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ABS TRACT

A free boundary problem is a (steady -state) boundary value problem

involving differential  equations on domains parts of whose boundaries , the

free bou ndari~~~are unknown and must  be determined as part of the solution.

A trial fr ee—boundar y method is a numerica l  method for solving free boundary

problems in which the bound ary is found by guessing the position of the

bou ndary , solving a boundary-value problem in the resulting region , arid

using this solution to find a new guess for the position of the boundary, the

procedure being repeated until the desired accuracy has been attained . This

repo rt gives a comprehensive survey of trial free—boundary methods.

AM S (MOS) Subject Classifications:  35J99 ; 35R99 ; 6502; 65N 99
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A S U R V E Y  01’ TRIAL FREE -BOUNDARY METHODS FOR THE N U M E R I C A L

SOLUTION OF FR EE BOUNDARY PROBLE MS

Coh n W. Cryer

0. In t roduct ion

A tree bound ary  problem (FBP;  plural  FBPS ) is a ( s teady-s ta te )

boundary value problem involving d i f f e r e n t i a l  equa t ions  on domains  parts

of whose boun dar ies , the free boundaries  (FB;  plural  FBS ) ,  are unknown and

mus t  be iet~i rrn1n~~J as part of the so lu t ion .  On such FBS the boundary

conditions needed for a f ixed boun dary  va lue  problem (a problem for which

the boundaries  are known) are supplemented  by  an addi t ional  boundary

condition .

The problem of seepage through a r ec t an gu la r  ear th  dam (see  Figure  1)

i l lus t ra te s how FBPS arise.

In this problem water fro m an ups t ream reservoir (or head water)  seeps

through a rectangular  earth dam to a lower reservoir (or ta i l  wa te r ) .  The

water only flows through the region £~ and the remainder of the dam

remains dry. The air/water interface is denoted by F . It is assumed

that the dam is so long that the flow is two-dimensional.

If Darcy ’s law holds then the flow is described by a velocity potential

~~ 
which is related to the hydraulic head h by

= -Kh , ( i )

Sponsored by the United States Army under Contract No . DAA G29-75-C-00Z4

and by National Science Foundation under Grant No. DCR75-03838 .
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Figure 1: Seepage throu gh a simp le rectan gular dam

where the constant K is the hydraulic conductivity. The hydraulic head

satisfies Laplace ’s equatio n

h + h  = 0 , in ~~~. (2)xx yy

The boundary conditions are :

h = H, on AB (interface with water at rest)

= 0 , on BC (impervious boundary)

h = hd, on CD (interface with water at rest) , (3)

h = y, on DE (interface with air)

= 0 on EA (streamline) .an 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~



If F were known then equation (2) with boundary conditions (3)

would su f f i ce  to de te rmin e  h. Since r is not known we have a FBP

and an extra  con d i t ion  is required on r . This extra condition is :

h y, on Ut ( interf ace  with air) . (4)

As ill ustrated by the above example , a FBP has the following structure :

C u = 0 , in £~~,

on a~~, (5)

C u = 0 , on F ,

where u is the solution and where ~ represents the linear or nonlinear

e1li~~t i c  cn: fercn ~ ia l  equ a t i on ( s )  which m u s t  be sati st ied by u on the

ope n set 
~~~
. E represents the l inear or nonlinear bouna ary conditions which

m u s t  be s a t i s f i ed  on the boundary a~ of ~~~. If ~~ were completely

known then :he first  two equations of (5) would define u completely.

However , pa rt of 
~~~~, namely the FB F, is unknown and C represents

the addi t ion al  l inear or nonlinear  boundary condition imposed on r .
In (5) it is to be understood that  the open set ~i may consist of

m
the union of several domains , ~~ U 

~~~~, In which case the first equation
1= 1 1

of (5) is to be interpreted as

O. U 0  in ~~~~ l < i < m .
1 1. —

The operators 
~~~~

. may or may not be the same.

The domains 
~ 

will be called free domains  (FD; plur al , FDS) .

When it is necessary the numb er  ol domains  will  be indicated by saying

that the  prob lem is an m-dnm~~ n ~BP . When m 1 we set o E 
~
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U siny  cl i i  s t ’:i  Ij i f l O l o y  y ,  We m ay  describe the example of Figure 1

as a 1—do mai n ~[3P wi th  i’D ~ and Ff3 F~

Most  of th e  FBPS which have been considered in the literature are

I -d oma in  I’1~PS. A two-dom ain FBP would arise , for example , in a coastal

rcq ion in w h i ch  porous flow uf  fresh water occurred in a region and

porous flow of sa l t  wate r occurred in a region 
~~~~

, the FB being the salt

w ater/ f resh  ‘water in te r fa ce .

It is usua l l y  ne i ther  possible  nor necessary to c l a s s i fy  the boun dary

conditions on the FB into fixed boundary conditions ’ and “supple-

menta ry  boundary  condi t ions ”, and the division of the boundary conditions

on F into those represented by ‘P and that  represented by C is an

arbi t r ary decision .

The FB F is defined to be that part of a~ whose “sha pe” is

unknown;  the remainder of ~~ will be called the fixed boundar y . Points at

which the FB intersects the fixed boundary will be called points of detach-

ment .  If the location of a point of detachment is prescribed it is said

to be fixed ; otherwise it is said to be free . We illustrate these de finitions

by considering Figure 1. The point A is known so that

A is a fixed p oint  of detachment.  The point E is not known so that E

is a free point of detachment. The FB is EA; although the length of DE is

not known its ~hapo is known so that DE is part of the fixed bound ary

and no t f lf i r t  of the F B.

-4-



1BPS have rec entl y been considered in control theory , and this

. :evelop mtnt  is very important because it intro d uces new and exciting

i d e a s .  However , the vast  m a j o r i t y  of FBPS arise in cont inuum m e c h a n i c s .

In cont inuum ::iecha nics a FBP arises in pr inciple  whenever there is a

line or s u r f a c e  on which the solution is d i scon t inuous , and the lB

corresponds to th is  l ine of d i s con t inui ty  or sur face  of d i s c o n t i n u i ty  or

s i ng u l a r  surface.  The d i scontinu i t i es  can arise for many  reasons inc luding ;

( i )  Two dif fere nt mater ials  may  be present: for example ,

air and wa ter .

( i i )  The mater ia l  may  occur in different  phases:  for example ,

water  and ice .

( i i i )  The mater ia l  properties m a y  depend d iscont inuous ly  upon

cer tain var iables :  f o r  example, the mate rial may change

from elastic to plastic when the stress reaches a critical

value .

( iv )  There may be a j ump in the pressure or velocity.

FBPS arise in the following branches of continuum mechanics : fluid

mechanics , porous flow , mechanics of solids, heat conduction and

diffusio n , elect romagnetism , and gravitation .

We are in the process of publishing a series of surveys on the

various type s of FBPS (the survey on porous flow FBPS has already

appe ared (Cryer [ 1 9 7 6 ] ) ) .  We are also in the process of publishing a

series of surveys on the various m athematical and numerical aspects of FBPS .
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The present survey considers the class of numerical methods known as

tri al free boundary methods , which are described i n the following

section.



______________________________ - .

1. Uene ral descr iption of trial free boundar y methods

We rep eat  the basic I’BP :
/

0 , in ~

on aI~, (1)

C U ~~~0 , on F .

One approach to solving this  FBI’ numer ica l ly  is to generate a sequence 01

I ’- ’t r ia l  FBS F’ “ a nd approximations u~~’ to the correspo nding trial solutions

U as follows:

Step 0. Guess an initial trial FB , F(0) say.

Step 1. Given let ~ (k) be the corresponding domain.  Compute

an appro ximation , ~
(k) say , to the solution u (k) 

of th e proble m

(k) (k)
~7U ~~0 , l f l &

(2)
i~u~~ = 0 , on at~~

Step 2. Given F~~ and u~~ compute a new trial FB by

requiring that cu ~~ should be approximately equal to zero on

i. e. “ move the bounda~~ ” from F~~~ to .

—7— 
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Fol lowtn ~ B r k h u t l  [ 1 ‘4 J we w i l l  c~ ll t h i s  metho d , and va r ia t ions

th i~r~’ot , a t r i a l  tree bu un iar I  method. (Previously, we have called methods

of th i s  type “m o v e — t h e — b o u n d a r y ’ me thods  (Cryer [ 19 68 , 1 9 7 0 a ] )  but

B i r k h o f f ’ s t e rm ino logy  is more d e s c r ip t i v e . )

In Ste p ~ th e  c o m p u t a tion of the approximate  solut ion ~
(k)  

require s

the a p p r o x i m a t e  solut ion of a f ixed boundary value problem , which can be

lone u s in g  any s tansar d  method such as f ini te  elements or f in i te

J i t : e r ~ nces.  We th en speak of a tr ial  free boundary method using f ini te

elements , a trial free bou ndar y method using finite differences , etc .

Step S 1 and 2 in a trial free boundary method , namely  the computation

of the approximate  solution ~
(k)  

and the generation of the new trial

k i- i )lB F are essen t ia l ly  independent and are considered separately

in s e c t ion s  2 and 3, respect ively .  In section 3. 4 we summarize  the

numerical experiences of workers who have used trial free boundary

methods and make some suggestions regarding their use. Finally, error

es t imates  and related questions are considered in section 4.

The advantages of trial free boundary methods are :

(i )  Trial free boundary methods are , in principle , app lic able to all

FBPS and require no prel iminary analys is .

(ii) The main computational effort is in Step 1 which involves the

solution of a l inear problem if Q’ is linear.

(iii) All computations are carried out in the physical domain so that “physical

intuition ” can be used and a “feeli ng ” for the solution can develop

as the computation proceeds.

—8—
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h - c  ase u ~r itm ~ : v i i t j  ;os , o. 1 i e -  an : y  : t r 1 ,~~~~s i I O  p~ r t1cu l~~!I ’/

‘ : 1 1 S Ui~ea ~ui t ins c ’u t f l p u t t i c n , i n :  be:~~r ° 1ver ~t of  ‘ uc p a t e r . .

~r i~~l :rue ~~~OIi :~~ y metho  we ~n ’~ mos t  - ‘ i  o : Iy  u s e d  r~w: er i c a l  ~r e t r~c ds

:~~r so lv n I b I S .

n ~~r t . n , t ccl ,’ . :ro~l !reo b ou n s ar y  : r i e t i o : s  dso have  sev er a l

J L :Oi ; v sf l t a ( J e S :

a) lo ir : ple:c en t  S t p  I one m u s t  be i ,le to uu pu t e  tne ~pp r oxt r r .  at e

- k)sola i c n s  U
h 

:or the gen er a l  soma ins  ~

b) It is t f f i c u l t  to f o r m u l a t e  Stc cj  2 p r e c i s e l y .  Each problem seems

to resu ire  a : i f f e r e n t  t e ch n i q u e  an:: whi le  an j n d ;v i c : u u l  r e se arch

wor K er  :ri n a c cu m u l a t e  exper ience , i t  is hard to t r a n s m i t  th is

hnu .vle5qe to o the r s .  M a n y  cases of non -converqc ’n ce  have been

repor te :.

(c) It is h a r d  to achieve high accuracy  and it is ha r s  to e s t im at e

the error in u~~~ and ~~~~ In some problem s the shape of the

FB is very sens i t ive  to smal l  errors in the condition Cu = 0 , and

it is hard to achieve high accuracy near points of separat ion.  In

general , it is d i f f i c u l t  to obta in  accuracy  greater than about 1%.

Because of these d i s advan t ages  it proved re la t ive ly  d i f f i c u l t  to implement

trial free boundary methods on computers , par t icular ly  on computers  with

smal l  memories .  There were a few success fu l  implementa t ions  during

the early 1960’ s , but it is only since about 1967 that  there has been a

subs tan t i a l  n u m b e r  of successfu l  imp lemen ta t i ons .

— 9—
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l u  i : c : . Lor  o: y e ar s  ‘‘i, H i t  t:~at  t r i l ~re ’~ Loun  ; a ’j metno

.~~~ ~l :: ShL a! l e  r l :c d b y  a l t ’  : ‘ J  - t k ; ~~is such as n u m e r i c a l

::; ct n u  :s La. ; : n .‘a r ; t : s;~~i f l ogs  l i t e s .  f Io ~vever , we h ave  recent ly

c a :  l n ; L n  : r : n e ’  :~, I I c -. v i i ;  u e a s u : l s :

~) There a r e  m ny 1BPS . such  s v i s c ou s  10/, ’ f lu id  mechan ics

I h i  S , or .vfl i  ch t r i a l  f ree  bo on i sry  m et h o s s  are at pre sent  the

o n ly  a v a i l a b l e  m e t h n d .

c~) The : : ; f f i c u l t y  of i m p l e m e n t i n g  Step  1 has  been reduced wi th

:he ase of ~in to e l em en t s  a n d  o ther  techniques  which are

more f l e x ib l e  than f in i t e  d i f f e r e n c e s .

~~) Step  ~? nas recently been s u c c e s s f u l l y  implemented in several

-p o i l c a t i o n s  us ing “ in tegra l  methods ” (see section 3 . 2 . 2 ) .

( 6 )  A l t h o u g h  error e s t ima tes  and convergence pr oofs are st tLl

l c k ;n q ,  there have been a large number  of success fu l

a p p l i c a t i o n s .

We , there fore , believe that  trial free boundary  methods will  remain a

usefu l  an o compet i t ive  approach to the numerica l  solution of certain

c l a s se s  of FB PS.

— 1 0 —
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~~~. Tt ~~~~I :  0 o : : g s t i r i o n e! the_ap~~v x i m a ’ e t r i a l  so l ut i o n

ih c  ap p r o x i m a t e  trial solution u~~’~ is the approximate solution of

t he nx e i  boui’ida ry  va lue  problem

= 0 , in ~~k)

k) 
( 1)

0, on

an : can be computed by any approximation method for fixed boundar y

value p r o b l e m s .

ho t e rm approximat ion  method includes  both numerical  methods

sucr i  as rh o  method  of f i n i t e  d i f f e r e n c e s )  and nonnumerical methods (such

as an I c ;  :s’ t n u d s ) .  Each of the following subsections discusses the

n of by a pa r t i cu la r  approximat ion  method.

B t r . :h c f f  I Y ’7 l  ] g ives  a very readable introduction to numer ica l

for f i xed  boundary  va lue  problems. Extensive bibliographies (not

res t r i  t o :  to e l l ip t ic  equat ions)  are given by Voight [ 1 9 6 7 ] ,  Giese [ 1 9 6 9 ] ,

a n :  F o r s y t h e  [ 1~~7 1 j ;  the bibl iography of Giese provides an exhaustive

coverage cf ear l’~ work . Among the many  symposia on the subject  are

Birkhoff  a n d  Varga { 1~~69 J ,  and Hubbard [ 1 9 7 6 ] .  Specialized texts discussing

par t i cu la r  approximat ion  methods  are referred to in the appropriate

subsect ions  below .

In the r ema inde r  of t h i s  section we make  some general remarks about

the re la t ive  e f f ~c iency o~ d i f f e r e n t  methods of comput ing ~
(k)  The relative

e f f i c i e n c y  of app rox ima t ion  methods  for FBPS is , of course , closely related to

t h e i r  r e l a r i v e  e:~ i :n ncy  or f ixe d  boundary  problems , but  there are some

i n t e r c ’ s t i r i g  : i f f e r e a c e s  which deserve  f u r t h e r  s tudy:

- I I -
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~i )  i h ’~r c  is growing  in t e res t  in compar ing  the e i f i c i e n c y  of n u m e r i ca l

methods  for solving the f i xe d  b o u n d a r y  va lue  p r o b l em  ( 1 ) .

e: ry  [ 1 1 0 7  has compares  ir i t e~ r a l  e q u a t i o n  m e t h o d s  d n :  f i n i t e

l i f f e r o n  e meth ods  for N e u m a n n  b o u n d a r y  v a l u e  puof ~lerr . s ,r , d f i n :s

t n a t  the  f i n i t e  cii f f er on c e  methods are fa s ter .  I t  is v er y  l i ke ly

t h a t  compar i sons  between f in i t e  d i f f e rence  in e t h o s s  n i  m i t e  e l emen t

m e t h o i s  for so lving ixed b o u n d a r y  va lue  problems v i i i  soon be a v a i l a b l e .

( i i )  All the numer i ca l  me thods  for solving ( 1 )  require  the solut ion of a

s y st e m  of n a lgebra ic  equa t ions  of the form

( k )
F

( k )  
— B~~~ ( 2Ah h 
- 

h

where ari d B~~ are in n -d imens iona l  Eucl iclean space R n ana

R n 
-. R~~. The equat ions  ( 2 )  are l inear  if ~ and ~ in ( 1)  are

l inear ;  o therwise  the equat ions  ( 2 )  are non l inea r .

Basic references on the solution of sys tems of l inear  algebraic

equat ions  inc lude:  Varga [ 1 9 6 2 ] ,  Wilkinson [ 19 6 5 ] ,  Young [ 1 9 7 1 ] ,  and

Stewart  [ 1 9 7 3 ] .  Basic  re ferences on the solution of sys tems of nonlinear

a lgebra ic  equat ions  include : Ortega and Rheinholdt  [ 1 9 7 0 ] ,  Rabinowitz [ 1 9 7 0 ] .

Byrne and Hall [ 1 9 7 3 J .  and Rhei nboldt [ 1a 7 4 1 .

( k  , .If  A.h 
is l inear  then the numer i ca l  methods for solving ( 2 )  fal l

into two ca tegor ies :  direct  methods  and  i tera t ive  me thods .  The relat ive

ef f i c iency  of direct metho is and it e r a t i ve  methods for solving (2 )  depends

upo n the structure of A~~ and comput ing  f a c i l i t i e s  which  are avai lable.  

- .  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ - -  



When s o lv in g  (~~ ) the previous solut ion provides a good in i t i a l

( k )  .approx ima t ion  to U h , so tha t  the e f f i c i ency  of i tera t ive  methods is

grea te r for 1BPS than  for general f ixed boundary value pr oblems.

If A~~ is nonl inear  the s i tua t ion  is moie complex , but it seems

l ike ly  tha t  the e f f ic iency  of the nonl inear  general iza t ions  of i terat ive

methods  for l inear  equat ions  wil l  also be greater for FBPS than for general

fixed boundary problems.

It is also possible tha t  the e f f i c iency  of direct methods could be

improved .  For example , if the equations are su i t ab ly  ordered , then many

of the computat ions  required to solve for using Gaussian elimination

(k - i )will already have been performed when solving for Uh , so that

jud ic ious  preservation of previous results should lead to a subs tant ia l

reduc t ion  in computing time .

( i i i )  The re is a close rel ationship between the popularity (and efficiency ?)

of a given approximation metho d for solving ( 1)  and the computing

facil i t ies  available.  For example , integral equation methods and

fi nite element methods only became popular when computers with

la rge high speed memories became generally available. This rela-

tio nship between approximation methods and computing facilitie s

is clearly appa rent fro m the reference s quoted in this survey

which spa n a period of sixty years .

— 1 3 —



- ---. ‘-.‘----——-_—-------..‘ ---—-— 

~~~~~~~ ~~ , .

