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protection of Cal for one month at 89 percent RH by a Ited polymer film may be
explained as follows: Polymer coatings produced by plasma po yinerizatlon are known to
nucleate growth at high-energy surface sites which are also the attack sites for water.
The reactive plasma species act In a scrubbing react ion to remove the Impurities or re-
ckice the defect energies, then immediately pasalvate these sites with highly cross-linked
or crystalline globules. (3) The calculated width of the valence band agrees well with the
experimental value for LIF, but the calculated values are smaller than the experimental
values for several other alkali halides. (4) Closed-form expressions are given for the
Integrals 5XalIe Xb dr for ~~ = I (overlap), ~ 4v~ (kinetic-energy), and ~ = Z/r a (nu-
clear-Coulomb-attraction) for any Slater-atomic orbitals X having principal quantum
numbers from 1 to 6. (5) By using our tight-bind ing valence-band wave functions and
diagonalizing the Hamiltonlan matrix for a model 15-layer UF slab, we find that: The
Madelung energy pushes a narrow band of surface states (confined to the surface layer)
out of the top of the conduction band. Both bulk and surface-layer densities of states show
broader peaks near the top and bottom of the band. The bulk density of states, which is
approached rather closely even In the second atomic layer, generally resembles previ-
ously calculated densities but has consideraF’lv more resolution. (6) The substitution of
Ions that are larger than the host Ions In alkali halides is expected to lead to absorpt ion
at frequencies below the band gap since the Madelung energy (a good zeroth-order ap-
proximation to the band gap) decreases as the laq ice spac ing increases. Only parts per
million of substitutional ions may give $ = 1 cm~~, a typical observed value. The formu-
lation required to obtain quantItat ive results is developed. (7) In readdresslng the prob-
lem of electron-avalanche breakdown, the Boltzmann equation is reduced to a practical
transport equation by making simple approximations. (8) It is shown that infra red ab-
sorption in alkali halides is dominated by processes generating an odd number of optical
phonons (w = 3 Woo, 5 Woo, •• ). The results afford a practical, greatly simplified corn-
putation scheme ahd expihln recent observations of well-defined peaks in fl at 3 w~~.The theory avoids two inadequacies of diatomic-molecule approaches ( peaks near
for all n and gross overestimates of vertex-correction factors).
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PRE FACE

This Seventh Technical Report describes the work performed on Contract

Number DAHC15-73-C-0l27 on Theoretical Studies of High-Power Ultraviolet

and Infrared Materials during the period from January 1, 1976 through June 30,

1976. The work on the current contract is a continuation of that of the previous

Contract Number DAHC15 -72 -C-0 129.

The following investigators contributed to this report:

Dr. C. J. Duthler, principal research scientist

Mr. M. R. Flanne ry, research assistant

Mr. K. G. Hamilton, research assistant

Dr. T. D. Holstein, consultant, University of California, Los Angeles

Dr. A. A. Maradudin, consultant, University of California, Irvine, California

Dr. D. L. Mills, consultant, University of California, Irvine, Californi a

Dr. L. J. Sham, consultant, University of California, San Diego, California

Dr. M. Sparks, principal investigator.

Previously reported results are not repeated in the present report, with the

exception of Sec. I , which is a summary of the coatings study reported in the Sixth

Technical Report, 31 December 1975, prepared for presentation at the Eighth An-

nual Symposium on Optical Materials for High Power Lasers, and parts of Sec. I-f,

which is primarily a review of some recent results.

xiii



Sec. A

A. INTRODUCTION AND SUMMA RY

L Scope of the Program

The scope of our program continues to change as the interest In high-power

materials is shifting. As current interest in the visible and ultraviolet regions

is increasing, it is appropriate to recall that the field of high-power optical ma-

terials has been changing for the last fifte en years or so. For the first two years

of the Xonics program, which began in December of 1971, the primary concern

was in obtaining high-power infrared windows. At the beginning of the period the

interest was primarily in the CO2 laser wavelength of 10.6 lim. In the infrared

region, the wavelength range from 2 to 6 ~m, which includes the HF and DF lasers,

also has been of interest. The high-power neodymium-glass laser at 1.06 ~im has

been important, especially in the laser-fusion programs.

Since December of 1973 the interest of our program has been shifting from

the infrared region to the vacuum-ultraviolet region. The high-power excimer

lasers, particularly the xenon laser which operates at 172 nm (7.2 eV), stimu-

lated considerable interest in the vacuum-ultraviolet region, and there is current

interest in a high-power 350 nm laser.

The first laser was, of course, the ruby laser which operates in the visible

region, and interest In the visible region is again increasing. High-power lasers

are becoming available at more and more wavelengths, and serious consideration

is now being given to the free-electron laser, which possibly could operate tun-

ably from the infrared region at 10Mm to the X-ray region at .~0. m m .  The

attending materials problems tend to be more severe, more lImiting ( possibly

1 
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Sec. A

preventing lasing In some cases), and more diffic ult to solve as high powers

become available at more and more frequencies.

IL Materials Problems of Optical Coatings and Multilayer-Dielectric Reflectors
for High-Power Applications

The Sixth Technical Report (31 December 1975) was devoted to coatings and

dielectric reflectors. A summary of the results, which was prepared for publica-

tion, is given in Sec. I of the present report.

It was shown that current difficulties in achieving satisfactory coatings are

by far more likely to be technical difficulties, such as contamination of the coat-

ing, rather than fundamental limitations. If the suggestions to improve deposition

techniques lead to satisfactory low-absorptance coatings, the results will be more

widely useful than originally realized. In particular, the thin-film-improvement

methods could result in greatly improved reflectors for wavelengths from .4O Mm

to ~ l20 nm (10eV ). Such improvement is possible since (1) metallic reflectors

have very large intrinsic values of absorptance for all wavelengths from 10Mm to

their useful limit of 14 eV, (2) the intrinsic absorptance of multl]ayer-dielectric

reflectors is extremely low, and (3) the current relatively high experimental

values of the absorptance of multilayer-dielectric reflectors probably are limited

by the same technical difficulties as are the Infrared coatings.

The major unsolved question of the previous technical report on coatings was

that of the usefulness of polymer coatings In protecting films and substrates from

attack by water and other contaminants including those in hostile laser-cavity

environments and in preventing adsorption. This problem is discussed In the

following subsection (-III).

2
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Sec. A

IU. Polymer Coatings for Protection of Optical Components

In addition to the well known problem of protecting such hygroscoplc materials

as some of the alkali halides from moisture attack, protection of optical compo-

nents from such hostile environments as those found in some laser cavities may be

required In certain applications. Also, in the Sixth Technical Report (31 December

1975) It was shown that moisture adsorbed on surfaces of optical cotnponents and

absorbed in the pores of coatings on these components possibly may prevent the

successful operation of some systems by giving rise to an optical absorptance that

is greater than the tolerable level. Thus, it would be extremely important if poly-

mer coatings could be used for thin hydrophobic layers or for protective layers.

Our preliminary investigation of the use of polymers for these functions indicated

that further studies were needed to answer two important questions. First, there

is conflicting experimental evidence as to whether or not pin-hole-free polymer

coatings can prevent moisture penetration into alkali halides. A vast amount of

experimental results on moisture-vapor transmission through unsupported pin-

hole-free polymer films suggests that such films cannot prevent moisture-vapor

penetration to the degree required unless the penetration through films deposited

on solids is much less than that through unsupported films. Second, measured

values of optical absorptance of polymer films suggest that the absorptance is

too great unless the currently measured absorptance values are impurity domi-

nated by contaminants that can be removed from the polymers.

I - Even though neither of these questions has been answered with certainty, the

results of Sec. B are that the probability of obtaining satisfactory polymer coat-

Ings is sufficiently great that studies of polymer coatings should be continued.

1- - - .- 
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Recent measured values of the 10. 6~*m absorption coefficient, ~ = 3-7 cm~~,

show that the absorptance A can be less than the current desired value of IO~ for

very thin (.~‘100nm) films. It has not yet been determined If ~ can be reduced to

‘0.5cm 1, which Is needed in order to give A = l0~~ for a one-quarter optical

wavelength thickness at 10.6~ m. The lowest optical absorption at lO.6Mm ap-

pears to be In hydro-, fluoro-, and chiorocarbon polymers, respectively, with

the absorption resulting from included diamers and carbon-carbon double bonds.

It is believed that pin-hole-free polymer coatings can be deposited success-

fully. However, measurements of moisture-vapor transmission rates on unsup-

ported pin-hole-free polymer films Indicate that a sufficient amount of water to

give rise to A = 10~ will penetrate through a typical polymer film within seconds.

By contrast, a l-~m thick polychiorotrifluoroethylene film has protected cesium

iodide for one month at 88.8 percent relative humidity. It is proposed that this dis-

crepancy can be explained as follows: polymer coatings produced by plasma poly-

- I merization are known to nucleate growth at high-energy surface defects or impur-

ities, which are also the attack sites for water. The reactive plasma species act

In a scrubbing reaction to remove the impurities or reduce the defect energies,

and then immediately passivate these sites with highly cross-linked or crystalline

globules of very low moisture penetrability. We had previously established that

absorption of water by the polymer film (as opposed to transmission through the

film) should not be a problem. In addition to the small amount of water absorbed,

hydrophobic polymer films with no contamination and ext remely small voids pre-

vent moisture condensation within the film even when sigslficantly supersaturated,
2 because the energy of condensation of a droplet is limited by the volume of the void

F to less than that required for the polymer-water surface energy of the droplet.
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IV. Problems Related to the Optical Properties of Alkali Halides

Our Interest In the optical properties of the alkali halides was originally

stimulated by our rough estimate of the strength of the two-photon absorpt ion in

lithium fluoride, which indicated that two-photon absorption was the most impor-

tant effect that limited the use of transparent materials in the vacuum-ultraviolet

region. In an attempt to refine the calculated value of the two-photon absorption,
• It was found that the current understanding of the optical properties of the alkali

halides was not sufficiently well developed to allow an accurate, tenable two-photon

calculation to be made. The current lack of a satisfactory theory of the simple, so-

called one-photon, optical properties of the alkal i halides is discussed below. In

subsequent investigations it was found that the same wave functions needed in the

two-photon calculation also were needed in four other important areas of our pro-

gram. At present the electron wave functions are needed in:

• two-photon and multiphoton absorption calculations,

• electron-avalanche-breakdown calculations,

• impurity-absorption calculations,

• electronic - surface- state -absorption calculations, and

• post-Hartree-Fock corrections to one-photon optical properties.

The one-photon problems include the following: It is generally agreed that

the best Hartree-Fock calculations give a value of the band gap of 23.0 eV, which

is much greater than the experimental value of ~ 13 eV. However, recent calcula-

tions have claimed fair agreement with the experimental absorption spectrum of

L1F and have attributed the absorption edge to interband transitions rather than

to the excitons. Because of the neglect of several physical effects which are known

5 
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to be large and the adjustment of parameters to fit experimental data, the apparent

fair qualitative agreement of these calculations with experiment may be coinciden-

tel, and the results have been questioned.

The approximations that were made are: neglect of the large (.#4 eV) inter-

action of the bare electrons with the polarization field (I. e., electron-charge cor-

relation), use of a local approximation for the exchange potential (I. e., use of

Slater exchange or Xa exchange), neglect of electron-hole correlation, and neg-

lect of local field effects (e. g., Lorentz- Lorentz correct ion) In calculating the

dielectric constant. The first three of these effects have been included in a recent

calculation by Mickish, Kunz, and Collins.’ Qualitative agreement with experi-

ment was again obtained, with the absorption edge now being attributed to exciton

absorption. Thus, even the nature of the absorption edge is controversial, and the

Important effect of local field corrections and exchange-exciton effects have been

neglected. Furthermore, the electronic polarization effects , both long range and

short range, may not have been treated correctly.

The available I-Iartree-Fock wave function s are so complicated that excessive

numerical analysis would be required, to the point of making some calculations

impractical. What is more important, we would have little faith In the results

since these wave functions do not even predict the one-photon properties. Thus,

a simple set of wave functions is needed for the calculations listed, and an indica-

tion is needed that these wave functions are reliable In spite of the difficulties in

the theory of the simple optical properties.

A very simple set of wave functions should be sufficient for our calculations

for the following reasons. The advent of new mathematical methods ( use of

6
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gaussian -type orbital s rather than Slater-type orbitals) and large digital computers

has made possible Hartree-Fock-Slater calculations of the energy bands of alkali

halides, using a large set of basis function s, at many points in the Brillouln zone to

within a hundredth of an electron volt. Then in order to explain the band gap, cor-

rections of the order of 10eV are required, and the accuracy of this correction

may be only a few electron volts. Thus, simple wave functions that reproduce the

Hart ree- Fock band gap to within say two or three electron volts should be quite

sufficien t for the investigations listed.

To date the following have been calculated for lithium fluoride :

• the tight-binding wave functions for the valence band and the nearly free-

electron wave functions for the conduction band,

• the band gap,

• the width of the valence band, and

• valence -band localized states.

The valence-band wave functions contain two simple exponential terms obtained by

numerically fitt ing the two-term wave functions to the more complicated atomic

Hartree-Fock-Roothaan wave functions. The conduction-band wave functions are

plane waves that are orthogonalized to the valence-band states, and a pseudopoten-

tial is used in calculating the energies. Our value of 24.4 eV calculated for the

band gap by using these wave functions agrees to withIn 1.5 eV with the best cur-

rent Hartree-Fock value of 23.0eV.

The great discrepancy between the experimental band gap of “.13eV and the

Hartree-Fock value of 23 eV has been tentatively identified In our present pro-

gram as a conduction-bend problem. If subsequent Investigations verify this resuAt,

I
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it is expected that our valence-band wave functions may be quite accurate,

and they can be used with confidence In the subsequen t calculat ions listed

above. 
-

Our calculated value of the width of the valence band of lithium fluoride

agrees with the experimental value to within the accuracy to which the width

could be extracted from the experimental data. However, the theoretical

values for several other alkali halides are smaller than the experimental

values, the difference becoming greater as the masses of the elements in-

crease. It appears that technical difficulties in the experiments could explain

the discrepancy. Preliminary discussions with experimentaiists in the field

confirm that this is a likely explanation . Additional contributions to the theo-

retical width will be evaluated, the calculations will be made for the other

alkali halides, and the experimental broadening will be considered in subse-

quent reports.

The results of the optical-properties studies are used in the following

four subsections (V-Vu ).

The next specific optical-properties tasks to be perfo rmed are as follows:

Using the simple lithium-fluoride wave functions, evaluate the importance of

the post- Hartree-Fock effects including electronic polarization, our new mech-

anical-polarization effect, local-field effects, and correlation effects. Next the

wave functions, the Hartree-Fock band gap, the width of the valence bands, and

the post-Hartree-Fock corrections will be calculated for the other fluorides,

then for the other alkali halides. For lithium fluoride, the wave functions will

be used in the two-photon-absorption calculation, the electron-avalanche-

8
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breakdown calculation, the impurity-absorption calculat ion, and the surface-

electronic-state absorption calculation as discussed In other subsections of the

present section. Finally, these calculations will be repeated, first for the other

fluorides and then for the remaining alkali halides.

V. Evaluation of Two-Center Integrals of Slater Atomic Orbitals

In the calculations of the valence-band width discussed above and in a number

of our other calculations, the values of several types of two-center integrals are

needed. In Sec. F the values of these integrals are calculated and tabulated In

closed form. In particular, expressions are given from which the values of over-

lap integrals f X~ Xb d
3r , kinetic -energy integrals - 

~ fX~ V
2X b d

3r , and nuclear-

Coulomb-attraction integrals Zf)c(l/r a)X b d3r are obtained in closed form for

any Slater atomic orbitals X having principal quantum numbers from one to six.

The a’s and b’s above denote the two different centers. Previous calculations of
2Roothaan were available for n equals one and two.

VL Electronic Properties of the LIF Valence Band; Surface States and the Local
Density of States Near the Surface —

Using our tight-binding valence-band wave functions and diagonalizing the

Hamiltonian matrix for a model 15-layer lithium-fluoride slab, the following

results are obtained in Sec. C: Including the Madelung energy pushes a band

of surface states out of the top of the conduction band. These surface states,

which are spatially confined to the surface layer, are believed to be features

of the lithium-fluoride (100) surface, not of the model used. Both bulk and

surface-layer densities of states show peaks near the top and bottom of the

9
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band, in addition to the narrow surface state. The bulk density of states, which

is approached rather closely even in the second atomic layer, generally resembles

previously calculated densities but has considerably more resolution.

VII. Impurity Absorption in the Vacuum -Ultraviolet Reg~on

Our study of impurity absorpti on consists of two parts. The first is an exten-

sive tabulation of impurity spectra in the vacuum-ultraviolet, ultraviolet, and

visible regions. It is antic ipated that a future technical report will be devoted to

this tabulation.

The second part is a study of possible absorption mechanisms, in addition to

well known mechanisms covered in the tabulation. One possible source of the

great, relatively structureless, observed values3 of vacuum-ultraviolet absorp-

tion coefficients was proposed in Sec. G of the Fifth Technical Report (30 June

1975). Another possible source, which has also been studied experimentally,4 is

substitutional ions in alkali halides. The cross sections for electronic absorption

are extremely large, the absorption coefficient having a typical value of io6 cm’’

for solid densities of ,~23 cm 3. Thus, only parts per million of halide or alkali

substitutional impurities are expected to be required to give rise to the typical ob-

served values of ~ ~ 1 cm’’.

An extremely rough argument suggests that the substitution of ions that are

larger than the host ions should lead to absorption at t equencies below the band

gap. The Madelung energy is a good zeroth-order approximation to the band gap

for the alkali halides, and the Madelung energy decreases as the lattice spacing

increases. Thus, the effective band gap for the impurity, roughly speaking, zie-

creases for large Ions, and absorption below -the pure-material gap is expected.

10
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l’his zeroth-order argument Is being refined in order to develop a believable,

intuitive explanation of the impurity absorption process, and a formal treatment

of the problem has been developed. The formal results are given in Sec. D, where

a tight-binding calculation of localized electronic states pushed out of the top of the

valence band is formulated. These impurity states are not to be confused with the

intrinsic surface states discussed in Sec. A-V1. Numerical results for spec ific

cases of interest will be included in future reports.

VUL Electron-Avalanche Breakdown

In the present program we attempted to calculate the electron-avalanche

breakdown In the vacuum-ultraviolet region using existing theories. It was found

that the theories were not only inadequate in the vacuum-ultraviolet region, but

that they were also inadequate quite generally and In particular in the visible and

infrared regions where so many electron-avalanche-breakdown studies have been

made. We proposed new theories of electron-avalanche breakdown and showed

that very rough estimates indicated that the theories could explain the experi-

mental results quite well.

At this point the following investigations are needed to determine if the pro-

posed theory is indeed viable. First, the previous results, some of which were

obtained largely by intuitive-type arguments, need to be verified by carrying out

the program outlined by Ted Holstein which uses a difference-differential trans-

port equation. The estimated values of the matrix elements used in the theory

need to be verified by calculations employing the wave functions that are being

developed in the study of the optical properties of alkali halides discussed below.

11
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The progress to date on the transport-equation approach is included in Sec. E

of the present report. It is seen in that section that we are taking a fresh, first-

principles look at the problem ~ electron-avalanche breakdown. Starting from the

Boltzmann transport equation, m~~Ing a quasi-isotropy approximation, using the

Fokker-Planck expansion, and making other simple approximations gives a prac-

tical transport equation. Within the framewnrk of this theory, a current density,

a conductivity tensor, and relaxation rates are introduced.

The theory will be generalized to include the large-quantum processes in

which the electron can change energy by a great amount, as discussed In the Fifth

Technical Report (30 June 1975). Exciton-forming collisions also will be included.

Finally, the theory will be extended to determine the m~giiitude and the frequency

dependence of the breakdown field for picosecond pulses in view of the great cur-

rent interest In short-pulse experiments.

IX. Multiphonon Absorption

The last vestiges of our multiphonon calculations are In Sec. G, where a

quasiselection rule that multiphonon Infrared absorption in alkali halides prefers

final states containing an odd number of optical phonons explains the recent ob-

servation of a well-defined peak In the low-temperature Infrared absorption of

several alkali halides at a frequency corresponding to the sum of three optical

phonons. The quasiselection rule results from the relative ionic displacements

for optical modes being approximately in phase with the individual Ion displace-

ments, while the relative ionic displacements for acoustical modes are approxi-

mately 90° out of phase. The further realization that the maguitude of the Fourier-

transformed optical-mode relative displacement is nearly independent of the wave

12
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vector greatly reduces calculation effort by reducing an extremely tedious

multiple sum to a thermally and frequency weighted density of states of dis-

tinct phonon branches. The theory avoids the two inadequacies of diatomic-

molecule approaches: (a) that peaks near all integral multiples of the

fundament al frequency are predicted and (b) that molecular models have

led to gross overestimates of vertex correcti~ i factors, which are shown

here to be small.

X. lrradlance Limits for Vacuum- ~.raviolet-Material Failure

Section H of the present report contains a paper presented at the 1976

Eighth Annual Symposium on Optical Materials for High Power Lasers,

Boulder, Colorado. There are only minor differences in the results of

Sec. H from the latest results of previous rep orts.

13
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B. POLYMER COATINGS FOR PROTECTION OF OPTICAL COMPONENTS

M. Flannery
Xonics, Incorporated, Santa Monica, California 90401

and
Department of Physics, The University of Southern California,

Los Angeles, California 90007

It was shown previously that the use of polymer coatings in protecting optical

components from attack by water or other contaminants and in preventing contain-

Inant adsorption possibly could be precluded by either great opt ical absorption or

great water-vapor transmission through the polymer. Even though neither of

these questions has been answered with certainty, the results are that the proba-

bility of obtaining satisfactory polymer coatings is sufficiently great that studies

of polymer coatings should be continued. Recently measured values of the lO.6Mm

absorption coefficient ~ = 3-7 cm~ show that the absorptance A can be less than

the current desired value of 10~~ for very thin (.dlOO nm) films. It has not yet

been determined if $ can be reduced to ~0.5cm~~, which is needed in order to

give Af 10~~ for a one-quarter optical wavelength thickness at 10.6 ~m. The

lowest optical absorption at 10.6 ~im appears to be in hydrocarbon, fluorocarbon,

and chiorocarbon polymers, respectively, with the absorption resulting from in-

cluded diamers and carbon-carbon double bonds. It is believed that pinhole-free

polymer coatings can be deposited successfully. However, measurements of

moisture-vapor-transmission rates on unsupported pinhole-free polymer films

indicate that a sufficient amount of water to give rise to Af = ~~~ will penetrate —

through a typical polymer film within seconds. By contrast, a one-micron-thick

15 
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polychlorotrifluoroethylene film has protected cesium iodide for one month

at 88. 8 percent relative humidity. It Is proposed that this discrepancy can be

explained as follows : Polymer coatings produced by plasma polymerization are

known to nucleate growth at high-energy surface defects or impurities, which

are also the attack sites for water. The reactive plasma species act In a scrub-

bing reaction to remove the impurities or reduce the defect energies, and then

Immediately passivate these sites with highly cross-linked or crystalline glob-

ules of very low moisture penetrability. We had previously established that ab-

sorption of water by the polymer film (as opposed to transmission through the

film) should not be a problem. In addition to the small amount of water ab-

sorbed, hydrophobic polymer films with no contamination and extremely small

voids prevent moisture condensation within the film even when significantly

supersaturated, because the energy of condensation of a droplet is limited by

the volume of the void to less than that required for the poYymer-water stir-

face energy of the droplet.

- 
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I. INTRODUCTION

High-power infrared windows are sensitive to moisture absorbed on the

surface or diffused into the bulk because of the very strong infrared absorption

of water. Additionally, some windows may suffer direct physical attack by

hydrolysis or swelling of the window or Its antireflection coating. In particular,

the alkali halides used in windows and coatings can be virtually destroyed by

water-vapor corrosion. It has tacitly been assumed that surface adsorption or

attack by environmental moisture could be prevented by coating the window faces 
-

with a thin, pinhole-free layer of a suitable hydrophobic polymer. However, there

is ambiguous evidence on the ability of thin pinhole-free films deposited on win-

dow substrates to meet the requirements of sufficiently low moisture permeability

and a value of Af = l0~~ for the infrared absorption per surface. Simple diffusion

calculations using the published water-vapor permeabilities of polymers indicate

that films of the order of 1 ~m thick would allow an unacceptable amount of water

through in approximately two seconds. On the other hand, there is experimental

evidence1’2 that polymer films of this thickness have provided protection for ex-

tended periods of time, for example, completely protecting deliquescent CsI for

at least a month at 88. 8 percent relative humidity. Although Infrared spectra have

been measured for many of these films,”2’3 they are not of suffic ient sensitivity

to estimate the absorption coefficient In the range of interest (Af ~ l0~~) for the

most transparent films, and there appear to be no laser-damage measurements at

present. Finally, most experimentalists have reported good adhesion of their poly-

mer films to electronic and optical substrates.3

17
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In this report we investigate the importance of the following effects on the

moisture protection of the alkali halides by polymers:

1) Infrared absorption of liquid and vapor forms of water at 10. 6 ~m to

dete rmine tolerable concentration limits.

2) Surface defects and impurities that may provide nucleation sites for

moisture attack on alkali-halide crystals.

3) Fhysical properties of polymer films that may reduce their moisture

permeability.

4) Film-crystal surface interactions that passivate moisture-attack sites

on the crystal surface.

5) Interactions between the polymer and water vapor that may prev ent con-

densation above the dew point.

6) Surface free energ ies and wettabilitles of polymers to determine the

equilibrium amount of adsorbed moisture.

7) Infrared absorption of polymers and polyme r films to determine their

absorption coeffic ient at 10. 6gm.

The results are:

1) Two monolayer s of liquid wate r formally produce an absorption of iO4

per surface , but any reasonable concentration of free water vapor pro-

duces negligible absorption.

2) High-energy surface defects and Impurities, particularly hydroxyl ions,

Initiate moisture attack. Removal or passivation of these features

greatly enhances the crystal ’s re sistanc e to hydrolysis.

3) High degree s of cross-link ing and high crystalllnity produce polymers

with significantly lower moisture permeabllities.

18
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4) Film-crystal surface InteractIons reduce the free energy at the

Interface, but the amount appears to be too small to have a large

effect over a gross surface. Some interactions are considered that

reduce moisture attack on the high-energy sites of the crystal, but

the details of the mechanisms and their effectiveness are not known.

5) Limitat ion of the size of condensation drop lets by the pore sizes of

hydrophobic polymers makes it energetically favo rable for wate r to

remain as a supersaturated vap or unless the cooling is quite rapid.

6) Free surfac e energies , and hence the wettability of polymers , increase

as one moves from fluoro -, to hydro- , to chlorocarbon polymers. The

fluoropolymer surfaces normally adsorb much less than a monolayer

of water , as should hydrocarbons that are free of double bonds or aro-

matic rings.

7) Hydrocarbons free of double bonds or aromatic rings may have the low-

est absorption at 10.6gm . Fluoropolymers may also be acceptable , but

chloropolymers appear to have too much intrinsic absorption from the

fundamental molecular vibrations .
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IL INFRARED A~~ORPTION BY MOISTURE AT 10.6 Mitt

In the previous repo rt it was shown that approximately two monolayers

(formally using a thickness of ..0. ónm) of liquid water are sufficient to pro-

duce an absorption of l0~~ per surface , which gives an absorption coeffic ient
of ~ 950 cm~ at lO.6~m. This value was calculated from the absorption

spectra in Fig. 1, whIch was estimated to be 5 ~m thick, based on an average

of thicknesses calculated fro m measured values of the absorption at several
frequencies.4

In Fig. 1, the absorption on the high-frequen cy side of the band at 3~ m Is

due to asymmetric stretching and that on the low-frequency side is due to sym-

metric stretching, while the fundamental bending mode produces the band at

6Mm. The broad, smooth appearance of these absorption lines is due to the

strong hydrogen bonding In liquid water that produces a distribution of effec-

tive masses and bond streng ths . The bendIng and stretching of the hydrogen

bonds themselves produc e the very broad absorption around 13. 5gm, which

contributes most of the absorption at 10. ó~m. This is clearly indicated by

comparing the spectrum of liquid wate r in Fig. 1 with that of water vapor,

which is free of hydrogen bond ing, in Fig. 2. A better estimate of the rela-
tive absorption of wate r vapor at 2-3~,im and at 10•6Mm ’ can be made from

the atmospheric spectrum of Fig. 3, which is free of the Fab ry-Pe rçt inte r-

ferences of the absorption cell used in Fig. 2.

Ax lO. 6M m, two computation s were made for the absorption coeffic ient of

water vap or (with $L = Ppv Lcond~ where Lcond is the equivalent thick-

ness of liquid if the prec ipitable vapor were condensed). The first was computed

20
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Fig. 1. Transmittance of 5Mm * of dist illed water.4a [*~~~ thickness was calculated from
the average value of £ = - ~~ T at 2.9, 4.9, 6.1, 10.6, and 13Mm , using the values of

$~given in Ref. 4. ]
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directly from Fig. 4 and yields ~~~ 0.096 cm~ of precipitable water vapor.

The second calculation was made by taking the calc ulated 10. s9~m transmit-

tance of water vapor from Fig. 5a and using Fig. 5b to conve rt the relative

humidity to centimeters of precipitable water. This result was — 0. 117

cm ~. For the purposes of this rep ort , the value of = 0. 1 cm~ of pre-

cipitable water will be used.

The four orders of magnitude difference between this value of 0. 1 cm~ and

the corresponding value of 950 cm ’ for liquid water clearly indicate s that the

form of water present is just as important as the amount. In addition , the ex-

tre mely large dipole and quadrupole moments of the water molecule should

orient several monolayers adsorbed on or between surfaces into boundary struc-

tures similar to those observed on ice and water surfaces. 5’6 Although the IR

absorption spectrum of such layers may be stro ngly dependent on the boundary

materials , In general there should be less fluc tuation in the hydrogen bonds ,

hence sharper absorption bands which could result in considerably less absorp-

tion at any given wavelength than the corresponding amount of bulk liquid.

Wate r condensed in small voids or scratches in films causes great infrared

absorption , while surface or bounda ry films are likely to contr ibute less absorp-

tion for the equivalent amount of water. On the other hand , if the water can be 
—

forced to remain essentially as a non-Interacting vapor in the surface films, it

will have a density at least 10~~ times less than liquid densities , so the absorp-

tion coefficient in Its gaseous state Is:

p = io~
3 p = l0 4 cm ’ , (1)vapor pv

which is negligible in any surface film.

. 24 
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Fig. 4. Calculated transmission from 8.0 to 15.0 jim for prec ipitable
wate r vap or cQncent rations of from 0.01 to 100 cm~
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Fig. 5.(a) Calculated l0.59Mm transmittance of wate r vapor at 77 F in a sea level
atmosphere vs. the path length for selected relative humidities. (b) Path to 1 mm of
precipitable water as a function of temperature and relative humtdity.4b
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III. THE ALKALI 1-LALIDES

The alkali halides are particularly attractive as window materials and as

low-index layers in antireflection coatings7 because of their low intrinsic ab- • 

. 
-

sorption at 10.6 j im. Unfortunately they are also the most moisture sensitive

of all the candidate materials at this wavelength and will require moisture pro-

tection or passivation if they are to be used in uncontrolled environments.

At a given temperature, the nature of moisture attack on a soluble material

is best characterized by the ambient vapor pressure, P~~0, relative to the vapor

pressures of the pure solvent, P~~0, and the saturated solution P~~0.
8 The three

regions of interest are:

1) Dew point or precipitation region, where P~~0 ~ P~~0;

2) Deliquescence region, where P~~0 < <

3) Efflore scence region, where P~~0 ~ P~~0.

The value of P~ can be found from vapor pressure data, which show, for ex-
2

ample, that from 20 to 90 C, a saturated KC1 solution maintains an 80 percent

relative humidity, while a saturated MaCi solution maintains a 75 percent rela-

tive humidity.

For a polished NaCl disc, P. A. Young9 found the uptake of moisture as a

function of relative humidity shown in Fig. 6. The rapid weight Increase in the

deliquescence region of NaCi, between and 100 percent relative humidity, :1
appears to be consistent with the expected behavior of a hygroscopic or deli-

quescent material. 
4
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3 -  -

0 A__ a -p I

0 10 20 30 40 50 60 70 80 90 100

Percent Relative Humidity

FIg. 6. Mass Increase of a 2.5 cm diameter polished NaCl disc when exposed
to water vapor at 300 K. Exposure time was 30 mm for each value of the rela-
tive humidity. The dashed vertical line is the vapor pressure of a saturated
solution of NaCl for temperatures between 20 and 90 C .~~
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This behavior might seem to contradict the well known re sult that pure

powdered NaCl and KC1 are nonhygroscopic at all normal pressures and

temperatures. Table 1 shows the solubilities and the hygroscopicity or deli-

quescence behavior of the alkali halides along with the alkali hydroxides. The

ubiquitous nature of water and the deliquescence of the hydroxide s suggests the

possibility that NaOH was the chief cause of the behavior observed by P. S. Young.
- 11Additional evidence was provided by Pastor and Braunstein who plotted the Mulli-

ken electronegativity and hydration energy of the hydroxide and halide ions vs. the

ionic radius rx...~ as shown in Fig. 7. Since the hydroxide ion falls naturally into

the halide sequence between Ci and Y in both electron egativity, which charac-

terizes electron transfe r processes , and hydration energy, which characterizes

ion exchange properties, 0H is the most natural impurity that could conditi on a

deliquescent behavior in KC1 or NaCl.

This suspicion was confirmed when KCI was found to be Indefinitely stable

in the efflorescence region if it was carefully processed in a reactive Cd 4 atmo-
• sphere to exchange the surface 0H for Cf by the scrubbing reaction

0H (c) + HC1(g) ~ .Cf (c) + I-120 (g) , (2)

where c stands for the crystalline and g the gaseous states , re spectively .’2

Furthermore, when freshly cleaved KC1 surfaces were annealed in a reactive
atmosphere, the stability of the crystal against moisture attack could be ex-

tended through the deliquescence region Into the dew-point region. Short resi-

dence above the dew point indicates that this process resulted in a surface free

energy that is lower for the solid-gas interface than for the solid-liquid interface.

29
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Therefore, except at local high-free-energy sites such as impurities or unannealed

defects, water will not wet the surface, and the microscopic dewdrops formed at

these nucleation sites do not coalesce into a film. Since spreading should occur if

the surface energy of the crystal is greater than that of water, = 72 ergs/cm2,

annealing in a reactive atmosphere apparently reduces the crystal’s (100) surface

energy significantly below the theoretical surface energies with respect to the

vacuum and below the experimental values with respect to air or dry nitrogen

shown in Table 2. Since it is unlikely that water is autophthic, that is unable to

spread on its own monolayer, it is likely that some relaxation process has re-

duced the crystal’s surface energy below V = 72 ergs/cm2, but the contact angle

has not been measured; thus, no specific number can be given.

Finally, it should be noted that although the hydroxide anion is the chief im-

purity conditioning deliquescent behavior In KC1 and NaC1, deliquescent cation

Impurities that have a low fugacity in the melt, such as NiC12, are not removed

during annealing In a reactive atmosphere and may contribute to the crystal’s

hygroscopicity.

