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DECOUPLING CONTROL OF SYSTLMS WITH UNCERTAIN PARAI1L TERS
DEFINED OVLR A DISC RLT L RANGL

Rohert U. Ash er
rrunk J. Sel ler Research Labo ra tory

USAF Acade m y,  Co lorado U0840

Robert J. flulhol l~ind
School ol Elec t r ica l Eng ineering

Ok lahom1i State  U n i v e r s i t y
Stil lwater, Okl ahoma 74074

Abstract

The probir mn of decoupling of systems w i t h  paramet I~r Lincertain~y
is treated. lime possib l e parameter values are defined over a di~,c ‘etc
range. The conditio ns fur decoupling are g iven as wel l  as for dis~ur—
bance isolat ion .

1. IUTROL1UCTIOU

The problem of decoup ling of systems wi th  uncertainty is considered.

The uncertainty is assumed to be conta inod in the system matrix which is

paranieterized by a paranieter vector which is uncertain except that it is

S def ined over a discrete range . The conditions for decou pling arc

developed for this type of syste m . The disturbance isolatio n probl em

is trca ted in /\ppendi x B. Th i s probl cmii nay correspond for a solu Li on to

a decoupled f l ight control appi icat. ion where the vehicle must be

decoup led over a f inite set of flight conditions ( i)•
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The decoupling problem w i Lii uncertainly is treated in a di ffe~ cot

manner in references ~~~~ In (3) the data sensi t iv i ty problem i

treated whe re dccoupling is assured for a class of perturbations order

to obtain what is known as output invariance decoupl i ng but cal1e~ data

sensitivity in this reference. The results yield strong solutions

Therefore, the results heroin wi l l  assure decoupling outs ide the low-

able set of reference (3) but are limi ted to a discrete range of

possible parameter va lues.

2. PROBLEM STATE~4ENT

Consider the linear time-invariant system

~(t) = A(O) x( t )  + ~~!!(t) (1)

where xc R~ is the system state, ~~~ is the system control , B I a

n x in control gain matrix, and A(O) is an n x n dynamic matrix

parameteri zed by a time-invariant and uncertain parameter vector

Let k denote the index set { 1 ,2 ,.. .k} . It is assumed that 0 is del iried

over a discrete range , i.e., 0c C0 1,02 1.. 
~~ ~~~rc the O 1

1 s are th~
possib le parameter values. The output vector is given by the equat ion

y.(t) II x (t) (2)

where YCRm Is the output vector and H is a in x n time - invariant output

matrix. The control u(t ) w ill be chosen in a static feedback manner as

u(t) = F x (t )  + G v(t )  (3)

H
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where vck in is the external input to t he closed loop system . 11w matrices

I’ and ct of obvious dimension are to be chosen such that the i-th element

S 
of the external input vecto r , v , wi l l  control the i-th element ~.nd only t ime

i—th element of t im e output vector , y ,  independent of the value ~I ~ where

0 is defined over the discrete range . Thus , the problem tha t ii: ;t he

addressed is that bf character izat ion of ti me c l a ss  or decouplin c . control

laws that wi l l  decouple the system irrespective of the paranieter values

within the discrete range.

Th~ problem heurist ical ly stated above wi l l  be mathematical ly

formulated in terms of the geometric theory and the condi tions for

dccoup l ing w i l l  be developed. Furthermore , Appendix U gives the results

for disturbance isolat ion irrespect ive of the parameter va lu~ in t ime

discrete range.