The r e l at i o n s h i p  between n u m e r i c a l  methods  and comput ing

tacilities has not been very obvious in recent years because during the

per io d  !9~ , O - ! ’ 1 7 5  the compute rs  which have been avai lable  have been

ra ther  s i m i l a r  from a numer i ca l  ( as  opposed to sys tems)  viewpoint .  A

typ ica l  computer  has had a mic rosecond  ar i thmetic  uni t , a reasonably

large microsecond core store , and a large secondary store . A new era

is now beginning in wh ich  a much greater  var ie ty  of computers will be

avai lable . Already , the parallel computer ILLLAC IV which has 64

separate ar i thmet ic  units  has been used to solve FBPS (MacCormack and

Stevens [ 19 7 4 ] ) .  A corresponding re -evaluat ion of numerica l  methods

w i l l  occur.  To mention but one poss ib i l i ty ,  when using a trial free

coundary  method it may be most e f f i c i e n t  to make several guesses  for

the FB and solve the corre sponding fixed boundary value problem s

simul taneous ly .

it is impossible to predict long-term future developments in computers ,

and it is quite possible that  approximation methods which are at present

regarded as out-of-date will again become popular.  To mention one

possibility, suppose that it became possible to build a picosecond

( 10
12 second) computer but that because of technical and f inancial

restrictions the storage consisted of a 1000-word picosecond store with

a million-word nanosecond ( i0~~ second) secondary store . This computer

would be times faster than the computers of 1950 , b ut the storage alloca-

tio n problems would be very s imilar .  Iterative methods of solving (2 ) ,  which

require less storage than direct methods , would again become very popular .

- 14 —
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( i v )  Most approx imat ion  methods for f ixed boundary value problems

are based on the assumption that the solution is smooth . This

assumption is usually true if the boundary is smooth, but most

FBPS involve boundaries with corners in the neighbourhood of

which the solution ca n have s ingular i t ies .  If the corner is a point

of intersection of the FB with the fixed boundary , then the analysis

of the sing ularity is even more d i f f i cu l t .

In the literature on trial free boundar y methods there has been little

discussion of the treatment of corner singularities. This is clearly a

subject which require s further study, and we discuss it briefly in section 4 . 2 .

(v) All numerical methods for the fixed boundary value problem ( 1)

require that a decision be made about the location of certain

special points which we will call “meshpoints ”. Examples of

meshpoints are : netpoints ( for finite difference methods);  nodes

( for finite element methods);  quadrature points (for integral equation

methods); and collocation points.

It is desirable that the choice of meshpoints should be made auto-

matically by the computer rather than by hand for several reasons:

(a) When using a trial-free-boundary method , the domai n changes

at every iteration .

(b) If the solution is ill-behaved in a certain subregion of ~~,

as is often that case for FBPS , it is desi rable to be able

to automatically refine the mesh in this subregion.

— 1 5 —
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1’) The most  e f fec t ive  check of numerical  results  is to repeat

the computa t io n with a finer mesh .  The labor involved in

data prepa ration increases rapi dly  as the mesh is refined ,

ari d if the data  is prepared by hand the necessary checks

may not be carried out .

Although automatic mesh-generation programs are feasible , almost all

programs for trial free boundary methods have used a substantial amou n t

of manually prepared data . It is to be hoped that this will soon be remedied .

It is also desirable that  the meshpoints be chosen so that  the

approximations u~~ change “continuously ” as k increases. For

example , Arm s and Gates [1957 ] used a trial free boundary method with

fi nite differences and the same grid for all k .  Arm s and Gates [1957 , p. 6 ]

obse~~e that disconti nuities occurred whenever “moving ” to

involved crossing a gridpoint , and these discontinuit ies invit iated their

m etho d .

(v i )  Finally,  when u~~ has been computed it is necessary in Step 2

to comp ute Cu~~~, and it is of course desirable that this computa-

tion should be re latively easy.

As is cle ar from the above remarks , it is not possible to indicate

which approximation method is “best ” for Step 1. For several years

finite di’ferences were widely used .  However , it is relatively d i f f icu l t

to implement finite d i f ference methods to handle a general domain ~(k)

and it is not surpris ing that f ini te element methods , which are much more

— 16-  
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: i e x t L l ~~, have recent ly  become very  popula r .  Integral  equat i on  methods

1k- a t m u n  methods are also very flexible , and we an t ic ipa te  that

the i r  use v .ml i  i nc rease .

.~~
. 1 The t r i a l  tree boundar y  method  w i th  f i n i t e  d i f f e rences

F i n i t e  d i f fe rence  methods for e l l ip t i c  equa t ions  were in t roduco ’i

by Runge in 1~~O8 and Richardson  in 1910.  One would have expected that

finite difference methods would have been quickly applied to FBPS ,

pa r t i cu l a r ly  since Runge was f a m i l i a r  with  the idea of t r ial  free boundary

methods for FBPS. Blasius [1910 , p. 97] acknowledges a suggestion made

by Runge in the Gottingen seminar  on h y d r o d y n a m i c s . )  We have consulted

m a n y  of the ear ly  papers of f in i te  d i f ference  methods (such as those

l is ted  by Giese [ 1 9 6 9 1) ,  but  the f i r s t  appl icat ion of trial free boundary

methods  u s ing  f i n i t e  d i f f e rences  is apparent ly  due to Vandrey [1940 1 who

computed the flow through a circular Borda mouthpiece.

Independently , Shaw and Sout hwell [1941  1 used finite differences

to solve the problem of seepage through an earth dam for three geometries.

Southwell and Vaisey [ 1 9 4 6 ]  applied this method to eleven fluid mechanics FBPS.

The work of Southwell and his colleague s was followed by many similar

computations by other workers . Not every author indicates how much

effo rt was required , but some do: Yang [ 1949 , p. 54 ] ,  who solved two

porous flow FBPS , states that his first problem took 224 hours and that

subsequent  problems took about 60 hours; Rouse and Abul-Fetouh [1950 , p. 423 ]

— 1 7 —
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‘/.‘h~ so lved  th e ax i s y m m e t r i ’ wal l  je t  [‘B? , s t a t e  that  the i r  f i r s t  problem

took 1 50 h o u r s .  We should  be d u l y  g r a t e f u l  for computers .

The i m p l . rnen t at i on  of t r ia l  free boundary  methods on early computers

‘ x i s  n u t  a s t r a i g h t S : rward  mat te r  for two reasons :  ( i )  earl y computers

h a l  smal l  memories  which made  the implementa t ion  of Step I d i f f i c u l t ;

( i i )  it was  n e c e s s a r y  to au tomate  Step 2 . and it was far from clear how

m i s  s h o u l d  be done.

The f i r s t  a t t e m p t  to use a d i g i t a l  computer is apparent ly  due to

Young et al .  [ 19 5 5 ]  and Arms and Gates [ 1 9 5 7 1 .  This work was not

ent i rely s u c c e s s f u l.  Jakobsson and Floberg [ 1 9 5 7 ] solved several lubrica-

t ion cav i t a t ion  probl ems;  they used a computer but  moved the FB by hand

see Jakobsson and Floberg [ 1 9 5 7 , p. 3 3 ] ) .  In the appl icat ions  l isted at

the end of th i s  section , all the re sults obtained af ter  1961 were obtained

us ing  a computer .

It is appropriate to mention here that we were once told that an

1MB 650 program , Program 4 . 0 . 0 1 0  of February 1962 , was capable of

solvi ng porous flow FBPS using trial free boundar y m ethods with finite

d i f fe rences , but we have been unable to locate this program.

The basic texts on f ini te  difference methods are the books of Forsythe

and Wasow [1960 1 and Collatz [ 1 9 6 0 1 .  Greenspan [ 1 9 6 8 ]  discusses several

app l icat ions.  Remson , Hornberger , and Molz [ 1 9 7 1 ]  give applications to

porous flow.

— 1 8 —
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‘rho f i n i ~ c’ I f f er e n c e  m e t h o d  c on s i st s , in essence , of the following

s tep s :

- ( k )  ( k )
( 1 )  0 noose a set  ~ of n r ietpoi nts in ~ U ~

( i i )  Set up a sys tem of n equa t ions  connecting the values

of the approx imate  so lu t ion  u~~~ at the netpoints ,

(k )  k) 
- 

1k)

( i i i )  Solve this  sys tem of n equa t ions .

The netpoints  are u s u a l l y  taken to be the intersections of an array

of g r id l ines  wi th  each other and with  ~~~~~~~~~~~~ The implementa t ion  is

s i m p l i f i e d  if the network is gridl ike ;  that is , the gridl ines intersect the ,

boundary  ~~~ only at gridpoints  ( in tersect ions  of g r id l ines) .  The advantage

of a gr idl ike network is that  th ere are no awkwa rd “special netpoints ”

near the boundary which require special t reatment .

If the gridlines are equally spaced then it is obviously often not

k
possible to choose the network so that  it is gridl ike . If ~~ ‘ / 

= U ~~

whe re a c (k ) is a curve and a~~
(k) . .. , are line segments , one

can ~hoose a number of points on and define the gridlines to

be the ( unequally spaced) hori zontal and vertical lines passing through

thes e points; with luck , the resulting network will be gridlike . Figure 1

shows such a grid for the problem of a jet issuing from a container

( Cryer [ 1 9 6 8 1) .  However , Cryer [1969 , 1971 1 has given examples of

quite simple domai n s  ~(k)  for which no gridl ike network exists.

— 1 9 —
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Figure  1: Gn idl ines  de f ined  by b o u n d a r y  po in t s

Handworkers  commonly used a graded grid , tha t  is , a grid in which

the bas ic  grid consisted of equally spaced gridl ines  with gr id length  h ,

but in which smaller gn idlen gths were used near corners and other

singular points . Figure 2 (Southwell and Vaisey [ 1946 , p. 140 ] ,  Southwell

[ 1946 , Figure 11 6 1) show s part of a graded grid for flow from an orif ice .

By hand it is easier to use a graded grid as in Figure z) rather than

an unequally spaced grid (as in Figure i )  because the f in i t e  d i f ference

formulas  are simpler.  On a computer , it is easier to use an u nequally

spaced grid rather than a graded grid because the computer can eas i ly

ha ndle the more complicated f ini te  difference fo rmulas for an une qu al ly

spaced grid but encounters storage allocation problems with  a graded grid.

-20—
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- ar . ’ i . ’.’j i r ’ . o n ly  k i p p m n  I ~ J n i  R i p p i n  , n :  D a v i d u 1ni I 1967 ]

1 : ‘ :  g i l  : :n a ‘ u: cu t ’r mp!  m e r i t i t i n of a tri l l  f r e e

b o u n  : c ;  rn :nci - 0

was I i of u r se  c’ pus  s m b l , :  to- ss~ a : jcner a l  to in g u l a r  mesh

n u l l  : [ 1 ’  4 ] )  b u t  then -n e rr i gh t  as wel l  use a f i n i t e  e lement  methos

The - ;u luc : r on t  of c r o g r i r n s  wh i c~i an a u t o m a t i c a l l y  genera te  a

mesh  is l a b u r r o u s  cu t  f e a s i b l e .  The a u t h o r  ( C ’ rye r I 19 0 2 , l 9~~8, 1970 a I )

:. ‘ve luce : ss- :h a program for use w i t h  t r ial  f ree  b o u n d a r y  r n e t n o d s .

The m a t r i x  ~~~ in ( 1 )  is spa r se  m i  has  a great  deal  of s t ruc ture .

,r ~ r .  any  possible  met h o  :s of so lu t ion  which  take  advan tage  of

t h i s  st~ U 0 t U t - ~ - The m a i n  m e t h o d s  are:

a) I t . Tr- j t~v ’~ m e t h u  :s

(~~) L l a s s i c a l  p o :n twi se  methoss  such as SOR (sys temati c over

r e k i x a t r o n ) .  See Varga [ 1 9 6 2 ] ,  Y o u n g [ l9 7 l  1.

( 3 )  Sp l i t t ing  me thods .  See Yanenko [1971] ,  Stone [ 1 9 6 8 ] .

b) Direct methods

(~~) Fas t  -d irect  methods .  See Dorr [ 1970] ,  Buzbee and Dorr [ 19 7 4 ] .

(i3) Sparse matr ix  methods .  See Willoughby [1968 ] ,  Reid [1971].

Tewerson [ 19 7 3j ,  Bunch and Rose [ 1976] .

As d i scussed  in section 2 , for each method , whe the r  i t e r a t i v e  or

di rect , the question arises as to whether the method can be adapted to take
I’

advan tage  of the i terative nature  of trial free boundary methods .

— 2 2 —
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‘l’Ile t o l l  wi rsj  i B1’b h ,ve been solved u u i n c j  the tr i t i  11 2 1 ’ L . o u i v i o r~’

,i. i ’ t ho i l  ~fl (~~) n j u r . c t i l  : .  w ith  f i n i t e  d i f f e r e n c e s :

l u nd i r m i c l i i n i -s

[‘l in e  ar c i  a x i a l l y  s y r i i r i e t ri c  cusped cav i t i ec :  Southwell  and Vai sey 1946 ]

Pl u me R i ab  a u - h i n s k y  c av i t y :  M i  c J T I l  a r i d  Street 197 2 , 19’. 4 ] .

