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E Abstract

The problem of decoupling of systems with parametoer uncertainy
is treated. The possible parameter values are defined over a disc-ete

range. The conditions for decoupling are given as well as for dis.ur-
bance isolation.

i

{. INTRODUCTION
The problem of decoupling of systcms with uncertainty is considered.
'2 i The uncertainty is assumed to be contained in the system matrix which is
;_i parameterized by a parameter vector which is uncertain except that it is
defined over a discrete range. The conditions for decoupling are
developed for this type of system. The disturbance isolation problem

is trecated in Appendix B.  This problem may correspond for a solution to

!
) a decoupled flight control application where the vehicle must be
decoupled over a finite set of flight conditions (1).
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The decoupling problem with uncertainty is treated in a diffeent

manner in references (3-4). In (3) the data sensitivity problem i
treated where decoupling is assured for a class of perturbations 1 order
Lo obtain what is known as output invariance decoupling but callec data
sensitivity in this reference. The results yield strong solutions
Therefore, the results herein will assure decoupling outside the o low-
able set of reference (3) but are limited to a discrete range of

possible parameter values.

2. PROBLEM STATEMENT
Consider the linear time-invariant system
x(t) = A(O)x(t) + B u(t) (1)

where 5;R" is the system state, gch is the system control, B i. a

n x m control gain matrix, and A(O) is an n x n dynamic matrix
parameterized by a time-invariant and uncertain parameter vector o R,
Let Q denote the index set {1,2,...k}. It is assumed that O is delined
over a discrete range, i.e., Oc{O],OZ,...Ok} where the Oi's arc th:

possible paramcter values. The output vector is given by the equation
y(t) = H x(t) (2)

where x;Rm is the output vector and § is a m x n time~-invariant output

matrix. The control u(t) will be chosen in a static feedback manner as

u(t) = F x(t) + G v(t) (3)
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where !pN" is the external input to the closed loop system. The matrices
I” and G of obvious dimonsion-are to be chosen such that the i-th element

of the external input vector, v, wi]l control the i-th element end only the
i-th element of the output vector, y, independent of the value of O where

0 is defined over the discrete range, Thus, the problem that m .5t be
addressed is that bf characterization of the class of decoupling control
laws that will decouple the system irrespective of the paramecter values
within the discrete range.

The problem heuristically stated above will be mathematically
formulated in terms of the geometric theory and the conditions for
decoupling will be developed. Furthermore, Appendix B gives the results
for disturbance isolation irrespective of the parameter valu? in the

discrete range.

3. DIAGONAL DLCOUPLING

In this section the mathematical problem formulation of the decoupling
problem of systems with parameter values defined over a disc :te range
will be developed. It is shown that the decoupling problem Solution
consists of finding certain subspaces that have given require ents imposed
upon them. The synthesis of such subspaces is considered in the next
section,

One may rewrite the output cquation (2) in terms of its . lements,

1.@.,
xj = Ujl- Jols2yinam (4)

where uj is the j~th row of the output matrix H. Furthermore, one may

write the control law (3) as

m
u=Frx+ ¥ G v, (5)
> J"‘ 4 x




where G; s the J=th column of 6. It may be shown that the oulput space
controllable by each LK for a fixed 0, is given as

OUT _ By o
Rij = W5(A0;) + B F[1B 6,)) (6)

In order Lo control Yy vith y; one must have

: ouT :
b \ e || /
3 i j (7)
where ”j is the range of Ud' Therefore, in order to assurc tnat onc may
control XJ completely with !d irrespective of the parameter value Oi’

ick, one must have

E | ROUT

R uj, Vick (8)
This cquation may be rewritten as
: = iy
!%mwg+ggug%n fy Vick. (9)

| Now if one denotes the subspace {A(0;) + B F| (B Gj}] as R.., it is clear

that in order for the above condition to be met one must have R]
J
R = =
!\2 Y Rk-.

