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I. Introduction —_ 1’

The project entitled "Study of Mutual Coupling between Two Slots on a
Cylinder" was funded by Naval Air Systems Command under Contract N0O0019-76-
M~0622 for a period of four months (15 July 1976 to 15 November 1976). The
contract monitor was Mr. J. Willis.

In this final report, we summarize (i) personnel (Section II)

(11) technical results (Section III), (iii) plan for future study (Section IV),

and (iv) financial statement (Section V).
II. Personnel

S. W. Lee, Professor of Electrical Engineering

R. Mittra, Professor of Electrical Engineering
Rahmat~Samii, Assistant Professor of Electrical Engineering
Safavi~Naini, Graduate Research Assistant

P. Chang, Programmer

III. Technical Results

!

(1) UI modal solution: We have derived an alternative expression for

mutual admittance le of two circumferential or axial slots on a cylinder
from the original expression given by Golden, Stewart, and Pridmore-Brown
[IEEE Trans., vol. AP-22, pp. 43-48, 1974]. Advantages of this UI modal
solution are as follows: (a) Thre is no need to introduce a small loss in
the medium for the purpose of circumventing the nonintegrable singularity
at kz = ko in’thé GSB expression. (b) For large slot separation 20 the
integrand decays exponentially instead of being highly oscillatory as in
the GSB expression. Therefore, as long as zo-# 0, the UI modal solution is

more suitable for numerical calculations. Detailed discussion of the UI

modal solution is given in Attachment A.




(ii) UI asymptotic solution: The calculation of le relies on a

Green's function 6(?,;') for the surface magnetic field due to a magnetic

dipole on a cylinder. We have developed an approximate asymptotic solution
for E(?,?') valid when the radius of the cylinder is large. A feature of

this solution is that G depends not only on the longitudinal curvature along
the surface ray, but also on the surface curvature in the transverse direction

of the ray. Using our solution of E, Y., for circumferential slots has been

12

calculated for some testing cases. The results are in excellent agreement

with le’s calculated from the (exact) modal solutions of Hughes or UI.

See Attachment B for detailed discussion.

IV. Plan for future study

(1) Using the UI asymptotic solution for E, we will generate more data
on le so as to ascertain its accuracy. In particular, we will concentrate
on the new slot, i.e., Slot B (a = 0.5A, b = 0.01)) proposed by R. C. Hansen
in October 1976.

(11) So far we have studied only the coupling between circumferential

slots, which depends on H Next we plan to investigate the coupling between

o'
the arial slots, and therefore the accuracy of the Hz component of the UIL

asymptotic solution. It should be noted that the coupling on a cone

depends on both H, and Hz'

¢
(iii) The UI asymptotic solution of a cylinder will be extended to
that of a cone. This can be done only after we gain a better understanding

of the transverse-curvature term in the UI solution. We do not expect the {

latter problem to be an easy one.

i, MR
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V. Financial statement

A B 1

The $9956 provided for the current period will be expended on

15 November 1976.

P 0




Attachment A

CALCULATION OF MUTUAL ADMITTANCE
BETWEEN TWO SLOTS ON A CYLINDER*

S. Safavi-Naini and S. W. Lee
Department of Electrical Engineering
University of Illinois at Urbana-Champaign

‘ Urbana, Illinois 61801

ABSTRACT

The mutual admittance between two identical slots on the surface of a

L ’ cylinder, which can be expressed in terms of cylindrical modal functioms,

was derived by Stewart, Golden, and Pridmore-Brown. Here we present an
alternative expression which is more suitable for numerical evaluation. Our
numerical results reveal a somewhat surprising phenomenon: the coupling

between two circumferential slots displaced along the z-axis is signifi-

cantly stronger than that between the corresponding slots on a planar surface.

*
This work was supported by The Office of Naval Research under Contract
N00014-75-C-0293.
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Consider two identical circumferential or axial slots on the surface of
an infinitely long cylinder (Fig. 1). Under the usual assumption of a cosine
aperture field distribution (“one-mode"” approximation), the mutual admittance
le has been determined in [1], [2] in terms of cylindrical modal functions. |
Recently, there has been a renewed interest in the calculation of le
because (i) it is a central step in the design of a conformal array (3], (4],
and (ii) it provides a convenient check for various asymptotic (GTD)
solutions of the surface ray [5] - [8]). The original expression of le as
given in (1], (2] is not suitable for numerical calculations when the slot
separation along the z-direction is large. In this note, we will present an

alternative expression for le which overcomes this difficulty.

Let us first consider the circumferential slots shown in Fig. 1. Denote

T ———

the center-to-center separation of the two slots by (¢o,zo). the dimension of
each slot by (a,b), and the radius of the cylinder by R. For exp(+juwt) time

%
convention, the mutual admittance le is given in Eq. (8) of [2] , which reads

in the present notation,

- -J(mép, +k_z.)
%, -r dk, ] ¥(m,k )G(m,k )e Sy (1a)
: -~c0 m=—o
E where 2 2
; A sin (kzb/2) sin (m¢a + 7/2) sin (m¢_ - ®/2)
% V(mk,) = =5 5 s ¢ i s (1b)
! 8x°R (kZBIZ) m¢a % m’a ®

’a - sin‘l (a/2R)

(2) 2 (2)
sy Jkg B Z (K R) » me_\“k, B 7 (k R) el
Xz 0|k, (2 2. |3k, (2)° :
t H " (kR) kR [ 70 0™ (k R)