Axi  ui  lv  s y r n r r c a r i c  k m a b u u c h i  r i sk y  Ca u t ;  : Brun au er  [19 ~1] , Y ou n g  , Gates

Ar c s , and El iezer  [19 ~ 5] , f irms and C,itns  [ 1’) 
~~~~~~ , 

Sankar  [ 1967]

Fox r ind  S n r r k r [ 1 9 7 3 1 .

P l an e  B Ha cc u t h p i e c e :  Southwell and Vaisey [ 19. 16] .

A x i a l l y syncr r . e t r i c  Borda mouthpiece:  Va ndrey [1940] , ~e u t hw e l i  and

Vaisey [1946] .

Plane  j3t f r o m ,  an  or i f ice  m a  tube : Cryer  [19 68] .

Axially synm rr .e t r ic  je t  from an orifice in a tube (with and without g r a v i t y ) :

Southwell r ind Vaisey [19 4 6 ] ,  Abu l-Fe touh  ~1949] ,  Rouse and

Abul -F etouh [19 so ] .

Flow over a plane weir :  Southwell and Vaisey [1946] .

Flow over a circular weir: Citrini [19 51].

Flow over a submerged p la te :  Durni t rescu , lonescu and Toth [19~~6 ] .

Flow over a submerged arc : Dumitrescu , lo nescu , a nd Toth [19 56] .

Flow over a submerged vortex: von Kerczek [1965]

Flow under  a p lan ing  surface : Southwell  and Vaisey [19. 16] , von Krrcz ek

[ 1965] ( u n s u c c e s s f u l ) .

-23-
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11ev. ’ u i  h r  a ~lu l u e  g-~t u :  S u u m f l ’ .’.’ - l l  , , r i i l  V , , i u e ’  I 1’ ,’k ]

P l an ’ ’ c2 H 1 r i ~~~~1 j r i f i  c i t e  c ’j n i i n e t r i c  },iil 1~’ s: hl ”.v rt  ( 1’~6~> ] t u w it a i d

1)~iv m ls ’  n l~~17 ]

A x i a l l y Q~~~i i i ’  ‘ ‘t r i c  c i l f l f l $ r  i n f i n i t e  h u b b i e s :  l 3uc  i t r i n c ii , I n n e c c u , ri nd

‘i” th  [ 
1Q 61 , ~t - .’.’ i t  [ 1’~65] , ~t ew -~rt and Dnv1~~sor ~ [ 1a 6 1 ]

A x i a l l y s y r T n m r t r i c ’  c o n f i n e d  sp h er i c a l  cap bu o~~1es with  w ak e :  k ip p in  [1’! ‘

~~~J

r i m ’ ! Ri ppin  a r i d  D av i d s on  [ 1967] .

l u min ’ lo  ~m n q r e c s i n g  qmT v l t 1’ waves :  ,12 u t h v ; e l l  and V ai sey  [ l ’~ i6 ] .

S l i t ; i : v , ’a ves:  a u t f v , ’ell and Va isey  [1946 1

two  and t h r r e _ d i m e n s i o n a l  cue rc fc : l s :  Allen ari d Dennis  [ ~ 53]

.~w ir 1in g  f l e w  th r  ugh an o r i f i ce :  Binnie and Davidson  [ 1 Q 4 9 ]

F lame in a c h a n n e l :  Ball [ ii) ~l ] .

1,uh mi c’ -a ti  n cav i t ru t i i ,n :  J akobs  son and Floberg [19 57]

Por ou s  f l  vu

Simple r ec t angu la r  d a m :  Shaw and Southwell [194 1 , p. 9 ] ,  M cN o wn ,

Hsu , and Yih [1955 , p. 668], Finnemore rind Perry [1968 , p. 1066],

J .  M . Taylor [1971 , p. s6] and Aitchison [1972] , Comincioli ,

Guerri , and Volpi [ 1971].

Simple t rapezoida l  d a m :  Yang [19 49 , p. 48] .

Polygonal dams :  Shaw and Southwell [1941] and Murra y [1960 , p. 156]

( t rap ezoida l  dams  with toe dra ins  on pervious sub l aye r s) ;

Freeze [ 197la] (i nhomogeneous trapezoidal  dams for sa turated -

u n s a t ur ated f low) .

Dr n ln age i  van Deemter [19 50] .

-24- 
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I
Si n  ~l -  p e i l T t r l t I f l J  ‘xcii: Yan g [ i ’  ~ 1, B oulton [ 19 5 1  J ,  K u s h e f , ‘ 1ou Ia u r ~l i n ,

I 1~~5 2 J , K ashe f  1 1 9 5 3 1 ,  M u r r a y  [ 1a 6 0 j .

S in  ;le pen t o u t i n g  well  w i t h  cap i l l a r ity :  Hall [ i 9  
~~~~~~

1.

S in g i ’ p a r t i a l l y  pene t ra t ing  well:  Bore li [ 1 9 5 5 ]

E l a s t i c — p l a s  t i c  t o r s ion

- . I L i ge , F 1ura~cc v 1 T h , and Stout [ 1~~68 , Metho m I I I ] .

Mag n e tun y- ir u  ~yi~mn ; .1 c s

Stellar  evo lu t ion :  Cryer [ 1 62 , 1968] .

Tokamak and toro idal compressor:  Stevens [ 1 9 7 4 ] .

E lec t r ohydros t at i c s

~
.

: F l u i d  f i l m  in an electr ic f ie ld :  Michael and O’Neill  [ l 9 7 2 a ] .

2 . 2 .  The t r i a l  free boundary  method w i t h  f in i t e  e lements

~~ The f in i t e  e lement  method is u s u a l ly  a t t r ibu ted  to Courant  [ 19 4 3 ]

a l though Le Roux [ 1 9 1 4 ]  derived the f in i t e  d i f fe rence  equat ions for

Laplace ’s equat ion by m i n i m i z i n g  the Dir ichlet  integral  over piecewise

l inear  func t i ons . The f i rs t  serious computat ions were performed by

Turner , Clough , Mart in , and Topp [ 1 9 5 6 ]  and Clough [ 1 9 6 0 ] .  The f i r s t

appl ica t ion  of f i n i t e  elements to trial free boundary methods is probably

due to R . L. Taylor [ 1 9 6 6 ]  who solved several porous flow FBPS.

Informat ion about  the method of f in i te  e lements  is given by B i r k h o f f

[ 1 9 7 1 ] .  Varg a [ 1 9 7 1 ] ,  Z ienkiewicz  [ 1 9 7 1 1 .  Aubin  [ 1 9 7 2 ] ,  Aziz  [ 1~ 7 2 I ,

i J C Sr] 1 and Abel [ 1 ’ ) 7 2 ] ,  Oden [ 1 9 7 2 ] ,  Whi t eman  [ 1q 7 3 , i Q 7 S ] ,  S t rang  an d

Fix [ 1 a 7 3 1 ,  de Boor [ 1 9 7 4 ] ,  Ciarlet [ to  ap p e a r ] .
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Bu ,i u . . of  t h e  ;r ’a t ’ r f l t ! > : i b i l l t y ,  f i n i t e  ‘ l e r r u ’n t  m e t h o  ma ‘ n < o u n t e r

to :  1 ‘ i l  n ! f i  u l t i e s  t h an  f i n i t e  m i f f e r e n e m e t h u  is when use )

1 r u ’ ’  un r~ m ’ 2 r n c  :5 . It is of c - curse  de s i r ab l e  to -h ao se

t h ’  : m n i t ’  e l em en t s  so as to t ake  ac ~ , u m t  of any  s i n g u l a r i t i e s .  In a d d i t i o n

t~ th e  n s  u 5 S i i i15 in t y t L us  f Z i o ’n r . i e w i c z  [ 1 1 7 1 ] ,  Desa i  an -i  Abel [ 1 9 7 2 ] ) ,

— t f l t :  p ~er a Iver sen  [ i c ~~ g ives  u c lear  d i s cus s ion  of the p roblems

.ii .o lv ’

‘~Vh0 ’n u s i n g  f i n i t e  e l em en t s  in u n j u n c t i o n  wi th  a t r ia l  free boundary

ir t i t no d it is . :ustomary to choose the f i n i t e  e lement  arra y a-pr ior i . The

same f i n i t e  ar ray is used throughout  the computa t ion :  as the tr ial  free

bounda ry  changes  only the coordinate s of the u n i te  elements adjacent  to

the FB change .  Of course , if the  t r i a l  free b o u n d a r y  changes  a great  deal ,

then an e lement  may  become very d i s to r ted  or m a y  even d isappear , and

this  m u s t  be checked for.  A typ ica l  f i n i t e  e lement  arra y is shown in

Figure 1 tor the problem of v iscous  flow fro m an ax ia l ly  symmet r i c  pipe

( N i c k e l l , Tanner and  Caswell  [ 1 9 7 4 , Figure  S a J ) ;  the f i n i t e  e lements  have

been chosen so as to take account of the s ingula r i ty  at the point A where

the f lu id  leaves the pipe .

There are 70 e lements  in Figure 1 .  N i c ’.~iell , Tanner and Caswell [ 1 9 7 4 ]

cb not indica te  how m a n y  equa t ions  were involve d , bu t  in a related problem

( the s t i ck - s l ip  problem) 150 e lements  involved 1000 equa t ions , so that  we

may  conclude that  the array shown in Figure  1 involved about 500 equat ions .

-26-
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Figure 1: An arra y of quadr i l a t e ra l  e lements

It is typical  of f in i t e  e lement  solutions of FBPS that  relat ively coarse

arrays are used .  For comparison , the f in i te  d i f ference grid part  of which

is shown in Figure 2 of section 2. 1 involved 1028 equat ions  which were

solved by hand.

Winslow [ 1 9 6 7 ] descr ibes  a method for the au tomat ic  t r iangula t ion

of a region , and this  metho d has been extended by Godunov [ 1 9 7 1 ] ;

George [ 1 9 7 1 , p. 27]  gives a cri tical d i scuss ion  of Winslow ’s method.

Georg e [ 1 9 7 1 , chapter 2]  has  an excellent d i scuss ion  of the

problems ar is ing when automat ica l ly  generating a t r iangula t ion  of a domain .

George reviews previo us work in the literature , suggests  two algori thms ,

and provides a program list ing .

Sewell [ 1 9 7 2 1  describes an algorithm for automatical ly re fining a

t r iangula t ion of a polygonal region in R
2 . The algori thm is designed so

that :  ( i )  no t r iangle  ~ has a very small angle; ( i i )  the integral

— 2 7 —  

~~~~~~~~~~~~~~~~~~~~~~ . ~~~~~~~~
. . _ _



r~ 
- —  ‘ - .  —~—r” ~~~~~~~~~ ‘—I’

rr r 1
2/ ( n t 2 )

J J max 
~~~~ 

dx ‘Jy I i )

ax a y J

iS u p p r u x m n n i a t e l y  equal  for eu ch  t r iangle  .~~~~, where the solut ion  u is

being approximate ~i by po lynomia l s  of degree n .  A sequence of t r iangula-

tions 
~k is generated: the t r ian gula t io n 

~k 
is used to compute an

appro x ima t ion  u~~~ fro m which the integrand in ( I )  can be estimated

prior to genera t ion of the re f inement

The f in i te  e lement  method leads to a system of l inear equations

A~~~U~~~ 
- B

(k) ( 2 )
h h h

The mat r ix  A~~ is sparse and has a band structure , but has in general

much less s tructure than the corresponding matr ix  for the f in i te  difference

method .

In many  program s the system (2 )  is solved us ing a band matr ix version

of Gauss ian  e l i m i n a t i o n .  A number  of d i f f e r en t  ideas have been used:

(a)  Instead of re quir ing a band of un iform width , one can allow bands

of variable width .  This is a st ra i ght forward  general ization ;  among the

f i rs t  implementat ions  was that  of Cryer [ 1 9 6 2 , Chapter 5 ] .

(b)  Instead of generat ing all the equations at once , one can use the

frontal  solution method (Irons [1970 ] )  in which the equations are

generated when needed in the Gauss ian  el imination .

(c) One can try to re-order the equations so as to reduce the band width .

George [ 1972 , 1974] has suggeste d some interesting ideas here.
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i h c  :n l u t i u r m  by direct  methods of sparse l inear  s y s t e m s  is at

pres n t  a v’ ’ry a c t i v e  f ield of r esearch .  See the buck s a n :  : cn f e r er ~- :es :

.‘. i l l u u g r i b y  [ l -) ’~ J ,  Rei d 1 1 ) 7 1 1 ,  I* ’xerson [ 197  ~J ,  Bun ch  m i  Rose [19 7 ’ , I .

In a saw cases the sys tem ( 2 )  has  been solve ) by an i t e r a t i v e

m e t h o d s .  For t r i a l  free boun iary  m e t h o d s  th i s  is ~i d e s i r a b l e  approach

- . k- I )  - -cecause  the  p n e v l o u s  so lu t ion  U , is a v a i l a b l e .  U n f o r t u n a t e l y ,

the lack of iot a  do a s t ruc ture  in the m a t r ix  A~ makes  it  d i f f i c u l t  to

ana lyse .  For example , Fix and Larsen [ 1 9 7 1 ]  have considered S . O . R .

metho ’as bu t  in h is  review of the paper Varga ( M R  4~ ( 1 9 7 3 )  # 2 9 3 5 )  observes

tha t  the m a i n  theorem of Fix and Larsen contains a n o n t r i v i a l  flaw , and

ad~~s t h a t  he doubts  whether the convergence properties c la imed are va l id

wi thout  add i t i ona l  hypotheses .  Schu ltchen [ 19 7 3 ]  has  tested an immense

number of in t e r a t i ve  methods  for f in i t e  e lement  mat r i ces  A~~ and

concludes th a t  a part icular  version of the conjugate  gradient  method is the

most e f f i c i e n t  procedure . See also Fried [ 1 9 7 0 ] .

It is also impor tan t  to have in fo rmat ion  about  the round-off  errors

which arise when solving the system ( 2 ) .  See Roy [ 1971], and S. K. Yang [1~~7 4 J .

The following FBPS have been solved us ing  the tr ial  free boundary

metho d in conjunction with the f ini te  element method:

Fluid mechanics  FBPS

General references on the application of finite elements to f luid

mechanics  problems include:  de Vries and Norrie [ 1973] ,  Oden , Zienkiewicz ,

Gallagher , and Taylor (19 74).
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l h  t a l k  u.’ i n j  s p e c i f i c  problems have been solved:

a . ’ i t a t i l  hy I r u f o i l s :  Dobray and Baker  [ 1 9 7 4 ] .  (This  reference was

kin  by dr awn to c u r  a t t e n t i o n  by B. E. Lu r o c k . )

Vm s L u s  :low f r o m  a tube (d i e - swe l l ) :  Tanner [ 1 9 7 3 1  and Nickel l , Tanner ,

a n d  Caswel l  [ H 7 4 J .  (These re ferences were k ind ly  drawn to our

at :  ‘ntion by J . L i u . )

Plane flow from symmetr ic  polygonal nozzles:  S. T. K. Chan [1971 ]  and

S. T. K. Chan , Larock and I-Jerrman [ 1 9 7 3 ] .

Axisymmetr ic  f lows from or i f ices  and valves:  Chang and Larock [ 1 9 7 3 ] .

Three-dimensional  jet in a t ransverse  gravi ty  field:  Larock [ to appear ] .

Circular  creste d weir ( s p i l i w a y) :  Tu [ 197 1].

Gate:) spml lway  crest: Larock [to appea r ] .

Plane je t  imping ing  on a plane : Tu [1971 ] .

Surface wave generate d by a vortex (wi th  l inearized equat ions) :  Tu [1971] .

Porous flow FBPS

R . L. Taylor [1966 1 give s a general program for solving plane and

ax i symmet r i c  porous flow FBPS using f ini te  elements . A la ter  version of

this pro gram is given by Kealy and Busch [1971 1.

Variational principles for porous flow FBPS have been developed by

Mauersberger [1965 , l9 6 5b ] .  Ponter [ l 9 7 2 J  has derived dual minimum

principle s for porous flow fixed boundary problems and used them in f ini te

element  computat ions;  presumably these dual min imum principles could

also be used for FBPS .
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The f o l l o w i n g  s p e c i f i c  p r o b l e m s  have been solved:

Sin ;  pie ie~~t a n gu 1 ar  d i a na : Ke a ly  and  Busch [1971 , p. 9 ) ,  Kealy and

W i l l i a m s  1 1) 7 1 , p. 14 
~~~

J .

Simple  t r a p e z o i d a l  dams:  W. D. L. Finn [1967] ;  S. P . Neuma n and

Witherspoon  [ 19 7 0 ] ;  P arkin  [1971 1;  Pettibone and Kealy [1971]

( inhomogeneous  dam);  Fenton [ l 9 7 2 a ] .

P o lygonal  dams:  W. D. L. Finn [1967 ] (trap ezoidal dam with two sheetpiles);

R. L. Taylor and Brown [1967 ]  (w i th  rock toe); Volker [1969 ]

( w i t h  cu t -of f  wal l ) ;  N e u m a n n  r ind Witherspoon [1970]  (with rock

toe; wi th  toe drain) ;  Kealy and Busch [1971] ,  Kea ly  and Wil l iams

[107 1 , p. 15 2 ] .

Dams w i t h  general geometry :  Nonl ine ar  flow through a dam with  curved

downstream face , and nonl inear  flow through a polygonal dam

w i t h  cu t—of f  wall ( Volker [ 1 9 6 9 ] ) .

Circular  channel in a f ini te  layer (pond ) :  Neuman and Witherspoon [ 1 9 7 0 ] .

Single fu l ly-penet ra t ing  well : Neumann and Witherspoon [ 19 7 0 1 .

Single par t ia l ly-penetra t ing well: R. L. Taylor and Brown [ 1 9 6 7 ] .