J

Therefore, in order to control the output element Xj connletely

LRt g LR
.

with Xj irrespective of the parameter value Oy iek the output space for
each value of Ui must equal the range space of Uj' Furthermore, it is
clear that the )utput space for cach val e of 0i must be equil,

~

Let the null space of Uj be denoted as Hj‘ Given (A(Oij, ick), B,

and Ej’ J=1,2,...m, the controllability subspace of (A(~i), auE; §6G,) 1s

given as
From reference (2) it is clear that one may rewrite this as

Ry = (A0,) + B I{BEAR), Vick, (1)
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In order Lo assure noninteraction between the !j's and the Xc's, R

one must have that
e A R (12)

This will assure that the states controllable by each i beir | in the

null space of I, £ # j. Furthermore, the condition
R N sl F v melolis, (13)

must be satisfied in order to assure that one may control Vs completely
with v..

-d

Thus, in summary the conditions that must be met in ordcr to decoupie
the uncertain system are that

Ry = (MOy) + B I[N R, MRS 1% 12 e am

Rj & L?E Ng’ J = spe v 4l

G R (14)
Hence, given (A(Ui), ick), B, and NpsNyseonsN the problem is that of
determining the subspaces Rj’ J=1,2,...,m that satisfies the above
conditions. These conditions are simila~ to those found in refercnce (2).
However, the conditions arc much more st-ingent in the requirements

placed upon cach of the possible subspac s Ri

This completes the mathematical prollem formt ation. T.  construction

of the necessary subspaces will be developed in the next section.
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4. CHARACTCRIZATION .OF THE
CONTROLLABILITY SUBSPACES

In this section the necessary lemmas and theorems vill be developed
in order to characterize the required controllability subspaces. The
bound on the maximum number of uncertain parameters witl in the di-crete

range is found.

Definition 1: The subspace v is said to be invariint with rcspect
to (C(0;), fck) if C(0,)vCv, Vick.

Lemma 1: Let v € R™ and k be the index set k = {7,2,...,k. where
k is the number of matrices. Let n = dim v. There exists anm . n
matrix F such that {A(Oi) £RFr-v €y Viik if and only if A(Oi) v+
8, Vick and [A(0,) - A0;)) v C v for all 4, jek.

Proof: Sufficiency. Let {v],vz,...,vk) be a set «f basis v ctors
for v. Assumec that A(“i) v C°8 + v .for all iaﬁ. Now, one has ( » some

m v
thR and wjxv and some ick

A(O.i )VJ =B .‘,.‘.j ¥ “_’j’ V'iEE

and that
[A(0,) - AO)1Y, = Wy €V
Now, choose F such that
LA T
Fy,=-u,
8 Rl
¢
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One has that

or

i

[A0;) + B Fly, = w,.

Furthermore, one has that

A(Og)!j z ﬁﬁoi)!j s

or

This may be rewritten as
HINO ) £ BIFlvy =iy g, e v
Therefore, this choice of F and the conditions on the matrices p ‘eserves

the results.

Necessity. Assume that
[A(0;) * B Flv Cv, Vick
Then for vjrv there exists a wijnv such that

This implies that

ﬂjoi)yj = wij =5 3 Yj, Vick
or

Aogv C© v+ B, Vil

- f
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Now, onc has that

[A(0;) + B Elv, = w

and

' 0 + s <
IA(0,) + B Fly; = .

Thus, one has that

IA_(Oi) 7 A(Oﬂ,)j!-j g l“!.ij & ﬂij £ v

or
[A(O]-) - [\_(09‘)] MR

This Temma yiclds the necessary and sufficient conditions for the

existence of a feedback matrix F that will assure that ihe subspace v

is invariant with respect to (A(Oi) +BF, iuﬁ).
Lemma 2: Let F be the class of matrices F D [A(0 ) + B FIR C R,

Vick. Let R CR. NowV Fe F
RO B+ [A(0)) +BEIR =R N [AO)R +B], Vick. (15)

Proof: Let F ¢ F.  Then {A(Oi) gy [}ﬁ &R GR, ViLﬁ, and since

BER CB, then A0 R +5= [A(0;) + B FIR + B, Vick. Thus,

R N I_/\_(o,.)k +B] = R N {[A0;) + B FIR + B}, Vick.