3. DIAGO4A L DECOUPLiNG

In this sect io n the niathematicul problem formulation of the decoupling

pr’)bl emn of system s w i th  pa ramete r values defined over a disc ~tc ra nge

wi 11 he devel oped. It i s s hown that the decoupling probl cmii sol uti on

consists of finding certain su hs paces that have give n require ents imposed

upon them . The synthesis of such subsp aces is considered in the next

section.
S One may rewrite the output cqua Lion (2) in te rms of its lcments ,

I.e.,

I x , j  = l,2 ,...m (4)

where iI
~ 

is the j — th row of time output matrix II. Furthermore , one may

write time control law (3 ) as
I’m

-: L 1- ) . ( 5 )
p j — l  ~

_ _ _  -~



where Is the J — lb col unmn of fl . It may be shown 1.Iia t time output space

contro l lable by each v~ for a f ixed is given as

= JI ~ f A ( o 1 ) + B F I ( B G J )  (6)

In order to control w i th  v~ one must have

1) OU T f~1J  .1

where I I .  is the range of H~ . There fore , in order to assure l ima t  one mi may

contro l y. completely with v .  irrespective of the pa rar iete r ‘a lue

ick , one must have

OUT A
If ., V ick (8)

This equation m ay  be rewritten as

!!~
t
~

(°
~

) + B F j { U G U  = l1 .~ V1C L . (9)

Now if one denotes the subsp ace (A (o 1) + R i J [ U G~ } )  as l~~~, it is c le a r

that in order for the above condit ion to be met one must have R1 -

= . . .  = R~~.

Therefore , in order to contro l the )utput element con iletely

with v~ irrespective of the paraim meter va lue O~ , ick the output spac e for

each value of 0.~ must equal the range sp ice of H~ . Furthermo ’e , it is

clear tha t the utput space for eac h val me of Q.~ must he cqu~ 1

Let the null space of Ii,~ be denoted as H~ . Giv e n (A (o 1 ,  ic~ ), U ,

and U~ , j 1 ,2 , . . . n m , the control labi l i ty  s ubspace of (A ( 1 ), i~~~~ ; B~~ .) is

given as •

= (A (o 1) + U F I C U G . ) ) ,  V i c k .  (10)

From reference (2 ) it is clear that one may rewrite this as

I CA (ü.)  + U Fj1 fl T~.J , Vick .  (11 ) 5 ;~
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In orth r to u~~ure noninte raction betwee n the v . ’ s ari d time y
~ ~ ~

One must ha ve  t h a t

C 
c2j Ny ( 1 2 )

liii s wi l l  assure that the states control lable by each v .  be lt in the

null space of 
~~
, 9. / j •  Furlimer imiore , the condi tj o i m

+ N~ = R°, j 1 ,2 ,..., m (13)

must be sa t is f ied  in order to assu re tha t one m a y  control omupletely

with v . .
- -J

Thus , in summary the condi tions that r im ust be met in ord r to decouple

the uncerta in system are that

~A(o 1 ) + B Fk.;f1 R~J~ V ic~ , j l ,2 , . .. ,ni

C 
~ 

Al 9 , j = 1 ,2 ,... ,mu

R. + N. = R”~, j = l,2 ,...ni. ( 14)

Hence , g iven ( A ( L ) ,  ic~ ), F~, and N1 ,N2 , . . .  ,W~ the problem is that of

determining the s uhs pac es , j 1 ,2 ,. . - ,mn tha t sa t i s f i es  the above

condi Lions. Thes e condi tions are s imi l a ’  to those found in referenc e ( 2 )

However , the conditio ns are much more st ‘inigen I in the requi rements S

placed upon each of time poss I ble suhs pac ~s l~~.

liii s completes the lila themat i cal prof 1 ciii forn im m Lion. 1. constr ucti on

of the necessa ry su bspaces w i l l  be developed in thi~ next sect ion.

5
,
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4. CIIARACTLIUThIIOH or TilL

CONTROLL A BILITY SU[~SPACCS

In th ils section the necessar y lcimi~ias and theorems il l]  tie de ’. ‘~1oped

in order to cha racte rize t ime reqim i red control l abi l i ty  si;h’ 5 ! ac eS . t h e

hound on the niaximum number of uncertain paranmeters w i t )  in the di’ crete

range is found.

