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A BSTRACT

We study the initial val ue problem for the nonlinear Volterra Integro-
differential  equatio n

r
-~iy (t = J a( t  - s ) F ( y ( t ) ,y ( s )) ds  (t > 0)

(H  -
~~~~

L y ( t )  g ( t )  (-~~ < t < 0)

whe re ~~. > 0 is a small parameter , a is a given real kernel , and F , g
are given real functions ; (-f ) models the elongation ratio of a homogeneous
fila ment of a certain polyethylene which is stretched on the time interval
(- .~~ O ] ,  then released and allowed to undergo elasti c recovery for t > 0 .
Under assumptions which include physically interesting cases of the given
functions a , F~ g , we discuss qualitative properties of the solution of ( + )
a nd of the correspondin % reduced problem when p. 0 , and the relation
between them as p. -~ 0 , both for t near zero (where a boundary layer occurs)
and for large t.  In particular , we show that in general the filament does not
recove r its original length , and that the Newtonian term -p .y ’ i n (+)  has
little effect on the ultimate recovery but significant effect during the early
part of the recovery .
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A NONLINEA R SINGULA RLY PERTURBED VOLTE RRA INT E GR OD IFFE REN TIA L

EQUATION OCCURRING IN POLYME R RHEOLOGY

A. S. Lodge ’~ ’ 2
~, J .  B. McLeod~~, a n d J .  A.  Noh e l ’ 3

~’4
~

I .  Introduction. We study the nonlinear Volterra Integrodifferential equation

t
(1 . 1 )  -p.y (t )  = f a(t  - s) F(y ( t ) ,y ( s) )ds  (t > 0 ;  = d/dt)

subj ect to the Initial condition

( 1 . 2 )  y ( t) = g(t )  (-~~ < t < 0 (

This initial value problem arises as a mathematical model for a process

in polymer rheology which Is described In Appendix A. In the specific

problem discussed there p. Is a positive parameter related to part of the

vi scosity , and the given real functions a , F , g take the forms

( 1 . 3 )  a ( t )  = 
~~ 

ak exp( t/Tk
)

k = 1

where a and T are positive constant s , I ~~ s~’ s’~~ ~
k k 0

I ~~~~~~
( 1 4) F(y , z )  = y 3/z 2 

- ~ \ ~usi ~tC~UC~

and \ ~I ~~~~~~~~ ~~~~~~~~1 If -
~~~~ < t < - t (t > 0)

(1 .5 )  g( t) = 

~(t+t 0 

— 0 

~~If -to < t < 0 ,
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where K is a positive constant. The unknown function y measures

the ratio of the extended length to the original length of a homogeneous

fi lament  which is stretched In accordance with (1 .2 )  on the time interval

( - -“ , 0~ and then released . The equation ( 1 . 1 )  then describes the process

of elastic recovery . Also of interest, both mathematically and ph ysica lly ,

Is the reduced equation

t
( 1 . 6( 0 f a(t - s ) F ( y ( t ) , y( s))ds (t > 0)

with y(t) = g(t) on (~c~D ,0), and , In particular , the relation between

th e solutions of (1.1) , (1.2) and of (1.6) as ~~ 0
+
; for small p. > 0,

(1 .  1) , ( 1 . 2 )  may be regarded as a singular perturbation of (1 . 6) .

The purpose of this paper is to discuss the qualitative behaviour of

solutions of (1 .  1) , ( 1 . 2 )  on the one hand and of ( 1 .6 )  on the other , and

the relation between them as p. 0+ . Our analysis is not confined to

the specific forms of a , F , g In (1 .3 )  - ( 1 . 5 ) , but rather we abstract

the essential properties of these functions. ( See also (A28 ) - (A33 )) .

Two results of particular interest are : (I) in general , the filament does

not return to its original length , as confirmed by experiments (see Appendix A

and Theorems 3 and 4); ( i i)  similarly to behaviour in singular perturbation

problems for ordinary differential equations, the solution of (1. 1), ( 1. 2) for

small p.> 0 decreases rapidly as p. decreases to the solution of (1. 6)

near t 0 , becoming close to It In a ‘boundary layer time interval of
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order p. log p.I , and thereafter remains close (Corollary 2. 1 and

Theorems 7 and 8) .  The Introduction of the Newtonian term -p.y ’ in

( 1 . 1 )  has little effect on the ultimate behaviour of the solution.

From the mathematical point of view the theory of integrodifferentlal

equations with decreasing convex kernels and with nonlinearlt les

consisting of fu nctions of one variable is well known , see e .g .  [7] , [18]

where references to other literature are given. A part of the novelty of

the present analysis is that F in ( 1 . 1 )  and ( 1 . 6 )  Is a function of two

vari ables , y ( t )  and y ( s ) .

We acknowledge with pleasure the various helpful discussions with

colleagues during the preparation of this paper , in particular with

M. G. Crandall , R.  W. Dick ey, F. Howes , J . J .  Levin , S. 0. Londen ,

S. V. Parter , A. Pazy , D. F. Shea , 0. 1. S t af f a n s , L. Tartar , and

W. Wasow .
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2. Statement of Results.  Let IR denote the real numbers , ~~ the

positive real numbers , and C
k the set of k times continuously

differentiable functions .

We make the following assumptions on the functions a , F , g

throughout:

a C ’[0 ,~~) ;  a( t ) > 0 , a ( t  < 0  ( O < t  < ~ )

(H
a

) a L~ (0 , -’~) :  log a( t )  Is con vex (0 < t < ~°) , i . e .

L a ’( t )/ a(t )  Is

I F : 1 R + X 1R +~~.. IR; F (x , x ) = 0  for every

(H F
) F C 1 (~~ X and F1(y , z > 0 , F 2(y , z )  < 0

L (y , z t IR + ) , where the subscripts denote partial differentiation ;

g : ( -00 , 0] — 1R 4 ; g ( _ 0 0 )  = 1, g(0) > 1 ;
( H )  Kg L g C(~ 00 , O] and g is nondecreasing

It Is readily verified that the specific functions defined in (1. 3) - ( 1 .5)

satisf y (H ) , (H F
) and (H g ) respectively . While for the majority of

results these are the only conditions required , some additional assumptions

are needed In Theorems 3 and 4, Corollary 5.1 , and Theorems 6 and 8.

The first result concern s the global existence and uniqueness of

the solution of ( 1. 1) , (1 .  2) for a fixed p. > 0 and gives some useful

properties of the solution.

Theorem 1. 
~~~ 

(Ha )
~ 

(H F ) , (H g ) ~~ satisfied. Then~~~ each .i > 0 , ~~~

initial value problem (1 . 1) , ( 1 . 2 )  has a unique solution c~(t ,p . )  ~~ [0 , 00)

-4-



satisfying the following properties:

( 2 . 1 )  4 ’( t ,p .) < 0 and 1 < ~(t,p.) < g(0)  ( 0 <  t < Lo )

• If g 1, g 2 satisfy ( H g
) 

~fl~i i f  g 1 ( t )  > g 2 (t) (_ 0 0  < t < 0),

( 2 . 2 )  th en the correspondIng solutions i 1(t , p . ,  4 2(t ,p . )  ~~ (1 .  1) ,

L ( 1 . 2 )  satisfy ~ 1(t ,p .)  ~ ~2 (t ,p . )  (0 < t < 0 0 )

( If p.1 > p.2, then the corresponding solutions of ( 1.  1) , ( 1 . 2 )
(2 . 3 )  ‘~

sati sfy c~(t ,p .1 ) > 4 ( t ,p .2
) (0 < t < 0 0 )

An Immediate consequence of (2.  1) , (2 .  3 ) i s

Corollary 1. 1. Let (H a
)
~ 

(H F
) , (H g ) ~~ satisfied. Then ~~ each fixed

p.> O  ~~~~~~
(2 .4 )  a(p .) = lim ~(t ,p .)  exists and c~(p .) > 1

t-. 00

moreover, ~ p.1 > p.2, th en a(p .1) > 
~(p.2

) > 1. Theorem 1 is proved in

Section 3. -

Remark 1.1. In the special case a(t ) Ae
)
~
t , A >  0 , X > 0 which

satisfies (H ) (with a ( t) -X) , conclusions (2 .1)  and ( 2 . 4 )  can bea a(t)

strengthened respectively to the following :

(2 . 1’) ~ ‘(t ,p .)  < 0 and 1< y 0 < 4 (t ,p .)  < g(0) (0 < t < 0 0 )

(2. 4’) ~ (p .) = lim c~(t ,p .)  exists and a(p .) ~ y 0 > 1
00

where (see the proof of (2 . 5) in Theorem 2) y 0 is uniquely defi ned by

the equation

_



0
I e>~5F(y 0 ,g s~~ds 0

The proof of Remark 1.1 Is carried out in the course of proving (2.1)  (Case (il~~.

Remark 1. 2. If one is Interested only In global existence , rather than

further properties of solutions of ( 1. 1) , ( 1 .2) , then the following existence

result can readily be established .

ProposItion 1. ~~~~~~~ a t L1(0 , 00 ) , a (t )  > 0 ( 0 <  t < 0 0) ;  ~~ g satisfy (H g );  ~.Qi

F C(fl~ x I~~) , F(x , x) 0 for every x 1R~ and F(y , z )  < 0  ~~

y < z  and F (y , z ) > 0  for y > z ( 0 < y , z < 0 0 ) .  Then for each fixed p. > 0

the initial value problem (1. 1), (1. 2) has at least one solution on 0 < t < 00~

The proof of this result follow s from the following observations : (i} under

the present hypotheses (1.1) , ( 1 .2 )  has a local solution on 0 ~~~. 
t <

(see e.g.  [17 , Lemma 1.1] , also [ 16]) ;  (ii) if y ( t )  is any solution of ( 1.1) ,

(1. 2) on 0 < t < 00 , then a slight modification of the early part of the

proof of Theorem 1 shows that 1 < y(t)  < g(0) (0 < t < 0 0 ) ;  (lii) in view

of (I ) , (ii ) , every such local solution can be extended (but not necessarily

uniquely ) to the interval [0 , 0 0 )  (s ee e .g .  [17 , Lemma 1.2],  also [ 16]).

Concerning the reduced problem (1.6) we prove the following global

results.

Theorem 2. ~~~ 
(H a

)
~ 

(H F ) , (H g) be satisfied. Then (1.6) has a unique

(continuous) solution ~~ [0 , oo)  sati sfy ing the following properties:

(2.  E’~ ~ y 0 = ~o (0) , then 1 < y0 < g(O)

-6- 
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~j  a(t ~ Ae
\t , A > 0, X. > 0, then

(2 . 6  C1[0 , 0 0 ) , ç~~(t ) < 0 ~~~ 1< 40
(t) 

~ 
y
0 
(0< t < 0 0 )

~j  a( t ) Ae Xt
, A > 0, ~ > 0, then ~0

(t) y
0 
(0 ~ t < 0 0) ;

~ g1, g2 satisfy ( H g ) if g1
( t )  > g2(t ) (- 00  < t ~ 0) ,

( 2 . 7 )  then the corresponding solutions ~,(l) ~, ( 2)  of ( 1 .6)

L satisfy ~~~ t) > 4~
2
~(t ) (0 < t < 0 0 )

If f (t ,p.) ls the solutlon of (l.l), (l.Z)&~~, fixed p. > 0,

(2.8) and If ~0 (t ) is the solutIon of (1.6) , ~~~~ $0 (t ) < 4 ( t ,p .)

L (0 < t < 0 0 )

As a consequence of ( 2 . 4 , (2. 6) , (2 . 8 )  we have the first statement in

Corollary 2 .1 .  Let (H
a

)
~ 

(H F
) , (H g ) ~~ sati sfied. Then

(2. 9) = lim cf 0 (t ) exists and 1 < ~
t -. 00

j~ a( t )  Ae~~
t , A >  0, X > 0, then . ~~ = y

0 
>1. Moreover,

(2. 10) lim 
+ 

a(p .)  = a
0p . — 0

Theorem 2, and (2.10) are proved in Section 4. In Theorem 8 below we

establish a more precise result than (2 .10) under some additional assumptions.

The next task is to establish the physically important fact that the

limiting value a(p .) of the solution 4 ( t ,p .)  of ( 1.1) , (1 .2) as t -‘ 00

satisfies a(p .) > 1  (p. > 0) , rather than the weak form a(p .) > 1  in (2 .4 ) .

-7-
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By properties (~~.8), ~~~~~~~~~~~~ it suffices to prove > I (c ~~ 
- lim
t-.

Theorem 3 . Let (H (H ) , (H ) be satisfied . If In additiona ’ F g —

(2 .l f l  f ta ( t ) d t  <

then

(2.12 a
0 

> 1

We remark that in the special case a(t Ae
)
~
t
, A > 0, ~ > 0, there is

nothing to prove since c~0
(t y

0 > 1. Theorem 3 Is proved in Section 5.

Theorem 3 is best possible In the following sense.

Theorem 4. Let (H ) (H ) be satisfied and let_ _ _ _ _  — a ’ g—  — —

(2. 13 F(y ,z) - y - z

If

(2. 14) f sa(s)ds = 00,

then

(2 . 15) lI m ~0 (t ) = 1
t -  00

when ~~~~~ solution of (1.6) with F satisfying (2.  13).

Remark 4. 1. F(y,z) F
0
(y - z ) , where F0 > 0 Is a constant , is the

simplest form of F being linear consistent with assumptions (H
F

).

Remark 4 . 2 .  A similar proof applied to (1 .  1) , (1 .2 )  shows that if the

hypotheses of Theorem 4 hold , then lim 4 ( t ,p . ) = 1 , where cp(t,p.) is
00

the solution of (1 . 1), (1 .2) with F satisfy ing (2. 13).  Theorem 4 Is proved

in Section 6.

-8-
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We now turn to the study of asymptot ic  behaviour as t — 
~~~ of

solutions of (1 . 1) , (1 . 2 )  and of the red uced problem ( 1 . 6 ) .  The first

result is a useful  est imate for ~‘(t , p . ) , whe re .
~

- is the solution of

( I  . 1) , ( 1 . 2 ) .

Theorem 5. Let (H ) , 
(H (H ) be satisfied.  Then there exists a

_ _ _ _ _ _  — 
a F ’  g —

constant K 1 > 0 (independent of p .) and constants p.0 > 0 and

K = K(p .0
) > 0  such that the solution ~(t ,p .)  of ( 1 . U , ( 1 . 2 )  satisfies

the es timate

(2.16) 0< - c ’(t ,p .) <~~~exp(-K 1Vp .) ± K f a( s) ds ( 0 < t <  
~~~; 

O < p. < p.0 )

As a consequence of Theorem 5 and the logarithmic con~exlty of a, one

obtains

Corollary 5. 1. If , fl~~ 
addi tion, ( 2 . 1 1 )  ~~ satisfied, then there exist

constants p.0 > 0 and K K(p.0) > 0 such that

(2. 17) 0 < ~(t,p.) - a(p.) ~ K f (5 - t ) a ( s) d s  (0 < t < 00•  0 < p. < p.s
) 
‘

where a(p .) = Urn ~(t,p.)> 1 (
~i~ 

Theorems I and 3). Moreover,
00

(2.18 ) 0 <  ~(t ,p . )  - ~0 ( t ) < a(p .) - a
0 

+ K f ( s  - t ) a ( s)ds  (0 < t  < 00~ 0 <

where Is the solution of ( 1.6) havIng a0 = lim 4 0 (t ) > 1 (
~~~~~~

00

Theorems Z and 3) .

