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SUMMARY

The basic sequential bearing only tracking problem for targets and
sonobuoys by a moving monitoring aircraft is examined here for uniqueness
of solutions for a given bearing observation set. When the monitoring
aircraft describes only linear motion, an infinite class of ambiguous
solutions arises, the ambiguity only being resolved if prior knowledge of
at least one of the parameters is obtainable. However, if the monitoring
aircraft purposely describes non-linear motion, in general, except for
certain linearly restricted sets of target motion parameter values, which
may be assumed to occur in practice with probability zero, no prior knowledge
of the target's parameters of motion is required to obtain a unique solution
for tracking from a given bearing observation set. If the motion of the
monitoring aircraft is, in particular, circular, or of a sufficiently high
degree of non linearity, an unambiguous solution is always obtained with

no restrictions whatsoever on the target motion parameters.
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INTRODUCTION

Sensors on the P-3C aircraft, sequentially in time, measure bearing

lines between the aircraft and a moving target emitter. The objective of

T T TR R T T

such measurements is to determine the emitter position and velocity, assum-

ing for simplicity, straight line constant velocity motion for the target

T T

or sonobuoy.

~ .
.
e i e IS S A P s T 45

i This report discusses the type of motion required of the P-3C aircraft
f in order to track successfully. (A somewhat analagous problem arises with
the use of a single DIFAR sonobuoy. The sonobuoy is stationary and linear

motion is assumed for the target.)

| CONCLUSIONS

1 When sequential bearings are measured between the P-3C aircraft and

emitter, a non-linear (second degree or higher polynomial equation of motion)

flight path, must be flown by the monitoring aircraft to track the position
(and velocity) the the emitter.

If only a linear flight path is flown by the P-3C aircraft, than a known
target velocity is required for tracking, in order to obtain an unambiguous

solution.

STATEMENT OF PROBLEM

Bearing only sensors emanating from a monitoring (P-3C) aircraft are

used to track a target, assumed to travel in straight line constant velocity

motion. Given several observed (generally, in error) bearings between the

aircraft and target, is enough information present to track?

WS M-W..‘.rt,},:\”:xﬂ_—?vwv“ —
Tapperigitn 3 : o 4

L

ANALYSIS FOR LINEAR MONITORING AIRCRAFT MOTION AND LINEAR TARGET MOTION

We show that, in general, there is no unambiguous solution (even for

2
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the zero error tracking case). From this it follows that no correct regres-
sion solution can exist for tracking with bearing errors present for the
friendly aircraft. However, if a priori one of the parameters of motion

of the target is known, the ambiguity can be resolved.

Consider first the following figure illustrating the problem for the

zZero error case:

TARGET \

\ PATH
\ \ * \

e - T

x
y‘ ) \ MONITORING
2 AIRCRAFT PATH

FIGURE 1.

We assume for j = 0, 1, 2,...:

A
Knowns: tj i time of jth bearing fix; tod-fl 0,

s Q:speed of monitoring aircraft,
¢ A angle between x-axis and monitoring aircraft path,

ej'ﬁ angle bectween jth successive bearing line and y-axls,

S e e e i e e e i e A
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X, = s-cos@?}’-tj

3

(1)
., = s-+si -t
73 hEs
x-y positions of monitonny aircraft at time tj
Inknouns: ry o y - initial (to) target position
o

(2)

(3)

(4)

£
LIS e target velocity (constant)

vy & y - target velocity (constant).

Note N 0, by choice of x-y xes.
o

We also let ry , be the x-~, y- target positions at time tj’

It follows that

r = oyt el B
X X j

tab,) = £g = X (o B | AR | (a 2 2)
Y

Using (1) and (2) in (3) yields immediately

U-t;
tan@j) = J L
V + Wet,
d
where
Udsi V% ™ s'cosd)
Vdi r
Yo

wi % s-sindy




NADC-76379-50

are unknown, since ry s Vys Vy are unknown.
o

Clearly, if (U, V, W) satisfies the equations so does (»-U, 2V, AW),
for any real A # 0.

Thus, dividing the right hand side of (4) through by U#0, we
obtain with a little algebra

(5) t,cotd, =

j j g + g 5 tJ "j -, 1,.-,n .
Hence we have the matrix relation:
tl conBR 1 V/U
(6) ; & s 2 1
. e . . w/U (n Z )
t, coto,) 1ty
=Z B X

for the zero error situation. Since trivially 0 = t, < t, < .. < t, ,B
is n by2 of full rank 2, and thus either (6) has no solution or a unique
solution for V/U, W/U. (If X and X' are two solutions, then BX = BX'
implies 0 = B - (X-X') and premultiplying by (BTB Yd- BT yields at once
X-X'=0.)