Definition 1: The subspac e ‘u is said to be inv ari~nt with rr;pect

to (C(o 1), i L k )  if C(O
~

)v Cv
~ 

V ic k .

Lemm~na 1: Let v C Rn and k he the index set k { ‘  ,2,. .. ,k where

k is the number of ma tr i c es ~ Let ~ = dim v. There exists an in . n

matrix F such that {A( f l~) +BF} v C v V i k  if arid only If A( 0 1) C v +

~ V ick and [/ \ (D ,,)  - A ( o~) J v C v for all 9., jek.

Proof: Sufficiency . Let fv 1,v 21... ¶ V k
} he a set f basis v ctors

for v. Assum e that A(fl~) v C L~ + v for ill ick. Now , one has I ~ some

U~~LR and W,j . v and some ick

= B ~j .  + w . ,  Vi c k

and that

[A(O ~) - A( o 1 )1v~ w~~ c u.

Now , choose F such that

=

. S

= -t
~l
.;.
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~ One has that

S ~(o 1 )
~ 

= - +

or S

I~ (o~
) +

Furthermore , one has that

A( o 9)v~ A ( o . ) v .  -

or

= - + - 
~~~~~~~~~~~

This m a y  he rewritten as

I~ (o~) +
~~~~~~~~~~~~

. =
~~~~ 

- c v .

Therefore , this choice of F and the conditions on the matrices p ese rves
the results .

- Necessi ty . Assume that

[A (o 1 ) + ~ Ffv C v , V ick

Then for v.rv there exists a i-/ . .~~V such that

[
~

(o. ) + B F ] v .  = 

~~~~~~~
, Vic ~ .

This inmplies that

or 

A( o 1 )v .  = w . .  - F V i~k

- - -- 

i~(C 1 )v 
;V R , Vi 

S

,~



Now , 01W has that

+ ~3 LJ~~ 
=

and

IA(~~
) + P. fl~

Thus , one has that

I i\( n~
) - A( o~,) J v .  = 

.
~~~~

. - w~ r. v

or

- 

~
(0 L ) 1 ~~ C ~~~.

This lemmima y ields the necessary and suff ic ient conditions fom ’ the

existence of a feedback matrix F that wi l l  assure tha t I he subspacc v

is invari ant wi th respect to (
~

(
~~

) + B F , irk).

Lemma 2: Let r be the class of matrices F 3 [A ( o  ) + B flP~ C R ,

Vic k. Let ~ C R. ~ow V F c

R f l  B + EA ( 0
~

) + B F ] R  = R (‘
~ [A(0~

)R + L f l ,  Vick . (15)

Proof: Let I c F. Then f l \(o. ) + 13 F}R C R C R, Vie k , and since

B F  R C t~, then A(01)~ + L =  ~A( w ) + B F ~~ ÷ 13 , V ick. Thus,

R fl IA.(01 )R + = R fl { Ij \ ( ° • )  + B I]R + f l } ,  V it k. S

One may use tk distributive rule for suhspa ces

[ L  fl (N-i ~1 fl L ) J  = L (~ H + L 11 Al ,

which yields

I,~ fl [A (o ,) i~tL1 I~ fl ~ 1~’ fl 1A (o
~

)I ur1
~
, m, 1 L .

Li --



h owever , tZ C h’~ and [A ( u~ ) m U F] i - ~ C ~ . 1 bus ,

I~ n [A (o 1 ) !~ L~] = k~ fl i~ + [f ~(o~) • i RI] , V h 1 .

Lcmrm ma 3: if F c I , t hen

. Y [
~(Q 1 ) ÷ L ~~ U f l  R = , ic~ ~ 1 ,2 ,.. ., ci (16)

H J l

S 
w here

= :.~ 
[A( o . )~)(2~ l 

~~~~ Vit k 

( 1 7)

Proof: PS

B H 1’ = 1~ H [A(~ . ) ( o )  ifl

L~ H i-~ = i~ H L~, V ic k

Assume it is true for ~ = p — 1 . Then

p 1 ~) - ,

~ [ L\ ( ° - )~J~L] 3 B fl R = B fl R ~ [A(i . )  ~~ -~Th~ n u
~j~ l - -  1 -

p-l -

13 H 1.~ f [A (o~) +~r ]  Y [/ \ (0 1
)4 1 f l ]J B fl f~

B H ~ + [A (O j~ [3F ] Rd -i ) , V i c k .