&
The multiplication factor 2 in the definition of ¢, in [2] is a misprint
and should be removed.
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o= ¥ » if kg2 k,
kt = -
2 2
-3 '{z - kg s 1fky< k.
Rewrite le in terms of its real and imaginary parts:
Y., =G+ jB (2)
It can be shown that G is given by
ku ® cos mé
G= I cos kzzo w(m,kz)R(m,kz) dkz (3a)
0 m=0 m
where
/ 2
k mk
. 2 0 1 z 1
R(m,k ) = ———= ¢ — ¢ +( (3b)
: z mk R k k k,R 2
, & Fe e K0t Kar
; oo = 200 + 2o (3c)
3 m m m
: w0 = 3200 + 1200 (3d)
- m n m
i 2, m=0
. € = P (3e)
b 1, m#0
.
E We note that G contains a finite integral and can be evaluated in a straight-

part of Y12 is given by

® cos md
4 B.I I___g
E C1 m=0 €m

where the integration contour C1 is shown in Fig. 2 and

3T SR PN 8 P e e s

W e

* cos kzzo . w(m,kz) . W(m,kz) dkz

forward manner by standard numerical integration techniques. The imaginary

(4a)
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-k—o(JJ'-t-YY') 3 -(mk’ L L 1f k. >k

kt mm m m Hi(ktk) {kckOR Ni(ktk) 0 z
Wemk,) = . (4b)

-k, rK;(lktIR) 4 mk_ 2 K, (Jk |R) e it

e (Kol IR) ke legR | KL (e [R) 0

The computation of B as given in (13) can be quite laborious because (i) the
integration with respect to kz is of infinite range, and the factor cos kzzo
is highly oscillatory for largekozo, (i1) W(m,kz) has nonintegrable singulari-~
ties of opposite sign on both sides of kz = ko,(iii) W(m,kz) decays slowly
with respect to m and kz.

To circumvent the above difficulties in evaluating B, we adopt a
method introduced by Duncan [9] in the study of cylindrical antenna problems.

Let us rewrite (4) as

jk z

cos m¢0 220
B=1 —_— | -] J F(m,k ) sin k z, dk_ + J F(m,k )e dk
=0 €n C 2 z20. 2 C z z
1 1 (5)
where
F(m,k,) = [R(m,k,) + JW(m,k,)1v(mk) . (6)
The imaginary part of the first term inside the bracket of (5) is
kU
Im(-j Jc F(m,kz) sin kzz0 dkz = -Jo R(m,kz)w(m,kz) sin kzzo dkz . (7
1

In order to compute the imaginary part of the second term of (5), the integra-
tion contour C1 is deformed into 02 (Fig. 2) according to the theory of

complex variables. This manipulation leads to

jk_2 Jk_z
In L Fm,k e * 0 dk_ = I-J F(m,k e * 0 dk . (8)

1 ¢,
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Make the change of variable kz = jn in (8). Substitution of the resultant
equation and (7) into (5) gives
® cos moo kO
Be ]~ -f R(m,k )¥(mk,) sin kz) dk,
m=0 m 0
-nzo
+ r R(m,jn)y(m,jn)e d% . 9)
0

Our final expression for le is given in (2), with its real part G in (3) and
its imaginary part B in (9). Several remarks are in order: (i) Not only G
but also B is determined by R(m,kz), which is much simpler than W(m,kz) defined
in (4b). (ii) G contains only a finite integral. (iii) The infinite inte-
gral in B, i.e., the second integral in (9a), contains an exponentially
decaying factor exp[-(z0 - a)n] in its integrand. Thus the larger z, the
faster convergence is the evaluation of B. This is in contrast to the
original expression of le given in (1). (4iv) There is no nonintegrable
singularity in (3) or (9).

The same method applies to the derivation of an alternative expression
of le for two axial slots (a < b as shown in Fig. 1b). We give below only

the final result:

k
abY ® cos m¢$ 0 -jk_z dk
¥,--—5% ] —° f omk e  Z 0 ——2—
wkoR m=0 m 0 Nn(ktR)
-nz
+3 r o(m,in)e  ° &1 (10a)
0 2 /73
u‘(n 2+ ko)
where
i [:sin (mo,/2) cos (kb/2) 'Jz i
o(m,k ) = ‘ 10b
; @/ bi2)? - (112)?
¢, = 2 sin"" (a/2R) . (10¢)




Some typical numerical data of Y., calculated from our expressions in

12
(2) and (10) are presented in Tables I and II. The parameters are f = 9 GHz,
R =1.991", a = 0.9" and b = 0.4" for circumferential slots, and a = 0.4"

and b = 0.9" for axial slots. Y,
in mho. When zq is small (less than 4'"), our

is listed in (db, phase in degree), where
db = 20 log,, |112| with Y ,
results are in excellent agreement with those given in (1], [2], [4]. For
large 4 the original expressions of Yl2 [1], [2] become very slowly con-
vergent and no numerical results have been reported.

With our new expressions, we have done extensive numerical studies of
the asymptotic behavior of Y

for large k Some results are presented

12 0%0°
in Figs. 3 and 4, where |Y12| of circumferential and axial slots is plotted
as a function of z, for % = 0 and a cylinder of radius R = 1.991". We

observe that (i) |Y12| of axial slots (Fig. 3) on a cylinder is very close

to that on a plane (R » =), and (i1i) |Y12| of circumferential slots (Fig. 4)

/2 1

on a cylinder asymptotically decays as (ls:ozo)—1 in contrast to the (kozo)-
behavior on a plane. The significantly stronger coupling between circum-
ferential slots on a cylindrical surface as compared to that on a planar

one is rather unexpected, and it has a very important implication on the

current GTD formulas for calculating surface rays. The latter aspect is

studied in [8].
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TABLE I.
- o 1
le FOR ¢0 0 1
zo Circumferential Slots Axial Slots
o -66.82 db -77.38
155° -59°
4" ~76.89 -104.68
54° 172°
8" -81.84 -116.93
34° 151°
12" -84.61 -123.86
15° 134°
20" -87.91 -133.39
-24° 102°
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TABLE 11.
= oM
le FOR z, 2
00 Circumferential Slots Axial Slots
0° -71.87 db -92.00
-117° 8°
30° -77.60 . -91.74
175° -133°
60° -89.98 -90.78
=4° 2°




(1]

(2]

3]

(4]

(5]

(6]

(7]

(8]
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(6) CIRCUMFERENTIAL SLOTS (b) AXIAL SLOTS

Figure 1. Two identical slots on the surface of a cylinder. :
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Figure 2. Contours in the complex kz-plane for the integral in (4).
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Attachment B

ASYMPTOTIC SOLUTION OF SURFACE FIELD
DUE TO A MAGNETIC DIPOLE ON A CYLINDER

S. W. Lee
S. Safavi-Naini
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ABSTRACT

A simple, approximate expression for the surface magnetic field due to
a magnetic dipole on a conducting circular cylinder is obtained. This
solution is asymptotic for a large cylinder radius, and is uniformly valid ‘
everywhere on the cylindrical surface including the penumbra and the deep
shadow. In the limit that the cylinder radius is infinite, it becomes

identical to the known exact solution of a dipole on a conducting plane.

