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FORTRAN PROGRAM FOR LINEAR PREDICTIVE SPECTRAL
ANALYSIS OF A COMPLEX UNIVARIATE PROCESS

1. INTRODUCTION

Spectral analysis of a complex univariate process via linear pre-
dictive and maximum entropy techniques is considered in reference 1,
and Fortran programs for real data are presented there in appendix J.
In this report, we present a program for handling the case of complex
data, yielding as an output the auto-spectrum of the process.* Complex
data can be encountered, for example, when a narrowband real process is
complex-demodulated to a low frequency and sampled at a rate comparable
to the bandwidth of the process. When the new center frequency is
zero, the process is called the complex envelope.

In section 2, an example of the use of the program is presented,
and the changes that the user must make for his application are pointed
out. In section 3, the possibility of using this program to estimate
the cross-spectrum of two real processes is investigated and found to
be undesirable. In section 4, a limitation of the complex predictive
filter for complex waveform estimation is considered, and a possible
generalization is indicated to alleviate the problem.

*The theory and notation for this case were developed fully in
reference 1 and will not be repeated here, for sake of brevity; the
reader is referred to that earlier material for all details.
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2. USE OF PROGRAM FOR SPECTRAL ANALYSIS

The program for spectral analysis of a complex process consists of

five parts: a main program and four subroutines, as listed in appendix A.

Input parameters to the main program (listed in statement 15) are

N, number of complex data points,
PMAX, maximum order of filter considered, and
J, size of FFT for spectral estimate.

The sample program generates a data example in lines 20-33 and must be
replaced by the user to fit his particular applications.

A sample output for N = 100, PMAX = 10, is presented below. It
indicates that PBEST = 1, which agrees with the actual value of p (see
statement 21 of the main program). The fractional powers sum up to
0.99999829 instead of 1; the difference is a measure of whether the
spectral estimate has been adequately sampled in frequency. (If the
error is too large, J may be increased.)

Since the autospectrum of a complex process is real, but not
necessarily even, it is necessary to compute the spectrum over both
negative and positive frequencies. Thus bin 1 corresponds to zero fre-
quency; bin J/2 + 1 corresponds to + Nyquist frequency, +1/(24); and
bin J corresponds to frequency -1/(JA), where A is the sampling inter-
val in time.

An example of a spectral estimate of 1000 samples of a complex
envelope of surface-bottom forward scatter at a 20° grazing angle at
frequency 750 Hz over a 20 nautical-mile path is presented in figure 1,
where the sampling rate is 1 Hz. There is observed to be a pair of
spectral peaks at +1/4 Nyquist frequency, a strong very low frequency
component, and a rather symmetric spectrum about zero frequency. In fig-
ure 2, the direct path is employed instead, the sampling rate is 0.1 Hz,
but 1000 samples are still used. The center portion of the spectral
estimate reveals a double peak near zero frequency and a rapid drop-off
away from this frequency. With these few data points, resolution capa-
bility of this quality is very hard to achieve by any other spectral
analysis techniques.

(58]
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3. [ESTIMATION OF CROSS-SPECTRUM OF TWO REAL PROCESSES

Suppose that processes u(t) and v(t) are real, zero-mean, and sta-
tionary. If we form the complex process

x(t) = au(t) + gv(t), (1)

where o and B are complex, then the autocorrelation of x(t) is

Rxx(T)

XE)XX (=) = R;x(~r)

= lal Ry, (0 + (817, (1) + aBR (1) + @R (1), (2)

where the crosscorrelation of u(t) and v(t) is

Ruv(r) = UEIVEE =T (3)

The auto-spectrum of x(t) is the nonnegative real (noneven) function

[=<]

Gxx(f) 2. F . d% exp (—12nft)Rxx(T)

- 00

2 2
= [a]%6,,(0) + 1876, (F) + aB*G  (£) + a*8GX (£),  (4)

where the cross-spectrum of u(t) and v(t) is

Gy () = 1 dt exp (i2nfOR (1) = Gr (-£). (5)

Now let us decompose the cross-spectrum as

G,y (F) = R(£) + iI(f), (6)

for which (5) yields

Ri=f] = R{f}, I(-£} = < F(L}. (7)

e b
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Utilizing (6) and (7) in (4), we obtain

3 2 2
G (F) = lal6, () + [8]7G (D)
+ 2Re(aB*)IR(f) - 2Im(ap*)I(f),
2 2
caxpf)=|a|cmgf)+le|cmﬁﬂ
+ 2Re(aB*)R(f) + 2Im(aB*)I(f). (8)

Solving (8) for R(f) and I(f), the real and imaginary parts, respec-
tively, of cross-spectrum Guv(f), we obtain