By use of Lcm~i 2 one obta ins

[A(o )4 f lF ]i~~ 13 H R fl (o . )R~~~~~ ~1~] Vi . L.
_~S
. 

j—l 
- 

5)

As t Iu cond I t ior i~ for d~Lnupl j i g  I ( ~~~U He that the suhsp . ces

R. ,  j = 1 ,2.,... ,m he found that s~ tI~~fy the con d i t i ons  g iv e n in cqu~ t iun (H

the lImed of ‘~~ r l ) i v ~~iZ1 i i j the~o Subs Id (  c~; ~ust bu developed . In P~ ‘t i cu hi

S ¶ J 1V CO (A ( o . )  i F) ,  U , and F ( ) i S ~~
’ mist f ind the cond it i ons fo t i e C X  i~~ t t i i t C

of I— I. si _ t i  lIi~i t

7



R = [A (u~) + 13 F ) l J f l R J , V im ~~. (113 )

If such an I exists then R is ca lled a control labi l i ty subspace of

~~~ 
) , i~ k; B).

Theorem 1: Given (A(o. ), irk), [3 , and N C R~ . R is a coot - ollabi lity

subsp ace of (A(O ~)~ ‘ii k; B) if and only if

1\(o~ )R C/j+R, V ic~ , (19)

[A ( o ~) — ~ (o~)J R CR , ~~~~ ,

R N ., Vi ck (21 )

where , irk , are the minima l s uhspac es such that

Ri 
= R H ~~~~ ) U~4B 1 , V i~ k. (21 )

furthermore , = R{ P) , Vi k where p = d liii N and

1 (22 )

= Rfl IA (O~ 
)J)(f)1) 4 G I ,  Virk.

Proof: Assume N is a control labi l i ty subsp ace . Then

N {A(0 1 ) + B F jB  fl R , V i i k .

Now I . F imp lies

• [~4( o . ) + B F J N C N, V ic k .
I

By Lemma 1

CR + B , V i~ k

and

[A( 0 1 ) - A((’~)IR CR . V~ , ju k

- to



iurth o ,immore ,

H n -S 

R 
~ 

[ \ (O ) f[fl ]J 1  13 H R , V i c k
i—i 1

by Lemiui ic~ 3.

Assum e

A (0 1 ) Rc B ~ R

1) —— _ -

Then since

= N H [A(o ~ ) i~
. i1$] , V i ck

= ~ ( A ( cj . ) + u r j~~~13 n i~,j~l

+ [311 L) H iS
~~J Vi c k ,

and F 1. To s how that t ie  sequence h~is a in in iwa l so l ut ion one ii . ~

- 
proceed by ind uct io n to show i~ C N , ~ = 1 ,2 , - - .  for every solu~ i n

N ar id 11cm t ti me sequence is inur e tone nondec ri’ S~si ng. Hence , t c e m c  i

a p 
~ 

p D ~~~ ~~~ for j ~m in part icula r s a t i s f i e s  the
S 

-
_ sequence.

In order to cal c u lat e the niax ii~a l c o n t r o l l a b i l i t y  s ubs pa c e ,

contai ned in ~i qi yen subs ;
~cc L , let ‘J be the xi1im5 ~l subsp~mc e of L

wh ich is IA (O , ) mUF ~ inva riant fo r al l  ieL for ~ome L and le t  1 ( v )  be thu

class of F such tiiat [A ( ) H~I 1~~C ~J, ~iJ. l w . i i i  order to f i t  I th i s

subsHcu one may apply the fo 1 1o~i i t i j  th e or em .

Th eo remim 2 :  If F c 1 ( v )  time suh spa ce St

= { A ( o . ) t T : r I i~ fl ~~
) , V i~ k (23)

/1

5 -  — _—~ . ---~~~. - ____