2. 3. Trial free boundary methods with Galerkin methods

By a Galerkin method we understand any method which involves

app roximating the solution u~~~( x) by a known smooth function F(c , x)

dep ending upon an N-vector c which is determined by minimizin g the

error in some sense.
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Refe rences on Ga lerkin methods include : K i n t u r c v m c h  i i i  Kr 7 1( , v  ( 1’i ’3~ J

Cavendish , Price , and Varg a [ 1~ 6 9 ]  , M ik h l i n  [1971] , B i r k h c f f  [ l ” 7 1j  ,

[1971]

In all the appl ica tions  ( I f  Ga lerkin meth od s  t r , t r i a l  free !j cu r ’I ru r y  methods

of which we are aware , the governing d i f f e r en t i a l  eq u at i r h a s  been Laplace ’ s

equation and the approximate solution ~~k )  has  bee n represented in the form

N
u~~~ (x ) = 1’(c~~~, x)  p

0
(v.) + ~~~

‘ 

c~~~p . ( x ) ,  (1)

or in a n  equivalent  form , where :

(i)  Erich f u n c t i o n  p ( > ~), 0 < J < N , is a solution of Laplace ’s

equat ion .

( i i )  F(c , x) s a t i s f i e s  some of the boundary condit ions on the known part

of 8f ~ for all  c.

( i i i )  The func t ion  p 0
(x) incorporates the expected s ingular i ties  of u~~~ (x).

The va lues  of the coeff ic ients  c~~ have bee n determined by

satisf ying the remain ing  boundary conditions in one of two ways:

(a) Collocation: The boundary conditions ~~~~~ = 0 are imposed

at N points thus  leading to a system of N equat ions for the

coeff ic ie nts  c~~~.
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( b u  Le a s t  a a u a r u s: The boundary  cond i t i ons  ~~
(k 

0 are imp o s e ~i at

M N ~ ints , and the resul t ing  sys tem of M equu t i ’~r a  is s’ lve

by least  s guares .

\\:e now s u m m a r i z e  the var ious  appl ica t ions  of the Gale rk in  m e th od .

Garabedian  [ 1  ~~ ; 19 5~ a , p. 664] considers  the axial ly  sy r ; r :e t r i c

b i m b  -u c h i n sk y cav i ty  between circular d i s k s .  Garabedian t a k e s  great

care in the choice of the func t ions  p~ . He uses least  square s to

ic t e r m in e  with N 10 , M 24 (Garabedian [19 56a]~ and N 20 .

Li 62  (Garabedian [19 5 6 ] ) .

Chappelear  [1961] considers periodic progress ing gravity waves in

water of un i fo rm depth . Chappelear  takes

- 0
( k (

~ 
~~

where \ is the wavelength . Chappe lea r  uses least  squares  to determine

and it appears  f r om the graphs  in the paper that M 13.

Kirkham [ 1964] considered the problem of ax isymmetr ic  porous

flow towa rds a ful l y -pene t ra t ing  well of radius rw 
in a region of influence

of depth h and radius r . Kirkha m sets
e e

u y  u h
u~~~(r ,y \ p

0
(r ,y )  ~ 

m~ l 
c cosh(~~~~~) C 0 u mr/r w

’u/ cosh( ~w

e)

where

-33-  

- - -~~~~~~~~~~~~~~ - ‘  - - _ _ _



— ,- — -~~ - - - .----- - - -— - --~~~-~~-
.
~~~~~~ - - -

~~~
. •

~n —_’_____ _ _ _
~~~

____
~
_

i i i  U r o r

~~~~~~~~ 
J
0

~~~~~~~~ ~~L
’

~~~ 
- J 0 ( 

~:
y

~~~~) 
y

0
(

1
L~ )

tb f u n  f m - i n n ;  J ~~i y a t e  b - s ; ;e l  f u n - t I n s , ~i ’ l  th e  ( j I I ; , t i i i t  U o i eo 0 i i i

l i la  loo t s  of C (u r /r - 0. The funct ion p (r , y f  is a known funct ion
0 m e  W 0

1 a an i n l i n i t ’  O i 1 O~i .  ~ i r b h a r n  sot  N = -i a n d  u sed  co 1loc~~:ion

te i l ot o t : : i i , e ~~~~~~~~~~ I t  shou l d  ha n , l a s c i a ’ c i t i n t K : : L h ~ir n c ; - : p l ; m i m ; ; ;  h i s  m e t h o d

i i ,  :‘ r u n  of a ‘ : n c t i t : c i : ; ;  r ;j i o n ” , H i t  t h i s  in f c t  is m r ’  ly  a u - u . S  of

j u s t i f v ~: n n :  a pp r ’ ; : ’ ; : . r i t m ~~u f - ’r

M a son  and F H a a  [ 1 ’ 7 1 , 1972 ]  cons ider  the  probl em in which

f resh  ~-.‘ :ct ~~r t s u u p l i e ~ to a cana l  in the  center  of a long i s land  w ;th an

impervious su rface .  Mason and Fark as  use conformal mapping to ‘ s t raighten

out ‘ a corner in the or ig inal  domain  rind thereby remove a s ingular i ty  in

the solution. In the t ransformed z - x - iy domain the solution is

sought in the form

~
( k ) ( z) + i~~

(k )
(Z)  = i + 

~~ 

c z ~~~
/

~

Collocation is use :) to d e t e rm i n e  c~~~. The collocation po in ts  are chosea

in a spec ia l  way which is expla ined and jus t i f i ed  by Mason [ 1969] . Com-

pu ta t i ons  were carr ied out for N = 8 , 10 , 12 , rind 14 .

We concl ude with two rem arks :

(1) It is not necessary for the func t ion  F to have the form (1), nor is the

Gale rk in  method  neces sa r i l y  r e st r i c t ed  to Lap iac&s equat ion .
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( i i )  Th e  G i l - n i i i  i ; a ’ t l i o d  i n ;  several  a d v a n t a g e s :

( a )  It is ea s y  to ( a  i lL: t u e  t r i a l  FIlL I

(b) The J pro ;~:i i i i . t c  s o l u t i o n  r , ( j f i i ~~~ d is in a for t :  who h f r i c i l i t a t e s

e r r o r  i n S t  m o t i on

c) The va lue  of Cu t~~ is readily ~ b i a m n e i .

\Ve , t h a t  ( ‘ f o i ( ’ , b e l i eve  t h a t  t i r e  Gn l e r k i r .  method dese~~ es grea ter  a t t e n t  me ;

p~r i t i c u l r i r l y for  p m ’ ‘L b - m s  wi th  Laplace ’ s equation and re la t ively  s imple

geometry  for  which good choices of F L , x) can he made .

2. 4 . The trial free boundary method with integral equations and surface

singula rities

One of the basic methods of solving a fixed boundary value problem

is to reformulate the problem as an integral  ecuation.  It is , therefore , very

natu ral to use this approach to compute u~~~.

the first use of integral equations in connection with trial free

boundary me thods is due to Trefftz who in his thesis of 1914 (the greater

part of which appears in Trefftz [1916] ) considered the problem of an

Inviscid axially symmetric  wall j et .  Si nce then integral equations have

been used by several authors . The approach has not been as widely used

as might be expected for a number of reasons :

(i ) In general , the numerical solution of the integral equation requires

the solution of a non-sparse system of linear algebraic equations , and

this only became convenient after the Introduction of computers.  (Because

of the special feature s of his problem Trefftz was able to avoid this.)
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( i i )  l’h o m p p r ’  iich is most  u s e f u l  in ax i a l l y  s ym m e t r i c  probleir s , Hr

which complex f u n c t i ’  ~:; tech n i ques are r io t  ‘ i v a i l a b i r -  . In a /J i l l - 1’

sy r u :n n e t r i o  probl em s , h -wav er , the  ke rne l s  of the i r t e o r . l e-~u it1 ’ ns

m r e  non - t r i v i a l  elli~ t 1c L n t c q r n t l  S .

I ~ pa r t i cu l a r  FBP can be r e f o r m u l a t e d  as an in tegra l  e ;u etb n in

sev e ra l  w a ys .  LH ’r eover , the in tegra l  equa t ions  are of ten derived

in r a t h e r  t r tu u s  ways  us ing  ph ys ica l  ideas .  In conse ’~uence ,

the l i te ra ture  is ver ’7 ’ f r a g r u o r t e d .

N e s ;~mt o  these d i f f i c u l t i e s , integral  egua t ions  are being used increas ing i -,,

n - . and this  trend will probabl y con t inue .

2 .1.1. The me thod  of Tref f tz

The method described here was f irs t  used by Trefftz [1914 , 1916] to

solve the problem of an i nv i s c id  ax ia l ly  s y m me t r i c  wall  j e t .  Gilbarg [1960 .

p. 431] gives a u sefu l  s u m m ar y  of the work of Tre fftz .

The geometry of an axiall y symmetr ic  wall jet is shown in Figure 1.

Apply ing  Green s ident i ty  we fi nd that

2Tr~~(0)  - J ~, i q ( ( - ~-~--_ 
~J_ )d Sq 

- J ~~~~~~~ L 2i dS q 
( I i

ac 3 q p’~ Pc

where f~3 
is the (th ree -d imens iona l)  axisymmetr ic  FD , p and q are

points on ~~~~ f pq is the distance between ~ and n i.  and c is the

velocity pot ent ia l .
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Figure  1: Arm a x i a l l y  sy~~;r o : r i c wa1~j~~

is axia l ly  s y m m e t r i c .  Let mc be the cross-sect ion of £ 3 in the x 1 -

plane .  mc. is symmet r ic  w i t h  re spect to the y-axi s , and we denote by af. the

boundary of ~ ly ing  to the r ight  of the y -ax i s .  Then equat ion ( i )  can be red~ ce-t

to an equa t ion  in the xy-plane  of the form

Z~~~( s )  = J K1
(s , t~~ ( t d t  ~ J K 2

(s , t ) C H t  dt . 2

where s and t denote a rc - l eng th  along ~~~~ and K 1 and K 2 are

L e r n e l s  which depend upon s . t and the FB F (the boundary of the j e t i .
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re p r i ’ c m s ’i y ,  i f t O e  (; ur m l n a t e s  at t he  h a r t ;  s , m i i d  t ir e

m r . ‘ X ( t , v t  -
, r e s l e c t i v e l y ,  t hen

K ( s , t i  2x (t  ‘ u s  t i1 1 ‘

t

a a:)

K 2 s , t ;  ~~-2 x (t Vi s , t ’ ,

.vhere

u s  t I  - - ~ ‘ d~2 0 { [  y ( s (  - y t ) ]  2 [ x s r ]  2 [ x ( t ( ]  2 
- 2 x ( s f x ( t (  cos

To avoid deal ing with an inf in i te  integra l the jet  is t runcated at

a l ine y - <
, so that  the bound ary h~ cons is t s  of three components

r i rrie l y t f . e  f It F . t I r e  p ar t  of thc ’ u r i c  y 0 , .~ii :1 t h e  rn~ng r u e r t

of t lm ’ l i e  y - —~~~~ . I s e l - ’ F igure 1) .

F cmi 
~~~~~~ 

are s t rean -l i ne s  so t h at  = 0 on those  cu rves .  It

is assumed tha t  the velocity is constant on ~2
mc , and the problem is so

norma l i z ed  t h a t  = 1 on . Thus , for  g iven F , the second

in tegr a l  in eq uation (2 1 is a known function of s , f( s ;F (  say ,

and the e q ua t i o n  t ak e s  the form

2~~ ( s )  = f ( s ;  F )  -
~ f ~ .( s , t ) i ( t ) d t  . (3 1

amc .

A f u r t h e r  s i r :  p l i f i c a t i on  a r i ses  because K1
(s , t (  = 0 if both the points

s and t lie on the fixed bound ary ; this  is best seen from equa t ion  ( 1)
ar

by noting that  if p and q b- tb 11e on thc i nl i n e  y 0 then  ~ 0.

Thus .
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2-r~’~s) - f ( s ; l ) 
~J K

1
(s , t i , ( t h i t , f r  S (

2.

~f~~0 ( S )  f ( s ; l ’ ) 
~ 

K
1
( s  , t h , ( t  m t  f or  ~ I u

The nih i i t i o n . m l  c o n d i t i o n  on the  FR f in  t h a t  h ( s )  c~~ ~ S on I

wi - - e r r -  ç
~ 15 the  v a l u e  of ~ at t h e  H i t  af  ; e ; ’ m r - t i c n .  It  fo l le ’~vs tha t

- £ on a 2 -~. v -he re  i s  th e  l e r gt h  - ,f l~ .

‘rho pr occhu ;e  fol lo\ \ ’ S b y ‘ rre f it / is  - i n ,  f o l l o w s :

(1) Guess  t h e  i ’l l  1
(1)

.

( u I  C o i r p u t ’  t i n : ’  v m1 ~~e 01 o on the  kn ’ w ;m bound ary  L’1~ by n i a n s  of

f K 1
(s , t ) t ~~y t ]  ~lt  J ( 1 )

K
1
(s . t~~(60~ 

f

for s

( i i i )  C o mp u t e  be ‘a d u e  of h ~~ 1
(1) 

by s cans  of

a~ ow ( s I  i~s; i W i f 
- 

i~1
(s , t ) 0~~~(t I i t

a 1 i’-1

+ I K
1

( ; ; . t ) Ln 0
+c ) i t  + 1W 1 ~~~~~~~~~~0 

t ] it . f r  ~~

( iv )  If ~~~
‘
~~( S )  

~~~ 
+ s on t h e n  t h e  pr f lea : is - lved . other-

wise we mus t  a dj u s t  
( 1) 

F r -H i- - [191 1 . p.  ‘iT]  s u g g r - :  t a  t i r e

fo l lowing  str 1-~t egy :

(a )  if 6~ ( s)  > + s on t h e ;  i shoul  i he

moved away fro m the a x i ’ ;

(b) if ( I  < + S Ofl F t h l  fl 
( 1) 

m b  u l d  hr m oved

toward s the ;‘ni s.
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Tref f t z  used new er  series expans ions  and a p lan imete r  to

m p p r u x i i o - i t e  the In t e g r a l s .  Because c f  the effor t  invo lved , T r e f f t z  only

c a r r i e d out two i t e ra t ions  ar id  he esti m ated tha t  . 60 < C .— .
— c

;t f fe n [ 1 17 3 ]  has  implemented  a modif ica t ion  of Tre f f t z s m e th od

on a c om pu t e r .  S te f fen  chooses n values  y .

~K < Y n < Y n l <~~
• •  < y 1 < 0

and defines the k
th approximate FB to be the quadratic (sic) spf ~ ne

x = x
k(y) passing through the points

(1 , 0) , (x~, y 1
) , ... , (x k , y ) , ( 1. - . -

(k)
which has a hor izonta l  t a n g e n t  cit (1 , 0) .  Given 1 St ef {en c l r , [ u t : ’ s

as done by Tref f tz  and then de te rmines  the 3rror

Fk(y) ~) (x (y), y) - 
~~~ 

+

whe re f k (~~) is the length along expressed as a funct ion  of y .

The form ulas of S te f f cn  [ 197 3 . p. 14] d i f fer  from those  of T re f f t z  in two

minor respec ts :  the fo rmulas  are expressed in  term s of x and y

rather than  s and t ;  and S te f fen  makes  use of the identi ty (see

L 

equation ( 1 ) )

Zrt =f  (—~-- .L. )d S
an r q

q pq

To find the n values x~~
1 . .  , ~~~~ Steffen uses the i terat ion

1 ’  n

S ch erne :
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r;
k i  k - I  k

x . = —c / 1’ (y ( i  — + 1 
~ 

x . ,  for 1 —

where c a m ;  I ir e  con ’;t  r ; t S  oh ’ sen ~~‘ imp r o v e  convergence :  the

h i t  v a lu e s  .v - r : fou n d  to he c = . 03 1 and L = 1. S te f fen  [ 1973 , p. 16]

r ep~ i t s t h , i t  t i n  it  a -r t i o n m ;  h id  not converge comple t e ly,  but oscillated .

S t e f f o r m  [ 1~17 3 , p.  16] a lso  observes  tha t  he tried Newton s method

wi thou t  success .

At t h i s  p dot  it is appro pr i at e  to er npha  o i s c  the  e s sen t i a l  f ea tu res

of the  s etH - j  of T r e f f t z

( i t  The me thod  is based upon  equat ion  (1) which involves  both ~

and and use is made of the fact  tha t  both ~ ar id
an

are known  on the FB.

( i i )  There is no need to solve an in t e ;r m l e q u a t i on  a i p r  ‘x i ; n ; i t e l y

because the geometry  is such tha t  t he  .e ’rne l K 1
(s , v a n i s h e s

on the  fixed boundary .

For m a n y  years  the work of T re f f t z  was the b ,r : ; i c  work on a x i a l l y

s y m m e t r i c  p rob lems .  The method , or va r i a t ions  thereof , was  used to

solve the fol lowing problems:

(a) Axially symmetr ic  jet  imping in g  normally on a plate:  Sch- -ch [1935~ .

(b) Wedge penetra t ing a fl u i d :  Wagner [10 32 , p. 213] . Pierson [19 50] .