1 2 2
R(E) = 7 Re(¢e* [6, () + G (-f) - 2]a]%6 () - 2|8|% ()],

1(£)

1]

R
- T 10,00 B I-)], (9

if Re(aB*) # 0 and Im(aB*) # 0. Since o and B are arbitrary, we choose
aB* = (1 - i)/2, for which [a|2|B]|%2 = [aB*|2 = 1/2. For simplicity, we
choose |a|? = !8]‘ = 1//2; then (9) becomes

(L) = Gxx(f) i Gxx(_f) g Guu(f) v va(f)
. V2
S (F) + 6 B
= EVEN{G_ (f)} - -2 LA A
XX /E
3£} = G__{«£)
XX XX =
1(f) = > = op{G_ (£)}. (10)

Now we need only compute R(f) and I(f) for £ > 0, as (7) indicates.

An alternative method to (10) was presented in reference 2, equa-
tion (4). However, that method required calculating four auto-spectra,
whereas the current method requires calculating only three auto-spectra:
Guu(f) and Gyy(f) are real and even, whereas Gy, (f) is real, but not
necessarily even.
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The choices of o and B in (1) are still not unique. If we let

2 2-1/4816’ go. 2-1/4e1¢, (11)
then
wB* = 2—1/2e1(6-¢) . l_%_£ L 2-1/2e_1"/4. (12)
Therefore, we must have 6 - ¢ = -m/4. There are two obvious choices:
Choice 1
6 =0, ¢ =mn/4
e ot L 1\)
V2
x(t) = 27 ucey « 2L v, (13)
/2
which is not very symmetric.
Choice 2
g = -n/8, ¢ = /8
o = 2—1/4e—1ﬂ/8 = a - 1ib
B = F NI L ik
a= 74 o tars), Be 27V g1 e
x(t) = alv(t) + u(t)] + ib[v(t) - u(v)], (14)

which is the preferred form.

For known autocorrelations or auto-spectra, (10) furnishes a valid
way of calculating the real and imaginary parts of the cross-spectrum
of real processes u(t) and v(t). However, when the auto-spectra are

S

i

L 1A S ARy BT A RAALS SO b T S

L e
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unknown, spectral estimates must be substituted in (10). Although R(f)
and I(f) can both take on positive or negative values in any frequency
range, there is a constraint on their magnitudes. Namely, the magni-
tude-coherence is upper-bounded by unity. However, several numerical
examples using the programs in appendix A, for cases where the true
magnitude-coherence was near unity, yielded estimated magnitude-coher-
ences greater than unity in some frequency ranges. This was traced to
the fact that the estimate of Gy, (f) can be too small and/or the esti-
mates of G,,(f) and Gyy(f) can be too large. This type of coherence
estimate is intolerable; hence, estimation of cross-spectra of real
processes by means of the auto-spectrum of a complex process is dis-
couraged. The same conclusion is offered for the method in reference 2.
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4. A LIMITATION OF COMPLEX PREDICTIVE FILTER

The theory behind the program presented in appendix A has been
given in reference 1 and is based on a linear predictive technique.
Specifically, given p past values of complex process {xyx}, a linear

one-step prediction of xy is attempted according to reference 1, equa-
tion 58:

P
: ¥ Aok i (15)

If we express all the quantities in (15) in terms of their real and
imaginary parts according to definitions

A A s 2
X st vy, xo=u o+ v, e =a s i, (16)

then (15) can be expressed as

P
A
S 2(Olnuk-n 5 ank-n)’
n=1
P
A 1 (B.u +av, ) (17)
k e k-n n k-n"'

But (17) is not as general as the form for prediction given by
(vn> vn, Bn» ap real):

u = Z

Qo . * VY o)
n=1

n k-n

n k-n)' ke

xﬁ

1}
ne~— s
~

o

=

+

Q

<

It is apparent that the mean-square errors of predictions in (18) could
be made smaller than those in (17), in general.

The complex estimate of xy that can be formed from (18) is ‘

p
xk = ﬁk + iv, = Z

o S S T (19) | .
P W k-n n k-n

11 ."
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/

where

g = 3lu +a +i(e - v)l,
it %{u o+ i(e + vl (20)

(The form (19) is the one alluded to in reference 1, footnote to equa-
tion (58).) The coefficients {gn}¥ and {hn}g in (19) are two com-

pletely independent sets of complex constants that can be chosen. Since
the complex predictive filter in (15) is obviously a special case of
(19), it is expected to have a more limited ability in waveform predic-
tion than (19); however, (15) may suffice for spectral approximation
purposes. (For a real process, (19) reduces to (15).)