Because the zero error "observations" 6j,and hence t,-cotf§y),j=1,...,n,
are generated by a physically realjzable target, corresponding to some U,V,W,
and hence X, (6) will have a unique solution for X when a target describing
straight line motion is present.

The solution X can be written
te N t .cot@,)
) X = 1 3 SOPy
. ' , Or
1 t2 t2f°°t92)

since we have perfect information,
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(8) x = (8T8)"1. BT,

in a more redundant form.

However, for any such X, there are infinitely many triples (U, V, W)

that give this ratio, since we have trivially U arbitrary, V = U - vV, w=
U
. W \'4 W
u o although + and 0 are unique.

Thus, for even the zero error case, the solution set of (4) is:

9) U arbitrary, V=U . A, W=1U - B,
where X = (‘;‘) is the unique solution of (8) given
in (7) or (8).

o
More generally, if 6, is observed in error as 6; and if we assume

: [ Z iz
Ed—_:‘tcot§,2.g:.{:t.c0t9-,££ ! ,zdj ‘,' Py
i i gt i i i %
n zl\

E(Z(X)=2Z , and Cov(ZIX) .=

positive definite matrix, not dependent on X,for all X, then (4) is

, a known
replaced by

(10) tan(e,) = U-t, +error, 3 )=1,..,N
V+ W' tJ

and hence (5) becomes

L |,..,n

(11) 't‘,-cot(sj)- % + % t, + error 5

J L

and analagous to (6) we have the linear regression model

(12) 2 = B:-X+ € , where
€ <_1_f 5—5 = error,

E(€) =0, Cv(eE)= = ,
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Hence, the weighted least square, etc. estimator of X is

(13) (a) i y=t 2oyt B 1 &
(b) EGE ) I B =z,
() tow wi(®) 4 mewtiE T anl

(See e.g., reference 1, Chapter 4, for complete details.)

A A
Thus, analogous to (9), the set of 'optimal' estimators (ﬁ, V, W) of
(U, V, W) in (10) is given by:

A A ~ A A A A
(14) U arbitrary, V=U-A , W=U°B , where

g

A A
Again, we state; there is an infinite number of triples (ﬁ, V, W) leading

> >

) is given in (13a)

~
to the (unique) ratios (V/U), (ﬁ;u).

Thus, for either the zero error case in (4) or more generally the
error case in (10), the solution set of (U, V, W)'s is infinite, and

unresolvable ambiguity for all solutions holds.

However, if one of the parameters U, V, or W is known a priori, then
the ambiguity is completely resolved: Since if V or W is known, a non-
linear relation will always hold in (4) or (10) between any function of
©; and the unknown parameters, we consider without loss of generality,

and for simplicity, the situation when U is known:

In this case, (12) becomes:




(15) 2 =3 -X"+ e,

where %' ¥ ?1 ! %jd—f Wetieon(B)  ta=0,.0

5,

and X'ﬁ(“;) ;s E(€') = 0, Cov(€') ="', known, A c
x = @l.g gt gf gl g

A
\Y
= A s etc.
W
A
No ratios appear and X' is unique.
Thus, the optimal estimator of (U, V, W) in (15) is
A A
(16) (U, V, W), uniquely.

A similar unique solution for U, V, W holds for the zero error case : 3

when U is known.

ANALYSIS FOR NONLINEAR MONITORING AIRCRAFT MOTION AND LINEAR TARGET MOTION §

We show that in general when the monitoring aircraft purposely describes TW

nonlinear motion, the unknown target generating the observed bearing lines

is essentially uniquely determined by solving the bearing line equationms.
Any ambiguity in the general case only occurs (in general with probability
zero, given all possible admissible values equally probable,a priori) when
certain linear restrictions hold for the unknown parameters of target

motion.

Knowns: t, {i time of 3th bearing fix;
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X -y positions of friendly aircraft at time t

g %L, L2, o3, FP1,
(32, a, b all known. 9(3 » 8, or b may be zero, but 0(2 and @2 # 0.

Unknowns: ry & y - initial (to) target position
o
Vx i X - target velocity (constant)
df
Vy = ¥ - target velocity (constant)

Again,rx = 0, by choice of x-y axes. (See Figure 2 below.)
o :

TARGET
\ PATH )

BEARING
LINE AT
TIME 13

MONITORING
AIRCRAFT PATH

FIGURE 2,

Equations (2) and (3), with the new interpretation remain valid here.

We first consider the zero error case.

Using (17) and (2) in (3), we obtain at once

s A o
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E | (18) ran'ej‘,- U'. o e I - 3-1,.,:1
s N W"t_;']j
where
v €y
1 x
v' <=l_1' r
| yo
i d¢
g LK -
noim b [

Clearly, in any physically realizable situation (U', V', W') corresponds

to an actual target and may take on any set of possible values (within

tssemannilih.

reason) and generate the "observations' 8, , J =1,.,n.