(As Pierson [19 50 , p. 2 ] remarks , the work of Wagner is brief

a nd crypt ic .  Pie rson [ 1(1 50 , Appendix fl gives more d et a i l s

but is also not rsad lly comprehens ib l e . )
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IC Cone pene t ra t ing  a f l u i d :  S h i f f r r : , m n  and Spencer 119 511 (the

computa t ions  were performed by Hi l lman  in 1946 in a report tha t

we have been unable to obtain .

d l  Ax i symmet r i c  magne tosphere  under  un i form external pr essure :

Slutz [ l m 6 2 ]

The paper of S h i f f m a n  and Spencer [19 si] is very clear.  The

method used di f fers  from tha t  of Treff tz  in two respects:  the kernel

K1
(s , t \  does not vanish  on the fixed boundary so that it is necessary to

solve an integral  equation to obtain the values of ~k 
on the fixed

boundary;  the FB is moved by a globa l method .

The work of Slutz [1962]  is arm interest ing contribution to a recent

probl em. There is no fixed boundary so that  it is not necessary to solve

an integral equation.  The FB is moved by a global method .

2. 4. 2 . The trial free boundary method with integral  ectuations

A classical method for solving the Dirichiet problem for Laplace ’ s

equation

U 4 U  = 0 , in ~xx yy (1)
u = f , on 8~

is to repre sent the solution u as the potential of a double layer of

de nsity ~i on &~ ; tha t is

u (~ ) J F(x ,~~( t)) 1.t(t) dt , ( 2 )
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woer e  t 1cm -t es d i s t a n c e  a1~ ng -
~~. , t im e  d e r i ~ i t y  ~i is an u n k r n ’,wr m

f u n c t io n , ~ = ~ (t  1 is the poin t  on -
~~ c ’’r r espond ing  to t , and

1 cos
— ( 3 i
TI r

where c and r are as in Figure 1.

For fixed ~~,

F (x ,~) = ~ “ 

~ n~ x - (4 ~~

so tha t  F x ,~~) is a solution of Laplace ’ s equation . Thus the integral  in

( 2 ) .  being the superposi t ion of so lu t ions , is also a solution of Laplace ’ s

ecruation.  The term double layer  refers  to the fact  tha t  F can be inter-

preted as the poten t ia l  due to a double layer .

In order to check that  u s a t i s f i e s  the boundary condit ions it is

necessary to stud\ ’  the behaviour of the in tegra l  in (2 ’- as x approaches

the boundary . If the boundary is smooth at the point  t then  it can be

shown that

u r n  J F (X ,~~( t ) ) F1( t ) d t  p .(s I J K i 5 . t p it  a lt  (5 1

where

K(s , t ) -A~~~~ -~ arc tan [~~~ - 
. 6)

Thus , u given by (2 )  will solve the boundary value problem ( 1) if p.

sat isf ies the Fredhoim integral equation of the second kind ,

p .( s )  + J K ( s , t ; 1~(t ) d t  f ( s )  .
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Figure 1: Notation for boundary potentials
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4
I t  is p s sib le  t o rewrite t h e  above r e su l t s  in ‘ i r e t  her  fe r n . The

r e ; s i  ~i (~~ is e r u i v i l e r i t  to t h e  ~;t i e l t j e s  i n t e g r a l

u n ~; J ~i t i d ~

~ is n o w  r i  in F igure  1 . The l i n n i t  ( H  is r e a d i ly  seen t c he a

cease ‘uence () f (~ . ‘i r :ni l l y ,  e q u a t i on  (7)  is e q u i va l e n t  to the

t i e  0 j es i n  t coral  e du a t  ion

± j p.i t  :1Hs . t -  f ( ~~ , ( 0 )

“.‘here is -as in Figure 1.

The ‘i cr iva t i o r :  ‘ f  t h e  pre -es ing  resu l t s  is described in m a n y  tex tb ’ Ks

i r c l u ’ : i n g :  K m t -  r ’ - ,’it ch and br ’,’lov [ l 9~~~] , Courant  and Hu bert [ 1 1 u 2 , p .

The m n t ~’ ral enua t H  ~ mu s t  be so lved by some numer ica l  r r e t h o u .

I ;E- .er al re n ~- r ences  on th e  on ;;  er i ca l  so lu t ion  of integra l equa t i :  as inc lude :

O n ser  ne [ 1  7 1 1  . t i le  [ 1 7 1 ]  De lv e s  and \ ni l s h  [ 1’- 7  41 . A t k i n s o n  [ 1~ 7e]

t c r i p e c i r }

l’h e n u m e r i c - mi  a l U t I n - 1  e r u d t i  n 1)  is consicered by Kantorovich

m ci’ ; br -il- . -a 
[ Ia 

~~~
- ]  , Sy r r i m  [ 

l I t -i ] , J a s wn n  and S y n r r  [ t a  appear]  . Cryer

I 
1°T(’~, p.  103] giv es u r t n e r  references .

There is a close re la t ionsh ip  between equ at i on  ~i )  and va r ious

i ;n t r ” ; r  1 E - ; u at i o n s  which arise when cons t ruc t ing  confornra l  m a p s :  see

(
~a ie r  I 1’ t , i ~ . Symm [ l O t  . 1( 0 7 .
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Ever i m u r r e r ica l  m o t h -  : for  so lv ing  9 )  leads t ’ a s ’ / s t c ’ i r  of  n

l in e ar  e a r t i  ms

( h r  , ( h )  ~ n )
Ah U h ~~B . 

( 10;

wfo ’re  t ’~~~ is an  r r H r r x i r r i t i on  to the dens i ty  m u n c t i e n  i . The m a t r i x

is ci fu l l  matr ix , and  it seems that  G a u s s i a n  e l i m i n a t i o n  is the best

:; e th  ‘1 ta solve ( 1 0) .  No comment  seems called f or  except to observe

t h a t  i t  ti:1 : atr i r . :  is too  large  to be held in the ma in  store , then  the

c c - m ; - u t n ti as r o u s t  be ir r - an g e d  so as to m i n i m i z e  t r ans fe r s  between the

m a i n  st -r i  and the s e con d ar y  store ; an e f f ic ien t  way of doing th is  is  -

described in a seldom - -;uoted paper of Barron and Swinne r ton -Dycr  [ l 9 t i 0 / b l ]

which  was intended for a m ag n e t i c - t a p e  secondary store but is appl icable

to other types  of secondary store . The t ime est imates  given by Barron

and Swinn er ton-Dy er  [ 1960/ a l ]  are too low because onl y the t ime required

for data t r ans fe r  is considered. Wn en al lowance is made for the computati cAn

time , the t ime es t imate s are very accura te  (Cryer [ l Q a Z , Chapt er  5 . p.  7 ] ) .

Since the system ( 10) is not sparse  it might  be thoug ht tha t  the

solution of (10 ) would require much more computat ion t ime t h a n  the solutio n

of the sparse l inear  eq uations arising when fi nite elements or fi nite

d i f ferences  are used to solve (11 . However , equat ion ( 9 )  is a one-

dime nsiona l equation while equation ( 1) is a two-dimensional  equat ion.

Thus , for comparable accuracy , the order of the system (10) is fa r  smaller

than  the order of the system ar is in g from f ini te  di f ferences  or f ini te  e lements .
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e rn -w i r l i c a t e  some r e l a t e - :  r e s u l t s ;

Ii  l’r i r e e _ ‘l i r r i e r r o l  - r n-

The r e s u l t s  can be extended t ’ a n y  number  of d i m e n s i on s .  In

three - t i m e ; s i - r ; : - ;

I a  1F x ,~ Z1T Pn x~~~~~f

an cm the kernel  K ( s , t )  is n io m i f i e c t  appropria te l y .  See 0. D . Kellogg [1953 ,

p.  ~~~a] , Garabedian [ 1 , 0 4 , p .  334]

General  p rograms  for solving the resulti ng integra l equat ions  have

been m eve l op ed  by Hess  and Smith [ 19a 7 ]  and Hess [1973] and appli ed

toe c n m ;  u t ; a t i r of the  f low past  obstacles such as aeroplanes and

is sm l e s .

F r ~x l sv r r met r i c nr r .  b len s the a x i s y m m e t r y  can be used to reduce the

mn t e a r a l  e r u a t i  a t a one — -s i r r c -ns ion a l  equat ion . The surface singulari t ies

are c~t~’n called ring sources cr  r ing ..c r t ic es .  Unfor tuna te l y ,  the kernel

of the  o n e - n a i n n e n s i o - n , i l  e ;uat ion involves  e l l ip t ic  in tegra l s  and this

increases  the computa t ion  t i r :  e.  See also l~iegels [ 19 5 2 ] , Landweber [19 51 ,

19 
~~
H .

i i )  N a- sn o ot im - ‘~

i f  ; c  h a s  an - n t - r i  r c o r n e r  of -an gle  d s )  - m t  t i e  po int  s on ~~

t h e n  ( j ’
- m u s t  be m n ’ ’ l i f i e - i :

1mm 
J 

F ( x ,~~( t L , i ( t :t - a ( s )  
J K ( S , t ’ 1 1 ; t  ;t -

~~~~~~ ~~~5 (  ~

The integra l e m ot i o n  ( 7 i  h ecorr -e s

~~

‘ p . ( s )  1 K ( s , t i p.( t d t  f ( s )

17 -
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_ _  
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El : w t . ’i ~~~ , and th i s  is i t ; -; re n t  advantage , equation (9 ) remains valid ,

t r i  i t  is

-

~ 
j  p .(t ) d~~.(s , t )  = f(s) . ( 11)

Ea ua t i on  ( 11 )  w m - f i r s t  considered by Carleman , but Radon [1919]

ie ’,’elo ;e ’;  a m uch rr ore sa t i s fac to ry  theory . Recently the work of Rado n

h i s  been extended by Burago , Kral , a nd others ; Radon defined ~~ to be of

b :undeh _r ot at ion  if the slope 0 ( s )  (see Figure 1) is of bounded variat ion.

i~o n o ri sh o w e - i  t ha t  if f~~ is of bounded rotation and has  no cusps then

0)  has  a un in ; ue  con t inuous  solution p. for each continuous f .  Cry er [1970]

gives  a detailed d iscuss ion  of the theory and a compr ehensive biblio graphy.

The general theory of Radon is not necessary in the present

- - n t ex t , but m o s t  FBPS do involve boundaries ~~ with corners , so tha t

the theory which is usua l ly  g iven in textbook s which assumes  a smooth a~

and is based on equation ( 7 )  is not adeq uate. Equation ( 11) has been used

with tr ial  free boundary m ethods by Cryer [1962 , Chapter 1, p.  11] , and

Synr m [1975] . Slutz [1962] used the same approach in a three-dimensional

magnetoh ydrostatic problem which he solved by the method of Trefftz (see

section 2 . 4 . 1” : an interesting aspect of the problem treated by Siutz

is that  the FB ha s a corner.

( i i i )  Single-layer  potentials

Instead of representing u (x )  as the potential of a double layer

of density p., one can represent p. as the potential of a s ingle-lay er
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1 ; en s it y  ,~~~. 1 r tw - - i m m e r s i o n n i l  ~ r b ie r :  s .vc- n a v e  
A

U ( X ’  J p.( t - ! f l  ni ~ ; t )  at  , ( 12
£

i n st m ’ i ’ :  of ( - I

I f  t oe  bour  a i r : ’  co n i i t l ’  a m c ;  a N e u m a n  cor -n~1tm :, t h en  egu at i o n  ( 12

lead s  t- a sec n - i  r m r  [re I h c  In; i : t o o r ;m l  e :u t i  n f r  6 with  th~

ke r n e l  K s, t g iven  by ( a ) . t {’ W eV er .  if  t h e  b ou n : i - ar y  con d i t ion  is a

L ir ich  let v o n i t i -  -n , t hen  12) leads t’ the f i r s t  c r - ; e r  equat ion

f ( s) -- J p.( t ) C  n ,~ J s t  — (
~~~( t

’
) ;t . ( 13)

6

C nve :t i ’ - :nm l  w i she r  has  it tha t  equat ions  such as ( 13) should be

avoided. H vv e’ i er ,  it has  been found by Symm [19a-1 ]  , Jaswon and Sym m

[ t  a; r e a r ]  , and ot h e r s  t ha t  equa t i on ( 13i can be solved numer ic a l l y without

f m - n :  a I t ,

So f a r  as we - ar e  aware,  a ri c:orous t r ea tmen t  of the numer ica l

solut ion of s ingu la r  e a u a t i ’n r ; s  of the f o r m:  ( 13) is r o t  ava i l ab le .  There is

a cons ide rab le  l i te ra ture  on the num er i ca l  sc lu t i c -n  of e u o it i r a s  of the

second k in d  with  s ingu la r  kernels  ~f which  we mere ly  ment ion He~~ling [ 19 7 1 ]

and Mc lnnes  [ 1 17 2 ]  (who gene ra l i ze s  the theory of collectively compact

op e r a t o r s  t’ the case of l inear singular  i n t eg ra l  equat ions  in a Holder

space .)  There is also a considerable l i tera ture  on the solution of f i r s t

er der integral  equations ; a recent reference is Strand [1974 ]

— , l h m  —
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I

1’ . - mr bi : - t t i t i s

~t is  ; s s ible  t m e ;  r c c a r r t  uec in t h e  r n

U )X (  J p.( t )  ( n i x  - ~ (t ‘ i t  
J 

p.( t  P n ~ x - ~ (t c~t
-
—

w o m - r e  
~~~ 

U - f. £. V~e u n a e r s t 1 m n d  t h a t  this  approach was used by

1 . 7  i]  t - solve the problem of p orous  flow throug h an  earth da m .

( y r  13i: m r n ’ , n m o  e’nlu ation s

S y mm  [ 10 6 4 ]  and Jaswon and Symm [ to  appea r ]  show hew the

b-ih - i r r rn  ri ic equat ion  can be solved us ing  integral  equa t ions .  This could

be an ~‘Yect i ve  method for solving FBPS for the b iha rmonic  equa t ion .

(vi ) Connect ions  with complex funct ion  theory

The solution u of (U is the real part of an  ana ly t i c  func t ion

w w z  w(x -
~ iy ) . There is a very close connection between the

representa t io n ( 2 )  and the representat ion of w as a Cauch y integral

w ( z )  = ~ w(~~r 
d~ . ( 14 ;

2ir i -

The behavior i f  in tegra ls  of the form ( 14) is extensively studied in the

l i te ra ture  on complex func t ion  theory . See Muskhel i shvi l i  {l953a 1 and

Goluzin [ 1960] . For appl icat ions to the theory of elasticity see

‘/ ni skhel i shvil i  [1953]

The use i f  integra l equations for trial free boundary methods has

sev era l advantages :

-50-  

—- . - -



- 
~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ ~~~~ .“~ ~

“
~~~

‘
‘ 

- 

~~~~~~~~~~~~~

f ’, -

a m i r n s  £ - c - i n  be e i~~dy t r i l l ’

[h j o e  ; :  - i i : :  a t e  s l a t e - n  a~~~ i n ;  e x r r e ; s e i l  in  t e r n s (j( -a n I t - r r  ~~i

- ( k i
to ’: l o i r e ;  i i  r ; r ; r  n-n m:  at e  o e m1s i t ’ . p .,  so t h a t  t i e  va lues  (if uh

- - - - ( k )
:1: - : m t  m e r i v i t i v e s  in  5 -  r ead i l y  C m :  r a ter :  at in ’,’ - i ;  t of

[h a s e n r o  b - u : : ;  ~r -; c- :n a i t i o r i  °u~’~ : 0 on is eas i ly  checked .

m c  Corn er  s i n g u lar i t i e s  are eas i l y [ -m n  i lc i d by i nc reas ing  the ie :, s i ty  ‘ - f

t oo  :: L ’sao m a t s  ne ar  t h ’  c’ , r ; i i - r S  - 1or  n m :  t : i m - r  rm ; p r - n m c .h see

Svm : rm n [ 1 7 3 ]

i l l  Fin i te  h f t e r e m i c e  methods  and f i n i t e  e lemeat  m eth od s irm m e a n i i t e l --

n : i v e - : :ml ues  of t he  s - d u t i -  : t mesh po ints , but if int enr - :i l e g u - i t i r n s

~re un e d  t h e n  the values  - f t oe  s o l u t i - ,n ot t m in t s  in mu s t  be

c ’onn p u t ev , “~ i ch is a st r a i ;ht ~ rvaa rd  but tin - c -c ’ n sur : :ing c o mp u t at i o n

~‘,‘ ich c a r m  re :uir e as much t i e r -  as the s’ i u t i  -n  of t h e  in tegra l

eqra r t i o n .  F r  f i xed  boun r ra r y  va lue  p r o b l e m s  tr ii s  addi t iona l  computa-

tion is a :e f i r n i t e  d i s a d v a n t a g e  of the method  c-f i n t eg ra l  equa t ions .

H we’: : , for t r i a l  free bounda r y  mc eth c,ds the values of the solution

in ~ (k )  
are onl y needed (if at a l l )  a f t e r  the f ina l  i te ra t ion , so that

th e  au d i t i o n a l  c o mp u t at i o n  is onl y a slig ht  d i s a d v a n t a g e .