These mechanisms of surface attack and passivation are important clues to

protective interactions that occur between crystal and polymer during the coating

process, particularly If it Involves very reactive monomers or diamers In plasma

form.
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Table 2. Theoretical and experimental values of the surface tensions of
the ( 100 ~ faces of the alkali halides.’3

y(dynes/cm)
Theoretical E~~erlmenta1

UF 494 340

Lid 624 —

LIBr 591 —

Li! 546 —

NaF 741 —

NaC1 438 227

NaBr - 386 —

Na! 341 —

KF 495 —

lCd 264 110

KBr 229 —

- V 1(1 191 —

RbF 427 —

RbCl 222 —

RbBr 192 — )
Rb! 176 —

CaF 371 —

-
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IV. MOISTURE PROTECTION FROM BULK
PROPERTIES OF POLYMER FILMS

There are two properties of polymers that will be important in determining

their suitability as moisture barriers for high-power optics: permeability and

solubility. The transmission of a penetrant through a high-Integrity polymer

layer normally occurs by an activated diffusion process.14 After condensing on

the surface, the penetrant dissolves In the surface layers, migrates through the

bulk driven by a concentration gradient, and evaporates at the low-concentration

surface. The transmission rate J is defined as the amount of penetrant passing

per unit time through a unit area normal to the flow, that Is

3 =  Q / A t  , 
(3)

where Q is the total amount of penetrant passed through area A in time t.  Unde r

steady-state conditions, the rate of permeation will be a constant proportional to

the concentration gradient ( Fick ’ s first law of diffusion),

J = D ~~~~~~ , 
(4)

where c is the concentration of penetrant in the film, x is the distance along the

flow direction, and D is the dlfft ~ Ion constant. For homogeneous materials, for 
V

which the diffusion constant is independent of concentration, (4) may be integrated

over the sample thickness L to give

J = D(c 1 -c 2 ) /L  , 
(5)

• 
where c1 and c2 are the equilibrium concentrations of penetrant In the surface

layers on each side of the sample. The equilibrium concentration of penetrant

f

~~

_
; 
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in a surface layer Is proportional to the partial pressure of the ambient gaseous

phase p,

c = S p , (6)

where S is the solubility of the penetrant In the polymer. When Henry ’s law is

obeyed there is a linear relat ionship between concentration and pressure, and the

solubility of one penetrant will be a function of temperature only, independent of

any other penetrant concentration. In this case the transmission rate is

J = DS(p1 - p2 ) / L  (7)

which gives a working definition of the permeability constant,

P = D S - _ _ _ _ _  - QL (8)— — ______ — 

At(p1 -p2 )

where (3) was used for j  in the last step. Most experimental data on polymers is

given in terms of the solubility and permeability constants, rather than the diffu-

sion constant. Under isothermal conditions, the atmospheric gases, other than

water vapor, obey the assumptions used above over a wide range of pressures,

temperatures, and polymers. Water often deviates strongly from these linear

relationships because it is well below its critical temperature and therefore con-

denses easily, is a relatively good solvent of some polymers, and interacts by

hydrogen bonding.

However, if there is very little interaction between the polymer and water, V

for coating applications the only important thermodynamic dependence of the

permeability, diffusivity or solubiliry is on the temperature. Over small temper-

ature ranges, the temperature dependence of P, D or S can be represented by an

35
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Arrhenius-type relation,

X = X0 exp - Ex / RT I ‘ (9) —

where X stands for P, D, or S and Ex is the apparent activation energy for that

process. For the solublilty coefficient , B5 Is the apparent heat of solution into

the polymer given by

Es = + AHm (10)

where àHcond is the molar heat of condensation and ~ Hm is the partial molar

heat of mixing. For the permanent atmospheric gases above their critical points, 
V

AHcond is very small and Es is J ust âHm • The heat of solution for these gases

is small and positive so the solubility increases slowly with temperature. For

more conden sable vapors such as water, E5 is negative due to the contribution

from the heat of condensation, and the solubility decreases with increasing tern-

perature. The activation energy ED for diffusion is associated with the energy

required to form a hole in the polymer for the solute molecule against the cohe-

sive forces of the polymer matrix, plus that required to force the molecule through

the matrix. If the penetrant does not plasticize the matrix , ED will normally be

positive and larger than E5, so their sum, the permeability energy, is positive

and the permeability increases with increasing temperature.

Table 3 lists the water solubilities and permeabilitles for some of the more

hydrophobic polymers which have surface energies less than 50 ergs per cm2. —

The permeabilities were calculated from the transmission rates given by Baer14

with the exception of the values for the parylene polymers which come from

S. M. Lee.15 Polychlorotrifluoroethylene, with S = lO 2 weight percent and

36
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P = 2.9x 10 9g pzn/cm2s mmHg at 40C , is typical of the low moisture

absorption, low-permeability polymers In Table 3. For a film of this polymer

l~im thick, the mass of absorbed water per unit area is

q,~= pSL = 2 . l X l O 8 g/cm2 (11)

where the density of the polymer is p = 2. 1 g/cin3. The transmission rate is -:

given by

(p1- p2 )P -7 2= = _ _ _ _ _ _ _ _ _  = 1.6 x 10 g/cm s (12)

if p1 = P~~0 (40 C) = 55. 32 mmHg and p2 = 0 mmHg. While these vapor pres- 
V

sures are typical of those used in transmission measurements on unsupported

films, a more realistic steady-state boundary condition at the salt surface would

be p2 = (KC 1 ) = 0.8 P~~0 (40 C) which reduces the transmission rate by

a factor of five. Two monolayers of water have a surface mass density given by 
]

2/3
fN 0p l  m 8 2= 2 [—jj ~— j 

~~
— = 6.2x 10 g/cm , (13)

where N0 is Avogadro’s number, rn the molecular mass and p the density of

water. Thus only two seconds are required to transport enough water to reach

the acceptable limit for optical absorption, and several minutes should be suffi-

cient to dissolve the salt surface and relea se the film.

Most experimental work on high-quality, pinhole-free films is in direct con-

flict with these dire theoretical pred ictions. Hollahan, et al.’ reported no apparent

attack on crystals of NaCI coated with 0. 98~jn of polytetrafluoroethylene for five

days, or on hygroscopic Csl coated with 1.2 pm of polytetrafluoroethylene for

L _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

- 

—
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30 days , when both sample s were exposed to 88. 8 percent relative humidity at V

20 C. Tlbbitt, et al? reported protection of NaC 1 for a month against the atmo-

sphere at room temperature when coated with 15 ~m of polyethylene or 5 pm of

polyethane. In addition, the infrared spectrum of the polyethane film showed no

change after exposure to the atmosphere, although it was not sensitive enough to

detect the absorption from two monolayers of water.

In the remainder of this section we discuss the physical properties that can

modify the bulk permeability of a polymer layer, with particular emphasis on the

properties relevant to plasma polymerized films. The following properties tend

to be progressively more effective at increasing the water-vapo r permeabili ty:

• Amorphous polymers

• T > Tglass
• Solvent entrapment

• Sintered polymers

• Plasticizers

• Polar, hydrophilic polymers ,

while the following pr operties progressively decrease the permeabili ty:

• Polar, hydrophobic polymers

• Nonpolar polymers

• Major polymer chains oriented perpendicular to the diffus ion path

• High degree of cross-linking

• High crystalhinity or T C T~~~ 5

39
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Consider the first group of polymer properties. Amorphous polymers tend to

be less tightly packed than crystalline polymers, which leaves more room for dif- V

fusion of such small molecules as water. In addition, if the temperature is above

the glass temperature of the polymer, the matrix flows or creeps more easily,

reducing the energy required for diffusion.16 Solvent entrapment occurs because

the polymer was “blown” from a solution resin or extruded from a powdered resin

V 
with the aid of a lubricant. The former is common for films of nylon or acrylics

while the latter is commom for the fluoropolymers?7 In addition , fluoropolymers

are often produced by extrusion of powders with heat,producing a sintered network

of small voids. Both of these pr operties allow wate r to diffuse through voids or

solvent-filled voids at much higher rates than through solid polymers. Plasticizers

may act somewhat as trapped solvents, but are usually added to insure low crystal-

Unity or cross-linking with resultant high permeability. Finally, polar , hydrophilic

polymers react with water to form distended gels which pass the water by very

rapid self-diffusion. In this case the addition of hydr ophobic plasticizers may dra-

matically reduce the permeability because it prevents the interaction between the

polymer and water.

Consider the properties which decrease the permeability. Polar , hydrophobic

polymers are distinguished from their hydrophilic counterparts by having internal

and external surface energies lower than those of water. Nonpolar polymers have

even lower surface energies, but the dissimilar chemical nature of the polymer

and water contributes most of the reduction in permeability and solubility. The

last three factors In the list all act to decrease the permeability by increasing

what has been called the tortuosity factor, which accounts for anomalously long

40
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diffusion paths caused by obstructions, such as cross links, or gross regions of V

crystallites where the penetrant is completely excluded. The effect of crystallinity

is clearly seen in the more than six-fold reduction in the permeability for the dif-

ferent density polyethylenes as the crystallinity varies from 60 to 81 percent as

shown in Table 3. Cross-linking severely limits absorption because the additional

bonds prevent swelling beyond a certain limit. Crystaiiinity has a similar effect if

V 
the penetrant is not a solvent of the polymer and is excluded from the crystallites.

Figure 8 shows absorption data for methyl bromide in diffe rent densities or -

crystallinities of polyethylene. In Fig. 8a the mass of sorbed vapor ( defined as

absorbed plus adsorbed) has been normalized to the total mass of the polymer for

the three different crystallinities. This results in three different sorption iso-

therms, which proffers the unlikely interpretation that the different crystaiiinities

correspond to significantly different chemical potentials with respect to the solvent.

When the mass of vapor is normalized to the amorphou s content of each sample as

in Fig. 8b, one isotherm results, providing strong evidence that the crystalline

portions of the polymer are effectively Imperm eable to the solvent.

The data given by Baer’4 in Table 3 come from a wide variety of sources so

the actual state of the polymer is in doubt. Commercial plastic films are not

likely to be highly crystalline or highly cross-linked, but are likely to have en-

trapped solvents or polymerizing agents as well as pinholes and voids. For these

reasons , very thin polymer layers made by plasma polymerizat ion, which are

obviously solvent-free and known to be highly cross-linked and defect-free in

some cases,’9’2° are likely to have S < 10~~ weight percent and P ‘C 10-10

g~m/cm2 s mmHg. The parylenes listed in Table 3 have been produced In this

41
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Fig. 8. Sorption isotherms for methyl bromide and different
density polyethylenes at C :18

o 0.922 g/cm3, 60 percent crystalline
o 0. 938 g/cm3, 69 percent crystalline

~ 0. 954 g/cm3, 78 percent crystalline .
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way and have among the lowest permeabilities, but the method of removing

them from the substrate is not indicated by Lee,’5 so it is possible they suf-

fered damage during removal which Increased their permeability. If the films

had been deposited on a soluble substrate such as the alkali halides, the sub-

strate could be dissolved leaving the film physically undamaged. This pro-

cedure will be necessary for unsupported testing of the very thin films used

in antireflection and environmental coatings for infrared optics.

1
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V. SURFAC E INTERA CTIONS LIMITING WATER PERMEABILITY

It is clear from the results of the previous section that permeabilitles V

measured on unsupp orted polymer films must differ by some four or five orders

of magnitude from values for films deposited on solid substrate s if they are to

account for the extended protection of CsI reported by Hollahan, et al.1 Since It

is unlikely even these high quality films can account for such a large discrepancy,
V it appears that one of the following mechanisms is responsible for the additional

moisture protection:

• Interaction between the substrate surface and the polymeric plasma to

chemically pasaify the surface or its moisture attack sites

• Nucleation of polymer deposition at moisture-a ttack sites to provide

preferential protec tion from low local permea bilities

• Reduction in the surface energy at the crystal surface from the crystal -

air value to the crystal-po lymer value

• Limitation on the size of condensation droplets by the pore sizes of hydro- V

phobic polymers making it energetic ally unfavorable for wate r to condense ,

and allowing attack on the crystal by vapor only.

Chemical passification. During plasma polymeriz ation , a large number of

highly reactive species that are formed by dissociation may participate In sur-

face-scrubbing reactions to remove undesirable surfac e ions such as. O H .  For

example, Holiahan, et al., note that plasma-polymerized polychlorotrifluoro-

ethylene does not have the strong absorption from the C-Cl bond at 972 cm ’

typical of the conventionally polymerized polymer. This indicates that the chior- - 

V

the was almost completely dissociated from the diamers prior to polymerization

V 

~ V V~~ 

P
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V 

. 

V

and replaced by fluorine. Therefore, it is certain that such species as cl , Cl,

and Cl2 are present in the plasma, and it Is very likely that F , F, and F2 also

are present because the C-F bond strength is ~.w l00 kcal mol~~ (4. 3 eV per bond)

compared to 85 kcal mol~~ for the C-Cl bond. During the In itial mome~~ of

polymer deposition these species can remove the hydroxide Ions by such scruthlng

re action s as

OH - (c) + F - (p) ~~ F - (c) + OH 
- 
(p)

(14)
0H (c) + Cl (p) ~~ cl (c) + 0H (p)

where p stands for the plasma state and c for the crystal. There may also be

some replacement reactions Involving the anions of the salt crystal that are

in high-energy surface sites. For example,

C1 (c) + F (p)~~ F (c) + cl (p) (15)

could occur In NaCl or KC1. The scrubbing reactions take place very fast

because of the high activity and concentration of reactants In the plasma, but

they will be effective only for less than 0. 1 s because they are shut off once a

monomeric layer is deposited. Under these conditions, plasma-~olymerized

deposition may remove the immediate surface hydroxide ions, which are likely

to be the nucleation sites for moisture attack, and then effectively passivate

the site with a polymer coating.

Replacement reactions such as (15) may be contraproductive because they V

usually increase the optical surface absorption while having an ambiguous effect

- — - - V~~~~V~~ ~~~~~~~~~~ ~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ —~~~~~ V V~ V - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-
~~~~
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on the crystal’s hygroscopicfty. Referring to Table 1 Indicates that the conver sion

of NaC 1 to NaP will significantly reduce the surface solubility, but conversion of

KC 1 to KF will make the surface deliquescent.

Nucleation of deposition. The data on different percentage crystalline poly-

ethylenes given in FIg. 8 and Table 3 indicate that perfect polymer crystaflites V

are not permeable to nonsolvent pen~~rants. High-energy regions, such as cleavage V

steps, impurities, or lattice defects, are the principal nucleation site s for both

moisture attack 2° and polymer deposition .21 Therefore, the crystailltes or highly

cross-linked globules are preferentially located directly over the most interactive

surface features of the substrate. This self-tailoring of the polymer film to the

surface defects in conjunction with a mechanism to prevent diffusion along the poly-

mer-substrate interface could significantly reduce the effective permeability below

that measured for the unsupp orted film.

lblymer-crystal Interface energies. Deposition of the polymer on the sub-

strate br ings the salt surface Into Intimate contact with a polymer surface usually

consisting of fluorines, chlorlnes, or hydrogens. This juxtaposition reduces the

free surface energy of the interface below that of the crystal )~ by the surface

energy of the polymer

f~~~ = ~ - V ~ . (16)

As a first approximation the value of the free energy of a polymer-c rystal inter-

face could be found by subtracting the polymer surface energies In Table 4 from

the crystal surface energies in Table 2. If this were correct , then most polymer-

crystal combinations would have fcp > ~~~~ = 72 ergs/cm2, Indicating that 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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V Table 4. Critical surface tensions of various polymeric solids.22
V 

Polymeric Solid Dynes/Cm at 20 C

Polymethacrylic ester of ~‘-octanol 10.6

Polyhexafluoropropylene 16.2

Polytetrafluoroethylene 18.5

Polytrifluoroethylene 22

Poly(vlnylidene fluoride) 25

Poly(vlnyl fluoride) 28

Polyethylene 31

Polytrifluorochioroethylene 31
- 

PolystyVcene 33

Poly(vlnyl alcohol) 37

Poly(methyl methacrylate) 39

Poly(vinyl chloride) 39
V Poly(vlnylidene chloride) 40

Poly(ethylene terephthalate) 43

POly(hexamethylene adlpamide) 46

47
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water re aching the surface can reduce the Interface energy by condensing at the

interface and separating the polymer from the crystal. In fact, as noted at the end

of Sec. III , Pasto r and Braunstein have found that wate r does not wet the surface of

high quali ty KC 1 or NaC 1 crystals, indicating that “c < Thus, f~ will be

significantly less than and it will not be energetically favorable for a very

thin layer of wate r to condense between the film and the substrate.
V 

This estimate of the Interface energy is crude at best because it requires the

coating process to take place in thermodynamic equilibrium, Ignoring the kinet ic

nature of coating growth. Similar objections apply to calculations of the reversthle

work of adhesion of the film per unit area based on the reduction of surface energy

when the solid is coated with a monolayer of monomers or diamers.3’ 14

Limitation of condensation by polymer pore sizes. In the precipitation region ,

even If the crystal is not hygroscopic, the moisture may permeate through the

polymer, condense at the polymer-crystal interface, and begin to dissolve the

salt. It appears that this could be prevented if the polymer has sufficiently hydro- V

phobic surfaces, the cracks and voids in the coating are small near the polymer-

crystal interface, and the polymer is free of any contaminants that reduc e its

hydrophobic properties. The objective is to keep the water In vapor form by con-

fining It to such small hydrophobic voids that the energy gained by condensation is

less than that required to form the liquid water-polymer interface.

For a system consisting of two phases of a substance separated by a plane

Interface, the temperature, chemical potential, and pressure must be constant

throughout the system. If the Interface Is curved, there will be additional forces

exerted and the pressures of the two phases will no longer be equal. For a sphere

48
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of liquid with radius r0 surrounded by saturated vapor, the surface pressure

difference is given by

PL PU = (17) V

where V is the surface-tension coefficient, 
~L 

the pressure in the liquid, and Pu
the pressure in the vapor. Equation (17) gives only the pressure difference , but

the pressures of the two phases can be calculated separately,

(18)

p 2U L V
r0k~T ‘ (19)

where p0 is the common pressure of the phases with a plane interface at tempera-

ture T, UL the molecular volume of the liquid, and kB is Boltzmann’s constant.

Since V must be positive for the drop to be in equilibrium, the vapor pressure in

equilibrIum with a liquid drop is greater than the saturated vapor pressure over

a plane liquid surface, and increases with decreasing drop radius. These expres-

sions are only valid if the vapor is regarded as an ideal gas and (~~~~ 
- p0 )/ p0 G~ 1;

the latter implies that the drop is relatively large.

For small drops and large vapor pressure s, (19) should be replaced by the

Kelvin ~~~~~ 23

2yu
- rQkBT

which requires very small drops to have substantially higher equilibrium vapor

pressures than Eq. (19). This equation can be used to approximate condensation

49
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within an idealized spherical void of a hydrophobic polymer if the surface tension

is replaced by an effective surface tension24

Ve = V ~~o )’p . (21)

Now consider the nucleation of a water droplet in a supersatu rated vapor. The

probability of creating a droplet of radius r is proportional to exp (-G / kBT),

where G is the Gibbs free energy required to form one droplet,

G = -~~~i- r3g + 41r r~Y (22) V

and g is the increase In Gibbs free energy per unit volume. The condition for

equilibrium is

IaG \ 0 , (23)

which gives r0 = -2V/g. If this value is substituted In Eq. (20), g is found to be

negative for p~~> p0 and equal to zero for p~, = p0. Thus, there is a critical

droplet radius in a supersaturated vapor at which the droplet would tend neither

to grow nor evaporate, while all droplets tend to evaporate for ~ p0. There-

fore, the Gibbs free energy required to form a stable droplet is just that of a

droplet of the critical radius ,

- 
4ij Y 2

~~~~~~~~~~~ 

—~— r ~

The concentration of critical-sized droplets is just

~Go /kBT
= n

~~e , (25)
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where n
~ 

is the concentration of vapor molecules. These droplets will become

supercritical If one more molecule is added. From the kinetic theory of gases,

the number of gas molecules striking a unit are a per unit time is / 4 , where

~ is the averag e velocity. Since the surface area of the droplet is 4 ~ r~, the time
— 2 1

required for one molecule to hit the droplet is (n
~ v1r r0 ) and the nucleation rate

per unit volume is just :

I = tT r~ ~ n ex p( -4
~
7Yr

~
/3kBT) . (26)

Since r0 is a known function of the pressure, and the vapor obeys the ideal gas

law, the nucleation rate is given in terms of the pressure.

The pre-exponential factor in (26) is relatively independent of pressure be-

cause the concentration is proportional to the pressure and r0 is inversely pro-

portional to the logarithm of the pressure. Since the polymer surface completely

shields a portion of the droplet surface from impinging vapor molecules and ob-

structs the free passage of vapor molecules to the remaining surface, the time

required for the droplet to gain an additional molecule is probably several orders

of magnitude larger than estima ted from kinetic gas theory and the pre-exponential

factor correspondingly smaller. In addition, Eq. (25) assumes that the whole vol-

ume is filled with vapor and should be corrected for the volume fraction occupied 
V

by the polymer. if this correction is about l0~~ then Eq. (26) predicts nucleation

rates about 10~ time s greater than actually expected in clean polymers . However,

the nucleation rate given by Eq. (26) is most sensitive to errors or variations In

the surface tension of the polymer since I -
~ exp V3 according to (26) with

given by (20).
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Table 5 shows the nucleation rate and critical droplet radius vs the

supersaturation ratio p
~/P~: for pure wate r , V~~0 = 72 ergs/cm2, and for

water in a typical fluoropolymer, ~~~ = 52 ergs/cm2; a hydrocarbon polymer,
) = 42 ergs/cm2; and a chlorocarbon polymer, )~ = 32 ergs/cm2. N~~0 is the

number of water molecules in a critical-sized droplet. In rare-gas liquids ap-

proximately two molecular layers are necessary to form the surface.25 If this 
V

same criterion is applied to water, then the smallest droplet radius for whIch (22)

is meaningful is r0 0.6nm, which gives N~~0— 30 molecules. The results of

Table 5 can be expressed in terms of the supercooling, T - T0, Instead of the

supersaturation ratio by using Clapeyron’s equation,

Pu - = 

T0 (% ~~~ 
(T - T0 ) , (27)

where q is the molecular heat of transition from the metastable vapor phase to

the liquid phase.

if a polymer is characterized by its maximum void radius r* and surface

tension Vi,, then a maximum supersaturation ratio could be found from Eq. (20)

by setting r0 = r* and V =; which Insures there is no condensation within the

polymer at lower pressure ratios. However, this is not the optimum choice for

(~~ /P0 ~max because It may correspond to extremely large values of the nuclea-

tion rate, which makes the film very sensitive to fluctuations In j~~ /p0, or to

1 0, thereby underestimating the protective ability of the film. A bette r defini-

tion for (p0 / p0 ) is (p 0/ p0 ~i 
where 1* is an acceptable nucleation

rate depending on such things as the film thickness, damage incurred per nuclea- V

tion, acceptable damage levels per unit area, and the number of temperature or
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Table 5 shows the nucleation rate and critical droplet radius vs the

supersaturation ratio Pu/pa: for pure water , = 72 ergs/cm2, and for

wate r in a typical fluoropo lymer, V = 52 ergs/cm2; a hydr ocarbon polymer,
= 42 ergs/cm2; and a chiorocarbon polymer, )~ = 32 ergs/cm2. N~~0 is the

numbe r of wate r molecules in a critical-sized droplet. In rare-gas liquids ap-

proximately two molecular layers are necessary to form the surface.25 
if this

same criterion Is applied to water , then the smallest dr oplet radius for which (22)

is meaningful is r0 0. ónm, which gives N~~0~~ 30 molecules. The re sults of

Table 5 can be expressed In te rms of the superc oollng, T - T0, instead of the

supersaturation ratio by using Clapeyron ’s equation ,

Pu - ~o = T0 (% - UL) (T - T0 ) , (27)

where q is the molecular heat of tr ansition from the metastable vapor phase to

the liquid phase .

If a polymer is characterized by its maximum void radius r* and surface

tension ~~~ then a maximum supersaturation ratio could be found from Eq. (20)

by setting r0 = r* and V = which insure s ther e is no condensation within the

polymer at lower pressur e ratios. However, this is not the optimum choice for

(p0/p0 ~max because it may correspond to extremely large values of the nuclea-

V tion rate , which makes the film very sensitive to fluctua tions in % /p0, or to

I 0, the reby underestimating the pr otective ability of the film. A bette r defini-

tion for (p 0 / p0) is (p0,’ ~o ~ = I~ ’ where 1* is an acceptable nucleation
V 

- rate depen ding on such thing s as the film thickness , damag e Incurred per nuclea-

tion, acceptable damage levels per unit area, and the numbe r of temperature or
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pressure cycles expected during the component ’s lifetime . This choice will never

be too larg e, but if r * is very small, (p1~/ p0 ) - * will be larg er than (p /p0)1 1*r0 -r V

and an Intermediate value should be chosen.

V Originally it was hoped that the critic al sizes given in Table 5 would be smaller

than the expected polymer voids for a supersaturation ratio large enough to allow a

polymer exposed to 100 percent relative humidi ty at its maximum environmental

tempe rature to be cooled to its minimum temperature without droplet formation.

For example if Tmax = 50 C, P~~0 = 92.5 mm}ig and Tmin = 0 C , = 4.58

mmHg, then p0 ~ 20 , which gives r0 = 0. 35 nm and I — l037nuclei/cm3 s for

pure wate r vapor. Since the re are likely to be many voids of this size in polymers,

there will be a larg e amount of condensate in a fi]m subject to such extreme satu-

ration.

Since the whole environmental range cannot be accommodated , it is necessary

to specify a maximum cooling rate for a thin film that allows sufficient water-

vapor diffusion out of the film to keep the supersaturation ratio and hence the nu-

cleation rate below specified values. The maximum cooling rate allowed without

condensation in the film is given approximately by

(T -T0) T o (00 - u t ) f P 0\ 28
~~~ Imax r d  — ‘7•cI cl ‘sY~7max 

1 , ( )

where (T - T 0 ) max is the maximum supercooli ng and Td is the out-diffusion

time for supersaturated water vapor thr ough one surface of a thin film main-

ta ined at saturation . From Carsiaw and Jaeger , 26 the condition

D r d / L 2
~~~l (29)

54

V 
___________________

~~ ~~~:



VV - -V - V V - V  V •~VVV ~-VV V_V V V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -V —-V-V.-’

Sec. B

will insure that diffusion has reduced the supersaturation ratio to ten percent of

its original value everywhe re in the film. Thc diffusion constant for the best pro-

jec ted films is

D = p l0 l°
~ rm/crn2 s mmHg = 500 ~~ 2,, ~ , (30)

2x10 g/cm ~im mmHg

while typical measured values are io2 _io4 times larger. Therefore, the out-

diffu sion time calculated from Eq. (29) is i0’2 s for a 1Mm thick film and is for

a i0~m thic k film. However , there is probably a significant boundary resistance

to transferring a molecule of water from the supersaturated polymer matrix to

either a surface film of water or an atmosphere satur ated with water vapor. For

thin films this resistance will place a lower limit on the effective diffusion time

used in Eq. (28). Since no data on this effect has been found for a supersaturated

film, care should be exercised when drawing conclusions based on Eq. (29) for

the diffusion time.

Table 6 gives the maximum cooling rate for 10Mm-thick films of the typical

polymers considered in Table 5. The maximum supersaturation ratios were found

from Eq. (26) for the choice 1* = 106 nuclei/cm3 s and the corresponding super-

cooling was derived from water-vapor pressure tables27 so that for 10 C ~ T0

~ 100 C , (p 0/p0 ) is never exceeded. Finally, 0.9 ( T - T ~~~ was used in

Eq. (28) to compute the maximum temperature coefficient of the film because rd
Is the time required to reduce the Initial supersaturation by 90 percent.

If the rate s in Table 6 are within a few orders of magnitude of the correct

values for high-quality films, then the slow environmental cycling typical of

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Table 6. Maximum supersaturate rati o and cooling rate for 10 Mm-thick films

of typical polymer types assuming a water droplet nucleation rate of 106

nuclei/cm3 s and a temperature range of 10 C < T0 C 100 C.

Polymer ergs/cm2 (I ’u/ 
~
‘O ~max 

(T - T
~

)
max 

(
~ T/~

t)max

Fluorocaxbon 52 2.20 -11 -9,9
V Hydrocarbon 42 1.75 -8 -7. 2

Qilorocarbon 32 1.45 -5 -4.5

I
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present testing procedures is too slow to allow wate r to condense in the film

and attack the substrate as a liquid .28 Instead , the attack should parallel the

extremely slow attack on an unprotected , highly passivated substrate surface

by unsaturated water vapor. Since this is what experimentalists have found,

.
- it appears this mechanism may be the cause.

- ~ V
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VI. POLYMER ADSORPTION OF WATER

The wettability of low-energy organic surfaces is determined by the nature

and packing of the surface atoms of exposed groups of atoms and is otherwise

independent of the nature and arrangement of the underlying molecular struc-

ture . The basic explanation for this fact is that In the absence of surfa ce Ions

or large, uncompensated permanent dipoles, the surface atoms In such solids

and liquids attract each other by London forces which vary inversely as the

seventh power of the distance. Since these forces are very weak and fall off

very rapidly, the equilibrium adsorbed film of vapor or liquid can be very

this.

A liquid spreads to form a film on a polymer if the free surface energy

of the polymer In a vacuum is greater than the liquid-saturated vap or sur-

face energy y,~0 plus the polymer-liquid surface energy L that is if

S = - (v ~0 + ~~~~ )‘ 0 . (31)

Since the highest surface energy of common organic polymers listed In Table 4

is 46 ergs/cm2 for poly(hexamethylene adipamide), and for a water-water

vapor surface is 72 ergs/cm2, S is always less than zero and water will never

spread on polymers. V

However, even in the absenc e of a liquid film on the surface, a polymer

may adsorb water vapor in sufficient quantities to increase the optical abeorp-

tion above 10~~ per surface. The free energy change on Immersion of a polymer
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In a saturated vapor is

f = - y , (32)

where Is the free surface energy of a polymer in equilibrium with a

saturated vapor. Unfortunat ely f~~3 has not been measured for any smooth,

low-energy solid surfaces. However, for low-energy solid surfaces it has

been found empirically that ~~~ and that there Is negligible vapor

adsorption If the liquid exhibits a large contact angle 9 on the solid:

- 

~P L = VLU
COS 0 . (33)

Bewig and Z isman29 have found adsorption (of much less than a monolayer) of

most vap ors on both polytetrafluoroethylene and fluorinated poly(ethylene-

propylene). Other work sited by Baer’4 indicates that if 0>  0, and particularly

if is several times low-energy polymer surfaces are In equilibrium

with much less than an adsorbed monolayer of vapor. Thus, adsorbed water

vapor should not contribute significantly to the optical absorption of polymer

films used as pro tective environmenta l coatings on moisture-sensitive optics.

This low water adsorption will make polymer coatings extremely important if

It Is found that water adsorption on nonpo lymer high-power optical components

causes intolerabl y great optical absorption.
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VII. INFRARED ABSORFFION BY POLYMERS

Most polymers can not be used as environmental coatings on high-power 
V

optical components because they have infrared absorptions near 10.6Mm whIch

give absorptIons exceeding l0~~ per surface even for extremely thin films. The

absorption In polymer films comes from a variety of sources In the polymer

system: chain modes, branched chain modes, chain termination groups, molecu-

lar side groups. included monomers or dlamers, polymerization reagents, and

extraneous Impurities. Except for the chain modes, an Initial estimate of the V

possibility of prodocing a very low absorption polymer at 10. 6Mm can be made

by searching infrared correlation charts in the 10-11Mm region for absorption

bands of the components of the polymer system. Such charts, which may be

found in Ref. 30 or in Coithup, et al. ,31 indicate that carbon-carbon double

bonds, hydroxyl or carboxyl radicals, oxirane rings, sulfur or halogen ester

radicals, and most phosphorous or silicon compounds have absorptions between

10 and 11Mm and should be avoided in polymers used in lO.6Mm optical coatings.

In addition, most aromatic or cyclic compounds have weak ring stretching modes

and out-of-plane carbon-hydrogen wagging modes which have absorptions between

10 and 11Mm. This is the source of much of the absorption in the ‘°-‘1Mm spec-

tral region of atactic polystyrene shown in Fig. 9.

Simple analytic studies of the chain modes have been made by Zbinden,33

who considered the motions of a linear array of N coupled dipoles of frequency

w0. While the total number of modes of the system is N , only the fundamental

mode near w~ produces an intense absorption band. In this simple chain model.
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FIg. 9. Spectrum of commercial atact ic polystyrene filn’ approximately 25jim thick.
Ordinate of the spectrum is in percent absorption.32
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the higher frequency modes appear only when the chain is bent, increasin g in

strength with increasing bending of the chain, but always remaining weak com-

pared to the funda mental mode. As N increases, the component modes become

more closely spaced and finally coalesce when N becomes infinite.

The vthratlonai spectra of the crystalline n-parafflns. which illustrate the

effects of finite chain length, have been studied by Snyder. 34 For example, the

spectrum of crystalline n-C24 H50 shown in Fig. 10 has a very strong band at

14Mm due to the rocking mode of the methylene groups in the chain, with a series

of much weaker modes at shorter wavelengths, irregularly spaced about 0.5Mm

apart. These higher frequency chain modes are those that would be found from —

the simple chain model if the ends were held fixed, and will disappear if the ends —

are free. With increasing chain length the higher frequency modes become much

weaker and more closely spaced, while the fundamental mode at l4Mm remains

nearly constant for chains with six or more methylene groups. For long-chain

polymers with a distribution of chain lengths, only the fundamental mode at 14Mm

will be distinguishable, but there will be a very small distributed absorption at

shorter wavelengths from the weaker , high-frequency chain modes. These modes

are extremely important because they are the ones that will probably determine
- the intrinsic absorption at l0.6Mm for the simpler polymers.

The spectrum of oriented polyethylene in Fig. 11 has the relatively small

absorption coefficient of 23 cm ’ at 10. 6 ~m. The small bands that appea r on

eithe r side of l0. 6~sm in the trace of the 0. 013-inch thick sample are probably j
due to either combination bands, side chains, or bent chains in amorphous

regions of the polymer sample.

_ _ _ _ _ _ _ _ _ _ _ _  
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Frequency (cm ’)
1100 1000 950 900 650 800 750 700
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Fig. 10. Spectrum of n - ~~~ Hso at 160 C
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Fig. 11. Infrared spectrum of oriented polyethylene.
radiation with electric vector perpendicular to polymer chains; 

, radiation with electric vector parallel to polymer chains. 36
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It is clear from this short discussion that the lowest absorption coefficients

for polymers at 10. 6 ~m will probably occur in unbranched, crystalline, long-

chain polymers with very simple monomeric units. Thus polyethylene and

polytetrafluoroethylene are probably the best candidate materials , followed by

polymers made from other halogenated ethylenes such as: polyvinyl chloride,

polyvinyl fluoride, polyvinylidene chloride, polyvinylidene fluoride , and poly-

chiorotrifluoroethylene. The difficulty with these polymer systems is that their

monomers or dianiers contain carbon-carbon double bonds which have strong

absorptions near 10.6 tm. Thus if the monomers or diamers should become

trapped In the polymer, or included directly Into the polymer chain in unsatu-

rated form, the spectrum of the polymer will contain these undesirable absorp-

tions.