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is the u m ax iimii l control labil i ty subspacc .

Proof: N is obviously a control 1 ab i l i t y  su bspa ’ e of (~~(1)~ ) ,  i r~~; B).

S 

From tile sequence in equa l iou (?2 ) one may see tha t th is suhspa . - is

independent of F c ~(~) and , there f o re , is un iquely d~ ii no d .  14 ;~~, l e t

A

N (A (O~ ) ‘HF lB H N ) ,  V i t . k , N C L -

S Then , R is [A (O. )+BF] I rmv a ri  ant V i  ck and si flCC v is miia x inui l , t im N C ‘~~~.

Let ~ = R ® ~~ . Th erm t here ex ists an F such t hat

[~(O 1 )
~~L]~ c ‘J , V icI~

Fx Fx , xcR.

Then F i I (
~

) and

= (A( c 1 ) + [ 3 F l B  fl C (A ( o .  )+u[~~ 11 ~ J

Time nex t sect i  on g ive s th~ co ndi t f o r m s  for the cx i S tence of  a sol Ut ion

to the prol) le u m ) i i i  equation ( l’ 1).

5. [X I~ 1LNC E OF A ~OLUT IOU

This sect ion g ives the cond i t ions  that must be s a t i s f i e d  ‘ y ield
4 4

a solution to the decouplin g prob lem ir giv en in equation (111).

Theore m 3: If the dini 13 = in, then equation (14 ) h1is a so itiorm if

and only if

T~. + N. =

J J - 
S

and
iii

= 
\_ 13 ml R .

j~:1

wh ere

j
~. tA( 0 1 )+ Rr I 13 ~~~~ V i ck .

L _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _- .. - S . --~~~~~--.
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Fur time r im m u re , I I F, 1< 1, N0, • . .  , I s any sot u t I on to (1 ‘1), t h e rm

N.,  j 1 ,2 ,.. .,ni.

Proof: T im e proof fu ll 0 1 5  in a s i m mm i lar niarmne i- to omm - i:~ L1 j im

v-o le ro rmce ( 2 )  w i t i m appropr ia te  m d i ii  ca t  I vim s

6. C O N CL IFi JO MS

T ime prob lems formulation for de com m pl log of syst em s i-u th w m 5 c’ ta ~r.

Parameters ( le l imi ed over a d isc re te  range is given . It is ~d m ( A / 1

the max imn uri m nmm .b u r of par aimm et e rs tha t c om m be in the d is crc te r ; m  0 IS

1 im n m ted to ti me dimension of the n ma xi rr ml inva r iant  suhspuc e OS LIe m e l

prior to Theorem 2 . The results arc given to ensure tim e dc’~oup T i ig

i rrespec t i vO of the pa rome to r vo l (IC’ ~eI~ Wi th I ri t im c ’  di scre Ic n~j e .

The problem 0 d i s t i u b a n c e  Isolat ion of syste ms w i lii ui iccrt .m mm j r  SmOI  ‘5

w i t h i n  a d i ss rc te  ?‘Ow] .’ is t rea ted in ~ppc’imdi~ 13 .

~S V -

~‘

S 

S ~S 
-~~~

4-

I -~

S 
V

~lt 
‘hi
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A PPCm1DI X A