The main  h i s - a d v a n t a g e  associated with the method of in tegral

equa t ions  is tha t  the ro r t h ’  - ‘i is l im i t ed  to a few specia l  d i f f e ren t i a l

- -“-: u - it i o n :  such as Laplace ’ s equa t ion .  This is a severe restriction , but

it is n i t  as severe as mig ht be thoug h t :  we have compiled an extensive
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b ib l e  ‘r r  ;phv  ‘ - f  FBP S , and a -icr ’,’ I n n : number  of th e : ;e  FBI’ S in v o l v e

Laplace ’ s ~a m t i c n .

The tr ial  free boundar ’, ’ m r i ’th od  with i n t eg ra l  c”r u at io a s  h a s  heir ;  usek

t ’ solve  toe FBPS lis te : bel w.  In fo rma t ion  a b c - u t  the type o f su r : ace

si n g u l a r i t y ,  the t y r  ‘ of in tegra l  equat i on  s ) ,  and the r iu : : c r n m c n u l  met h o - :  u s e - i

to solve the m a t e  ; ra l  e q u a t i o n ( s )  is g iv e n  in b r a c k e t s .

Axi sym m : :et r i c  k i a b o u  h i n s oy  c a v i t y  dow : Armst ron g  an :  D u n h a m  I l ’~ 5 3 J

r i n g  v o r t i c e s ) .
4

Axisymmet r i c  cavi ty  flow ( H e l m h — lt c  model for cones and s p h e r e s ;

Riabouch insk y m e m i l  for  d i s k s) :  Struck [1970]  (ring sou r c e s :

equa t ions  of f i r s t  a n—l second kind ; N y strom m e t h ’ dj .

Axi svn: m c ’tr i c  wall jet : B. W. Hunt  [1967 , 1968] ( r i ng  vort ices;  egu at io -n  of

second kind : Kry lov and Rogoliubov me thod ) .

Porous f l o w  through rec t angular  d a m s :  Symm [ 1975] ( s i n g l e - l ay e r

p o t e n t i aU .  Cryer [1962 , chapter  1 , p. 11] used a double- layer

potential  to check the solution of Shaw and Southwell  [1941] but

did not i terate.

E la s t i c -p l a s t i c  torsion : Ponter ’[ 1966] and Jaswon and Ponter [1963]

(double layer ;  equat ion of second k i n d ) .

2 .4 .  3. The se l f - cons i s t en t  method and the moment  method

In this section we describe two methods which use sur face  s ingu la r i t i e s

but not integral eauat ions .
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Th : - ;e l f - c o n s i s t e r t  n ,e th ’ , ij w m s j n t m  - - m a cri ~~, Mc ’ad  ar ia  B o a r a  i ‘a-1 1

to compute  the ‘. m m t b ’ s m ; n g i ct - ~ou s e : n too s y m r : ~ . t n i c  case , and was

I i t e m  used by O1s- r~ [ ~~~~~ I~ 6’~] r n  t h e  go- . i - r - -~ case.

The pr i b l e m :  is as fo l lows.  A s t ro m ; : .  i ,f ch a n g e ; p r t i  - - h - s . ca l l e e

the s o l i r  - v im ; , t l u ’~v~ fro r r , t he  sun  t ow ,,r d s the  earth . The ;: i n n  wind has

den i ty  p and velocity Vv wh ere  v C; a u m i t  -~‘ect ’ - r .  The eart is

represem ite ; as a rn agnet i r ’  dipole of s t :  .c :t : ’ M.  The m o o - r i - l i o n  p lane

is t i c ~ plane c o n t a i n i n g  the ear th s el , ’ Ic and v.  The- - md

ccn ta ins  v and iS perpendicular  to the mer id ian  p l a n e .  The earth ’ s

m a g n e t i c  f i e l d  def lec t s  the solar wind and c r ea t e s  a t h r e e - d i m e n s i o n a l

reg i on  6 near th~ earth which is m i t  penetrated by the s o l a r  w ind .  The

t w n - d i n c n s i o n a l  boundary  1 of r is -a FB , t h e  : ij j : r t  j o : e.

The n ;r o ’ern ing equat ions  con be set up by n o t i n g  tha t :

( i f  There is a magne t ic  f i e l d  inside the rn ag ’; -t n es i — I which

s a t i s f i e s D-axwe ll s equa t ions .

( i i i  There is no magnet ic  field up side  F .

i i i )  The solar wind particles mus t  behave in a p r e s cr 1 i~~- ; ~a s h i ’  n on

r .  The most - ,r n ~rnon a s sumpt ion  is that  there is s~~i ’m: u 1ar r e f l ec t i on . :

tha t  is , t ha t  the part icles are reflected by the m a g n e t ’  ;‘ -a c; s c’ -

in the same way tha t  lig ht would be ref le ct ed b a m :~i r r r I -

In t e r r r . s  o f  appropr ia te  polar coordinates ;r , It , c - the  [B is

r f p fj n e d  as th sur face

r - 
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[‘hi i ’ : . .  t ‘n i a l c r  s s - - s e c t h ’r i  of the [‘B is sm- o th while the m : e r i ’ f h m: mI

-n - : s —  - - - t i  mi - it t i n s  tw ‘ disc n t inu i t i e s  - the  neut ra l  p oints  where

the  m : ‘. ; : et i c  m i d  is zero .

The t -t 1 n ; a c m r i e t i c  f ield ins ide  I may  be though t  of as

c on s i s t ing  f tw-° c o - m op :  r i en t s  n a m e l y  the  geomagne t i c  dipole field

and  a f ie ld B caused by sur face  s i ngu lar i t i e s , n a m e l y  current s f lowing

in F. The f ie ld  B is known , an I—g

B — B r B I )  I B—c cm c (t  Ce-

w h e r e  r , 0 , -a n:d ~ d c i : ’ to t h e  und  y o G i  - rm ;  in t i to  coo rd ina te  d m r e c t i -  1 , _ n .

II  specular  re f lect ion occurs  then on the l b  we have the condition

( O lm: - ’; [ 1’, 6~ , p. l ]  ),

Cu I ( r  — ~ (~~ 
0 — (- ~~

--
~~ ( X (( B — ~ s i m m  P s in  b ) r  +

R po P s in U j; e- cr

(B ~ cos 0 sin ó)0  I (B -
~ cos a ) o  -

cO CO
( 1)

- ~~ 0 V[~ 
1R 3(cos 0 4~ 

sin U ( P R ) )
R ôO

= 0 .

The cur ren t  f i e l d  B sa t i s f i es  the equation  (Olson [ ] ~~6I~ , p.

( n X B ( q ) ) X r

2 ~‘ 
q 

(Lpq
) 3 

dSq 
( 2 )

whore m is t h e  u n i t  m w ’ r r o : l  to F’ at the p o in t  q .  where d t ~ is a
4 

q

s u r f - m c e  e l em e n t  t q ,  and where r.pq is the d i s t ance  fro m p t o  q .
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In t f ~~- s~ - l f - c O n S 1 s t e : -t  ::. ‘ - t h -  - ;  F e  l i i i ’ :  s guessed  ‘- a n ; ;

P .  lh iu m t i ’ o m i  ( 1) is t h u  i n t o - g n a t ’ -  u . n i ’ g  f i m , i t o  d i i : ’ - n  I I C C S  t-

a c t m - ! m : i n f l  ~~( 0 j
• i i oxt , c-ga d i r  (~~; 1:; used w i t i  i n - B 4 ~~~ F

-t —g c

dete nt:  t o - - 3
( )

, , m m e l  the m t n C (  ~~~ 10 l e j r - - ; t i  ; .  T h : o

method i’s thu s  a t r i al  f r ; -  - b o u n d a r y  r n c r t l t c , , i , the  t r i a l  [‘Ph 1 P i n i n g

found  by an integral  method (see section 3 .2 .  2~ . The governing equation

is Laplace ’ s equat ion expressed in th e  form ( 2 ;  us ing  double- layer  surface

s ingula r i t i es .

In t i d i m i m e n  F ’ the  w o n :  moe r t ; c r r e d  Wove , F i L e r , Pe n ; , an d Y oun g

I 1~~6 - t ]  h av e  ~1~n p l i n c l  the s e i f - - s o i s s i  st -n : ;t  ; m ’ c l i i ud to  no rm ; e  i m n c i g m ; e t e ) ; i JSC

~ m ’  - b l e i n s  ~vi ’~’ i k i ev; ; s o l u te - u s  n m m ; 1  Pc- - i l  [ j i g )  gives a good descr ip t i o l -;

of the mm cdi c d .

So far  as  we are aware , the s el l - c o n s i s t en t  m n n ’t t od h~~s cal ’,’

I:, ’ ( ‘ i used to cor :i pu t C  the  m a g n e t o ) ;a ~t s e .  The in ‘thod w ou l - i  appear  to

h a v e  ap p l i c  ;t i o n s  to m a n y  otr i er  FBP S , p-a r t i c ’n l ;n ly  ~ rob le ;so s of m agn e t i c

is r : to in n i  - : , i

The c c v  c at o n e - F r i v.’n s i n t ro d u c e d  b~.; Midg ley  an-i Dav i s  19( h i

t ’. solve a rna gne t op r use problem for t i r e  case of cons tan t  p res sure , ar ~-i

~vm i ’i su b m s e q u e r : t l y used by Mid gley [ 1963] and i~ ici g1ey and Dav i s  [ 
l m ~f’ 3]

for the w i n e  of s pec u l a r  r e f l e c t i o n .  The m o m e n t  m e-th e -r i  in v o l v e s  t h e

vii n :  s t ep s :
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i i )  T i e  [‘B is m~ -p r e s~- r t - I  Iii p : r m - rce ’tr l c l e n i n  i n  t ( - r m ; , 5  of an  u n k n - -wn

v - - I m ( C i . ~. 1 ; ’ ; n i ’ v  m m m d  L , i v i r  [ 1 6 2 ]  c i o s m I m s e t P - d  t h e  I I I  is

m l  t b , - f Mn

= ( ‘
~ 1 - ~~ c . ( ~~-”h -

— v.ni i ile [I id :ley ;r n ;cl D av i s  [ l ’ i ( 3 ]  a s s u r : : ( -  t h a t  the l B  is given in t e n m : . s

of th~ ~lca- : fo  : ,  ti -

r m ( u  v) 2 1/2
— a ( v ) s i m i  ,p ‘ (1 — [ ( 1 — u )  4 h ( u , V I ]

~— -, i m - n r -  v (o s~~f ,  ; i ( v  is 1 ; - i l f  thc ’  r a d i u s  of the  [‘B at z =

u - p / a ( v m  cm ii q t lmn ’ l  h , ; ! m n  double  p iwer s e - t i e s  in  u and V

v i i i  h un~ c- v.’ ;  C O C I  i t  c m l  - n t : ;  C 1 .

( i i )  i i  an  a s su m e , l  [B ti c: sc ;m : : , C  cur ren t  L is de te rmined  and

the r e s u i t i  t ; g  v’; r m o t e m l i a l  i~ ou ts ide  the m a g n e t o p - u m s e  is

e x pan d e d  i i ;  a serF :; of P.: a ;t i ’:ns  D wh ich  arc  relate-i  tc the

1 , € - g e m l ( I n i n  [-: l y norn i -als ,

= I )  T hi4 = ~ I~ (~~)D~~~ ) .
1 pg ( 1

The c’nef t ic ; - : t n  I are cal led the m n o m e m -;tn

( i i i )  The condi t i ’  - m n t n a t  t~ n ’ :: , i  : ‘ n t )  c f i e l d  - ;r t s ide  1 should v a n i c h

is  e x p r e ss ed  in t ’- - r r r ~s of t i C: m o m e n t s  I .  The resu l t ing  s y o t e m n .

c i  equat  m o n  f - m t h e  u i :  f lown  c o e f f i c ie n t s  c is solved i t e r a t i v e l y .
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The mni r r ;ent  method is thus  a trial free b o u r d a r -,’ :: e th ’ , :; , t oe t n ,  f r ee

b e u m n , ; a r i e s  be ing  found  by a g lobal me -t ie -a . ; dee :orct i ’  fl ~~. ~,

A i th ug h iii idq ley and Davis  did o b ta in  resu l t s  they ex f ’ o r i E : ;o o e ’l  ConS !  n - n  —

able d i f f icu l t i es  and the  m m : o m n e n t  meth  ci , in this  form ,at j o i s t , dec- s

n o t  seem to be a competi t ive method.

h . ~~. Trial free b ou n d ar y  : ; :e th ’’i s  with ana j j~g me th ous

An a l o g  m et h ’ W; h~~vo lo in b c - n f l  U S d l to ~~ 1ve l l l I ’h  by t b ’  t i r l

free b i u n i  Dry  n I P ’  - I .  d i ’  r l ° ? Z , c l ing tr r 11] g iven  an c-x cc l l ’  at

discus sion c i  a nalog me th o ds  for ~ -i - - us ft ,v.’ n o - b l e m s , ii mi ’ I I I  a ( - I t S  n

[196 5~ descr ibes  cina lo :; mm ;c th ooi s for  f lu i : i  mm ; c - c :han ics p m c };lefiiS . }i~~sic

texts on a: ;alorj  com: :puters  i n c l u - : i e  K a r p l u s  [ 
is ~k] . V’ ‘l y n sk i  i ri m :

B uh m m ,  a ri [ 1’ .I (~ ~~]

In the d i scuss ion  bc 1~ \-v we do not c o ’ m n : : i - l o r  ano ; , l o g  s n o t )  do cl-J oin

m ae - r e l y  involve  s c a l i ng ,  such as  the  nrc ‘n i e l l ;np  of p o c us i n - ’ ..; p rob lems

us ing  a ‘ s a n d - b o x ” .

Two essent ia l  d i f fe r en c e s  between analog and d i - n t m l  c o rc -pc i t em S

are :

(i) Accurac~~ In an analog comput er  it is d i f f i c u l t  and c ’onefls iv e

to achieve great accuracy , and one mus t  usua l ly  be content wit h

1~ accuracy.  In a d ig i t a l  ccnmn p citei ’ , f a r  cmr e~~t er  accuracy is

poss ih i e  . It is , however , i m n p o r t a r i t  to note that  the cm r e a t  i c c u r n ’c ’ ;-
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of a ‘ ; i g . t  d c’ ‘ m m p u t i~r ~~ ~ m n ’ t be f u l l y  u t i l i zed :  vc ’r ’1’ f ew [BPS

h av e  D c ’  solved with  an accuracy  greater t In i n  1” , and ir ; r m n - j

pr a c t i c a l  probl ems the data  is not known to l~ii a ccuracy.  - :
( i i)  An an  t } ’ -g compute r  is ~~~~~~~~~~~~~~~~ while  a d ig it a l  computer

is ~~~~~‘~~~~- u rpo se .  An analog computer  can thus  somet imes  be

much fas te r  t h a n  a d igi ta l  computer on the class of p roblem s

for which the analog computer  has been des igned.

At prese nt , analog Comp uters have a dowdy and o ld - fa sh ioned

Image compared to the glossy and modern image of digi tal  compute r s .

We suspec t , however , th at  the v a lue  of ana log  comput c rn as e f f i c i e n t

spec i a l -pu rpose  devices will be appre ciated more in th~ fu tu re .

-
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h .  5 . 1 .  Trial  f ree  b ound a~~ method s with electrolyt ic  t a n k s

t m : -  ( 1 ( o t n l~~t c t - m n L  is  dl t r i m  f i l l e d  w i t h  1 c n ’ o n l i i e t i m q  ‘ ‘ ‘ - h u m  —

t i m e  i n l o - ’~ t i ’ l v t i ’  - such as a copper m u l l - i t o  m I s t i e r ; . ‘ l Im e  e l e u t m i c

p- t~~ntj ; i ]  i i i  eke - t m - i t o s c i t i s m i e s  L ; i f l ; i c e ’ s eq u a t i o n . .  V;’her ;  so lv ing  a

[RI’ , t in - - 1 B is r e p r o -m ated Pa’ :ifl ~ d j u s t -’ibie s u r fa c e , ‘ - f t c : :  made  of w a x .

