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FORTRAN PROGRAM FOR LINEAR PREDICTIVE SPECTRAL
• ANALYSIS OF A COMPLEX UNIVAR IATE PROCESS

1. INTRODUCTION

Spectral analysis of a complex univariate process via linear pre-
dictive and maximum entropy techniques is considered in reference 1,
and Fortran programs for real data are presented there in appendix J.
In this report, we present a program for handling the case of complex
data, yielding as an output the auto-spectrum of the process. * Complex
data can be encountered, for example, when a narrowband real process is
complex-demodulated to a low frequency and sampled at a rate comparable
to the bandwidth of the process. When the new center frequency is
zero , the process is called the complex envelope.

In section 2, an example of the use of the program is presented ,
and the changes that the user must make for his application are pointed
out. In section 3, the possibility of using this program to estimate
the cross-spectrum of two real processes is investigated and found to
be undesirable. In section 4, a limitation of the complex predictive
f i l ter  for complex waveform estimation is considered , and a possible
generalization is indicated to alleviate the problem .

L
• *The theory and notation for this case were developed fully in

reference I and will not be repeated here, for sake of brevity; the
reader is referred to that earlier material for all details.

1
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2. USE OF PROGRAM FOR SPECTRAL ANALYSIS

The program for spectral analysis of a complex process consists of
five par ts: a ma in program and four subroutines , as listed in appendix A.
Inpu t parame ters to the main program (l isted in statement 15) are

N, number of complex data points,
PMAX , maximum order of filter considered , and
J, size of FFT for spectral estimate.

The sample program generates a data example in lines 20-33 and must be
• replaced by the user to fit his particular applications .

A sample ou tput for N = 100, PMAX = 10, is presented below . It
ind icates that PBEST = 1, which agrees with the actual value of p (see
statement 21 of the main program). The fractional powers sum up to
0.99999829 instead of 1; the difference is a measure of whether the
spectral estima te has been adequa tely samp led in frequency . (If the
error is too lar ge , J may be increased.)

Since the autospectrum of a complex process is rea l, but not
necessarily even , it is necessary to compute the spectrum over both
negative and positive frequencies. Thus bin 1 correspond s to zero fre-
quency; bin J/2 + 1 corresponds to + Nyquist frequency , +1/ (2t1); and
bin J corresponds to frequency -1/(JA), where t~ is the sampling inter-val in t ime.

An exa mple of a spectral estima te of 1000 samples of a complex
envelope of surface-bottom forward scatter at a 200 graz ing angle at
frequency 750 Hz over a 20 nautical-mile path is presented in figure 1 ,
where the sampling rate is 1 Hz. There is observed to be a pair of
spectral peaks at ÷1/4 Nyquist frequency, a strong very low frequency
componen t, and a rather symmetric spectrum about zero frequency . In fig-

• ure 2, the direc t pa th is employed instead , the sampl ing rate is 0.1 Hz,
but 1000 samples are still used . The center portion of the spectral
estima te reveals a double peak near zero frequency and a rapid drop-off

• away from this frequency. With these few data points , resolution capa-
bility of this quality is very hard to achieve by any other spectral
analysis techni ques . •

E l
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• 3 . EST IflA TION OI~ CROSS-SPECTRUM OF TWO REAL PROCESSES

Suppose that processes u(t) and v(t) are real , zero-mean , and sta-
tionary. If we form the complex process

x(t) = au(t) + 8v(t), (1)

where a and 8 are complex, then the autocorrela tion of x ( t) is

R (t) x(t)x*(t - = R
~x

(_T)

= I a I 2 R~~
(r ) + f6~

2
R ( t)  + aB*R (t)  + a*8R

~~
(_t), (2)

where the crosscorrelatjon of u(t) and v(t) is

R (r) u( t)v ( t — (3)

The auto-spectrum of x(t) is the nonnegative real (noneven) function

C’

G ( f)  ! d’r exp (-i2~ft)R (t)

= kI 2G
~~

( f)  + 8 1 2 1; ( f )  + a8~G (f) + a*8G* (f), (4)

where the cross-spectrum of u(t) and v(t) is

-: G ( f)  f dt exp (-i2~ft)R (t )  = G~~(-f). (5)

Now let us decompose the cross-spectrum as

CS G (f) = R(f )  + iI ( f ) , (6)

. for wh ich (5) y ield s

R(-f) = R(f), 1(-f) = - 1 (f). (7)

iC
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.t~
.
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Utilizing (6) and (7) in (4), we obtain

-~~~ 
G (f) l al

2
Ciuu (f) + I 8 I

2G
~~

( f)

+ 2Re(a8*)R(f) — 21m (cc8*)I(f),

G (-f) = f O ~
2G ~~ + 8l

2
G
~~

(f)

+ 2Re(a84)R(f) + 21m(a8*)I(f). (8)

Solving (8) for R ( f )  and r (f) , the real and imaginary par ts, respec-
tively, of cross-spectrum G

~~
(f) , we obtain

R ( f )  = 

~ Re (c *) ~~~~~~ 
+ G

~~
(_f) - 2 J c~I

2G (f)  - 2 I 8 J

2G~~
(f ) ] ,

1 (f)  = - 

~ Im(a~~) ~~xx~~ 
- G (-f)], (9)

if Re(aB~) ~ 0 and 1m(c~B*) ~ 0. Since a and 8 are arbitrary , we choose
= (1 - i)/2, for which 1a 12 8 12  = 1a8 * 12 = 1/2. For simplicity , we

choose 1a 12 = 18 1 L = l/~-’~ ; then (9) becomes

G ( F )  + G (-f) G ( f )  + G (F)
4 P( f )  = 

XX XX 
- 

uu VV
2

C ( f ) + G  ( f )
= Ev EN{ ( ; (f) } - 

UU VV
xx

C (f)-G (-f)
1 (f)  = 

XX 

2 
= ODD {G ( f ) } .  (10)

Now we need only compu te R ( f )  and 1 (f) for f > 0, as (7) indicates.