Now suppose that a pair of real processes were actually generated
according to p-th order autoregressions,

p
e L ) B,
n=1
P
Vk = nzl(Bnuk‘“ + anvk-n) + bk’ (21)

where all the quantities are real. Then complex process

P

X zu +iv = }

i *
k k k n_l(gnxk-n & hnxk—n) B Yk (22)

where g, and hy are given by (20), and

W = dk + 1bk. (23)
Now if on = -up, Bp = vq, for 1 <n<pin (21), we get g, = 0, hy = u
+ ivy, and (22) yields autoregression
P
X, = ) h.x* & w. (24)
k peg B k-n k




i e i
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So a linear prediction according to (15) is not expected to do too well
on the actual waveform values given by (24), no matter what the statis-
tics of {wy} are. However, the spectral approximation available via
(15) of Gx(f) for process (24) can be very good if p is chosen large
enough in (15).

As an example, let p = 1 in (24):

X = hxk_1 * Wi (25)
where h and wy are complex with
Inl <1, (26a)
* = =
wkwk-n don’ wkwk-n 0. (26b)

The excitation process described in (26b) is an analytic process, as
witnessed by the zero value for the second ensemble average. We find
averages

r R R
wkxk-n =0, Yk -n 5on’ n =, (27)
and correlations
1 |h|n, n-= 0, 2, 4’ e
Rn . xkxi_ < 2
R ¥+ ]al Pain s i, % 8, . (28)
h Ohoma=000 20 9, i
RI‘I : kak_n § ¥ & 'hlz f=l &
INL R YL B8, i (29)

Since (29) is not zero for all n, process {xx} of (25) is not an anal-
ytic process.

If we use the facts (derivable from the definitions above) that

R_n = R;, R_n - Rnn (30)

13

A

:
b
:
;
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we find that the spectra

G(f) = A z Rn exp (-i2nfna)

=~

2
i 1+ |h]

, : (31)
11-|n]? exp (-i2n€24)|°
and
G(f) = A 2 Rn exp (-i2nfna)
n=-o
£¥ 2h cos (2nfh) (32)

by lhl2 exp (-i2ﬂf2A)]2 '

Generally, spectrum G(f) is real and positive and G(f) is complex

and even about f = 0. For this particular example, (25), G(f) is also
even about f = 0.

If we attempt prediction on the process (25) according to (15) and
we minimize

A2 A 2
le 12 1% - x 17, (33)
we find
g O, ng 2
. ® 5
[h|®, n = 2 (34)
and
2 -1
AR (l—lh’) ’p"l ¢
mlnlekf = 2
1+ [n|% p>2 (35)

Now (34) is hardly the same result as the actual autoregression (25).
Nevertheless we find spectral approximation

14
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a1 - n[%H7L, p =
HEOE .
(), p > 2 (36)

from (34); that is, the spectral approximation is exact for p > 2, de-
spite the obvious error of (34) in terms of waveform prediction.

If instead we attempt prediction on process (25) according to (19)
and we minimize

~ 12 _ |~ 2
1€ 17 = 1% - x 17, (37)
we find, of course,
0, n#1
g = O’ h =
5 2 h, n=1 (38)
and
.y~ 12 2
mlnlekl =1 = |wk| . (39)

For |h|2 near 1, the error (35) for p
great as (39).

| v

2 is approximately twice as

For the general autoregression in (22), it is shown in appendix B
that for analytic white noise {wygl, {hn}g = 0 if and only if ﬂRm}g = 0.

Thus, given a complex data sequence {xn}T of unknown origin, we can de-
fine

N
A
R = - 1 Lok e,
m - m n=m+1 n n-m
N
A S | 2
R osx |l I (40)
n=1

A
Then, if ]le/ﬁo << 1 for 0 < m < q, the autoregressive model (19) with
{hn}g = 0 can be used with some confidence for p < q to predict the ac-
A
tual waveform. But, even if some K, # 0, the autoregressive model (19)

with {hn}g = (0 can still be used to estimate the spectrum of the process

15
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{xx}; however, in order to attain equivalent spectral estimates, it has
been observed that more data points, N, are needed when some h, # 0

than when {hn}ﬁ = 0.

If a process is generated according to autoregression
P
3 & nzlgnxk—n S (1)

where process {wx} is not analytic, then {R,} are not necessarily zero.
Thereby prediction (15) will not necessarily give accurate predictions,
although the spectral estimate can still be adequate; this situation is
discussed further in appendix C. Generation of analytic processes is
considered in appendix D, and a more thorough look at the prediction
capability of (19) is considered in appendix E.