For a surface ray propagating in parallel to the axis of the cylinder, the
transverse surface magnetic field is found to vary asymptotically as (ks)-l/z,
where s is the distance from the source. This behavior is distinctively
different from the (ks)-1 variation of the surface ray on a plane, and is
explained in terms of the dependence of the surface curvature in the binormal
direction of the ray. We apply our solution to the mutual coupling problem
between two slots on a cylinder, and obtain results which are in excellent

agreement with those calculated from the exact modal solution. A comparison

of the present solution with two other asymptotic (GTD) solutions is also given.
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1. INTRODUCTION

This paper considers ahigh-frequency diffraction problem by a perfectly
conducting cylinder as sketched in Fig. la. For a given magnetic dipole at
Q' on the surface of the cylinder, the problem is to find the surface magnetic
field (surface current density) everywhere when kR is large (R is the radius
of the cylinder and k = 2n/)). The motivations for our study are the following
two: (i) The solution of the cylinder problem constitutes a central step in
calculating the mutual éoupling between two slots on the surface of a
cylinder (1]-(8]. (ii) More importantly, the cylinder problem is a so-called
"canonical problem" in GTD [9]-[11]). Once its solution is known, it may be
generalized, by following the recipe of the GTD, to give the asymptotic solu-
tion of the surface magnetic field on any convex, smooth, conducting surface.

The cylinder problem has an exact modal solution, which is in the form
of an infinite series with each term containing an infinite integral [4], [5].
For a large kR, this solution is very slowly convergent and becomes less
useful. Two asymptotic solutions exist in the literature: one given by
Hwang, Kouyoumjian, and Pathak [5], [6] (hereafter referred to as the 0SU
solution), and the other by Chang, Felsen, Hessel and Shmoys [3], [4] (the
PINY solution). Both are approximately deduced from the exact modal solution
under the condition kR » », 1In the present paper, we offer a third asymptotic
solution (the UI solution), which gives the surface magnetic field everywhere
from the source point to the deep shadow in a single expression, and is based
on a classical work by Fock in 1949 (Chapter 12 of [12]).

The organization of this paper is as follows. In Sections 2 through 4,
the final form of the UI solution is stated and compared with those of OSU

and PINY. In Section 5, the threc asymptotic solutions are applied to the

evaluation of the mutual admittance between two slots on a cylinder. Their




results are compared with those calculated from the exact modal solutions [2],

[7], [8]. Section 6 describes the derivation of the UI solution. Finally,

a conclusion is given in Section 7. Some formulas of Fock functions used in

the text are listed in the Appendix.




2. UI SOLUTION FOR THE SURFACE MAGNETIC FIELD

At point Q' on the surface of the cylinder (Fig. la), there is a tangential
magnetic dipole source described by a magnetic current density (for exp +jwt

time convention)
K@) = H £ 6(r - R6(0)8(2) (2.1)

where ﬁ is the magnetic dipole moment (ﬁ e r= 0), and (r = R,¢ = 0,z = 0)

are the cylindrical coordinates of Q'. The problem is to determine H at

another point Q = (R,¢,2z) on the surface under the assumption that kR is large.
First, let us introduce several parameters. According to GTD [9], [11],

the dominant contribution of H at Q is the field on the surface ray from Q' to Q.

The surface ray is a geodesic on the conducting surface, and in the present

case is a helical path (Figure 1). The arclength of the surface ray is

s =t v s* . (2.2)

The tangent, normal, and binormal of the surface ray are (5'.-8',-5') at Q',
and (E,-ﬁ,-ﬁ) at Q. Thus, (E.&,B) form a moving trihedron :long a surface ray,
pointing toward the longitudinal and two transverse directions. At any point
on the surface ray, the curvature of the conducting surface is described by
two parameters:
Rt = the radius of curvature in the direction of t (or that in the
longitudinal direction of the surface ray), and
Rb = the radius of curvature in the direction of b (or that in the
transverse direction of the surface ray).

On a convex surface, both Rt and Rb are nonnegative. For the present case of

a conducting cylinder, one has




(b) Developed cylinder
(a) 3-D view

(c) Cut along 6-direction

Figure 1. A surface ray from source point Q' to observation point Q on
a cylinder of radius R.




R
sin2 6

R, = (2.3)

R
t cos2 6 " Rb

where 6 is measured from R¢-axis in Fig. lb, and takes a value between 0 and

2n. The large parameter for our asymptotic expansion is

< g )”3
m 2 th & (2.4)

Thus, our solution is an approximate (not rigorous) asymptotic solution valid
for m » », up to and including terms of O(m.3). Furthermore, let us introduce

a distance parameter
ms _ ! 2\ ;
=2 ) s =25 (2.5)
t
which is the arclength normalized by k and Rt‘ Note that £ = 0 defines the
lit region (8 = n/2), £ < 1 defines the penumbra region, and £ >> 1 defines
the deep shadow. Our solution is uniformly valid for all ¢ > 0.