An alternative method to (10) was presented in reference 2, equa-
tion (4). Howev er , that method requ ired calcula ting four auto-spectra,
whereas the current method requires calculating only three auto-spectra:
C,.~~(f)  and C~~ (f )  are real and even , whereas G,~~(f)  is real , but not
nece ssar i ly  ev en.

8
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The choices of a and B in (1) are still not unique. If we let

a = 2 ’4e~
0
, B = 2~~~

4
e’~ , (11)

then

aB* = 2 1”2 e °”~~ = 
1 ~ = 2 12 e ’~~

’4 . (12)

Therefore , we must have 0 - = _ 7 T / 4 .  There are two obvious choices:

Cho ice 1

0 = 0, ~ =

a = 2 h/ 4
, = 2 h/4(1_+

x ( t) = 2~~~~[u(t) + 
1 + ~ v(t)], (13)

which is not very symmetric.

Choice 2

0 = - 1 T / 8 , I~C S = 1 T / 8

-1/4 _ i ir / 8  -e

B = 2~~~~~
4

c
i
~

h h’8 
= a + ib

a = ~-l/4 cos (n/S), b = ~~~~ sin (~/8)

x(t) = a[v(t) + u(t)] + ib[v(t) - u(t)], (14)

r which is the preferred form .

For known autocorrelations or auto-spectra , (10) furnishes a valid
way of calculating the real and imaginary parts of the cross-spectrum
of real processes u(t) and v(t). However , when the auto-spectra are

9
.
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I
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unk nown , spectral estimates must be substituted in (10). Although R(f)
- . 

and 1 (f) can both take on positive or negative values in any frequency
range , there is a constraint on their magnitudes . Namely, the magni-
tude-coherence is upper-bounded by unity . However, several numer ical
examples using the programs in appendix A , for cases where the true
magnitude-coherence was near unity , yielded estimated magnitude~~~~er-.
ences greater than unity in some frequency ranges . This was traced to
the fact that the estimate of G

~~(f) can be too small and/or the esti—mates of Guu (f)  and Gvv(f) can be too large. This type of coherence
estimate is intolerable; hence, estimation of cross-spectra of real
processes by means of the auto-spectrum of a complex process is dis-

— couraged . The same conclus ion is offered for the method in reference 2.

10
-c
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4. A LIMITATION OF COMPLEX PREDICTIVE FILTER

The theory behind the program presented in appendix A has been
given in reference 1 and is based on a linear predictive technique.
Specifically, given p past values of complex process {xk}, a linear
one-step prediction of Xk is at tempted accord ing to reference 1, equa-
tion 58:

p

X
k 

- 

~ 
an
xk n . (15)

n-l

If we express all the quantities in (15) in terms of their real and
imaginary parts according to def ini tions

A A .A
X

k 
= U

k 
+ lV

k
) X

k 
= u

k 
+ lvk, a = a + iB~~, (16)

then ( 1 5) can be expressed as
p

= 

~
(au k 

-

n=l

— 
• 

p

V = 

n~ l n
U

k~ n 
+ a v

k
). (17)

• But (17) is not as general as the form for prediction given by
(Un, Un, Bn, an real):

p

~
‘k 

= 
~ 

(P
fl

uk f l  + vnvk n ),n=l

- I p

“k = 
~ 

( B U
k 

+ a
nvk f l ). (18) ‘ 0

n=l

It is apparent that the mean-square errors of predic tions in (18) could “C) ,

be made smaller than those in (17) , in general.

The complex estimate of Xk that can be formed from (18) is

p
X
k Uk + “

~
‘k 

= ~ (g~x~~fl 
+ h~x~~~)~ (19)

n=l

11
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where

g = •
~
•{U

n 
+ a + i (B  - v )],

h~ = 

~~~~ 
- cx + i(8 + v )]. (20)

• (The form (19) is the one alluded to in reference 1, footnote to equa-

tion (58) . )  The coefficients {gn }ç and {hn}ç in (19) are two corn-
pletely independent sets of complex constants that can be chosen. Since
the complex predictive filter in (15) is obviously a special case of
(19), it is expected to have a more limited ability in waveform predic-
tion than (19);  however , (15) may suffice for spectral approximation
purposes. (For a real process, (19) reduces to (15).)

Now suppose tha t a pa ir of real processes were actually generated
according to p-th order autoregressions ,

p

U
k 

= 
~~ 

(Iin
Uk n  + \)V

k ) + dk ,
n= 1

+ c x v
k

) + bk, (21)

where a l l  the quan tities are real . Then complex process

p
X
k 

- U
k 

+ iv
k 

= ~ ( g x
k f l  

+ h x ~~~) + Wk ,  (22)
0~

where g~ and hn are given by (20), and

W
k 

_ d
k 

+ ib k .  (2 3)

Now if 
~~~ 