16
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5. DISCUSSION

A program for estimating the autospectrum of a complex univariate
process via linear predictive techniques has been presented. Although
it can be used to estimate the cross-spectrum of two real processes, it
is not recommended because estimated values of magnitude-coherence
greater than unity can result. Instead, the methods of multivariate
techniques presented in reference 3 should be employed; in fact, the

theory for complex multivariate processes is developed there and a
working program given.

Although the program presented here presumes that none of the data
points are bad, it may be readily generalized to include bad data

points. The method and program presented in reference 1 furnish the
necessary background for this extension.

Application of the linear predictive technique in (15) is most
successful when the complex process under investiagtion is analytic.

Otherwise, the more general prediction technique in (19) is worthy of
consideration.

17/18
Reverse Blank
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Appendix A

FORTRAN PROGRAM FOR SPECTRAL ANALYSIS

The following program for spectral analysis of a complex process
consists of five parts: a main program and four external subroutines.
The subroutine BURGCX computes the complex predictive filter coeffi-
cients, POWERC computes the fractional power in bands (Ja) -1 Hz wide,
MKLFFT effects a fast Fourier transform (reference 4), and QTRCOS gen-
erates a table of cosine values (reference 4).
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L SPECIKAL ESTUIMATION FOR COMPLEY DAKTA

C  USCH: CHANGE LINE 15 AND REPLACE LINE 20=33

C N = JUMBEKR OF COMPLEX UATA POI:'TSi INJEGER I[hFUT

C X(L)resarh(N) = COMPLEX INPUT ATAS ALTERED Ui OUTRU]

C PMAA = MAXIMUM ORDER OF FILTEK: INTEGgt Iiui

C J = 5IZE OF FFT (MUST BE A PO-ER OF ; TO USL ¢ (LFFT); INTEGER INLPUT
C PBESY = BEST ORDER OF FILTERS [NTLGER CUTPUT

C A(1l)reesrA(PBEST) = CUMPLEX PReDICTIVy FILTEK CoOtiFICIENTSE CUTPUT
C PROL = PROCUCT (1=AuSEA(P))*%2) FOk P=] TO PobEST: wUTRUT

C RHO(1)reesRHO(PMAX) = COMPLEX MOKMAL]ZED CORRELs TICISH OUTPUT

C XXK(l)reeeoXX(J) = FRALTIONAL PCWERSH UTPUT

C CO(1)reeerCOlU/Y+1) T QUAKTER (OSINE TABLE FUR FFT PurPOSES

C Y IS A REQUIRED COWMPLEX AUXILIARY ARRAZY

C Yr IS A RECUIREQ AUXILIARY ARRAY

el
22
1

C

10

PAKAMETER iN= 1000 PMAXZ10e g= 512 Jll=z=J/u+]
INTEGER PBEST

COMPLEX X(N)oY(N) o A(PMAX) 013,40 (F 1AX)
UIMENSION XX(J) o YY(UreCO(JST)

COMFLEX INPUT LATA IN X€1)peeepX(i)
COMPLEX Al1,2¢1400)

LEFINE JTRANDFI*o%x%154( (1=SIGH(1lsIxux%15))/2) «04355738367
LEF INE RAND=FLOAT(1)/34559738307,
1=5281

AL=(+65,465)

2(1)=(0.00,)

LU 21 L=2,1400

I1=1IRANDL

R1=RAMU=;45

1=1RANU

R2=RAND=45

2(L)=A1%Z(L.=1) +CMPLX(R1,R2)

U0 22 I=1+iv

X(1)=Z(1+1400~1)

PRINT 1

FORMAT (1ML, * INPUT DATA:')

PRINT 4y (X(I)eI=1eN)

EVALUATE PREDICTIVE FILTER COLFFICIENTS
CALL BURGCX(NePMAXsXeYsPBEST»ArPRO|,yRHO)
PRINT 9, X(N)

FORMAT (/' MEAN = ("oL13,89',%913ee") ")
R1I=REAL (Y(N))

FRINT 10y k1

FURMAT (' STAWUARD UEVIATION ='»13,8)
FPRINT 2, PBEST

FORMAT(/' FBEST =',13)

IF(PBEST,EQ,0) GV TO 12

FRINT 3

FORMAT (/' PREDICTIVE FILTER COLFFICIENTS tOR tESTEI?)
PRINT 4y (A(L)»I=1,PBLEST)
FORMAT(4(E18.6/,215.81})

FRINT 5» PROD
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FORMAT (/' FRODUCT(1=ABS(A(P))#*2) ='¢E13,b)
PRANT ©
FORMAT (/' NORMALIZED CORRELATION CoEFFICIE Thit)
PRINT 4, (KHO(I)eI=1ePMAX)
CALL QTRCOS(CO,u)