Theorem 5 and Corollary 5.1 are proved In Section 7.

-9-
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~er~ irk  -
~ 
- 1 An estir:~ate similar tu  ( 2 .  16) holds for the solution of

the reduced ru b le r  ( l . 6 , (but , f cou rse , without the term ~ exp( -K 1t/p .)) .

Thi s  can be proved as a special case of the proof of Theorem 5 by obtaining

an cst i~~ate ‘ f  the form (7 . 6 )  in Section 7 , wher e f is now independent

of ~~~, and using it and an est imate of the form ( 7 .  4) (also now independent

of p .i in 4.  2 i of Section 4. Conseq uently , ( 2 . 1 7 )  also holds with c ( t ,p .)

replaced by and 4p .) by a0, and with 0 < t < co~

In connection wi th the last statement in Remark 5.1 it is of interest

to n c t e  that  this estimate for can be proved independently of Theorem 5 ,

and we state this fact  as a sep arate result in Theorem 6. However , it

should also be noted that  the estimate (2 .16 )  ( for c~~ ) described in

Remark 5. 1 cannot be obtained from Theorem 6 .

Theo rem 6. Let (H ) , 
(H ) , 

(H ) be satisfied, and let (2. 11) hold. Then_ _ _ _ _  — a F g —  ——  __ _ _

there exists a constant K >  0 such that

(2. 19) 0 < ~0 (t ) - a
0 

< K  f (s - t ) a ( s) ds  (0 < t < 00)

Theorem 6 is proved in Section 8.

Rema rk 6 .1 .  One can also prove the estimate (2 .17)  for the solution ~(t ,p . )

of ( 1.1) , ( 1 .2 )  in the m anner of Theorem 6 , wIthout using (2 .16) .

Our next task is to establish the existence of a boundary layer in a

neighbourhood of t = 0 as p. -~ 0 + . For this purpose we consider the

following app roximation of the problem ( 1. 1) , (1 .2 )  for small t > 0;

0
(2. 20) -p.v’(t) = f  a(-s)F(v(t),g(s))ds (t> 0; v(0) = g(0))

-10- 
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It will be observed that (2. 20) is not a Volterra equation , but acts rather

like an rdi n i ry - l i t  fe rent la l  equation.  Performin g the stretching transfor mation

( 2 .  21~ t =

and se t t it ig  w (T )  - v(t) transforms (2. 20) to

(2. 22 - f a(-s)F(w(T),g(s))ds (T> 0: w(0) = g(0))

Theorem 7. Let (H ) , (H ) , 
(H ) be satisfied. Then the initial value

_____ — a F g — ___ _ _

problem ( 2 .  22 ) has a unique solution w = ~~(T )  existing on 0 < T < 00

and sa tisfying the following properties:

(2.  23) lim ~~~~~ 
y0 

= 
~~

( 0 ) ;  0 <~~(~ ) - y
0 

< (g(0) - y 0 )e KT (0 < T < 0 0 )  
,

where ~~ ~~~ solution 2! (1.6) (see Theorem 2) and K is some positive

constant.

Moreover , if ~‘(t ,p.) is the unique solution 2!(1.l), (1.2) ~~

Theorem l~~ ndj! ~,(t/p. ) ls the uniq~ie so1ut i on 2!(2 .2O)~~~ p. > O , tii~.a

for ~~~ t0 
> 0 there exists a constant K> 0 (independent of p.)

such that

(2.24) l~(t ,p.) - ~(t/p.)( <Kt+0(p.) (0< t <t 0
; p.~~ o f )

The estimate (2. 24) establishes the existence of a boundary layer in a

positive neighbourhood of t = 0. Theorem 7 is proved in Section 9.

In Corollary 2. 1 we showed that a(p .) -. a
0 

a s p. -~ 0+ , 50 tha t

the solutions 4~(t ,p .)  of (1.1) , ( 1.2)  and c~0
( t)  of (1.6) do not differ by

much for small p.> 0 and for large t. Our final result makes this

—1 1—



precise , under the additional assumption s that  t a ( t )  t L1(0 ,-’D ) and

2 4
F C (IR )< JR ) .

Theoren~ .~~~~ Let (H ) , (H )
, 
(H be satisfied. In addition, assume thata F g — _ _ _ _  — _ _ _ _  _ _ _  —

F C
2 (IR J R )  and that (2.11) holds. Then there exist constants K > 0 ,

p.0 
> 0  and a function -

~ C C1[ 0 , - o ) , -
~ positi ve, bounded and non-

decrea sing, such that

(2 .  Z~ ) c 0 ( t J  < ç (t ,~~ < ç 0 ( t )  + (g(0) - o0 ( 0 ) ) e xp (-Kt/p .) + ‘y(t)p. Ilog p. I
(0 < t < ~~~ ; 0 < p. <

~~ pa rticular , as~~~ immedi ate consequence 2! (2. 25 ) , there exists a

consta nt K > 0 such that

(2. 26) 0 < c ( t , p . )  - ~0 (t ) O(p . log p . I ) ,(p . 0~~; Kp. log p . l  < t < 0 0 )

Theorem 8 is proved in Section 10.

The method of proof of Theore m 8 uses the notions of upp er and

lower solutions of ( 1. 1) .  The necessary preliminary material , which follows

the lines of well known results (see e. g. [6] , [19] ) is collected in

Appendi x B. The inequality (2 .  25) is established by showing that the

sol ution of the reduced problem (1 .6)  is a lower solution of ( 1. 1)

Qfl 0 < t  < 0 0  and by showing that

W (t , p .) = ~0
(t) + (g(0) - ~0 (0))exp( -Kt/p .) + ‘~(t )p .I lo g p . I

is an upp er solution for suitably chosen K and ~ ( i .e .  that

t
-p .w (t) < f a( t  - s ) F (w ( t ) , w ( s f lds  for 0 <  t < 00~~ where w(t ) = g(t)

on -
~~~~ 

< t < 0 . Inequality (2. 25) then follows from Proposition ZB, Appendix B.

-12-
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The question arises whether the order O(p . h o g  p. I) in (2. 26) is

best possible. In the linear case it Is not ; for If F (y , z) = y - z , one

can establish the Inequality

< ~(t ,p . )  < ~~(t) + (g (0)  - ~0 ( 0))e xp(-~~~) +

for o < ~~< 00 and 0 <  p. < p.0, by the method of proof of Theorem 8.

In addition , one can compute a(p .) and a0 In the linear case by the

method of Laplace transforms and show that a(p .) - a
0 

is precisely

of the order p .. In the general case , however , we have been unable to

Improve the estimate (2. 25).

-13-
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3 . Proof of Theorem 1. The classical Picard successive approximations

(or the Banach fixed point theorem ) appli ed to the Integrated form of (1.1) ,

1. 2~ show that for each fixed p. > 0 there Is a unique local solution

~(t ,p . )  existing and in C1 on some interval [0 , T] ,  T >  0. To show

that this solution can be continued (necessarily uniquely In view of the

ass umptions)  to the interval [0 , 0 0 ) , it suffices to establish the

inequalities ( 2 .1 )  on any interval on wh ich the solution ~(t ,p .)  exists .

For then the solution satisfies a priori upper and lower bounds , independent

of T , and hence can be continued to the interval [0 , 0 0 )  by a standard

result [17 ]

To establish ( 2 .1 )  on any Interval on which ~(t ,p .)  exists we

have from (1.1) , ( 1.2)

0
(3. 1) -p .~ ’(O ,p .) f a ( - s ) F ( g ( 0 ) ,g( s)) ds

The integral clearly exists since a € J}(0, oo) and F(g(0),g(s)) is

bounded on (-00 , 0] 
- 

by (H
F), 

Hg)~ From 
~~a~’ 

a ( - s )  > 0 (-
~~~~ 

< s ~ 0)

and from (H F ) , (H g)~ F(g(0) , g(s ) )  > 0 (-oo < s ~ 0) , with the strict

inequality holding for large negative s; therefore , ~ ‘(O ,p .)  < 0. Since

t C 1
, one has by continuity that 4 ( t ,p .)  < 0 (0 ~ t < a), for some a> 0.

We claim first that

( 3 . 2 )  4 ( t ,p .)  > 1 ( 0 <  t ~ a)

Indeed , c~(O ,p .) = g(0) > 1, and by continuity ( 3 . 2 )  holds at least on

-14-



some interval to the right of t = 0. Suppose 0 < t 1 < a is the first

poi nt at which 4i(t 1,p .) = 1, and 1< ~(t ,p .)  < g(0) ( 0 <  t < t1) .  From ( 1.1)

we have

( 3 . 3 )  -p .~ (t 1,p .) = f a(t 1 
- s)F( 1 ,g( s))d s + a(t 1 

- s)F( 1,~~(s ,p .)) ds

By (H
a

)
~ a(t 1 - s) > 0 (~~00 < S < t1) , and by (H F ) , (H g )~ F( l , g( s))  < 0

on (-00 
, 0] ,  with the strict Inequality holding near zero . Since ~ is

strictly decreasing on [O ,t1], 
we also have F(l , 4 ( s ,p . ) )  < 0 (0 < s < t

1
).

Therefore each integral in ( 3 . 3 )  Is negative and 4 ( t 1,p .) > 0 , which ,

in view of 4 (t,p .) < 0 (0 < t < a) , Is impossible ; this proves (3. 2 ) .

We next claim:

(3 .4) 4 ( t ,p .)  < 0

for as long as the solution exists. Indeed , suppose for contradiction

that a >  0 is the first point at which

(3 .5 )  c~Y(a , p . )  = 0 and ~ ‘(t ,p .) < 0 (0 ~ t < a)

By the argument of the preceding paragraph we have

(3 . 6)

To prove (3 .4)  we compute c~”(a ,p. ) from (1.1) and we shall obtain an

obviou s contradiction of (3. 5) by showing that

( 3 . 7 )  4 ”(a , p.) < 0

this implies that no such a >  0 satisfying (3 .5 )  exists and proves ( 3 . 4 ) .

Indeed , differentiating (1.1) (Justified by (H a )
~ 

(H F ) , (H g ) - note that by

-15-
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(H
a
)
~ 

a L’(0 ,~~ )) one has

t
-p .~~(t,p.) f a’(t - s)F(~ (t ,p.),~~(s,p.))dS

(3.8)

L + ~~(t ,p .)  f a ( t - s)F 1
(~ (t ,p .) ,

Putting t = a and using ( 3 . 5 )  gIves

(3.9) -p .Q (a ,p .) = - s)F( ~ (a ,p .) ,~~(s ,p .) )dS .

Thus to prove (3.7) we wish to show that

(3.10) I(a) = f a ’(a - s)F (~ (a ,p .) ,~~(s ,p . ) ) ds > 0

We shall need to consider two cases:

in case (I) a(t) satisfies (H
a
) with a(t) ~~Ae

)
~
t
, A >  0 , ~ > 0  (i .e.

a ’( t)/a (t ) ~ ~~~~~~

in case (ii a( t)  satisfies (H a ) with a(t) ~~Ae Xt , A > 0 , x > 0.

Case (II. Define a number -j3, ~3 > 0 , by the relation 4 (a , p.) = g(-~3); 1~

exists in view of (3.6) and (Hg)~ Since g may take the constant value

4(a,p.) on some interval J C (~~oc , 0] , we define -
~~~ uniquely by taking

it to be the right-hand end point in such a case. We then have

0
(3. 11) 1(a) = f a’(a - s )F (g ( -p ) , g( s))ds + f a ( a  - s)F(g( -~ ) , g( s))d s

+ f a ’(a - s) F (~ (a ,p .) ,~~(s ,p .) ) ds

-16 -
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Since ~~(a ,p .) 0 we also have from ( 1.1)

-p 0
(3 . 12) 0 = f a(a - s )F (g( -~ ) ,g( s))d s + f a(a - s )F (g ( -p ) , g( s))ds

~.00 -~3

+ f a(a -

We next defi ne the fu nction o by the relation

a ’l a _ c ~cr(s)  = _~~ 1 (.. oo < s < 0)a(a - s) —

and we observe that the log convexity of a implies that cr ( s)  is

negati ve and non.tncreasing; moreover , since a ’(t)/a (t) 
~~~ 

-
~~~~~, ~ > 0 , cr( s )

is strictly decreasing, at least on some interval contained in (-00 , 0] .

We rewrite (3.11) in the equivalent form

a
(3 .13) 1(a) = f cr (s)h(s)ds + f cr(s)h(s)ds

..00 -
~~~

where

(a(a - s)F(g( -p ) , g(s))  (_ oo  < s ~ 0)
h( s) = (

La(a - s)F( 4 (a ,p .) , cI~(s ,p . ) )  ( 0 <  S < a)

we also write (3.12) in the equivalent form

a
(3. 14) 0 = f h(s)ds + f h(s)ds

..00

From the definition of -~3 and (3 .6 )  one has 1< g(-~ ) < g(O). Therefore,

(H
a

)
~ ~~F~’ 

(H g) imply that

(3. 15) h(s)  > 0  (~~00 < 
~ 

<

-17-  
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with strict inequality for large negative s , and

(~ .l6 ) h(s) < 0 ( -p  < s <  a)

CombIning (3.13), (3.14) yields

-P  a
(3. 17) I(a~ = f (cr(s) - c r ( -~~))h( s)ds + f (~ (s) 

-

-
~~~~

But

(3.18) cr(s) > ir(-~~) (- 0 0  < ~~ < -
~~~~ )