Due to the point source in (2.1), our final asymptotic solution for the

magnetic field on the surface is given by
Q) = H « (B'BH + €'t ) + O0(m ), m > (2.6a)

where the transverse component is

F gy 2 5
H, (Q) ~ [(1 - &Jveo - \;};) u(e) + 32 RT3 ()
+ /2 -2/3 v 1 9
J(2 kR TTT(R/R)U(E)| G(s) (2.6b) :

the longitudinal component is | 9
H (Q) ~ ‘fS)L"(E) ¥ (1 - fﬂu(f:) + j(/2 kRL)-2/3u'(€qG(s) y (2.6¢) ]

* and the function G(s) is i
£




k7Y e-jks

G(s) =

2m) ks (2.64)

2 (120n)-1, v and u are defined in the Appendix, and v'

3 1
Here Yo = (Lolpo)
is the derivative of v. We emphasize that (2.6) is an approximate solution.
For one thing, we are not even able to show that (2.6a) contains all the terms

up to O(m—3), let alone other more subtle questions.

Let us consider several limiting cases of the UI solution given in

(2.6). If the radius of the cylinder becomes infinite
kR » = (2.7)

the use of (A-12) through (A-16) in the Appendix in (2.6) leads to

2)
By (Q) [1 - o) e, - (2.8a)
H_(Q) (i—-si) {1 = f;)c(s), kR > = . (2.8b)

When (2.8) is substituted into (2.6a), we find that K in (2.6a) is identical
to the exact solution of the surface field due to a magnetic dipole on a flat
ground plane [4], [13].

The second limiting case occurs when

(2.10b)

6 > /2 . (2.9)
We find from (2.6) that Ht is again given by (2.8b) but Hb becomes
4 ;
2 e/ 1/2 -
S G O 2 In -in/4 _(_1g§_)___] s
H(Q [1 ik R B R e B
2 (2.10a)
In terms of the planar solution in (2.8a), we may rewrite (2.10a) as j
3 -jks t
g/i N E O T e R 1
Hb(Q) b [Hb(Q)]planar 3 8 V2 - Y0e kR . " e E
¥




The result in (2.10) is most interesting, and in fact somewhat surprising.
The surface ray traveling in direction 6 = w/2 (Fig. 1) is a straight line
(th + =), However, due to the finite curvature in the binormal direction
(Rb = R), Hb on the cylindrical surface differs from its counterpart on a
planar surface by the additional term in (2.10b). At a large distance away
from the source (ks » =) in the direction 6 = n/2, and for a fixed kR, we

find that Hb on a planar surface and that on a cylindrical surface are given

by, respectively,

e—jks
ll~lb(Q)]planar e L < (2.11)
j -jks -jks
nb(Q)msfieJ_ A —, (2.12)
ks

where A and B are constants independent of s and R. Thus, for large ks, Hb
on a cylinder is stronger than that on a plane. Such a phenomenon was first
reported by Hasserjian and Ishimaru [14], and later by the authors of [4]

and [7]). Those previous workers, however, have not explained the phenomenon
in terms of Rb’ the radius of curvature in the binomial direction, as we did

in (2.6b).

As a third limiting case, let

g > 0o (2-13)

which occurs when observation point Q is in the deep shadow. Making use of

(A-7) through (A-11), we have from (2.6) that

333
k~ cos 0 5m
Q) ~ exp | ~0.88¢ - j |55 + 0.51¢ + ks}|, (2.14a)
" 1528 (kR) 1/ 3 (ks) 172 [ (12 U
() > w
HQ v h@, gro . (2.14b)

Therefore, in the deep shadow, the field is a slow wave and decays exponentially

along the surface ray.




In applying the formulas in (2.6) to the mutual admittance calculations

[1]-([8], explicit field expressions are needed for axial and circumferential

dipoles. They are listed below. é*

Axial dipole: M = 2 (2.15a)

2 2
Hz(Q) Hb cos 6 + Ht sin” ©

~ (v(E) cos2 0 7 © cos 26| + B u(g) sin2 el - 21 + A C082 0
ks ks ks ks
+ j(2 th)-Z/B[v'(&) cos2 6 + (1 + _1215) u'(§) sin2 B]} G(s) .
(2.15b)

~

Circumferential dipole: ﬁ = ¢ (2.16a)

H¢(Q) = Hb sin26-+ Ht cos2 6

N {v(&)[.sin2 6 + -l-jg cos 2({1 + ‘-lg;l u(t;)[cos2 ] (1 - %H + {'1:1;) sinzﬂ

+ 3072 th)-2/3Er'(£) sin2 6 + (tana 6 + -‘g-s:)u'(t:) c:os2 %} G(s)
(2.16b)

In the limiting case £ - 0 (either kR > © or 6 + 7/2), (2.15b) becomes

H,(Q) v [cosz o+l (2-3cos” 0)1 - fg-)J 6(s), €0 (2.17)
and (2.16b) becomes

F Hy(Q) v Emz o+l 2-3sm? )LL)+ ‘E]G(s), £+0. (2.18a) 1
where R : '

0 , if kR » o (2.18b) ‘

W e |

%(.‘ll)llze‘”““‘ -Q‘%L/E , 1 0+ /2 . (2.18¢) ‘

|

Note that in the limit kR » =, (2.17) and (2.18) recover the exact solutiomns

for dipoles on a planar surface.




3. COMPARISON WITH OSU SOLUTION

For the same problem of a magnetic dipole on a cylinder, an asymptotic
(GTD) solution was derived from canonical problems at OSU. That solution,
given in Section D of [5] or Eqs. (6.64) and (6.80) of [11], can be also

*
written in the form of (2.6a) with

H (@) ~ v(£)G(s) (3.1a)
H Q) ~ (f;)u(g)c(s) . (3.1b)

For the extreme case £ + 0 (either kR » » or 8 -+ w/2), the ué;—df (2.7) in

(3.1) leads to

B (Q) v G(s), £+ 0 (3.2a)
@ ~ (L, -0, (3.2b)

For the other extreme case, £ - », the use of (A-7) and (A-8) in (3.1) leads

to an Hb identical to that in (2.11la), and

H(Q) v (-&) kz“sgzﬁkﬁ‘)’sz 2 exp (-2.03¢ - 3 (F+1.17¢ + ksD, £

(3.3)

The OSU solutions in (3.1), (3.2), and (3.3) should be compared with our so-
lutions in (2.6), (2.8), (2.10) and (2.14). Several remarks are in order.