Tthbett, et al? give the spectrum of plasma-polymerized ethylene shown in

Fig. 12(a), which clearly contains all the major bands of the vinyl-group spectrum

shown in Fig. 12(b). The absorption between 8. 5 and l1~ m has been attributed to

alkyl hydroxides, ethers, and ketones formed by reaction between atmospheric

oxygen and free radicals in the film. After exposure to the atmosphere for 30

days, the vinyl-group absorptions decrease while the oxygen absorptions increase

as shown in Fig. 12(c). This provides some confirmation for the idea that unsatu-

rated vinyl bonds ar e the chief reaction sites for oxygen in the polymer. To avoid V

these difficulties, Tthbett, et al. polymer lzed ethane rather than ethylene and

found the very simple spectrum shown In FIg. 13, whIch remained unchanged on

exposure to the atmosphere. M. Braunstein recently made microcalorimetric

measurements of the absorption coefficient of these polyethane films and found
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Fig. 12. (a) Infrared spectrum of uncoated NaC 1 crystal (dotted line) and the same
crystal coated with plasma-polynierized ethylene.2 (b) General spectrum of a vinyl
group or a vinyl group with an alkane substitute. The arrows indicate atomic move-
ments In the plane of the carbon double bond, while “-I-” and - 

VI refer to movement
above and below the plane , respectively.37 (c) Infrared spectrum of NaC 1 coated 

V

with plasma-polymerized ethylene after 30 days exposure to the atmosphere.2

66 

- _ _ _ _ _ _  _ _ _ _ _ _ _ _ _

- - - ~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ V ~~~~~~~~~~~~~~~~~~~ V V - V —



r 

~~~~ — V~ V V -

Sec. B

cm~3000 2000 1500 000 900 800 700100 .IIIIII
~~
III I 

~~ I I ~ I 1 1 11 1  I I I I I I 1 
I I I I 

~~~~ 
III.. 1111 h I  1 1 11 1 1 1  1 V I I I I I 

~~~2 0 -  -

Q 1  I I I I I I I I I I I

3 4 5 6 7 8 9 10 II 12 13 14 15
Wavelength (microns )

Fig. 13. Infrared spectrum of uncoated NaC 1 (dotted line), and NaCI coated
with plasma-polymerized ethane. The coated spectrum remains unchanged
after 30 days exposure to the atmosphere.2
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38
a value of fi = 4-7 cm 1 This is the lowest reliable value of the absorption V

coefficient at 10.6 ~.un that we have found for any polymer.

Hollahan, et al.’ give the spectrum shown in FIg. 14(a) for different thick- 
V

nesses of plasma-polymerized polychlorotrifluoroethylene deposited on a CsI

window. (‘are should be used in estimating the absorption coefficient of the ifims

from these spectra because the reflectivity of the window is being modulated by

the antireflection properties of the film. The interesting thing about this film is

that it is closer to the spectrum of polytetrafluoroethylene produced by tradi-

tional free-radical polymerization in Fig. 14(b), than it is to the spectrum of V

polychlorotrifluoroethylene shown in Fig. 14(c). Apparently the chlorine which

produces the strong chlorine-carbon band at 10.2 ~m in Fig. 14(c) is lost in the

plasma-polymerization process, and its place taken by fluorines. All three of

these polymer samples appear to be partly unsaturated because all the spectra

have small absorption bands in the 5.7-6. 0 ~im region which are characteristic

of substituted tetrafluoroethylene.

The spectra of two other low moisture-permeability polymers are shown In

Fig. 15, polypropylene and polyethylene terephthalate. Fig. 15(b) is particularly

interesting because it illustrates the differences in absorption that exist between

amorphous and crystalline polymers. These differences occur because some - -

vibrations that are present in the amorphous state are not allowed by the sym-

metry group of the crystalline form , such as those at 11. 1 ~wn and 9.6 im. Cor-

respondingly, some of the bands that are weak in the amorphous form are strong er

In the crystalline form because there is less hindrance of the vibration in the regu-

lar crystalline array.
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FIg. 14. (a) Infrared spectra of CsI window uncoated, and coated with different

thicknesses of plasma-polymerized polychlorotrlfluorOethylefle. Thicknesses are

approximately 0.6 ~m per 1800 s of deposition time .’ (b) Conventionally polymer-

ized polytetrafluoroethylefle.39 (c) Conventionally polymerized polychlorotrlfluOrO-

ethylene showing the C-Cl stretching frequency at 10.2 ~,m that is absent in (a).39
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(b)

Fig. 15. (a) Infrared spectrum of isotact ic polypropylene: —, solid film
76 ~m thick at 20 C; - - - , the same film in a molten state between salt plates
at 240 C. (b) Infrared spectrum of polyethylene terep hthalate: — , totally
amorphous; -- - , fairly crystalline.40
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VI II. EXPERIMENTA L TESTING OF POLYMER FILMS

The following list of experiments is suggested to measure various aspects

of environmental polymer coatings on soluble substra tes, with particular em-

phasis on those that will establish the physical origins of effectiveness of their

moisture-protective properties or their infrared absorption.

Surface energy of crystal substrates. Wate r droplets on high-quality salt

crystals have exhibited large contact angles, indicatin g that the free surface

energy of the solid-gas interface is lower than that of the solid-liquid inter-

face.2° In orde r to estimate the residual crystal-polymer interface energy and

consequently the degree of passification achieved by the coating process , it Is

necessary to know the initial crystal surface energy. The critical surface energy

of wetting for the crystal can be found by measuring the contact angles of pro-

gressively lower surface-energy liquids with the crystal, and then extrapolating

back to a zero contact angle.14 To avoid complications arising from dissolving

some of the crystal surfac e or modifying the surface energy of the liquid with

dissolved salt, the liquids used for contact angle measurements should not be

solvents of the crystal.

Infrared absorption spectra. The Infrared absorption spectra of the polymer

film is needed to determine the basic polymer structure, the residual impurities

from the polymerization process, impurities subsequently acquired from the en-

vironment, and the absorption coefficient at the operating wavelengths of the

window. The basic polymeric structure of a plasma-polymerized film, which V

may differ from that produced by traditional polymerization methods with the 
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same monome r or diamer , can be determined from the spectra of a lO-5OMm

thick layer using an ordinary infrared spectrometer. However, the absorption

from impurities and the very low absorptions at operating wavelengths may be

sensitive to film thickness and should be determined on films close to those

used in practice. Laser-calorimeter measurements can be used to dete rmine

very small film absorptions at a few operating wavelengths, but attenuated-

total-reflectance (ATR) spectroscopy is the best currently available method

for measuring the absorption as a function of wavelength. In ATR spectroscopy

the beam is propagated (by total interual reflection ) between the coated surfaces V

of a thin plate. The reflecting angle of this mode is determined by refraction into

a plate edge normally cut at 45°. This angle may need to be varied for some film-

substrate combinations because it will not maintain the total internal reflection

condition at either the film-air or film-substrate boundary over the whole range

of wavelengths.

Finally, the coatings should be tested at high laser power to ascertain the
V damage threshold of the film.

Pinholes In polymer films. The initial environmental test is designed to

locate pinholes In the coating. The existence of pinholes in a film indicates a

failure to produce a contiguous film and as such are not an intrinsic film property,

but they will bias subsequent permeability measure ments. Pinholes In films do- V

posited on ~11~t1l-halide crystals can be located by observing the sample under a

microscope while breathing on the sample. Droplets of moisture that condense

at pinhole sites leave behind an observable salt crystallite upon evaporation.

V This procedure has worked well on chemically polished KC 1 coated with a 0.2 g.&m
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thick film of Ti! •
41 The minimum size of pinhole located by this method may

be expected to vary Inversely with the polyme r surface energy. In addition , the

method could fail to locate pinhole s if the underlying crystal surface is so well

passif led that the moisture droplet dissolves Insufficient salt to leave a visible

resid ue.

Polymer film perme abillties. The permeabil ities of pinhole-free plasma-

polymerized coatings may differ significantly from those measured in bulk poly-

mers. Once a pinhole-free area of the coating has been located and marked , the

film can be removed undamaged by dis solving the salt substrate. The permeabil-

ity can be measured by the so-called “cup ” test since it is most easily adaptable

to small , variab le-sized samples. A small cup containing wate r is sealed by se-

curing the sample film over the top . Then the cup is placed in a controlled en-

vironment and the weight loss measured as a function of time. From this data

the permeability can be computed by Eq. (8). It is expected that films as thin as

V 0.2 jixn should be sufficiently strong to withstand careful app lication of this pro-

cedure .

Testing of coated substrate scratc hes. At 100 percent relative humidi ty,
V 

Young9 observed moisture attack on deep surface scratches in NaC 1 if the

thickness of the coating of vitreous As2S3 did not exceed the scratch width.

This fail ure was probably due to mechanical failure of the very soft As2S3
bridge over the scratch. Unde r similar conditions , polymer films, with their

much higher intrinsic permeabilit les, would allow rapid moisture attack at sub-

strate scratche s even in the absence of mechanical failure unless there is inti-

mate contact between the film and the substrate. The following procedure is

V 
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suggested to investigate the coating of scratches by polymer s. First a series of

substrates are prepare d with unidirectional scratche s of known size and shape.

If possible, an electron or optical micrograph should be made of each surface

pri or to depositing a stri p of polyme r film perpendicular to the scratches. The
V sample is then exposed to 100 perc ent relative humidity and the pattern of mois-

ture attack throug h the film at the scratc hes, and along the scratch es from the

edges followed with time. The objective is to observe the attack and character-

ize the sizes and shapes of scratches that can be effectively protected by polymer -

coatings. In particular, rapid attack along a scratch from the film edge Indicates

the coating bridg es the scratch rathe r than filling it, leaving a void next to the

crystal surface where water can condense. As a final step the substrate can be

completely dissolved away and an electron micrograph made of the back surface

of the polyme r film. If the polymer coated deep into the scratche s, this micro-

graph should be an inverse replic a of the original scratched crystal surface.

Temperature , pressure , and humidity cycling. The final testing of a fin-

Ished window should include temperatu re , pressure , and humidity cycling

somewhat more stringent than those expected in normal use. However , if the

polymer matrix is pre vent ing condensa t ion of moisture , the values of (~Tf~t)m~~
given in Table 6 IndIcate that accelerated temperature of pressure cycling will be

necessary to verify this mechanism . From Eqs. (28), (29), and (30) the maximum

cooling rate can be written as

- T0 ~max (31)\~~t ‘max SL2
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Therefore , this mechanism is unique In favoring thin , high-permeability films

over thick , low-permeability films for providing maximum moistur e protection.

Since White42 has reported producing pinhole-free polymer films as thin as V

3nm by ultraviolet polymerization , and Cornell and Gregor43 produced pinhole-

free films 10 nm thick using magnetically shaped electrodeless rf glow discharges,

moisture protection might be achieved with films so thin they barely disturb the

performance of ant ireflection coating s.

The protective ability of this mechanism can be verified by the following ex-

periment. A prog ression of pinhole -free films of different thicknesses are depos-

ited on very thin , moisture-sensitive substrate s, with care being taken to seal the

sample against moisture attack at film edges or uncoated surfaces. The most effi-

cient temperature cycling at 100 percent relative humidity can be accomplish ed by

suspending the sample In flowing water at the upper temperature T long enough for

the sample to come to thermal equilibrium and the film to come to uniform super-

saturation , P~/ P0 = 1. If the water flow is rapidly shifted to the lower tempera- 
V

ture T0, and the thermal diffusion time is much less than the vapor out-diffusion

time given by (29), the polymer-c rystal surfac e should be subject to significant

supercooling. A plot of the maximum cooling rate at the onset of significant dam-

age should be approximately a straig ht line when plotted against Supersatura-

tion could also be achieved by rapid pressure cycling. This has the advantag e that

the substrate can be any thickness since the diffusion time for vapor pressure

changes in the polymer film is the only limitation on the supersaturation achieved

within the film for a given pressure chang e.
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Abrasion tests and sealing of coating edges. In addit ion to previous tests ,

for field use the window coating will have to pass abrasion tests such as the

sand abrasion, scotch tape, eraser rub , and cheesecloth rub tests.28 Also,

the edges of the protective coating s must be sealed either by additional coat-

ings that cover the uncoated surfaces of the window, or by moisture-tig ht

seals between the coated window surfaces and the window mounts.
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C. ELECTRONIC PROPERTIES OF THE LIF VALENCE BAND; SURFAC E STATES
AND THE LOCAL DENSITY OF STATES NEAR THE SURFACEt

D. L, Mills
Department of Physics

University of California
Irvine, California 92717

and

Xonics, Incorporated
Santa Monica, California 90401

Using Sham’s tight-binding valence-band wavefunction s and diagonalizing

the }lamiltonian matrix for a model 15-layer lithium -fluoride slab, the following

V results are obtained: A band of surface states , which are spatially confined to

the surface layer , are pushed out of the top of the conduction band when the

Madelung energy is included . Both bulk and surface-layer densities of state s

show peaks near the top and bottom of the ban d, in addition to the narrow sur-

face states. The bulk density of state s, which is approached rather closely

even in the second atomic layer , generally resembles previousl y calculated

densities but has considerably more resolution .

tSupported In part by Grant No. AFO SR 76-2887 of the Air Force Office of
Scientific Research, Office of Aerospace Research, U. S. A. F.
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Sec, C

In this section, we report studies of some properties of the valence band of

L1F. Since the atomic fluorine 2p orbitals have a spatial extent small compared

to the lattice constant, a tight-binding description of the valence electrons is ap-

propriate. Such a description of the valence band has been provided by Sham, as

part of the present program.

Sham proceeds by presuming the valence electrons are described by Bloch

functions of the tight-binding form:

~~~~~~~~~~~~~~~~~ c ( i ~j ) q )p (~~~ t ) e
t h L  

(1)

In this expression, the subscript j is a band index that labels each of the three
-)

valence bands, the sum over L ranges over the fluorine sublattice, and ~~ (x - L)
-, a

is a 2p atomic orbital centered on site L .  Finally, the Index a runs over x , y,

and z .

The coefficients ca( 
~j )  are found by diagonalizing a 3 x 3 Hamikonlan matrix.

In Sham’s approach, the tight-binding Hamiltonian matrix contains all non-vanishing

overlap integrals between nearest and next nearest neighbor sites In the fluorine

sublattice. Numerical values of the various overlap integrals have been calculated

by Sham and Duthier, from first principles. Their approach yields energy bands

In excellent accord with self consistent Hartree-Fock calculations of Kunz and co-

workers.’ The utility of the tight-binding approach is that we have wave functions

of simple form that can be readily generated, and the energy eigenvalues them-

selves are obtained very easily only by asking for the elgenvalues of a 3 x 3

matrix.
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We report here studies of some basic propeities of the UP valence band,

within the framework of Sham’s tight -binding scheme descr ibed In the preceding

paragraphs. With a method described below, we calculate the density of states

within the valence band. Within the framework of the most naive interpretation

of the photoemission process , this property may be related to the energy distri-

but ion of electrons photoemitted from the material. What we have actually calcu-

lated is a local density of state s, as a function of distance from the crystal surface

( for a LiF sample with a (100) surface ). This local density of state s is identically

equal to the bulk density of states in the crystal Interior , and through its depend-

ence on distance from the surfac e we can address the question of how sensitive

data such as the photoe mission data is to surface properties. In covalent semi-

conductors , photoemission data is extremely sensitive to the electronic structure

of the surface. Surfac e electronic state s show through prom inently in the data on

these compounds.

In the calculations we have carried out, we begin by considering a slab of

material with finite thickness , The electronic wave functions are found for the

finite slab, and its electronic properties are then readily studied as a function

of distance from the surface. We choose (100) surfaces for the slab, since elec-

trostatic considerations suggest strongl y that these electrically neutral, tightly

packed surfaces will be encountered in practice.

If we conside r the natu re of the electron state s In a slab with a finite numbe r

N of layers , then periodic boundary conditions applied to the two directions par -

allel to the surfac e lead one to construct functions with Bloch character in the two

directions pa rallel to the surface. However, since translational invariance no
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longer holds In the direction perpendicular to the slab (the z direction here),

these functions do not have Bloch character with respect to translations normal

to the slab.

Within the framework of the tight-binding model set up by Sham, for the slab

the electronic wave functions have the form

-, _,
ik • L

4~’ ~ (~
‘) = ~ E ~~~~~ (L~ 

; a) e 
~a 

- 1) (2)
l i z

In this expression, - t) is the same atomic p orbital as found in

Eq. (1). The sites In the fluorine sublattice are labeled by the vector =

+ z L~ , where L
~, 

is the projection of L onto a plane parallel to the slab sur-

faces. The factor of exp (1 i’~ • Z ) insures that the wave function is a Bloch

function with respect to translations parallel to the slab surfaces. The (two-

dimensional) wave vector of the Bloch function is

The coefficient A j~ (L ; a) is a measure of the amplitude in the wave

function of the p orbital ~pp 
Z
associated with the layer L 

~ • The subscript n

is a quantum number which labels the various Bloch states of wave vector

On the infinitely extended medium, the wave function is also labeled by three

quantum numbers: the three components of the wave vector. Since k
~ is no

longer a good quantum number for the slab, we must Introduce a new label.

One may find the coefficients A1~ ~ 
( L~ ; a) along with the energy eigen-

values E~ (~~~) by diagonalizing a Hamiltonian matrix for the slab. For the

present tight-binding model, if we have a slab of N layers, we are led to a

3N x 3W Hamiltonian matrix. This matrix is set up from the basic 3 x 3 used
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to generate the bulk band structure. For the model of the valence band set up 
S~

by Sham, the 3Nx3N matrix becomes purely real if one writes it in terms of

the representation

A~ ~(l; x)

A~’~~( l ; y)

f
: (3)

I~ A~~~~(N;x)

\\ iA~ (N; z)
i n

that Is to say, one uses a representation in which the components Aj~ ~ 
(L~ ; z)

are preceded by an explicit factor of i • In this representation , the Hamiltonian

matrix assumes the form

/~j (oo) 11(0 1) H (02) 0 0 •

/ H( 1O) H(00) H(0 1) H(02) 0 •

H(2 0) jj (l0) ji(00) ~ (0 l) ~j (02)
= 0 H(2 0) 11(10) 11(00) 11(0 1) (4)

0 0 11(2 0) 11(10) H(0 0) S

where the explicit form of the 3 x 3 submat rices l- I( i j)  are given in the Appendix.
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S In the Hamiltonian matrix of Eq. (4), we have presumed the tight-binding

overlap integrals In the surface to be the same as those In the bulk. This as-

sumption may be relaxed readily if desired , and changes in the overlap Integrals

(produced, for example, by shifts In the atomic positions near the surface ) are

easily Incorporated into the calculation by modifying entries in the submatrices

H(i ,j ) near the two extre mes of the Hamiltonian matrix. 
S

An important effect we do account for is an energy shift of the surface p

orbitals that arises because the Madelung energy of an electron in the surface is

higher than when it Is In the bulk. This surfac e Madelung shift has been calcu-

lated for the present geometry by Maradudin, and also by the present author. S

The Madelung surface shift amounts to about 0.4 eV, which is a small fraction

(
~ 

12%) of the width of the valence band. We shall see that this energy has a

dramatic effect on the electronic states near the surface: it pushes a band of

surface states out of the top of the valence band, In a limited region of the two-

dimensiona l Brillouin zone near the zone boundar y. These surface states intro-

duce sharp structure In the local density of state s In the outermost atomic layer

of the crystal; this structure disappears quickly as one moves Into the crystal

S 
interio r. We find no electronic surface states in the absence of the Madelung

shift, incidentally.

The principal quantity we 4udy is the local density of states , as a function S

of distance from the surface. By definition, the local density of states is

p(
~ ; E )  = ~ * ( ~~)~

2
6 (B - En (~~i )) ‘ 

(5)

where the sum on covers the 2D Brlllouln zone for the present structure.
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Actually, Eq. (5) is a rather complex function because the atomic orbitals

q, (i - t) appear explicitly. What we calculate instead is the local density of

states averaged over a unit cell in plane L
~

:

P(L~
;E) = J d3x p(~~, E) . (6)

unit cell
in plane L~

If the form of the Bloch function given In Eq. (2) is substituted into Eq. (6), and 
S

we ignore overlap between atomic othitals In neighboring cells, then we have

the form

2 -,
p(L~

;E) = 
~~~ ~

A
~~n

(Lz;a)I o (E_ E~(k 11 )) (7)

Before we present the results, we comment on the computational method used

to calculate P ( .e~ ; E) . Similar calculations for silicon surfaces and the surfaces

of Ill-V compounds2 appear in the literature. These calculations use the Gilat-

Raubenheimer method for evaluating the sum over , after replacing the delta

function by a gaussian with width of a few tenths of a volt. The second step is use-

ful, because one samples a limited number of k~ values, and only a discrete

eigenvalue spectrum obtains as a consequence. S

The calculations here proceed differently. The delta function has been re-

placed by a Lorentzian with full width at half maximum of 0.2 eV. The “tails” of

the Lorentzian help smooth out structure Induced artificially by the use of a finite

number of elgenvalues In the sample, In the view of the present author. Indeed, the

density-of-states curves we find are substantially smoother In appearance than those

found In the literature. %* believe this Is one reason for the Improved results.
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In the recent literature , there has been considerable attention devoted to

performing wave-vector sums through use of “special points ” in the Briflou ln

zonei~’
4 The idea is that we can get by with rather few points if the points

are chosen with certain convergence cri teria in mind. Arra ys of special points

can be found in the literature for various two- and three-dimensional Briliouin

zones? 5 The pre sent calculation s employ Cunningham’s net of ten points in

the irreducible portion of the Brillouln zone of the square lattice.

In Fig. 1, some principal results of the calculations are displayed. The

calculations presented In Fig. 1 ignore the surface Madelung shift; we turn to S

the effect of this shift later. Since several pieces of information appear in the

figure, we comment on them step by step. 
S

The solid line in the figure represents the local density of states six layers

in from the surface. This should, in fact, prove an excellent app roximation to

the bulk density of state s in the valence band. One sees two gross feature s, a

broad peak at the energy +30 mlii Hartr ees, and a sharper feature near -50

mliii Har trees. Upon these two features small amplitude wiggles are superim-

posed. These small wiggles have their origin In the fact that a finite slab has

been employed In the calculations. (Again, the 15-layer slab has been used. )

In such a slab, one gets standing wave resonances within the valence bands , and

this produces structure In the density of states.

To check if the local density of state s has indeed converged to the bulk density

of states by the time one moves six atomic layers into the material , we compare

the local density of states In layer five with that In layer six. The circles In Fig. 1

show the values of the local density of states In layer five, at selected energies.
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Fig. 1. The local density of states for the valence band of a LIF slab with a (100)
surface. In the figure, the solid curve gives the local density of states In the sixth
atomic layer In from the surface , and the dots the local density of states In the S

fifth layer at selected energies. The dashed curve is the local density of states
In the surface, and the inset is taken from Ref. 1.
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In all cases, the points fall extremely close to the solid curve. Thus , we conclude

that since p(5;E) and p(6; E) agree closely with each other , the local density of

states has converged to the bulk density of states for the valence band by the time

one is some five atomic layers in from the surface.

We remark that the close agreement between p( 5;E) and p ( 6;E) serves as

a check on the accuracy of the special point array as a means of approximating

the sum on in the expression for the local density of states. For each indi-

vidual state In the sum on n in Eq. (7), the numerical values of A~ (5;a) and

A~ (6;a ) differ very substantially, save for a few special states. Thus, each
‘-II ~

individual term in Eq. (7) for Lz = 5 assumes a numerical value quite different

thar that for = 6, but yet the comparison in Fig. I shows that p (5;E) and

p (6; E) agree well with each other at each energy . We find this result most re-

assuring, since In calculations that will be performed in the biture, we plan to

make considerable use of special point methods for evaluating Brillouin zone

sums.

We conclude from the above remarks , that the solid curve In Fig. 1 gives an

accurate account of the valenc e band density of states for the model. The histo-

gram In the insert gives results for the valence band density of states obtained by
Kun.z et al..1 In the insert, the solid line is experimental X-ray emission data.

Our calculation provides considerably more resolution than displayed in Kunz ’s

work, but the overall features are In good accord. The two calculations produce

very similar values for the band width, and for the relative height of the two

prominent peaks.
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S 

We remark that for UF , the photoem isston energy distr ibution curve s show

a doi~ble peak structure (the peaks are not quite resolved, but they are clearly

discernible) with relative peak heights consistent with the calculations In Fig. 1.

This suggests that in LiF, the photoemission data is not greatly Influenced by the
—5

variation of matrix elements ac ross the valence band.

The dashed curve in Fig. 1 gives the local density of state s In the outer-

most atomi c layer of the crystal , for the case where the surface Madelung shift

is ignored. One sees its qualitative shape and form is remarkably simila r to the

bulk valence band density of states. This is in contrast to the local valence band

density of states in silicon, and in the rn -V compounds.2 As one moves toward 
S

the surface, in the present case , the two prominent peaks in the local density of

states have smalle r splitting than the peaks in the bulk ; the apparent valenc e

band width seen by an electron in the surface is smaller than that seen by an

electron in the bulk material. The effect is not a lar ge one. The physical origin

of this phenomenon is clear. In a simple model with nearest neighbo r hopping
S 

integral V, an electron in the !~CC structure has twelve neighbo rs to hop onto,

if placed on a given site . The time required to do this is ft / 12 V, and the band

width is ~ 12V. For an electron in the surface , there are eight neighbors only,

and one is led to estimate 8Y as the effective band width In the surface. The

model used here is considerably more complex than that considered in this argu-

ment , so the arg ument is reliable only as a qualitative and not a quantit ative guide. 
S

S 

One may inquire how far into the bulk one must penetrate before the separa- j S

tlon between the two peaks evolves into the bulk splitt ing. The calculation s here

show that even in the second atomic layer (first interior layer), the local density
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of states Is remarkably bulk-lik e In appearance . This is illustrated in Fig. 2,
where the local density of state s In the outermost laye r is compared with that In
the first Interio r layer. In silicon and in the III -IV compounds, theoretical calcu-
lations show tha t the local density of states changes from surface behavior to bulk
behavior in some four or five atomic layers. However , in these compounds the
local density of states In the second and third layers shows identifiable and clear
deviations from the bulk . Such features are lacking in the presen t case.

The calculations carried out above provide an accurate description of the bulk
density of states in the Sham model of the LLF valence band. In addition, they ex-
plore the spatial variation of the local density of states with distance from the
surface, for the case where the surface Madelung shift is ignored. We next turn
to an assessment of the role of the surface Madelung shift.

In Fig. 3, the solid curve shows the local density of states in the surface
layer o~ the crystal in the presence of the surface Madelung shift . The dashed
curve is the local density of states six layers in from the surface. We first re-
mark that In laye r 5, the local density of state s is little affected by the energy
shift of the surf ace orbita ls; save for small details, the dashed curve in Fig. 3
is very similar to the solid curve in Fig. 1.

However , the shape of the local density of states in the surfac e is quite dif-
ferent. Ther e are now thr ee prominen t peaks ~t p(1; E) rathe r than the two that
appear in Fig. 1. In Fig. 3, the lowest energy peak near -30 miii Har trees is 

5

essentially the low energy peak In Fig. 1 shifted upward by the surfac e Made lung

shift. The peak at +30 miii Hart rees in Fig. 3 bears a similar relat ionship to
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Fig. 2. A comparison of the local valence band densi ty of states for the
L1F slab in the outermost atomic laye r (solid curve ) with that in the first
Interior layer (dashed curve).
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S Fig. 3. The local valenc e band density of state s in the oute rmost layer
for the LiF slab (solid curve), for the case where the shift in Madelung
energy of the surface orbital is accounted for. Also shown is the local

S density of state s in layer 6, calculated in the presence of the surface
orbital shift.
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that at +20 mliii Har t rees in Fig. 1. These result s are sure ly expected on

physical grounds.

The sharp peak near ÷50 milli Hartrees in Fig. 3 is a qual itatively new fea-

ture introduced by the surface Madelung shift. Upon varying the surface orbital

energy about the value appropriate to the Madelung shift , we find this feature

moves progressively upward as the energy of the surface orbital is moved up-

ward . Quite clearl y then , this feature has its origin in surface state s pushed

upward and out of the valenc e band by the Madelung shift of the surface orbita ls.

This identificati on is confirmed by Fig. 4, where the local density of state s near

the top of the valence ban d is plotted as a function of distanc e from the surfa ce. S

The sharp peak at +50 milli Har trees appears only in the density of state s of the

outermost layer. The surface states are evidently localized in the very near vicin-

ity of the surface.

One may inqu ire into the natur e of these surface states. A partic ularly Inter-

esting question is the extent to which they appear as a consequence of some special

featur e of the present model, or whether one expects them to persist even in the S

presence of changes in the nearest neighbo r hopping integrals near the surface. 
S

We argue that the latter statement is correct.

Examinat ion of the slab eigenvectors shows that the surface state s occur near

the point k~ = tr/2 a0, k~ = ir /2 
~~~ 

which lies on the bounda ry of our two-

dimensional Brullouin zone. Right at the point k~ = IT 12a0’ 
k~’ = ~ /2 a0, the

nature of the surface states can be explored by analytic methods. One first writes

out the explicit form of the equations for the eigenvectors A~ (L ;a) at this point ,
N ~ S

and transforms them to the new basis
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Fig. 4. The sharp feature in the local density of state s at the sur-
face, plotted as a function of distance from the surface .
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Bi (L
~
;+) = 4. (A ~

5 (L
~
;x ) + A~~~(L~;y ) ) (8a)

B1 (Li; — )  = 

~~~~~~~~ 

(A ~ (L i ; x) 
- A~ (Li ; y) ) (8b)

Bi (L ; z) = A~ (L ; z) . (8c)
II II

Then one finds the equations decouple into a set which involve B1 (L i; +) and

BI (L ; z), and a set which Involve B -
~ 

(.L ; — )  uncoupled from B -
~~ 

(L ; +) andz k11 z k11 z

Bj~ (L i ; z). The computer results show the surface state arises from the set which

involve B-’ (L ; —). The equations satisfied by B-’ (L ; - )  involve~~~~ the nextk11 z k 11 z
nearest neighbor hopping integrals~~ and 6; all the terms which Involve the near-

est neighbor overlaps a, $, and V drop out.

As one can see from the numerical values of the hopping integrals given at the

end of the Appendix, the next nearest neighbor hopping integrals are very small

compared to the nearest neighbor integrals. To a very good approximation, when

= (ii / 2 a#j~ ~r / 2 a0~~~
’ 
as far as the B 

~ 
(~~~; — )  equations are concerned, the

layers behave as they are only very weakly coupled to each other. Thus, the sur-

face Madelung shift easily Induces a state highly localized at the surface, split off

above the remaining valence band states by an energy very close to the surface

Madelung shift. The numerical calculations are quite consistent with this view.

Even if we allow the overlap integrals in and near the surface to change from

their bulk values, say because of changes in surface lattice spacing,6 it will re-

main true that the equations for B~ (—;  L~ ) will contain only very small next

nearest neighbor overlap integrals, and the surface Madelung shift will split states

off from the valence band, at this point of the two-dimensional BrhllouIn zone. It is
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for thi s reason we expect the surface states we find to be a general feature of

the LIF surface, and not a special consequence of our neglect of overlap integral S

changes in the near vicinity of the surface.

As one moves away from the point (~~/2 a0, ir/2 In the two-dimensional

Brillouln zone, we find a band of surface states which merges with the top of the

bulk valence bands. For example, we find no surface states at £‘~ = 0.

At the electron energies (~~eI 40 eV) relevant to the photoemission studies of

Poole and co-workers? the electron escape depth is very large compared to the

lattice constant. It is the order of ten lattice constants or greater. Thus, the

photoemisslon data probes the bulk properties of the crystal, since we find the

local density of states varies appreciably from the bulk valence band density of

states only In the outermost atomic layer. Indeed, it is gratifying to see the

double peaked structure we find reflected In the photoemission data. The width

of the valence band in the Sham model is found to be substantially smaller (by a

factor of two) than that assigued to LiF by Poole et al. We believe It is difficult

to assigu an accurate valence band width to a material such as an alkali halide on

the basis of photoemission data taken on thick samples. For example, di Stefano

and Spicer8 find that for thin sample s of CsI , the width of the energy distribution

curve is considerably narrowe r than in thick ones. In large gap materials, where

the electron mean free path can be long, the electron has time to engage In phonon

scattering, unless the sample is much thinner than the mean free path for phonon

emission. The phonon scattering can smear out and broaden the energy distribu-

tion observed In photoemission, and lead to an apparent valence band width larger

than the true width.
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APPENDIX: EXPLICIT FORM OF THE HAMILTONIAN
FOR THE N LAYER LIF SLAB

In this appendix, we list the non-zero elements of the 3 x 3 submatrtces

H(lj) that enter the 3N x 3N Hamiltonian matrix defined In Eq. (4). Note that

since H is a real symmetric matrix (In a representation where the elgenvector

has the form displayed in Eq. (3)), we only need specify H(0 0), H(0 1), and

H(02), since H(J i) is the transpose of H(ij) . In the list below, only the non-

zero matrix elements are specific. The numerical values of the overlap parain-

eters a, ~~, 
y, 6, and t~ employed in the calculation are given at the end of the S

calculation.

We have for H(0,0) (with k
~~~a0 

= 0, ’ k~’a0 = 0y ’ where a0 is the Li-P

separation)

= 4acos(0~
) cos(0~

) + 2 fl C OS (2 0
y

) + 26cos(20~ )

H(0,0)~~ = 4a cos(O~ ) cos (0~ ) + 2~ cos(20~
) + 26cos(2O~ )

= 4Vcos (0~ ) cos (0~
) + 2-tp ( cos(2O~

) + cos(2O~ ) )

= H(0,0)~~ = -4 ~ eIn (Ø, ) sln(O~
)

Then for H(0 l),

H(0l),~ = 2Vcos(0~ ) + 2ucos(0~
) S

H(0l)~ , = 2Ycos(ø
~

) + 2acos (0~ ) 
5

____________________ 
______________  
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H(0 l)~~ = 2a ( cos O~ + cos O~ )

H(0 l),~ = - H(0 l)~~ = +2
~~

s in(0~
)

H(0 l)~~ = -H(0 l)~~ = +2$ sIn(O~ )

Finally, H(02)  has only diagonal elements:

and 

H(O2)~~ = H (02)~~ =

H(02)~~ = 6

In mliii Hartrees, the parameters used In the calculation are those found

by~~ ain:

a = 7. 3632 5
= 9. 6918

S V = -2.3286

6 = . 62936

S “ =  .04599 . 5

S

5

~~~~~~~~~~~~~~~~ 

. 
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D. LOCALIZED ELECTRONIC STATES IN ALKALI HALIDES
ASSOCIATED WITH A SUBSTITUTIONAL ANION IMPURITYt

A. A. Maradudin
Department of Physics

University of California
Irvine, Califi rnia 92717

and

Xonics, Incorporated
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~:
A tight-binding calculation of localized electronic states pushed out

of the top of the valence band of an alkali halide by the introduction of a

substitutional anion impurity is presented .
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The formulation developed here is for materials with the rocksalt structure.

To simplify writi ng, the case of lithium fluo ride is considered.

In the present section the equations whose solutions yield the energies of the 
S

localized state s are established. These Involve certain Green’s functions associ-

ated with the unperturbed F sublattice, as well as overlap Integrals between 2 p

orbitals on the Impuri ty ion and on its neighbors in the F sublattice and similar 
S

integrals Involving the perturbation of the crystal Hamiltonian caused by the in-

troduction of the impurity ion. The evaluation of these Green ’s functions and

integrals will be described in succeeding reports, together with the solution of

the equations for the energ ies of the localized electronic states.

The valence band in L1F is determined by the three 2p orbita ls centered on

each of the ions constituting the F sublattice. Therefure, in studying the possi-

bility of the formation of localized electronic states which are pushed out of the

top of the valence band by the introduction of a substitutional impurity into the F

sublattice, it is with only this sublattice that we need to be concerned.

The F subla ttice in LiF is an fcc lattice. The tran slation vectors of this

lattice are

(1)

where L1, L2, L3 are any three Integers, positive, negative, or zero , and where

the three primitive tran slation vectors are

a1 = -~~(0, 1, l )  , = (1, 0, 1) , = 
~~~

Q- (1, 1, 0) . ~2)
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We pick the origin of our coordinate system at the impurity site. The one

electron Hamiltonian for the present problem can therefore be written in the

form H

2m L

E ~~~+~~~V ( i~) . (3)

Here V ( i~) is the F ion potential seen by the 2p electrons while

= U(~~) - V(i~’) . (4)

5 

In Eq. (4) U (?) is the impurity Ion potential seen by the 2p electrons of that ion.

We assume that the Introduction of the substitutional Impurity does not alte r the

O.~ symmetry of the impurity site.

The p-like eigenfunctions of (p2/2 m) + V ( ~~~) 
obey the Schrödinger equation

[
~~

. + V(~~)] ~~(~~
‘) 

~o , a = x , y, z . (5)

The p-like eigenfunctions of (p2 /2  m) + U ( r) obey

+ U(1I’)]X~
(i
~
) = 

~l ”a”~ 
a = x,y, z • (6)

The orbl tals ~Øa(r
~
)
~ 

and { X~
(i

~
)
~ 

will be assumed to be real and to be

orthonormal among themselves. 5

We wish to solve the Schr~dInger equation

= E *(i ’) . (7)

. 