It is p o s s i b l e -  t n solve tv. ’ ‘ - e i m : ensic ; rm l in o b l em ; . s  i n v o l v i n g  e q s - I ; ’  m m : ;  of

the  m nm:

Cp u )  -1 
~~~(PU) = 0 ;

h r  such oro i le an s the  t a nm I n s  a rr-t ov ; ib lo  bo t t om wl-i - ch is ~d j c st e -  so

t h a t  the  d~- 1 ’ t l :  h c it the  c le r n t r -  J yt i c  is proport ional  to p .

The fo l lowing  [BPS have  been solved u s i n g  t h e  t r ia l  Free boundary

n n ct h u - d  ‘. .fts an  e lec t ro ly t ic  t v m ; , h :

Ilia D m e c h a n i c s  FBPS

Axial l y s y m m e t r i c  R i ab o u c h i n s k y  cav i ty  behind  a d i sk :  Young , ( S i t e s

Arias , and El iezer  [1955 , F igure  10] and B i r k h c - f f  and Zur a mitonc i l o

[19 57 , p. 232 ]  give some de ta i l s  of a s o l u t i o n  obtained by

P . Marche t  and  M . 1-lalavard in l94’;i .

Axia ll y s y m m e t r i c  jot  f rom a p ipe :  A h u l - F e t ou h  [ 1 9 - i n ]  and  Rouse and

Ahul  -Fe touh  [19 50] .

- - 
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1m, .:j ,i h i , ~y : :o :  ‘ 1 , , j - -t n , t m h . . i ; j ;i  m ’ l , t c :  P . C. I lu b b a i d  [19.1’) ] un d

Led - i n  ]‘ i 50]

I h a y  a mi i i  rh  I - r i  I [ 1 .1 P8 ] o b t - m i n e d r e s u l t s  for t he  f low over a

~.s- -i r F r  ~a I r~~ - t i u m b e r  of geome t r i e s .  

I , - .,.’

U n t i l  r i - n - i -n t )  y ,  el - ‘  nt ~~ 1- - t i c  t m  ; ;k s were widely  used for s t u d y i n g

t cv - i i m n c ’ ; ; s i r ’ m al  , , n :J  t h r e e  d i r n e n s i o ; i a l  porous flow prob l ems .  Bear [ l 9 7 h

706 ]  a n - I  P o l u l o m m a c , —K i ch inc i  [ l~ f” 2 , p. - 163] d i scuss  the problem

of seepronc  t i : r  - ugh e - n r t l - , inca s

The ad j u st :  :nt  of the  l B  in an electrolyt ic  t ank  is quite

i n i h o r i vos :  Rouse em; A P r i l - F  ~t~’uh [19 50 , p .  -l23~ remark that  their

solut ion r e q u i t e - - : tv.’ - h u e  n - a d hours of work . As regards the accuracy

a t t , i i m n a b l e  with an e- 1~- c t r  -l y t i c  t - an k ~ Flay and M nr k l a n d  [19 58 , p.  68 and

p. ( 9 ]  s ta te  tI n t  t h e i r  r e su l t s  are correct to 1% , and this f igure seems

to he genera l ly  accepted .
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2. 5 . ~i. Trial free bound ary  m ethods  with tn e  l i e l e  - , i i i ’ i w  d L nd~~~

It  ~v , i ; ;  obs e rv - ’ )  b y I l o l ’. - ~dhav. n i t ’  I i I ’ S  t : ; - i t  if , r  v i n c e u s  f l u b ;

F ‘von: s i - e l y het ’,a’ec n tv, ’ ’ 1 - -  ‘li i v c r t i c ; - i l  I m t - S  ,‘.‘ l i i chi - i t o ’  i m i s t - r i c e

b op - nt , v.— i m c - m - - P i n -; : ; n or ll tb - m i  t o r n  con~ t i t u t i v e  e q u a t i o n  m e  aces n-

v -- 
(u , v) - j-~ 

(gb ’ /1J- ) J m  d( y p ‘- -
, ,

w h e r e  u and  v deno t e  t h e  ac -r a g e -  - ‘c ’loc it ’ ;  of t i n e  v iscous f l u i d  11:

the :~: and  a’ d i rec t ions .  There  is t h u s  a direct a n a l o g - ,’ b - t w e e n

viscous flow between p - n m r c i l l e l  p l at e s  a n d  porous fl ’ -av . This is of course

not su rp r i s ing  s ince all t i m e  tsc- r o t l - - n a i  : I e r i v n a t m r  as of D ar c y ’ s le.v in

porous flow use models involving viscous flow through narrow pas sages .

Bear [ 1’) 7~~, p.  687] gives a de t a i l ed  d i scuss ion  of the I l e l e - S haw  ana log

which has  beer ; appl ied  to m a n y  porous fin e,’ FBPS.  The a p p ar at u s  for

o b s e r v i n g  viscous flow between paral le l  plates is o’°t en  called a

He le -Shaw cell.

The Hele-Shaw analog is also of interest because it provides a

l ink between porous flow FBPS and viscous f lu id  mechanics  [‘BPS such

as the two-d imens iona l  flow of a viscous bubble (see Saf fman  and

Taylor [1958] ) .
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.~~. ~‘. 3 . T r i u i _ tr ee  bound ary methods  with r e s i s t ance  networks

I n .  - m i - - t i ’  mi:; ~~~. 1 and 2 . 2  we cons idered  the methods in which the

t in ’.’ - i P u n i a  r’; value  r ‘ P i e - n m ;

( h i  - (k ;
0 , in  ~~ ,

= 0 , on Dt

ap p r -  - x i m a ated by f in i t e  d i f fe rences  or f in i te  e lements , the resu l t ing

system ;;  of al gebraic  equat ions being solved by hand  or on a computer .

Ar ; a l t e rna t ive  approach is to replace the algebraic equa tions by an

equ iva len t  electrical network of r es i s tances .

Res i s tance  networks have been widel y used for porous flow [‘BPS

(Bouwer [ 1 16 7 ]  , Bear [1972 , p.  7 1 0 ] > .  An in te res t ing  aspect of such

appl i c it i ’  as is that it has proved possible to automate the movement of

the tr ial  FBS:

(i) K arp lus  [19 s6] automaticall y solves the problem of a water-cone by

connect ing  a series of DC analog computing units to the resistance

network along the network bound ary corresponding to the FB.

i i i ;  Herbert and Rushton [1966 , p. 72] automatical ly solve the problem

of flow through a porous dam by adding t ransis tors  which disconnect

(k I
portions of the network where the condition u > y is violated.

-6z -



- — 
—-—---—---

~~~~~~~~~~ 
- - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- 
- -~~~~~~n-c—

• . 4 .  F m i r l ; n m ’ e b- iundaryj ;; oth o n is  with co n du ct in g p~~~e~n-~ nd c ir benm

, r m ; ’ i  Re e n t  1’ 3 5 ]  p x o n e ’ : m c ’u  t f : O  U: ;e of c o n ; d u c t i m :g  1’ P Cn r

t -  ; ; , , l v r ’  p - c  - ; ; m ;  H w I B P I 3 .  They use - i c J r r r I h i t u - c o a t c - i  pu r ’c - r to solve

t i :  ~r ohi1ern in-  : O n n i ’ p r y e  t i m -  m n - j i m  a rm o - ; r t l i  ‘ l a i n  for m r , ; m r  c l i i  1cm c - c t  g eomet r i e s :

~e: -t m ;~i n ; l , , r ” , mn -,- cU :  or w i t h ’  ut d’ ‘.‘ci -- s t n ; - ; i r n  - - ‘ a t e - n , s y m n m o o ’ t r i c :  t r a p e z o i u - I

d i m  w i t h  l ices ot s lope 30
0 and . 15 0

. In the a p p m o r c i m  u s e d  by V-~’y c l o ’ L m

a n D  r~ce”d the  veI ’ ’ m - i t ’ ,~’ pc~ en t ia l  ~ in the  p ’’r ’~us floe,’ is r epres en ted  by

tb -  e1t ct n i ~- p o t en t i a l  iii ci sheet  of r e s i s t a n c e  p aper .  The procedure used

is shoe- n s c - h e - m :n a t i c a ! l y in f i g u r e  1 f o r  t h e -  case of floe. ’ t h rough  a r ec t angu la r

d a m n . .

Fe _ — - -

~~~~~~~~~~~

-- - -

—

un

/

-

A E

Figure 1: Resis tance paper  an c i l ’ - g  ‘ - f por e -us  f low through an
earth dam (based on V, ra - ’h - I t  e ar l  Reed [193 5 ,  p. 396~~
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i i i  FF ; u r e  I t h e -  r i  n t  n i g u l s sh -t ‘ 1  cj r , i i l ; i t r ’ - co i t i - ’ i  p g - ’ - r  /~l DI ’ i n n

‘‘i t ‘- - 1  
-
. - : .  I ,  I ’  - r i n i mi m i s  -- ,- I n  1~~li  i m n i  m I s ; ; ;  “ m l ; ;  ‘ 1  i t :  1, ’. u r n ’  i m m y  - 1 ~- r ~~’ o r  i

p t ’ - : . t i - i 1 ~~. T i me t e m ; : i n i l s  DE and A R are god c o r n I u n : t r rs m m ; ’ ;

d i r e k~- 5t  c i t  p t o - m I l  Is c-
1 

a r m - I  e L~ re- n : -  i ’ c - t i v e l y , - so as t - ’ r i - p r e s e n t  t h e

u b m : ; t r i ’ : i n ;  a m ;  c l o wn - t m  m m i  ‘.‘.‘ m t - - r n .  The t en a ; i n a l  Bi is  a r e s i ; -; t - ; n i o n e st r i p

n - :  n - - s o r t s H : c m  :;ev age  i c e - e n  t i n e  e n n c : p ’ n n t o  1’ a n - i - i  B , i t e  k e n t c t

~ ; :l~ and e en ; : :  t h c -  ) — - t ; - : c t i ’ ; l v i n es l i r c n a r l ’ , n ot ’,’. ( - c - n .  F a r n i

B. l i m e -  FR is t Ine  c L n r - ” o  CL) a n d  is ‘ - n t n m n e d  by c u t t i n g  the  s in -n - - t  n -f

p a p e r .  All  the  be un d a r :  Co n :-  ; i t l on s  a r -  s a t i s f i ed  ec :c -cn 1t t h e  s e - c n n  ‘ad b e u ; - ; - a r .,

c- n ;i t i ,r ; c m !  t h e  [B , mm -a n n e - i c  t h a t  t he  p - t e e t n e l  should be l inear  a long  the ’

FB . a n - i  Ho -  I B m~ n m r c m n i u a l l i  n t n v - a y  u n t i l  t h i s  b o u n d c - r y  condit i  n is

s- t i n  f i n ’; .

The i ’ - m f - o - c  of .- v n k c  f t  ar ; d Ree d is very ca re fu l l y wr i t t en .  They

d i scuss  t I n e  v a r i o u s  :e ’urces f error , and compar i son  between their  a n a l ” g

u - n ;u l t s  an~I e x a c t  a n a l y t i c - i l  r e su l t s  shows tha t  they can achieve an

accuracy of about 1,e

Subsequent ly , Childs used the method of Wycko if  and Reed to

solve s e - i e m , i 1  porous flow problems:  d ra inage  of ra in  water  towards a

m c i  of dra ins  ( C h i l n i s  [1943 , 1)4 5 , 19450 1) ;  flow down a slope in terrupted

by channel  (Chi lds  [ 1 9 4 6 ] ) ;  the Ghyben-Herzbe rg  lens (Childs [19 5 0 ] ) .
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The use ol ‘n ra : n i t - p a p e r  is l i ; : j t - ’ i  t -  p I e r , :  1 BP S . R a n ~m , i t t  a r ;d

d m a n - l I  l’ -l ~~ s t u d - i  t i le  a x i s y n m n n c - t r i o  ~r — b l c - n n  of a f u l l y - n  ‘ - a ’. n i  a

well  by cn : tt l  ng - t h i n  c :mn b  -n we lnj c~ , op p l - ,,’ing t ; m e  :, ppr ’~ c c  e tc el’ ’ t m  r u - I

a n a l -  ‘ques of the bound m n . ’ con e - i t ;  n c ;  
• 

a n  i t h e n  c u t t in g  th e  u p p er  s u n : :  -n o

of the  wedge I ach n - -h c’ r r e s p on d e -~ t to  - - ‘B un t i l  b oth  b’ -u : n m e r ;  cor ;citi ’ ns

wer a s’-i t i s t i e ’ l .

We- conclude with two r c :r c a r h s :

( i i  In an era of h i g h - s p e e d  cc~rr .pute r s  the  use  of an a n a l o g  m e t n o d

based on gra ph i t e -  - c o a t e d  p aper  may  seen; p r e n i n ; t ’ n i c .  H v-ic- -ocr , it i s

mc t unk ; .  , f n n - r large a : : ;oonts  of compute r  t i - n e  to be se-~rn to obtain res -mi ts

which are l i t t le  better t han  those  of i ,’ n- :- - ;ff ann ; Reed.

u I  The wc -r h  of Vv’ y ch o f f  and Reed [ l’i 35] nor m Babbi t t  ‘a nd Caidwell

[ l ~~4 h ]  pr- - a ’.t -ne-s valuable i n n  -r rn oa t c - n  ah ’n ,ut  trial free he u o -na r r ’  methods  f - s

porous flow p r ob l ems :  it is clear th at  such m e t h o d s  mus t  be very stable :

and the re s u l t . ;  ‘ - - f Vi°y c k c f f  and Reed suggest  t h a t  if the  init ial  FB is to :- -

hig h tnn ’ successive t r ia l  FBS O n- m n:  a m c ’n ot a - n i c a l l y decreas ing  se- :m m ;ence .

2. ( . Trial free bo u n d: - ar c ’  :.- c m t h r  - i s  with gra phica l  methods  —

The ear l ies t  ap p r c :n i m :  - it i o n :  methods for  el l iptic equa t ions  were

gr aph icam l n n eth  -is , and , according to’ Runge  and \ \ ‘i l lers  [ l” lS , p. 1(5]

f’ orchheimer , Blasius and von M i s e s  all co n s i d e r e d  u s ing  trial free bou:’ i e - r ,:

mm ethods in con junc t i o n with g raphica l  methods :  we consulted these e ar l y

references but found that none of the workers had in n p lemen n te - i  t h e s e  ideas .
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wh i c h  v, i s ‘~-i c u r s e  n l n . ; t e  u n de r s tan d a b le  b c -c a u s e  of the labor  m e- -u i r ed ,  -~~

P. Casagra nde 1 19 3 2 , 1Q34 ] and A . Casagrande  [1940] , who sol oed

n c - n- us  f low FBPS t i r  d a m s , were - a p p a m n :n t l y  the f i rs t  to solve

[BPS u - i nn - ;  g raphica l  me thods .  To our own knowledge , g raph i ca l  m e th ods

were ‘.-‘ n .n t ens iv el y used to solve por ous flow problems up to l Q é O , but we

- ir e -  not aware  — any appl icat ions  to [‘BPS.

Shaw amid S cu thw el l  [1941] were aware  of the work of A . C a sag r a n de ,

so th ;t t oere has  been a cont inuous  development  from graphical  methods I
to f in i t e  d i f f e r ence  methods and then tin f in i te  e lement  methods .

I
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- - ,t~ - :~~ I :  ~~~ a n n e’ n i t  ~~t : i e  bo u m~dcmr -

~‘m e  m e -  l i  t: ;e ‘ I c c t i : ; i t i ’ ’ l ; S  of te l ’ : :  1 a m m o  .~~:

n t - n  ~~. n - i c e - m n  i~~~
’ let ~~ k I  i n -  t he  - - n r e s p  r i l i n g  dom~m i n .  Corm - pute

an a :  : n -  : - : in: , t i m - m  u k s a y ,  to the  n cdu t i ’ -n ~~~~~~~~ of the cr oblem- h

7u I ) , in  1c

P 1 ( k i
= 0 , on ~ac

n~~di-_~~ 
Given ( k ’  an d  comput e  a new tr ial  [‘B j ~~ > 1

re qui r ing  tha t  ~ u ’ >  sh ui -n ; be a i n p r u d  mate ly  equal  to se -no  on

(k
i. e. “ move toe b o u r n ’o i r - , f rom I t I

~‘ar i -n ) us  a sper ~ of c i te -p  3 a r :  considered in the f o l l o w i n g  subse in t i ’  as:

choice -ad bounn Larv  - n  a m i t i  n s ;  m o v e m e n t  s t r a t egy :  a s imple  convergence

proof :  and numer i ca l  exper ience .

3. 1. Choice o,f houn d ar c -  - a ; i t i o n s

In - ‘i nn- [‘MM the  b o n n - i  r i -  c n c m i - i i t i r , i i ; ;  -‘
~~ c i a - I  C i r ~sc - im a m n ; i t u r c r l

w ay  and  it is t h er e fo re  n a t u r a l  to u se  th e -ni  w i t h o u t  m n i o  ~i c a t i o n .  It is t h e

p ; i rp on n e of t h i s  S e c t i o n ;  to p I n t  o u t  t h a t  i t  n i - m y  be h e l p f u l to m o d i f y the

b o u n d a r y  cond in - -  a s  on thn  l B  buf  r e  u s i n g  a t r i a l  free h o u n d m m n  y rae -t i c  -ml .

Cor,o i ’ I c - r  n - n  c an e  of a o r e — d o m a i n  FBP co I n - m i ;  the -  q overn in ’ . ;  e q u c ’ m n - - n

is a g e n e r a !  se - co in - i  order  e l l i p t i c  e q u a t i o n

+ Za 12 u
~~ + ~

l
~~2

U yy + b
1
u + 1° 2~~y 0 ( 1)
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co h n - : ;  l i i : v - u r n - i - m y  c c , r ; ; i t i o r m s  or ; the [‘B I t un- : t i n - f o r : : , :

~Ju
U 

~ 1 dr - n + m ’ 1u - = 0 ,

(2 )
Cu

C~ u ~t ) + a , u - = U

ad ; - - : - ’ ~~, m~~~, ar -el ir e  s m oo t h  t n m r : c t i c n of x anal  y. In is as -s u m : - ’ -. t i m - n
I 1 1

I i~l 
(
~l

~ 0, on 1~, (3 )

si nce o l i n ’  nm a 151’ die U n m u n d a r  
~~

- cor el ;  n-u r i S or F would be depend -nt  or

o e m  t n :  n-n- - a y.

I t is  m ap l e - -i b y ( 1 )  t b - a t d i i ; -  b our ;d sy con d i t ion

au
1 a ;; 

~ 

— 

~ 
b , on F, (4)

Is u : -  m r  P r  c o m ; ; j o n t - ’ i;~
”
~~, m m m i t b - m t  t he  b o u n d a r y  c o n n l i t i o m m

+ c
1
u — 

~~~~ 

= 0 , on I’, (5 )

is used to m v c  r
(k)

The role of ( -I ) and ( - ‘) cou ld of course  be i r n t e r c h a n g e d . T I n - n - ,, ra

however , m a n y  o t h er  pc-s S i h i  l i t  n -  a .  If e . ( m- n , y)  a r e -  s n m , o - lb  f u n c t i o n s

s a t i s f y i n g

cc

~~0 , on F , (6)

e21 22
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t h en  m n ; : , t -ad of u u i m ; - J  -~~ c m i ’ :  n- C l a n  c o u l d  u se  - ‘ - g J l v c m ! e : . n  e : m : - n -  r . ;

‘.‘ I 
e-
~~ 

+ c~ , c — i  F,

(5

B on
(7 )

C = e 21’~ + e C , on i .