= -u n , B~ = v~~, for 1 < n < p in (21), we get gn = 0, hn =
+ iv~, and (22) yields au toregression

p 55

X
k 

= 

~~~~~~~~ 
+ wk .  (24)

12
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So a linear prediction according to (15) is not expected to do too well
on the actual waveform values given by (24) , no matter what the statis-
tics of {wk } are. However , the spectral approximation available via
(15) of G

~ (f) for process (24) can be very good if p is chosen large
enough in (15).

As an example, let p = 1 in (24):

Xk 
= hx~~1 

+ wk, (25)

where h and Wk are complex with

IhI < 1, (26a)

W
k
W
k 

= 

~~~~~~~ 
~~~~~~~~ = 0. (26b)

The excitation process described in (26b) is an analytic process, as
\zitnessed by the zero value for the second ensemble average. We find
averages

Wk Xk n  = 0 , wkxk = 5~~ , n > 0, (27)

and correla tions

_____ Ihi

n, n = 0 , 2 , 4 ,
; R E x x * - _ _ _ _ _

~ k k—n 1 — hI 2 0, ~ = 1, 3, 5, ... ‘ (28)

______ h 
0, n = 0 , 2, 4, ...L. zX ~ X~~~~~= 21 — ti 

IhV~
1, n = 1, 3, 5, .. . (29)

CS Since (29) is not zero for all n, process {xk} of (25) is not an anal-
y t ic  process .

If we use the fac ts (derivable from the definitions above) that

= R* , 
~ -n 

= 

~ n ’ (30)

13
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we find that the spectra

C (f) ~ ~ 
R
n 

exp (-i2rfn~)

= 2 
1 + 1h1 2 

2 ‘ 
(31)

I l - I h i exp (- i2 ’ITf2t ~) l

and

C(f) 
~n~_o,

t
~n 

exp (- i2’rrfnt)

— 
2h cos (2rf ~ )

- lii i exp (-i2irf2t~)}

Generally, spectrum G(f )  is real and posi tive and C(f) is complex
and even about f = 0. For this particular example , (25) , G(f)  is also
even abou t f = 0.

If we attempt prediction on the process (25) according to (15) and
we m inimize

- x~ l
2 

, (33)

we f ind

~ O , n~~~ 2~

I h i  , n = 2 (34)

and

- A 2 ( 1 -  I h I ) ,  P =  I
min k I = 

21 + h i  , p > 2 (35)

Now (34) is hardly the same result as the actual autoregression (25).
Nevertheless we find spectral approximation

14 
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A ~ (1 - Ih I
2
)’, p = 1

G(f) =
G(f), p > 2 (36)

from (34);  that is, the spectral approximation is exact for p > 2 , de-
spite the obvious error of (34) in terms of waveform prediction .

If instead we attempt prediction on process (25) according to (19)
and we min imize

- . 2  .~ 2I C k I I X k - X
k I ‘ 

(37)

we f ind , of course ,
0 , n ~ 1

g 0 , h =
TI TI h , n = 1 (38)

and

- — . 2  2minIck I = 1 = IW k I . (39)

For h i 2 near 1 , the error (35) for p > 2 is approx ima tely twice as
great as (39).

For the gener al autoregressi on in (22) , it is shown in appendix B

~. 1 
that for analytic white noise {wk }, {hn}~ = 0 if and only i f = 0.

Thus, given a complex data sequence {xn}~ 
of unknown origin , we can de-

- 
‘ fine

N
A

x x , 0 < m ,n N - in n= m+l n n-rn —

N
A 1 2
~~~~~~ ~~ 

I X n l . (40)
C n= 1

• CS A
Then , if i~~~itRo << 1 for 0 < m < q , the autore gress ive model (19) with
{h ~~}ç = 0 can be used with some confidence for p q to predict the ac-

tua l waveform . But, even if some ~ 0, the autoregressive model (19)

wi th {h n}ç = (3 can still be used to estimate the spec trum of the process

15
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(xk }; however , in order to attain equivalent spectral estimates, it has
been observed that more data points , N,- are needed when some h~ ~ 0

than when (h~}~ = 0.

If a process is genera ted accord ing to autoregression

x
k 

= 

~~1
8nXk~fl 

+ (41)

where process (wk ) is not analytic , then (1
~m
} are not necessarily zero.

Thereby prediction (15) will not necessarily give accurate predictions ,
although the spectral estimate can still be adequate; this situation is
discussed further in appendix C. Generation of analytic processes is
considered in appendix D, and a more thorough look at the prediction
capability of (19) is considered in appendix E.

16
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5. DISCUSSION

A program for estimating the autospectrum of a complex univariate
process via linear predic tive techn iques has been presented. Al though
it can be used to estimate the cross-spectrum of two real processes, it• is not recommended because estimated values of magnitude-coherence
greater than unity can result. Instead , the methods of multivariate
techniques presented in reference 3 should be employed ; in fact, the
theory for complex mul tivaria te processes is developed there and a
working program given .

Although the program presented here presumes that none of the data
po ints are bad , it may be readily generalized to include bad data
points. The method and program presented in reference 1 furn ish the
necessary background for this extension .