5,
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To do so we write

= E C  ( 0 ) X  (~~~~
) + E E C (L) Ø (~~ -~~(L) ) . (8)

a a a a L Q ~0 ) a  a

When we substitute Eq. (8) into Eq. (7) and use the orthonormali ty of the

{ X~( ~
) } and the { &~( ~

‘) } the resultin g equation for the expansion coeffi-

cients ~C (L) can be written in the form
~~a

E H (Lit’ ) C (.1’) = E 2 0 ~(LL ’) C (L’ ) . (9)

The Hami ltonian matrix Hafl (L L’) can be wr itten explicitly in the form

Ha~~
(L £7 = 

~ o ~ ‘o fd
3r X ( ~~) [~~~~~~~ 

+ AV] X
p

(~~ ) +

+ 
~to ’ 1 

~~~~~~~ 
~~ y~( ~) [H0 + AV] Ø~ ( i~ 

- t ( .1’ ) )  +

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
÷

= I
~Iflt (L ’L) . (10)

The overlap matrix O~~(L £‘) has the explicit form

O~~(L L ) = ö
~~0 ~z’o ~~~ + 6~~ ( 1 - O~~~) 1 d3r ‘<am ~~(it - ~~(L ’) )

+ ( 1 - 6~~ ) 
~~~~~~~~~ 

J d
3r c~~~ 

- ~ (Z) ) X~ (~~) +

+ (1 - 6~~) (1 - 6 VO~ $ d3r cr - ~ (L) )  øp
(~~ 

- 

~~~‘)

= °pa~’~~ 
(11)
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Our next step is to separate the two matrices H~~ (U’) and O~~(U’) Into
their unperturbed and perturbed parts

H~~(LL ’) = H~~(LL’) + AH~~(LL’) (12)

O~~(L2’) = O~~(W) + ~ O~~(LL’) . (13)

(0)
The matrix H~~ (U’) is given by

(o) 3 - -, -, -~H~~(LL’) = fd r &~
( r - x (L) ) 1-Is Ø~ ( r  - x(L) )

= 
~ o ~.vo $ d3r 

~~~~~ 
hbo øp( )  +

+ (1 - 6L’O~ 5 d~r 
~~ ~~ H0 çA~ ( - (t) )  +

+ (1 - 8L0~ 
6L’O f d3r 

~a ~ 
- 

Ho 
(it) ÷

• + ~ l - 

~~~~~~~ 

) - 

~ ‘o~ 5 d~r 
~~ ~ 

- 

~ (L) ) Ho (j :~ -

(0)
= Hp (L’L) . (14)

Subtracting this expression from that given by Eq. (10), we obtain

= 
~ o~.vo ~ 5 d3r Xa (

~~
) 

~ o + ~ VJ x~(i~
) -

- 5 d3r Ø ( ~
’) H0~~~~~~~~~~~

’
) +

÷ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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- fd~r~~a
(
~~) Ho Ø~

( i’(L)) I +

+ (1 - 6~~) 6L’O ~ fd
3r 0cr~ 

~
‘ 
-l(L)) 

~~~Ho + AV] X~( i*) -

- fd
3r Øa(~~

-i
~
(L))HO~~

(
~
’
)I +

÷ (1 - 6L0~ ‘ ‘~ 
6L’0~ 5 d~r 

~~ 
- ~ (L))  AV Ø~( i~’ - ,t U’)) . (15)

The unpe rturbed overl ap matrix is given by 
S

O~~~(LL ’) = $ d3r 
~~~ 

- 
~t(L) Ø~ (~ 

- t(t’) ) = O~~ (L’L ) . (16)

It follows that the perturbing overlap matrix is given by

AO~~(LL’) = 6~~ ( 1 - 
~~~~ 5 d~r [Xa( j !) - 0a~ ~~ ~ x 

~~~~~ ( ~ 
- i~(L’)) +

÷ ( 1 - 6~~) 
~~~ $ d3r 

~~ ~ - i’(L) )  [ X ~( i~) - (i~’) ]  . (17)

We now turn to a study of the properties of the four matrices FI~~(LL’) ,

O~~ (U’) , AH~~ (U’), and AO~ (LL ’).

We note first of all that I-I~~(U’) and O~~?(LL’) have the property that

H~~~(L + m L’ + m)  = H~~ (LL’) (18)

• O~~ (L + m £‘ + m) = O~~ (LL ’) . (19)

Thus these two matrices depend on the cell indices £ and 1’ only through their

difference.

1 
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The fcc lattice belongs to the space group Oj~ (as does the rocksalt lattice).

The operations of this group are written In the Seitz ’ notation as { s i  i
’( m )

Here S is a 3 x 3 real , orthogonal matrix representa tive of one of the rotations

(proper or improper) which constitute the point group of the space group of the

crystal 
~°h in the present case). ~ ( m) is a lattic e translat ion vector. This op-

eration is defined by its effect on the position vector ~ (L)

~‘(m) ) ~ (L) = 
‘
~ i’(L) ÷ ~~ (m) E ~ (L) . (20)

The last equation expresses the fact that because 
{

~~~~~L ~(m) } is a symmetry

operation it must send a lattice vector “(L) into another lattice vector, which

we denote by i’(L) . We will use the convention of denoting by upper case letters

the site into which a site labeled by the corresponding lower case lette r is sent

by a space group operation. Finally, we emphasize that we use the active con-

vention, in which the space group moves the points of the crystal with respect to

a fixed set of coordinate axes.

The site symmetry of each lattic e site of an fcc lattice is that of the point

group °h• Under the operations of this group the orbitals ø~( i~) } and

~ 
X
~:~

( ~
) transform according to

0a~ ~ 0a ~~ 
- ‘ = ~~ (S)  

~~~~~ 
j ?~ (21)

Ps Xa (ir)~~~Xa
(Th i~) = E ~~~~~~(S) Ø~ ( i )  (22)

49 (4 )where r (S)  is the matrix represent ing the opera tion S of the group °h in

the irreduc ible representation r4 .  This representation is the polar vector
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irreducible representation, whose basis functions are x , y, z , and it is the

irreducible representation according to which p-like orbita ls tra nsform . In the

case of the group oh we have the simplifying result that

49I4..~r ’ ‘(S) = S . (23)

If we use the fact that the unperturbed Hamiltonian Ho is invariant under all

operations of the space group O~, we obtain the following transformation laws

for the matrices I-I~~ (U’) and O~~ (LL’) when the crystal is subjected to an op-

erat ion from this group

H~~ (LL ’) = ~ S~~ Sp H~~~(W ) (24)

(0) (o)
O~~ (LL ’) = 2 S~~ S~~ OMv (U)  • (25)

If we assume that these two matrices vanish unless .L = £‘ or t and £‘

are nearest and next nearest neighbors, we obtain the following results for the

nonzero elements of these matrices:

/a0 0
‘i~

(0) ( 0OO 000) = ( t a0 o ) (26)

\ 0  0 a0!

/ a P  O \
~~~~~~~~~~~~~~~~~~~ = 41 °~(000;ir 0) = ( ~ a 0 ) (27a)

\ o o v/

— .,,o~ — 1
H ‘ ( O O O ; l l O )  = H’ ‘ ( O O O ; l l O )  = (-P  a 0 (27b)

109

~ 5 5 ~~~~~~~ ‘S~~~~~~’ S ’ S’S - SS s~~~~~~~S ’ S~~ . . 5 ~ -_ - S-~--- S S~~’S’S_S’S

S —- —- ‘S~~~ 5_55 
‘S 5 — —- 5- ~~

‘S____
~~~_ ’S__S~~~~~_ ~~~~~~~~~S’ S ___ ‘SS _~~_ ’S5~_ ~~~~~~~~~~~~ - f l ’ SS —



—-‘--~~ — ~~~~~~~~~—~~~- - - - --~~~~~~~ -—- —--—--------------~--------- ------

Sec. D

0 $

44j~~ f
H’°’(OOO ;lOl) H’°’(OOO ;TOT) = 1 ~ ~ (27c)

H °(000;TOl) = H~°~(00O; l0 T )  = 
( 

0 7 0 (27d)

o

/y  0 0\
49i~~ —— I I

H’°’(OOO ;Oll ) = H’°’(000;011) = 
( 

0 a fl J (27e)

p a , ”

/ 7  0 0
— — I

H’°’(OOO ;Oll) = H’°’(OOO;Oll) = 1 0 ~ -
~~~ (27f)

-
~~~ a

/ 6  0 0
4 — ,  4—P1 — I
H’°’(000;200) = H’°’(000;200) = 

( 
0 £ 0 (28a)

S 
0 C

/ c  0 0
4—ti 

~~ 
4”o’ — 1

H’°’(000;020) H’ ‘(000;020) 
~ 

0 6 0 (28b)

O 0 c

/ E  0 0
— I

H (000;002) = H (000;002) = 
( 

0 0 (28c)

0 0 6

‘S 

/1 0

1! ~~ °~(000;000) = 1 0 1 0 (29)

/0 0 1

110 
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The forms of the renutinlng nonzero matrices O~°kU’) are obtained from the

corresponding H~°~(U’) matrices on replacing a, fi , 7, 6, C by a’, $‘, y’, 6’, c’,

respectively.

We now turn to the perturblng matrices ~~~~ (U’) and

In the presence of a substitutional Impurity a crystal is no longer invariant

under all the bperattons of its space group. It is invar iant only under that sub-

group which consist s of operations which leave the impurity site fixed while they

send the crystal into itself. This subgroup is called the point group of the Em-

purity site. We will denote it by G • In the present case it is the point group °h~
Although this group is the same group as the point group of the space group in

the present case, we will denote its operations by { R}~ and their 3x3 real

orthogonal matrix representatives by {R ~, in order to make clear in any equa-

tion whether we are dealing with perfect crystal space group operations or with
S operations from the point group of the impurity site.

An atomic position vector ~ (L) is transformed under an operation from G

according to

~ R~~ xp(L) ~ x~(L) R C G . (30)

It is then strai~~tforward to establish the transformation laws for the matrices

~ H~~(LL’) and ~~~~ (U’) when the crystal is subjected to an operation from G.

These are

A H~yp(LL’) = E R~~ Rpv AHMV (U’) (31)

â0

~~

(LL’) = ~~ R~~~ ~~~~~ ~ 0~~(Lt’) • (32)

S - -I
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With the aid of these results we find in the two center approximation, and

with the assumption that only the impurity site and its nearest and next nearest

neighbors are touched by the introduction of the impurity ion, that the only non-
-,

zero matrices AH(Lt’) have the following forms:

/a0 0 0
4-,
àH(000;000) = ( 0 a~ 0 (33)

o a0

/ a  b 0
‘4 44 —— I
AH (000;110) = A H( 000 ; 110 )  = b a 0 (Ma)

\ O O c

j a  -b 0\
44 49 IS 

AH(000;Tl0) = AH(000;1TO) = ( 
-b a 0 

J 
(34b)

\o 0

,a 0 b \

A~H (000 101) = AH(000;TOT) = ( c~ c 0 ) (34c)

\ b o a /

/ a  0 -b
.4 44 I
AH(000;T0l) = ~ H ( 000 ;1O 1)  = ( 0 c 0 (34d)

\ - b 0 a

- 

/ c 0 0
‘4 44 1
AH (000;Oll) = AH (000;OTT) = ( 0 a b (Me)

\o b a
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/ c O O \
4-, 

- 
4, 1

AH (000;011) = AH(000;O1T) = 0 a -b (34f) S

\o~~ b a)

/ d f 0
4-, 4-, 1
AH (llO;1 1O) = ~H(Tl0;iiO) = ( f d 0 (35a)

~ 0 e

/ d -f 0
.4 4-. I
AH(l 10;llO) = AH (110;1lO) = -f d 0 (35b)

~~ ~ e

/ d  0 f \
4-’ 4-’ 1 1
AH (10l;lOl) = AH (TO T;T OT) = ( 0 e 0 (35c)

\f O d /

/d  0 -f-
4-, 4-,
AH (TO 1;T01) = AH(1OT;1OT) = ( 0 e 0 (35d)

0 d

/ e  0 0
4-, 4-, 1
AhH(0l1 ;Oll ) = AH (O TT ;O Tr ) = 0 d f (35e)

o f d

/ e  0 0
4-, 

- 
4., - I

~ H(O 1l ;O11) = AH(O 11 ;O11) = 0 d -f (3Sf)

0 -f d
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/ g 0 0
4-, 4-, 1
AH(000;200) = AH (0 00 ;~~00) = ( 0 h 0 (36a)

0 0 h

/ h 0 0
4-’ ‘4
AH (000;020) = ~ H (00 0 ;02O)  = ( 0 g 0 (36b)

0 0 h

/ h 0 0
4-, 4-, 1
~H(000;002) = AH(000;O0 !) = 0 h 0 (36c)

~ o g

/m 0 0
4-, 4-, — — I
AH(200;200) = AH (200;200) = 0 n 0 (37a)

~ ~ n

/ n 0 0
4-, 44 1
AH(020;020) = AH(0~0;O!0) = ( 0 m 0 (3Th)

0 0

/ n  0 0
4-, 4-, - -  I
~ H(002;002)  = ~ H(0O2;0O2)  = 0 n 0 (37c)

-

S \o 0 m

4-.
The forms of the nonzero matrices AO (U’) can be obtained from the results

given by Eqs. (34) and (36) on replacing a, b, c, g, h by a’, b’, c’, g’, h’, respectively.

(Note from Eq. (17) that AO(LL’) vanishes Identica lly for L =

In what follows we will refer to the three orbitals on the impurity site and on

the ions of the F sublatt ice with which it Interacts directly, as constituting the

space of the impuri ty ion.
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With the preceding results in hand we return to Eq. (9) which, In view of

Eqs. (12) and (13), we rewrite In the form

i~ [H~~ t.&s’~ - E O~~(LL’)] C~U’)

= [
~ 

A O~~(LL’) - AH~~(LL’) Cpa’) . (38)

The elements of the two matrices on the right-band side of this equation are non-

zero only In the space of the impurity ion. To solve it we therefore introduce the

Green’s function matrix %~(U’;E) defined by

,~~ [
~ 

O~~(LL’) - H~~~UL1)] Gpy( L t ’; E)  = 6av 6et”

In terms of this matrix Eq. (38) can be rewritten equivalently as

Ca(L) = L G~~ (U’; B) [AI~~,, (I.’L”) - E ~ O~ , (L’.t”)] C7 (L” ) . (40)

4., 4-,
Because of the localized nature of the matrices ~ H and ~ O, the only coefficients

~ C~(L) ~ which awear on the right-hand side of this equation are those correspond-

ing to the space of the impurity. Consequently, Eq. (40) expresses the coefficient

Ca(L) associated with any site of the crystal as a linear combination of the few

coefficients in the space of the impurity. If we now restrict the Indices (L,a) In

Eq. (40) to those corresponding to ions In the space of the impurity, and denote

the coefficients {Ca(t)
~ 

in this space by ~C~
0)(L ) },  we obtain a set of homo-

geneous equations for the dete rmination of the latter:
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S

C~0)(L) = 

~ 
G~~(U’;E) [AH~, (t’L”) - EA O ~7

(L’L”)] C~,°~(L”) . S

(41)

In this equation all indices (L , a) , (L’, $), (L”, y)  are confined to the space of

the impurity. Equating to zero the determinant of the coefficients In Eq. (41) we

obtain the equation for the energies of the impurity levels lying above the top of 
S

the valence band:

det [6 6LL” - Z G~~ (LL’; B) [AH~y as ~s) - E AO~7 (L’L” )] ] 
= 0

(42)

It should be noted that in the approximation in which the impurity ion inter-

acts with only its nearest neighbo rs the matrix whose dete rminant is being evalu-

ated in Eq. (42) is a 39 x39 matrix ; if the impuri ty is assumed to interact with its

nearest and next nearest neighbors, this matrix is a 57x57 matrix. We will see

below, however , that group theory enables us to block diagona lize these matrices

so that the dimensional ities of the dete rminants which must actually be evaluated

are quite small.

Central to this approach to the calculation of impuri ty levels are the elements

of the Green ’s function matrix G~~ (U’; E). We now turn to their evaluation.

We begin by exploiting the translational symmetry of the unperturbed crystal

to expand G~~(LL’;E) in the form

1 ii~. (~ (L) - ~ (L’))
G~~(U ’; E)  = ~~- ~~~ ç~ 

‘S

~~~ 
E) e , (43)

-,
where the N allowed values of k are uniformly and densely dist rthuted throughout

the first Brillou in zone for the fcc lattice . if we also use the expansion
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ii ~(~~(p) — 

S

= 

~~~ E e  , (44)

then on substituting Eqs. (43)-(44) Into Eq. (39) we obtain the equation for the

coeffic ients ç~ (~~ 
E):

ZD~~(kIE) g
fi7

(kIE) 
~~
,, 

(45)

where 
S

(o) -~ -,
D~~( k I E )  = E O ~~ (k) - H~~(k) (46)

with

( )O~~(k) = E O~~(U’) e (47)

~~~ ,—‘ ,~~~~ 
—‘ , ,

I)
H’~~(k)  = 2~ H’~~(LL’) e . (48)

It follows from Eq. (45) that

E) = D~ ( E) . (49) -
S

If we make use of the results given by Eqs. (26)-(29) we can wr ite the follow-

lug explicit expressions for the elements of the matrices H~°~k~ ) and

= a0 + 4a cos k,~ (
cos ~~ ky + cos ~~ k~) 

+

+ 4y co8~~~ kY
cos~~~ kZ + 26CO8 kX al)+

F + 2 c (cosic, a0 + cos k~ a~ )  
(SOs)
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(
~~ 

ao aoH~~ ( k ) = . 4 $ sth y k~~sIn T ky (SOb)

O~~(~ ) = I ÷ 4cr ’ cos ~~ k,~ (cos 2. ~~ + cos 9 k~ ) 
+

S 

+ 4y ’cos ~~~~ cos k~ + 26 ’ cos k~ so +

+ 2 t ’ ( cos k~ a0 + cos k~ a0 ) (SOc)

O~~(k) = -4~’ sin k,~ sin ky • (SOd)

The remainin g matrix elements can be obtained by cyclic permutations of the sub-

scripts.

The evaluation of the Green ’s functions Ga~
(LL ’; E)  can be greatly simplified

by the use of symmetr y arguments. We note first that if we combine Eqs. (24),

(25), (46)-(48), we can establis h the following transformation law for the matrix

(ic’I E) when the unperturbed crystal is subjected to an operation from its

space group:

D~~(SklE) = ~~~~~~~~~~~~~~~~~ . 
- 

(51)

(It is this result which underlies the comment following Eq. (50). ) It follows,

therefore , that the matrix (k B) obeys the same transformation law

g~~(ik~ E)  = ~~~~~~~~~~~~~~~~~ . (52)

Moreover , because every ion is at a center of Invers ion In the unperturbed crystal,

Eq. (43) can be rewritten as
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G~~(LL’;E) = ~~ (~
‘
~E) cos k •  (~ (L) - t(L’)) , (53)

since ~, (-~‘I E ) = ~~~~~ B).  Now i~’ Is a dummy summation variable. We can

therefore replace it by S k, where S represents one of the operations of the point

group of the space group of the host crystal. We do this for each element of this

group In turn sum the results over all group elements , and divide by the order of

the group. In this way we obtain the result that

G~~(LL ’;E) = 

~ ~~~ ~~~ 
(
~TI E) x cos j~~ (~~(L) - L’)

= ~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ x

~, 44—1 -.
x cos k • S (x(t ) - (x( L ) )  , (54)

where h is the order of the group ( h = 4 8  In the present case). This result can be

simplified a bit. Since the point group °h ~s the direct product of the group C~ and

the group 0, where C~ is the group of order 2 whose elements are the identity

and the Inversion, and because the effects of Inversion have already been taken

Into account In the replacement of exp (I ~
‘. ( ‘(L) - ~ (L’)) by cos i~. (~‘(L)

- ~(L’)) in Eq. (53), we can replace °h by O i n  Eq. (54) and take h = 24. When

we do this we obtain finally (x(L) - x(L ’) x )

G,~~(LL’; E)  = ~ ~~~~~~~~~ cos k
~ 

x x

x (coe k~,y cosk~z + Cosk~ Z coa k~
y) + & ~, (~~~E) x
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x cos k~, x (cos k z cos k y + cos k~ y cos k z )  +

+ ;~ (~~l E )  cos k~x (cos k~ y COs k~~Z + cos k~ z cos k~ y)

(55)

G,~~(LL’;E) =~~~ -~~ ~~~~~~~~~~~~~~~~~~~~~~~ +

+ sin k~x sin k~ y 1 cosk~z + &,,~(i~1E ) [Sink y X s1n k~ y +

÷ sin k~x sin k~~ ] cosk~z + g~ (i~)E) [sin Jc~x s1n k~ y +

+ sin k x sln k~ y ]  cos icy z } . (56)

The remaining elements of G~~(U’; E) are obtained from these by cyclic permu-

tations of subscripts.

For both G~~(U’; B)  and G
~~

(U’; E) the summand s In Eqs. (55) and (56),

respectively, are invariant against all operations of the point group 
~i~’ for all

L and t’. These expressions, therefore , are In forms to which special point

Integration methods 2 can be applied.

We now show how group theory can be used to block diagonalize the matrices

G~~(U’; B), AHj~~(U’) and A0~~(W) In the space of the impurity.3 We first

determine the numbe r of time s ea 1 i rr educ ible representation of oh is con-

tained In the (reduc ible) representation of this group provided by the matrices

{ S~~(Lt’; R) which are defined by

3~~(U’; R) = 6(1 1 ) j ’1~~~) ) • (57)
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These matr ices commute with the matric es G~~(LL ’; B), AH ~~(LL ’). and

A0~~(LL ’) In the space of the impurity, as can be seen from Eqs. (31), (32 ), and

(52)-(53). The number of t imes the 5th irred ucible representation of oh is con-

tained In this represen tation is given by

= 
T R~ G 

x (R) x~~ (R )~ 
(58)

where ( R )  is the character of the 5th irreducible representation of °i ,  and 
S

X (R) = 1~ S (U ;R)

44_j _, -,

= Z R t 6 (R x (L), x (L)
a

= (± 1 + 2 cos ~ ) N ( R ) • 
(59)

In Eq. (59) 0 is the angle through which the crystal is rotated about the impurity

site ; the plus sign obtains if the operation R is a proper rotation, while the minus

sign applies if it is an improper rotation (that is, rotation thro ugh an angle 0 fol-

lowed by reflection in the ~ilane perpendicular to the rotation axis; and N( R) is

the number of lattice sites in the space of the Impurity left unmoved by the syin-

metry opera tion R. In the present case we obtain the following results.

A. Nearest Neighbor Impuri ty Interaction

if the impurity ion inte ract s with only its nearest neighbors In the F sub-

lattice , then from Eq. (59) we obtain the following charac ter table:
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R E 8C3 3C2 6C4 6C~ I 8S6 3Gh 6S4 Oad

X ( R )  39 0 -1 1 -3 -3 0 5 -1 3

Thus the representation F of °h generated by the mat r ices ~ S~~(LL’; R) } in 
S

this case reduces according to4

r = r~ • 4 ~~ 24.  2 F • 24 ~ r e r ® 4 I~4 ~ 2 r; . (60)

B. Next Nearest Neighbor Impurity Interaction

If the impuri ty ion interacts with its neare st and next nearest neighbors in

the F sublattice, then Eq. (59) yields the following character table:

R E 8C3 3C2 6C4 6C~j  I 8S6 3
~~h 6S4 6ad

X (R) 57 0 -3 3 -3 -3 0 9 -l 5

The representation F of oh generated by the matr ices { S~~~~(LL’; R) } there-

fore reduces in this case according to

I = 24 ~ 4 ® 3 i’~~e 34 ~ 34. r; • r; ~ or4 ~ 3
(61)

The preceding results imply that if the matrix of the determ inant in Eq. (42) is

block diagonallzed by group theoretic methods, the largest determinant that has

to be solved In the case that the impuri ty is assumed to inte ract with only its 
S

nearest neighbors In the F sublattice is a 4 x 4 determInant, for levels of

symmetry ; in the case that the impuri ty is assumed to interac t with its nearest
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and next nearest neighbors on the F sublattice the largest determinant to be

solved is a 6 x 6 determinant, also for levels of r4 symmetry.

To effect this block diagonalization we Introduce symmetry coordinates In

the following way.3 Let the vector { Ø~~(L) ~ be an arbitrary vector In the space

of the impurity. Construct from it the vectors { 4~~~(L)} in the following way:

= 

~~~~~~~~~~~~~~~~~~~~~~~~~~ 
. (62)

Here s labels the irreducible representations of the point group G; f~ is the

dimensionality of the irreducible representation s; h is the order of G; ~~~ ( R)

is a matrix representative of the operation R In the irreducible representation s;

and S~~(LL ’; R) has been defined In Eq. (57). The vector 4~~~(L) obtained In this

way belongs to the 14th row of the 5th irreducible representation of ~~~ It can be

shown to depend on as many independent, nonzero parameters as the number of

time s (c5 ) the representation s is contained in the reducible representation of G

provided by the matrices { 3~~(LL ’; R) }.  From the vector ~~~~~L) we construct

c~ vectors {~~
saM)(L)} (a = 1,2, . • • , c~) by equating each of the c5 Independ-

ent parameters on which it depends to unity in turn, with all the remaining param-

eters being set equal to zero, and normalizing the resulting vectors to unity. The

c5 vectors obtained In this way will often be mutually orthogonal, but not always.

In the latter case they can be orthogonalized by the Schmidt process. The set of

vectors { *~~~~~
‘ 

~(L) } (s.~ = 1, 2, •.. , f5 ; a = 1, 2, “, c5 ) obtained in this way

is called a set of symmetry coordinates. Each vector *~~~~(L) ( a = 1,2, ... , c8)
belongs to the lAth row of the 5th irreducible representation of G. The set is ortho-

normal and complete In the space of the impurity:

123

- S . ~._t_ .~~__ 
~ .IS. ~~~~~~~~ 

-

p ~~~~~~~~~ ~~- - —-- _S~~
__ 

~~~~~ — -— p______ - p -- -~~
-‘S-- 

~~~~ -~~“S-~~~~~~~ -~~ _ ____ ___ _ ._______ _ _ —-- 5- .. .- — ——-f- --



- - -—--5- - - ‘S
~

’S
~~ -:i—- --- •~~•~~~~~ •~~

Sec. D

E 4,(saJS)
(L)* ~,

(s’a’M’)(L) = ~ss~ 6aa’ 6
I.’J .1~ (63a)

= 6LL’ 6a$ • (63b)

The usefulness of the vectors { g~~~(L) } lies In the fact that a matrix
element of any matr ix M~~ (LL’ ; E) which commutes with all the matrices

{ 5a~ 
(L L’; R) } taken between two vectors ~~~ 

~(t) and 4,(saM ~(L) vanishes
unless s =  a’ and I L =  is’:

M ( s a i s ; s’a ’lA’) E E 4,
(5
~
4S)(L)* M (LL. E) ,~j5

’a’is’)(L,)

fs
= ~~~~

_ 6
55 I~ 6~~. 

~~ 
M(saX; sa ’X)  . (64)

Moreover, when s = s’ and ~ = ~s’ M (s a is; s a’j~) Is independent of is• We can
therefore rewrite Eq. (64) as

~i(s a M ; s ’a’is’) = 6
55. ô~~, M~~ (aa’) . (65)

Thus, if we denote the matrix of the determinant In Eq. (42) by &~ (LL’; E),

A~~~(LL’;E) = 6C~~
6LL’ 

- E G  (LL” ; E )  x

x [~~H~~~a”L’) - E A Ovp (L”L’) ] (66)

and note that each of the matrices entering it commutes with all the matrices

{ S~~(LL’; R) } , we know from Eqs. (64) and (65) that the matrix element of
(U’; E) between the vectors anM)(L) and ~,(s’a’M’)

(L.) ~
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A(aais ;a’a’gs’) = 6 ,  
~~~~~ 

A (sa~s;sa’~s)

~ ~~~ 6IIlA~ ~~~~ 
a’; E) , (67)

where
C

s

E) = 6an’ - 

a~~j 
~~~~~~~~~~~~ a a”; B) x ‘) - B &ö~~ (a”a’] S

(68)
and

E) = ~~ 4~~~~~~~(L )* G (U’; E) 4~
(saM )(L.) (69a) 

S

a

= E ~(salA)
(L)*,~H (U’) 4,(sa’M )(L,) (69b) 

S

~O~~(aa’) = 

~~ 
~ (sa~~)~~~* âO~~(.tL’) ,~(sa’M ) ( P )  . (69c)

Consequently, from Eq. (67) we see that the determinant det A~~(Lt’;E) factors S

into the product of determinants of smaller dimensions

fr
det ~~ , (LL ’;E)  = II I det ~‘

8’(aa’;E)  I . (70)up J

The energies of the localized states are therefore obtained from the solutions of

the determinantal equations

det (a a’; E) = 0 (f 5 times ) (71)

S 

a,a’ = l,2,~~’,c5 .

S ~5 We have implemented the preceding procedure in the case that the impurity 
S

ion is assumed to Interact with only its nearest neighbors In the F - sublattice.
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The symmetry coordinates { 4~~~’~(L) ~ are presented In Table 1. In Table 2

is presented the form of the Green’s function matrix in the space of the impurity

ion, while in Table 3 is shown the form of the perturbing matrix A H~~ (U’).

The form of the perturbing matrix AOa~ (LL ’) is obtained from the latter by

setting a0 = d = e = f = 0 , and replacing a, b, c by a’, b’, c’, respectively.

By the use of these results we have worked out the forms of the matrices S

~ a a’; E), ~~~~fl ~~ a a’), and £ö ~~~ a’) for the irreducible representation

s = I~ . This is a particularly interesting case because is the polar vector S

irreducible representation of the group °h’ and it Is to states of this symmetry

that electric dipole transitions from a totally symmetric ground state are allowed.

These states should therefore contribute to the absorption of electromagnetic radi-

ation by the crystal. The results are S

/ 
A i~ ~~~ C ~TG 1

D .L E JI G3
G~
4
~~(aa’;E)  = (72 )

~ ~ L~c *E F 202

\ 

ii~~1 2 G2 G0

where

A = G0 + 2G2 + G4 + G5 + G6 + 209 (73a)

B = G8 -4- 2G ii (73b)

C = 4Gi + 4Gio (73c)

D = G 0 + 2 G 3 + G4 + G 5 + G6 + 2 G 12 (73d)

E = 4G~~ (73e)

F = G0 + 2 G5 + G7 ; (73f)
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Table 1. Symmetry coordinates for an impurity ion which Interacts only with its
nearest neighbors. We e~q ress the coordinates of the lattice sites through the three
Integers £1, L 2, 13 ln the expression x(L)  = (a0 /2)( L 10 L 2, 23 ), where is
the lattice parameter.

~~~~ i~’~’ i1~” .~~ r” ’) ~~ ~(I3) 
*~

22) ,li 3) p t23) r(*~ p~~~~*) I~~~
3 

~~~~~~ ~,(*3) pP3~

0,1111 ) I I 0 I I I I I I I I I S 0 0 0 S I

4(00.1 I S 0 I I I I I I I 0 S I I I 0 0 0

0,1155) I 5 0 I I 0 0 5 I I 0 0 0 0 0 0 0 0

0,1111) 1 * 1 T T I . S • 0 I T I • I 0 0 1

4(1*5) 1 1 a 1 a a I S 0 I 0 1 I 0 I 0 0 T
0,11*1) S I 0 0 0 I I T I I I I I 1 1 0 0 5

0,(T*I) I I T a * 1 I I • o • I . 0 S I I I

4 (110) 1 z T I I I 0 I I I I I S I I I *
,(TII) 0 I 0 0 I 0 S 1 1 I 0 S I 1 i o • .