EVALUATE FPACTIPNAL POWERS
CALL POWERC (PRBESTeAsPROUPJr XX YY2CO»SUM)
PRINT 7
FORMAT (/' FRACTIONAL POAERS:')
PRINT 8, (XX(I)eIzZ1,J)
FORMAT(2Xr10EL13,63
PRINT 11e¢ SUM
FURMAT (/' SUM OF FRACTIONAL POWLRS ='sE13,5)
[ [S)

SOLROUT LE { URGCR Cvp A X s Xo Y o PR ST, e PRCD 1444 )
Tk SUshag Thise Co4PUTES THE CotPLe X pHEDICTIVE FILTL~ COLFFICIELTS
A= wiinbi UF (UMPLEX (ATA POIY TSé LiTe GER IMFOT
Pony = MAAIMUN ORDeR UF FloTee; IGTEGyr InPUI
A(L)pA()rqeorall) = COMPLCX Uf TA ARRAY Oii IPFUTE ALTEREL, ON OUTH Y
Uit wuTiPdTy X(L) eX(2)reaer X(PVAY) = AC1iPMAX) 0, (ZiPAAR) 0 oo ot A(PYAXIPYAX)
Y(L)oY(2) 0 ,perYEN) = COMPLEX AUXILIARY ARRAYI SCrATCH INFUT
Ui CUTPUT, Y(1)eY(c)taweoY(Phiy) = A‘l;l)v“(i‘&)'.DQ'A(PVAX‘FMLX)
Ui CulPUTy K(N) = bAne Alie Y(r) = ST tDARC LEVIATION OF INPUT DATA
PsEsST = BL5T ORODER OF FILTrR: [HTELER CUTPUT
A(L)pA(2) 1 erern(PorST) = CuMPLeX FWEOXCTIVL FILTE.n CUEFFICIENT ARRAY =
ACLiPULST ) JALZiPBEST) v g0 et (POFSTIPBECT) 3 OUTHUT
PrUl = PRU UCT(L1=ALSER(PIFLEST) ) %% ) ¢CR »=1 10  0EST: OUTPUI
RHU (L) 1 eeer RHU(PMAX) = COMPLEX NOr ALTZED CORNELATICIISH OUTPLT
CultrieX X(iadeY () g ALPHAX) o xHO (pMAX ) 1S REGUIFES IN ¢ AIN PROGRAM
TUTEGE PMAX s PoeSTeF
couuse ReCLSIO Y SAKeSAL »SI:
CumPLiEa SleGeT
COMPLEX XC1) oY (L) oen(l)oHO(])
IF(PYAX,GTo34%5uRT (1)) PRINT 20 PMaXeN
FURMAT (/Y PieAX =%elbe? IS TcO LPRGE FOR WUMBRZr OF CATA POINTYS 1) =¢
$9[0)
COMPUTE e AN
f:l-_-( ‘o":.)
Lo 1 I=gel
L1=S14x (1)
SAISCAPLXAREAL(SL) /s ATMAGESY ) /1)
SUBTHACT bk Ae ANU SCALE TC UNIT vARIpHCE
‘.J‘=0. 'y
L0 3 I=1e0
Y(A)=X(I)=S1
Se=S2REALIX(L) ) *%c+AIMAGIX (1)) 2 %2
Ce=SORT (Se/ (ti=1,))
:=le/S2
LY S Iz1eN
A ) ZCr LA (FEAL (R (L) 2 %ByAIMAG(X (1)) »B)
yi)=x(r) y

A-3 3
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. sroliv Retu-S100.
rz=C
FrvudCzl e
s alMINZE,
r ST
Phub=1,
v P arel
C CakluasThL TROSS=GAING B, 155

¢ A= ™

Sni=%.0"
Ly=0,0¢0
LzP+y
VIR A &~ W1
T1=hEAL (ACD) )
12=A1MAGEX(]))
TO=REAL (Y1=1))
j4=nllbactY(1=1))
SARZS AN+ T1aTS4 (T
oAAISAl+TERTI=T1* 1
7 SU=SB+T1Ix*c+T2% %2+ TI4x 24 Tl 42
t=¢ « ¥SAR/SE
C=2.%SA1/SH
G=CPLX(BeC}
t=le=BxBmCx(
FRUDUC=PRODU( *bs
CALCU:ATE FILTEB COEFFICIENTSE EQS, 1nC8148, STIORE I X(L)oeeesX(P)
x(P)=6
IF(P.Eu,1) GO Tu &
L=P/2
LO 9 I=1L
T=A(L)=5%CONJO (X (P=11})
X(P=L)=X{P=1)=~6%xCONJG(X(I))