Applica tion of the linear predictive technique in (15) is most
successful when the complex process under investiagtion is analytic.
Otherw ise , the more general pred iction techni que in (19) is worthy of
consideration .
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. FORTR~N PROGRAM FOR SPECTRAL ANALYSI S

The following program for spectral analysis of a complex process
consists of five parts: a main program and four external subroutines.
The subroutine BURGCX computes the complex predictive filter coeffi-
cien ts , POWEIkC computes the fractional power in bands (JAy 1 Hz wide ,
MKLF FT effec ts a fas t Four ier transform (reference 4) , and QTRCOS gen-
erates a table of cosine values (reference 4).
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C TR 5505

c Si’Ec u<AL LSTi ’A11Qt ~ FUR Co.PL~~ DMT A
C USLP : C I-4 A~.GE LUlL lb Mt4) RIPLACE LI~ L., 20—33
L N I~ (J~4dE~~ OF CO~ PL~.X LA TA POI; TS I~~) fG E~ II.~’ur
C A ( 1) , .. . .A ( i’~

) z Cu-iPLEX INI~UT - ATM ; ALTERLL~ 
LI~ ()LI I P(J I

C. Pi~1A... MAx1u~ui~l ORDER oF FILTh.I~; I1iltGE i  I~ Pu1
• C J ~,LLE OF I-FT (Musi BE A P0-ER OF ~ TO USL : \L i~FT ) ;  INTEGER IF.PUT

C P IJE ST : BEST OR~Th.R OF FILTER ; INTLG~ R ç.UTPUI
C 4(1),....A (P~LST) COMPLEX PRED!C1tV~ FILT~J~ 

(‘
~ Li—FI CI [NTS~ CUTPUT

C PHOL, PRU1~UCT (1—AuS(M(P))s*2) FOR P:j TO PuEST; CJUT~~ JT
C RhO(l),,.,,RpiO(PMA~() COhPLEX NOR~ AL1/ED C h ~~ U1I~ e.S1 OUTPUT
C X.i((1),...,XX(J) FRALTZONAL P( WErS ~(uTP UTC C~)(l).,.,,COL~/~4+l) QUARTER (,OSII,E iIIBLt~ F0F CC F T POrPOSCS
I~ Y IS A HI.OUIHLL ) COI’IPLEX AUX1L ItPY ARR MY
C Y~ j5 A Rt OOIHLO AUXIL IARY ARRI~YP~ RA M E:TLR N: 100, PMAX:10, j : D12, j41:U/4+1

iNTEGER PbEST
COMPLEX ~~~~~~~~~~~~~~~~~~~~~~~~ ‘AX )
L IMENSLON X X .J) ,YY(, j 1,CO(J’ ,1)

C C0~4$-~~.X IFICIPU1 ICATA IN X~~l ),..., X ( l )
COMPLEX A1,ZL 1’.UO1
L E F INE ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
1t.FINE RA :FLOAT(j~ /3e~ 597383~,7,
1:5281
P1 (.65, .bb)
L (1) (0.eO.)
i.,v 21 L:2.1~ Q0
I:IRAND
H i :RA~IL.i— , 5
A :IRANL1
R2~ HANU—,b

C 21 j(L):A1*Z(L—1)+CMPLX (Rl.R2)
‘: ‘! 1,10 22 I~~L.N

22 X (1)aZ (1* 1~ OO—N )
PRINT 1

1 FuRr~1AT(lh1. ’ INPUT D A T A : ’ )
PRINT 4, ( x ( I) ,I :id . i

C EV ALUATE PREL)ICTIVE F1LT~ R CULFFILIEIITS• CALL BuRGCX (N,PMAX,X .Y,P8EST,A,PR~~~.RH0)
• - PRINT 9, X~ F4)

9 FOHMA1 (/’ MEAN : I’,L13,8,’,’,t.i3.~- , ’)’)
kL REAL (Y(f”I))
I-HiNT 10~ hi

CS lfl FuKMA1 (’ STAt.JU ARL) LIEIIIA IION ‘,c~13~ 0)
PRINT 2. P6~.ST

2 FOKMAT (/’ I-bEST :~~,3 3)I F ( P t ~I.ST,E(i .0) 1,0 TCs 12
PRINT 3
FO~0 4A T ( / ’  PN~ L)1CT 1V E FILT~ k C0L~ F 1CIENTS i c”~ ,~EST:’)
PR IeIT ‘4, (A ( L ) . 1 : 1 .PbL S l )

t~lA T( ’44c .18 . b ,~~15.8J k
12 PK 1141 5. PROD - - 
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F~)Rt~AT (/’ F UCT(1 AB5(4 (P))**~~) ‘~ Ej3.b )
• . 