(i) In the limit kR + =, our solution in (2.8) is identical to the known :
exact solution. On the other hand, Hb in (3.2a) recovers only the term of

(ks)-l, but not the terms of (ks)_2 or (ks)-3. The latter terms are important

for the field near the source. For Ht in (3.2b), a factor 2 is missing in

the term of (ks)-z, as pointed out in [5].

* Note the corresponding notations in (5] and here: (&) =+ Ze’jﬂlag—l/zv(g),

u(¢), a + 06, a > R, Py * R,, and t > s. ]
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(ii) For a large but finite kR, the two solutions in (2.6) and (3.1) do
not agree. In the penumbra region (£ < 1), the UI solution in (2.6) should
be more accurate because of (i). In the deep shadow, both H;% are given by
(2.14a), but the two solutions for Ht in (2.14b) and (3.3) are completely
different. In Sections 4 and 6 we will show that (2.14b), not (3.3),
agrees with the PINY solution, and gives more accurate numerical results.

(iii) Because of the observations in (i) and (ii), it appears that Ht
given in (3.1b) is not accurate.

(iv) For a fixed kR and in the direction 6 = n/2, Hb in (3.1a) becomes

asymptotic for a large ks,

e-]ks

Hb(Q) nvA s (3.4)

which should be compared with the Ul solution in (2.12). We note that the
term, attributed to the curvature in the binormal direction of the surface
ray, is absent in (3.4).

(v) For acoustic diffraction by a cylinder, the functions (v,u) arise
when the boundary condition is (hard, soft). We note from the OSU solution
in (3.1) that Hb depends on the "hard" function v, while Hc depends on the
"soft" function u. Such a separation, however, is not possible for the UI
solution in (2.6).

(vi) In Section C of [5], Hwang and Kouyoumjian modified their solution

of Ht in (3.1b) to read
i@ ~ T uerces) . (3.5)

Here the additional factor T for the present cylinder problem is

1M . id
e

Y
# (___e_ &

o e) , where 8' = sin (3.6)

/
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They attributed the presence of T to the torsion of the surface ray. However,
there exist several apparent difficulties in connection with T: (a) For a

nonaxial dipole (8' # n/2), T becomes infinite as 8 + n/2. (b) If T is indeed

a torsion factor, it should be reduced to unity for a torsionless ray propa- i
gating in the 6 direction on a cylinder (6 = 0). However, T calculated from
(3.6) does not. (c) An arbitrarily oriented dipole on the surface of a
cylinder may be resolved into an axial dipole and a circumferential dipole.
We may calculate fields due to each dipole separately, and later superimpose
them for the original solution. However, if formulas in (3.5) and (3.la) are
used, such a superposition procedure does not recover the original solution.
Because of the above difficulties, we will use (3.1b), not (3.5), for all
the subsequent discussion of the OSU solution. (In (3], [4] it is (3.5),
not (3.1b), that was used in all the numerical calculations.)

We would like to emphasize that the OSU solution represents one of the
very first efforts to apply the ray technique to the surface-field calculation.
Their solution, while inadequate in some situations, has produced many useful

results [10], [11], and more importantly, has laid a conceptual framework

from which the more refined works, e.g., PINY and UI solutions, are deduced.
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4. COMPARISON WITH PINY SOLUTION

Another asymptotic solution (PINY solution) for the cylinder problem was

deduced from the exact modal solution [3], [4], and is given by*
-> ~
Axial dipole: M = z

H (Q) v V(£)[}osz o + t%-(z 3 oyt 6%]6(5) (4.1)

Circumferential dipole: M= &

H,(Q) {v(e)Emz o + —gg 1= et eﬂ

+ ﬁ% sec2 8 [u(g) - sin2 0 vl(E)i} G(s) (4.2)

where vl(E) is defined in the Appendix. In the limiting case £ + O (either

kR > @ or 6 + n/2), (4.1) becomes

Hz(Q) N [cos2 0 + t%—(Z -3 c032 6{] G(s), &£ ->0 (4.3)

and (4.2) becomes

H¢(Q) " Lfinz o + ﬁk-(z -3 attie ) + W:] G(s), £-+0 (4.4a)

where

0 s LE KR 2w (4.4b)

=I
]

12 _y3usa sy

il ey Af'8 > #/2 (4.4c)

The PINY solutions in (4.1) through (4.4) should be compared with the UI

solution in (2.15) through (2.18). The following observations are made:

There are several slightly different formulas given in (4]. The ones pre-
sented here are the "full formulas" taken from Eqs. (101) and (111) of [4].
Note the corresponding notations in (4] and here: D =+ s, L €s Vg * ¥
i g Vis and Uy -+ u,

s
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(i) In the limit kR + «, the PINY solution recovers the exact solution
for a planar surface in terms of (ks)-1 and (ks)-z, but not in terms of (ks)-3.
(i1) For a fixed kR and in the direction 6 = m/2, both H¢ of the PINY
solution in (4.4) and that of the UI solution in (2.18) vary asymptotically
as (ks)-llz, which is distinctively different from the (ks)-1 behavior in the
planar solution. However, the factor W in (2.18c) contains an extra factor
(3/4) when compared with its counterpart in (4.4c).

(iii) In the deep shadow & - «, both Hz and H, of the PINY solution decay

¢
exponentially according to the "hard" function v(£), which is in agreement
with our solution in (2.11). In particular, at 6 = 0, H¢ in (4.2) of the

PINY solution becomes
H (@ = B, (@ ~ [L] n @, =0 (4.5)

where Hb(Q) is given in (2.14a). Note that (4.5) agrees with the UI solution
in (2.14b), but disagrees with the OSU solution in (3.3). It has been demon-
strated in [4] (see Figures III-2 and III-13) that the use of (4.5) for mu-
tual admittance calculations between slots shows good agreement with an
exact numerical solution, while the result calculated from (3.3) deviates
markedly from the exact solution.