o

9 A l)=T
¢ CALCULATE rORMALIZED CORRELATICN COEFFICIELTH Fa, 149
) T=A(P)

IF(P.EG,1) GO TO 14

L=P=1

L0 15 1=1-L

15 1=T+X (L) *RHO(P=])
14 KHO(P)=T
C CALCULATE ALKAIKE'S INFORMATIOIv CRITERIONS EQS, 1568202
RELERR=B#SNGL(SB) £ (2.%(1.=P))
AIC=LOG (RELEBR) 44 ,%FLOAT(P) /(N=P}
IF(AIC,GE.AICMIN) GO TO 10
AICMIN=AIC
FBEST=P
FRODSPROVUC
Ly 11 I=)P
11 a(D)=X(I2
11 IF(PEu,PMAX) GU TU 16
C UPLATE FOKAARL AND BACK@Aku SENUENCES; EG, 1053
L=F+1
LU 12 I=Nebls=1
T=A(1)=GxY(]=1)
Y(I)2Y(lel)=CONUG(L) %X (1)




12

le

C
C

18
17

cecoOccecCcec

-

xl)=7

Y(P)=06

60 TO 6

Y (PMAX) =6

IF(PBEST,EG,PMAX) 0O TO 4
COMPUTE EXTRAPULATED MORMALIZE ), CUvRE_ATION
CUEFFICIENTS FFOM PBEST+1 10 PirAXi Eu, 165

=PBEST+1

L0 17 P=LePMAX

A(P)=(0,00,)

T:‘O.'o.l

LU 18 1=1sPbEST

1=T+A (L) *RRO(P=])

RHV(P)=T

A(N)=S1

Y (IN)=CMPLX(S2e0,)

e TURN

LND

SUROUTINE POWERCArLEST pAr bk QUrue Xy p YY o LUy 5L )

Tils SUBROC TINE COMPUTES THE FoACTION,L POLES [i. BALLS 1/(JsLELTA)

PocsT = besT OMDER OF FILTERS [MTeocr INPUT
A(l)reeerA(PBEST) = CUIPLEX FILtE" CO(FFICIIFT VudAY S IMeul
PRUL = PRUUUCT (1=A0S(A(P))x%2) FOH P=q1 TO FseST; INPUT
J = SI2E O FFT# InTeroeir IwPUT
XA = AUXILIAKY AKKAY 0N INPUT
XA(1)re0090XX(u) = FRACTIONAL FHwERS 0O;, OCUTPUT
YY = AUKILIARY. ARRAYS# SCRATCH [NPUT
CullivteoerCOlU/8+L) 5 GUARTEK (OSL.E TABLE FUin +t T3 Lol
DIMEWSI0MH yX (U)o YY (JDrCU(J/44]) 19 REGUIKRED 10 1 Al prOSRAM
Cllvip e X A(MAN) I, ReGUIRED 10 MaTN (1 OGRA 9w ik E b AX GGE e 3t ST

JHIEGER PBLLT

CLAENSION AXCL) oYY (1)eCuL (1)

CUmPLEX AL(])

F=FROU/

yx(ll1l)=1,

YY(iy=c,

IF (PobtsTetuw,C) U 10U &

Ltu 1 1=1ePLEST

AAll+l)=eREAL(A(L))

Yy (I4l)==AlirA0LA(]))

L=PoEST+2

L0 2 I=Led

Ar(l)=0,

yyé1)=¢,

L=l,4b42 72U (J) 465 W LoG2(.))

Cnbkl FRLFFT(XAPYYoCLoLy=1)

SUn=Te

vv 3 1=10d

JAVD)SF/ZEAR (L) el 40V (1) sne)

Sur=5UN ¢+ AXK(1)

LT ORE

Loiu

A-5

Py

el b e it i e,
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SCoNOUTINE “BLFFT (Ao YoCooMe ISN)

LAMEISION X(1)eY(1)9CC(1) oL (12)

L wVIVALENCE ‘le!L(l,)!(Ll].L(Z))'(LIOIL(O))r(LQpL(Q))O(LL,I(5)).
LULToL () 2o (LOPL(TL) p LD yLEE)) (L 4r (90 (L 3y (1)) e (Lol (i),

2(Lde(12))

(=4 ¥ 10

(VL VAN

[BVE 18 STLE B

| LeF2=hubFl+d
Lu£P2=Nu“+NL“P2
LU 8 Loz=lrew
LMAZ2# % (NM=L()
LIxze=sL /X

lbcL:fl/L L)\

vu 8 Lvz=lelnX
JARG= (L~ *1)#]1S5CL+1

IF(IARG,LE.NRBY4PL) OC TU &

==CC (inp2P2=1AKUL)
G=1SL*CC EIAKG=ivLY)
60 TO o

(=CC(IAFRG)