0,(1I*) * T 1 • I • z • o I • • i • • • a
4(101) I 0 0 I I I I I 1 I I . . . a s I .
0,1*1*) 1 i * a T a T . . . . • a • e • . .
0,(TO*) 1 1 * 0 2 5 1 I S S 0 I * 5 5 5 5 0

4(101) 0 0 I I I I I S * I 1 I S I 1 I a s

0,110*) 1 * 1 1 1 * i I I I I I T I I S S I

0,10*1) 0 0 0 0 0 0 I 1 I 5 1 5 I 1 I I I .
4(01*) 1 1. 1 I S I S I I S I I I I I I I I

,(I1*) * T t a a I . . • T I I I I I * I I

~, (IT1) 0 0 0 I I • • * . . I . . * . . a s
4(011) T 1 0 1 I S I I * I I I S S * I I

ç(OT*) a 1 a a a I • • S * • I • I I I • •

$~(fTo) I I T * 1 1 I I I I S * I I I I I 1

4(Us) 1 a I z I I . s • • . I • . . . . a
di~(If0) 0 0 0 I 0 I I 1 * • • • . I I . . .
0,UTO ) 1 1 * T I I . . . . . a • • . • . *
4(110) I 1 1 a I T . . • I I I • I I S I I
ç(ZTI) 0 0 0 I I • • I I I I S I 1 1 5 I I

$,(T0T) 1 * * I 2 • I S I I I S T . . . I I

4(TOT) 0 0 0 • • • 0 • I . i . . . 1 . i

0,(TOT) T T I T a 1 a I I I I I I . . • • I

0,1*01) a 1 1 . 1 . I . . . s . I . • I I S

4001) o o a • • I I S I . I . . I I . I
0,1101) T I T 1 1 1 1 • I I • • * I I I I I

clii i) S S • • I I S I . • T . • I • I * S

4(011) T I a • i • . • • T . . • • . T . •

0,(SU) 1 1 1 1 1 a S I I 1 • • • . . I I I

0,15*1) 0 0 I I I I S I • • * . . I S S T S

4(I*T) i a I I a • • • . T . I • S I I . •
0,1111) T I I 1 1 1 5 I I T • • s • • i • •
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Table 1. (Continued)

~~~~~ ,~~~~ ,~~~~~ ~~~ ,~~~) ~~~~~ ,~~~ ~~~~ ~~~~) ~42S) ~~ 3) p443) ~~~~ ,~~1) ~~~) 
~~

2) 
~~ ~

e11

0,(III b S I I I I I * I I I I I I S I 5 0 I I 0 I

4(SI1) S I I I I I I S I I a I 0 I 0 0 I 0 0 0 0

0,1511) I I I I I I I S I I I I I I * I I I I I I

0,1111) 5 I S * S S I I I T I I 0 0 I I 5 1 0 5 I

4(111) 5 I 5 I I I I I a S I I S I I I I I & I S

0,11*1) 1 I * I I I I I I I I I 0 1 I I I I S I I

0,11.0) 5 I S I I S I I I 1 I I 0 S I I I T I I I

4(1*.) I S I I I I I I a • o I I I I I I I T I

0,11*1) * S I I I I S I S S I I 0 1 I I I I I S I

0,1*11) I I 0 * 0 I 0 I I I 0 1 o o o I I I I I I

41*11) I I T I I I S a I I S I 0 S I S I I I I I

0,1*1*) I S I I I I S S I I S I I I S I I I I I I

0,115*) 5 I I I S I S I I S I I I 5 0 * I * S I S

4(111) 1 * * I I I I * I S I I 0 I I S I I I I I

0,111*) 5 I I I a I I I I I I S * I I I * I I S I

0,(I*1) I * I I S * S I I I I I I 0 0 I I S I S I

4(51*) I I S I I I S I 1 I I I S I I a I I S a I

0,101*) 5 I I S S S I I I I I I * I I I I o I I I
0,151*) a T I I I * I I 0 I I I S I S I I I S * I

4(011) I I I I I I I I 1 5 5 1 I S S I I I I I I

0,151*) I I 0 I I I I 0 5 1 I S a I I I I s I S I

0,IffI) I I I * I I I I 5 1 0 I I I I I S I I I I

4(110) I 0 5 I I I I o a • I I I I I I S I I •
çttTo I I * 0 0 I S I I I I I I * I I I I I I I

0,010) I I I I I I I S I 1 S I S S S S S I I I I
4(110) I 0 5 I a o o • a • I I I I I S I I I I I

0,1*10) a • I I 0 0 I 0 I 0 I 0 0 1 I I I I I I S

0,1111) I I I I I I S I I I I I S I I I s a I I I 
S

4(111) 7 7 I 0 I S 1 5 0 5 5 I S I I I I I I I

0,1111) I S S I I • a • I I 0 I * 0 S I I I I S S

0,1107) I I I * I I I 0 I I I * I S I I I * I I I

41*01) i * a I I I I a S I I I I S I I I I I I I

0,1101) 0 5 I I * I 0 0 I I I I * I I I 1 0 1 I I

1 * I I I * I S S I I S I I S I 0 I I I S L
4(011) I S I I I S S I 1 I I I I I I * I 0 I a •
0,1011) I I I I I I S I I I o s a • . o 1 o o 0 I

0,1511) i I I I 0 a I I S I I I I I I I 0 0 I * I

4(1*7) I S S I I I I I 1 I S * I S I 1 0 0 o o

0,1111) I S I I 0 0 0 0 0 1 I I 1 I S 0 1 0 0 0 1

~~~~~~~~~~~
l I l i z l 1 lL I 1 l I I 1 l

~~~~~~~~~~~~~~~~~~~ *~~~~~
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Table 2. The furm of the Green’s function matrix In the space of the impurity ion.

000 /10 T,o 10, 70/ 0 / I  0T~ 770 /70 ToT Fo T  OTT CIT
~.o 0 4 Q 0 1 0 4 0 6,Q,0~~~~6 0 0 4 0 0 Q , 40 G,~~~ 0 G,0 G,G,O G,(40 0 Q ~ O 0

00O 0 G.0 4 E,O i 4 0 O 4 0 0 Gj 0 0
~~~ Gj 0 & 4 G 0 4 4 0 0 G a0 O 40 I 0 4 G,0 G,6

o 01, 0 0G~ 0 0 4 4 °  4 40  6, 0 1,4 0 44  0 1, 0 04  6,0 4 1~0 6, 0 40 , 01,1,

~~40  Q 0  0 4 0 04 0 0  G~~6q4 4 0 Q,~~~4 G, ,4 G,0 40 0 G, G,G, 4 0 0  ~~~~~~~~~~~~~~
,,° Q,Q,o 0 Q~ O 04 . 0 o 4 i GN G O 4 O ~~~G 4 4 O 0 G,0 4 $ ~4 Q 4 G, 446 O QL O

0 04 0 _0G.O 0 G,O G,6,444.Q,04 1J~ 0,0_0 6~~O 0  
_ _ _  

o 4 4 & ~~ U~ 4 0 0 ,
9, ~, 0 4 0 0  40  0 ~~, ~, 0, 4 0  0 ~ 01, 0,~~~~ 4, 4 0  0 44  04 0  00, ~~~~ 4,~~, 1,04

Tb ~~ 4 o o Q,0 O Q 0~~~~4 , 404 G,D 0~0 4 G,,, 04 0  ~~~~~0 a 4 G G L 4 4, 0 4 O
o o 0, 0 04.  0 0 4 4 ~~~ 0 4 6, 4 0 6, 4, ,~~~ 0,, 0 00,. 0 0 6, 0 1, G, 6 ,4 4 ~~~~~~~~~~~~~ i~ 0 4
G,o G 0 4G. 4 G,0 0 4 0 O 4 Q ~0 6 0 G G ,’, 4 0 04 0 6 ,O 0 4 . 4~64 ,~~~4

/0/ 0 9,0 0  9 6  04 0 Q G,0 4 4 0 6,4 0 G.G,,4,0 G 4 0 4 0 04 . 0 4 G,.Q~v4, 4,6I
Q,O 4 0 ~~,G,G C 0 O 4 O O O 0 4 O 0 4 0 , G .0 G G , 4O 4 O 0 0 ~~6~6G,~~~~GaG,

Q O 4 G , 4 4 40 0 4 0 0G,O 0 Q 0 0 4 0 O 4 ,0 0 Q.0 4 Q ~Q~~~~4.Ga 6

Toi O G ~0 6 Q..t~~ 0 6 ~~0~~0G,0 04 O 4 4 0 4 G. 0 O 4 G ,4 6.,4, O Gr O ~~~~~~~~~~~~~~~~~~~~~
i,o G &4. 0 4 6 0 0 G,0 0 6.0 0 4 O 0 G,0 G G4 4 , 4 . 0 O 4 604 i , 6 i4~~~i,G,
G, O0 Q 0 ~~~~G 0 4 0 4 ~~~ 0 4 0 0~~~~0 0 Q 4 .~~~4 Q Q&60 66i0 0 1r 0 0

O~~/ 
04 1,0 G~~0 0 4 0 0 1 4 0 0 Q.0 0 G,d 6 4 0~~~~~~ 4,4, ,~~~ O 4 40 lr O
01,1, 

~~ 
06  I, 04  o 04  0 0 6, 0 0 4 0 04  4 4 4 ,  ~~~~ 0, GM G~ ~,4,Q, 0 4 4  0 0 G,

07/ o G G GG & 04 4 0 4 4 0 0 4 0 0 G 0 0 6 ,0 O 4 0 G G oG G,~4 . 4040  01,4
0~~,6,J,,ëN4D1~66,, 0 0 G,O 0 G . 0 04 0 04 4 0 6, 4 0 G, 6 , 44 , , ,0 0 G ~~O 4 G.
4 4 0 4 4 0  G,-0 04 4 0, ,  ~~ 0 0 6, G,&,,40 4 4 0 09,0 04 0 04 4 4  4 0 4 4 4j ,

S 770 G ,4 0 4 1,0 04 0 0,44, 0 4 0, 6 ,4 404 0 04 0  o4 0  o 1~4 o 4 o 0 ,Q,~~
0 0 Qj 0 O 4 0 O4 .G 4c 0 G 4 0 4 0 0 Q 0 0 Gr 0 0,G~~~~~~~~~~j 0 4 4~44
4 40  4 .0 0  Q4 O Q O O 4 G ,6, G,,,G 5,4 0 4 6,0 01 0  0, 4 0 0 4 0 1,

h O  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
0 O4 0 0 4 0 04 0 4 0,~~~ 0 ,4~9q~~~~~ 9 4 0 0 0r 0 04 4 0 , z 40 4 4 40 4 4 , 4 4  S

C O O  4 10 0 4 0 1  ,0 0~~, , 6Q  6 o 04 6 ,4, Q,0 04 0 04 J,04 1.g 0

/ 0/  0 Q,0 40,.6n 0 4 40 4 0  04 0  i,,Q G~~ , , 6 o4 G, 4G4,4,0 G.o 0 -4. 0 1, 40 4 40
Q,0 Q, G,4 , 404 G,G,0 4 0 0 v 6 4 ,G, 0 , S q&, O 4 G, G~,4z 4o 0 0 4 00 Gr 0 0 4 O 0 ha

4 o 4 Q,0 0 Q, 4S 0 0 0,0 4 0 ,6 6 0 0 9,0 0 4 0 0 4 G,0 4 - 4 0

loT o G,0 0 E,G,40,,4, 04 . 0  O G ,0~~g Q,6 40 ,Q,Q , O G , S 4 0 ~~~r 0 04 0  4 6,0 4 6,0

4 o 4 a 4,6, 4 0,, o,~ 0 oG~ 4 o 0, ,~~ s,~ o, 5, ,~~~ ,~~~ ~~ ~~
,, 4, o 4o~ 0 04.  0 04 0 04  0 a

0, 0 0 4~4 G,, (.. ~~, i j 4,4,6, Q,,~~4, 0, 0 0 6,. 0 0 4 0 
~~ 4 0 G, 4 40  4 0 ,  0 1.0 0 Or 0 0

oil 04 1 $  ,4 ,G,6 4,Q,,0 4,Q,,9 0 4 4 0 4 . 0 00,0 0 4 0 4 0,0 6j 4 0 0 4 0 0 1,0

0 ~~ G ‘~~~~G G 4  G G Q  T O O , 04 0  Q O G ~ 06 ,  9,04  0 0 9, 0 0  1,0 04  0 04

Q,o 0 4 06,0,0 0, 4,6,6, 4~,4A~ 0,. 0 0  4 0  0 
~~4 

~~
, 6 6, 0 4 4 0 6’,. 0 0 9,0 0

0,7 0 4 4o 4 0 04 04, 4,6 4. 4 , 604 0  0 4 4 4, 4 4 4 44 0 4 4 0 0 4 0 00 .0

04 1,0,0 4 40 _4~~~~4,~~~ 40 ,0 OG ,  0 ,~~~ ,,,Q,,4,4,44, 0 0 6,pci 0 4 0  0 G,~~ ~?4
IW . i(V) ~~(Z 1•Z3.L3) 02 = C ,( J I O )  C~,(2O O) 05 Gq ( 2 2 O )  — G~~( 2 *I )

= 03 — 0Xy ” 10
~ 

G6 — 09 — G~~
(2 l I )  — G~,,( 2 1 I )

0 7 —  G~~( 11 O)  G4 °~~~
200

~ 
07 C~~(22 O) 01o 0yy c211

~
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7 d  f 0

I d 0

&iI ~~~~~ a’) = 0 0 e 2 C ) (74)

\i~~a iT~ 2c a
~~
J

/ 0 0 0 /Ta’\ S

(4 )  1 ° 0 0 /~ b

~ O (aa’) = 0 0 0 2c’ J (75)

2c ’ 0 ’ .

This concludes the analysis required for the determination of the electric

dipole active impurity states associated with a substitutional impurity in the

F sublattice of LiF. In subsequent reports the results presented here will be 
S

used to obtain quantitative results for the impurity levels.
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E. CLASSICAL TRANSPORT EQUATION FOR
ELECTRON-AVALANCHE BREAKDOWN

T. D. Holstein
Department of Physics

University of California
Los Angeles, California 90024

and

Xonics, Incorporated
Santa Monica, CalIfornia 90401

In this fi rst phase of investigation of electron-avalanche breakdown,

the classical transport equation to be used is derived from the Boltzmann

equatl~ i. A quasi-isotropy approximation and the Fokker-Planck expan-

sion are used, and a current density, a conductivity tensor, and relaxation

rates are Introduced.
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Sec. B

The preliminary theory of electron-avalanche breakdown presented In the

Fifth Technical Report (30 June 1975) explained experimental results satisfac -

torlly for the first time. However, additional work is needed to determine the

validity of the theory. The results below represent the first phase of the rein-

vestigation of the electron-avalanche breakdown problem, as was discussed

further In Sec. A.

We start from the Boltzmann transport equation

e&(t)
____  

‘ grad~ f = 
(
~~~coll 

(1)

Here, f = f
k

(t) is the time-dependent electron distribution in k space,

~ (t) = cos w t is the impressed laser field, and

(~f) = ~~~ [~~.w(~ ’ -~~~) - fkW(k -~k ’)J  , (2)

where W(k -* k’) is the collisional transition probability between states k and k’.

We generally have

= Z w j (k
~ k ’) 6 ( E k - Bk? - (3)

where the subscript, I, refers to a particular type of collision (e. g., electron

scattering with emission or absorption of various types of phonons) a~~ where

represents the associated energy loss (or gain).

It may be remarked that, for electron-phonon collisions, ~~~ is relatively

small (‘~ 0.05 eV ), i. e., the collisions are quasi-elastic. This feature will
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permit substantial simplification of the analysis to be given below, especially

in the energy region below the threshold for exciton formation, which we now

discuss. We rewrite (1) in the form

~ 
ee(t) f

S F. + grad~ f - 

~~~~ in coil 
= 
(
~~~eLcoll 

(4)

where

(
~-) = E ( f k, Vw(~~~~

’) ô(
~~~~~

Ek ) (5)
el coll

(with w ( k , k’) ~ w (k , k’) taken to be symmetrical with respect to inter-
1 ~~~~~

change of k and k’ )l and is the remainder of the collision term;
\~ t !incoU

S It may be written as

(
~~
)inc~ll 

= 
k~t [~~

wi k’
~
k [6(E1~ 

- E1~ - ~~~~ - ô(E kt - Ek )]

_ f
kwL (~

,
~

’)l6(Ek
_ E k1 -A k.ks) - ö (Ek? _ E

k ) ]

(6)

The stage has now been set for introducing the principal assumption of this - - S

as well as other derivations - - of the energy transport equation, namely, the as-

sumption of quasi-Isotropy of the distribution function in k space. Strictly speak-

ing, this phraseology perta ins to the usual case of spherical energy surfaces, for

which It describes the situation in which 
~k 

depends principally on the magnitude

of k. In our case, we generalize by writing

(7)
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where f~~) is taken to be small compared to f( Ek ), and is ultimately to be

determined by a suitably prescribed iteration procedure. We incidentally note

that, by definition,

~~fk ô(~~~
S E Jc)

f ( E )  = 
k (8)
E O ( E ~~ Ek )

so that the corresponding integral of f~~ vanishes.

Let us integrate (4) over a surface of constant energy, E • This is done by

multiplying by 6 ( E - E~ ) and summing over k. Introducing the density-of-

states function

N ( E ) E E 6(E ~~ Ek ) (9)

S we have

N ( E ) ~~~~~~+ Z ee(t)  
~~~~~ 

6(E
~~Ek ) f

~~

=~~~~1
6 ( E _ E

k ) [f (Ek? ) wj (k
~
k’) 6 (Ek? Ek A~J.) S

- f (E k ) w1(k , k’) o(E k - -

= 
J

[f(E ’)x (E ’, AE) - f ( E ) K ( E , A E )  d~~E]  (10)

where E’ = E + ~ E and where

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘ 
S

(11)
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The Fokker-Planck expansion is now a~~1ied to the right-hand side of (10),

yielding

N(E ) ~f(E) + (e( t )  . j ( E , t ) )  = ~~ [N ( E )  ~~~~ f( E) ] (12)

where

S 

N ( E )  a J ( O ~E) K (E ,~~E ) d E  = E O(E - Ek )w
~~
(k,k’)

x ~~‘~(k , k’) ~ o(~~~-~~~ - 

~~~~~~ 
) . (13)

Thus ~ (E) is the average energy loss per collision (with 1/ 1 (E) representing the

total collision rate). Also

j ( E ,t ) a  
~~

6 ( E - E k )e
~ k f

~”
(t )  (14)

is manifestly the “monoenergetic” current density (to be evaluated below). Finally,

the braced expression, ( ), is a time average over a period 2 ir 1w of the ex-

ternal laser field. It is thereby assumed that the variation of f(E) over this time

interval is negligible.2

An explicit expression for j (E, t) has now to be obtained. To achieve this oh-

jective, we consider the equation satisfied by 41)( t) ,  which reads

b
~~ + e e ( t ) . v k~~~

’
~ = 

~~ 
(f ks~~~~k

) w
~~

c , k ’ ) ô ( E k_ Ek~
) . (15)

Equation (15) is a linearized version of (4), wherein the “small” terms , such as

that proportional to ~ ( t), have been aj~ roximated by the replacement of f~ by

f(Ek ). (From a logical point of view, an additional “driving” term of this sort,
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involving the inelastic collision operator, should have been included. However,

as one may readily demonstrate, the resulting contribution to f~~ (t) is even

with respect to reflec tion of k through the origin, and would hence give no con-
tribution to j(E , t). )

Ignoring the time variation of f(Ek ) (as discussed in the text subsequent

to (14)), and taking ~~ 
( t )  = R~ 0 exp (-l~ t) ,  we may replace ~/ ~ t in (15) by

-iw, thereby obtaining

~f(Ek)
~~~~~~~~ = iwf k +~~ [~~‘ - f k w(k , k’) 6(Bk~~Ekt ) ]

the formal solution of which is written as

~
f0f~ = -

~~~~~~ 
(w) eC (16a)

where Øk (w) obeys the equation

= ~~~~~ + ~ - Ø~ ] w(k , k’) 6(E~ - Bk?) . (16b)

InsertIng (16) Into (14), we have

J (E , t )  = 
~~

6 ( E - E
~

)e2 vkEk(w) .
~~;

-lwt ~f
-R ~c~(E,w) e0 e 

~~~ (17)

where 
S

cr (E,w) ~ 6(E - Ek)e2
Zk2k(w)
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Is the monoenergetic conductivity tensor; as is known, for cubic crystals, it

reduces to a scalar quantity; i.e. ,
1 -

iWt 
~f(E) IL(E,t) = -R a (E , w)~~ e ~E 

(18)

with

a(E ,w) .~.E 6 ( E - E ~ ) e2
~~k ~~~w) . (19)

We now substitute (18) into (12), ol~atnIng

N(E) ~f( E) 
= Ror (E, w) ~~~~~~~~~~~ + .~~~~~~ [N(E) ~~~~~~~ 1(E)] . (20)

Let us note that, in the usual spherical approximation - - with Ek dependent

only on the magnitude of k , and with w(k ,k’) a function of Just the magnitudes

of and k’ and of the angle 4~~~~~~~ 
between them -- it Is always possible to re- 

- 

S

S place the collision integral by a relaxation-time expression, I.e.,

2~ ~~~~~~~~~ 

-
~~~

] w(k , k’) ô(Ek~ ~~~~~~~ 
-, -;

~
-

where

1/1~r
(E) a L w(k , k’)(l - cos*~~, )  8(Ek~ 

Bk ) (22)

is the “transport” relaxation rate. Introducing (21) into (17), we have

v i
= c’-~ ~~ 

‘
~r 

(23a)

whence
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[~~6(E - Ek)e
2
v /3]Tr

(E)
S a(E ,w) = k
S l - I W ’ Tr (E) 

—

N( E) e2 (v2(E)) i (E)/3 —

= 
r (23b)1- iwtE (E)

where (v2(E))  denotes an average of v~ over a surface of constant energy.

Upon substitutIng (23) into (20), one has

N E ~f( E) 
— ~ ( N(E) e2 (v2 (E)) r (E)  

~f
~ ~~t 

- 

6 
~~ \ 1+w 2 i~ (E) S

+ .~~- [N(E)~~~~ f(E)
] . (24)

It may be remarked that, in the more general case of cubic symmetry, an

expression of the form of (24), with h/’rr given by the relation

Tr~~ 
= N(E) Z 6(E 

- Ek~ 
6
~Bk- Ek’~ 

w(k,k’)(l -
~ k~~~ke/vk

) (25)

is still a useful approximation; in particular, it has the following two properties:

(1) In the high-frequency limit 
~ ~r 

>~ ~ . it coincides with the first non-vanishing

term obtained from a perturbation solution of (17) in powers of (w ir )~~• (2) In the 
S

d.c. limit, variational theory may be used to show that the coefficient of ~f/~E in

the square bracket of (24) is a lower bound to the correct a ( E, 0), with an error

quadratic In the deviation of the “trial” function, q~(var) = 
~~k 

f~om the actual

solution of (16).
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Equation (20) and Its approximate form (24) (with some subsequent

straightforward modifications Introduced In the text) constitute the basis of

the classical energy-transport theory used In this paper.

It remains, finally, to carry out some estimate of the validity of the ap-

proximation of generalized quasi-Isotropy introduced with Eq. (7). Our task is

to demonstrate the relative smallness of 41) (as given, e.g. , by (16a) and (23a) )

compared to f(E). For this purpose It is clearly necessary to know ~f/ ~ E as a

function of primary parameters. As pointed out above, experience has shown

that this is feasible only on an aposteriorl basis. In what follows, we give the

simplest illustrative example; the state of affairs in other cases of Interest will

be discussed In due course.

Let us consider the situation in which exciton and electron-hole forming

collisions may be ignored. Then, Eq. (24), with ~f/ ~ t = 0 , applies. A first

integration can immediately be carried out, yielding S

~~ e2v2(E) Tr~~~ bf ~ E0 6 1+ l~
2i~ (E) ~~ 

+ 1(E) (26)

where the constant of integration has been set equal to zero, to assure f(E) -‘ 0
as E -, ~~. From (26) we obtain an explicit expression for ~f/ ~ E In terms of

1(E) and the primary parameters. Introducing this expression Into (23a) and

(16a), we have, for the component of 4~ 
in phase with the external field (which

we denote as 41)’)

e~ v (E)i 6( l+w 2’r2(E))
= 

0 r r ___

l+w  
~r 

e0e V2(B)i~r
(E) T (E)

— 6 A(E) 27— eev(~ )’r(E) . ( )

S 
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To extract some physical me~nlng from this result, we define an effective

energy-dependent electron temperature via the equation

1 — - 
d logf(E) 

28dE ( )

Equation (28) together with (26) yields

e2e
2 v2(E) r (E) r (E)

(1 +w 1)  A(E)

or 
1’2

6 ( l +~~
2i
2
(E))A (E) i,i~ee0v(E) = r 

(~~T (E)
i•r(E)~T (E) e

which, when inserted into (27), gives

(1) r 1/2 1’
= I ~ (E) Tr (E) 1 1 ~ / ~ (E) 

~ 
,2 

(29)‘r(E) 1+w2r,~ ~tTe(E) ‘

~~~ ~~T0(E))

if we take Tr(E) ‘r (E). The parameter contained in square brackets is usually

quite small. In fact, LI we consider ?
~
Te(E) as characterizing the energy spread

of the distribution function, the parameter on the right-hand side of (29) is known

to be small - - at least in the energy region below the exciton threshold.
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REFERE NCES

1. ThIs prope~rty Is certainly valid In the Born approximation, in which It Is

possible to treat all electron-phonon collisions.

2. This approximation is valid when energy loss and gain processes are slow,

relative to the external frequency, w; said condition Is hereby assumed to

hold once and for alL
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F. EVALUATION 01 TWO-CENTER INTEGRALS
OF SLATE R ATOMIC ORBITAL?

K. C. Hamilton
Department of Physics

University of California, San Diego
La Jolla, California 92037

and

Xontcs, Incorporated
Santa Monica, California 90401

Expressions are given from which the values of overlap integrals

J X aX b d
3r, kinetic-energy integrals 4fX a V2X b d3r , and nuclear-

Coulomb-attraction integrals zfX a ( l/ra ) X b d3r are obtained in closed

form for any Slater-atomic-orbitals ~ having principal quan tum numbers

from 1 to 6 , thus extending Roothaan ’s useful tabulations.

I

1~~~~~~~~~~~~
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The calculation of electronic energy bands in a solid, or of energy levels In

a molecule or atom, can be written as the simultaneous matrix diagonalization

problem

(3C~ - E S~~) xj 
= 0 (1)

in which each subscript labels both orbital and site. Formulation of the matrix

problem requires, first of all, estimates of the Ham.iltonian elements S

= J q,~ ( r )  ( r )  d3r , (2)

and the wavefunction overlaps

= J 4~~( r ) s~~( r ) d3r , (3)

using some basis set 
~

If the basis set Is orthonormal, then the overlap matrix becomes the

Kronecker deka, and Eq. (1) simplifIes to the problem of diagonalizing X by

itself; this is the case for the Hiickel approximation In molecular orbital tbeor~~
as well as the hydrogen-atom problem of elementary quantum mechanics. In gen-

eral, however, it is not practical to make an a priori choice of basis set having

this fortunate characteristic, so that it Is usually necessary to solve Eq. (1) with

a non-diagonal S.

In 1930, SIster2 proposed a method for obtaining approximate analytic atomic

wavefunctions of the form

X~~~~(r . C)  = N ~~~ e~~~ ~tm~
6’ ~~ ‘ 

(4)
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in which the normalization factor is

fl+~~ 1/2
N = ( 2 C )  / [ (2n~ )] (5)

and YLm are the spherical harmonics. Such functions have proven to be very

useful approximations over the years, despite their lack of nodes, which the

radial part of an atomic wavefunction must have. This shortcoming can be rec- 
S

tified by considering a sum of Slater functions,

4’n.tm ~~~~ = ~ a1 Xnj~m ~~~ C1
) . (6)

If an adequate number of terms are used in the summation, then the mathemati-

cal function 4’ can be made arbitrarily close to the true physical wavefunction by

a judicious choice of the parameters a1, n1, and C 1. In particular, the Hartree- S

Fock equations can be, and have been,3 solved using trial wavefunctions of this

form, with the solution being specified In terms of the adjustable parameters.

If Slater functions (or, equivalently, sums of Slater functions) are used for

the basis set in Eqs. (1) through (3), then a number of mathematical conveniences

are obtained. To begin with, two-center overlap elements

= 

f’~
n
a

L
a
m

~~~ 

- 

~~~~~~~~ 
X
%~~m

(
~ .Ei) ~~~~~~E ‘ 

(7)

can be evaluated In closed form. (It should be noted that the magnetic quantum

number, m , is the same in both of these wavefunctions — if the orbitals have

different values of this parameter, then the integral is zero under all circum-

stances. Here the Roothaan4 coordinate system with z axes along the site
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centers, 
£ a 

- Lb .~, ~ U5~d.) The evaluation of such integrals Involves a
S 

transformation to prolate spheroidal coordinates, and some evaluations of these

Integrals have been made prevlouslyP’5 If this transformation Is made, then the

five simplest classes of overlap Integrals are listed below:

ta
_ O,Lb O,m _ O  S

+1
5

~~
”a~~’ 

% s)  = 
~

. N N
b(~~.R) d~ d,,(C+i, ) a

~~ 
-p(~~+,p r )

x ( ~~-~~ ) e (7)

La = 0, Lb = 1, m = 0

n + n + 1  +1
S(flaS~ 

n~~) = 
~~J~

’N N
b (

~~~R) 

a b 
~~~~ ~~~~~~~~~~~~ x

-p (~~~+~~~~r )

x ( ~~- i p ) (~~~ - 1)e (8)

= ~ Lb = 0, m = 0

n +n .+l  +1
1 j

~~~~ 
~~~a ( n-i

S(nap,%s) = ~•i~lTNa Nb ~~.R ) ) d~ dip (~~+yp ) a

1 —1

-p(~~~+~~~~r )

x ( ~~-~~) (~ 1p +i) e (9) 
5

1, Lb = 1, m =0

+1 -l
S(n p, n~,p ,u )  = ~~Na Nb (~ .a) d~ 

S
dn (

~~
+I7 ) a

2 2 -p( C+~~1~)x ( ~~-~~) 
~~~~ 

- 1 ) e  (10)

147



- -5 -5..-  - -  - 5 

~1
Sec. F

= l, Lb = 1, m = 1

+1 n - i
= ~~N N ~,( ~~R)  ~~~~~ ~~~dfl (~ +,,)

a x

2 2 -p(~ +?pT)x ( ~~-~~) (
~ 

- l ) ( l  -n  ) e . (11)

In these equations, the internuclear distance is

R = r b -rS ‘ - 

(12)

while

p 
~~~~a~~~Cb ) ’~ 

(13)

and

= ( C~ - Cb )/(Ca~ Cb ) . (14)

It must be noted that a sign reversal has been introduced Into the sp and S

psa integrals, relative to some other tabulations. This is a consequence of

making the assumption that p-orbitals have the same directionality convention

for both sites: it is understood that the positive lobe of a pa( £ = 1, m = 0) orbital

points to the right, where a is the left-hand site and b the right-hand site.

By expanding the polynomial portion of the Integrands, it is possible to ex-

press any one of the overlap Integrals as

n +  + 1 +1
S = Nc N Nb (~~R )  

a 

n~u
Ch1m ~~~~~~~~~~ ~ 

m 1Pfl
d~ . S

(15)
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Such an integral can then be written In terms of the elementary functions

-p~ ~~~1 ~~~~ k
An (P) = e d~ =-

~~ 
e Z (16)

and
+1

~ m~~~ PflBm(TP ) = e d~ • (17)
—1

If 0, then

Bm (T P) = -A (i p) - (~l )m Am (~ rp)  , (18)

whereas the i = 0 case simply has the value

m+l ~ 
m even

Bm = (19)

0 , m odd

All of the overlap integrals InvolvIng s and p orbitals for 0 ~ n5, n~ ~ 6

are listed in Table I • In order to avoid repeating the normalization factors, the

bare Integrals

T = ~~~~~C A B  (20)
nm n m

are given; the complete overlap requires the extra operation

n + +1 
S

S = NC Na Nb (~.R) 
a 

T . (21)

Roothaan4 gave certain overlaps In an expanded form, which Involved add!- 
S

tional secondary parameters, and required separate formulae for the r = 0
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and r ~ 0 case. In comparison to 2~oothaan’s equations, the AB form Is simpler,

and Is therefore to be preferred for practical computation. Roothaan’s tabulat ions

were for the values n = 1 and 2 , and the present results are for n = 16.

The following procedure can be used to evaluate the numerical value of an

overlap, given Table I and a calculator.

1. R , p and 1 must be evaluated (Eqs. (12)-(14) ).

2. The first polynomial

1 -p
A0 (p)  = ~~e (22)

should be computed.

3. The recursion relation

A~(p) = .
~~~

. A~~1 (p ) + A0(p) (23)

can then be used to prepare a table of A versus n, up to the required

maximum n value.

4. If ‘r = 0 , then the B polynomials can be computed from Eq. (19). Skip

to step 6.

5. if r~~~0, then:

a. Repeat steps 2 and 3, to obtain a table of Am(r p).

b. Repeat steps 2 and 3, to obtain a table of Am(
~ rp).

c. Use Eq. (18) to work out the required values of Bm( i p)

6. Using the values of A~ and Bm thus obtained, compute T from the ap- *

propriate Table I formula.

7. As specified In Eq. (21), multiply T by the normalization factors, to find S.

150



-~~~~~~~~~ ~~-~~~~~~~~~-—~~~ -~~~ . - -~~~ - - —~~~~ — -~~~~~

Sec. F

The 1-lamiltonian matrix elements specified by Eq. (2) can be obtained by

expressing them in terms of the simple overlap Integrals which can now be

evaluated. For example, the kinetic energy operator can be seen to have the

property

V2X nLm (r ,C) = C2 
XnLm (r , C )  - 2I2~ i Xn_i 2m ( r .C )

+ 4 [ n ( n - i ) - L ( L + ’ ) 1  (r C)
f lin) (2n- l )(2n -2)(2n -~i 

Xn..2, Lm , (24)

while the nuclear Coulomb attraction can be written as

£ (“ ~~C) = . x 
~~ Lm~ ’’~~ 25n m / (2n) (2n - l) ’ n

These two operators generate Slater functions of lower principal quantum number,

Including such objects as Os and ip wavefunctions. While these functions are not

physically meaningful as atomic orbitals, they are mathematically useful for Eqs.

(24) and (25); consequentially, overlaps involving such functions are Included in

Table I.
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Table I. Unnormalized Overlap Integrals

T(O aO s ) = A
0

B
0

T(Os ls) = A1B0 -A 0B1 
S

T(Os lp) = -A0B0 + A 2 B2
T(Os2s ) = A

2
B
0 

- 2A 1B1 + A~ü B2 S

T(Os2p) =

T(Os 3s ) = A3 B0 - 3A2 B1 ÷ 3A1B2 - A0B3
T(Os 3p) = -A2 B0 + (2A1+A 3 ) B 1+ (-A0 - 2 A 2 ) B 2 +A1B3
T(Os 4s ) = A4 B0 

- 4A3B1 + 6A2 B2 - 4A1B3 +A0B4
T(Os 4p) = -A3 B0 + ( 3 A2 +A4 ) B1 + (-3A1 -3A3 ) B2 + ( A 0 +3A2 ) B 3 - A 1B4

S

. T (Os5s ) = A
5

B
0 

- 5 A 4B1 + 10A3 B2 - 10A2 B3 +5A 1B4 - A 0B5
T(Os5p) = -A4B0+ (4 A3 +A5 ) B 1 +(-6A 2 -4A4) B2 + (4 A1+6A3 ) B3

- 4A2) B4+A1B5
T(Osós) = A6 B0 

- 6A5B1+15 A4 B2 -20 A3 B3 + 15A2 B4 
- 6A1B5 +A .0B6

T(Osóp)  = -A~ B,~+ ( 5 A 4 +A6 ) B 1 +(-l0 A~~- 5 A 5 ) B2 +( l0 A2 +10 A4 ) B 3 
S

- 10A3 ) B4 + ( A0 -,-5A2 ) B 5 - A 1B6
T(l s ls ) = A2 B0 -A 0B2 S

T(ls lp) = -A1B0 - A ~B1+ A 2 B1 +A1B2
T(ls2s ) = A

3
B
0

-A
2

B
1 

- A1B2 + A 0B3
T(ls2p ) = -A

2
B
0

+ A
3

B
1

+ A
0

B
2 

- A 1B3
T(le 3s ) = A4 B0 

- 2A3B1 + 2A 1B3 
- .A0B4

T(ls3p) = -A~B0 +(A .~+A4 ) B 1 + ( A 1 - A 3 ) B2 + (-A0 - A 2 )B 3 +A 1B4
T( 1~ 4s) = A

5
B
0 

- 3A4B1 + 2A 3 B2 + 2A~ B3 
- 3A1B4 +

T(ls4p) = -A4 B0 + (2A3 +A5 ) B 1 -2A4B2 
- 2A1B3 + (A 0 +2A.2) B4 +A 1B5
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Table L Unnormallzed Overlap Integrals (Cont’d)

T(ls5s) = A6B0 
- 4A5B1 + 5A4 B2 - 5A2 B4 + 4A1B5 

- A~B6
T(ls5p ) = -A

5
B
0 

+ (3A4 + A 6 ) B 1+ (-2 A3 - 3 A5 ) B2 + (-2 A2 + 2 A4 ) B 3
+ (3A 1+ 2 A 3 ) B 4 + (-A0 

- 3A 2 ) B 5 + A 1B6
T(ls ós) = A

7
B
0 

- 5 A 6 B1 + 9 A 5 B2 - 5 A 4 B3 - 5 A 3B4 +9A 2 B5 - 5 A 1B6 + A0B7
T(ls6p ) = -A6 B0 + (4A5 + A.7 ) B 1 + (-5 A4 - 4 A6 ) B 2 + 5 A5 B3 + 5A 2 B4

+ (-4 A1 - 5 A
3

) B
5

+ ( A vü
+ 4 A

2
) B

6~~~
A
i B.7

T(lp lpa) = -A0 B0 + A 2 B2 
S

T(lp lpir ) = (-A
0

+ A
2

) B
0

+ ( A
0

-A
2

) B
2

T(lp 2s) = A
2

B
0 

+(-2A 1+A ~) B 1+( A.~- 2 A 2 ) B2 +A 1B3 S

T(lp 2pa) = -A1B0+A0B1 +A3B2 -A~B3
T(lp 2pir ) = (-A1+A3) B0 + (A0 -A 2 ) B1+ ( A1 -A3) B2+(-A0+A2) B3
T(lp3s ) = A3B0 + (-3A2 + A 4 ) B 1+ (3A1 - 3 A 3) B 2 + (-A0 + 3 A 2 ) B 3 - A 1B4
T(l p3pa) = -A

2
B
0 

+ 2 A 1B1 + (-A.~+A4 ) B 2 - 2 A 3 B3 + A 2 B4
T (l p3pir ) = (-A2 + A4 ) B0 + ( 2 A 1 - 2 A 3 ) B 1 + (-A~ + 2 A 2 - A4 ) B2

+ (-2 A1+ 2 A 3) B 3 + (A0 
- A2 ) B4

T(l p4s ) = A4 Bo + (-4 A3÷ A 5 ) B 1 ÷ ( 6A2 - 4A4 ) B2 -f- (~4A1÷ 6A3) B 3
- 4 A 2 ) B4 + A 1B5

T(lp4pa ) -A3Bo + 3A 2 Bl + (-3 Ai +A s ) B2 + (Avü~~3A4) B3 ÷3A3B4~~A2B5
T(lp4pir ) = (-A

3
+ A

s
) B

o + ( 3A 2  - 3 A 4 ) B 1 + (-3 A1 +4 A 3 - A 5 ) B2
+ ( A 0 

- 4 A 2 + 3 A4 ) B 3 + ( 3 A 1 - 3A~ ) B4 + (-Ao + A 2 ) Bs
T(lp Ss) = A5B0+ (-5A4+A6 ) B 1 +(10A3 - 5A s )B2 + (-10A2+10 A4 ) B3

- 10A3) B4+(_Ao+5A2 )B5 - A 1B6
T(lp5pc ) = -A4 B0 +4A 3 Bi + (~6 A 2 + A6 ) B 2 + ( 4 Ai - 4 A 5 )  B3
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Table I. Unnormalized Overlap Integrals (ConX’d)