(3.19) cr(s) < c r ( -~~) ( -
~~~ < s < a )

with strict Inequalities holding either for s negative and large or for

s near a. Using (3 .15 ) , (3. 16) and (3.18 ) , (3.19 ) in (3.17 )  shows that

each integra l In (3.17 ) Is nonnegative and at least one of them Is positive .

This proves (3.10 ) and hence also ( 3 . 7 )  and (3 .4 ) .  The proof of the globa l

existence and uniqueness of the solution ~(t ,p .)  of (1.1) , (1. 2) and

of property ( 2 .1 )  In case (I) is then completed by a straightforward

continuation argument.

Case (ii) . The above balancing argument establishing (3. 7) , and hence

( 3 .4 ) , cannot be used when a(t)  EA e >~t , A >  0 , X > 0 , since for this

case it Is readily established from (1.1) and ( 3 . 9 )  that f ’(a ,p .)  = 0

whenever d~’(a ,p .)  = 0. Instead we proceed as follows .

Define the number y 0, 1 < y 0 < g(0), by the equation

f e
X5 F(y 0 ,g ( 5) ) d s  = 0. (For the proof of the existence of a unique

-18 -
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with this property in the general case of a (t ) , which also applies here ,

see the proof of (2 . 5) in Section 4 . )  Since as in case (I) 4 ( O ,p .) < 0 ,

a repetition of the argument (3 .  1) - (3 . 3) above with a(t)  Ae Xt
, A >  0 ,

X > 0 , and 1’ replaced by y 0 in (3 . 2) and the paragraph following

( 3 . 2 ) , shows that 4 (t ,p . )  > y~ for t~~ 0 , so long as 4 ’(t ,p .)  < 0 .  To

show that t ( t ,p . )  < 0 for all t > 0, differentiation of (1.1) with

a( t) = Ae Xt
, A >  0 , )~ > 0 , yields the equation 

—

t
+ ~‘(t ,p .) [~~p. + f e

( t ) F1 t , p . , 4(s ,p .) ) ds] 0 ,

with c(0 ,p . )  g(0 ’ , ~~(O ,p .) = - ~ 5 e~~ F( g (0 ) , g( s))ds < 0. Since F1 > 0 ,

X > 0 , p. > 0 , an elementary argument shows that 4” (t ,p .) < 0 so long

as the solution ~(t ,p . )  exists. This completes the proof of (2 .1 ’) in

case (i i ) .

To prove (2. 2) subtract the equations ( 1.1) for and and

apply the mean value theorem obtaining

- ~~ (t ,p . ) )  = (~ 1(t ,p .)  - ~2
(t ,p .))  5 a(t - s)F 1( cr ( t) ,~~1(s ,p .) ) d 5

+ 5 a(t - s)F 2 (4i 2 (t ,p .) , T( S ) ) (4
1

(S ,p .) - ~ 2(s ,p .))d s 
,

where cr ( t ) is between 4~1(t ,p .) and 4,2
(t ,p. ) and T (s ) is between

and 4 2(s ,p .) .  Let t = t0 be the last point for which

~1(t ,p .) > 42
(t,p.); i .e. 4 1(t 0 ,p .)  = 4 2(t 0 ,p~) , while ~1(t ,p .)  ~ ~ 2(t ,p . )

-19-
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for -
~~~~ < t t 0 . Since g1

(t )  > g
2
(t), -

~~~~ ~ t < 0, it is clear that

t o > 0. Both integrals exist since a L’(O , c c ) , F C1
, and 

~~
satisfy (2.l~ (or 

(2.1’)). From the definition of t
0 

and F
2
< 0 one has

-p .(c~(t0,p .
) - ~~ t

0
,p .)) < 0, with the eq uality sign holdin g if and only

if g
1 

g
2 

on (~~c 
, 0]. Since p. > 0 this implies c~(t0, p.) 

- 
~~(t0

) > 0

for g
1 ~ 

g
2 

and this is Impossible .

To prove (2.3) put z(t ~(t ,p .1
) - o)t ,p .2

). Then from (1.1) , (1.2)

one has z(0) 0 and

0
z (O) = (- + ~~~) f a(-s)F(g(0),g(s))ds > 0

p.1 ~2

By continuity suppose that there exists T > 0 such that z ( t )  > 0 (0 < t < T)

and z( T = 0. Then

z (T) - 
~~~~~ 

f

T
a(T - s )F ( o ( T ,p .1

) , o (5 ,p .1) ) d 5
p.1 - 0 0

+ ~~~~~~ f a(T - s)F(~ (T,p .2
),~~(s ,p .2

) )ds

TBut by ( 2 .1 ) 5 a(T - s)F(4(T,p.~),~~(s,p .~))dS > 0, (i 1,2). Therefore

p.1 > p.2 
implies that

T
z (T) >

~~~ 
f a(T - s){F(~ (T,p .2

(,~~(s ,p.2
)) - F(~ (T,p .1

),~~(s ,~~1
)))dS ,

- 0 0

which by the definition of T and 4 ( t ,p .1) = ~-(t ,p .2
) = g( t ) on (-00 , 0] yi elds

-20-
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(3. 20) z’(T) > 
~~ T 

a(T - s){Fk(T,p.2
),~ .(s,p .2

)) -
0

Applyi ng the mean value theorem in (3 .20 )  gI ves

(3. 21) z’T > 
~~ f a(T - 5)F

2
(~ (T,p .2

),~~(S))(~ (5 ,p .2
) - ~(s ,p .1)) d s

p.1 0

when ~(s Is between ~(s ,p .2
) and cr ( s ,p .1) . Since a(T - s) > 0

and F
2 

< 0 by assumption and since ~(s ,p.
2
) - ~(s ,p .1) < 0 on 0 < s < T

by the defi nition of T, (3. 21) Implies that z (T) > 0. Therefore there

cannot exist a T > 0  such that z(T) = 0: this proves (2.3), and completes

the proof of Theorem 1.
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4 .  Proof of Theorem 2 and Corollary 2 .1 .  We observe first  that if

is a (c ”nt inu ous )  solution of (1. 6) for t > 0 , then 
~~~ 

=

must sati sfy

0
(4.1) 0 = 5 a ( - s ) F ( ~ 0 (0) , g ( s ) ) d s

This integral clearly exists for any number ~o (0 ) since a € L
1
(0,00)

and ( H F ) , (H g) hold ; moreov er by (H F
) , the integ ral in (4.1)  is a continuous ,

strictly increasing f unction of (the p arameter ) ~o (0 ) .  The integral is

negative If one choose s cb 0
( O )  = 1; it Is positive If one chooses

e0 ( O)  = g ( 0 ) .  Therefore , the re exists a unique number ct ’0 ( O) y 0 for

which the integral In (4.1) vanishes and clearly 1< y 0 < 
~o (0) .  This

proves (2. 5).

We next observe that if is a continuous solution of (1 .6) on

0 < t < T < 00~~ T > 0 , for which c
~0

( 0 )  = y 0, then is unique .

For if u , v C C [0 , T] , u ( C )  = v(O)  = y 0, u ( t )  = v(t)  = g(t) on -00 < t <

a nd u , v satisfy (1 .6) on [0 , T ] ,  then by (H F ) and the mean value

theorem we have

0
(4.2) 0 = (u(t)  - v(t))[ 5 a( t  - s)F 1(~ 1(t) ,g( s))ds

+ f a(t - s)F
1
(~ 2

(t) ,11(s))ds]

+ f a(t - s)F 2 (~ 3(t) ,12( s ) ) ( u ( s )  - v (s))ds , 0 ~ t < T ,

-22-
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for ~~r :. t -  ~~~~~~ ( t ) , between u(t and v(t), and fc’ r some

r
1

( 5 ) , ~ ,(s ) between u (s) and v(s). Bu t then a L1
(0 ,~~ ) , the

ou:i t ir :u ity  f F 1, F 2 , F1 
> 0, and the con tinu ity of u , v on [o ,T]

t :-;ethe r with Gronwall’s inequality applied to (4.2), imply tha t

u(t ~~v ( t , 0 < t ~~ T .

We nex t deduce existence of solutions of (1. 6) on [0 , T] , T > 0

arbitrary , as f.llows . Let 0 < e < t < T < and let 
~~~~~~~~~~~~~~~~~~~ 

be

an arbi t ra ry sequence with < u r n  p. = 0, and cons ider
n — -’

the sequence ~c(t ,p. )~~~0 
of solutions of the initial w~lue problem

1.1), (1.2) on ~~ < t < T. By Theorem 1, 1<  c(t ,p .~~) < g ( 0 ) , and

:~ t , p .~~ 1
) < c t , p . ) , c K t < T , n = 0 , 1, . . . ;  therefore , z ( t) = u r n

f l— . -YD

c < t < T , exists .  Mo reove r , from

Iz (t + h) - z(t~ I < z(t + h)  - ~ (t h , p . )  I

I o(t + h , p . )  - c (t , p . )  I I ~ (t , p . )  - z(t)

fo r t , t -4- h C [ c , T] , and f rom the continuity of ~(t , p . ) , it follows

that the limit function z is continuous on [c , T] . In fact , by Dliii ’ s

theorem , the sequence {O (t ~~~~~) )  converges to z ( t )  uniformly on [c , T] .

We also ob serve that lim 
+ 

z ( c )  exists. The next task is to show that
C— . 0

z ( t , with z ( 0 )  = u r n  
+ 

z ( c ) , satisfi es equation ( 1 .6)  on 0 < t < T .

It i s easier to do this by using the estimate (2 .16 ) of Theorem 5 for

-p .4 (t ,p .) , 0 ~ t < T; we shall only indicate below how to carry out the

passage to the limit In (l . l~ without the estimate (2 . 16) .  Consider the

-23-
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equation (1. 1) with p. r ep la 0 by ~ n ’ y r epL~ced by t , ~ 
) . We have

(t , p . )  1 a ( t  - s F ( 0 ( t , ~i , o(s , p.~~ Jd s , 0 K 
~ 

K T
( 4 . 3 )  

-

L it , 1i  g ( t i  ( -
~~~ 

< t < 0)n —

f r om ( 2 .  16,, 1i r:~ p. ~~~(t , p . )  0 , 0 t K T . On the  rig ht han d  side of
n

(4.3) we use a C L (0 , -~~ , the  c’~ rI t i n u i t -j  of F , and the uniform

convergence of {o t , p .~~~ to conclude tha t

lirn 5 a t  - s F(o(t ,~i ,~~(s ,p . )dg = J a(t  - s;F(z(t,,z(s ds (0 < t < T )

This shows that z(t satisfies the reduced equation (1.6) on 0 < t K T.

By the un iqueness  of continuou s solut ions of (1 .6  we identify z(t)

with ~0
(t). One can avoid using the estL~- n t e  ( Z . 1~~ by int egrating (4.3)

from 0 to t , us ing the bounded ness of the f uncti ons ~(t,p .) (by

Theorem L , and by passing to the l imit  in tn~ i; t e qr n t e o  form of the

equation , jus t i f ied  by the a s s u m p t io n s ;  we u~ ~ ~~- :etails. Since T > 0

is arb itrary , th i s com pletes the existence ~n i u n i c u e n e s s  of a continuous

sol ution of ( 1 . 6 )  on 0 K t < -‘~~.

To establ ish the rema ining conclus ions of Theorem 2, we first

assume that C C’[ 0,00). Then differentiation of (1. 6), justified by

(H
a
)
~ 
(H

F
), (Hg

)~ yields

(4.4 0 f a ’(t - s) F (e
0

(t ) , o0
( s ) ) d s  + o~ (t) 5 a(t - s ) F

1k0
(t), ~0

(s))ds

-24-
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for 0 <- t < ~c 
, where it is u seful  t n - t th  i t  th coeft  ici - nt o~

in (4 .  4 ) is s t r ic t l y po sit ive . It is e v i h c t  th~~t if i ; a  ~i t i  n of

(4.4) n 0 K t T, sat isf y ing the in i t i j I  condi t i r .

(q i t )  (~~f < t < 0)
(4.5~ ~~

0
( t )  ~

( t  0) ,

where y 0 is def ined below ( 4 . 1 4 , then will  he a cot t i nu ou s

solution of the reduced equat ion ( 1. 6 )  on [ 0 , T) , and by un iqueness  of

continuous solut ion of ( 1. 6 )  i t  will be the onl y such - ;olut i oi  of ( l . 6 i . To

establ ish  the complete equivalence of the reduced equat ion  ( 1 . 6 )  and

the initial value problem ( 4 . 4 ) , (4 .  5) , one has  to show that  any continuous

solution of ( 1 . 6 )  is d i f ferent iable .  This can he accomplished

directly by forming d i f ference  quot ien t s  in ( 1. 6 ) ,  appl y ing the mean value

theorem and showing tha t  one can pass to the l imit  thus  arriving again

at ( 4 . 4 ) .  Since for any continuous solution of ( 1.6 .4 each integ ral in ( 4 . 4 )

defines a continuous funct ion  under our assumpt ions , and since the

coefficient of c~~~( t )  is bounded away from zero , it follows that

is continuous. This completes the discussion of the equivalence of (1 .6 )

and ( 4 . 4 ) , ( 4 . 5 )  which enables us to deduce the remaining conclusions of

Theorem 2 concerning solutions of (1.6) by studying (4. 4 , (4. 5).

A simple calculation shows tha t  in the special case a ( t )  Ae \t
,

A >  0, ~ > 0, we have c~~~(t )  0 for t > 0 (from (4 . 4 i , so that

y
0 

for t > 0, and this proves the remark below ( 2 . 6 ) .
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If  a t ~ ~ Ae X t
, A > 0, k > 0 , we wish to show that (2.6) is

s~ t i s t l c ’ d .  From ( 4 . 4 )  we first  have

J a ’(- s)F(y0,g(s))ds
(4.6, -~~~(0 -

f a ( - s !F
1

(y 0 , g ( s 1) d s

By (H
a
)
~ ~~~~~ (H g

1 the denominator In (4.6) is positive . To determine

the sign of the numerator we note first that by the definition of y 0
0

( 4 . 7 )  5 a ( - s ) F ( y 0 ,g ( s ) ) d s  = 0

and by the log convexity of a , repeating the argument of Theorem 1

showing that the integral I ( a )  > 0 in (3.10) (here we take a = 0,

= y 0, ~ (s ,p.) = g(s), and define -~3, )3 > 0, by the relation

g(-~3 y0
), we find

0
( 4 . 8 )  5 a ’( -s F(y 0 , g ( s flds > 0

Therefore, by (4.6), (4.7), (4.8), one has ~~(0) < 0.

Since C C1
(O,00) by continuity one has ~~ (t ) < 0, 0 < t < a ,

for some a> 0. We claim , as in the analogous part of the proof of Theorem 1

(see the proof of (3. 2)), that

(4 . 9 i  ~0 (t) > 1  ( 0 <  t < a)

Since o 0
( O )  - y

0 
> 1 one has by continuity that ( 4 . 9 )  holds on some

L 
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i : t r v ~i1 t the rig h t  f t 0 .  Le t t ing  0 < t1 
K be the first point

~t ‘,vhi h (:
0

1t
1

) 1 . and us ing  y
0 

> ~ 0
(t > 1 or 0 < t - t1, one

computes  c~~( t , ) ( i cr (4. 4 , and one f inds  ea sily that e~ (t
1

) > 0, which

iS i m r . p o s s in l o . This proves (4 . 4 ) .

H ‘Xo rc-:~:t show t h a t

(-1 .10~ ~~~~ < 0 (0 < t < ~

~Iere  t he  - ( 0  i ur e  di~t er s  s rne w h a t  f rom the analogous part of the proof

of The r~- : :.  1 in tn at  we in ~~~ need to compute c~~. Suppose t ~ is

the t l r h t  m t  at  which

(-1 .11 ~~~ ( & 4  = 0 and ~~~~ ( t ~ < 0  ( 0 < t <  c~ )

h :~ reo- ;er , n-/ ( 4 . 4 )  we have

f a (a  - s 4 F (
0

(a ,g ( s Ids + f a (a -

(4 . 12 ~~ 
(~~ = - 

- 0
0 0 a

5 a(a  - s)F 1
(~~0

(a) , g ( s ) ) d s  + f a(a - s F 1
(o 0

(a) , c0 ( sf l d s

The denomira to r  in (4.12) is clearly positive by (H
a
)
~ 
(H

F
), (Hg

)~ The

balancing argument , involving ( 1. 6) in the t = a and the log convexity of

a which has been previously employed in the proof of (3 .10)  and ( 4 . 8 ) ,

shows that

5 a’(a - s) F ( 0 0
(a ) , g ( s ) ) d s  + J a ’(a - s)F(o

0
(a),~ 0

(s))ds > 0

Therefore a) < 0 , contradicting (4.11) and proving (4.10). This

completes the proof of (2.6).
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The proof of property (2. 7)is similar to that of (2. 2) iii Theorem 1

and is omit ted.

To prove property ( Z . 8  we ob serve f i rs t  that  since ciO , p . )  = g ( 0 )

and since c~~(0) 
- y 0, 2 . 8 )  is tru e at t 0 by (2. 5 4 , and therefore ,

by con t inu i ty , ( 2 . 8  is true in some in te rva l  h r  t -~ 0. Suppose tha t

~ (t , p . )  - 0
0

1t ~ is zero for the first t ime at t = t 0 
> 0 and ~ (t ,p . ;  - ~0

(t) > 0

(0 < t  < t 0 ) .  Then from (1.1), 1.6) at t t 0, one obtains by subtraction

( 4 . 1 3 )  -p .o (t 0 , p . )  = J a(t~ 
- s ) [ F ( c ( t 0 , p . ) ,~~(s , p . ) )  - F ( o

0
(t

0
) , o0

( 5 ) ) ] dS

Applying the mean value theorem to the di f ference  under the integral

(note that o(t 0 , p . )  = Q0 (t 0
) by the def in i t ion  of t~ ) and us ing  F 2

( y , z )  < 0

and o(s , p . )  - c,D(s) 
> 0 (0< s < t 0

) , it is evident that the r igh t -hand

side of (4.13) is negative. This implies that c ( t 0 , p . )  > 0  which

contradicts (2 . 1. 4  and proves ( 2 . 8 ) ;  thIs completes  the proof of Theorem 2.

To establish the conclusion (2.10) of Corollary 2 .1  let r~ > 0 be

given. Usin g ( 2 . 4 ) , ( 2 . 8 ) , ( 2 . 9 )  choose T > 0 so large that

I a- (p . ) - ~(t,u) I < and 0 < o0(t 
- a <~~~ for t > T. By the convergence

of cit ,u) to c0
(t )  as p. —~ 0~ on 0 < t < -~~ choo se p. > 0 sufficiently

small that 0 < ~ (T , p .) - ~0
(T) < ~~~. Then

0< a(p.) - a
0 

< i a ( p . )  - o(T , p . )  I + ( o- ( T ,p .) - 

0
(T ~) (c

0
1T )  - a

0
) < 

~

for T > 0 sufficiently la rge and p. > 0 sufficientl~ small , proving (2.10).
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~~~. ~~~~~ - - t  The orem 3. In view of the c~o n o t o n i c it -/  property (2 .  7)  of

solutions of 1. 6)  with respect  to the funct ion g ,  it su f f i ce s  to prove

the result  for the funct ion g given by

Ii 
( -  if —

~~

-

~ 
< t K

(5.l git ) -

1 if t < 
~~~~~ ~ 