Thus, we can assume (18) has a solution for U', V', W', for the given

set of 9; 's.

Suppose, (U'', V'', W'') is some other solution to (18), and first
suppose U''# U'. Thus

; (19) t,,n!e - el tS =X H j =l,.. n ~
] TERET viawily oy

Multiplying (18) through by its denominator and (19) by its denominator,
substracting and then resolving for tan (8;),yields

(20) can(G’) o Qi VD
TN =T W~ W ety
- tJ bl
. TP s Ry
R 4
J’__ L j Lo l,oo s N 2
) where Q ‘l_f y-y.. 8 q__f W' -w'"'

T oo’ T oo

But, the same set of 9,’3 occurs in (18),and hence,eliminating tan 6]
from (18) and (20) yields

¢ 10

La
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t; '
(21) PEehy = ? 3= 1 "
L : ’ 277 ) .
QR+@ ¢, Ve g -y,
Equivalently,
(22) (Rt @ £ )« (e = (W Wy =y )

for J= 1, 2, .. 0.

Collecting coefficients of the powers of the t; 's in the above

identify, using (17), yields:

(23) W-a) - @5+ (@ + Ud) - B - )
3 4
+ (AQ-oAs®) - e - a0 (Y @

3 4
—tJ'(c(3 ty * a-ox (t, ) )8

2
= Vg +r@-p) e lopedon ;oo (e
for 5=l, 2,00y M .

Equating coefficients of the powers of the t,” s in the identity in (23)

gives the following overdetermined system in ® and 8.

(24)

(25)

(a) (U' -dl).a = VV
(b) “d, @+ (U -y - B =W P
(C) d3 -@ +d2 . B = Pz

and,in addition, @ and 8 must satisfy the relation

a.ox (tJl‘) Rt (0(3 tJ3 +a.0 (til') ) - @

s 0y () 4 for e Ln

11

el e, e N

bt o i i
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We now also suppose (temporarily) that u'# a(l . Then solving in
(24a) for @ and then in (24b) for 8 and finally substituting into
(24c) we obtain

(26) (a) = V' :
Q e <
R RVl
(b) @ - w' el d? v 2 ’
U --(1 (U —0(1)
' (TR Ly
o SEuiie ) e L s
U' o) i -o(l (u' -c(l)
Simplifying (26) (c), we can solve for VA
<8 s (B, - W -ap =~ oy G- ppP) W -dy
oy 0 U -dy) + oyt

W', U' arbitrary,

But, in general, (except with probability zero, given all values
equal) V' need not be related to U', W' and as well c(l,c(z, 0(3, ﬁl’ 52

Indeed, any possible triple of values of (u', V', W') can occur, which

in turn with the c(j ‘s and @j 's - also chosen separately - generate the

'observations' 8, s,

_ Equation (27) and its consequential linear restricting relations for
U', V', W' for non-uniqueness to hold in (18) remain valid even when
of 3= 0.

If U' = c{l, then (18) becomes

(28) y, - 0, (t,%) - coe(8) e ( V' \
S (t,‘z) . cot(Qn) 1t w / j
12
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an ordinary linear regression on V' and W', implying, analagous to (6),
a unique solution for V' and W'.

Now suppose U' = U'', This implies that if (U'', V'', W'') is any
other solution,

(29) , Uhe, - %
tl"wj) -

V' + Wt -,

U'eg; - X,

LA 7

e S >
and hence
(30) A L TR R A S e N ~¥; Js
for i, O P SR

This implies by equating coefficients, immediately that V' = V'' and
W' =Ww'".

Thus, in general, for all cases, (U'', V'', W'') = (U', V', W'), and
equation (18) has a unique solution.

Hence, when we purposely make the monitoring aircraft motion nonlinear,
in general a unique solution exists in equation (18) for that target
generating the path.

The case where error is present is analagous and we can thus apply

nonlinear regression or linearized regression techniques (direct filtering
or Kalman filtering) to the model.

13
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: U » ts = X; g
e tan(g;) = . ’ i
¥ e tep Y

di= ity ... n

to obtain, in general, unique estimates of U', V', W' (at least approximately
optimal).

(For examples of these techniques, see references 2 and 3.)

The higher the degree n of the monitoring aircraft equations of motionm,
the more restrictive the 'za2ro-probability' conditions on U', V', W,
because (from equating coefficients of the higher powers of tj ) of the
additional equations

=) d3-@ * X B €,

.
.
e

to (24) (a) and (b).