T( lp 5pv) = (-A4 +A6 ) B0 + ( 4 A3 - 4A5) B i + (-6A2 +7A4 - A6 ) B2
+ (4A 1 - 8A3 + 4A5 ) B3 + ( -A0 + 7A2 - 6A4 ) B4+ (-4 A1 +4A 3 )B5
+ ( A o - A 2 ) B6

T(lp 6a) A6 B,1~ + (-6 A5 +A 7 )B 1 +( 15A4 - 6A6) B 2 + ( - 2 0 A3 + 1 5 A 5 ) B3
+ 

~‘5A2 -20 A4 ) B4 + (-6A1 + 15 A 5 ) B5 + A 18.7

T(lp 6pa ) = -A5B0 + 5A4 B1 + (- 1 O A 5 + A . 7)B2 ~~‘°A2 - 5A6 ) B3
+ ( ~5A 1 +10 A~ ) B4 + (A 0 - 1OA4 ) Bs + 5 A 3 B6 - A 2 B7

T( 1p6p~~) = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
+ - 15A4 + 5 A 6 )B 3 + (-5 A1 +15 A3 - lO A5 )  B4

T(2s2s) = A4 B0 - +

T(2s2p) = -A
3

B
0 

+ 
~-A2 +A4 ) B 1+ (A 1+ A3) B2 + ( A .~ - A 2) B3 

- A1B4

S 
T(2s3s ) = A

5
B
0 

- A 4 B1 - 2 A 3 B2 + 2 A 2 B3 +A 1B4 -A ~B5
T(2s3p) = -A4 B0 + A 5B1+ 2 A 2 B 2  - 2A3B3 -A ~B4 +A 1B5
T(2s4s ) = A6 B0 - 2 A 5B1 -A 4B2 + 4A3B3 - A2 B4 - 2 A 1B5 +A 0 B6
T(2s4p ) = - A ~Bo + ( A 4 + A o ) B i + ( 2 A 3 - A 5 ) B 2 + ( - 2 A 2 - 2A4 ) B 3

+ (-Ai + 2 A 3 ) B 4 + ( A 0 + A 2 ) B5 - A 1B6
T(2s5s ) = A

7
B
0 

- 3A6 B1 +A5B2 + 5A4 B3 
- 5A3B4 - + 3A 1B6 

-

T(2s5p) = -A6 B0 + ( 2 A 5 +A 7 ) B 1 + ( A4 - 2 A 6 ) B2 + (-4 A3 - A 5 ) B 3
+ + 4A4 )B 4 + (2A 1 

- A3 ) B 5 + (-A~ - 2A 2 ) B 6 
- A1B7

T(2s6s ) = A8 B0 - 4A7 B1 + 4A6 B2 + 4A
5 

B3 - 10A4B4 + 4A3 B5 + 4A2 B6
- 4 A 1B7 + A 0B8

T(2s6p ) = -A
7

B
0 

+ ( 3A6+ A8) B 1 +(-A5 - 3A7 ) B2 +(- 5A4 +A6 ) B3
+ ( 5 A 3 + 5 A 5 ) B4 + ( A 2 - 5 A4 ) Bs + (-3 A1 - A 3 ) B 6
+ ( A o + 3 A 2 ) 87 - A 1B8
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Table I • Unnormalized Overlap Integrals (Cont ’d)

T(2p 2pa) =

T(2p2pir ) = A 2 + A4 ) B o~~~Ao A4 )B2 + ( .Ao + A 2 ) B4
T(2p3s ) = A4 B0 + (-2 A3 + A 5 ) B 1 - 2 A 4 B2 + 2A 1B3 + ( . A 0 + 2 A 2 ) B4 -A 1B5

S 
T(2p3pa) -A3Bo +A2 Bi + ( A i +A s) B2 +(~A0~~A4 ) B3~~A3B4 ÷ A2 B5
T(2p3p ir ) = (-A

3
+ A

5
) B

0 
+ (A ~ 

- A4 ) B 1 + ( A 1 - A 5 ) B2 + (-A0 +A4 ) B 3
+ (-A1+A3)B4 ~~A0 A 2 ) -~

T(2p4s ) = A
5

B
0 

+ (-3 A4 +A6 ) B i + ( 2 A 3
_ 3 A

5 ) B 2 + ( 2 A 2 + 2 A4 ) B 3
+ (-3A1+ 2 A3) B4 + ( A0 

- 3A2~ 
B5 -i- A1B6

T(2p4pa ) = -A4Bo +2A3Bi + A6B2 +(
~
2Ai -2A s ) B3 +A0B4 +2A 3B5~~A2Bo

T(2p4pw ) = (-A 4 + A6)B0+(2A3 -2A 5 )B 1 + ( A4 -A6)B.2 + (-2A1 +2A 5 ) B 3

T(2p5s ) = A6 B0 + (-4A5 +A 7 ) B 1 + ( 5 A 4 
- 4A6 ) B2 + 5A5B3 

- 5A2 B4
+ (4A 1 

- 5A3)B5 + ( -A 0 + 4 A 2 ) B6 
- A1B7

T(2p5por) = -A5B0 + 3 A4B1 + (-2 A3 +Ai)B2 +(-2A2 -3A6)B3

÷ (3A1+ 2 A5) B4 + (-A0 + 2A4)Bs - 3
~~j 36 ~~~~~

T(2 p5plT ) = (-A
5 

+ A.7 ) B0 + ( 3 A4 - 3A6) B 1+ ( - 2 A 5 + 3 A 5  - A7 ) B2
+ (-2 A2 - A 4 + 3A6 ) B3 + ( 3 A 1 - A 5 - 2 A 5 )B4

S T(2p6s ) = A.7 B
0 

+(-5 A6 +A8 ) B 1 + ( 9A5 - 5A7 )B2 + (-5A4 + 9 A 6 ) B 3
+ (-5 A3 - S A 5 ) B4 + ( 9 A 2  - 5 A 4 )B5 + (-5A 1 + 9A 3 ) B6
+ - 5A2~ 

B7 + A1 B8
T(2p6pa) = -A6 B0 + 4A5B1 + (-5 A4+ A 8)B2 

- 4A7 B3 + ( 5 A 2  + 5 A 6 ) B 4
-4A 1 B5 + ( A 0 - 5 A4 ) B6 + 4 A 3 B 7 - A 2B8 S

T(2p6p ir) = (-A6 + A 8 ) B0 + ( 4 B 5 - 4 B 7 ) B1 -s- (-5A4 + 6A 6 
- A.~) B~

+ ( - 4 A 5 + 4 A 7 ) B3 + ( 5 A 2 - 5 A6 ) B 4 + (-4 A1 + 4 A 3 ) B 5
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Table I. Unnormalized Overlap Integrals (Cont ’d)

T(3s3s ) = A6 B0 - 3A4B2 + 3A2 B4 - A0B6
T(3s 3p ) -A5B~ + (-A4 + A6 ) B 1 + (2A3 + A 5 ) B2 + ( 2 A 2  - 2 A4 ) B3

- A3) B4 + ( - A 0 + A 2 ) B5 + A1B6
T(3s4s ) A7B0 - A6B1 - 3 A 5 B2 + 3A4 B3 + 3A3 B4 - 3A2B5 

- A1B6 +A0B7
T(3a 4p ) -A6 B~ + A7 B1 + 3A4B2 - 3 A5 B3 - 3 A2 B4 + 3A3 B5 +A ~B6 -

T(3s5s ) A8 80 
- 2 A7 B1 - 2A6B2 + 6A5 B3 

- 6A5 B5 + 2 A 2 B6 + 2 A 1B7 -

T(3s5p) = -A7Bo + ( A 6 + A 8 ) B 1 + ( 3 A 5 - A 7 ) B 2 + ( - 3 A4 - 3 A 6 ) B 3 S

+ ( - 3 A 5 + 3 A 5 ) B4 + ( 3 A 2 + 3 A4 ) Bs + ( A i - 3 A 3 ) B 6
+ ( - A 0 - A2 ) B 7 + A1B8

T(3s 6s ) A9B~ - 3 A 5 B1 + 8A6 B3 - 6 A 5 B4 - 6A4 B5 + 8A3 B6 
- 3A 1B8 + A,~B9

T(3e 6p) = -A8 B~ + ( 2 A 7 + A9 ) B 1 + (2A6 
- 2A8 ) B2 + (-6 A5 - 2 A 7 ) B3 

S

+ 6A6 B4 + 6A3B5 ~~-2A2 - 6A4 )B6 + (-2 A1 + 2 A 3 ) B 7
+ ( A 0 + 2 A 2 ) 88 - A 1B9

S 

T( 3p 3pa) = A4 B0 + ( 2 A 2 + A6 )B2 + (-A0 
- 2A4 ) B 4 + A 2 B6

T(3p 3pir ) (-A4 +A6 )B0 +(2~~~ - A 4 - A 6 ) R2 +(-~~~-~~~ + 2 A4 ) B 3
+ ( A 0 - 

A 2) B
6

T(3p 4s) = A 6Bo + ( - 2 A 5 + A 7 ) Bi + (-A4 - 2 A 6 ) B 2~~ ( 4 A 5 - A 5 )B3
+ (-A2 + 4A4 )B 4 + (-2 A1 - A3)B5 + (A ~ - 2 A 2 ) B6 + A 1B7

T(3p 4pci ) = -A5 B0 + A4 B1 + ( 2 A 3 + A 7 ) B2 + (-2 A2 - A 6 ) B 3

T(3p 4p!) = (-A5 + A 7 ) B0 + ( A4 
- A6 ) B 1 + ( 2 A 3 - A5 -

+ ( - 2 A 2 + A4 +A 6 )B 3 + (-A1 - A 3 i- 2 A ~ ’B4
- 2A4 )35 + ( A 1 - A3 ) B 6 + (-A0 +A 2 ) B 7
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Table I. Unnormalized Overlap Integrals (Coned)

T(3p 5s) = A7B0 +(~3A6 +A 8 ) B 1 + (A 5  - 3 A 7 ) B2 + ( 5A4 + A 6 ) B 3

+ (-A0 +3A~
) B7 - A 1B8

T(3p 5pa) = -A6 B0 + 2 A 5 B1 +(A4 + A 8 ) B2 + (-4 A3 - 2 A 7 ) B3 +(A2 - A 6 ) B4
+ (2A 1+ 4 A 5 ) B5 + ( -A 0 -A4 ) B o - 2 A 3B7 + A 2 B8

T(3p 5piv ) = (-A
6

+A
8

) B
0

+ ( 2 A
5 - 2 A 7 ) Bj + ( A4 - A s ) B 2 + ( -4 A 5 + 2 A 5

+ 2 A 7 ) B3 + (A 2 - 2 A 4 + A 6 ) B 4 + ( 2 A 1-i-2A 3 - 4A5 ) B 5
-

T(3p6s ) = A8Bo ÷ (_ 4 A7 + A9 ) B i + ( 4 A 6~~4A8 ) B 2 + ( 4 A~+ 4 A 7 ) B3
+(-l O A4 + 4 A6 ) B 4 + (4A3 

- lOA5 )B 5 + (4A 2 +4 A4) B6
+ (-Ai +A 3 ) B 7 + ( A o - 4 A 2 ) B8 ÷ A 1B9 

S

T(3p 6pa) = -A7B0 + 3A6 B1 + (-A5 +A 9 ) B2 + (-5 A4 
- 3A8 ) B3

+ (5A3 + A 7 ) B4 + ( A 2 ÷ 5 A 6 ) B 5 + (3A 1 - 5 A 5 ) B 6
+ (Ao -A 4)B7 +3A388 -A2 B9

T(3p 6p lT ) = ( -A 7+ A9
) B

0
+ ( 3 A

6
- 3 A

8
) B

1
+ ( - A 5 + 2A 7 - A9

) B ~

+ (-5 A4 + 2 A 6 + 3A 8 ) B 3 + ( 5 A 3 
- 4A5 -

+ (A2+ 4A4 -5A 6) Bs + (-3A 1 -2A 3 +5A5 )B6

T(4s4s) = A8B0 
- 4A6 B2 + 6A4 B4 - 4A2B6+ A0B8

T(4s 4p ) = -A7B0 + (-A6 +A8 )B 1 + ( 3 A 5 + A 7 ) B 2 + ( 3 A4 - 3 A 6 ) B3
+ (-3A3 - 3 A 5 ) B4 + ( - 3 A 2 + 3 A4 ) B 5 + ( A i+ 3 A 3 ) B 6

- - A1 B8
T(4s5s ) = A

9
B
0 

-A
8

B
1 - 4 A 7 B 2 + 4 A6 B3 + 6 A 5 B4 - 6 A4 B5 - 4 A 3 B6

-
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Sec. F

Table I • Unnormalized Overlap Integrals (Cont ’d)

T(4s5p ) = -A
880+ A9B1 +4A6B2 

- 4A7 B3 
- 6A4 B4 + 6 A 5 B5

+ 4A 2 B6 
- 4A3B7 - A0 B8 1-A 1B9

T(4s 6s ) = A10B0 - 2 A9B1 - 3A8 B2 + 8 A 7 B3 + 2 A 6 B4 - 12A5B5
+ 2 A 4 B6 + 8 A 3 B 7 - 3 A 2 B8 - 2 A 1B9 +A 0 B10 S

T(4s6p ) = -A9 B0 + ( A 8 + A 10 ) B 1 + ( 4 A 7  - A9 ) B 2 + (-4 A6 - 4A8) B3
+ ( - 6 A 5 + 4 A 7 ) B4 + (6A4 + 6A 6 ) B5 + ( 4 A 5 - 6 A 5 ) 06

- 4A4 ) B 7 + (-A 1 +4A 3 ) B 8 + ( A 0 + A 2 ) B9 
- A1B10

T(4p 4pa ) = -A6 B0 + (3A4 +A8 ) B 2 + (-3A2 - 3A6 ) B 4 + ( A 0 + 3 A4 ) B 6 -A2 B8
T(4p4p ir ) = (-A6 +A 8 ) B 0 + (3A4 - 2 A 6 

- A8 ) B2 + (-3A2+3A 6)B4

T ( 4 p 5s) = A8B0
+(_ 2A7 +A9) B i +(-2A6 -2A 8)B2+(6A5 - 2A7 )B3

+ 6 A6 B4 - 6 A 3 B5 + ( 2 A 2 - 6 A4 ) Bo + ( 2 A 1 + 2 A 3 ) B 7

+ (-Ao + 2 A 2 ) B8 - A1B9
T(4p 5pa ) = -A7B0

+ A
6

B
1+ ( 3A 5+ A9

) B
2 
+(-3A4 

- A8 ) B 3
- +(~3A3 - 3 A 7 ) B4 + ( 3 A 2 + 3 A6 ) B s + ( A i + 3 A 5 ) B6

+ ( - A 0 - 3 A4 ) B 7 - A3 B8 + A 2 B9
T(4p5p ir ) = ( - A 7 + A9 )B0 + (A6 - A 8 )B 1 + ( 3 A 5  - 2 A 7  - A 9 ) B2

+ (-3A4 +2 A 6 + A 5 ) B3 + (-3A3 + 3 A 7 ) B4 + ( 3 A 2 - 3 A6 ) B 5

S 

+ ( A 0 - A 2 ) B9
T(4p 6s) = A

9
B
0

+ (-3 A
8

+ A10 ) B 1 - 3A9B2+ 8A6 B3 + (-6 A5 + 8 A 7 ) B4
+ (-6 A4 - 6 A6 ) 85 + ( 8 A 3 - 6 A 5 ) B6 + 8 A 4 B 7 - 3 A1B8
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Sec. F

Table I. Unnormalized Overlap Integrals (Cont’d)

T(4p 6pa ) = -A8B0 + 2 A 7 B1+ ( 2 A 6 + A io ) B 2 + (-6 A5 - 2 A 9 ) B3
-2 A 8B4 +(6 A3 + 6 A 7 ) Bs - 2 A 2 B6 + (-2 A1 - 6 A 5 ) B 7

+ ( A 0 + 2 A4 ) B 8 + 2 A 3 B9 - A 2 B10
T(4p6plT) = (-A5 + A10)B0+(2A7 - 2A9 ) B 1 + (2A6 - A8 - A10 ) 132

+ (-6A5+4A7 +2A9)B3 + (-2A6÷ 2A3 )B4÷ (6A 3 
- 6 A 7 ) B5

+ 2A4 ) B 6 + (-2 A1 - 4A3 + 6 A 5 )B7 + ( A o +A 2  - 2A4) B 8
+ ( 2 A 1 - 2 A 3 ) B 9 + ( - A 0 + A~ ) B io

T(5s 5s ) = Aio Bo - 5 A8B2 + 1OA6B4 - 1O A4 Bo + 5 A 2 B8~~A0Bio 
S

T(5s 5p ) = -A
9

B
0

+ (-A 3+A10) B
1+ ( 4A 7 + A9

) B ~~+ ( 4 A
6 

- 4A8 ) B 3
+(- 6A5 -4A7 )B4+ (-6A4+6A6) B5 +(4A3 + 6A5 )B6

+ ( 4 A 2 - 4 A4 ) B 7 + ( - Aj - 4 A 3 ) B 8 + ( - A 0 + A 2 ) B9 +A 1B10
T(5s6s) = A11B0 - A 10B1- 5 A 9B2 +5A 833 + 10A7B4 - 10A6B5

-10A5 B6 +10A4B7 + 5A 3B8 - 5A2 B9 -A 1B10 +A 0 B11
T(5s 6p ) = -A10B0+A11B1 ÷5A8B2 -5A 9B3 - 10A6B4+ 10A7B5

+ 10A4B6 
- 1OA5B.7 - 5A2B8+ 5 A3B9+A0B10 -

T(5p 5pa ) = A8Bo + (4A6 +A io ) B 2 + ( 6 A 4 - 4A8)84+(4A2 +6A6 ) B6 
—

T(5p 5p,r ) = (-A
8 +A 10 ) B0 + (4A6 

- 3A8 - A io ) B2 + (-6 A4 +2 A 6 +4A 8 ) B4
+(4 A2 + 2 A4 - 6A6) Bo + (-A0 

- 3A2 + 4A4) B8 + (A0 -

T(5p 6s ) = A10B0 + (-2 A9 + A 11) B 1+ ( - 3A 3 -2 A10)132 + ( 8 A 7 - 3 A9 ) B 3
+ ( 2 A 6 +8A 8 ) B4 + ( - 12A 5 +2 A 7 ) B5 + ( 2 A4 - 12A6 ) B 6
+(8A3 +2A5 )B7+ (-3A2 +8A4) B8+ (-2A i -3A ~) B9
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Table L Unnormalized Overlap Integrals (Cont ’d)

T(5 p 6pa ) = -A9B0+A3B1+(4A7+A11 )B2 + (-4 A6 - A 10 ) B 3
+(-6A5 - 4A~ ) B4+ ( 6A4+4A3)B5+(4A3+6A7)B6

S 

+ (-4A2 - 6A6 )B 7 + (-Ai~~4 A 5 ) B8 + ( A,
~+ 4 A4 ) B9

+ A5B10 
- A2’3ii

T(5p 6pir ) = (-A9 +A 11)B0 + ( A 3 - A10)B 1 + ( 4 A 7 - 3A9 - A 11) B2
÷ (-4 A6 + 3 A 3 + A10 )B 3 + ( - 6 A 5 + 2 A 7 + 4 A9 ) B4
+ ( 6 A4 - 2 A 6 

- 4 A5 ) B~~( 4 A3 ÷ 2 A5 - 6A7 ) B6

~~4A2 - 2 A 4 +6A6 ) B 7 + (-A1 - 3 A 3 + 4 A 5 )  B8

T(6s 6s ) = A~~Bo~~6AioB2 + 15A8 B4~~20A6 Bó +15 A4 B8

— 

-6 A2 B10 + A0B~~ S

T(6s 6p ) = -A11B0 +(-A10 +A ~~)B 1 + ( 5 A 9 +A 11)B 2 + ( 5 A 5 - 5 A10) B 3
S + (-1 0A7 -5 A9 )B4 + (-10A6 + 10A 3 ) B5 + ( 1 0 A 5 + l O A 7 )  B6

+ ( 10A~ 10A6 ) B 7 +  ( 5 A  10A5 ) B8 + (-5A2 + 5A4 ) B9
+ ( A i + 5 A 8 ) Bio + ( A 0 - A 2 ) Bii - A iB~~

-

~~~ T(6p 6po) = ~AioBo + ( 5 A 8 + A ~~) B2 + ( -1 O A6~~5Aio ) B4 + (10 A4 + 1O A8 ) B6
+ (~5 A 2 - 1 0 A6 ) B 8 + ( A 0 + 5 A4 ) B io - A 2 B~~ 

—
S

T(6p 6plT ) = (-A10 +A ~~) B 0 + ( 5 A 3 - 4 A10 - A ~~) B 2 S

÷(-10 A6 + 5 A 3 + 5 A10 ) B 4 + (10A4 - 10 A 3 ) B6
÷ (_5A2 - 5A4 +b 0A6 ) B 8 + ( A 0 + 4 A 2 - 5 A4 ) B io
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G. QUASISELECTION RULES FOR MULT IPHONON
ABSORPTION IN ALKALI HALIDES*

C. J. Duthier S

Our last multiphonon calculation shows that infrared absorption In

alkali halides Is dominated by processes with an odd number of optic al

output phonons. The results afford a practical computation scheme that

greatly reduces the effort of calculation and explains the recent observa-

tion of a well-defined peak in the low-temperature infrared absorption of

several alkali halide s at a frequency corresponding to the sum of three

o~*ical phonons. The odd-optica l-phonon qua siselection rule results from

the relative ionic displacements for optical modes being approximately in

phase with the individual ion displacements, while the relative ionic dis-

placements for acoustical modes are approximately 90° out of phase. The

further realization that the magnitude of the Fourier-transformed optical-

mode relative displacement is nearly Independent of the wave vector greatly

reduces calculat ion effort by reducing an extremely tedious multiple sum to

a thermally and frequency weighte d density of states of distinct phonon

branches. The theory avoids the two inadequacies of diatomic -molecule

approaches to multiphonon absorption : (a) that peaks near all integral

multiples of the fundamental frequency are predicted and that (b) molecu-

lar models have led to gross overestimates of vertex correction factors,

which are shown here to be negligible.
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Sec. G

I. INTRODUCTION

The advent of high-power infrared lasers has stimulated considerable recent

interest In the small amount of absorption of transparent solids In the far wings

of their Infrared absorption bands.’ In nTh~H halides at frequencies greater than

approximately twice the fundamental Reststrabl frequency, the absorption coeffi-

cient fi Is observed to decrease exponentially with increasing frequency.2 Until

recently no structure has been observed In the high-frequency, multiphonon region.

Recent experiments by Harrington at al.3 at low temperature (80 K) show a well-

defined peak In the absorption coefficient of several alkal i halides at a frequency

correspondicg to the sum of three optical phonons. No corresponding peak is ob-

served at the two- or four-optica}-phonon summation frequencies and the three-

optic al-phonon summation band is observed to be most pronounced In crystals

having a large mass ratio between the heavy and light crystal ions. These ob-

servations suggest an odd-even selection rule that allows odd numbered optical-

phonon summation bands. Such a selection rule Is derived In this paper and is

called a quasiselection rule sInce it Is approximate (unallowed transition matrix

elements small, but nonzero).

Previous theories4 9  generally predict a smoothly exponentially decreasing

absorption coefficient In the multiphonon region in agreement with previous room-

temperature experiments. Structure in the multiphonon absorption coefficient can

arise from structure in both the multlphonon density of states and transition matrix

elements. Evidence is presented In the present paper that much of the fine -scale

structure in the multiphonon density of sta tes is smooth ed out by the short lifeti me,

hence large spectral width, of the final-state optical phonons at room temperature.

-; 
L 
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Sec. G

The remaining broad structure observed by Harrlngton et al.3 is shown to

result from transition matrix elements which favor transitions to final States

containing an odd number of optical phonons. S

Many past theories treat the lattice as a set of molecular oscillator s on

which a density of states is Imp ressed. Such past theories have neglected

the suppression of even-numbered optical phonon summation bands and any

stru cture in the absorption coefficient , if predicted, occurs at both even - and

odd-numbered combinations.

The present paper is based on a perturbation-theory calculation on actual

crystal phonons by Sparks and Sham.4 An error in the Sparks and Sham4 paper 
S

is corrected which, when corrected, leads to multiphonon quasiselection rules. 
S

Further reasonable approximations greatly simplify the otherwise very tedious

perturbation-theory calculation. 
-

Previously, selection rules were derived for the two-phonon region. An exact

group-theory selection rule forbids final-state phonons on the same phonon

branch.10’11 Subsequently Duthler and Sparks12 derived a two-phonon quasiselec-

tion rule which favors final states consisting of an optical plus an acoustical phonon

over final states consisting of two optical or two acoustical phonons. This quasi-

selection rule yields four quasiallowed combination s of phon on bands: TA + TO,

LA + TO, TA + LO, and LA + LO, where 0 and A denote optical and acoustical

branches, and T and L denote transverse and longitudinal. Typically four two-
13

phonon absorption peaks are observed in alkal i halides in agreement with the

~~.slaeIectlon rule and in contrast with numerous additional peaks possible from

,b, )o~ t density of states. Eldrldge and co-workers 14 have examined the absorp-

~~~~ peas an LIF in detail. Strong two-phonon summat ion peaks were traced to
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the combination of branches and the particular region of the Brillouin zone

contributing to the peak. Pour strong contributions were found for combina-

tions of optical plus acoustical branches, although branch Identification is

somewhat difficult In LIF due to dispersion curve crossings.
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II. ABSORPTION MECHANISM

There are two possible mechanisms for multiphonon infrared absorption In

dielectric crystals: In the higher-order-dipole-moment mechanism the absorbed

photon directly creates n final-state phonons, as is illustrated in Fig. 1(a). In the

anharmonic lattice mechanism only the fundamental Reststrah l (TO, zero momen-

tum) phonon couples to the radiation field. In this case illustrated in Fig. 1(b), the

Intermediate-stat e Reststrahl phonon is driven off resonance and decays into n S

final-state phonons. It was previously thought that the anharrnonic lattice mech-

anism is dominant In alkali halides , although this is now questioned especially at , -

large n.15 The leading terms in the transition matrix elements for the two mech-

anisms are expected to be similar’6”7 with the result that the quasiselection rules

derived in the following section for the anharmonic lattice mechanism should also

be valid for the higher-orde r-di pole-moment mechanism.

To illustrate the equivalent functional form of the leading terms of the two

mechanisms, consider the interaction Hamiltonian for radiation absorption by the

anharmonic lattice mechanism. Assuming a central-force latt ice potential, the

n phonon anharmonic lattice interaction Hamiltonian is proportional to the nth

power of the relative displacement of ion pairs:

~~~~~~~~~~~~~~~~~~~ 
6Lm~ 

(2. 1)

Here 
~.t 

- 

~m where and 
~
‘
m are the displacements of the L th and

mth ions from equilibrium. The unit vector is directed from the equilibrium

positions of the Lth ion to the mth ion and U
f 
Is the unit polarization vector for the

ion motion in the fundamental mode.
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—5 
(a)

(b)

- Fig. 1. In the higher-order-dipole-moment mechanism the absorbed photon
directly create s n final-state phonon s (a). Only the fundamental Reststrahl

- phonon couples to the radiation field In the anharmonic latti ce mechanism (b).

I
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In rocksal t structure crystals the absorption coefficient is independent of

the direction of propagation. Choosing the x direction for the radiation polariza-

tion (~if = ~) and keeping only the nearest neighbors In the summation, Eq. (2. 1)
S becomes

~~.t ~~~~~~ 
(2.2)

L m= ±x m

where now £ labels the light ion In the unit cells and the sum on m is restricted to

nearest neIghbors at ± ann c. The multiphonon quasiselection rule is derived S

from the term under the summation with the relative ionic displacement ex-

pressed In terms of crystalline normal modes.

S It is reasonable to expec t that the higher-order dipole moment which arises

from the nth power of the relative ionic displacement is dominated by contribu-

tions of nearest neighbor pairs and is directed along the line connecting the ion

centers. If these conditions are satisfied, at least the leading terms of the Inter-

action Hamiltonian for the higher-order-dipole-moment mechanism have the same S

form as Eq. (2.2) for radiation polarized in the x direction. The leading terms of

the two mechanisms differ only in the proportionality constant. Reasonable esti-

mates can be made for the proportionality constant of the anharmonic lattice

mechanism from the (n+1 )th derivative of model potentials, but the proportion-

ality constant for the higher-order-dipole-moment mechanism Is highly uncertain.

- 1  

- 1
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III. DERIVATION OF QLJASISELECTION RULE

The Infrared dielectric constant for the anharmonic lattice mechanism is

€( w) = ( + - c ) 4 / [ w 2 - 14 - Iw1F(w)1 , (3. 1)

where CO and ç are the static and high-frequency dielectric constants, W f is the

frequency of the funda mental Reststrahl mode, and F(w) is the frequency depend-

ent relaxatIon frequency of the fundamental mode. The absorption coefficient Is 
S

given by ~ = 
~~ ~I’~R 

where k0 is the vacuum propagation constant of the radi-

ation, 
~I 

is the imaginary part of the dielectric constant, and is the real part

of the refractive index ii = 
1/2 For frequencies away from the resonant fre-

quency, peaks In the relaxation frequency will be reflected in peaks In the absorp- S

tion coefficient.

Sparks and Sham4 have derived formal expressions for the relaxation fre-

quency using the perturbation-theory resul t that the probability per unit time of

a transition between two states is 2 ir / 1~ times the square of the transition matr ix S

element. The total relaxation frequency of the fundamental mode is the sum of

processes Involving all numbers of phonons with the contribution from the n phonon

summation process shown In Fig. lb being

= ~!( n+1)2 n1 IA (fQ ,..Qn)I A (i~1~~) ~~~~~~~~~~~~
(3.2)

where Q denotes the phonon mode having wave vector ~ , branch b and frequency

WQ; ~ is the modified Kronecker 6 which is unity when the argument Is zero or

a reciprocal lattice vector and zero otherwise; and
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— n
= 

j=l 
% 

+ I ‘ (3.3)

where flQ and n w are Bose-Einstein occupation numbers of the phonon mode Q
and frequency w, respectively.

The total renormalized vertex A ( f Q1 Q~) is approximated by the simple

vertex V(fQ 1” Q~ ) multiplied by a vertex renormallzation facto r

A ( f Q , ”Q~) = &~V(f Q1 ’ Q ~ ) . (3. 4)

The simple vertex V ( Q1 Q~ ) involves all deriva tives of the potential thr ough

order m , but no products of derivatives as does the renorn ta lized vertex , Sparks
and Sham4 J ust ify retaining only the mdi- ord er derivative of the assumed nearest-

neighbor , central-force poten tial ~ m) 
= dm0, d rm, and obtain

( 6 m  1/2
V(Q i•

~
•Qm) = (N / m ! ) O m) Z r I U ~ (Q

J
) ( - f i/ 2N m< w Q )  , (3.5)

where N is the number of unit cells In the crystal and m< is the mass of the light

ion in the unit cell. The sum on y runs over the nearest neighbor heavy ions which,

In rocksalt structure crystals, are located at the six positions ±ann~ , ±ann , and

± ann ~ from each light ion with the directi ons to these positions being given by the

wilt vectors The quantity

,. 1.., 1/2 f4 . x~ a 1 5U~(Q) = x~ • 

~~~~~ 

- (m</m > ) e nn
] 

(3.6)

is the ~~ component of the Fourier transformed relative displac ement of the light

ion from the heavy ion located at 
~~ ann . The polarization vectors and S
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are implicitly defined by the equation expressing the displacement Lt
~,. 

of an Ion

from its equilibrium position ~tLT In terms of phonon modes:

_, _,
1/2 ~~~~~u~t,. = E ( 1~/2Nm7wQ) e T AQ WTQ (3.7)

where T denotes the Ion type and AQ aIQ + aQ with a/Q and a Q being phonon

creation and annIhilation operators. With the convention used In writing Eq. (3.7),

the components of the polarization vectors 
~~~~~

. 

~ 
are real numbers.

For the fundamental Reststrahl mode, the Fourier transformed relative dls-

placement in Eq. (3. 6) becomes

A A 1/2U
~

( f )  = 7),
~ 

W~ (m</mr ) 
‘ 

(3.8)

where mr is the reduced mass of the two Ions In a unit cell.

SubstitutIng this result for one of the phonon modes in Eq. (3. 5) and using

Eqs. (3.3) and (3. 4), the relaxation frequency In Eq. (3.2) can be written

ç1(w ) = 
~~ ~~ (2

~ I<)

1*1

(~~~) w
1 (n (~,+ 1)~ (

~ (n+l))2~~ (3 9)

where the dynamical Information of the phonona is contained in

6 6 ,. A -nZ (~c •w f ) (z~,. .w f )N
y l y~ l ‘ S

x E N 

~ 
(
~L ~

) 6 ~ - ~ 
W~ )

~ 
UV

(Q
J
) U,~ (Q~

) 
~~~ 

(flQ + 11

(3. 10)
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This result for is Identic al to that given In Eq. (2.21) of Sparks and

Shani~ In going from their Eq. (2.2~) to Eq. (2.24) Sparks and Sham4 made an

algebraic error when expressing ~~ In terms of real and imaginary parts of

Ux(Q)
~ Rather than simply correct ing the algebra in Ref. 4, a different approach

is taken from this poInt on In the present paper .