PRi~lT
b F QHMAT(/’ NQ~ MALI.~CCI Cu~

.fRELA TIOl4 coEFFICI~~,T:.,:’)
FRu IT ‘4, (hhQ (I).I:j.PMAX )
CALL QTRCOS (co,U)

C EVALUATE FPACTI QNAL P0~ERS
CALL PQ~.ERC(R bEST,M,PROU,J,XX,yy,CO,SU

.q)

~CRlI4T 7
I FORMAT(/ ’ FRACTi ONAL POAENS :’)

PRII\IT 8, ( X X ( I l,I:l,J1
0 F0I*IAT(2X.10E13.6I

PrUNT 11. SUM
11 F~~RMAT (/’ SUM OF FRACTIONAL PO~ LRS :‘,E15.I~)

1CM)

I 4 C I ~1,. 0I~ lJl,.A ( ‘.~ r ’t’ ,A z  ,y, ~ , I’t~~ SI ,/ ~~~~p~~~~ ) 1 I’ H
L i t ~~ j C  C CJ~~~~~~,1 Tl. - L o’- tS T ‘F ~ -~~- PL’ X ~ i-EDI CT I ‘ . i. IL T L~ C ’ LFF ICT EI . TS
L- 4 ~~~~

• I I I tiE CUfrtP-~Lt.X [‘~TM POX - TS4 14flGEM IN C C I

I.. P FI
~ A A 1 I C 4 ~~fl. QhutR ~F Fj~.TLr’~ II,TEG~ , It1P U1

1 A . (1. ) ,A( ~ ) • • A f. I~ ) LU’’PLi X ~~ T A RR~~ 04 jf F T I  AL 1E,NEij ON OI~ITF Il l

C.. ‘ J I I . t.J T I ~ LJ 1’ p X (1),X(~~),..,,A(P .’4’) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
¼. Y(l), Y (2),~~,..Y(N) : LU ’

~P L X  ~ XIL IAR y Ap l~ I lY ; ,~~,,,TC tI INPUT
C.. ~~~~ ~uTt -J T , Y (1j.Y(~~).,.,,Y(P~ M /)
I.. Ui . t..vlr’UT, AU.) ~~~~~ ~h,. Y(’ ) ST I~ UA~~: LI  -~ I~.FIOr ~ OF INPUT DAT~
L P’~LS1 3LIjC 1 OROE.K OF 1-IL1rR I F T F cR UTPUT
C M(l),M(2),...,M(P~ LbTJ ; C - =PL’X rI~c~OIC.T I I L  F I L T ~-j ~ Cu[FFICICNT AP’~A Y
1.. A d L~,T),A( Fbt~.ST ),...,,1(p~~— ST ;r’i3EsT); O 1 , - 1~T
C Pt~jt - r ’k~j ’ UCT (l—u~ s(.~(PfI- ,ISI ))*’s~~) F(’R ~‘~~1 10 ,-~ ,ESf; OUTPU1
.. R C 1 C . ( A ) , . . . ,P* ij (Pf ~M~~) CO~~~LEX MOr~ ALUE [IC CUN~ LLMTI C 4SI OUTPU T
¼. Cu~t~~Lr- X X ( i C j , Y U 4 ) , A ( i . IAX) ,~~t ’ j O ( I C¼ 4 A~~) IS ~~~~~~~~~~~~~~~~~~~ IN rAIN PRO(,R~ M

I . 11 t ~GEI< PMAA,P,JLST,I-
ULJ t~LL , ‘I-tc.CISIt) I SsF ,SM I .SI-

CIJ I .-P LLA  S1,~~,T
• ,J ’lC ’LIA X ( 1 ) , Y ( j ) , u ( j ) , r ~H Q ( j )

1F(k- ’ ,&T .3.*~~ Ff T ( r , ) )  j ’ R iC ,T  2~ “~1A~~P~’j r ’ ~~T ( / ’ Pi.’AX :‘,i’4, ’ JS h O  LARG E FOR -~ U~~P~~CC~ OF LATA POiNTS II ~~

C C~~”~ -~ ft

C 
- i~— ( 1..’~ .)
C , S  1 I~~~ ,T.

