employed to obtain k is that X

is a simple hyperbolic function of 11.

Procedure:

Given : ~ 2.05 Given: 2.03

— 

P ~~~.l.27 X2~~~l.2li

- X3 — l.23 4t1h
3

a 3..15

~~~~~l.l4 ~j~~~l.l3

~~~a l.l3 ~~~~~l.l2

22
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1 1. Pit curves by inspection:

~~ j  
;~~ 2.oo !~~~2.00

i 
72 1.32 1.26

I !3
u l.20 !3

u l.l6

I !~, - i.i6

~ I 
!,.].l~ !5

.l.12

- 

[ 2. Choose two points which fall on the fitted curve :

;.n., X. _ 2.Oo

1. !
5
.n.., X...l.l~ ~~~~~~~~~~~~~~~~

1’
= L 3. Choose a third point X... such that n... is the geometric mean

- of n. and n..:
-

~ 

a. -Ji~~ i~ 5.. 2.236 - n... —~~~T. u.J~a 2.236 — n,..

- 
L b. X... — l.28

I I~. Solve for k in the equation:

- k X.X.. —

x. + x. . —

- 1 k.l.l0 k— l . l 0

Step 2. Evaluation of a

- 

- Discussion : The relation between length of training interval cc any

~ I trial in a series CX) and the trial pos ition In the series

* (u) is givenby the equatlcn:

- -
. 23

L  _ _
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II a.

- - I where: n a nth training trial

!.training tins In minutes o n a~~ tria3

I a.  sl~pe constant
- k - a symptote ct thi fiacticc X ct n

Given k, !1, and !~, a is obtained strai~1tfcrwsrd3y,• I Procedure:

Given: k — 1.10 Given: k — 1.10

- J  ~i. .2.0o

!2 s 1.32

1. Substitute given value, into the equation and rearrange ter :

I u5 .~~~~- k)/(!~~.k )

~~. (2. 1.1)/(1.32 - 1.1) 2* — (2 - 1.1)/(1.26 -
• .9/.22 • .9/.16

.1~.09l .5.625

2. Solve for a:

a 1og 2— l o g~~.09l a log 2.log 5.625

a.log~~.093./log 2 a.log 5.625/log 2

I. — .6u83/.301o3 • 2.03 • .75012/.3CXL03 • 2.asg

• 2.0 (rotmded) .2.5 (rc’~i~dad)

I 2Z~

abZaa. ~~~~~~~~~~~~~~~~~~~~~
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I Step 3. Evaluation ofC.nd b

Discussion: Th, concept C is necessary where an absol ute zero T welus
p

does not characterize the stndeut at the onset of forms].
- 

[ training and we wish tovev i. .  an exponentIal function

of training tIns , incluMng both for 3 .  and yea-farms].

I. ccmponents. C can possib ly be dispensed with it ~~ is

- 
viewed as acme other kind of function of I.

Procedure:

Given : .6 Given : .2

13. ” .8 .8

• I !~~a 2

1. Deter ine value of the expccent of~~~ _ l _ e b
~~

+T) .

~~~~~~~~~~~~~~~~~~~~

• . 8— i -e~~~~~~~ . i - e~~’~~~ .8~~~3 . . e~~~~~~~ a 1 _ e 1~~09

~ 1~.- - 2. Solve simultaneously for C:

~ 
C .2 . 6~ c a .322

3. Substitute the value of C into exponents and determine b, the

alc~e constant : L
~ 

b . .3J17 b — .693

~ I step ii. Generation of the Punction X of n

ç - Discussion: V$lues of X enter into theoretical determination of 1.

These values are Obtained by successive spp].icaticn of
1 th. equation of Step 2, where !~, k, and a are given.

~~
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Procedure :

I Given: j .2  Given : !i .2

k .1.1 ka 1 J~

- [  a — 2  a — 2 ,5

~ [ 1. Solve for X2:

— 

• X2 ’. (2 - l.l)/22 + ]..].

..9/5.657+ 1.1

..159+l.l.l.259

L a 1.32 (rounded) • 1.26 (rounded)

2. Solve for 5, X~, 5. Values are:

X3 — l.3
~ 

X3 .l.].6

-- : 
x4 .l~.6 L4 — l.13

Ii X5
.l.] J~ 5.1.12

• Lo end behold, theoretical values thus obtained are idsatimel to

p 

- .  Inspection-fitted curve values ~~ven in Step 1. This so rt cC eel.-

! 1 cIdence between empirical and theoretical is best s~~~t out In

illustrative ~~terial such as this • The empirical d’~~4n is I. e.-S 

~ i
obliging.

Step 5. Generation of the F~u~cticn e of (C + T)

Discussion : Values of s enter Into theoretical determination at T.

Thes. values are obta ined by successive application of
- the equation:

~~~~ 

- .

-5- - -  ~~~~~~~~~~--
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~; I
I where: S - pr~~~ticn at test items correctly ~~~~~~

n — nth traIning trial

I a bass~ natural l~~rithas

I b.siopsconstsut
I C - pre.foma] ~~ pothstiosl ) training tins

Belay, we solve throu~i $

F Given: a • .3117 Given: a • .693

C.2 .~~ C. .322

T2
.3.32.(X1 +X2) ?2 .3.26 .(X] + X Q)

- 
3. ~ bstiWte:

- 
~~~

- s2
_ l_ . •

~~
7(2•

~~
+ 3•32) s2

_ l e
_•693Cs3

~~
+ 3•26)

1
3

1 5  $3 * l~~ S 
-:

1 2.

• 
‘2 .916

• $3 S916

5~~~6. )val.uaticn of m

I - bisnassion: ~~~ the slope constant a ~ the eqiaticn t~
2•e.Iifl$ to be determined before theoretical values of

I -
[
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- . the fmuction!c tXcan be genersted. SInoe~~~,~~~,aad

I j  are the same fo r both e~amples, the value at a will be

the saae.

Proc.~~.:

• 1  Given: .611

.8

L 1. Substitute given values into the equation t1 • a11X1:

1 .611. • a( .8)(2)

- 2. Solve for m:

m — .

~

L Step ?. Oeneraticnofthetuncticnl. (l..~~
0 + T )iMx

I Discussion: V. noi, possess all the Information required to generate

1~ 
theoretical. values at the function Y of X. These !~~2~~L f~~ctions will be accepted to the extent that they coincide

with functions based on the equation 
~~ 

- ~~~~~• The functions

are plotted Sn Figure 1.

Procedure:

Given : 
~~~ 

.6 Given: .2

S 
- -  -•1. -

~~• 
~ 1-S. 12 87k

28
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1. 1 

Xl X2 I X ~~ 1I
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/ 0
/ /

L 1.5 1/
T 

11/
1.0 /

‘1‘1
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Pigure l.
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L .916 $
~ 

•962

C.2.61& C .  .3~~

a.  .1~ a—  .4

L !.~— 2.00 (fitt.d value) !~.2.00 (fitt.d value)

j X2~il.32 X2 ’ l.26

i %•l.~~

1. Substitute:

I — .8/.11(2) —

~2! • t4/ ~~~~~ ~2 .916/.11(1.26) —
T
3 — .91.6/.4(1.2Q) !

3 — 
.962/.11(1.16)

2. Solve for T:

L T !.OatTa-2 .64 Y — O a t T .- .322

[] T—l.OO atT— 2.O0 Y.1.O0-atT-2.00

ii T — 1.66 at T — 3.32 T • 1.82 at T • 3.26 —

T— l .9l a t T —~~.52 T— 2.OT a t T— 4 .1i2 
—

1. Estention over Ttha (D ilOJ 
- 

-

Casual e 4~sti cn of literature supports the general notion that

asentngfu]. material which is rather well learned and then retention-[ tested by the single recall method y4fl y4 3 .~ ps~fo~~~~~~ ~~~~~~~

- ssymptot.. about a month after ccnclusicn of training, at a rather —

- - hI* level of retention • Curves will be negetively accsl.rstod,

t descending.
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~ ar concern with retention is one of respons. def inition . ~~rli.r ,

~ I I noted that a representative desige for .ducsticn csa,ot accept a

definition at response which fixes its position as temporally contiguous
1. with training events • It is conceivable that psrfo~~~ cs associated

with Trs1nIn~ Treatment A will be ench bettor for the seas investment
- 

than that associated with Trs4ntng Treatment 3 it the two are assessed

just at the end of training, but that Treatment B performance will emerge

as the superior cue when assessment occ~ns over time. Assuetrig both

treatment groups go to the same residual retention value, we are Interested

in the number of days it takes in the case of either group, or, assuming
- 

they ~ai to different residual asymptotes, we are interested in the

relat ive heights of these asymptotes.

- 

- 
- 

- - ., Since we have gotten into the habit of t*lfr4ii g In terms of theoretical
- t - and obtained functions, we wil l, play the game cue more ti.. for D ~1 0.

But first let us correct an impression of certain Investigators of
1 -. 

retention--that the Interval D can be usde contentle ss by an act of
P definition. It cannot. A content I will always be present. The job of

~i~~’eicnalizing the universe of I will not be attempted here. Rather,
- 1 we ~.ni “control x at the levi]. of bedlam ‘which characterizes it in the

lire of any student.

1~ ersvsr training ii concluded, the value T is taken for one sub-

group of a treatment group. Pss~~ b1i, the sub..group is quite

representative of the group as a whole and I closely appre imates T.

I. -
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Pox the present, vs do not much care where I is on the acquisiti on

r f~mcticn, so long as it is scmswhat above its vmlus a t T .O .  We
L assume the following theoretical relationships:

- b’DL 1. s’ — e  (s .v ) + v

j ‘where: a’ • test score when tested the first
S time following completion of

T trkinlng, ‘where the Interval

- 
between tr.~ln4ng end testing

t E. is Ddsy ’s

B .tes t score a t D — 0, tak~~ on

- - a group or individ ual considered

- -  
in every relevant vay eqial to

- 

that from which s’ is obtained

v — the value to which the function
1.  

5 ’ of D is asymptotic 3 that is ,

I the value which is closely

apprcachedinndays

- 
b’~~~slope constant

- - e base, nst~wa1 logerithas

2.

[1 where: t ’ • testing time when tested the

first time following completion

- t 32
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~ of bsin~ng, where the int erval

I between trein ng and testing is

-1 
D days

t - testing time at D - 0

- v . the value to which the function

I t’ o tD i s ssymptotic;that is,

the value which is closely

L approached In u days

a’ • slope cc~stant

e — base, natural. logarithms

1 

3.

where: T’.TatD .O

I
T’ — v 2/iir +t a t D~~ infLnity

I- - ~~e- obtsined f1mctiouI’o fDis,of couree,T’~~~e’
2/t’.

I We sre not yet ready to treat retention desigas with the thorough-
- 

ness they deserve. Their more elaborate treatment will be postponed
i i i

- ~ 
[ to a date when a model for Initial acquisiti on is &t hand which has

been tested and found acceptable for the times.

~t .  
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IV. SUMIART

-

~ 