> 0, r~ > 0

Note that any such d iscont inuous  funct ion  g can be approximated by

arbitrari ly smooth func t ions  g sa t i s fy ing assumpt ion  (H ) .  Since

1 K g( t )  K 1 5 , - - < t K 0 , property ( 2 .  1 )  impl ies  that  1 K 
~0

(t) < 1 5,

0 <  t < -
~~ . This means  that  the a rguments  of F in (1 .6 )  are close to 1,

if > 0 is suf f ic ien t ly  small  which will be the case in what follows .

For this reason we assume  consis tent  with (H
F

) and without loss of

general i ty that

(5 .  2~ F 1
(l , 1) = 1, F 2

(1 , 1) -l

note tha t  F (x , x 0 (x > 0) implies that  F1
(x , x) -F

2
(x,x.

Substi tuting ( 5 .1 )  into (1 .6 )  y ields (note a C L1
(0 ,~~~) ,

-Ti
(5.3) F(c0

(t ,1 f a(t  - s)ds  ~ F(o0(t),
1 + ~~) J a(t  - s)ds

-7--

4 J a( t  - s)F ( ~ 0
(t ) ,~~0

( s ) ) d s  = 0

UsIng (5 .  2 , the mean value theorem , and F C C
1(]R x ll~) yields 

—- --~~~~~~~~~ __________ A
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0
(~0

(t) - 1 J a(t - s)ds + (~ 0 (t ) - 1 - 6) f a(t - s)ds

~1

( 5 . 4  o( 6 J a(t - s)ds + f a(t - s)( ~ 0 (t) -

+ a(t - s)[ o(c0
(t) - ~0

(s))] ds = 0 , 

0
where (by a C L1(0 ,’~), a(t)  > 0 )  the terminology w(t)  o ( 6)  f a(t - s)ds

means that for every c > 0 one has Iwt I < c~ f a ( ~ )d~ for t > 0

and for 6 > 0 sufficiently small. An equivalent form of (5.4) is

t t+r)

( 5 . 5 >  (~~0
(t)  - 1 f a(~ )d~ 

- f a( t  - s ) (~ 0 (s) - l)ds = Sf a(~ )d~
0 0 t

~ o(6) fa (~ )d~ + f a(t - s) [o(~ 0(t ) -

Since 1 K 00
(t) K 1 + 6 on 0 < t < 00 , (H

F
) implies that the

first  term in (5. 3) is positive , while the second and third terms are

negative . Thus the third term in (5. 3) must be in modulus less than the

first term . This In turn implies that the last term in ( 5 . 5 )  (or the la st

Integral in (5.4)) must be o(S) fa(~)d~ . Therefore, putting z(t) = ~0
(t) -

in (5. 5) yields the equivalent equation

t+ 1 00

(5.6) z(t)A - a * z ( t )  
~ f a(s)ds + o(6 f a(s )d s)  (0 ~ t < 00)

t t

where * denote s the convolution and A = f a (s )ds .
0

- 3 0 -
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We shall now apply a simple Tauberian theorem for (real ) Laplace

t ransforms [ 2 0 ;  Theorem 4 .3 , p. 19 2] to solutions of (5. 6 > .  Put

t+ 1
( 5 .7  7 ( t )  f a(s)ds , c~

( t ) f  a(s) ds
t t

(5. 8) z(p) = f e Pt z(t)dt (p > 0)

Since z is bounded and continuous on [0 , 00 ) , and si nce a C L1(0 ,~~) , z (p )

A. A.

as well as 7 ( r )  and w ( p) exist for p > 0. Noti ng that A = a (0 )  and

that multiplication of (5 . 6) by e
_ P t a nd integration preserves the o

relatio n when p is real , we obtain on solving for ~(p)

(5. 9) z (p )  = 
5~~(p) + o ( 5 ) w ( p )  (p > 0 )

By assumptions (H
a t (2.11 ) , and Lebesgue ’ s dominated convergence

theorem , and integration by part s we also have

(5. 10) w ( 0 )  = f f a ( s dsdt = f  sa( s)ds

0 0 t +~ 
00

(5.11) - . ( O )  f f a( s)dsdt  < f f a(s)dsdt  = f sa( s)d s
0 t 0 t 0

Moreover , by Fubini’ s theorem and (2.1 1)

(5.1 2 ) ~~~ (p) = - f t e ~~
ta t)dt (p > 0)

so that by the mean value theorem and (2 .11)

00

(5. 13) a (0)  - ~(p) p f ta(t)dt (p —- . 0k )
0

- 31-
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Hence using > 5 . 1 0 > , ( 5 .11 ) , ( 5 . 1 3 ) , letti ng p —. 0 4- in (5. 9 ) , and taking

6 > 0  suff icient l y small , there exists a constant K( 6 > 0  such that

(5.14 )  z ( p )  K~(S) (p o~

The above mentioned Tauberian theorem then implies

(5. 15) z ( t )  K(S ) > 0 (t —. + -“ ) 
,

and by the definition of z (5 . 15) yields

1 -~ K ( 6 > > 1 (t — + 7-D )

fo r 6 > 0 sufficiently small . This completes the proof of Theorem 3.

-32 -
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6. Proof of Theore m 4. Us ing  (2 .  13) , e ;uat i on  ( 1. 6 )  may  be writ ten in

the form

0
(6 . 1 >  A , ot  - a y t  j a l t  - s q ( s ) d s  ( O < t o  

~~ )

-r t
where A = J a ( s ds and a y ( t )  J a ( t  - s ) y ( s ds .  Let t ing , as in

0 0

the proof of Theorem 3 . y ( t (  z ( t )  - 1,

6 . 11 bec o :nen  ~he l inear  -~c I t e r m n  e q u a t i on

6 .2 )  Az ( t  - a ~ z ( t  = G t )  (0 t < ‘)  ,

where

• 0
6 . 3)  G(t )  = J a (t  - s ) ( g ( s )  - i ri s ( U  t < r)

We proceed as in the proof of Theorem 3 , but tak ing  any  g (H
g~~

rather than  the special g of ( 5 . 1 1 .  Tak ing  the Laplace t r ans fo rm and

noting that  A - a ( 0 )  we obtain

( 6 . 4 )  z ( p ) a ( ( J ) - a ( p )

By Theorem 2 lim z (t  = z exists and z~ . ‘ 0. If z , > 0 , a s tandard
t-.

Abelian theorem for Laplace t r ans fo rms  [ 20 , Cor . lb . p. 1k2 1 s ta tes  tha t

z

~ (p )  — (p 0 ) .  We shall apply  this result  to (6 . -1 ) f r  p rea l .

Since by (H g(t )  > 1 ~~~ ~
- t < 0 1 , a nd since g is nc - nc ) e c - r on s ing

g

with g(t )  > 1  near t = 0 , we have by Fubini ’s the ren ;

- 3 3 -
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(6 .  Si  0 G ( o )  j e~~~ f a t -  s ) ( g ( s  - l jdsd t

j  ( g ( s )  - 1) J e~~
t
a ( t  - s> dtds  (p > 0>

-~~~
- 0

Let C > 0 be given ; choose a number N = N( e  > 0 , and using (H
g

)

divide the inte rval (-~~, 0] into two parts , such that

(6. 6 g ( s )  - 1 < C (s < -N )

Then (6. 6)  used in ( 6 . 5 )  yields

0 < G(p)  < C 5 e~~
5 e~~

0a( 0)d 0d s  + 0(1) (p  0 )  ,

or equivalently

( 6 . 7 )  0 < G ( p )  < C f e ~~ f e °a(e)ded~ + 0(1) (p 0~ )
O o -

By an integration by part s and a € L1(0, 0 0)  we also have

(6.8) ~(0) - ~(p) = f (1 - e~~
t ) a ( t )dt = 

00 

- e
t
)ePte~~

ta(t)dt

p f e
Pt J ~~

0 (o) dOdt  > 0 (p > 0) .

Therefore , ( 6 . 7 ) , (6 .8 )  substItuted Into (6 .4)  yields

A. 
f e

Pt f ~~
0 (o) dod + 0(1)

(6.9) z(p) < 
0 t (p 0~ ) .

p f e Ptf e~~
O
a(e)dodt

-34-
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But by ( 2 . 141

1im~~ J eP t j e O a O d O d t  + - ,

and this fact used in ( 6 . 9 )  shows that for any C 0

z (p)  < + o(~~) (p  -. 0~ ) 
,

since e ~ 0 Is arbit rary , z~~ > 0 is impossible .  This completes the

proof of Theorem 4.
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7 . Proof of Theore m 5 a rid Corollary 5 .1 .  Let e be the solution of (1.1) ,

(1 . 2 ) .  We re turn  to equation (3 . 8)  obtained by di f fe ren t i a t ing  ( l . l i  and

we write (3 .~~) in the form

(7 . 1 -p .o ’(t , ~~ G(t , p .h~- ’(t ,p . )  + f(t, p . 1  (0 < t < 
~~~ I ,

where

(7.  2 G(t , p . )  5 a(t  - s)F 1
(~ (t , p . ) , c - ( s  

, p .) )ds

t
( 7. 3) f ( t , p . )  = 5 a l t  - s ) F ( o ( t ,p .) , o( s , p . ) > d s

Since F1 > 0 , a € 1}(0,~~ ) , a ( t )  > 0 (0 < t < -
~~) , and since ~ satisfi es

(2. 2) ,  ( 2 .4 i , (2 . 6) , we have by (H g~

( 7 . 4 )  0 < ~~A < G ( t ,1u < I A  ( O < t < 7 - , p . > 0 ) ,

where

( ~ 
= in f F1(y , z ) , r = sup F1(y , z) , S = [l , g ( 0) ) X {l , g (0) ]

S S

(7.5)

A = f a(s) ds
0

We next show that there exists a constant K > 0 , independent of p .,

such that

(7. 6) I f t , p . !  < K J a( s ) ds  (0 < t  < -r , p. > 0)

Write f(t , p . )  = Ii ~ 
I~ , where

-36 -
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0

~l 
/ 1 1 ’( t  - s r r  ( t , p . l , g ( s ) ) d s

t
12 1 a l t  -

1~)

( ) n s i i e r I ) I i r s t  and recall , t r ~~ . the ~,r~- ( ,f of Theorem 1, tha t

< 0  ( 0 -  s ~ t .  ii~ ioe  n ~
— 0 . one has on lett ing

‘ i t  - s i  an i on us ing  the log convexity of a , that

t
(7 . 7 )  0 <  I < ) - ( 0 ) j  j it  - s F ( : ( t , 1j ) , c ( s , p . ) d s l

0

But now (1 . 1 . c nc 1usi ~ n 12 .1 1  of Theorem 1, together with a simple

con s i i er it i c  n of s igns  ot the t e r os  on the r i g h t - h a n d  side of ( 1.1) shows that

t 0
( 7 . 8 If a ( t  - s ) F ( o l t , 1i ) . o ( s , p i d s  

~ J a l t  - s ) F ( (t , p . ) , g ( s ) ) d s
0

Moreover , the boundedness  of c , g T m n i  the cont inui ty  of F impl y that

0
( 7 . 9 )  f a l t  - s ) F ( o t ,p .) , g ( s o d s  < sup I F ( c ( t , p . ) , g ( s ) )  I j  a ( s ) d s  .

-
~~~~ 0~~ t < f  t

- - ‘ < s - - O

Combining (7 .  7 ) .  ( 7 . 8 ) .  ( 7 . 9 >  shows the existence of a constant K ,

Independent of p .,  such that  1
~ 

s a t i s f i e s  the estimate (7 . 6 ) .  In a

s imi lar  way one finds on using the log convexity of a that

I ~ (- ( 0 ) )  sup I F c t , p . , g s~~ I f a( s) ds  .

0~~t < ~ r t
- < s < 0

Combining the es t imates  for 11 and 12 
establ ishes (7 . 6 ) .