1

I.. ~ j~~~ 1 uCf - -LA PI, Mf4u SCuLL. 1 ., UNIT VPRI 1 FCE

•. 3 1:1,11
) ;j ) )~( J ) — 5 ~

~~~ S~~CS 1 (S~ /(t4 1.))
C ~~~~~~
1 ¼)  5 I~~1,Ii

,;i):X(f)
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i.. ir ’i1.~ ~~ L U - SI( .

,_C

¼. L 4L t ,~~~~.~~~ T L ~ 
-HoS5—GA1r~; 1.1. 155

l~~C A: ‘~ •

C C )  7 I~~I II.

11:hLAL A ( L )
~

~,1I’~~S-~,~fTl*t34 1~ •1~.

F
I’:~~.*SNk/ St
C:2 ,*S4I /Su
G:C 4PLA.(B.C .~
1:1
pRt)OUC:PR0DUç*a~,

¼. CA LCULATE FILTEB CUEFFIcIELIrs Ea5. 1.,ç81~ 8, Sb’)RL Ii~ X (L.I. .,.,X~ P 1

IF(P.E1s ,-1 1 GO TU 6
L:P/2
10 9 I:1,L
T:A (L )—- ~,*CO f~J1i(X(P—I})
A ( P— L J : X ( P — I ) — G * C O a h J ( 3 ( A (  I ) )

9
- 

- 
¼. CAL ..uLATE ~OR~ ALILED CORRLLATIC’N C~~ FFICIC I.T) F a . 149
a T :A ( P)

- . 4 LF(P.EGt .1) GO TO 14
L:P—1
t~Q 15 I:I’L

C 15 1:T+XCL)*HhO (P—I)
14 b~f 0 ( P) : T

-. 
I C CALCULATE ~J(AIa~E’S INFORMATION CRLTER1ONI EQS, 1L~ &2o2h~ LE,~R:8*SNGL ( S9)/ (2 . * ( i .— p ) )

MIC:LOG (RLLLSF1I+’4.*FLUAT (P),(t’1 2k
IF (AIC.GE.AICMIN) 1,0 To 10
?4ICMIU:AIC
P,3E5r 4

~
CS 11 1:~~’P

11 n(I) X (11
l~ 1~~(P.L¼1~~P MA A )  t i C~ To ~bC Up’ti~~f L  F0k ,~ARL, ANi) BACKIARu SE~ICIJEF,CES; EG,, 1z~3

L U  12 I:N.L, 1
T:A(I)—’~*YII—1~.

C y (I) Y(I,1j—COIIC4,JGd~~)*X(1)
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12 A(I):T
- -

bO TO b
lb y(PP’ iAX) :1~

IF(PtEST,E~a.PMAXI t,0 TO 4
C COMPUTE EXTRAP O LATED f-eOR MALI Z( CC.CRELATICr C
C. C~ EFF lCIENTS EPOM Pt3EST+i tO P;.’AX Et1a~ 165

L:PbESr+1
1-0 17 PaLiPRAX
A ( P) :(O ..O.)
T:( O . .0 .1
LU 18 1:t.PbFST

16 1:T+A (L)*HhO (P—fl
17 ~l,-iu(P):T
4 A( 1C ) 51

Y ( I  I• ) :Ct.IPLX ( S2 0. )
a~tIURN

• ~ C.JL)HOUI1C 1t t~U*t~~C ( r L L~,T , A , l C a , O U , , , X > , Y y , C & ,I- .I. I
t.. T i ~~ ~UfiRtii TINI. Cu-IPU ILS THE F~JA CT 1O N CCL P~~. i S [ ; .  i3A ~~~S i/ (J * L-f  L I A )
$.. P~jt-,I UL.~~t OHL) Lr< tiF FILICRI 1IC .TL CI r~ 1I-:P~ iT
C. M(l), .,.,M(PULS1) : C o t PLC.A I-I L TEt’ CC.)j FFICIt I T  ~~~~~ Ir:~’u1ç PktjuULT(1 A~ S (uU’))s*2) FOt- P:1 TO F ~LST; Lr1p~ .T
C. .J C,ILE 0; FF11 L~~Tt..uL~ Zi -i Pul

C ¼. Ai ~ MUXILIAHY Abt~~Y 011 INPU1
¼. XA(jj i ...,XX(u) . P RACIIONAL f- 1*E,- ”• 0;, OL JTPU1
C iY AUA. ILlA~~Y. Aha AY f SCRATCI I NPUT
C. Ci,(1,....,CO (1J /’ê+1) ; CUAR1EI- ( 0S~ I .E T.’I$LC FL, ;; T I  i111f1 1

C. Uj~~.-~sIo~ 
-. A ( C ) )  .Yy (.J~ ,CU(J/’++) ) ~ I~ f I HIREL ; ~ a uIt ’ PRO ,,Ar4

¼. C,)’,_c.X A ( I i ~~A A . )  I ,,, ~-~,c CUI,-’t, f) j’ N--I - I  i i 0 O p ~A - , CC F f~~.1,E., HIS I
.iIi EGLt-~ PbL ,T

.4 C ui.PLE,~ A l l )

)A l 1 )~~1.

IF - ( F ’ tiL .,r , tt. .C ) -~ U Iii 4
LI) I 1:~~,PLLST
~ A (I+1)~~?HL M L ( u ( Ij )• l 1 (I+1) —M1 ;. A u1 ,t ( I)
L:PdLST+2
~O 2 I:L,JC 
C A ( I ) :L .

C ‘r~~( I ) :C .
L:1. 34 2 ’*LC ~U ( J I + . 5  u L i(,2(.J)
C,.LL i- r ,LFFT(XA , ’~

’f,C.L,L,— 1)
Nu C:1 .
~~ 3 1:1,0

3 NJI-:.,Ur 4AA(1)
I 11R .
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~ 4, -t.aiSicN )tU).~~(1),CC (1).L (i2l

4 L.~U I~IALENCL CL12,L (1i~~, (L1~~,L(�)), (L1O.LLl)), ( L 9 ,L (4 )  ).(Lt_ ,l (C, ) ) ,

-f 111,7 , L t b ) 1, ( L 6~ L ( 7 l ) , l L ~~,L ) ) . C L 4 . 1 , ( 9 ) ) P ( L 3 . L ( I ” ) ) . ( L ~~.L( l1) ) .
2( L i.L 12 ) )

-
• I L V  8 LQ:i#a~i

L~~A 2*S(~~~LC’)

LIX:2SL ’X

1~~ CL:CI4/L ~~ A

~~

JF (IARG•LL .~iD~#r’1) tiC T~ 4
C: CC (MC 2P2—IA NL,)
5:154-J*CC 4 1AF~G ’-au4)
1,Q 10 a

C4 t CC (IM)~G),~:AS *CC 4 f4L.l#R2—I AI ,~.,)
¼~ L V  b Ll:LIX,ti.LjX

u1 LI—L1X+Lt~;

T1:X (.Jfl-C~X (I)2)
T~ :YLJ1).Y (~ 2)

X~~~2) C*T 1 SIT2
1t02) :C *T2+S#11

a LtiI~TIt4UE
LU ~~~ J~~1.12

I I - ( J ” )  31.31.’~ _
31 L t 0 ) ~~ -~~~I~ ’4 1 ¼ ) )
‘~C (I)C.TINU~

I
LI) b’ 01 1,L1