(iv) Hz in (4.1) depends on the "hard" function v(£) only, whereas our
solution in (2.15) depends on both v(£) and u(g).

(v) In Eq. (123) of [4], an expression for H was given for an arbitrarily

oriented dipole. It has the form

(4.6)

=¥
Ca
=2
>
+
(2]
(o)
-]
+
-
<
(2]

H(Q) ~

which should be compared with (2.6a). The presence of the cross term C in

(4.6) is unique.
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Next, we present a numerical comparison of H, for all three solutions:

¢
the UI solution in (2.16b), the OSU solution in (3.1), and the PINY

solution in (4.2). For a cylinder with radius kR = 9.5325, H¢ on three

surface rays (6 = 0°, 45°, and 90°) is displayed in Figs. 2 to 5 as a
function of ks, the distance from the source. The magnitude of H¢ is

normalized by H, (ks = 0.2,6) of the UI solution, whereas the normalized

jks

9
phase is equal to Arg(je

Hb). Discussions of these numerical results are
given below: (a) As ks -+ 0, only the UI solution exhibits the correct
behavior (ks)-3. This fact explains the marked disagreement among the three
solutions in the range 0 < ks < 1. (b) In the direction 6 = 0 (Fig. 2), UI
and PINY solutions converge to each other for ks > 6 (or ¢ > 1), while the

0SU solution is much too small, as noted in (iii) above. (c) In the direction

/2

6 = 90° in Fig. 5, both the UI and PINY solutions vary as (ks).1 , while

the OSU solution varies as (ks)—l. (d) Overall, the three solutions are
significantly different. In applications where accuracy within one or two

db is required, the selection of a proper formula becomes crucial.

To present an overall view of the surface magnetic field due to a circum-

ferential dipole M = ¢), three-dimensional plots of |H¢| and IHZI calculated

from the UI solution (2.6) are given in Figure 6. Fields in both plots are

normalized by |u¢| at ks = 0.43 and 6 = n/2, which has a value 0.00503 a/m

and is at zero db. Field values above 7.475 db are not shown in these plots.
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due to a circumferential dipole (M = $) calculated from (2.6).

| on a cylinder with kR = 9,5325
Values above 7.475 db are not shown.

Surface magnetic field |n¢

Figure 6.







5. APPLICATION: MUTUAL ADMITTANCE OF SLOTS

Let us apply the asymptotic solutions given in the previous three sections

to the calculation of the mutual admittance Y12 between two slots on a
cylinder. This is done not only because the le calculation is an important
practical problem, but also because of the existence of the exact modal solu-
tion for le, which provides a convenient numerical check of the accuracy

of the asymptotic solutions.

Referring to Fig. 7, let us consider two identical circumferential slots

on the surface of a cylinder. Under the condition that
(a/2) * 0.5 and (b/)) << 1 (5.1)

it is reasonable to approximate the aperture field of the slot 1 (or slot 2)

by

;o e 2 L
E,(y,2) * 2V, /ZE cos —y , for lyl < a2, |z| < b/2 (5.2)

where y = R¢ is the angular distance along the ¢-direction, and Vl is the
voltage difference across the slot. Once the "one-mode" approximation in
(5.2) is accepted, it can be shown [2], [4] that the mutual admittance between

the two slots in Fig. 7 is given by

-2 m m 3
1" JA b S jA dy, dz, cos g y; co8 o (y; = o) 8(7}s2)375.%y) -

(5.3)

Here A, and A2 are the apertures of the slots, and (yo,zo) are their center-

1

to-center distances. The Green's function g in (5.3) represents the H¢ at
(yz,zz) due to a unit-strength, ¢-directed magnetic dipole at (yl,zl). For
UI, OSU, and PINY asymptotic solutions of le, g is equal to H¢ in (2.16b),

(3.1), 3nd (4.2), respectively.
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DEVELOPED CYLINDER

e

cylinder.

Figure 7. Two identical circumferential slots on the surface of a
The figure shows the developed cylinder.




In addition to the three asymptotic solutions of le, there exists an

expression of le in terms of cylindrical eigenfunctions as given in Eq. (8)
of [2].* Within the "one-mode" approximation, this expression is exact, and
contains an infinite series with each term in the series being an infinite
integral. This expression has been evaluated by two different numerical
techniques. We call the one reported in [2], [7] the Hughes modal solution,
and the one in [ 8] the UI modal solutioms.

Now we will present some numerical results calculated from the two (exact)

modal solutions, and the three (approximate) asymptotic solutions. The

parameters of the cylinder and the slots are

f =9 GHz, a = 0.9", b = 0.4", R = 1.991" . (5.4)

As a function of slot separation (zo,¢0), Y is listed in Tables I to III in

12

(db value, phase in degree), where the db value is calculated from the
relation

db = 20 logy, [¥),/v), ], |v;,| = 1.7075 5 e (550

From the comparison made in Tables I to III, we conclude: (a) Considering
the numerical integration error involved, the UI asymptotic solution is in
excellent agreement with the (exact) modal solution. (b) The PINY
asymptotic solution is reasonably accurate, while OSU is not. In addition
to the data presented in this paper, we have calculated nearly 100 different
le's over a wide range of parameters. The above two conclusions hold for
all the calculations provided that kR > 5.

As discussed in Section 2, the surface ray propagating in the direction

8 = /2 on a cylinder has a stronger “b than its counterpart on a plane.

There is a misprint in the definition of ¢, . The correct one should read
¢, = sin~1 (bIZpO). It should be also pointed out that the corresponding
definition used in (5.2) is ¢, = (b/2pg). For numerical data presented in
this paper, the two slightly different definitions of ¢}, have negligible
effects.