In rocksalt structure crystals the absorption is Independent of the direction

of propagation. Hence , for convenience we choose = ~. With this choice the

only terms surviving the sums over nearest neighbors in Eq. (3. 10) are those

located at ± x ann . Interchanging sums on V and Q, Eq. (3. 10) becomes

~~ ~~~~~~~~~~~~~~~~~~~~
Q~• ” •Q~ 

‘j=1 JI ~ j=1 ‘iej

A A A A —1
x ~ ~ (x~

. x ) (c , . x ) f l  (I (Q ) U * (Q) W Q [nQ + 1] . S

V=± x V’=±x j 1  V i V i j  
~

(3. 11)

An examination of Eq. (3. 6) reveals that the components of the Fourier trans-

formed relative displacements in the positive and negative x directions are

related by

= “ (Q) . (3.12)

Using this result In the sums on y, Eq. (3. 11) can be written

= N~~Q
E N ~~ (~~~~~ ) 6(w -~~~ wQ )

~ [
~ 

2 IU ~
(Qj ) I

2
t4~ (flQ + 1)] [i + (_~)n+l 

~~~ (2~~~~Q ) ]  
, (3. 13)
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where the x component of the Fourier transformed relative displacement has

been written in terms of Its magnitude and phase

1/2 iq~aUJ Q) = w<~~ 
- (m </m> ) ~~~~~ e fill 

= U~
(Q) e . (3. 14)

Writing L~ In Eq. (3. 13) In terms of the magnitude and phase of U
~

(Q) puts

In a form in which the quasiselection rule is manifest. An examination of the

polarization vectors of phonons throughout the Briflouin zone reveals that the

phases of optical and acoustical phonons are approximately 0° and ~900, re-

spectively. These approximate phases can be derived from either a simple

dlaton iic linear lattice model or from more realistic three-dimensional models.

Substitution of the phaseB in the cosine term of Eq. (3. 13) yields the quas lselec-

tion rule that the fundamental Reststrahl phonon prefers to spilt Into fInal states

containing an odd numbe r of optical phonons (transition matr ix elements large) .

Final states cont~ain~ng an even number of optical phonons are less favored
• (transition matrix elements small). Other statem ents of the quas iselection rule

are possible. It is stated In terms of the optical phonons in the final states since,

as will he demonstrated later , those final states cont~ilnlng primarily optical

phonons dominate the absorp tion spectrum . The quaslselectlon rule places no

restriction on the nwnber of acoustical phonons In the fin al state.

For example in the two-phonon region, the square bracketed term contain-

Ing the cosine fa-~tor in Eq. (3. 13) becomes 1- cos (180°) = 2 for an optical plus

an acoustical final-state phonons . For two optic al or two acoustic al final-sta te

phonons this term is approxima tely zero . In the three-phonon region , three

optical final-state phonons yield 1 - cos (540°) = 2 while two optical phonon s
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plus an acoustic al phonon yield approximately 1- cos (3600) = 0 • Hence

quasi aflowed final states are one optical phonon plus any number of acoustical

phonons, three optical phonons plus any numbe r of acoustical phonons, etc.

Departure s of the phases from their Idea lized values prevent the quasi-

selection rule from being exact, although typic ally there is a large degree of
cancellation In the sum of the departures of the n phonons . For example , the

exact two-phonon selection rule that the two final-state phon ons cannot be on

the same branch follows from the fact that the phases of the two phonons are
equal and opposite because of equal and opposite momenta In spite of departures

of the phases from their idealized values .

Crystal structures other than the rocksalt structure have not been examined

yet. In other structures , such as the zlncblende structure , the quasiselection

rule derived here is not expected to be valid because the sum over nearest neigh-

bors In Eq. (3. 10) 18 expected to yield a diffe rent algebraic form than Eq. (3. 13).

The possibility of a different quasiselec tion rule in such crystals awaits furthe r

Investigation.

The derivation of the phas es of U
~(Q) for acoustic al and optical phonon

branches using a diatomic linear lattic e is instructive. Consider a diatomic

linear lattIce having spring constant C and nearest neighbor spacIng a with

light ions at posItions 2 sa and heavy ions at positions (2s +1)a , where s Is S

an Integer. Analogous to Eq. (3.7) the displacemeuts of the light and heavy Ions

for standing-wave normal modes are written
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- 1/2m< w< cos(2sqa ] (3. 15)

and 
S

= m ”2w>cos[(2s+l)qa] . (3. 16)

The relative displacement of Ions within a unit cell is

-12 1/2 Iqa I2sqa
“2s 

- 

~~s+1 
= m<’ i~e [w< 

- (m</m>) w>e ] e
= m

~~
”2IU~

(Q)( cos [2sqa+ Sç Q } , (3.17) 
—

where Re denote s the real part. The quantity withIn the square bracket of Eq.

(3.17) is identical to U
~
(Q) in Eq. (3.14). Components w

< 
and w) of the normal-

lzed polarization vector are obtaIned from the equation of motion and have the

ratio

w</w> = ( 2 C  “//iç) cos q a / ( 2 C - w 2m< ) , (3.18)

where w is the frequency of the normal mode obtained from

2 
= C/mr ± C f i/mt - (4 /m<m> ) sin2 

~a] 
1/2 

(3. 19)

The disp lacements of the ions from their equilibrium positions are plotted

at the top of FIg. 2 for acoustical and optical normal modes of a diatom ic chain 5

having equal mass positive and negative Ions. The relative displacements of

the ions within each unit cell, obtained by taking the difference of heavy and

light Ion displacements and referencing the difference to the light Ion position,
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ACOUSTICAL OPTICAL

L~ 9 lb
f*S~q,~~oo

I ~f~~9O°

Fig. 2. Ion displacements for acoustical and optical normal modes of a linear diatomic
lattice with ions of equal mass, upper curves. Relative displacement of ions, lower curves.

• The relative displacement curve for the optical mode is approximately in phase with the ion
displacements , while the relative displacement curve for the acoustical mode is spatially
displaced app roximately 90° .
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are plotted at the bottom of Fig. 2. Notice that the relative displacemen t curve

for the optical mode is approximately in phase with the displacements, while the

relative displacement curve for the acoustical mode is spatially displaced ap-

proximately 90° with the two relative displacement curves having a mutual spatial

displacement of 90°. The departure ~ ç* of the spatial phases from the idealized

values of 0° and -90° results from the lattice spacing being finite compared to

the normal-mode wavelength.

In Fig. 3 the optical and the acoustical spatial phases are plotted as functions

of the normal-mode wave number for four heavy to light ion mass ratios. The

magnitude of the departure of the phase from the idealized value depends on the

mass ratio and the position in the Brillou in zone. The idealized phase values

are attained at the cente r and edge of the zone for all mass ratios, and are at-

tained throughout the Brillouin zone for an infinite mass ratio. The maximum

departure occurs for equal masses near the zone boundary.

Often the sum of the departures of the spatial phases from their idealized

values Is small or zero. In the diato mlc linear lattice model the quas iselection

rule is exact (sum departures zero) for the following cases: 1) For two final-

state phonons the phase departures of the two phonons are equal and opposite

because of momentum conservation. 2) For crystals having positive and nega-

tive ions of equal mass , the linear dependence of the spatial phase on phonon

momentum yields a zero sum for all numbers of final-state phonons if the mo-

menta sum to zero . (For the less likely cases where three or more final -state

phonons sum to an odd-numbered reciproc al lattic e vector , an exact violation

of the quas iselection rule results. ) 3) For crystals having an infinite mass ratio

between heavy and light ions the re Is zero deviation from the idealized phases.
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NORMALIZED PHONON WAVE VECTOR , qa

Fig. 3. Dependence of the spatial phase on the phonon wave vector and heavy to light
Ion masses.
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More realistic three-dimensional models yield momentum and mass ratio
I

dependent spatial phases similar to those in Fig. 3. UsIng polarization vectors

from the deformable dipole model for Na118 the following mean phases are oh-

tam ed: 2.8°, 2.8°, and 3•90 for the optical modes and -74°, _710, and -65° for

the acoustical modes. These values for the optical modes agree with those In

Fig. 3 for a linear diatomic lattice having the same mass ratio, although the de-

parture of the phases of the acoustical modes from the Idealized value of ~9O0 j~

somewhat larger. A large degree of cancellation is again found In the sum of the

phase departures, although the cancellation is now complete only for two final-

state phonons on the same branch.

a

I

179

-I 
_ _  _ _

_________________ ______ — —~ —~~~~ ~~
— 

~~~~~~~~~ 
- — ~~~ —~~~~—~.—.1J



--
~ -- .-~

—
-. , — - , - -  . - . .----- - ,  -- — —_ _ _ _ _ _ _ _ _ _

Sec .G

IV. CALCULATION OF THE ANHARMONIC CONTRIBUTION
TO THE AI3SORP ’ITON COEFFICIENT

The perturbation-theory calculation of the relaxation frequency from Eqs.

(3. 9) and (3. 13) Is greatly simplified if the magnitude of U
~(Qj ) for a given branch

Is replaced by the Brillow.n zone averaged value U~
(bj ). (This is equivalent to neg-

lecting phonon momentum conservation. ) Assuming that this is valid and that th€

quasiselection rule is exactly satisfied, the extremely complicated momentum-

dependent sum In Eq. (3. 13) is reduced to a thermal and frequency weighted multi-

phonon density of states in which the phonon branches are kept distinct. For a

quasiallowed combination of phonon branches, the contribution to becomes

~ bi ’”b~~~ 
4N~~ lU~(bi) I 2 ” IU~

(b
~)t2

x 
{ 

~~ ~~~ 
nQ + 1 ] j • • • 

{ W ~~ 
~ 

+ 1 1 ~ 6(w 
-À W

Q
) . (4. 1)

The error resulting from taking the mean value of the magnitude of U
~(Qj )

is small If the magnitude is insensitive to position in the Brillouin zone. Magni-

tudes obtained from the linear diatomic chain model are plotted as a function of

normal mode wavenumber in Fig. 4 for four mass ratios, The assumption of a

constant magnitude is best satisfied for the optical branch of crystals having a

large mass ratio. Acoustical branches of crystals having equally massive posi-

tive and negative ions are most sensitive to the phonon wave vector. However,

the error resulting from the strong dependence of U~
(Qj ) of acoustical branches

on phonon wave vector Is ameliorated by the following considerations: First, the

________  
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region near the zone center contains only a small fraction of the Brlllouin zone

volume and there are no peaks in the acoustical phonon density of states In this

region. Secondly as will be seen below, the relaxation frequency is dominated by

final states containing primarily optical branch phonons with final states contain-

ing primarily acoustical phonons being buried under lower-order combinations of

optical branch phonons.

Magnitudes of U
~(Qj ) similar to those in FIg. 4 are found using the deform-

able dipole modeL’8 This model yields the root mean square magnitudes 0.589,

0.595, and 0.611 for the optical branches of Na! and 0. 137, 0.188, and 0.221

for the acoustical branches. Using these magnitudes and assuming that the quasi-

selection rule is exactly satisfied, the relaxation frequency of Na! at 80 K has

been calculated and is presented In Fig. 5. All derivatives of the potential were

evaluated using the method of Eldridge and Howard.’4 For the fourth derivative,

or greater, use of only the Born-Mayer repulsive term yields equivalent results.4

The total relaxation frequency is the sum of the quasiallowed combinations

In FIg. 5. To Illustrate the validity of the quasiselection rule, the quasiunallowed

combination of two optical branch phonons has been calculated and is presented as

a dashed curve In Fig. S.~ Notice that the spectrum is dominated by the two com-

binations A +0 and 0+0+0 .  Hence, there would be little loss in accuracy if

contributions to r from final states containing more than one acoustical phonon

were neglected. The peak In r from three optical phonons will be reflected in a

peak in the absorption coeffic ient near this frequency.

The calculated absorption coefficient of Na! at 80K is compared to experi-

mental data from Harrlngton et al.3 in Fig. 6. The frequencies of the experimental
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FIg. 5. Relaxation frequency of the fundamental Reststrahl mode as a function
of frequency. The dashed curve presents the quasiunallowed contribution from
two optical phonons. Inset presents the spectral width function of the zero-
momentum LO phonon at 300 K (solid curve) and 90K (dashed curve). ( Inset
afte r Cowley, et al., Ref. 20.)
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Fig. 6. ComparIson of the 80K theoretical absorption coeffic ient (solid curve) to the 80K
data (solId circ les and squares). Open circles and squares present 300K experimental
data.
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and theoretical three-phonon summation bands agree , although the theoretical

curve is much sharper than the experimental curve. At room temperature the

experimental peak is almost completely smoothed out while the room temperature

theoretical curve is nearl y as stro ngly peaked as the low-temp erature curve . Using

a density of state s from a shell-model calculation of Cowley et al.19 yields an even

more strongly peaked curve at nearly the same frequency.

The Increased width In the experimental peak Is not due to violations of the

quasiselection rule, but rathe r is thought to result from the llnewldth of the

final-state phonons. In calculating I’ in Fig. 5 It is tacitly assumed that the final -

state llnewidth is less than the histogram bin width of 11 cm~~. This is satisfied

for the acoustical and some optical phonons at 80K , but is not satisfied for

longitudinal-optical phonons. The spectral width function of the q =0 , LO phonon

as calculated by Cowley et al.2° Is shown In the inset In Fig. 5. The large spec-

tral width of the LO phonons broadens the 0+ A contribution to I’ on the high

frequency side and fills In the sharp dip between the two- and three-phonon

regions. Beside broadening the 80K theoretical peak, the strong temperature

dependence of the spectral width function is thought to account for the disap-

pearance of the distinct peak at room temperature.

Harrington et al.3 thserve that the three-optical-phonon peak Is most pro-

nounced in crystals having a large heavy to light ion mass ratio. Such crystals

have frequency gaps In their phonon spectra. Consequently they have more

structure in their multiphonon densities of states. This together with the facts

that the Idealized phase values are more nearly attained and the magnitudes of

the relative displacements are more nearly constant in the case of large mass

ratios , favors structure In the multiphonon absorption coefficient.
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V. VERTEX RENORMAL1ZATION FACTORS

Sparks wd Sham4 treat higher-order diagrams Involving intermediate-state

phonons as a vertex renorma lization factor to the simple vertex where the

fundamental phoncii splits directly Into n final-state phonons. The contribution

of these diagrams to the relaxation frequency can be explicitly calculated using

a more general quaslselectlon rule and the above method of calculation where

mean value s of I U~
(Q) are used. Perturbation-theory analysis of the general

n phonon vertex yields a cosine factor similar to that in Eq. (3. 13) from which a

more general quaslselecticn rule is derived that quasiallowed vertices contain

an even numbe r of optical phonons. In this more general case Incoming as well

as outgoing phonons are counted and the number and wave v ~ of the Incom-

ing phonons are not restricted. The previously consIdered case of a single zero

momentum, TO incoming phonon is a special case.

For three final-state phonons there is only one higher-order diagram con-

taining an intermediate-state phonon. This diagram is sketched In Fig. 7. At the

first vertex the fundamental phonon must split Into an optical phonon plus an acous-

tical phonon with splitting Into two optical or two acoustical phonons being unal-

lowed by the quasiselection rule. The Intermediate -state phonon, labeled by m,

can be eithe r the optical or the acoustical phonon with the final-state phonon,

labeled by 1, being the other.

In the case where the Intermediate-state phonon Is the optica l phonon the

above general quasiselection rule requires that It split Into an optical plus an S

acoustical phonon at the second vertex. Hence the final state consists of one

optical plus two acoustical phonons.

H
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Fig. 7. Higher-order three-phonon diagram Involving an
Intermediate-state phonon.
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in the other case where the Inte rmediate-state phonon is the acoustical

phonon. this phonon is allowed by the general quas iselection rule to decay into

either two optical phonons or two acoustical phonons at the second vertex. Hence

the two possible final states in this case are three optical phonons or one optical

phonon plus two acoustical phonons.

These two quasiallowed final states for the higher-orde r diagram are exactly

the same as for the simple vertex where the fundamental phonon splits directly

Into three final -state phonons. Therefore the quasiselection rule for the simple

vertex remains valid over-all even though two of the final-state phonons came

from an intermediate -state phonon . Similarly for more than three final-state

phonons, an examination of the higher-order diagrams in these cases reveals

that the quasise lection rule for the simple vertex remains valid over-all as long

as the general quasise lection rule is satisfied at every inte rmediate -state vertex.

The ratio of the transition matrix element for the higher-order diagram

• 421in Fig. 7 to the simple vertex is

_ _ _ _ _ _ _  — 

4Wn1V ( f QmQi)V (Q Q2Q3)
(f~ C3 j i )  

‘
~~~ 

31
~

[(W _ (4s:~i
)2 _ (4Q

2
m

1V ( f Q iQ2Q3) 
(5. 1)

where for fixed Initial and final states It is only necessa ry to sum over the branches

of the intermediate-state phonon denoted by m. Evaluating the vertices, Eq. (5. 1)

becomes

(5 2)
(f 1X3 1i) = 9m

< (0(4)] m 
~~~~~~~~~~~~~~~~~~~~~~
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where

= 2 I u ( Q 1 ) I ~~~~I U ( Q ) I

for quasiallowed diagrams and approxi mately zero othe rwise. For the final state

consisting of three optic al phonons the intermediate-state phonon is an acoustical

phonon. Approximating the square bracketed freq uency term by 4~4 and multi-

plying by 3 for the three quas lallowed acoustic al branches yields

(t I3~ Ifl 
= 

2 [Ø (3) ]2 RJ~
(A)I2

I i ) 3 [0 (4)] m<(4Z (5. 3)

= 1.5 x for Na!

Hence the vertex correction factor is A3 = 1.015 which implies that the

quantity ~ defined by Sparks and Sham4 is ~ = 0.020. Rather than explicitly

evaluating the vertex corrections to the higher-order diagrams, this quantity is

used to obtain A4 = 1.04 and A5 1.08. These correction s are negligthle.

They are much smaller than those obtained by McGill et al.6 and are even

smaller than those obtained by Sparks and Sham.4

Corrections arising from confluence diagrams in the multiphonon region

are still smaller. Since confluence diagrams contain predominantly incoming

acoustical phonons , the over-all qua siselection rule for allowed final states

remains valid.
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VI. CONCLUSIONS

Many of the basic assumption s and approximations made by Sparks and

Sham4 remain in the presen t paper , although several improvements have been

made and new results have been obtained. These assumptions and approxima-

tions are summarized as follows: (1) As justified by Sparks and Sham,4 the

perturbation-theory approach is assumed valid . (2) Only the anharmonic-

lattice mechanism is Included in the calculation of the absorption coefficient.

It is argued in Sec. II that the inclusion of the higher-order dipole-moment

mechanism is expected to only change the strength of the interaction , leaving

the phonon dynamics and the quasiselec tion rule unchanged. (3) A nearest-

neighbor central-force potential is assumed. Use of only the Born-Maye r re-

pulsive term for three, or more, phonons is convenient, but not essential.

(4) The lifetimes of final-state phonons are taken to be infinite in the calcu-

lated curves. However, evidence is presented that the large spectral width of

optical phbnons, especially at room temperature, contributes considerable

broadening to the theoretical curve s bringin g the calculated line shape of the

three-optical-phonon summation band into better agreement with experiment.

(5) An error in the Sparks and Sham pãpèr,4 on which the use of the central-

limit theorem was based, has been corrected. In the present paper multiple

sums over phonon modes have been approximated by Brillouin zone averages

in which the phonon branches are kept distinct. It is shown in Sec. lv that this

is a reasonable approximation, especially for optical phonons which dominate

the spectrum.
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The results of this paper are: (1) A quasiselection rule is derived that

Infrared absorption In alkali halide crystals tends to create final states having

an odd number of optical phonons. This quasiselection rule follows from the

observation that the relative motion between ions in a unit cell is approximately

spatially In phase with the ion motion for optical modes, while the acoustical

modes are approximately 900 spatially out of phase with the ion motions. (2) The

quasiselection rule explains the observations of Harrin gton et aL 3 of a three-

optical-phonon summation-band peak In the absorption coeffic ient with no cor-

responding peak being observed at two or four optical phonons. (3) Using a

constant magnitude Fourie r transformed relative displacement greatly reduces

the effort of the perturbation-theory calculation. This approximation is justi-

fied by the demonstration that , at least for optical modes, the magnitude of the

Fourier transformed relat ive displacement is insensitive to the phonon momen-

tum for a given branch. This allows an extremely complicated momentum de-

pendent sum over phonon modes to be reduced to an easily evaluated thermally

and frequenc y weighted density of state s in which the phonon branches are kept

• distinct. (4) A more general quasiselection rule allows easy evaluation of vertex

correction factors from higher-orde r diagrams containing inte rmediate -stat e

phonons. These facto rs are found to be smaller than those estimated by Sparks

and Shani~ and, In agreement with Sparks and Sham, are found to be negligible.
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H. IRRADIANCE UMITS FOR VACUUM ULTRAVIOLET MATER IAL FAILURE

C. J . ~ ad~br ned U. ~~mt*s

Xonlca, Incorporated, Va Pinys. California ,1406

Calculated values ci Irradicas I at oblab astorisis fofi ~ ~.3 •V geIL a .1
10 naec duration by various mschnei~~~ in*c~~ meteihe .invsrs mek at very
low values, typically £ ~ 20 MW/cm. ~~~ro,*ag the ~~~ obish Ii ~~metallic vuv reflector, would Increase £ by a factor ci ply three. The l~~~~ iithresholds for tranoparent materials axe ‘.140 MW/ca’ for ~~ Istrlaslc is.~~~*lsprocess of optical distortion caused J-iy d c a—” .I.ctrsss generated by
photon absorption and ‘-200 MW/cm’ for the Istrissic irmsrsibio u ssm’ ci themal
fracture by two-photon absorption. Other th e±f~~ axe: — 10W/ca’ for fr~~~~sfrom enhanced stimulated Roman .~ar.rkg In *sm~~-sceh~ astodsisi — L6 OW/ca
for melting from tw.-photcn sbsorpclcs —2 0W/ca’ for dii.etlss fri. the
nonlinear refractive inde* ( bowid electrons k sad —100 0 / for thermal frs~~~s
from istrth.Ic one-photon absorptk. with~~ • 0.1 cm 1. b.r l...~~d In the c & ”4 ~~~are the Joule heating by the g..eratsd .lectri., which Is greater th the disest beat-
ing by the absorption proc... . and .luctron-av-’~~~~ ~~~~~ll’r4es Therasily in-
diced optical distortion has a higher threshold than that for ~~ opt’csl ~~~~etIse by
generated conduction .lsctrcss.

X.y i~ xda: Pbnlirmar i,~~~c of refraction: optioni dlatortlcn U~~~~1
fracbwe; bo-ptmta% absorption.

1. Introduction

Car theoretical studies of materials “tag. by high-power. vacuum-ultravIolet (vuv) r~~ w’~~ ware mod-
vited by the successful operation of lasers in this wsvelnegth regIon ( li i. High oulpot powers have bean achieved
from the rare-gas excintar laser, with wsvelangths of 174 urn (ito s 7.2eV) for dm i.oe laser (21,146 mu
(8.5eV) for the krypton laser (3) .nd 126 nm (9. IsV) for the argon laser (4). At the present time there have
been no eaperiment. on materials damage in the vu,, other than that observed with the first lasers, which were
materials limIted (2 ,5).

The laser cavity-mode pattern was burned Into the thin-film aluminum mirrors In these first Lasers. The
threshold Irradlance (inten.ity) for this damage ens I n 20 MW/cm2. Since ord.r.-of-magnitude greater power
would be feasibl. If suitable mirrors were available, there Is great Interest In ofr lnlng improved reflectors.
Tranoparent materials for high-power use as windows, lenses, reflecting devices, and o~~ r optical components
are of even greater interest. 

-

Consider the intrinsic limit for metallic reflector. In the vuv. For a metal to be a good reflector It must
have a plasma frequency large compared to th. frequency of intereat,and It must not have Interbend transitions In
the regIon of Interest. These condition. are best satisfied hi the vuv by aluminum. Silver and gold, which are
commonly used In the visible and Infrared, are tranop rsnt in the vuv since their plasma wavelengths are greater
than 200 nm.

This paper was published In NBS Special Publication No. 435, “Laser Induced Damage
In Optical MaterIals: 1975 ’

1Figures In brackets Ind icate the literature references at the end of this paper.
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Sec. H

ibe reflectance of aluminum as a fun ction of frequency Is shown in fIgure 1. In the Infrared, values of the
reflectan ce as large as 99 percent are obtained. Aluminum Is somewhat anomalous In that It has lnterband transi-
tions In the near Infrared. With extreme care In sample preparation under exacting laboratory conditions, values
of reflectance approaching 92 percent have been obtained from the visible to the vuv 6) . folow the plasma wave-
length of 81.4 nm (15.2 eV), aluminum is tranaparent except for Interband transItions.

thow and Sparks (1) have shown that the 92 percent reflectance, observed with the best samples at 174 nm,
Is within two percent of the Intrin sic limit. In commercially available mirrors the absorptance In the vuv typl-
cally 1s 20 percent or greater, as denoted by the dashed curves In figure 1. MIII. and Maradludln (8) have studied
these greater values of absorplance, which result from enhanced cotçllng to aluminum surface plasmons caused by
a rough surface or rough A1203 or Mg?2 overcoatlng.

Zn view of the extreme difficulty of achieving the intrinsIc reflectance limit of aluminum and considering
the large absorptance at the intrinsic limit, significant improvements In the failure threshold, of metallic reflec-
tori do not seem possible. Improved reflectance ha. been obtained using a stack of very thin aluminum layers
separated by approximately one-quarter wave layers of MgF2 (9). The damage threshold of these multilayer
structures remalna to be Investigated. However, even greater damage thresholds should be attainable from the
use ci transparent materials a. multilayer dielectric reflectora,or as total Internal reflection devices.

Problem. of transparent materials for high-power vuv use also are severe. There are few materials with
sufficiently great electronic band gap Eg to avoid the great linear absorption above the absorption edge. Those
having the largest bend gaps are Ionic materials composed of light Ions from the edge. of the periodic table. Ma-
terials having Eg greater than 7.2eV include: LiP (‘.13), Mg?2 (—11). KF (10.9), NaF (>10.5), Rb? (10.4),
CsF (10). L1C1 (. 10), CaF2 (—10), SrF2 (>9), SaF2 (> 9), NaC1 (8.6), KC1 (8.5), URr (—8. 5), Al203 (8. 3),
RbCI (8. 2), KBr (7.8), NaBr (7 .7), S102 (‘.7.7), and MgO (7.3). All transparent materials will suffer the effects
of two-photon absorption at the xenon laser freq uency. The 13 eV bend gap of Li?, which I. the largest band gap of
all transparent solids, is less than twice the photon energy of the xenon laser with 2

~~~L 14. 4 eV.

Many of these material . are not expected to be useful as practical high-power vuv windows. The alkaline -
earth halide s are superior to the alkal i halide s with respect to hygroscopic properties and fracture strengths.
Sapphire and quart z have highly desirable chemical and mechanical propertles,but their band gaps of 8.3 eV and
7.7 eV, respectively, axe very close to the xenon laser photon energy of 7.2 eV. The steepne ss of the electronic
absorption edge appears to allow their use as xeiioo laser windows unless further study reve als such effects as
anomalou, freq uency dependence of the absorption coefficient or a large nonlinear refractive Index.

For construction of dielectric reflectors , there is a paucity of large index materials so that it may be nec-
essary to use moderately absorb ing materi al.. The absorption coefficient of such material, as NdF3 and LaF3
needs further Investigation.

Aged UP can suffer Increased absorption from vuv Induced color centers. It is not yet inown It two-
photon absorption at 7.2 eV will result In similar creation of color centers In UF or other mat erials.

The frequency dependence of the linear absorption coeffic ient B of such Ionic materials as alkali halides
Is shown schematically In fIgure 2. Zn the Infrared , the Intrinsic absorption mechanism Is the creation of phonons
which results In a large peak in ~ at the restetrahi frequency foUowed by a broad , exponen tially decreas ing multi-
phonon tall. At the CO2 laser frequency many material. are impurity limited with absorption coefficients as low
as 10~~ cm 1 being obtained. In the ultraviolet the intrinsic absorption mechanism is the excitation of electrons
from the valence band to the conduction band. in contrast to the Infrared , the electronic “Urb ach ta ll” is relatively
sharp (typica lly _ io8 cm~~/eV for the rate of reduction of the absorption coefficient $) so that materials can be
used close to the edge Without suffer ing excessive linear intrinsic absorption.

Presently available mater ial. have extrinsic absorption coefficients ranging from 0. 1 to 1 cm ’ for vuv
freq uencies below the intrinsic absorption edge [10). Even though these values are quite large, Improving the
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materia ls to reduce the linear absorption will not result in a greater threshold for the case of a singLe 10 osec
pulse,uoIeS. the ons-phat os Induced optical-distortion mechanism of section 3D I, operative. Even then, the
threshold would be increa sed from —60 MW/cm2 to only — 140 GW/cJ. which is set by the two-photon Induced
electron optical distortion. Ilewerer, In cw or repeated pulse systems It is expected that lowering the value of $
should Increase the threshold substantIally. If such systems become of intere st, the plemat analyses could be — 

-

extended easily to include these case..

2. Metallic Reflector.

Materials damage In the first xenon lasers occurred with the laser cavity-mode pattern beIng burned Into
the thin-film aluminum mirrors. The mechanIsm for damage in this case can be understood with the aid of fig-
ure 3, where a cross section of one of the laser-cavity mirrors Is sketched. The mirror consists of a coating of
aluminum approximately b O A  thick on a magnesium fluoride substrate. At the macn-laser wavelength of 174 nm.
commercially available aluminum reflectors typically have 20 percent sbsorptance, and the Intr insic limit i, ap-
proximately 6 percent.

In order to determine the threshold for metallic-reflector damage, the surface temperature Tot the mirror
is calculated by dividing the energy absorbed 1A~~t by the volume of heated material ~d. Here I is the incident
Irradlance, A the absorplance, t the surface area that 1, irradIated, t is the pulse duration, and d = (iK t/4

- 2 x 10~~ ~m ( for a 10 nice pulse In Mg?2 ) is d~ thermal diffusion depth. Also, K is the thermal conductivity and
C the heat capacity per unit volume. Equating this energy density IAt / d  to CT gives

T — (4t / ,CK)1”2 IA . (1)

Notice that the energy is absorbed In the thin aluminum film, while the volume of heated material is determined by
the thermal diffusion into the magnesium fluoride.

For short pulse durations, failure occurs by melting of the aluminum film since aluminum has a lower
melting point than Mg?2, sad thermal stresses In the small volume of heated material are insufficient to cause

• fracture. Uslng A — O . 2, K = O . II W/cm K, an d C— 4 . 1J / c m3IC In eq. (l) ,4elds e fallure lntensity of 2O
MW/cm2. The futhne Intensity decreases as the square root of the pulse duration, while the power density In-
crease. as

3. Transparent Materials

In addition to use In thin-film dIelectric reflectors, transparent materials are of course needed for win-
dews, lenses, and other optical components. Single-shot thresholds are calculated In the following for failure of
bulk transparent materials by various mechanisms. These bulk thresholds can be used as a guide for thin films
or for multiple shots.

A. Two-Photon Absorption

The two-photon absorption coefficient can be calculated using golden-rule perturbation theory which
yields di. formal e~~rssslon [11, 12)

1/2 X X  ~2
- ~~~g E Z 6 ( R ) 1 V  fo hi (2)

~~ tcn~ j~~ I h

where t Is the dielectric c”nita”, ‘L is ths lassr-pho’un occupation number, and 6(E)  is an energy-conserving

delta function. in eq. (2), 3C~ and X.~ are matrIx .lsments of the Interaction Hsmfltonian (which can be written
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in terms of dipole matrix elements) between the initi.l state I (valence band ) or the final state I (conduction band)
and an intermediate state h. The matrIx elements are summed over all possible initial, final, and intermediate
states that conserve over -all energy . PossIble intermed Iate states are higher conduction bands. exclton levels,
lower valence bands, and the conduction hand Itse lf with Intra -band tran sitIons.

Present knowledge of the band structure of large-band -gap Insulator ., even UF, is insufficient to predict
which intermediate states are dominant or to calculate the two-photon absorption coefficient to bette r than an order-
of-magnItude accuracy. Tentatively, it appears that a lower valence band may be the dominant intermedi ate state
for UF at the xenon-laser frequency. SImple arguments indicate that two-p hoton absorption Is parity forbidden at
the absorption edge in LiF. For slightly larger energies, two-photon absorption I. allowed. Neglecting the wave-
vector dependen ce of the transit ion matrix elements gives the frequency dependence a2 - a20 (w - w1/2 ~~~~

where 
~20 is constant and ~~W

g 
Is the band gap. This approximate frequency dependence, which Is obtai ned from

the J oint density of states of parabolic conduction and valence bands, agrees qualitatively with experImen ta l resuita
for two-photon absorptIon coefficient in heavier alkali halides [13].

The two-photon absorption coefficient I. proportional to the intensIty and can be written formally •s

a2 — ( I / I .~) l c m 1 
. (3)

At the xenon-lase r frequency in UF , an order-of-magni tude estimate of the characteri stic intensi ty at which
— 1 cm~~ 15 10 = 1.2 GW/cm2 112) .

B. Optical Distortion

There are two nonlinear mechanis ms for optical distortion in the vacuum ultraviolet. First , the process of
two-p hoton absorptIon create s conduction electrons,whlch in turn , can scatter incident radiation. The second mech -
anism Is the usual nonlinea r index, n2, of the bound electrons In the solid, which is the dominant mechanism for
optical distortion and catastrophic self focusing In infrared Nd-glass lasers. In the vicinity of two-photon absorp-
tion bands , the nonlinear Index can be resonantly enhanced. The two mechanisms are not Independent since n2 Is

obtained fro m the re al part of the third -order suscept Ib Ility, and two-photon absorp tion from the imaginary part.

The change in the refract ive index from conduction electro ns created by two-photon absorption Is esti mated
using the Drude-theory result

= -w 2/ 2n 0 w~ , (4)

where

= 4 v Ne2 /m

In eq. (4), Is the plas ma frequency, e ii the electronic charge , m is the reduced effective mass of the elec-

tr ons, and no Is the linear refractive index. At the threshold for optical distortion , the number of free car riers —

is appro ximately equal to the inte grated numbe r of photons absorbed, neglect ing relaxat ion, aLthough the number is

slightl y larg er as a result of electron-avalanche creat ion of additional pairs.

Our criterion for optical distortion Is that the change in the optical path length at the center of the beam Is

1/8 wave :

X/8 = ( 6 n ) z  , (5)

where z is the thick ness of the mater ial,whi ch is taken to be 1 cm. Using the absorption coefficient in eq. (3) for

LIF yields the free carrier threshold inten sity I = 160 MW/cm2 for a 10 neec duration xenon-laser pulse.
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The change In the refractIve Index front the nonlinear Index of bound electrons Is 6n a2 E
2, where S

the rms electrIc field. The typical value at • 10 13esu, observed In th. visible and Infrared, yield. a thresh-
old of I • 7 GW/cm2 for optical distort ion. However, resonant enhancement of n2 by two-photon absorption In the
vuv reduces this threshold.

A simple model of the nonlinea r index that preserves much of basic physIcs has been considered by
Fournier and Snitzer . (14 ] This model consIde rs a solId composed of noninteracting molecules havIng three
int~ro nI c level.. The nonlinear Index in this case Is

4 2 r 2 2
4v N ~~~~~~~ .~ i ~ i f01 f12 j  

(w0 + S w  )
fl~ ~ J ! ‘~ 

_
flt è’ 

~~~~~ 
(~ 2 

- 9~Z )2 I (w~ - 4w2 ) 
2 • (6)

where a0 I. the linear refractive Index. 1kg0 Ia the enerr, of the electronic excited states, 
~~ i2 is the energy

dIfference of the excited states, and t~~ and f~~ are the oscillator strengths for the transitions between sub-
scripted levels. Since our primary interest is in the frequency dependence of it2,  eq. (6) is written in terms of
the low frequency nonlinear Index it20:

1 ______ 

[ (w ~~+Sw 2 )
2 2 I . (7)

(w -
~~~~~~~~ )

‘ [( w ~~ - 4 w )

Methods of estimating 
~20 from linear optical constants have been proposed [14, 151.

The first term with in the square brackets of eq. (7) has a resonance at one-half the one-photon absorption
frequency 1~o. ~flae nonlinear Index is piotred a a function of frequency from eq. (7) Ia fIgure 4. bi the absence
of damping very large , values of would be obtained near ui~/2. To keep a2 finite , a small amount of damping
has been added, which lead. to a broadened two-photon absorptIon line at w0 /2 shown by the dashed curve in
figure 4.