~~~ b ’, ¼)2 ;o1 ,L2 ,L 1
o a-

i U  or ¼)Ca:J3,L4,L3

Lu 6~- JN .J4.Lb.L4
o~~ ~~~~.j S, L6,L5

LU h ’ 1J7 .Jb ,L7 ,Lb

~u b” j - , :J7,L~~,~~7
) tiU 0~~ I)9:.Jb,L9,Lb

~.u 61 o 1Q:U9,L1~~,L~
~‘c’ b” 011 U10,Ll1,Llfl
Lu b’~ U~~~U11.L12.Li1r IF(J .4 Jr~1 51.51,52

51 - A (014 )
> (0I1) A IJhI

C 
1 L :V ( I.J?j;
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Append ix B

PROPERTY OF AUTOREGRESSIVE MODEL

The process of interest here is given by the autoregressive model
(22): p

X
k 

= ~~(gx ~~fl 
+ h x ~~~) + W

k~ 
(B-i)

where exci tation {wk ) is analytic white noise. That is,

w w~’ = 6 , w w = 0. (B-2)k k-m om k k-m

I t then follows easily tha t

W
kX

~~ m 
= 6

0114, 
W kX k r n  = 0, m > 0. (B-3)

Use of (B-2) and (B-3) then yields correlations

p
(~ ~~x x  = ~~ (g~~ + h R *  ) ,  m > 0 , (B-4)in k k-rn n in-n n rn-n —

n= 1

P
R E x x~ = ~ (g R + h ~~~ ) + 6 , m > 0. (B-S)

rn k k-rn n rn-n n rn-n oni —n=l

Fo r g iven coeff icients  {g
~ }~ and fh~ }~ , (B-4) and (B-S) constitute si-

multaneou s equations in the unknown c~ rrela tions .

Now let us suppose tha t

h
n 

= O~ 1 < n < p . (B-6)

I
Then , from (B-4 ) , the f i r s t  p + 1 equa tions y ie ld

B-i

I’ 
~~ L

iI

~
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~~~- g f ~~ - ... - g 1 Z O
0 1 1 p p

- g 1QZ~, 1  - ... - g f ~ = 0. (B-7)

Therefore
~Zin = O~ 0 < in p, (B- 8)

and from (B-4) and (B-6) it follows that ~~ is zero for all in.

Conversely, assume that

= 0 , 0 < rn < p. (B-9)

Then , from (B-4), the f i rs t p equa tions yield

h R  + h R  + ... + h R  = 0
1 1  2 2  p p  4

h1
R
2~~ 

+ h2R3 
+ ... + h R

1 
= 0. (B-b )

Therefore

h n 
= 0 , 1 < n < p, (B-li)

and from (B -4)  and ( B - i l )  it follows that ~~ is zero for a l l  in.

Thus we have shown that {hn}~ 
= 0 if and only if {~~ }P = 0 in the

autoregression (B-l) with analytic white noise excitation .
CS 

‘

(I

- ~‘. B-2

-
I’.

~~~~~-,
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Appendix C

NONANALYTIC WHITE NOISE EXCITATION

Suppose a process is genera ted according to autoregress ion

X
k 

= + (C-i)
n=l

where excitation {wk } sa tisf ies

w
k
w
k 

= B6~~~ WkWk_rn 
= 
~
6om (C-2)

~ is complex and nonzero; therefore {wk } is not an analy tic process ,
although it is white.

Then {~~ ) need not equal zero, even for autoregression (C-i). For
exa mple , for

p = 1, g
1 

= g, < 1 , g complex , (C-3)

we find correlations

R =  
B R = P m

R~~~~~> l  R = R * , (C-4)
0 1-  2 in o — -in m

= 
B 

= ~inf~ , ~ > ~, f~ = . (C-5)- -  
, o 2 in o — -in m

The correspond ing spec tra are
C

’

G( f)  = 

~1 - ~~~~~~~~~~ 
(c-6)

C(f)  = 2 (C-7)
C 

1 - 2g cos (2 1T fA ) + g

C-i
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Since the {
~m

) are no t zero, appendix B shows that the coeffi-.
cients Ch~} would not be zero in model (B-l) with an analytic excita- 

C

tion.

Optimum prediction on process (C-i) using (15) gives

A — 
g, n = i

C 

a~~— 
0, n~~~l (C-8)

C 

with a minimum mean square error equal to B, and the spectral estimate
is identically (C-6) . Thus, for this example , the nonanaly ticity of
the excitation is no problem .

For the more general model of (C-i) with p > 1, it can be shown
tha t al l  {Rm} are independent of the value of 6. Then, al though (15)
may not be too accurate for waveform prediction, it can still be used
for spectral estimation purposes.

Optimum prediction on process (C-i) using (19) gives

= g, other coefficients = 0, (C-9)

with a minimum mean square error equal to B. This yields the same re-
sult as above.

C-2 -
I’
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Append ix D

A METhOD OF GENERATING ANALYTIC PROCESSES

Suppose linear f ilter H(f)  is exc ited by complex inpu t x( t) ,
yielding output y(t). Then correlation

R (r) y ( t ) y~~(t - i) = f df exp (i2rfT)G
~
(f)lH(f)I

2 , (D-1)

and spectrum

G (f)  f di exp ( - i 2 i t f r ) R (i) = G
~~

( f ) j I I ( f ) I
2 . (0-2)

Also correlation