One may usc the distributive rule for subspaces
(LN L)]=L0OM+LON,

which yields

R F)[Q(Oi)ﬁ*ﬂ] T RADL FR F\[A(ui)’Q[]E. Vick,
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However, R C R and [A(Ui)ﬁpﬁjﬁ o,

s
-

RN [Q(()i)f:m] 2 RO B+ [al0.) + BIIR, viek,

Lemma '3: 1f F ¢ F, then

g j-1 [l
y [4\_(@1.)+pgﬂ BRLE TR e = 2 (16)
j=1
where
Rgz) =R N [_/\_(oi)z¢§’°“‘])+5], Vick
r{0) = o, s
1
Proof: 2 =1
[A0)+8r1° 5 R = kO [AGC,)(0) 5]
BOR =RNB, Vick

Assume it is true for £ = p - 1. Then

P it e et
) [ACCBEI" "B AR = B NAR+Y [A(0 )L 75 NR
3=l i

gl
p-1 A
=8 NR+ [A DB § [A(0)+BFT s NR
Ul
=B8N R+ [A0,)BF] Rg”'”, vick,
By use of Lemma 2 one obtains
b j-1 - (p-1) %
) [[g(oj)@r_] BAR=RN l\_(oi)izj tB]  Vick.
j-1

As the conditions for decoupling requive that the subsp. ces

Rj’ J = 1,2,...,m be found that satisfy the conditions given in equation (14 .

the method of synthesizing these subspaces must be developed,  In pa-ticular

given (A(ni), i‘L), B, and R one must find the conditions for the existence

of I« ¥ such Lhat

=
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R={M%)+Q£wnm,VﬂL (18)

If such an I exists then R is called a controllability subspace of
(A(0;), irks B).
Theorcem 1:  Given (A(Oi), ick), B, and R CR". R is a cont ollability

subspace of (A(Oi),‘irﬁ; B) if and only if
A0, )R C LR, Vick, (19)
[A(Oz) - 1\_((>j)Jr< CR, ¥, jek,

R= Ry, Viek (o)
where ki’ ic@, are the minimal subspaces such that
R, = R NIA(0R48], Vick. (21)

Furtheyrmore, Ri = Igp), Yick where p = dim R and

(0) _
o TG (22)
Rgp) = R(\l@(oi)ngp"]) + BJ, Vick.

Proof: Assume R is a controllability subspace. Then
R = {A0;) + B FIE AR, Vick.
Now [« F implies
[A(0;) + B FIR CR, ¥ick.
By Loemma )

A(O,IR CR + B, Vick

and

[A(0) - A;)IR CR. Ve, jek

/0




Furthermore,

n H ~

Ri= ) [!\(o.)fyl‘_]J" BN R, Vick
J=1 .

R(") = R(”)

1 i

i

by temma 3.
Assume

A(Oi)R(: B+ R

Then since

R. = RN [g_\_(oi):?].us], Vick

n g N
) ({g(<)i)+gr_]J‘]s NR, Vick
31

]

{A(0,) + BLJs N ) Vick,

and F c I'. To show that the sequence has a minimal solution R(O) one may
proceed by induction to show R(“)c: ﬁ, L =1,2,... for every solution
ﬁ and that the sequence K(Q) is monotone nondecreasing.  fHence, there is
apsop Z)R(j) = R(“) for j z 4 in particular K(p) satisfies the
sequence,

In order to calculate the maximal controllability subspace, .,
contained in a qgiven subspace L, let v be the maximal subspace of L
which is [A(Oi)tﬂfj invariant for all ick for some [ and let (V) be the
class of I such that [Q(Ui)rﬁﬁ]U(: U, Vick. Now, in order to firl this
subspace one may apply the following theoren.