I Whore behavioral research aspires to serve education’s more

I I diat. teaching needs, laboratory performances must be r.preientstive
- 

of those which education is charged to teach. Else, laboratory findings

may not apply to the educations]. d c i .~~ A laboratory performance which

is representativ , of utilita rian performances of the vorld of c~uerce
- ‘will ususally be multiMiiensiocsl In the sense that its adequate

- 4 description presupposes Initi al assessment alonG two or more M ~~nsions
•0- 

An adeq~ate description of multidimensional performances presupposes
- 

(1) enumeration of those underlying Mtiiensicns ‘which meet worldly

- criteria of necessity and. joint worldly-laboratory criteria Cf

- sufficiency, and. (2) statement of functional relations holAIzig between
- 

these dimensions, so that multid inensiona]. perfor mance can be uni-

- 
diaension*Uy s~”~ ’ ized..

— 

~ I. Beyond the dictum of repreeentstiveness, the notion has been

advance d here that it is an improper view or aptitu de mechanics to bold

that one ‘s particular aptitudes are consequential to acquisition but
I inconsequential to demonstration of acquisition • We have th~11engad

the procedure whereby the individual is allowed to pane himself during

acquisition but not during testing .

Mi acquisition model for education--consistent with zepresentatiws.
- 

- -~ - ness and the self-paced test--was presented. Preliminary views on a

model for retentio n were also set fo rth, although in less dit il and

- 
- 

-

- more tentatively than the model for acquisition.

if~
J

-

~ 
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I Irtation of Y wi ll reveal a nor. cosplex concept of pert er nce

than characterizes more explicit theory-builders at the present. This

dces not aeon to me that we should turn our backs on their efforts. ~~

~ the contrary, we will surely gsin In ~mderst’n6fng Cf prob lems attending

conoeptusliastion Cf units of pertor noe b~ eml ing explicit tr. t-

~r L monte of others. ~. of the best illustratio ns is provided br Eites,~

r 
who has developed one of the more rigorous models of behavior.

-. Estee • acquisition situations diffe r criti~~1ly from ~n’ oun. Rla
— - sit uations featur e a response A..occurring uader free responding con-

- 

- 
diticns..cf sero duration . Th pssssgs Cf time In Estee’ system occurs

- entirely under conditions of occin’~~ oe of response B (all. behavior. not
- A). The measure of A c~~ s down to .n~~.rating A sad timing B.

~ Peitaps the best place to begin In describing that part of Estee’
system wh ich concerns us here is with p. The Intervening variable p

(respons. probability) ii the cutpat plug of the syst em’s aesrr theo-

retical s~~erstructure • To it are tied those eassures which serve as

- dspsndent veriab~es at an espirical level of disc~~ .s • The dependent
L variable tied to p may hay, either rate or accuracy character istic.,

but not both, since the systemic situation preCludes a respons A having

~ueticn.
I i  ~- i  

_ _ _Estee, Will iam K. The statistical s~~ csch to learning theory.

I 
-
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~~ lpla. of “rate type” dependent variables in Bates’ system are

I L (lst.ncy ot A, or -duration of B), vhicb equals h/p, and r (averags

rat, ~t which response A is aid.; r , after n-i reinforcements), which

- eq~al. p/h, where h is the asyi~~tatic value of exposure to the Indspeu-

- 

- - 

r dent variable prior to occurrence of response A (asysptotic trial

latency).

[ ~~ ‘!sccurscy type” dependent var iable is e(K), the rnmi*r of errors

- 

—
~~ in K trials . Before elaborating on e(K), we wil l further define p

— 
- .  The output theoretical entity p is a function of the explicit thso.

retics]. input entity n (nueber of reinforced trials) and at certain

taxis variables not yet defined but represented by the parameter (slops

- 
constant) a. Unlike many systemo, whose slope constant can tabs on

valme, the limits of a are fixed. ~t may vary from just over 0 to just

• 

- under or equal. to 1. This characteristic contrasts with slope constants
— - In exponential ~~owth functions--for Instance , b of *~~ funct ion 5 of

T tz’slning time--which may take on any value .

- 
The foLloi,in~ basic equation is current ly e~~l.cyed by 1St.. to

I relate p to input : /

p
~ 

— - (l ~)Z1 l

- The “accuracy type” dependent variable e(X) is defined as the sun

1- of ”the vslues-o f l -~~~ f o r n — 3 ,2,..., K.” The sunat these 
—

values i given by :