Thus, for example, if m = 3 and hence '7(3 # 0, it follows that

(33) v PRGNS - ot R <
U - X3 ~ 32
=Py o wgow e B3
] 1 2 1
S :‘1 (u "'\xl) X 3

14




E |

{
A
R |

e M e -

e

s s )

NADC-76379-50 ‘

Equivalently

(34) V':(&-d———2'53 \-(U‘-.«)
7

o3 of 43
W= g1-o, [ B2 -“2'53)... P3 @ -olp |
: (°(3 of 3¢ {3 b

U' arbitrary

If m 2 4, then either (32) is a consistent linear system of equations
in @ and B8 or inconsistent.

4 s
If the o ’s and @i s are chosen such that

(35) @2\ 3 A2 \

; T + Azl s
ﬁﬂH) : dm dm-l/
Bra (o) Ay,

for some real Al, A2, then (32) is consistent, and thus (34) is the

extent to which U', V', W' can be restricted for nonuniqueness.

On the other hand, if the di's and ﬁi's are chosen such that (35)
does not hold, then (32) is inconsistent and no (® and B can satisfy (32),
and hence we have a complete contradiction to the assumption of nonunnique-

ness of solutions of (18).

In particular, if the monitoring aircraft flies a constant tangential
velocity circular path with angular speed <J beginning at the origin at
s 0 ,the circle having a center (see Figure 2) located on the positive
y - axis at (:) , then eq. (17) becomes

(36) { X; = r.sin(w-t,)

- r-(1 = cos(@-t;)); )= Ledgungh

15
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Since the sine and cosine are entire functions we have the usual

Taylor series expansions valid for all t 4 3=1..,n,

+D "
(37) ¥: = Lehaky

9
=

-~

+P .
Yy, - Z B.-t;
A=t

o 24=1
where 411‘1 = s ‘-‘)AH,C)'
(24-1)!}
dyi = 0O
2 A
+
11- = I’"("l)ﬁ P G).
Qi)!
ﬁzl—l =0 5
T A T -

All the analysis in eq.'s (17) - (35) is valid here with the degree
of the path being m = + @® ., Thus (32) becomes

(38) 0(3‘@ = Ea
«3* = ©
As- @ = &
%8 = o

® o v s o o0 0o

But this implies »
(39) B =0
g and
62 = & - -i = evoe

o3 os
Ncew, we remark, for example, that

16
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(40) €, r . W2/

while

(41) €4 = xowlfay

Hence we have a contradiction in (39) and thus (32) is an inconsistent

system for the circular motion here.

Thus, no (X} and ® can satisfy (32) and consequently eq. (18) has a

unique solution here.

Alsc , we comment that if the monitoring aircraft motion is only
piecewise described by a power series in time, similar uniqueness results
must hold for the solution of (18), by modifying the previous arguments
beginning in eq. (21).

Lastly, we remark that much care must be exercised for the type of
nonlinear motion determined for X; and ¥ in equation (31) for the
presence of ill-conditioning in the appropriate approximation algorithm

used.

SUMMARY OF ANALYSIS
Target always describes straight line constant velocity motion.

1. LINEAR MONITORING AIRCRAFT MOTION

If all target parameters are unknown a priori, then whether bearing

17
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observation error is present or not, the target is not uniquely determinable
or uniquely estimatable from the data. (See (9) for the set of all
ambiguous parameter values for the zero error case and (14) for the general
error case.) If one of the target parameters is known, a priori, then the
target motion is uniquely determined. (For X-velocity, Vx’ of the target
known, see (15) and (16).)

2. NONLINEAR MONITORING AIRCRAFT MOTION

If all target parameters are unknown a priori, then for both the zero
error and general error cases for bearing observations, the target is
essentially uniquely determinable (or estimable). The possible exceptions
- 'zero probability situations, given all things equally possible' - are
linear restrictions on the unknown parameters. (See (27) for second

degree motion and the more restrictive (34) for third degree motion.)

When the monitoring aircraft motion is of sufficiently high degree
(m 2 4), in general, there are not even any 'zero probability' linear
restrictions on the unknown parameters which can produce a nonunique
solution to the bearing observation equations ((18)). (See eq. (35) and

following remarks.)
For the case of circular aircraft motion (see (36) - (41)), the above

remark is valid, i.e., the target motion is uniquely determined from the

bearing observations, with no exceptionms.

18




NADC-76379-50

| REFERENCES

1. C. R. Rao, Linear Statistical Inference and Its Applications, 2nd Ed.,
1973, John Wiley & Sons, Inc.

{ - 2. Position and Velocity Estimation from Bearing Only Information (U),

Unclassified report to be published (1977) by Kappa Systems Inc. ;
(Analysis by R. Rigolizzo, NADC) for NADC, Warminster, PA. |

Bearing-Only Target Motion Analysis, Using a Kalman Filter Approach ),

w
.

Unclassified report by Harold F. Jarvis, General Dynamics, St. Louis,
Mo. (1972), NR number NR-286-001.

T S

B =

§
' i