TABLE 1

le FOR oo = 0 (E-PLARE)

zo Modal Solutions Asymptotic Solutions Planar
(inch) Hughes U1 U1 0su PINY R =
| -rzma | -2 ~7.19 | -8.87 | -6.35 -8.04
= =727 =727 = -43° -68° -67°
t -16.52 -16.43 | -16.31 | -18.32 | -15.61 | -18.18
: ~117° -117° 1167 |-100° |-118° -106°
; -26.95 -26.49 | -26.48 | -30.11 | -25.45 | -30.05
; 33° 34° 37° 55° 34° 54°
. -31.13 | -31.25 | -36.06 | -29.91 | -36.05
- ® ~1° 20° ~%° 19°
; -36.60 | -37.11 | -43.99 | -35.48 | -43.98
o -115° -110° ~g3% - 1aa12® -83°
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TABLE 11
le FOR zo A0
¢o Modal Solutions Asymptotic Solutions
(deg) Hughes Ul U1 osu PINY
% -16.52 db -16.43 -16.31 -18.32 -15.61
0
-1179 117" =316° -100° -118°
~23.75 -22.07 -22.34 -23.90 ~21.25
300 (o] (0] (0] (o] (0]
175 175 177 -170 172
s -34.63 ~34.65 -34.82 -35.76 -33.06
60
& g 17 6° -10°
5 -47.82 -47.17 -47.75 -48.48 -46.34
90
116° 120° 116° 119° 106°
TABLE III
le FOR zo = 0 (H-PLANE)
¢° Modal Asymptotic Solutions
(deg) | Hughes Ul osu PINY
300 | ~25-98 db -25.99 -34.37 -27.79
= «78° -62° -60°
40°
50°
: 60°




Since le along the E~plane (¢0 = 0) is proportional to Hb’ this phenomenon

is also seen in Figure 8, where we plot the ratio

le on a cylinder with radius R

le on a plane

as a function of R for zg = 8" and ¢O = 0. We note that the convergence
rate of the cylindrical le to the planar le is not as rapid as one would
normally expect. For example, at kR = 50, the cylindrical Y12 is still

about 10 percent higher than the planar one.
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6. DERIVATION OF UI SOLUTION

The UI solution given in (2.6) will now be derived. The derivation is
based on the following observation. Consider a surface ray (a geodesic)
on an arbitrary convex surface. In the neighborhood of the ray, the geo-
metrical properties of the surface depend on two radii of curvature: Rt in
the direction of tangent t and Rb in the direction of binormal b. It is
well-known that the dominant asymptotic solution of a surface field depends
on Rt’ not Rb (see the discussion in pp. 192-193 of [11]). Thus, for the
purpose of determining the dominant term of the surface field in the direction
of 8 in Fig. 1, the cylinder may be replaced by, for example, a sphere of
radius Rt’ In other words, our problem is then to solve the radiation of a
magnetic dipole on a perfectly conducting sphere.

In studying wave propagation around the earth in 1949, Fock considered
the radiation of a horizontal electric dipole on a lossy dielectric sphere [12].
He first obtained an exact solution in terms of spherical harmonics, and
next extracted the dominant high-frequency terms from it. By the duality
principle, Fock's solution can be converted to the one that is sought by
us. We will give below the solution after the conversion is done.

Consider a magnetic di;éle in the x—direcéion (ﬁ = x), located on a
perfectly conducting sphere of radius Rt (Fig. 9). The total field can be
derived from a magnetic Hertz potential U and an electric Hertz potential V. 1
The asymptotic solutions of U and V are found to be [from (7.09) and (7.10)

on p. 252 of [12]]*

* J
The divergence factor DF of the surface ray on a sphere has been removed in i
(6.1) [DF = (8/sin 6)1/2]. Note the corresponding notations in [12] and :
here: i+ (-j), u>U, v>V, a~> Rt' and x » £.




SPHERE

Figure 9. A horizontal magnetic dipole on the surface of a perfectly
conducting sphere.




U@  6(s) 2L Iy 112

2k Rtm
36t (1), wl(t) "
. Ir e (z)wz(t) wl(t - yl) - ;;??7 wz(t - yl{J dt (6.1a)
1
El(r] N G(s) ‘““—‘2 v(E) (6.1b)

where y, = (k/m)(r ~ Rt), and (r,0,¢) are the spherical coordinates of r.
Parameters G, m, and £ in (6.1) are defined in Section 2, while the others

are in the Appendix. The magnetic field is calculated from the relations

2
> 1 3 ) 1 3
H (¥) = L—————— sin 6 — +——————]u (6.2a)
T r sin 6 96 96 . sinz 8 302
W e . 2 U)o e (6.2b)
o'" r 9rap ‘- j sin 6 3¢ »
H (2) = -—1———32(0)+k (6.2¢)
¢ M r sin 6 arag - J E 5
Substituting (6.2) into (6.1) and using the results
3 k& 3 3 3
or “mdy, * 36 " "t 3s "¢ g
{:—aﬁ- (rUﬂ = €952 G(s)u(e) (6.3b)
r
r=R k s
we obtain the magnetic field on the surféégigaamély, ;
%
H (R.,0,4) ~ 0 (6.4a) ,
& -2 dm e ‘
Hy(Re,0,8) ~ cos ¢ [ vy + {1 - &) uce) + R u©)] 6 (6.4)
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/ 2
Ho(Rt.e.O) A ~-gin O[{l - -3;)\1(&) - \ﬁ) u(g) + %G(s) (6.4c)
where
.
M RV {E). . (6.5)

t

From the derivation of U and V in (6.1) it may be shown that (6.4) is asymp-
totically accurate only up to and including terms of order (th)-Z/s. Thus,
the last terms in (6.4b) and (6.4c), which are of order (th)-l, may or may

not be completed. We hereby modify the factor M in (6.5) to read
Rt
M= i) + 22w (6.6)
Re %

The only "justification" for replacing (6.5) by (6.6) is that this replace-
ment yields no appreciable difference in the sphere problem (where Rt/Rb = 1),
but significantly improves the numerical solution for the cylinder problem
(where R.t/Rb may be very large) as shown in Section 5. We have not yet
succeeded in finding a rigorous justification for using (6.6). Referring to

the cylinder geometry sketched in Fig. 1, the following substitutions are made
H -+ H, (Helcos ¢) > Ht’ (H¢/sin ¢) + “H, ¢+ 6 . (6.7)

Then (6.4) and (6.6) become identical to (2.6).