The molecular model La see realistic for solids such aa alkali halides, which have broad two-photon ab-
sorption bands. For LIP, two-photon transitions from the valence band to the Lowest conduction band extend from
w /2 to approxi mately w • To estimate the frequ ency dependence ci In this case, eq. (7) 1. Integrated overg g
a distrIbution of oscillator frequencies having density (to - tog) • which yields

- a2o 2(W _~~ Wg)3/
~ 

~~~~~ ~~~~~~~~~~~~~~~~~ i:~ ~ 
+ 2 J dw . (8)

Thi. integral Is approximated by replacing to’ In the slowly varyIng terms of the integrand by i~~, which gives

2 w ( g ~ + Sw2 ) ( “m (
~

• -
la2o + 2a2 o (~~~~ wg

?/2 (w2
~~w~ ? 

~Wg 
(to ’2 

- 4sé) 
(9)

Notice that eq. (9) has the form of a Kramers-Kronig Integral over the two-photon absorption bond. Even though
the indivIdual oscillators diverge at one-half the resonant Irequsncy. th. integral over the oscillators remains
finite, except at Wgø and has the value
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J(w <wgI2 )_ ~~j (wg+ 2w)la tan~
l
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g
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~j  (n~~~+ 2w)~~~~~ tsn~~ [ ( i j . ) j
( 2 t o - w )~~~+ ( i ~~~- w ) ~~

2
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The nonlinear Index obtained from eqs. (9) and (10) 15 plotted as a function of frequency in fIgure 5. The
maximum positive value of w 3n~~ occurs at w~/2. A. the frequency incre ases. a2 passes through zero (no

optical distortion) and attains large negative value s near to . However, close to to , one-photon effects will domi-

nate. The xenon-laser frequency equals 0.55w
8 

In UF. Using ‘12 - 3n~~ with ‘12o - 10 esu yield, a thresh-

old of I a 2GW/cm2 for optical distortion in LIP. This is a factor of 12 greater than the estimated thres hold for

optical distortion from condaction electrons.

Although optical distortion from the nonlinear Index of bound electrons is negligible at the xenon-laser fre-

quency In UP. there are other cases for which it may be important. The degree of resonance enhancement at
Increases with decreasing two-photon absorption band width. If a material has a strong sharp two-photon

absorption band with the laser frequency adjacent to. but not within,the band, two-photon creation of free carriers

will not occur , and the nonlinear index will be considerably enhanced. Large negative values of 112 are predicted

for to Just below tog for broad-bsnd materials. This negative value of ‘12 could yield strong non linear defocusing.

but the three-band model used may not be valid in this frequency range. Then a more realist ic model including

effects of hIgher bands is needed for accurate predictions.

The frequency dependence of the nonlinear Index has not been measured experiment ally. A factor of 100

resonant enhancement of three-wave mixing (also obtained from the third-order susceptibility) has been observed

In diamond by Leven.on at al ,[ 16) when the difference frequency was resonant with the Ram.n frequency.

Optical distortion from hasting of the material by absorbed radiation, which I. the dominant mechanism for

distortion is ow 10.6Mm lasers , i~ negligible on the 10 nsec tIme scale of the xenon laser (except for rapidly re-

peated pci.. .). The lack of thermal distortion results from the fact,that, first, recomblnatton of the electron-hole

pairs I. negligible on this tim. scale. Even If the pairs degraded rapidly into heat, there would be no optical dis-

tortion since th. thermal expansion of the lattice (which domInar~, d n/ dT)  is slow.

C. Irreversible Dsmage Thresholds

Host generated by two-photon absorption will result in thermal fracture of transparent materials. This will

occur on a tim. scale ci microseconds ~forIng which the thermal stresses In the material approach their equlllb

riwit valve.. The previous analysis of Sparks end (2tow (17 ~ Indicates that s LIP window fractures when the tem

peranire at the center of the window 1s7 K greater than at the edge. Using the two-photon absorption coeMcient In

eq. (3), sad allowing for •I.ctron-avalancl* creation of additional conduction electrons and Joule heating of these

•Iectrona yields a fracture threshold of I - 1.6 OW/cm2 for UP.
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The electron-avalanche creation of conduction electrons and Joule heating of these carrier s is hi~~ly non-
lInear (18 ). A factor of only three greater irradiance will result In two orders of magnitude greater heat ing
in UP.

Local fracture from absorbin g inclusion. , if present, Will have the lowest permanent damage threshold.
Since absorbing inclusions are expected to absorb at least as much energy in the vuv as in the infrared, the failure
power density of 2J/ cm2 (200 MW/cm2 with a 10 nsec pulse ) observed for many materi als in the In frared, Is ex-
pected to apply In the vuv (19). This failure mechanism , being extrinsic, can be removed by materials Improve-
meat, in principle.

D. Other Failure Mechanisms

In Raman-active crystals, enhanced stimulated Raman scattering can lead to materials damage from heat-
Ing by phonons crested in the scattering process. Sparks has estimated the threshold irradiance of 2 GW/cm2 for
thermal fracture by this mechanIsm (20) . Of the candidate 7.2eV window materials, Raman scattering is sym-
metry allowed In the alkaline-earth halides, but not in the alkali halldes.

Another form of optical distortion Is nonlinear generation of harmonic frequenci es in transparent materials.
Frequency doubling occurs in materi al, lack ing a center of inversion which, of the candidate materials, includes
only crystalline $102. Frequency tripling can occur In materia ls having a center of Inversion, but the effects of
frequency trIpling are expected to be less severe than those from two-photon absorption.

Linear, extrinsic absorption can lead to optical distortion and thermal fracture , as with intrInsIc two-
photon absorption. The efficiency of generation of ccndu~tion electrons by linear, extrinsic absorption is not known.
If each photon absorbed generate. a conduction electron, it is estimated that an impurity absorption coefficient of
fi -0. 15 cm 1 will yield an optical distortion threshold of 60 MW/cm2. At higher Intensities nonlinear mechanism.
dominate. An irradiance of I * 30GW/cm2 is required for thermal fracture from extrinsic one-photon beating
with fi - 0. 15 cm ’, conlpared to I - 2 GW/cm2 for two-photon heating.

Such crystalline defoct s as F centers have been observed to be created by light absorptIon (21). It is pos-
sthl, that unavoidable two-photon absorptIon will create defecea ,whlch In turn yield an Increas Ing extrinsic absorp-
tIon coefficien t at 7.2 .V. This remains to be investigated.

4. Summary and Conclusions

The various failure thresholds are presented graphically in figure 6. Unless otherwise noted, these thresh-
old. are most appropriate for a sIngle, 10 nsec duration, xenon-laser pulse In LIF. The mechanism having the
lowest threshold of I - 20MW/cm2 is melting of thIn-film aluminum mirror s. With transparent material., the
lowest reversib le threshold i. I - 140 MW/cd for optical distortion by free carriers created by Intrinsic, two-
photon absorption. Depending on the efficiency for the creation of free carrier., extrinsic absorption coefficients
greater than approximately ~~ - 10~~~ cm~~ are required for lower optical distortion thresholds. Light absorption
Is known to create crystalline defocta. Two-phonon creation of defect. may lead to unacceptably large linear ab-
sorption coefficients In aged materia ls.

The lowest irreversible damage threshold of 200 MW/cm2 occurs for localized fracture from absorbing
inclusions. This mechanism being extrinsic , can be eliminated in principle. The lowest Intrinsic thre shold re-
suits from therma l fracture from two-photon heating and ha. the threshold of 1.6GW/cm2 for UP. Assuming a
comparable two-photon absorption coefficient for other materials, the threshold for thermal fra cture is expected
to be greater for the materials having greater fracture strengths. The threshold in MgF2 Is esti mated as 4

GW/cm2. Thermal fracture from an extrInsic ab.orption coefficient of ~ - 0. 1 cm~~ Is negligible compared to
that from two-photon absorption.
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The threshold of 2 GW/cm 2 for optical distortion from the nonlinear index of bound electrons in LIP is
negligible compared to the distortion from free car riers. This mechanism may be dominant In other mater ials if
the laser freq uency ii adjacent to, but not Within, a sharp, strong iwo-photon absorption line. Another nonl inear
mechanIsm that can lead to failure is enhanced stimulated Raman scattering. In materials with allowed Ramac
scattering ( Includes alkaline-earth halides), heating from Reman-created phonons results in fracture at
I - 2 GW/cm2.

An accuracy of oniy one orde r of mageicude Is expected for the above thresholds because of an order-of-
magnItude uncertainty In the two-photon absorption coefficient . Our present efforts are directed toward a better
understanding of the linear optical properties of wlds-bsnd-g.p materials so that better estimates of two-photon
sbsorpti~n and ocher nonlinear effects can be made.
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I. MATERIA LS FOR HIGH-POWER WINDOW AND MIRR OR COATINGS
AND MULTI LAYER-D IELECTR IC REFLECTORS °

M~ Sparka

Xoidcs, Incorporated. Sante Monica, CalIfornia 90401

Autireflection coating. and reflectors hailng lower values of ab.orptanoe than are
presondy available axe needed for high-power, and even some low-power, application..
Intrinsic value, of abaorptance of antireflection coatings, inultilayer-dlelectric reflector.,
and metallIc-reflection-enhancing coatings are orders of magnitude lower than current ex-
perimental values Aexp. A major factor limiting the values of ~~~~ is that a given coating
material usually has orders of magnitude greater absorption when deposited as a flint than
when grown as a bulk crystal. The most likely source of th is extra film absorptance A~ja
cnepxinlnsr&on of the film. Numerous cc ~~ ‘‘ ‘~~a Include water, HCO~3, C103, NO3, OH ,
and CN • Co~taTnlnatIon can occur before or during deposition. Icon exposure to the atmo-
sphere (where absorption by porous flints and surface adsorption are important), or during
use or storage. Ax 10.6 pIn only two mplecular layers of water or a pecking density of 99.95%
are formally required to give Af • 10’, which Is a typical desired value. High-pecking-den-
.Ity films should be vacuum vapor deposited using ultraclean depositIon conditions including
thorough baking of the entire system, high-purity single-crystal starting materials, special
care In evaporation, state-of-the-art substrate preparation, and ultrahigh vacmun. Spectra-
scopic and calorimetric measurements of Af( w ) on very thick films and on normal-thickitess
films, both deposited on attenuated-total -reflection plates , should be mide. Material-selection
guldeUnes, including a bulk- absorption coeffic ient less than 0.5 cm4 and a value of the Index
of refractIon In the requ ired range, axe developed and used to select the following lO.61un
candidate materIals: ThF4, NaP , BaF2, SrF2, NaCI, KC1, KG.F4, As2S3, As25e3, ZnS, ZnSe,
and TI!. Distinguishing absorption on the coating surface from that In the bulk of the coatings
by utilizing the nearly zero electric field op the surfaces of certain Coatings is proposed. In-
clua1~n damage I. expected at ..1-l0 3/cm’ for nanosecond pulses or .40 to several hundred
J/ cm for microsecond pplses. Intr insic damage Is expected by heating at 100 3/cm2 for a
lOp, pulse apd Af = 1 0’, or by such ponlinear processes as electron-avalanche breakdown
at ‘~10 3/cm’ (I. e. I m 10 GW per cm’) for a 10 as pulse. Strongly absorbing 1-pm-radius
Inclusions spaced 175 pm apart in the coating give rise to absorptan ce Af N l 0 .  Thermally
induced stresse s In a 2 mm-diameter detached film segment may be sufficient to cause addi-
tkzaal detachment and a rwiaway process.

1. Introduct Ion

Deposition of thin dielectric flints Is of great Inte rest for (1) antireflectlon coatings, where the reflectance is
to be reduced , and for (2) multllayer-d lelectrl c reflectors and (3) metallic coatings, where the reflectance Is to be
increas ed. Some high-power systems of current Interest cannot be operated without antireflection coatings on the
windows. The best uncoa ted metallic mirrors have high intr insic values of normal IncIdence absorptance, ranging
from approximately one-half percent at 10.6 pm, to approximately two percent at 500nm, to approxImately 10 per-
cent from 400nm to lOO nm (12.5eV). Much lower value, of absorptance are needed In some high-power systems.
By contrast , multllayer-dielectr lc reflectors (and window and mirror coat ings) have much lower Intrinsic values of
absorptance, probably less than 10-8 An many cases, for all wavelengths from the vacuum ultraviolet throug h the
Infrared to ~.l0pm. Since the lowest current experimental values of absorpta nce are~a few times 10 for window
and mirror coatings and multllayex-dielectrlc mirrors, It I, possible that technical Improvements In film deposi-
tion techniques could result In lower absoxptance for all three of the film devices.

In view of the current difficulties In obta ining satisfactory coatings for high-power infra red windows and mir-
ror. , a study of the pr oblems of these coatings was made. [1J ~ The presen t paper Is a summary of the results ,

‘Prepared for the 8th Annual Symposium on Optical Material s for High Power Lasers, Boulder, Colorado , July 1976
1Flgures In bra ckets indicate the literature references at the end of this paper.

206 



—,~~~--— ‘r-t- . - ~~~~~~~~~~~~~~~~~~~~~~~~~~~
~~~~ ~—~~J~~~T ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ ~~

Sec.I

moat of whIch also apply to mulzllayer-dleleccrtc reflector. and to wavelength regIons other than the Infrared. It ii
emphasized that the study was limited to a near-te rm program of ~~~~‘~ “g coatings In a reseaxch-laboratozy an-
vizozimeax in the shortest period of time f or the lowest cost. Fundamental Investigations and ,!m.ubeeuring of
field-use components were not explicitly lncl’rded In the study, although It Is necessary to keep the ulti mata use In
mind even during the research-laboratory stage of the Investigation.

2. Hlgh Absorptance of Film,

In addition to the already stringent requirements of ceati.~ s for low-power use, the high-power coating.
must have low optical sbsorptarice. Required values for the film sbsorptance per surface A~ have not beet estab-
listed for any of the major systems of Interest. A typical desired value Ii A~ - 10 . which Is chosen to make the
absoiptenc. of two coated surfaces equal to that of the window for the typical case of a 2 cm-thIck window with sb-
sorption coefficient % a 1O~~. The value of the film absorption coefficient $~ corresponding to • 10 and a
typical thickness of 2pm Is fl~, a 0.5 cm 1. Since much greater value, of absorption coefficient can be tolerated
In the film (..O.Scm~

1) than In the bulk (.wl0 4cni~ ), it would appear that ni~~~nIig materials for films diould be
much easier than for windows. However, the absorption coefficient of a given material naually Is much greater
when d.po.Ited as a thin flint than when grown is a bulk crystal. As a typical .~.niple a material with a bulk value
of 

~b - lO
4cm ~ may have a film value of a 10 cm 4. Thu much greater sb.orptance In film form than In bulk

form La one of the most serious cn.rlnga problems, though by no means the only one.

hi general the source of the ~~~a .bsorptan~. in films Is not known. It Is suggested that coutainIn~~~Ian of the
ff lm 1a by far the most likely eanda44.a~~ for exp”=’ng this ~~~a absoxp taace. Water Is the most Important contam-
Inant for die 2 to 15pm wavelength region, but there are many others . The cniI~~~tIItatIOn can be In the bulk of the
film, adsorbed on the surface of the film, or In pores In the film. The contaj itination can occur during deposition.
from th. resIdual gas for a I p le, after deposition, by surface adsorption or by absorption Into the porea for ex-

• sac]., or before deposition. by substrate contatnlnaticm for anample.

As seen In figure Ia, liquid water absorbs strongly from 2 pm through 15 pm. The absorption coefficient at
10.6pm Is ‘-i0~cm4, and the values at the other promlfu * laser frequencies are shown by the veztical lines. In
passing notice that this top figure illustrates the invalidity of th~ myth that the frequency must be near an absozp-
don line In order to have great absorptanoe. From ‘.6.5 to 1O.Sjaan there Is very little structure in the abeorption
spectrum, but the absorption coefficient has the very large value of 102 cm4. The broad absorption from —Ii to
15pm results from the hydrogen-hydrogen interactions in time liquid water, and this thsozptia~ is missing in the
water-vapor spectrum, which Is shown In figure lb. In fact, caretul measurements (3] Indicate that the abaorp-
den coefficient of water vapor at 10. 6pm may be orders of magliltude smaller than that of liquid water.

For adsorbed water, only 1 nm Is required formally (using ~ - IO~ cm~ f or liquid water) to give ~~-4 sb-
sozptance. Pores In films are known to readily absorb water from the atmosphere an removal from the vacuum-
depositica chanther. and a fraction of 5 * IO~ of pores filled with water formally gives sti absozptance of lO-

~.
Az 10. 6pm molecules c ’nralnlng 03 are particularly offensive since they usuaf ly absorb near 10. 6pm. There

are many known molecules that are strongly absorbing In the infrared. Deutech (4] observed molecular absorption
on u ncle surfaces In attenuated total-reflectlon studies. Dighier (5) sho~~d that molecular-Ion absorption was
an Incortant source of bulk absorption, pointed out die relati on to matrix-Isolation spectroscopy studies, and c ats-
legued strongly absorbing molecular Ions. ftfl IClein (6] has argued that molecules conP InIr~g carbon probabl)’
cause a wide absorption band a~taIIAII%g from ..2 to ‘4pm.

There are absorption bends of molecules and molecular ions extending throughout the range from 2 to 12 Ian
as seen In figure 2. These and other film contaminants Iaclwm the foflowing~
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Fig. 1. Transmission spectra of (a) liquid wate r and of (b) wate r vapor.
From Ref. 2.
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• Fig. 2. Positions of absorption peaks of some possible coating contaminants.
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• Water

• Other molecules and molecular ions such as CHO3, C103, NO2, CO2, CO. P~0, DHO, $04, and Cit4
. Other hydrocarbons
• Cleaning materials
• Rinses
• Residues f ro m plast ic containers

• Macroscopic Inclusions
• Part icles spattered from the starting material F
• Dirt , dust, pollen

• Residual gas conc~mIn~~Ion

• Diffused Lana or molecules

• Fingerprints.

It La not surpris ing that film contam ination Is importa nt since current film-deposition proc esses are simply

very du ly methods of growing crystals. The deposition process should be cleaned up by p.~ah tng the process to

the current ultimate limit , It is known that some films that cannot be deposited imder ordinary deposition condi-
tions can be deposited successfully with sufficient care ln~Ind1ng long baking of the complete system at high tern-
peranire.. Reduction of film con’auilna”ca by the ultrscleas deposition conditions described below La important In
obtaining strong adeeaion of the film to the substrate and In reducing film stress as well as in lowering dis f i lm
absorptaace. The ultraclean deposition conditions Include use of state-cf-the-art substrates, experimental deter-
mination of the optimum substrate temperature and careful sub.equent control of this temperature, baking of the
entlzs system at the highest practical temperature for long periods of time, use of spattering filters, use of high-
purity single-crystal starting materials, and use of state-of-the-art u4rahlgh vacuum techaiquel. At the present
stage of the program, In which the gosl Is to obtain satisfactory research-laboratory films, It is important to have
all the.. conditions met absolutely perfectly. Once satisfactory costing. are obtained It Is hoped that some of the
stringent deposition conditions may be relaxed. Indeed, it may not be currently feasible to manufacture tastings
for the large optical element . needed In some systems unless some at these CCC~44Pk ~i~~ are relaxed.

~~ly vapor vacuum deposition should be used In the near-term program. Other deposition teclmiquea may

be Interesting, promising, end Important, but not far th. sear- term program.

3. SlW$tsd Measurements

J ust as for windows, the measurement of small values of absorptance Is a problem. Measurements of sb-
sorptanc. values In the reige of l0 ’

~, and as a function of frequency, are needed. The frequency dependence is of

course em of the most useful clues In determining die source of absoaptance. Recall that by normal transmittance
spectroscapy, measurements of values of ab.orpmncs of ~ i~ ’~ can be made. For the films of usual thickness,
say 2 pm thick, this is not sufficient sims values of io ’~ axe of Interest. For films that can be deposited as very

thick layers, say 200pm thick, normal epectro.ccplc measurements could be useful. Calorimetric measurements
are die most useM for measuring small value, of sbsoiptance. and It Is believed that ab.ozpiance values of
can be measured with confidence. Uu ,pev.r, the complete frequency dependence cannot be determined since there Is
not * contInuous range of wavelengths at which sufficiently high power Is av~’1’ l~

M~s~p*.,.d~total-rsfl.ctiCs (ATI) epsctro.ccpy Is another Important method. The film is deposited on the
surfaces st un ATR plate, which Is a sidisirate constructed such that die beam makes a number of total Internal

reflections In in vertIng the plate. Slice die beam uaiplsi the surface at each of appnt~~lm~~ ly 50 total Internal
reflections In a typical plate, 50 tImes smaller vaiue at surface sb.oipenoce can be measured. This, a fibs ab-
sorptanc. of .2  x I0~~ can be measured. The freque.cy ds~~~1em can alas be determIned since this Is a spec-

troscopic measurement. The main difficulty I. Is into redog the apurtm tsl results, sad La particular In ob-
- 

- 
raising the numerical value of the absoiptoucs.
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Sec. 1

FIgur e 3* Ia an illustration of the liquid-water absorption spectrum for a water-contaminated diorlum-tetra-
fluoride film deposited an * zinc-aelenide ATR plate. This spectrum leaves little doubt that there Is water contami-
nation In his sample. Figure 3b Illustrates one of the difficulties In sutracting the value of Aim absorptanc. from
the urves sad In Interpreting the ATR spectrum results In general. Here the transmittance Increased when the
f ilm was deposited. Thus, even a rough .stIm~ta of the absorpiance cannot be obtained.

An Important factor that has not been e’~~~.~1rad In previous ATR “~essuremunts of film absorptsnce is that
the angle of the ATR plate should be adjusted for the particular film-substrate comb”~~’o’i.. rather than usIng such
* fixed angle as 45 degrees for all measurements. A sImple calculation illustrates that for barIum fluoride the index
of refraction Is very close to the value at which total Internal reflection occurs far *45 degree plate. In fact at a
wavelength value near Su m the Index of barium fluoride drops to the value at which total Internal reflection Is no
longer possible, a*d some leakage out of the ATR pl ate Is mpected. It seems likely that the reduction In transmit-
tance from approxIm ately 4 to 8pm In figure lb Is due to this lack of total internal reflection.

In general the total Internal reflection can occur either at the surface of the film or at the interface of the
film and the substrate. The angle of the ATR plate should be rhn.en such that the total internal refl.cthm Is at the
film surface In order to give die greatest electric field and the greatest absorpiance In die AIm. The conditions an
th. angle, which are easy to derive and are discussed elsewhere, (1] are as follows: For the case of a1 )
where n~ is the index of refraction of the f i lm material and a5 Is die Index of refraction of die substrate, total in-
tarsal reflection Is possible only at die film surface. In this cam the ATE plate angle 0 must satisfy the Inequality
• > ~~~~ ( 1/n1), which Is die general condition for total Internal reflec lca (for arbitrary values of a5 sad a1).
For the case of a1 < n~ • total Internal reflectIon Is possible at either the film su~~~e or at the substrate-film
Interf ace. As mentioned above, In order to have the ~~~~~~~ ab.oxptance In the film die total Internal reflection
should occur at the film surface. This requires that 0 .~~Isfies die double inequality sin 1(l/n5) <0< sIi1(nt/n?

‘there Is a possibility of distinguishing between absorption on die surface of the film , at the film-substrate
Interface, or La the bulk of the film. The reason is that at the surface of a metal die electric fI.ld Is very small,
as Illustrated schematically In figure 4. For a dielectric coating that Is one-half of an optical wavelength thick , the
electrIc field Is also nearly equal to zero on die outside surface at the coating. For a quaxter-optlcal-wavelength-
thick dielectric coaxing the electric field has a lange value at the surface, aaad for a dielectric coating deposited on
a dielectric substrate the electric field Is not equal to zero at either the interface or the surface. Thus, by mea-
suring die absorpcance under various condlrlnna It i. possible In principle to distinguish between absorption at the
Interface, absorption at the surface of the film, and absorption In the bulk of the film. In perticular, distinguishing
optical absorption by adsorbed layers from that by other sources should be possible. Either ATE or calorimetric
measurements could be used.

This m. snremenr teckelcpae Is Included In the category of messurem~~’~ which are Interesting. but not for ~
- -

the near-term program. There are many promising methods of measuring absorptance Including elllpsometry.
smlsslvky, surface acoustical-wave-type measurements, low-temperature mneasurem~~a, alpha phones, and a
number of other.. Even die simplest sound ing of these methods has turned out In the past to be tectmlcally dIffi-
cult, sad the development of new measurement teclxdques should not be included in the near-term program.

4. Material Selection Guidelines end Suggested Materials

Since there are no coatings available with A1 . lO~~ for any of the Infrared frequencies of Interest sad only a
small handful of coating materials have been investigated, it La Important to select new candidatea with the hIghest
probability of success. For window materials , values of the total power through a window under various cc~dftions
ware convenient figures of merIt. (8,9] The dependence P(Ø, a, C, 

~~,
. ‘ )  of the power P. calculated by .i.~frh 1g

simplifying assumptions , on such parameters aa the absorption coeffic ient $, material strength a, heat capacIty C,
and thermal conductIvity E clearly shows the relative importance of these parameters. For example, diamond is a
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ZuSe ON IiF2 (b)

F ig. 3. Attenuated-total-re flection spectra , from Ref. 7. (a) This
ATR spectrum for a ThF4 coating deposi ted on a ZnSe substrate
clearly shows the spectru m of contam inating water. (b) This ATR
spectrum of ZnSe on BaF2 illustrates the difficulty of inte rp ret ing

ATR-spect runi results (an apparent Increase in transmi ttance when
the coating was deposited) and illustrates a dec rease in t ransmittanc e

with Increas ing wavelength, probably result ing from a lack of total in-
ter nal reflection.
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Fig. 4. Schematic illustration of coatings used to distinguish
between absorption at the film surface, In the bulk of the film,
and at the film-substrate interfac e.
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good material In some applications because Its great streng th and thermal conductivity more than compensate for
Its hIgh 10. 6Wn absorption coefficient. Coatings on die other hand must satisfy a number of independent require-
ments. For example, coatings must have good adiieslon to the substrate, homogeneity, stability In the atmosphere,
and low absorptance, reflectance, and acstterthg. Failure to achieve any one of these properties makes the coating
unacceptable, no matter how good the other properties are. An absorptance of lO~ ° would not compensate for the
Inability to adiiere to the substrate. Thus the figures of merit are replaced by a set of guidelines for selecting can-
didate materials:

• The value of the bulk absorption coefficient must be less than a required value such as 0.5 cn~ .
(Large measure d~~~Iues of film absorption coefficient do not preclude the use of a material since
a major goal of the programlrto reduce the value, of film absorptance. )

• The value of the Index of refraction nr must be within the required range. In multilayer castings, at
least one low-Index and one high-Index material is requi red.

• The thermal-expansion-mismatch contribution to the film stress must be sufficiently small to prevent
failure. Other inf ormation on stress ahonlat be used when available.

• Nosthygroscopic materials are desirable, although It may be possible that hygroacopic materials can
be used as an inside Layer of a multilayer stack.

• High-purIty, single-crystal starting materials must be available. The sIngle-crystal requirement
may be relaxed later In the program.

• Materials must be nonradlosctl,e and ~ a~~~Y~~ ç for some applications.
• The harduess of the outside materials should be great for coatings that must withstand abrasion.
• Previous experience with the materials In question should be considered, but caution is required to

avoid misleading negative results.

• The following properties are desirable, but are difficult to predict for sew materials that have not
been previously deposited successfully In thin-film form:

film packing density
stability (water or other chemical -ttr fr, thennal or photo decompositIon)
deposition compatibility In itirf l ~y~ coatings
aditeslon to substrate
mo$chlometry In thIn-film form
no adverse dIth~slon effects at Interface
homogeneity.

Dy usIng these guideline., the following beat candidates wire chosen for l0.6Mm use:

• T h F~
• Na (F,Cl) ( l0 J
• xci
a (Ba, Sr)I~
• ICGaF4 and other Cryolite-type materials
• As2 (S3•Se3)

• Zn(S,Se)
• TlI .

The fluorid es and chlorides are low-zefracelve-bidex materials, and the remaining five materials at the bottom of
the list are high-index materials. These candidates are discussed, and a list of other good candidate materials
mid a preliminary discussion of materials for use at 2 to 6gim are given elsewhere. [1]

Of the unacceptable and unlikely candIdates for 1O.6gim coat ings, the followIng are important: Materials
contalning the llgtit elements H, He, U, De, C, N, and O. The llght maa.ea are expected to glve rise to a tunda-
mental resonance too near 10. 6~~n, making fl~> 0.5 cm~~. Note that the vast number of mater ials containing
oxygen and carbon are expec ted to be unsatisfactory. Many oxides are known to have 0.5 cm~~ at lO.611m.
Although it is not cert a in that some oxides and carbon-containing materials will not have a sufficiently low absorp
lion coefficient , the generauy high absorptio n at 10.6lvn of these mater ials make them less likely candidates.
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The absocVeIon coefficients of the fluoride s are marginal. Fluorides that ar e known to have too great ab.orp-
taace at l0.ôiun include LIF, (Ca, Mg) 1.~ AIF3, and NaA1F4 (cryollte). ?~tasslum fluoride Is more hygroscopic
than xci or lCBr. Lead tluoráde would have to be deposited with greater packing density than that vdilch has been
o~~s1ned prev Iously (0. 9). Tha llIum fluoride Is a less desirable candidate since thall ium Is toxic. The rare-earth
fluorides (Ce, La, Nd, Pr, Yb) F3 probably will not have C 0.5 cm 1, although dii. Is not certain. Other us-
likely and unacceptable materials are listed elsewhere. [1 J

5. Pruo ctlve Coatings

Protective coatings for such hygroacopie window and coating materials as alkali halides have been discussed
In the literature for some time. [11) In addition to the prevention of water-vapor penetration, It may become ex-
tremely Important to develop a thin coating to reduce adsorption of water and other contaminants on the surface of
optical components. It wps oliown ( I ] that Information in the literature suggests the following reaults: (a) It is not
likely that polycrya cafline film s can protect large areas of alkali halides from moisture ~~~~~~~ [11] (b) It is pos-
sible, though not certain, that polycrystallLne films can be sufficiently dense and sufficiently hydrophobic to allow

a 10 1 to be attained in carefu lly prepared fIlms. (11) (c) Very thin glassy films were found not to protect
alkali halIdes. (11] (d) Thick glassy films , say 1 pot thick on well polished substrates, did protect alkali halides.

on long exposure to humidity, moisture attack that started at the edges of ~~ sample eventually covered
the entire substrate under the coating. (11) (e) Polymer films will be considered tirther In order to determine
the poaathillty of their providing sufficient moisture protection In spite of the known great moistu re vapor trans-
mission rates and to determine the possibility of reducing their normally great optical absorption to acceptably low
values. (f) The possIbility of using very thin polymer film, as hydrophobic outside layer. over antlieflectlos coat-
lags to reduce adsorption on the surface will also be Investigated. (g) Priority of future research on such amor-
phous semiconductors as germanium Is low since the likelihood of obtaining 

~~ 
less than 0.5 cm~ Is small.

The main concern about polymer coatings In the past was that of obtaining pIn-bole-free coatings In order to
prevent moisture attack of the underlying antireflection coating or substrate. This Is Indeed Important since It Is
known that moisture will aet~ck underlying substrates through pin holes In polymer films. linfortunstaly, In addi-
tion to this technical problem there are two fund*menral properties of polymer films that possibly could ~~~~~~~~~

their use as moisture-protectIon films.

First, the rate at which moisture vapor permeates through a polymer Is one of the routinely measured prop-
cities of polymers. Formafly using the measured values of this moisture-vapor transmission rate through imaup-
ported (I.e., not deposited on substrates) polymer films suggests that pin-hole-free polymer films would not be
useful In preventing water from penetrating through the polymer to a substrate or an antlreflection coating. How-
ever, the moisture-vapor transmission rate could be drastically different for a polymer deposited on a solid from
that of an unsupported polymer film. The results from the literature and from workers In the field are conflicting,
In some cases suggesting chat moisture-vapor pro tection is possible and In other cases suggesting that It Is not.
We suspect that inhibition of the moisture-vapor transm IssIon at the polymer-substrate interface Is Important If
polymers do indeed provide sufficient moistu re-vapor protection.

In considering the problem of moisture -vapor tr ansmission through polymer coatings , It must be recalled
that these coatings are extremely thin and that only two monolayers of water transmitted throug h the flint could
cause unacceptably great optic al abeorptan ce. According to available data , absorption of water by plastic films
(as opposed to water-vap or transmissi on through the films) probably will be tolerable at 2.8,3.8, 5.3, and lO. 6Mm.

The second fundamental problem with polymer coatings is that the published infrared spectra of .11 polymers
that we have found to date show values of absorptaace that are too great to allow A~ . 10~~ for either antireflec -
tics coating, or for very thin protective coatings. Professor M. Shen and coworkers at the University of California
at Berkeley have deposited polyetha ne coatings by a plasma deposition method which Is believed to give pin-hole-
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free coatIng.. (12] Measurements of the absorption coefficient of these coat ings made at the Hughe s Researoh
Laboratory gave values of — 3-7 cn~~. Shen and coworkers plan to reduce the contaminatIon of the film In the
hopes of reducing thi , value of the film absorpt ion coeffic ient.

6. Stresses

The stress In a thin film is believed to consist of three components, one from the mismatch of the the rmal
expansion coefficient of the film and the substrate , one from contaminants In the film, and one from an Int rinsic
contribution. The contribution from the mismatch of the thermal expansion coefficient is well understood, and
very simple calculations give the observed values of this component of stress. For any proposed fi lm-substrate
combination this thermal-expansion mismatch component of str ess should be calculated In order to determine if
the film can withstand this stress. Examples are given In the complete report. (1J Unfortunately, the thermal-
expw.Ion mismatch contribution to the stress Is often less than that of the other two contributions.

Film cnne~mmn*Hon typically leada to compressive stresses. Campbell (131 states that, “In Impure films in
which mcygen and other materials are Incorporated Into the structure during growth, the resultant stresses are usu-
ally sufficiently high to overshadow any of the “pure film” effects. The stresses are then usually compressIve, at
least In the Initial stages of ~~o..d. and provided that the reacting specIe. migrate through growing film to the Inter-
face. Campreselve stresses are observed In thermally grown, anodized, and certain sputtered and evaporated
films. If the Ion migration takes place from the Interface to the film surface, tensile stresses will be observed.”

— Of great Importance for the power of stress are ~~ packing density and the water vapor absorption. During expo-
sure to annosphere very often a str ess relief takes place.

The Intrinsic contribution to the stress In a film Is not well understood. It Is not possible to predict in ad
vance what the stres, wIll be In a new film material on a given substrate. However, for film materials that have 4

been previously deposited It Is possIble to predict with a fair degree of success what the stress will be for a given
film- substrate coinbM.rlon or for a particular multilayer coating on a given substrate.

7. Laser Heating and Damage

There are three damage or failure regimes of Interest in general. The first Is damage or optical distortion
resulting from heating by ordinary linear absorption In the coating. The second Is the absorption by macroscopic
Imperfections such as Inclusions. It is well known that inclusions are extremely Important In laser damage under
abort-pulse operation. It has also been pointed out (14] that InclusIons can Increase the average he&tlng In addi- p

don to causing the well known damage. The absorption can, In general, be linear or nonlinear. The third is the
intrin sic nonlinear damage mechanism such as electron-avalanche breakdown.

The results of the heating and damage studies are very briefly as follows:

• For 2A~~” Ab - 2x 10 4, the fflm and bulk contributions to the spatlal average of the wlndow tem-
peraflire, which determines the thermally Induced optical distortion, are equal and have a typical
value T~~~ — 1.0K , which Is sufficient to cause thermally induced optical-distortion failure In some
cases.

• In a typical system with rep eated short pulses, only the time-average heat ing need be considered
(apart from Inclusion damage , nonlinear effects and possible more stringent conditions of future
ayat...ms).

• lime linear absorption (below the damage threshold) by strongly absorbing (Cabs ~~2 ) one- 4micron-rad ius inclusions with an averag e spacing of 175 pm gives rise to absorp lance Af • 10 •

• Inclusion damage a expected to occur at energy densitie s It5 ~ 1-10 J/ cm2 for nanosecond pulses
or at 11p k 10 to several hun4red Joules per square centImeter for microsecond pulses. In prin .
clple, values of It .,, < lJ/ cm’ are possible for nanosecond through microsecond pulses.

• Intrinsic damage of cqatinga is expected to occur at I t~ m l0~ I/cm2 for a pulse of duration
— lulls and A. . 1O~ as a result of linear heating of the coating, or at It0 ~ 100 3/cm2 (0
I ~ 10 0W/cm’) for a 10 ta pulse of ‘.1 to 10pm radiation as a result of electron-avalanche
breakdown or per imepa another nonlinear process.
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• The calculated value of 25 K temperature ~Ise for a detacheo film segment of diameter 1) - 2mm
under continuous illumination ax 103 W/cm’ and A~ - 10~~ is surprising ly small.

• The temperature is proportional to 1)2 for a detached segment.
• The thermally induced stress correspond ing to T — 25 K has a typical value of 20 MPa (3 X IO~ psi),,which may be sufficient to cause further detachment , then further temperature Inc rease since T.. U ,

and possibly a r~maway condition resulting In damage.

In pulaed operatlon. for sbort pulse durations tp << ~ , where TL ’ CL ~/4K has a typIcal vaiue of 0.4~~s,
the detachment cause s little additional temperature rise since thermal diffusion Into the substrate alre ady was neg-
ligible. For values of energy density near the threshold for failure (of the undetached areas of the f ilm), the size
of the detached area probably will be increased, and various type s of fracture both in and out of the plane of the
film could cause failure, especially In subsequent pulses.

For very long pulse durations ti, >> lb~ where 
~ D e C(D/2?/4K has a typical value of 2.5 x io 2 a for

detached dIameter D • 1 mm, the above steady-state results are approached. For intermediate pulse durations
the detachment causes a greater temperature rise Tm  IAt.1,/C21 than the corresponding value

T IAtp /CL,a~~. WIth 4~ (v K t p / 4C)~~ for untmpeded thermal dlilusion into the substrate.
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