n rim • S S

S 
Letriruma I L) :  Let x 1F.R , u 1 eR , m = l ,2 , .. . ,n. ihere exmsts an m m x mm

matr ix  F such that F x~ ii . ,  V ic f i~,k~1 , .. . ,n), where I. is t im e i r n L x  :~~t

I. j l ,2 ,. . . ,L} , mr md k < n , if ~m uI on ly if N (X) ti (IJ) where F and Ii ui- c

mnai r ic t ’s ~4 I Lb c u im m Im m i m v ec to r s  au nt ~~~~ t e - S i m e c L i v e l y .  Ii Lime 
~ 

‘ s ~u e

l inearly i ndependen I always cx I sts.

Proof: One may as su nme an F ex is ts  such th~ t F X . = u. , V i i . k and

tha t time x~ ‘ s are l inearly i ridehenderi I. ThUS , the rank of x is m m and

Sx Y = 0

has no nontri v i i  1 sol ut ions und , therefore , N (X)  0. It loll ow ; that

N ( X )  C N( fi ) si nc e N ([i) cont ains at least t ime null vec t i  r and N( x) io nt aIns
at most t he null vector .  Now , the fol lowing cq m i i t  i on ii ay be lo rm m med

F X = U

S 
where

and

= 

~~l ‘~2’~~ 
‘ ‘~~-l ‘11k ‘~ k+l ‘ -  - - ‘~~~~~

Now ,

X T FT _ u T

This equation has u sol ut t or i  fur C if each col 01110 of 0T lie s in time ran ;

space of x T i . c - ,  let denote time I -t i i m l  umn m i ~ 1 hen

N ( x 1
)

for each 1 1 ,2 ,... ,n , Lot 
5 S~ ~ 

J’ ’ i t r  the j ’ u  m~f t i t  d S  (ICI,O~~ d

Li - 
_ 

_ _ _
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S

i by L~i. Then

i~j c  ,~ (x ’)
and

k’ (X T )

from re ference ( 5)

N(A T ) N(A) L .

Let A p~•
T , t hen

I 
S 

N( U ) =

which implies

N( 13).L

Therefore ,

N(U) J -  c 1( x T ) N(X) S L

and

N~~~J- C

which  imp i ic’s

S N(U) C N ( X ) .

( S~

I. —
,_ 

tr ..

ii
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AI~PEN1)IX 13

5 Consider the systcm ;u

A =  ! 3 u + D m ~ ( I L l)

wi th

• u = F x + y  ( 13 .2 )

H - 

and
: 1  

- 
y. =ii~~- ( 13 .3 )

The parameter vector 0 i; mm nc e r t a i r m  but. defined over a discrete ranqe as

in Section 2. Ihe output y w i l l  be una f f ec ted  by i r respect ive 01 the

parameter ‘~~ , V i J; if and o n ly  i f

) Sf 

~ C ~~ i) , Vi L (~.4)

Theorem 13 .1:  There ex is t s  an I such that f I ~( n . )  + [3 Ff1)) ( ~i(ii), VIL5 k

if and only if 0 C - where v is the m m o x i rma l  su bspmc e such that

v C ~(li) fl A~~(0)V ~ n ~~~L2
)( 131~~)fl - - -~~~~~ 

( 1 3 . 5 )

and

[A (o~) — A( 0
1
) ] v  C \ ,  V c , j e k.

Furthermore , v is given by v ~~~ wimere

(
~ ) (m -l) ~~ A -1~~) )(IH

1 ) ) 
~ 

~-l 