________•(x)
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The total zn~~er at error. during acquisit ion equals 1/0, since

(1- 0) drops almost to sero *enKi s large.

DI’.Th, the T-maze, wherein each trial is characterized by a correct

L or an Incorrect turn (eraJaiwlent to p — 0, p - 1), ye begin with a 20-

item test, such that we can obtain an accuracy equivalent of p on a

single test. We need not resor t to e(K). ~~‘ treating s as a proportion ,

rather than a number c of correct responses to a test Cf I length, we

have $ seal. of s which has the same limits as the scale of p. Bearing
— 

- in mind that s is cond itional on a test length I, s
~ 

can be treated

equivalently to p~. However, just as we used the concept C (hypothetical

tr.4”1’ig time) to account for the tact that the stu dent does not cons to

us at T - 0 (s~~ 0, p — 0), we must scratch for a value 4--a hypotheti. —

eel number of trials antedating observation of the student--which augients n.

- In the body of the paper, we assumed X (trial traini ng time) to be

a hyperbolic function of n (number of trials). If so, then the limiting

value ot n  at vhich X is Infini te is a true origin of the seal. of n.

Th. value n - 1, based on a first trial value, is nat the true origin

of the function X of n; neither is it one unit to the ri&zt of a true

origin. (
~ir unite of n are arbitrary ones which must be rectified

throu~i use of the value 4.
We begin with $ scale of n such that n - 1 reflects Trial 1. In

[ the experimental situation; n • 2, TriaL 2; etc. Placing n on the

ordinate and X on the abscissa, we determine the ssy~~totic value V

F. cf -n. Let us say a value ct .7is obtained. &nce,X is infinite at

• ;- I - .7n,s trus origin.

T -

~~

__
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I Just as th. rat in the $klnner box does not forsake forever the

- 
- proffered bar, our student does net take infinite time on Trial 1.

In fact, he is usually well along cc his functi on X of n by the time of

Trial 3 , as indicated by extrapolation to k’ . Where V • .7, we mey

say that .3 trials have occurre d by the time Trial 1 occurs. That is,

I 4 • - V - .3. So the proper trial value after one experimental

trial is 1.3. With out sett ing int o either what is meant by .3 of $

reinforcement or what ccnstitute~ a reinforcing event in our situation,

L we assert that n - 1 = .3 at Trial 1. Let us say the slope constant 9

equals .5. Hence, if we use Estes ’ relation (modified to include 4)

- I for the developnent of a,we have:

At origin:

1 1u0.

E At completion of Trial 0 (4 training interlude):

s0
~~ 4 .l - ( l -o )4 .] . - (l- .5) 3 1 .l8e

At completion of Trial 1:

+ ~ 
- 1 - (i. - ~)Q + U - 1 - (1. - 5)1.3 ~~

1. We use n in Lieu of n - 1 on the assumption that the reinforcing
- event Cf ft given trial occurs during the acquisition rI~aee of the

trial and so will have it. effect ipon teat perf orunnoe of that tr ial.

it is worth a paper several times the length of thi. one to delve into

4 
a descrip tion of reinforcer . and the conditions of their present ation

I. during the learning sessions of education . ~~e reason for selecti on
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L

cC elapsed training time In lien of rethf~~~~ trials in oa~~ ction
-. 

with writing an Init ial .~~rs..ion of th . relation of s to the X.ami.s

we. the peat uaoertaLnt~ which stwrcimds the conos$ of reIafozoez .s

in it.-ap~licatioo to educsticn.

I begon by asserting that lets.’ concept of pert~~~~os ditfSrsd

from one which I e’s4
~ represents the educational requirsssnt. This

- 

is evident when we cca~pars iq rate measure aft with his rate measure

p/h. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ Yet I

eannot accept s/k as a ret. measure • if, as is genersl]y m ipoeed,

rats cC acquisition is independent cC asymptote, then what is ixpor-

tant tome in the expression s/t is the rate at -vh ich ths st~~nt
L. sWtOIcbes (s a l.O)/(t k). ha uymptotic expr.ssicn in th.dencm-

L Inatcr Cf the rate ratio tranafø~~ the concept at rate into $ linear

function of s (ra . s).

- 
I If the ccnoeptuslisers of educational research cannot, at the w~~ t,

fit right into someon. else ’s model at perforasnos or cC stimelus-

reepcass relations , still there is something to be insd by ~~ 4~stion

of the ~~ In which the more rigorons systsmatiats go about modelling

pez~t~~~~ce and its more f A~~,r~ta3. relation. to inp*.

i-i
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