-37-
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r~e t u r n i n g  to I 7. I we have by i n t o g r i t i o n

( 7 . m i  ~ ( -o (t ,p . l e X P ( ~~ J G(s , p.) ds ) )  :- ~~~ (~ X i l~~ J G s , ~ vi s i
-t p. 0 p. p. 0

By (7 . 6 )  one h n s , f r  0 t ~-c ~ and p. 0 ,

t t —
_____ 

- 1 - I -

( 7 .11) - ‘ — ~~exp (— J G) s , p . l d s  < ex;o~~j  C 1 s .~uds lug J a ) S l o S )
1 p. 0 i-j o

f~e~ -re i~~. t — - ~r it in g  (7 .  10) observe th by a , a L1(0 , a :io by the log

~f a one has

tci 1 - 
- Lit n I t

~~~~~~~ J G( S ,p .)d S log J a ( s - o s )  = ‘ - -

j a ( s~ds

a ( s ) d s
G(t ,~~) t 0(1) (0 < t —, p. > 0 )p. - p.

f a ( s > d s
t

A simple but tedious calculation then shows that  us ing  ( 7 . 4 , (7 . 6 )  i n (7. 11 )

there exist cons tants  p.0 > 0 , K = K(p .0
) > 0 such that

t

( 7 .12 )  If -~~~~~~~‘~~~~~ ex p -~ f G(s ,p .) d s ) d~ I
0 p. p. 0

K exp(~ f G(s ,p . ;d s  log(f a ( s ) d s ) )  (0 < t  < 0 < p .  < p .0
)

Then IntegratIng (7 .10)  and using (7 .12) , and

-~~‘(O ,p .)  ~~~ 5 a ( - s > F ( g ( 0 ) , g ( s ) ) d s

-38- 
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as well ~is conclusion ( 2 . l i  of Theorem 1, yie lds  the es t in ate ( 2 . 1 6 ) ,

where K 1 
= - , A . This completes the  proof of Theorem 5 .

Proof of Coro l lc i r ’ .- 5 . 1 .  In tegra t ing ( 2 . 16) from t to i n f i n i t y  and using

conclun’ ions  ( 2 . 1 )  and ( 2 . 4 )  of Theorem 1 y ie lds

0 ~~i t , p . )  - a(p. ) Ke 1 K J (f a ( s ) d s ) d s  (0 < i~ < ~~~; 0 < t ‘) ;

t ~

an iotc cjr :it i  -n by part s gives

-
r

(7.13 ) 0 < o(t,p.) - 4p.) < Ke K J (s - t ) a ( s ) d s  (0 < p. < p.s ; 0 < t < )

Since a( t  is log convex , log a l t i  is bounded below by an a f f ine

func t ion ;  thus  there exist cons tants  a > 0 , ~ > 0 such that  a t I  > ae~~
t

(0 < t < ) Hence give n any t 0 > 0  there exists a c n ~;t an t  which we

again call p.0 > 0 such that  the integral  term in ( 7 . 1 3 )  r i o r r in at e s  the

f i rs t  term for t 0 < t < -‘, 0 < p. -
~~ p.s

; this s ta tement  remains  true at t 0 0

by possibly increasing K. This , together with ( 7 . 1 3 )  es tabl ishes  ( 2 . 17) .

The f i rs t  inequali ty in (2 . 18)  follows from ( 2 . 8 > .  To prove the second

inequali ty in (2 .18 )  note that

o ( t ,p . )  - 0
0

( tl  = ~(t ,p . )  - a(p .)  a (p .)  - ~~
0

( t )

< c i( t , p . )  - a ( p .)  + a(p .)  - a
0 

,

where the las t  step follows by Theorem 2 ; (2 .18)  now follows by e s t i m a t i n g

~it ,p . )  - ~(p .) by ( 2 . 1 7 ) .  ThIs completes the proof of Corollary s .l .

—
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8. Proof of Theorem 6. Let be the unique solution of ( l . 6 i  See

Theorem 2 ) .  Thus o
~ 

sa t i s f ies

0
(8. l J ~ ( t - s ~ I h : 0

( t ) , g ( 5 ) i 0 5  J a ( t - s ) F ( c
0

lt , : 0
( 5 ) i is 0 (0 <~~

By a C L1(0 , -‘0 , ( H
F

) , ( H ) , and the boundedness uf  there exists

a cons tan t  K 0 such tha t

0 -r

)~l . 2) 0 < J a(t - s)F(o
0

)t I ,g (s)Ids K J a s l e s  (0 t < r >

~ r

(The f irst  inequal i ty  in ( 8 . 2 )  follows by simple consideration of s igns in ( 8.  i i .

Applying (H F
) and the mean value theorem we have

F ( c  
0

( t ’  , ~~ ( s ) )  F 1(o 0 ( s i , c0 ( s H ( c  
0

( t )  — o
~~

(s I )  o(~~0
( t )  — c 

s
(s)) ~

which by the boundedness of 
~~~~~~

, F
1 

> 0 , and the continuity of

implies that  there exist cons tan ts  M 1, M
2 > 0 such that

( 8 . 3 )  M 1
(~~0

( s )  - o (t)) -F ( o 0
( t ) ,~~0 ( s H  < M

2
(o 0

( s )  - o0
l t ) ) :  0 s -~ t < 7-~

Using (8. 2) , ( 8 . 3 )  in ( 8 .1 )  shows that

( 8 .4 )  a l t  - s) ( 0 0
( t l  - 00

( s ) ) d s  it )  (0 < t  < )

where

( 8 . 5 )  ~~ ( t)  = 0(f a(s)ds)
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Let

(8 . 6)  z (t  ) <
0

(t I — ,~ I u r n  ( t i

Then , f r m  8 . 4 , Z satisfies the l inear  V Jt err a equat ion

t

8 . 7 )  / ) t I  a ( s ) d s  - J a ( t  - s ) z ( s ( d S  ( t i  (0 t <

0 0

t r

writ ing J a ( s ) d s  f a ( s) d s  - f a( s) d s  and noting tha t  z ( t )  is
0 0 t

bou nded shows tha t  (8 . 7) may be written in the form

( 8 . 8 )  

- a z l t )  w(t  (0 ~ t < ; A  - f  a ( s ) d s  > 0 )

w ( t l  = ~ (t )  z ( t  f a( s ds ot f a ( s ) d s , 0 < t <
t t

We now solve ( 8 . 8 )  by Laplace t r a n s f o r m s .  By the argument of

Theorem 3 and us ing  f t a (t ) d t  < -r , we find that  if

w ( 0 )  = f w(t )d t  � 0
0

(note that this integra l exists i n view of the estimate satisfied by w

and t a ( t  C L1(0 , -’ ) ) ,  th en u r n  z ( t )  = � 0. But , by Theorem 2 ,

Z
-r 

= 0. Therefore ,

(8. 9) f w(t ) dt  0

— 4 1—



w x o t o ;r ~~te (~-~ . S I over [ 0 , T] , T > 0, obtaining

T T ‘F
A / z (s  Ids - J a z i t  ‘i t  J w(t nt

( 1 0 0

hut , by (8 . ( 1 ) ,  the l~, ; t  equati i co1n be w r i t t i n as

T T
~ . 1Oi  A J  z ( s i d s  - J a~~ ~~ t r1t -f w(t it

0 0

In te rchang ing  the order of in tegra t ion  in thu  double  in tegral  on the lef t -

hand  side of (8 .10 )  and using the es t ima te  for w in ( 8 . 8 ) , as well as

tn (t ~
- L

1
L , ( y ields

T T T
(8 . 11) A f z ( s ) d s  - f z ( s )  f a ( - ’  id - cis - - 0(J (t - T ) a t ;dt ~ (0 < T < x

~0 0 0 T

Using  the defini t ion of A and combining the two integrals  on the  le f t -hand

side of ( 8 .11 ) yields

T -~~

(8 . l Z i  f z ) s )  f a (- Id’~ds = 0(f it - T ) a ( t dt )
0 T-s T

Finall y ,  us ing  the  fact  tha t  z is decreasing on 0 < T < -‘, we obtain

from (8 .12 )

T T
z(T)  f f a(~~)d~ ds 0 ( f  (t - T ) a ( t i d t i

0 T-s T

which on interchanging the order of integration yields

T
( 8 .13 )  z ( T )  f a(~~) d T  = 0(f (t - T ) a ( t ) d t

0 T

This Implies (2.1 9 ) and completes the proof of Theorem 6 .
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~~ . Proof of The orem 7. By s tandard resul ts  the initial value problem (2.  22 )

has a unique local solution w = ~ (t )  havi ng

0
- S a ( - s F ( g ( O ) ,g ( s ) ) d s  > 0

Thus ~ decreases initi ally . To continue the local solution we proceed

simila r to the proof of Theorem 1. First , we show that for as long as

~~‘(-r ) < 0 one has

(9 . 2) ~ (-r ) > y

where y 0 is (see Theorem 2) the unique value for which

( 9 . 3 )  5 a ( - s ) F ( y 0 , g ( s ) ) d s  = 0

We observe that equation (2 .  22) may be regarded as an autonomous

ordinary differential equation having the point y
0 

as its only critical point .

Recall from Theorem 2 that (~ (O) = )g ( 0)  > y
0

. If ~, assumes the value

at T - Ti, then by ( 9 . 2 )

-~~~ (T
1

) = f a ( - s ) F ( y 0, g ( s ) ) d s  0

which is Imp ossible if ~~(t1) < 0. This proves (9.  2 ) .  On the other hand ,

< 0 implies by continuity that ~~ (T )  < 0 for 0 < i- < a , a > 0. If

a > 0 is the first point at which ~, ‘( a) = 0 , then

0
0 = -~~‘(a )  5 a ( - s ) F ( ~ (a) , g( s)) ds

- 4 3 -



This by uniqueness ut  y
0 

impl i es  that  ~~~ (i, I y 0, ~t m I  therefor e ,

W - 
~~( t (  and w y

0 would be two so lu ti on s  of ( 2 .  2 2 1  through the

point (cz ,y
0

) , co ntradict ing un iqueness .  Therefore ,

( 9 . 4 )  
~~‘ (t  < 0

for as long as the solution exists. Now (9. 2), (9.4 ,1 and a standard

conti nuation argument  yield the global existence and uniqueness of the

solution w = ~~ ( T )  of (2 .  22 )  such that

( 9 . 5 )  
~~ ‘ (T  < 0 , y 0 < ~~(-r I -~ gO )  ( U  < T < ~~

which implies that  lim ~~(T )  = ~ exists and ~ > y
0

.

T -

To prove ( 2 . 2 3 1  we combine ( 2 . 2 2 i  and ( 9 . 3 obta in ing

( 9.6 i  - = f a (-s (F(~ (T ,g(s)) - F(y0,g(s))ds (0 - - T < )

Applying the mean value theorem and (H F
) yields the existence of a

0 < O ( T )  < 1, such that

(9 . 7) - = 5 a ( - s ) F
1

(y
0 

-
~ 0( T ) ( ~~~( T )  - y

0
) , g ( s i ) d s [ ~~( T )  - y

0
]

Let S = [ y 0 ,g ( 0) ]  )< [l , g ( O ] ,  A = f  a(s ds > 0 . By (H
F

)

inf F1, (y , z) >0
(y , z ) €  S

Therefore using this and (9 . 5) in (9 . 7) give s the differential  inequal i ty

(9.8) - 
~~ ~A (~ (~ ) - y

0
) (0 < T < ~ )

- 4 1-
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In t eg r at ing  ( i l . 1 and using the init ial  : n i i t ion ~, ( 0 )  g( 0 )  yields

the second s t a t e m e n t  in (2 .  2~ ) , which , together with the existence of

lim ~ j T J  ~~~~~, n i s  impl ies  the f i r s t  s ta tement  in (2 .  23 ) .
T~~~ -

~~

Apply ing  the t r ans fo rma t ion  (2 .  21; it is clear that y ( t )  = ~ (t/p.) is

the unique  solution of the initial value problem 2. 20 ) for p. > 0 , 0 ~ t < -~~~~ .

Th us

I -
~~~ ~ = I a ( - s i F ( ~~~~i , g( sp ds  (p . > 0 , 0 < t < )

( 9 . 9 )  ~ 
I

~ (0 ) = g ( 0 )

Let ~ (t , p . (  be the unique solution of (1 . 1) , ( 1 . 2 )  on 0 < t  < -‘~ , p. > 0

(see Theorem 1) , which can be writ ten in the form

( 9 . 10 )  -p . c(t  , p . )  = 5 a ( - 5 F ( e ( t  , p . ( , g ( s ) )  ds

0
+ t  J a ’ -s~ O ( t , s t ) F ( ~ (t ,p . ) , g ( s) )d s

t
+ f a ( t  - s)F(c(t ,p.),o(s ,p.))ds (0 < t  < 00~ p. > 0 )

0

where 0 < 0(t , s) < 1 comes f rom the  appl ication of the mean value

theorem to a(t  - s) - a ( - s ) .  Not e t h a t  since F(~ (t , p . ) ,g ( s) )  is bounded

a nd a ’ € L
1

(0 , 0 0 ) ,  t h e second integr al  in (9.1 0) clearly exists. Subt racting

( 9 . 9 )  from ( 9 .  10) , using the mea n value theorem once more , and

observing th at the last two term s in ( 9 .10 )  are 0(t ) as t -~ 0 + ,

u ni for mly I n p. > 0 , yield s

- 4 5 -
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) d . l l )  -p .  ~~ [ca t , p .  - & i  ~~~( t , 1 i L : ( t , p .  - 
~~~(~~~~ i]  + 0 (t )

(t - - 0 , u~ i f or ml y in ~

wn L - r e

(9.12) i t , p .)  J a )  -S F 1~~ (~~) ~ 0 ( t , ) 4 i k ( t  , p .) - ~ (~ d , g( s ) )d s

o < ) i ( t , p . )  < 1. Lett ing S — [l ,g(0 ] X 1 ,g (U ] . A a ) s ) d s , and

us ing  (H , (H  ) , (H  ) implies
a F g

(‘~.13) Inf QUt ,p . ) ,A > 0

o < t  < t
0u > 0

~vhere ~- inf F1
(y , z )  is independent  of p . . Us ing  ( ‘~~. 1 3 )  in (~~.1i ,

S
in tegra t ing  ( J . 1 1 , and a pp l y i n g  the ini t ia l  condition ~ (O , p . )  - - r, ( O i

y ields the existence of a constant  K = K ( t
0

) , independent  of p. such t ha t

t - ~~~i t - s )
olt ,p .)-~~(~~) I ~~~K J~~~~e ~ ds (0< t < t

0
:p . > O ).

Thus

(~~~. l 4  I~~t ,p . - ) I  <
~~~~ L~ ~ ~~~e (0 < t < t

0
, p. > O )

which is (2 .  24) with K = ~~~~~ . This completes  the pr o of  of Theorem 7.

- 4 6 - - -
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10 . Proof of Theorem 8. We show that

( 1 0 .  1) w(t ,p . )  - ~~
0

( t )  ~ 
(g ( 0) - c 0 ( 0 ) ) e xp ( -  

~~~~~~~) 
- * ~j ( t ) p .  log p . 1

where is the sol ution of (1. 6) , is an upper solution of ( 1.1) for

0 < t ~
— -r for suitable choices of the constant K > 0 and the function y .