~~~~~~~~~~ 
fl

- .
~~~~~~~ ~~~~~~~~ 

(~- l) ) (n .c )

and

r dim N (ll)

Proof : Now ,

~ C~~~)f l  A 1

( ) (1 ” ) () 1 (o )( i ’+~ ) ñ

S ~~i) 
“)

_ _ _  - -
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- II
implies that v CN(ii) and V CA ~~(o~)( 13 ’v ) .  V ic k.  Thus I

A(O1 vC~ +u , Vic~ .

By Lcnmnma 1 there exists an F SuCh that

{A(01 ) + B F }  v Cv , V ir k.

Now, V C v  implies that S

(A( 0 . )  + E3 FIV ) C {A (o1 ) + B F jv ) ,  VicI ~. 
S 

,

But 
- 

¶
{A( o .) + B Ffv} = v + (A(0 .) + BF) v +

+ (!‘-~°i~ 
+ B F ) 1 v 

S

and

(A(0.) + 13 F) v Cv , V ic k

fmp ly that

A (o~) + t 3 F ~u) = v , V ick. j
where

vCW(iI )

Thus , 
5

{A ( o1) + B FfV} C ~A ( o . )  + B Ff v l  = v C H ( H ) ,  Vi c k .

On e omay assume there exists an F such that

{~~S (O .~~) + ~ ~ I V}  C W (~~ Vi i :~ .

Let

(/\ (o. ) + ~ r f v }  = C N (it ), V u i k.

Now ,

(A(o1 ) + 8 [ )  w.  (A ( 0 1 ) + B F } ( O +

(A ( o~) + I L ) p  + ... + ( A(~~ ~ 31 )n .101 C , V ick.  
-

Li - 

-~~ _
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Since (u
~ 

is a cyclic subspace it is invariant w ith rispect to A(0.)’- UI .

rurthenmiore , f rom Lemma A. 1 one has

A(O~) CU~ C N + Ui . ,  Vii.k

and

S [A(o~) 
- A (0

~
) I  w~ C u~, ft , jck. I

Thu s,

A( o - ) h i - C ~~ + ~~~~.1 1 1 
~ V ii -

S 

w 1 C N ( H )

An upper bound for each is N(H).

In orde r to show the cxi stenco of a maxi mm mal sul ipuce v such that

S 
A( 0 1 ) v C  L~+v , V IL k 

S

v C t ’ / ( U)

, one may 51)0w the cxi stence of the i mmaxi ur i l sub s paces

~(0.) 
(~.C L~ 4 ~J - , Vi ck S

5)  SI •SSSS SS
-

S S ( U. N Ii -1 —

The required maximal sub s pace v is then qiven by

n
V 

~~~~~~

a It fo il ows from (2 ) that the max ii mm al s ubspa ces 
~ 

e 1st. Thus , i. e requ i red

subspacc is g iven by equat ion (U . 6) . It nay he e m  s i t  y proven tb

S 

A( o .  ) I C L~ r

1~T . C N (II).u k  1 - — 

S 
- -
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S

In order to show that v is a subspace one may note that v is noncnlpty since

eac h contains the zero vecto r. Fur t tuem - umuo re , SIOCO hU~ ~ V i i k  a o su b—

~pa~es as can ea sily be shown , then fro rmm the wa-i 1 kn ow n theoremm i t im I t ime

intersection of subspaces is a sub space it fol lows that v is a sub mace.

Now , since V C C W~, V iek , thin

V C v.

In order to comm ipute the maxim a l subs pace in N(ll) we may use the fol low ing

al gom’ i thmu . We need to compu Ic the max i limo 1 smub spac e in N (Ii) wh I cii S m  t i lies

the requ ire umme rits t hat

u C N(! I)

A(O .)vC B + v , Vic k.

Let ~
(0) 

= N(H), t hou vC ~
(0).

. 
Let

(j+ l) 
= ~~~ fl (u )( B+~~~ ) n

fl

Assume vC v~~~. Then v c ~~~~~~~~~~~~~ Titus , vC v~~~, Vj.

Furthenmmore the sequence ~
(o) 

~~~ , . .. is mmonotone - i. cr ea s i  f ly .

S ince N(ii) is f in i te dimension , there cxi sts an integer wh icil is less S

than d ir mm N(H) Jv~~~ = ~~~ for all j L Since vC and

- 

S 

s a t i s f i es  S

S 
~~~~~ N ( H )

C B + ~~~~~~~~ Vi :k , S

( Q )t h c n v = v