Theorem 2: If [ ¢ F(V) the subspace

K= (A(0)400]6 N D), ik (23)

YRRV Py
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is the maximal controllability subspace.
Proof: R is obviously a controllability subspace of (A(0;), ick; B).
From the scquence in equation (22) one may see that this subspa. - is

independent of F e I'(v) and, thercfore, is uniquely defined. Now, let

A

R = (A(0)Br[6N R, Vich, RCL.

Then, R is [A(Oi)+9[] invariant Vick and since v is maximal, tho: RC v,

Let v

"

R ® 5. Then therc exists an F such that
[A(0)4BEIS ¢ 9, Vick
Ex = Eéj xek,
Then F ¢ I' (v) and
R = {[\_(r»i)+B|7_[1;; Nni)c (A(0,)+BF 8 NV} = R,
The next section gives the conditions for the existence of a solution

to the problem in equation (14).

r

5. EXISTENCC OF A COLUTION

This section gives the conditions that must be satisfied ') yield
a solution to the decoupling problem given in equation (14).

Theorem 3: If the dim B = m, then cquation (14) has a so ition if

and only if
R.+N, =R"
b ird
and
m
B Y B,
31 :
wheroe

7

= (MOHE[B 0T, vick.

2
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% Furthermore, if I, k], RQ’ A “m is any solution to (11), then
2
| Ry = Riy § = 1,2,000,m,
Proof: The proof follows in a similar manner to Theovem 7.1 in
reference (2) with appropriale modifications. |
| 6. CONCLUSTONS !
i ' %
33 The problem formulation for decoupling of systems with uncertain ;
) é parameters defined over a discrete range is given, [t is shown that ;
i |
; the maximum number of parameters that can be in the discrete ran e is }
t |
: limited to the dimension of the maximal invariant subspace as delined 5
prior to Theorem 2. The results are given to ensure the decoupling ‘
irrespective of the parameter value oeRY within the discrete range.
The problem of disturbance isolation of systems with uncertain parameters
within a discrete range 1§ treated in Appendix B.
3
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APPENDIX A
COHSTRUCTION LEMMA
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APPERDIX A

Lenma ALY Let gjeRn, ﬂiLRm, im0, 2,0 .50, There existstan m x n
matrix F such that F X7 Uy Viclk,kt1, ...,n), where & is the index set
k= {1,2,...,k} and k < n, if and only if N(X) = N(U) where I oand (1 are
matrices with column vectors X and Ujs respeclively., I the ;i'u are
lincarly independent Foalways exists,

Proof: One may assume an [ exists such thatjiﬁi = U, Vilﬂ and

that the 5i|s are lincarly independent.  Thus, the rank of x is n and
-0
has no nontrivial solutions and, therefore, N(X) = 0. [t follows that

N(X) C N(UI) since N(U) contains at Teast the null vectcr and N(X) contains

at most the null vector. HNow, the following ecquation nay be formed

ExX =4
where
LR Do valy ol adiane vk}
and
Y R T LU UNE R Ay
Now,
A

This cequation has a solution for C if cach column of QT Ties in the range

space of XT, foe., let g, denote the i-th column of UT. Then

foreich i §,2,...0 A%} Yy denote the span of the 5‘—1'5 denoted




by [Al. Then :
(arc R (x7)
and
ru')c v (x7).
From reference (5)
N(AT) = R()L
Lat A = QT, then

N(B) = R(BT)L

which implies

N(B)L = r(sT).
Therefore,
ML ¢ R = MO
and
MU C NV(X)-

which implies

N(U) C N(X).