By Appendi x (B) it suff ices to show that w defined by (10.1) for 0 < t < -‘

and w (t )  g (t )  ( -  < t < 0) satisfies the integrodifferential inequality

t
(10. 2 i  -p.w (t , p .) < 5 a(t - s) F (w ( t , p .) , w(s , p . ) )d S  (0 < t < f - i  .

We begin by defining ~ and K in (10 . 2 ) .  For reasons which

will become appa rent below let

( 10 .3 )  ‘ ( t )  = ~ 
exp (K 1 f (f a(T )dT dn i (0 K 

~ <

where > 0 , K1 > 0 are constants specified below . The f u n c t i r n  w

defined by (10.1 ) satisfies the ineq uality

(10.4)  l <w ( t ,p . )~~ ~o 10
~ 

g ( 0 ) +  
~~ 

exp (K 1 J J a (T dTd loi log p . 1  (0 < t

Let J denote the closed interval [l , 2 (c o
( O) ~ g ( 0d ~ and let R den ot e

the rectangle J X  I . Let M > 0 be a consta nt such that

( 10.5)  max { 1F y ,  z) I , 1F 1(y ,  z )  j ,  Ir 2 (y , z) 1 , F 11
(y ,  z) I ,  F 12

(y ,  z )  I , 1F 2 2 (y ,  z) I )  <

(y , z ) € R

and let m > 0 be a constant such that (see (H F ) )

(10.6) mm F1
(y, z)  > m

(y , z ) E R

- 4 7-
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Then for any choice f 
~~~ 

K 1, independent  of p ., one has for p.

suf f ic i~- r t 1; s ma l l  that  the  po in t s :

( w (t , p.) , w 5 , p . ) ” , (~v (t , i , 00(s I , (o
0

( t ) , w( s , i ) )
, L: 

0
( t i  , Oo

(5 I )  C

for 0 s < t < r this  s t a t emen t  is also true for t < 0 since

w(t,p .) - c
0

i t l  g ( t )  for t < 0. Therefore , the values of F and its

f i rs t  and second part ial  der ivat ives  at these points are by (10.5) bounded

by i~i .

We define K in ( 10.1) by K n~~, where A = f a s d s .

With these definitions of K and -
~ it remains  to verify (10. 2 ) .

We begin by doing this  on the interval 0 < t < p. log p. I .  To s impl i fy

the exposit ion let RHS denote the integral on the right hand side of ( 10 .21

for t on any interval under consideration. We shall also surpress the

pa rameter  p. in w(t ,p . ( when no confusion ar ises .  By the mean value

theorem we have for 0 < t < p. Ilog p. I :

(10. 7) RHS J a(t  - s ) F ( (w  - 
0

(t + ~0(t), (w 
- 
~~)(s) + o0 ( s ) ) d s

= (w - ~0
)( t )  5 a(t - s)F 1

(~ ( t ) ,~~( s ) )d s  + O(p . log p. I )

wh ere the 0 term does not exceed Z Ma ( O)
p. I log p . 1 , and ~ (t ) lies

between 40
(t) and w(t). Thus (10.1), (10.6) used in (10 . 7) yields

(10.8) RHS > ~~[(g(0) - ~~(0))~~Kt/~ + ~(t )p . log p. I~ + O(p . log p . 1 )  .

-48 -
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In ( 10. 3 i  s th t t  mA
0 ~~~~‘~1 - j ( 0 /K and leaving K

1

- i r : i t :  ~ry i t  ~rw ‘r oment , ( 10 . ~‘ )  becomes

) 10 . ’fl R H S ~~[ ( g O  - (0 Kt/p . 
~ ~~~ 

log ~ I ]

On the other hand , it fol lows from ( l O . l  and ( 10. 3) us ing  ~1 (t )  > 0 (0 < t < ~ )

tha t

( 10.10) -p .W (t -p .c-~~ t )  K ( g (0  - c0
(O))e Kt

~~ (t> 0)

Since -c~ ( t )  > 0 it follows from the choice of K by comparing (10 . 9 ) ,

(10 .10) tha t  for p. suf f ic ient ly  small  the desired inequality (10 . 2) holds

on the interval 0 < t  < p. log p. I .

We next verify ( 10. 2 )  on the in terval  p. Ilog p. I < t < K 2 where K 2

is a positive constant , independent of p., to be determined. Observe

that for t ~ p. h o g  p. I ,

(10.1 1) 1w - o0 ) ( t )  < ~~( t ) p .  h o g  p . I  +

Thus by the mean value theorem and the fact that  w(t )  = 00
(t) = g ( t )  (-

~~~~ 
< t < 0)

one has

(10.12) RHS = (w - ~~
0

)( t 5 a(t  -

zp. I log p. I/Kf a(t - s)(w -

0

+ f a(t - s)(w - : 0
) ( s ) F

2
(~~( t ) , ~ ( s) )d s  ( t >  p. h o g  p. I )

2p. b log p. I/K
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w h e n  ~~~ t is h- -twe n 0
0

) t l  ar c ! w i t ) ,  l e t  I~, I , 1 3 denote the

f i r s t , S u ° ’ - f l  ~~, 
t ad  t h i n : u t - a  d in (10. 1 2 ) .  T h i n  by 110. 1) .  ( 10 . 51 , and

-
~ a :. i creasi:cc; lie

1( 1 . 13; 1 2 K ~~~~~~~~~~~t i p. log ;~~~~L p . ( g ( U )  -

d u O  u i l a n i ;

( 10 ) - ;  . [

3
1 _ : ~ i t i 1i I i g ~ l + O~p.

2
J 1

~ 
a t  - s - d s

K 
u a p .

- :  to t h a t  I ,. 1 3 
ar e each negative while is positive ani  C r ~ > 0

cu r L  o- - u t ly  sir -a ll

111 . 15)  I~~> ~~:r A ) - t t , p . log p . 1  O(p .
2 ) )  .

So if K
2 

is chc sen ( independent  of p . 1 and ~u i r i c i e r t 1 ; s ;an l l . i t

II  wa f rom (10 . 12 - ( 10 .15 ) .  tha t  f- c r p. s u f f i c i e n t l y  small

(10 . l6i  R H S >  ~ mA’~~t p . I l o g  H ~~~~~~~~~~~~~ < t < K
2

) .

i ro nic IC . 1 , 1 10 .3)  one has  again  ( 10.10 ) valid on tn °  i n t e rva l  be ing

‘r c : ; i  )e r e ’l .  C - r c c p i r ing  (10.10 ) and ( 10. 16) one f inds  that  (10 . 2 is sat i s f i ed

on the interval  p. h o g  p. I < t < K 2 , with K 2 
chosen as above , i f p. > 0

is ci L i c i c f l t ly smal l .  ~iote that in this and the previou s part of the pr o f

we have not u s e d  the special form of ~(t)  in any significant way.

Finally , we establish (10 . 2) for any t > K 2
. 1- or any such t ( 10. 12)

is valid and the estimate for I
~ 

given by ~1fl . 13) holds .  Rewrite 1
~ 

in

-5 0-  
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tOe 1 c m l

K log~ i

( 10 .17  1w - ç
0

( t ) ) [  f  a(t  - s)F 1
( ~ ( t i  

,~~~ ( suds]

(w - 00 (t~) [f  a ( t  - s)F
1
(~

(t (s )ds~ Ill L
iz

K 
log p.

Thus (10 .1 2 )  may be writ ten as

RHS I
~ 

112 
+ 1

2 
± 13

We shall combine ‘11 
+ and show that  ~ I i 3 I~ From (10 .17) , ( 1 0 . 1 ) ,

(10.13; , and nondecreas ing,  we find easily that for t > K
2

I
ll 

1
2 > m~ (K2

)p. h og p. I f a(~~dff

- 
Ma(0I (2~ (~~)p.

2 
log p . 1 2 

+ p.(g(0) -

Thus if p. is suff ic ient ly  small and K 2 
is not too large , there exists a

constant  ft > 0 such that  for t > K
2

( 10, 18)  I ll 
+ 1

2~~ 
op. log p . I

To show tha t

(10.19) 112 � 
11 3 1 (t > K2

) ,

It suffices t show that for t > K
2

, ~~ h o g  p. I < s < t , one has

(10 . 20) (w - 0
0

) i t ) F
1

(~~ ) t i  ,~ (s)) ~ (w 
- 1(s) F

2
,(t) ,~~(s)) I

-
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We write ~~) t )  C
0

( t )  e
1

.v - c
0

) ( t , ~(s) (
fJ
(s) ‘‘2

(w — o~y(s , where

o <c 
~l’ 

‘ - 1 in t~1e i : t , qr a l s  1
12 and 1.~ in  ( 10 . 1H . The a s sumpt i on

F C 2
(~ . ~ ) in- t i  bounds (10. Si insure t ha t  fu r  the r ome i f the

a rgu s i nts  of 1 : I t e r l c ; t  l e n t -  tc i ~ - : i n c -;t partial derivatives of F
2
/F

1 
do not

)~ 1 2
exceen ~~~

°
~
— . Using  these fa -t: -c , as well as F 1

( :-:~ x )  -F 2 x , x )  or

every x , and - i p ; l ing the mean  value the orem to F / 1 1, it i 11- -ws

tha t  we will have  s tabl ished 10 . 20 )  (and also ( 10. lC I )  if we can pr ye tO

1w - C- ( i t ,  2

(10.21) 0 
- >1 [ c i t )  - c~ ( s )  1w -- e u t  - i ’ .v - c ds~ I ]- 

~~ ( ( s;  — 2 0 o o0 m

fcr  t K ) and ~~ h o g  p. I < s < t .  But for  s , t so res t r i ct ed  i t  f~ -l low s

f r o m ( 10 . 1 )  t h a t

1w — o ( t i  — 1W — : ) ( s )
- 0 1) -j t i  - ~( s i  2( 1 0 . 2 2 )  - - 0()i I1w - c 0 ( s )

and us ing  ( 1 0 . 3 )  tha t

(10. 23) ~~ (t ~~~~~~~~~j s i 
= exp(K

1 f f  a ( T ) d T d ~~) - 1 > K1

Thus us ing  the es t imate  Io 0 iu - ~~~ I M 
~ 

a ( l d  (obtained from

( 4 . 4 1 , see also Remark  5 .1 )  and ( 10. 23 , in (10 . 21) it follows that  (10. 21)

holds if one chooses the cons tan t  K
1 

suff ic ient l y large.  This proves

(10 . 19). Combining  (10.18) and (10.19 ) shows tha t  for p. suf f ic ient l y small

and the constants  ft > 0, 
~~ 

>0 , K1 
> 0 chosen as abov e ,

-5 2-  
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tu r t K , . ~~ c o m p ar i s on  with ( I I ) . 10) t h e n  ~h —  w s t h - ~t II I . 2i is also
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- ‘ n: t i c  a t i -~ i : o i ~~1

iten  ; i  :~t j s  r , n h i :  -yn i , e : - S l l i ij t  lar ge  e l a s t i c  r e c o v e r y .  f r  enn -~ nr:;  f e ,

4 n i l a m e : .t f - t  - c u - n t  Jn p 1 - ,’e t : l y L c ! I e  ( t O~elt  1 t t  l~~~
) C , ‘v - en c-i n g a t e u

it  a r it e  0f 1 C i d ./  sec/cu f r o m  a n :  1 : : i t l  1 len at h  c i . s i t u , I (‘15 to a

( -C 5~’ cnic a ic uf  t h e n  r e lea sed , will reach ci t u al 1c’ngt :i of ui: u t  5 cm [ l~~~

Such e la s t i c  an d  other  rneo l  ;ical p -L~ s ire  ‘ : 1 LI t er ’  st o t c e  ; r c e s s  -

keg 1 1 :ct lcs d O - i  rubber and a m :  i s  i : x i r 1 -h - S  of : - t n  I s  wi th  m op

[he c - c r rect  eqU at i ’ : I  ~s f-a u d e s : -n ih i  i . : t :o 1 - i t h e n r u a l  bch a -‘j o ur of

a j iven  m ol ten  p l i s t i r  are n ot  yet  k r n w i  . One 5ct which has  h i - u - n us e - i

wi th  s -mo success [ s} for  ‘M el t  1 can b0 cxprossed as c c - I l  -,a - c i ~~ 
by :-:

t : nsors:

c A l )  u ( P , t + p~~~ ( P , t -o ~~~~ I a i t  - s~~ 
1( P . s i d s

A 2  ~ det o ( P  S)  0 (- ~~ < S ‘ t I
ds — , —

( A 3  . -rt ( P , t - p L~ -

(A l !  R { V ’ P , s) )  - 0 — r < s < t i

( Al )  is the so-called rubberlike liquid cons t itu t ive  :u : t t i -  n r e l a t i ng

the sy n c  r ~r u c  - c tn  i r i a -  t stress tensor ~ (P , t )  ~at p ar t ic le  P and

time to t h e  va lues  of t o ’  ni -- c i p r cc - aI of the sy moc ‘n a c - va ni i flt

fb i  Ii . S . pr - l u c Iu ri ;~~ 
. if ) l i i  of pi l .  ‘ i:l, io- i i i  1~~73 exce t ’dp i  t h i t  01

ire,’ ct!1r ’r iano p Iyrif-r -

- 5 4 -
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met r i c  tens or  y I P , s )  i t  t imes  in the in te rva l  -‘~ < s a t (see (Al2 below).

[‘he i: i t r m i t i  pr p u - r t i e s  are ! et e r u n : i n e d  by the nonnegat ive cons tan t  ~ and

toe nonnega t ive  co n s t a n t s  a 1, . . . , a , T
m~ 

in the mem ory funct ion

rn
( A s )  a ( t  a e x p( -t / T (a 0 T o 0 )

‘—
~ r r r— ‘

r=1

(See (.‘u 2 f : and following exp l ana t ion , below) .

If the inte gral term were omit ted , (A l ) ,  with the consta nt volume

conditio n (AZ!, would descr ibe an incompressible  Newtonian liquid of

viscosity 
~ 

and could be used , with the stress equation of motion (A3 ,

to derive the Naviem-Stokes  equa t ions;  there would be no elastic recovery

possible.  ~ and are cont ravar ian t  vectors describing acceleration

and body force p t - r  unit mass , res p ectivel y ; p denotes the densi ty .

p is a scalar func t ion  of P and t , 
of the nature of a hydrosta t i c

pressure , introduced in conjunct ion with the incompress ib i l i ty  condition

(AZ ’ . in (A3) denotes the covariant derivative operator formed with

,~,(P , t , and the dot denotes contraction [8 , p. l93~ . (A4 ) expresses

the vanishing of the fourth rank Riemann-Chris toffel  curvature tensor R

constructed with \‘(P , s) ;  this expresses the fact  that  the bod y mani fo ld

is Euclidean at each instant  s and so admits a body coordinate system

that  is ins tanta neously rectangular  Cartesian at s [8 , p. 202 ] ,

Equat ions (Al - 4) are suff icient  in number to determine , in principle ,

the unknown variables 17 y , and p when the remaining -~u c int i t i e s

(together with suitable boundary and initial condit ions)  are given.