~~~~~r) y ( t ) y ( t  -

= f df exp (i2lTfT)c ( f ) U ( f )  H ( - f ) , (D-3)

and spectrum

C (f) f di exp (_i2rfT)R ~(T) = C
~

(fl 1-1(f) H ( - f )  . (D-4)

Comp lex process y(t) is defined as being analytic if (0-3) is zero
for a l l  ‘r. Suppose that filter

H ( f )  = 0 for f < 0. (D-5)

Deno te the output of f i l t e r  (D-5) by y~ (t) . Then (D-4) shows that

~~~ and are both identically zero for a l l  argumen t values .
Therefore single-sided waveform y+(t) is an analytic process.

Let complex envelope

) y(t)  y (t) exp (-i2i~f t). (D-6)

D-l

2 C
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Then

j  

~R (r)  y ( t ) y *(t  - t) = U~~÷ (i) exp (- i2 i if r) = 0 (D-7)

for any f0. Thus the complex envelope of any stationary process is an
analytic process.

On the other hand , for the two real processes u(t) and v(t), no
l inear combina t ion , au(t) + ~v ( t ) ,  where c~ and ~ are complex , every ields an analy tic process unless R~~(T), Rvv (T), and Ruv(i) satisfy
very special restr ictions. Thus the process cons tructed in (1) was not

- analytic and could not have been expected to yield good prediction cap-
ability via (15).

0-2
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Append ix E

CAPABILITY OF A MORE GENERAL PREDICTION MODEL

If p is infinite in (19), we have predic tion

X
k 

= 
~~ 1~~ nXk~ n + h X ~~~). (E-l)

Mini mi zation of ~‘k J 2 - xjj2 y ields the simultaneous equa ti ons

~~~ 

(g~R~~~ + h~I~~~~) = R , 1 < m ,

~ (g U~ + h R* ) = , 1 < i n .  (E-2)
n m-n n m-n m —

n= l

-‘ 
I t can then be shown that  

~
‘k is a wh i t e  process wi th

m i f l I
~~k l

2 
= R - 

n~ l~~
n

~~ 
+ h f ~*) .  (E-3)

Also i t  can be shown that

£k C k m  = 0 for m ~ 0 , (E-4)

with
— 

~~~2 
= - + h i ~~) .  (E-s)

n= l

Efowever , 
~
‘k is not an analytic process since (E-5) is not zero .

The s imples t example to demons tra te this is

R = R 6  , f~ = E ~~6 (E-6) I -~~~~

fl O O f l  fl O O f l

for which (E-3) and (E-S) yield R0 and ~~~ respectively.
F

‘I F-i

P
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The spectral relations for (E-l) take the forms

G. (f)  = G (f)~A(f)J
2 

+ G ( - f ) I B ( f ) 1
2

+ 
~~x m A(f)B*(f) + [C ( f ) A ( f ) B~~( f ) ]~ (E-7)

and

= (
~

( f ) A ( f ) A ( - f )  + c * ( f ) B ( f ) B ( f)

+ G ( f ) A ( f ) B ( - f )  + G~~~~~ A~~~~ B ( f ) ,  (E-8)

where

A ( f) ~~g exp ( - i2~ fni )

and

B (f) 
n~ l~~ 

exp ( -i 2~ fn ~,~ (E-9)

are considered known a f t e r  so lu t i on  of ( E - 2 )  for c o e f f i c i e n t s  {gn } an d

~hn }. E qua t ions  (E - f l  and (E -8)  can be solved for  G~~(f )  and

A A *  B B *  A B *  A* B 
G 1

B B* A A * A B* A*B C

A B  A B  P t A  R B  G C...
- - - - x x

¼.
A*B* \ *B* B*B* A*A* I

— — — — - L x J - x_ , ( F -b )

where

A A (f) , -\ A ( - f ) ,  F
C C ( f) , C C ( — f) ,

C X X X x

E ( (f ’) , f *  (F - I l )— I - x x x x
- ‘

F~~C.

1 :1. 
____________ 

__ 
(

: W~~~~~~~~~~~~ —’-r - -—- -~~
-
~~~~~~~~~~~ - - ;I ~ ~. ~~, ,  -
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This requires the inverse of a 4 x 4 complex m a t r i x  at each value  of
frequency f .

Thus an alternative spectral estimation technique is available
from the more general p red ic t ion  model in ( E - l ) .  Whether it is worth-
w h i l e  in terms of s t a b i l i t y  and r e s o lu t ion  is unknown , as i t  has not
been pursued .

P -3/ ~ 4
Re verse B1 an~

_ 
_ _ _ _ _  

_ 
I

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~- -~ -~~ -- ~~~-- - - - -  ~~~~~~~~~ -- _
~~~~~~~~~~~~~~~~~~~ ~~~~~~ _ . ~~~~~~~~~~~~~~~ -~=~—~~—-~~~~~
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