17
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APPLNDIX B .
< DISTURBANCE ISGLATION OF

SYSTLMS WITH UNCERTAIN PARAMCTERS
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APPENDIX B
Consider the systom

X =A0)x +Bu+Dy (6.1)

with
geEES i (B.2)

and
y = x. (B.3)

The parameter vector O i5 uncertain but defined over a discrete range as
in Section 2. The output y will be unaffected by £ irrespective of the

parameter O, Vick if and only if

(Mq)+pUmCNMLvrk (B.4)

Theorem B.1:  There exists an F such that fA(ui) + B Fip} ¢ N(H), Vick
if and only if 0 € v where v is the maximal subspace such that
v CN(H) N Qf](u])(8+v)rﬁ A'](oz)(ﬁ+v)r\...(1 ﬁ'](ok)(ﬁ+v) (B.5)
and
[A(%) - A(Oi)]v Cu, Vo, jcl?.
Furthermore, v is given by v = v(r) where
W8 = JO-1) Af1(m])(urw(¢’]))r1 Af‘(nz)(s+v(2"))r1 s
. 3 A'](nk)(n+u(Q'])). (B.6)
and
r = dim N(I1)
Proof: Now,

v CN(H) N /\" (u])(fsw) 0N /_\,"((;2)(;:+\,) N

e AT o) (B0)
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implies that v CN(H) and v CLAf](Ui)(B+v), Vick. Thus
M0)v C B4y, Vick.

By Lemma 1 there exists an F such that
{A(0;) + B F} v Cv, Vick.
Now, D C v implies that
(A(0,) + B F|D) CIA(0;) + B F|v}, Vick.
But

(A€;) + B Elv} = v + (A(0;) + B F) v +

L+ (A0y) + B )"

and

(A(0;) +BF) vCv, Vick
imply that

Mq)+ggw1=mvuk
where

v S

Thus,

me+BFW}Cme+g£w}=vcmm,w&.

Onc may assume there exists an F such that

mwﬁ+g§W}cmm,w&.

Let

(A(0;) + B [0} = w, C (), Virk.

Now,

(M0;) + B I} w, = (MO;) + B EHD +

(M%)+ﬁﬂuhn+mm0+ifw4mC(,ka
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Since wi is a cyclic subspace jt is invariant with rcsnect Lo ﬁ(01)+ B f.

Furthermore, frem Lemma A.1 one has :

AO;) W, C B + U, Vick

and

[A(og) - MO W, Cwg, Ve, ek,
Thus,

ﬁ(oi)“’,‘ cC B+ (vi l b
w, C N(I) ‘

An upper bound for each wi is N(H).
In order to show the existence of a maximal sul space v such that
MO )v C Bhy, Vick
v C N(It)

one may show the existence of the maximel subspaces

/\((_)1.) w].c b+ EJ]., Vick
wi @ N(U_).

The required maximal subspace v is then qgiven by

- m/\
e R
It follows from (2) that the maximal subspaces wi e. ist. Thus, t:e required

subspace is given by cquation (B.6). It may be casily proven th.
ﬂ~ I ; K f\,\ N
LS R R

n e
iy Wi(.fdﬂl).
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In order to show that v is a subspace one may note that v is nonempty since

cach Ni contains the zero vector. Furthevmore, since wi‘s, Vick a o sub-
spaces as can casily be shown, then from Lhe well known theorem th L the
intersection of subspaces is a subspace it follows that v is a sub' ace.

'

Now, since 0 C w, C ZJ]., Vicﬁ, then
DCv. A
In order to compute the maximal subspace in N(If) we may use the following

algorithm. Me need to compule the maximal subspace in N(I1) which satisfies

the requirements that
v C N(IT)
A0 )vC B + v, Vick.

Let v(o) = N(lIl), then vC v(o).‘ Let

\)(J+]) = \)(J)n A-](U])(U"’\)(J))m el

n AT (o) (54089

k

Assume v C v(j). Then v C v(j+]). Thus, v € v(j), Vj. 5
(o) (1) () :

Furthermore the sequence v v vV is monotone-c :creasing.,
Since N(Il) is finite dimension, there exists an integer which i less
than dim N(H) E)v(j) = V(Q) for all § 2 & Since »C v(n) and ) 8
satisfics ;

W) e )

~

A(Ui)v(k)(: B+ v(g), Viick,

then v = v(g).