-SS-
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in  u f i t n - i r ;  h I ’ . - co -n :i o , t e  sy s t e r i .  B : {P ~

( A l )  an -i o’
~ 2 )  ‘, i t I : e q u - i t i -  ns

- -  . . _ _ I j  t - -

)A(o ~
11(~~, t i  - p (~~, t )~1~~~i~~ , t I  ‘i ~~ J a i t -

I A ? ; ~~~~~~i i - t  y . (~~, s)  - 0 ( - ~~ < 5 < t )
( ‘S 1) —

where ~ in th is  - - m d  in si m i l a r  - : - nc t u xt s  is shor t  for ~~~~~~~

, 
~ 2 ~ 3 , the

coordinates  ~f P in B; i~~~~~, -~~~~~~~, and ‘

~~~~ 

denote components  of it ,

V ~~

, and ~~~. respec t ive l y ,  i ,j  = 1 , 2, 3. For an arbitrary B , (A3 )

yield s a complicated set of equa t ions .  One can , h owever , alwa ys choose

a B that is Cartesian at the instant t at which (A3) applies ( i . e . , B

is such tha t  \ , J~~, t is independent  of ~ for i , j = 1, 2 , 3) , and a

space c o : r -h i n a t e  s y s t e m -  C : -
~~ R

3 
that  is rectangular  Cartes ian;

(A3 )  t hen  y ields the fo l lowing three partial d i f fe ren t i a l  equa t ions :

3 k j  Z i  -

(A 8) V \ ‘  e~ t ‘ t  (~~ t)  
= 

~ 
~ d I (~ t i  

- (j  1 2 , 3 )

j , k 1 !i~ ( i t

The no ‘tic - in of the body is now described by the three equat ions

(A9 ) x~ f ’(~~, s) (i 1, 2 , 3)

where xi denote the coordinates in C of the place Q occupied by

particle P at t ime s. denotes the components in C of the external

body force per unit mass.

(A- ) ’ y ields a very c - o r r p l i c a t e c i  set of non l i nea r , second order par t ia l

differential equat ions  in . . (~~ , 
S)  whose so lut i on  is of th e  fe -rn
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(AlO ) ~~~~~~ = 
~ f

k (~ !i f ( ~~~~) (i , j = 1, 2 , 3)
k 1 ~~

for arbitrary B and rectangular  Car tes ian  C [ 3  , 11] . We may thus  use

the three func t ions  f1(~~, s)  in place of the six functions -y . ( ~~, s) (=

as unknowns .  On using (A1O and the matrix equation

ii — l(All ) [ ‘y (r ~ , s)] [

we may express (A6) and (A7 ) in term s of ir fl
, 1’, and p;  on substituting

the resulting expressions for into (A 8) , we finall y obtain th ree non-

linear , p art ial- inte gro-differential  equations , which , with the single

equation result ing from (A7) , yields a set of four equations for the four

unknown funct ions  f1, p;  the independent variables are ç~ , S.

The f ina l  equations are nonl inear  in f’, p although the rubberlike

liquid consti tut ive equation (Al ) is l inear in the tensors ii , V 1. The

nonlinearity comes from the constant  volume condition (AZ) and from the

zero-curvature condition (A4 ) whose solution (Alo) is quadratic in the

unkno wn functioas f~ . The nonlineari ty ar is ing from the products in the

l e f t - h a n d  side of (A 8)  can be removed tr ivial ly by choosing B to coincide

with C at t ime t , so that  f1(~~, t) ~
‘ and af ’/a~ = at time t.

A very considerable s impl i f ica t ion  of the above equations Is obtained

for flow histories which are homogeneous  (or un i fo rm )  under conditions in

wh ich the inert ial  and body force term s on the righ t - h a n d  side of (A 3 ) can

be neglected. Such histories are of little or no interest in classical

-

- - . - -  -
~~~~~
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h ’1-er f y n i m i c s  (where the cons t i tu t ive  equat ions  are given by (Al )  with

m I t  0 )  but are of f u r c i m u n c e n t a l  impor tance  in po lym er  rh eo logy  where

hi~~hI’: viscous molten plast ics  can be subjected to u n i f o r m  e longat ion in

f i l a m e n t  form or to two-way stretching in sheet form : results of careful ly

c o i i t r  lied exper iment s of this type can be used to test  the appl icabi l i ty  of

e c - e s t i t u t i v e  equa t ions  such as (A l ) .  A flow his tory is homogeneous  if ,

for any two instants s, t , we have ~ 1 ’y(P ,s) = 0 [8, p . 247], fr om

which it can be shown that V~~~
1(P,s) - 0; since commutes  with

the o p e r a t o r s  i’/at and f a(t  - s). . . ds , it follows fro m (Al )  (tak ing

p to be independent  of P , as a trial solution) that 2tiL(P , t ) 0 (show-

ing that  the stress is homogeneous)  and hence also tha t  (A3)  (with the

r igh t -hand  side zero ) Is satisfied . It also follows from the above defi ni-

tion of a homogeneou s flow history that a body coordinate system

B : p -- ~ exists that is Cartesian in every state , i . e . , which is such

that ~~~~~~~ is independent of ~ for all s [8 , p.  247 1 , and hence

(A4 ) is sa t i s f ied .  The behaviour  in homogeneous flow his tor ies  wi th  iner t ia l

and body forces neglected is thus governed by (A6) and (A7 ) with ~

absent , and there is no longer a need to introduce a space coordinate

system or the functions f~: one can instead use 
~~~

.,  or as the

u nknowns , for example , in the case of problems involving the calculation

of free elastic recovery: in such problems , the flow history (and hence

~u - , ( s ) )  would be specified throughout some interval - -‘ < s t 1, say ;
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t - m t
1 S < t , the s t ress  would be zero , and the e las t i c  recover ’ j  W( ,U I u

be n t - r r n : i r i e ) by solving the set (A6 (with = 0 and ( A7~ for p I t )

and ~..(s) ( t
1 

< s t i . These equation s thus form a s imul taneous  sys tem

of non l inea r  Volterra integral equations , in which the non l in ea r i ty  ar ises

f n i cuc  the incompre s sibil i ty condi t ion .

In this pap er , we consider the par t icu l ar  case of the above in which

the specified flow his tory is one of s imple e longat ion (at  cons tan t  volume .

The var iable p can be el im ina ted , and the recover y behaviour is then

governed by a single nonlinear Volterra equat ion , which we now derive .

In any B , the separation P
0P at t ime t between any t w .

neighbour ing p ar t ic les  P11 , P is g iven  by the equa t ion

( A l 2 i  (P
0

P)
2 

= ~~~~~

where and ~ 1- are the coordinates in B of P
0 

and P.

For any two times s , t , there are three material  lines through any given

P
0 tha t  are mutually orthogonal at s and at t;  in the strain s - t ,

inf in i tes imal  material line elements tangent ia l  to these three mater ia l

lines at P0 change in length by factor s k . ( P 0 , s , t ,  which are given by

the positive roots in \ of the equation

(A 13) d3t {~~. , ( ~~, t )  - \ 2
\ . (~~, s)~ - 0

The factors 
~~~

, are ca lled ‘p rincipal elongation ratios ’ . A flow is

‘ shear free ’ if there exists a body coordinate sys tem B tha t  is a lways

-
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r t n i - ~ gon a l . i . e. , such t c i t 
~~~

. .  0 ‘,‘,‘:i - c  1 / j [s , p .  ~l] . ( o r  a

s h -  u r - free t i  u. , t I l e  - r i  - i~~il el i l g i t i ’  i i  r t ios are given by the length

changes  of t h e  c c r  n i n c a t e  l ines , and the  n o - t o of (Al 3 )  are given by

(- ‘ l i -  ~~~~~~~~~~~~~~~~ , s ~~~~~~~~ t )  i i  1 , 2 , ~)

F o r  a shear -  m u - c -  f l o w  t I l it  15 l i - - n .  -g e c c i -  us , B i s  i l w ~~ys Car t e s i an , i .e .

the 
~

, . .  -o re i n - n e p o u n d o n t  of ~ 
-

‘ A s h e - m r - f r e e  f l o w  is a s imp le  el or igat i  -c ’

if tw pri r I c k )  1 el~ai g at ion  r a t i c  s , , inch s a y ,  ar c a lw i , s equa l ;

the ( : c , - r d i n c I t e  l ines are then  called i i rec t i cn s  of e longat ion .  The

consta n u t  vo lume c o n - i i t i on  (A7 1 reduces to the equat ion  
~

-
1
’

2’3 
= 1 and

hence , for s imple  e longat ion at cons tan t  volume , we have

lidS) - \
l

~Ve now consider the following problem:

~~~~ a s < - t
o 

Zero stress:  no flow ; B rectangular Cartes ian;  hence

— ii ii( ult ) 17 0 , . -
i J  1J

< s < 0 Homogeneous  s imple  e longat ion at cons tan t  volume and

cons tan t  rate K , i.e. ,

ci\ ( — t  , 5 )

(A 17) ° K \
1
( -t

0
, 5 ) ,  

~2 
- \

3 
= 

~~1

0 < s < t Zero stress; free e last ic  recovery :

cA18 ) ir
1
~ 0

And hence \ . are in - l e p e n d e n t  of P0
.

- u - I l  -
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v.1 sh - i l  ~-u l a t o  
1J 

, s) f- r 0 - s a ~ As a trial solution ,

it is reas - i c- able  t - suppo se  t h - i t  the e las t ic  recovery will involve a homo-

gene U S  sir u ) le e lon g at i o n  - i t  c - n i o t n t  v o lume  with the ~
1-coordinate lines

again as directions of e longa t ion  (or contra c t ion) .  For convenience , we

write

(Al ’~ i y ( s )  : \ 1( — t 0, s)

Since the entire flow nis tory is a homogeneous simple elongation at

cons tan t  volume , we have , from ( A l l ) ,  (Al l ) , (A 15) , (A1 b , and A U )) ,

11 -2 22 33 “
~~

~ (~~, s y ( s ) , ‘~ (~ ,s) ~, (~ ,s) - - y ( s ) ,
(A Z O )  . .  ) ( - - ‘ < s < t 1

::~~~~ ( i � 1 )  . J
From (Al6 ) and (A17 , we have

(i (-
~~~~ < s < -t

0
j ,

(AZ1 ) y ( s )
~~ x p { K ( s  -~ t

0
) )  ( - t

0 
< s <0)

y ( s ;  is to be calculated for 0 <  s < t  so as to sat i s fy  (A6) and (A7) .

(A7 )  is satisfied by (A 20 ) .  Using (A 2 0 ) and (Al8 ) , the six equations

(A6 for t > 0 reduce to the following two:

(A Z 2 i  (i = J = 1) p ( t )y 2 (t )  dy 2 (t) 
~ f a(t  - s )y  2 (s)ds

( A Z 3 )  (i - 2 , 3) p ( t ) y ( t )  - -n f a(t  - s )y ( s ) d s

The unknown func t ion  p ( t )  may be el iminated by mult iplying (A22)  by y 3 (t)

and the n su b t r a c t i n g  (A 2 3 l .  The resul t in g equation may be written in the form
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- ~ ~~~ a l t  - 5 i i ) y ( t ) , y(s) ids (t 0)

where -

- 
3 2( A 2 n ~ := 3q ,  F ( y , z)  : (y /~ I - Z

[‘h ose  are the equ a t i on s  used in the text  above .  Final ly , we add some brief

r - n o a r h c ~ o h - ou t  t h u -  ph ys ica l  basis and applicabil i ty of the rubberl ike-

liquid - - - e s t i t u t i v e  e -r u a t i on  (Al) which has  been discussed elsewhere

[
~~. pp .  143 , 2 2 3 - 2 - ; ( 1 .

A l l  has  been derived from two di fferent  molecular  theories:  the

b e a d - s p r i n g ’ theory of Rouse and Zimm for very dilute solutions of d e f o r m -

able icng  molecules in an incompressible  Newtonian solvent of viscosity

a n : u  the network theory of Green and Toboisky , Yamamoto , and Lodge

which  is developed for concentrated pol ymer  solutions and undi luted or

m o l t e n  : - 1 - - m o o r s . It is curious that two different  molecular theories

shou ld  yield const i tut ive equations of the same form , but the reason f i r

t±u i s  is dn ow n :  the d i f fe rences  between the two sets of equat ions  at the

n - c - J oc ular  level do not survive the averaging process used to go from th e

mo lecu la r  quan t i t i e s  to the macroscopic quant i t ies  it and ‘Y which

appear in the constitutive equation (Al) [9 1  . The memory func t ion  cons tan ts

a , i- are specified in terms of three unknown cons tan t s  by the bead- sp r ing

theory but are not specified by the network theory , which also leaves r~

u n s ; e c i f i e d .

- ( 2 -
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~ cc r c l in g  to the network the ory , the integral  term in (Al) arises from

the the rm - il n a t i o n  of a network composed of long , deformable  pol ymer

molecules temporar i ly  l inked together at a few points  called en tang lements

or t e m p or a ry  junc t ions  which are assumed to be created a n d  lost at

constant  rates which are unaf fected  by the flow his tory . The concentrat ion

~~I t - : 1 t  of network strands which were created in the i r c t e r ’ i i l  (0 , d t )

and are still in the network at t ime t (a s t rand beinç~ that  par t  of a

polymer molecule ly ing between two consecutive j u n c t i o n s )  is given by an

equation of the form —

(A 2 ~~ ) T A t )  = 

r 
0r 

e x p ( - t/ T )

where , for s implici ty , it ha s  been assumed  that  the set of all s t rands

can be sorted into m subsets , labelled 1, 2 , . .  . , m , such tha t , in the

r
th 

subset , all stra nds were created at the same rate Cr 
(per milli li tre)

and have the same probability 1/i’ per second of leaving the network

[ 10] . The memory function in (Al) is give n by the equation a l t i  k T N ) t ) ,

where k is Bol tzmann ’ s constant  and T is the absolute temperature .

Thus a = kTC > 0 , and (A5) is proved .

According to the network theory , then , it follows that a ( t )  > 0,

because there is always a nonzero concentration of strands of age t ,

and tha t a ’(t)  < 0 because strands of age t ( >  0) c~ n only be lost and

not created; strands are created with age 0 only . It also follows from

(A5) tha t

- - ____ - 
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( - 1 i ~~- ci I t )  -. 0 ;

I I : - 1 - ~ i ) : I - 
- - 

- ] ft 0 , 1 , 2 , . .
t 1/ i I ’ )  is to s ing

- ~h -

- I  I t )  ( i - c . - t - s t r i o  k : - - r i v o t m v  ot a t .  i A2 7 ) n e p r e s e c t n -~ the

p r - c  p e r t i c -  cc o t i  i t  sur - l e  of w h i  u-n :lr - use I in the p r e s en t  a n a l y s i s .

The c o t o t i t u t i v e  - c u ,t ion  edt m e d  by u t t i - icj  0 in l1d~ leads

to the reduced - a nt i-  i i  ( 1. 6 and h i s  been to-ste  f a r  V - it  1’ by compar in g

the p r e d i o t U  - u - s  -.‘.‘i t l i  r u - cu l t s  of a series of e x p e n i r r e n t s  o c r dj r m : .ed by

M eissne r  [ 1 3 , I s ]  . The c o n s ta n t s  in  (A 5 ; , wi th mu- = 3 , were chosen t
I

Jt str -ss  gro~~ h data in s imple elongation at l o w  r a t e s .  (Al) wi th  r1 0 )

th u- - n gave good ag reemen t  with stress -n ;rowth data in s imple e longat ion at

hig her rates , with elastic recovery data fol lowing e l c a n g o i t i ’ rc and following

- shear , and with s t ress  growth data in shear  f low [ 8 , pp .  ~2 5- 23 l :  2 ; 4~

provided tha t  the t o ta l  s t ra in  from rest was limited t- -- n j — -a - n t -  va lue s ;

at higher strains , there was serious disagreement bc - tw een  theory and data :

the predicted stresses and the ) r e c i i o r t c - -I  recoveries were ca - - t o  tha n the

observ ed . The present  ana lys i s  of the u - i -  co cJ-I t . i c t c o l  recovery u - m - c b l e n -  shows

th at inclusion of the term in ~ leads t i c  a reduct i cn in the  r oe -acted

recove ry ,  which is in the rig ht direction to give better  agreement  with

experiment . The term in n has  been added to represent  the possible

effect  of the presence of a viscous solvent (in the case of a concentrated

polymer so lu tion)  or of ~o~~~molecular-weight polymer (in the case of a

molten polymer ) . The possible e f f ec t s  of such a term are also of some

-6-i - 
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i : c t ru ct in  co i l - u - ‘t ion with c - an t o n  f a s t -  st r a i n  t e s t s  of the Gauss i an

n~~- tw m k  h - . - ;  t~u -s is  w h i c h  hav e re - e u - t i - , - been ;Jr v-sed as a possible

n : o - t h -  : f t e s t i n g  — - e r t a i r c  u- f the netw r I -u theory a s s u m p t i o n s  when separated

I r i s: the ot h er s  [8 , pp .  2 -d - 2 36;  12] . It is recognized , however , tha t

oth er r n. a l i f i c a t i o n s  to ( Al )  are re n u i r e d  if b et ter  agreement  between all

the p r -  ~i t i  -ns  -i nd c i a t c i  referred to above  is to be obtained [ 14] . It

~h - c u l - 1 , p e rh ap s , be au-l ied t ha t  the h omogeneous  e longat ion  with neglect

f i r n - r t i  ci  and  body forces  t reated in the present  ana lys i s  represent s a

reasonable i c - i l i , : a t i o n  of the  con- i i t i  as of N [e issner s e longat ion

exper i m ents  on ‘Melt  1’ : a long f i l a me n t  of h ig h viscosity (5 >~ lO~~ poise) was

fl u - a te - c d on a bath of an inert oil , and the homogenei ty  of elongation was always

checked by weighing  samples  into which the f i l amen t  was cut af ter  elongation:

the variat ion of e longat ion ratio along the f i l ament  was about 3~ or less (15] .

The present analysis depends on the properties

(A28) F(x,x) 0; tiFlx ,z,dx > 0; b Flx ,z)/oz < 0

of the function F(yIt ,y(s)) in the integra nd of ( 1 . 1) .  We have been able

to show that  there is reason to believe that  these properties would be

exhibited by the corresponding in tegrands  for the same elastic recovery

problem when members of a much wider class of possible constitutive

equations than  (Al) are considered , namely , the class of constitutive

equations of the form

I - ( t )  ~~I t i  ~ p t ) [  -n ‘ ~( t )  -~ J a( t  - 
~~~ ~~k l 2 ~~~