5=1S. i %CC (NL4R2=1ANV)
Lu 8 Ll=UInebiolix
J1SLI=LIX+LM
we=J1+L K
T1=x(Jl)eX(u2)
Te=v(J1l)eY(y2)
A(vl)=x(ul)+X(Ue2)
Y(wl)=y (Jl)+Y(Uc)
A(V2)SCxTLI=5%T2
Y(J2)ZL*T245#T1
CunTINUE

Lo

L(Jv)=1

4

J=1el2

IF(J=") 3103104¢
L(V)=cexrivel=y)
CunTINUF

viN=l

Ly
LV
“V
LY
Ly
[V}
Lv
wv
u
[SAV)]
(V)
Ly

bf
67
ol
6r
67
o0
6"
6%
on
69
62
19

JisleLl
w23dlelerl
UJ:UZ ’ Ls ’ ;_2
JUSJIels LI
JOSJ4 LD L
J6FuheLE/LS
J73Y6L70LE
J3SJTe L8 7
v9zvo LY LE
J10=U9eL1DPLY
J11=J10eL 211D
JisJllelleelll

IF (Ui=Jr) Sledlybde
FZA(JN)

Yy (JH)=A(JR)

A(WR) =K

FL=7(JN)
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Y (V) =Y (JR)
Y (JR)=FI

52 Jh=Jil+l

6C CUNTINUE
RETURN
Eab

SUBLROUTINE WTRCUS(Coiv)
L IMEHSION € (1)

i elzii/4+1
SLL=60,2031853C7/N

(0 1 I=1eN4]
C(L)=Cus((I=-1)%5CL)

ne TUE

b
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Appendix B

PROPERTY OF AUTOREGRESSIVE MODEL

The process of interest here is given by the autoregressive

22)
(22) P
= *
B Llg gy bk ) -,
n=1
where excitation {wy} is analytic white noise. That is,
* = =
"k-m = “om’ Heem .
It then follows easily that
wkxl‘:~m & on? Y ke i Tisad
Use of (B-2) and (B-3) then yields correlations
P
= = *
Rm = K k-m L (gﬁ“m-n * hpRan) hz2
n=1
P
= * = *
Rm = X k-m nZl(gan-n hnpm-n) E 6om’ ey

For given coefficients {gn}p and {h,}P

Now let us suppose that

h =0, lsnzp.

Then, from (B-4), the first p + 1 equations yield

TR 5505

model

(B-1)

(B-2)

(B-3)

(B-4)

(B-5)

, (B-4) and (B-5) constitute si-
multaneous equations in the unknown c%rrelations.

(B-6)
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R -gR -...-gR =0

Rp - ngp—l - e = gﬁRo = 0. (B-7)
Therefore
Rm =0,0<m<p, (B-8)

and from (B-4) and (B-6) it follows that R, is zero for all m.

Conversely, assume that

Rm =0, 0<m<p. (B-9)

Then, from (B-4), the first p equations yield

thl + h2R2 LA hpRp =0 ‘
thZ-p + h2R3_p IR hpR1 = 0. (B-10)
Therefore
hn =0, 1<n<p, (B-11)

and from (B-4) and (B-11) it follows that Ry is zero for all m.

Thus we have shown that {hn}g = 0 if and only if {Rm}g = 0 in the 7

autoregression (B-1) with analytic white noise excitation.

B-2




Appendix C

NONANALYTIC WHITE NOISE EXCITATION

s R 8

Suppose a process is generated according to autoregression

P

‘ )
‘ Xt = g X + W,

x k e 1 k-n k
E |
b where excitation {wy} satisfies

* = =
wkwk-m B(Sorri ik -m &Som

although it is white.

Then {Ry} need not equal zero, even for autoregression (C-1).
example, for

pi=ll; g, = & lg| <1, g complex,

we find correlations

R, = B e MosgR g MSE, R=RE,
1 - |g|
B m
R = ; B =R , m>1, R =K
o) 1 - g2 m o - -m m

The corresponding spectra are

AB
-i2nfA;,2
ge |

G(f)
1 -

1 - 2g cos (2nfA) + g

TR 5505

(C-1)

(C-2)

B is complex and nonzero; therefore {wy} is not an analytic process,

For

(C-3)

(C-4)

(C-5)

(C-6)

(C-7)

C-1

..v.,-._-.-_...-~.-‘.

|
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Since the {Rp} are not zero, appendix B shows that the coeffi-

cients {hp} would not be zero in model (B-1) with an analytic excita-
tion.