It should be mentioned that expressions similar to (6.4) were given by
Wait in 1956 (15], and by Hasserjian and Ishimaru in 1962 [14], [16]). Their
expressions contain only (ks)“1 terms, and therefore only the "hard" function

v(E) is used.

i i
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7. CONCLUSION

For a given magnetic dipole located on a perfectly conducting cylinder,
the surface magnetic field is given in (2.6), which is an approximate asymp-
totic solution valid for large kR, and may be used for any observation point
on the cylinder. The derivation of (2.6) is based on the following
observation: the dominant contribution of the surface field depends on the
curvature of the surface in the longitudinal direction of the ray, not that
in the transverse direction. Hence, we simply adopt the classical solution
of Fock for a dipole on a sphere for the present cylinder problem. To
include the effect of the curvature in the binormal direction of the surface
ray, we have arbitrarily replaced a factor M of the Fock solution in (6.5)
by that in (6.6). A rigorous justification of this replacement is yet to
be found. A remarkable feature of the solution in (2.6) is that in the
1limit kR + =, it becomes identical to the known exact solution of a dipole
on a flat ground plane. The application of (2.6) to the mutual admittance
calculation yields excellent numerical results, and therefore (2.6) may be
regarded as an improvement over two previous asymptotic solutions. A
future research problem is to generalize (2.6), according to the recipe of

GTD, so that it may be used for an arbitrary convex conducting surface.




bl o 2, 020G

In this appendix we define and list some useful formulas of the functions

wl(t), wz(t), v(g), u(€), and vl(E). These functions are commonly known as

Fock functions.

(i) Definition: For a complex t and a real &,

wy (£) = 71-; Jrl dz exp [tz - 3 2] (a-1)

wy(t) = 71_1; Jrz dz exp (:z -127) = v (A-2)

v(E) =-% ej"/461/2'5% Jr ;%%;; e I8 gt (A-3)
1

a(e) ~ S AL —;; fr :ii:i e JEE 4t (A-4)
1

v, (§) = SR % JF E :z;z; e IEt g¢ {A-5)
1

where integration contours rl

derivative of wz(t).
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APPENDIX

FOCK FUNCTIONS

and FZ are sketched in Figure 10, and wé(t) is the

(i1i) Zeros of wz(t) and wi(t): They are given by

tee = v e

-jn/3 -jn/3

= = ' -
,and t = t2 = |e]e (A-6)

respectively. The magnitudes of the first ten zeros are




T N S 3500 3 I s b

Imt

/3 Iz
/3 S -Re t

ZEROS OF Wy(t) OR W (1)
L \

\
\ !

ne. [,, for |
= -2%/3 and g

Figure 10. Contours I, and T, on the complex t (or z) pla
example, goes from * to 0 along the line Arg t

from 0 to = along the real axis.
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L} L
le| ler] S S =
2.33811 1.01879 6 9.02265 8.48849
4,08795 3.24820 7 10.04017 9.53545
5.52056 4.82010 8 11.00852 10.52766
6.78671 6.16331 9 11.93602 11.47506
7.99417 7.37218 10 12.82878 12.38479
(iii) Residue series representation: For real positive &,
> " g L
v(g) = e 345 (112 LY T (A-7)
n=1
© —jgt
u(g) = ej“/42/; 53/2 } e & (A-8)
n=1
_jgt'
vl(E) = ej"/‘zJ? 53/2 e " (A-9)
n=1
e % 2 -y el
vi@ =1 IAg V2 Tl qaeeyenTle T T (A-10)
pa n” " n
n=1
Et
LIy - VL [1-3%e)e (a-11)
n=1
(iv) Small argument asymptotic expansion: For real positive £ and £ > 0,

k%3 /‘ jn/a 3/2 +_1 . ;{12? e-jn/4£9/2 chaal Y.
. (A-12)

u(€) ~v 1 --%; In/4.3/2 +-—1 £ 5/— ML | 4 301 x 107%5 4 ...
(A-13)

vi(6) v 1+ %; eI7/4g3/2 _ %% g - é:_ e TN e 107 % L
(A-14)

v'(E) ~ ééi e 33n/4p1/2 14 (2 23;: ~In4L 112 5 4gs % 107%0 » ...

(A-15)




| w3 I L3 2, 4sva -3n/4g112 g 501 x 1075 4 ...

4 128

(A-16)

(v) Relation to Fock's attenuation factor: The attenuation factor V(x,y,q)

is defined by Fock in p. 207 of [12], and it reads (after replacing i by -j)

(t - y) >
el 107 3 J %3 -jxt ¢,

V(x,y,q) = e " 'x 3 G TACY e de . (A-17)

il

The functions v and u are related to V by
v(x) = % V (x,y =0, q =0) (A-18)
u(x) = jx lim q[g—vj r (A-19)

q y y=0
(vi) Relation to functions defined by Logan [17]:

v(g) = 1 e 2y, (A-20)
age) = M Ny | (a-21)

(vii) Tabulation: Functions wl(t), w2(t) and their derivatives are tabu-
lated in [12], while ¢(E) and ¥(£) are tabulated in [17]. Numerical curves

of u, v, and v, can be found in [4], [14], [15].

1

(viii) Numerical evaluation: For £ > £0, the residue series representation

with the first ten terms in the summation may be used. For £ < € the small |

argument asymptotic expansion with the first five terms may be used. It has

been indicated in [4] that the smoothest crossover is obtained if 50 = 0.6.

In the present study, we set 50 = 0.7, where the difference in the two

representations is as follows.




3
‘ 5ifference at E‘= 6;7
§ Mag. (Z)* i Phase }deg.)
- —
’ v 0.00 ! 0.00
u 0.11 ; 0.01
A 0.02 0.08 !
v' 0.09 0.15 !
o 0.10 0.90 3
*

% = |1 ~ (Residue/Small arg.)| x 100
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