(5 , t )d5

- ( 5 - 

-- -~~
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wIl ma t : e  common a rgument  P has  been omitted for brevity , Wk are

r h i t o  iry f u n i c t i o c n s  - f the s t ra in  inva r i an t s

1 130) 1
1 

- 
~~~~~ ( 5 )  : 2 ( t ) ;  1

2 ~~~
1

( t i  : v ( s )

2 c - n .  t ia s the r i g ht -c o v a r i a n t  uni t  tensor , and 0k o . . . . u (k

f a c t -  r 5 ” where  0 -d e notes a rig ht-cova n iant  strain tensor defined by the

c- q U3 t~~- . u-c

- —l
i - I  0(s , t c  = -y (~ ) . 2 ( t i  -

h i -  is h t c u i n ed  f r an - . (A Z9 ) on put t ing W1 I , all other Wk 0 , and

o - n t r c i c n t i n g  from the rig ht with ~~
1(t ) .  (AZ 9 ) has  been considered by

others [ ~ . S . c.Vith and W 2 
arbitrary , no extra gener ality is

l o t - m i n e d  by including terms with k > 2, because higher powers of 0

can be - cr-c u -cr o ssed in terms of lower powers by a tensor analogue of the

C a y l e y -H a m i l t o n  theorem (remembering tha t  the third invariant  det e is

e -~u~~I t c c I because of the assumed incom pressibility).

It is a straightforward matter  to show that (A29 ) also leads to an

equat ion of the form (1. 1) with

( A 3 2 1  F(x ,z) xG(x/z), G(a) - Wk
(a)( a - .

Thus F(x ,x1 = 0 , as required , and the two remaining properties in (AZ8 )

will hold if , and only If , G (a) > 0 (a > 1). If we now put 
~~ 

= 0 and

consider the particular ‘step-function ’ simple elongation history (at

con stant vo1ume~ for which the material is at rest at zero stress up to the
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i n s t a n t  0 when it is given an i n s t - c u t an e o u s  s imple  e longat io n u-f r n - i c r :  i t c u  c i  -

- 1 , it i s easy t - - - U t- in the following express ion  f u r  t h e  tensile :;tu-:.s

incu - c od icite l y a f te r  t h u -  elongation:

(A 3 3 )  - p
22

)
0 

G(~~ J a (u .idu

- de :a to Car tes ian  components  of stress referred to a recta  ngu la r
ii

C a r t o s i a n  co- - r - i i n a t e  system with the 1-axi s paral lel  to the direct ion of

e longa t ion .  Since it is reasonable to regard the mate r i a l  in these

- o i r ccnun : . s t a nces  as (momenta r i l y )  a perfectly elast ic  isotropic solid during

the ins tan taneous  elongation , it is reasonable to expect that  the tensile

stress will increase  monotonica l ly  with the elongat ion ratio a. Since

the integral  in (A33 )  is a positive constant , it then follows that

> 0 (a 1). This completes the ju s t i f i ca t ion  of (A2 8 ) for constitutive

equations of the f o r m  (A 2 9 ) .  —

I
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Our ~u r :  - so is t - c - 11 -- - t  the r e su l t s  on i c t u - g r -  c r i f f o c n n c n t i - , l  i m e n u -  u l i t l e c c .

needed in the pr- -of u - f T h o u - r - n .  8 . Thu - se  are r t im er  s imi l a r  to c lassical

re - c o l t - ;  of t h i s  t n - c  f - c r  - r r I n irv  d i r U ; r r - i t i  1 eq - i t l o n S  and Vol t e r r - c  e q u at i o n s

developed cc- . g .  i n 
~‘ 1 ann  [ 1~~ . H - -wi ;er , -un  a i t u - m t i o ;  is su n i - i - o . t i y

l i ; t c r u - : t , so tha t  it is s i n : ~~c ) E - r  t ’ give an in d ep e n d e n t  short expositio n

of what  is used , r a t h e r  t h a n to  to’ . to a p p l y  t i me known resul ts ,

In what fo l l - - w s  let D u l t ’  denote the l u - v - a r  le f t -hand  Di ni

der ivat ive , D u t )  denote th e  upper  l e f t - h a n d  Dini de:ivative , D u i t ,

the lower-r ight  hand Dini derivat ive , and D u ( t )  the up oe r - r i ght  hand

Dini de r iva t ive  of a continuous t u r u o t i c  n u .  ~~ ien D~ u (t  D u l t  -

we den- t - - t h i s  c o m m o n  value by a ~~( t c , the rig h t - h a n - f  c i c c r i v a t ive  of u

and s i m n i l  ly u ’ ( t i  ‘lu - mo - t i c s the l ef t - h a n d  - l e n  vot ive of a -

It will be convenient  t c -  wr i t e  the ini t ia l  value problem (1 .1) , I i .  2 )

in t h o  ( - a r m .

-~ y ’ ( t )  - f  a c t  - s ) F f y l t ) , y’ sf ld s  + f ( y ) I t )

( B I )  0

y ( 0 )  = g ( 0 )  ()1 ~ 0: 0 < t < ~ )

where

(82) f ( y ) ( t )  f a (t  - s )F (y t I , g s ) ) d s  .

Throughout  t h i : ;  appendix w~- shal l  a~~sume

(B31 a (tI > 0, a L1(0 , ‘I , F satisfies (H
F
), g n it i s t i os  (H

g
)

- 6 8 -
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The h isic resu l t  needed is ( c o m ; - i r e  Thc — u r e m 1 .2 .1 of [ 6 ] ) .

.?~~posi tion lB. 
~~~ the ~~~~~ gu’ t i~~r is (B~’- i  be sat isf ied.  Let v , w e C[ [ 0 , ~ ) ;  IR) ,

> 0, be ~Jv en func t ions  sa t i s f y ing  the fol lowing properties:

( 84) v ( O )  < w ( 0 )

(
—

a l t  - s ) F l v t I , v ( s ) I  ~ f ( v i ( t )  (0 < t < ~)
I 0

( B 1

I t
-~~D w I t )  a(t  - s ) F ( w ( t )  , w ( s ) )  ~ f ( w ) ( t )  (0 < t < ~~~)

0 a

Then v( t )  < w ( t ’  (0 < t < - ) .

Proof. Define the set Z - - { t [0 , -
~ 

c w( t i  < v (t)j. If Proposition lB is

false the set Z t ~ - :  let t 1 - lu -i f Z.  By ( 84 ’ , t
1 

- inf Z > 0 and

(86 ) v(t
1

) - w ( t
1

1 , V I t I  < w I t )  (0 < t < t
1

)

Taking h < 0 , h smal l , one has  v(t
1 

+ h )  < w(t
1 h )  and

v(t 1 h~ — v i t )  w( t
1 

-4- h) — w(t 1)
h 

— >  
h

Taking  the l imit  inferior as h -
~ 0 this implies

D v(t
1

) > D w ( t
1

)

a nd therefore ,

-1iD v(t
1

) < -~iD w(t
1) (~i > 0)

Applying this and v( t 1
) = w(t

1
) in inequal i t ies  (B 5)  y ields the inequality

t l t i
(B7) f a ( t

1 
- s) F ( v ( t

1
) , v ( s ) d s  < f a (t

1 
- s ) F ( w ( t

1
) , w(s )  )ds

0 0

_ _  -~~~ - - -- - -
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On the other  h and , the defini t ion of t
1 

and (B6 ) , together with

the a s sumpt ion  F
2 

< 0 in (H
F
) implies that

F ( v ( t
1

) , v ( s ) > F(w(t
1),w(s)) (0 < s < t

1
)

so th it , . ; i r c e  u - m I t ’  > 0,

t
I 

t
l

(B ~~ ) f a l t 1 
- s i l i v I t

1 I , v ( s ) ) d s  > / a ( t  - s) F ( w ( t
1

) , w ( s ) ) d s
0 

1

Thus  (88 ) u-- - a r l t r a -di cts (B7 )  and the set Z - ~~ . This prove s Proposition lB.

oc c f inj t i o n , We shall  ~~~~~~~~ that w is an upper solution of the initial value

~a r - a l o r : :  (Blo on 0 < t <  -~ if and Qflj~~if W E  C[0,~~), w(0)> g(0), w~ (tc

exists on (0,~~) and

-~i.w~ (t) a ( t  - s )F(w(t) , w(s) )ds + ~ ( t )  (0 < t <

A similar definition holds for a lower solution with the inequality reversed.

We remark that as a consequence of Theorem 2 the solution 0
0 

of the

reduced equation (1 .6 )  (recall that  it was proved in Theorem 2 that

( 0 < t < c ’ c - ) )  is a lower solution of (1.l) (or (BI)) on 0 < t < ~ c .

The main  result for the application in Theorem 8 is:

Proposition 2B. Let the assumptions (B3 )  be satisfied. j~~ C ~~~~~, ~~~~~~~

solution, let w be an upper solution, and let v be a lower solution

of (Bi) on 0 < t < ~~. Then

(B9) v(t) < ~(t) < w(t)  (0 < t < 
~~~ )

-70-  
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In Theorem 8 one takes v ( t i  c
0

( t I , when is the solution of ( 1 .6 ) ,

and one shows that w given by ( 10.1)  is an upper  solution .

Pr oof of Proposition ZB. We shall prove the second inequal i ty  in ( B 9 ) :

the f i rs t  is proved in a similar  way.  If w(0 )  > g ( 0 )  the result  follows

l i rec t ly  from Proposition lB with v replaced by 4i , D v  by o ’ , and

D w  by wH t  (and one uses Lemma 1. 2 . 2  of [ 6 j  i .

If w(0) - g(0) one has from (81)

-~i~ ’(0 ) f (g(O))(O) :~ J a ( - s ) F ( g ( O ) , g( s ) ) d s

and from the defini t ion of upper solut ion

0
-1iw ( 0 ) < t

a~~~°~~
°
~ 

J a - s r g ( o ) ,g ( s) ) d s

Therefore

+w ( 0  ) > 4 Y ( 0

and there exists c > 0 , such that  the funct ion m defined by

m I t )  w( t )  - ~~~ t i  is strictly increasing on 0 < t < c.  Thus w( e)  > c( C I ,

and applying Proposition lB as above on the interval  [ e , ~ shows that

for any e > 0 , ~ (t ) < w(t)  (e < t < ‘y) .  This completes the proof of

Proposition 2B.

-71-
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where ~ > 0 is a small parameter , a is a give n real kernel , and F , g

are giv e- n real  f u i i c t i -  fls; (
~~ 

m odels the elongation ratio of a homogeneous

f j l c I f l c~~’i ~ t of a certain polyeth ylene  which is stretched on the t ime interval

t h en  released and allowed to undergo elastic recovery for t > 0.

Under a s s u m ; - t i o n i s  which include ph ys ica l ly  in te res t ing  cases of the given

func t i  n s a , F , g,  we ci scuss  qua l i t a t i ve  properties of the solut ion of (4 -

anci of the cor r esponding  re— m uced  problem when ~ 0 , and the relat ion

between them as ~ 
-. 0 , b- th for  t near zero (where a boundary layer

occurs ) and f-° r large t .  In par t icular , we show that  in general  the f i l amen t

doe s not recover its - - r i q i n a l  l ength , and that  the Newtonian term -~~y in

has  l i t t le  e f fec t  on the u l t i m a t e  recovery but s ign i f i can t  ef fect  during

the earl y part of the recovery .
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