Optimum prediction on process (C-1) using (15) gives

. g, n=1
a

B 0, n#1 (C-8)

with a minimum mean square error equal to B, and the spectral estimate
is identically (C-6). Thus, for this example, the nonanalyticity of
the excitation is no problem.

For the more general model of (C-1) with p > 1, it can be shown
that all {Rp} are independent of the value of 8. Then, although (15)
may not be too accurate for waveform prediction, it can still be used
for spectral estimation purposes.

Optimum prediction on process (C-1) using (19) gives

Ql =g, other coefficients = 0, (C-9)

with a minimum mean square error equal to B. This yields the same re-
sult as above.

Cc-2
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Appendix D

A METHOD OF GENERATING ANALYTIC PROCESSES

Suppose linear filter H(f) is excited by complex input x(t),
yielding output y(t). Then correlation

R (¥) = YOV (€ - ) = [ df exp (iwar)Gx(f)IH(f)|2 v D-1)
and spectrum
6,(£) = [ dt exp (~i2nfDR (1) = G (£ [u(e) |2, (D-2)

Also correlation

I

R (1) = YOOY(E - O

[ df exp (i2rfr)€ (£)H(F) H(-f), (D-3)

and spectrum

m

Gy(f) [ dt exp (-iZTYfT)Ry(T) = € _(f) H(f) H(-f) . (D-4)

Complex process y(t) is defined as being analytic if (D-3) is zero
for all t. Suppose that filter
H(f) = 0 for £ < 0. (D-5)
Denote the output of filter (D-5) by y.+(t). Then (D-4) shows that
6, (f) and R,(7) are both identically zero for all argument values.

Therefore single-sided waveform y,(t) is an analytic process.

Let complex envelope

y(t) = y+(t) exp (-iwaot). (D-6)

R
'

¢ :
L]

“- 4
< Y
B4
B
b
B
s
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Then

RX(T) = y()y*(t - 1) = Ry+(r) exp (-iZﬂfot) =0 (D-7)

for any fo5. Thus the complex envelope of any stationary process is an
analytic process.

On the other hand, for the two real processes u(t) and v(t), no
linear combination, au(t) + Bv(t), where « and B are complex, ever
yields an analytic process unless Ry,(t), Ryy (1), and Ryy(t) satisfy
very special restrictions. Thus the process constructed in (1) was not
analytic and could not have been expected to yield good prediction cap-
ability via (15).

D-2
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Appendix E
CAPABILITY OF A MORE GENERAL PREDICTION MODEL
If p is infinite in (19), we have prediction
it * >
*x z (gnxk-n H hnxk-n)' (E=1)
n=1
Minimization of |Ek]2 = ,3& - xx|? yields the simultaneous equations
z (gan-n i hnR;-n) ¥ Rm’ Legm,
n=1
Lole R, hR* ) =R,1z<m (E-2)
n=1
It can then be shown that €y is a white process with
P MR 3 5 g
m1n]8k| =R Z (g R* + h R*). (E-3)
n=1
Also it can be shown that
€ Ekom © 0 form # 0, (E-4)
with
~ 2 b
B = Ro - nzl(gnazn +hR). (E-5)

However, Ek is not an analytic process since (E-5) is not zero.
The simplest example to demonstrate this is

Rn it Roéon’ Rn = Roéon’ (E-6)

for which (E-3) and (E-5) yield R, and Ry, respectively.
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The spectral relations for (E-1) take the forms

2 2
Ge(£) = G (E)|A(D) |7 + G (-£) [B(D) ]
+ G (f) A(£)B*(f) + [Gx(f)A(f)B*(f)]*
and
€,(f) = 6, (HANA(-£) + €3 (£)B(f)B(-£)
+ G (DA(F)B(-F) + G (-DA(-H)B(F),
where
A(f) = ) g exp (-i2mfna)
n
n=1
and

B(f) = ) h exp (-i2rfna)
n=1

(E-7)

(E-9)

are considered known after solution of (E-2) for coefficients {g,} and
{hp}. Equations (E-7) and (E-8) can be solved for Gyx(f) and €,(f):

(A A* B B* A B* A*B ] 6, ] o |
B B* A A* A B* A*B g | e
X X
‘ -

AB AB AA BB G G.
- - - - X 2
A*B* AXB* B*B* A*A* G | 6L
- = - L X | | X

where
A =AM, A2 A,
) =G 3 = 06 (=
6y 2 6,(, 6, = 6,6,
€ -6 (), 6 - €*(f).
X X X

(E-10)

(E-11)

vy g———
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This requires the inverse of a 4 x 4 complex matrix at each value of
frequency f.

Thus an alternative spectral estimation technique is available
from the more general prediction model in (E-1). Whether it is worth-
while in terms of stability and resolution is unknown, as it has not
been pursued.
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