The qu - - . n t i o n  which  a r i ses  is ache -th or  ~ a n - ;  ~ c - n  be c dc cs en  so u s to

l r n n o r 0 0 0  t oe  cm : n v e r g -nce of a t r i a l  f ree  L- ’ u r ; - m ,  ; / n

N o t i n g  (3 )  we see t h a t  two pos s ib l e  c h o i r - e s  for and C t c m h e  th n -

~ ‘ r m n . :

,‘ Pu
B 1 F + “ 11 

0 ,
(if

C 1: U + 
~ l2 = 0 ,

and

u + 
~ Zl

( 9 )
,, Pu
C • — + - y = 0 .

2 an 22

Of these two poss ib i l i t ies  the f i r s t  has  the fol lowing a d v a n , t n ; c ;es:

(H The boundary value problem

(k)  • ( k )

f7 u  = 0 , in i11

~
- 

( k )i~1u = 0 , on

_ _ _ _
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can o f t i - n i  I , ’ n - - t n  r : n .u l a t e c l  as a c n n  :,tj ona l  i nr bic ’;: in  which

the In un  la ry  con dit ion

(k)
-f~ -y = 0  on11 ‘

appears  as the ‘ na tu ra l ’  boundary condi t ion.

(k)  (k )  a (k )
( i i )  When U h has  been computed , both U h and ~~ 

= 

~ll

are known on 1, (k)  without  fu~~her computa t ions .  This mak e s

it easy to use l inear  in terpolat ion to f ind the next tr ial

(k+ 1) -[‘B I on which

“ ( k )  (k )  -Clu = U h + 
~“ 12 

0. ( I O n

In c o n t r - m s t , If the ‘nperat or l ;  {B ,, r 2 } were used th en  onl y

( I:) - , ( k )  -U
h ~ known  on 1 . To sat i sfy

~~~~~~~~~~~~ ~~~~~~~~~~ ~ = 0 , on (lU2 pn 22

u s i n g  line-a r in terpo la t ion  it would be necessary t ’~ compute

both ~~ u~~~ and a 2 (k)  1~ (k)  
by numer ica l  d i f f e r e n t i  - t ;  e n .

( i i i )  In general , the solut ion of a boundary value problem i nvo lv ing

N e u m a n n  boundary  condit ions is smoother  t h a n  the solut ion of

the corresponding problem involving Dinichiet  boundary  cond i t ions .

One might , therefore , hope to obtain somewha t  greater  accuracy

using {/9~ . 
~~~ 

ins t ead  of 
~~~~

-7 0 -

~

- - ---- —
~~~~~~~~~~~~~

- - - - - - -



-- 
- ‘ -~‘ 

~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

It vo ul ’s t h u s  aç -: u - -~ tb ‘t i t  i s  -n i l  v / i  y r ;  ho t t ’- r  F - use 
~l’ ~~

r a t h e r  t~~n -
~ ~~

, 
~ 

. I t  st - c m l - :  ho- m e i m c m r k e d . how - :a- en , t L t . ’h nth ’o ;e II

and V m i n m e y  [ 1’ . - i6  p. 127 ] in  g e r ; e r m i  p r e f e r n e - I  
~~~~~~~~~ ~~~ 

(which they

called ~-~ e t h L - -d ~k ’  to fh 1,  ~~j ) (which  they  called NF - thod  B) , because

equat ion  ( 10 1 pr ovides  less fr ee - d or a  t h a n  equa t ion  ( 11) in determ i ning

I 1k 11

It should perhaps  also he r e m a r k e d  th :;t  the n nh m ~ice of B , C

may s o m e t i m e s  he - based on phys i ca l  analogies , as for example  when

Shaw and S u ut b w e l l  [ 104 1 , p. 7] v i sua l i zed  the solut ion of porous f low

p r o b l o m n a for d a m s  in t e r n s  of gas  b al loons  held down by s h o t - b a g s .

The m i ’ c m t h e m n a t H - i c i n may smi le  at th is  a n a l o g y  (which wa s  obvious ly

i n f l u e n c e d  by the war t ime  coa l i t i o n s  then  prevai l ing ) 
, but the luck of

n m - n - r e  pn i n n - n  L n i ~i t en i i in n - i k e - s  t he  use of such a i ; n m l o g i c s  as good ; m s any

other  n : s - t h n c j .

in the r i c ’ > : t  two subsect ions  two methods  for choosin g boundary

c o n di t i o n s  are d i s c u s  se-cl : a method due to Cer abe d ian  [19 Só j  of

cons t ruc t ing  t I n e  boundary  condi t ions  
~~~, C , so as to ensure  quad ra t i c

convergence w i t h  respect to changes  in the t r i a l  l-’BS; and a method

due to Cryer [ 1 6 8 , 1970a] and M cCorquoda le  and Li 1971) of u s ing

in t eg ra l  r e l at io r ns  to derive a l t e rna t ive  boundary  c o n ’i i t m o n s  fo ’r p a n - b i e ms

where the bounda ry  cond i t ions  on the FB invo lve  an  u n k n o w n  cons tan t

(as is u s u a l l y  the case when  B e r n ou l l i ’ s equ ti n ; is used in f lu id

mechanics [‘BPS) .
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L - - - - - _ _



- r - -—- - - - 
~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~

In c - n m - l e s i o n  :t m u : n t  he e n o p h d m s l , c e 1 t h a t  l t h ou g h  th  above

m e : : - -  i nk  h ave b u m - n -  c u r m e : - r n e -  i w it h  o n e — d o m a i n  FB I’P f -  -r second oroer

e l l i  pt i  - 
- eq:; ti - : - s , the  q u e s t i o n  of t h e  choice of h ’ . u n m d m n y  c cnrmW t i  - n s

CO r ; -  s in  ( - v e r y  t r i a l  f re e  bc -und ary  :n c- t h  cl . (.‘r: havc -  n ot  d i sc us s e d

this  ques t i - or ;  for  c - t he -n  types  of FBPS because  we n rc- : -  t aware of arm y

wi nk or ; t he  s u b j e c t .

3. 1. 1. C u e - i c - u f  l - u m m n ’ i , m r ’ ’  c u m ; m i i i i ; m s :  G n a H n d i , m n ’ r ; r i m e - t i . , ’ ;

We m o w  d e n m e n  i n - n  an  ingen ious  w m ~ of c h o o s in g  -~~~ wh ind i i:; I u n  to

Cl an - 1 - - 1 i n n  [ 1 9 5  i ]  . i~e - cu l l  t i ;  i t  in a t r i a l  f ree hou r n i a r y  m ethod  t ime c o n - ;  i to  n

( k )  - (k) (k)
0 i : ;  f i r s t  s a t i s f i e d  on m~~~~ . T i m e - n  the FB F is moved so t h a t

the  ‘ . o m m : i  i t i on  
(k)  

= 0 is s a t i n n  f l e d , but  of coun :;e the condi t ion  P u = 0

is n o I U l : - d: r S - m t  i:-; f i o  I Ofl ~~~~~~

The idea of Gar cihc ’di  in n is to cons t ruc t  ~ so tha t  5u is i n s e n n s i t i - : e

to m o v e m e n t s  of F. In the l a n g u a g e  of Gar abed i an , -~~~ is cons t ruc t e  .1 so

t h a t  ~u is s t a t i o n a n c ’  w i th  respect  to normal  d i s p la c e m e n t s  of the FB. ~do r’.-

p r ec i s e ly ,  ‘~~ is cons t ruc ted  so tha t

= 0, on F, (1)

w h e r e  u is the solut ion of the FBP. Garabedian ’ s method may  also be

t h o u g h t o f a s  N ew t on ’ s method appl ied  to [‘BPS (Garabedian [ l9 5 6 a ,  p. m~I ]
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‘1’ : ,  c o n ; : - t r u c t  ‘~~~~~~~~~~- ; j m - -~~i I  b y ob: . - r ’ m ; -~ t h a t  “,‘ n a y  choose t h e

c - u ’f I i , i ’ : : t . n e of e q u a t i o r m  (7)  n - i  u n c t i o n  3.1 so that  on F
iJ

I r~ a n ,  - of th e  f u n : : .

(u ‘m 11) + 7(U 

~~~l2~ 
=

~ U — U - 

~
‘12 =

W i n - n e  ~ i s an i r h ; t r . r y  f u n c t n n ; n .  Th us ,

0 (u - 

~~~~ 
+ T(U - 

~i2~n + 7 ( s  - -  

l2~ ’

= U nn - I + 7[ u - ( m  
~

since u = 0 on F. C o i s l i t i e r  (1) c a i l l  t Im e r ;  f- c- s a t i s f i e d  if

-u + ( 1 -u + (‘-

nri u n  n n  U n
- 

U - h- 12 1 n 
- 

~ 11 
- 

~~l2 1 n

Iae t t be the  u n i t  t m r g c m n t  to F, let  s h e - n o t e  d i s t a n c e  a l o ne  F,

and le t  x denote  t h i n ’  c u rva tu re  of F. Then on F we h av e

=

- (3)

= U
5

A s  s p e c i a l  cases of the I’m c - n e t  fo~~~u 1as 
,

~~~ 
— KU U

~~5 ~~l2~ ss
(4)

U + ~ ‘: = u = (y
nt t n s u s
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l i n a l l ’ - , t he ‘ l u a t i n - : ;  1u - : 0 can be- n - - w r i t t e n ;  in the  l o in

a ’ u + 2a ’ ci + a - u + b’ u + h’ u = 0 , (5 )11 nn  12 at 22 tt I n 2 t

w h e r e  th i s  c o e f f i c i e n t s  a - a n n - I b~ a r e  l i n e a r  comh i r i a :~o :is of th e - cm -
ii  1 ii

a r i d  b . . i n n s ( 2 ) , (3) , (-F , ar id ( 5 )  we f ind tha t

T con be e - x I r e : 500 in t e rms  of 
~~~ ~

‘ ll~~ ’ ~‘12~~ ’ ( l 1l )
S~ ~

‘ l2~~
• h I 2 S m ;

tm . . ,  b ., a r i d  i: A s  an i m p i n t c u r i t  ;;~~m n m - i a 1  case , i f  
~ lJ and

c o n s t c m r t ; : u r i c ;  if I is the L ap la c i c i r m t h e - n  c - q u c m l h - n  
~

) L a k e s  dl  ~or n :n

u + u  = 0 ,nfl t t

and ca c  f i n d  t h a t  5 = K .

In p r ac t i c e , the v a l u e  of 7 is not known because  the \ ‘ a l u emn  of v ,

y 11, etc. depend upon F wh ich  is u n k n o w n .  The simp l e s t  s t r a t e c t y  ( u s c - ’ i

by Cryer  [10 6 8 , 1970a] is to replace T by 7
(k)  

which is comp u t e - i u s i r n - ;

in~~teo-d of F. Then ~
(k) is def ined  to be the so lu t ion  of the  problem s .

= 0 in ~ (k)

~~(k ) (k ) 
= (u~~~ - + 

(k ( (k) 
- y 12 ) = 0 on

Cryer [1968 , 1970a) found t h a t  the  use of {-5 , ~ 
} ~ Ia Garabed ian

ins tead of {i9, ~ } improved convergence but  t h a t  it was not c l e a r  wh e t h e r

convergence was  quadra t i c .
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1. 2 . ‘ J h i - -- is u n d a r y  c: n - O t i - m s  : in t eg ra l  r e l a t i o n , s

In - m  c c ; : -  hen -C h B F S the boundary  a j n n -  d l i ’  m S  on the [‘B in - i  lye an

unkr ; -  , c v m m  const  m a t  \ which mus t  be — : c - t e - r m n . i n e d  as part of the s o l u t i on ~.

c -: -:amp ie , in f l u i d  mechanics  [‘BPS one o f t en  has  the boundary c o m n n i i t i o m n :

C : u  \ on Fa

-
‘ t oe - a C - s r  ach wh i cn i i  has  of ten  been used is to compute \

(k~n by ave rag ing :

( k i  (k i
average  u

I-

A - -  believe t b - a t  th is  is riot a gouci approach , and in this  section we

i n d i e - m t e  h n  vi the method of integral  relations can be used to obtain

u s e tu l  express ions  for \~.

We i l lus t ra te  the idea by consider ing the problem of a plane je t  of an

ideal weig ht less  fluid f l o w in g  fr-or -  an orifice (Figure  1),  following Cryer

[1 968 , p.  64] . In term s of the stream f u r - n t i  n - .~ the governing equation is

and the boundar y  conditions are :

on AB

~ = A F , on CDLF
B :

on Ar ,

on BC ,

C : qn - md m~ :- \ 
, 

on CD ,

where k is an unknown cof ls Fmnt -
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F i g u r e - i .  P l ane  j et  fl a w i n g  fro m an or i f ice

The rn -ssur e  and ‘ida-c i ty  c-f th e  f luid will be denoted by p and v

resp ec t ive ly . The l i m i t s  of the f lu id  pres sure  and fluid velocity far

u o n : t r e - ; c ’ :  and far  downstream are -senc te i by  p0, p , v~ , and  v

respec t ive ly.

ii ;;ce- ( M i m e -Thompson  [ la uB , p. 114]

v grad - - ‘ I  , (1 )

it follows that  fa r  ups t ream the fluid f lows with velocity v0 
- - 1 paral lel

to the x -ax is , while far  downst ream the f lu id  flows with velocity v~ =

paral le l  t o the x -ax i s .

The method of in tegral  relat ions involve s multiply ing the governing

d i f f e ren t i a l  equation by one or more func t ions  and in tegra t ing  over the

d o m a i n  c . The in tegra l  is th en  r- car - i ipulated u sing in tegra t ion  by parts

/ I, — 

- -
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t oqetu ’ - r na -ith t h e  ; undary  con .  ; c t i O n S .  In ~~ is  nv -c ,  -~ n u r r h c r  of i d e n t i t i e s

s t i s t i e d  by t: ie solution can be - bt a io ed .  These i d e n t i t i e s  o : t e m m  have-

a n - h - s h o a l  m e a n i n g  such as conservat ion  of mass  - n m’ r r e m . t um , c~n m ’ n  t r i i s

I S  t h e -  case in th e  present  p r ob lem.

[‘n -n :  the pr inciple  of conservat ion of r r a s s  ( M i l n e - T h c n r p s o n

P .  72]

AF~~~v — B C . v  - ( Z )  -
0

Then , since CDFF is a s treaml ine , it follows f r o m  B c n i - u u l i  s equat ion

( M i m e - T h o m p s o n  [ 19a8 , p.  10] that

1 2 1 2
~~pV p ~~~~~ f V  p on CDEF , ( 3 )

where p is the  dens i ty  of the f lu id .

Hence ,

1 2 1 2
~~pv 0 

-
~ 

p 0 ~~pv p . ( 4 i

F r om ( 11 and the boundary condition ~ it follows th at v v on

CI) . Thus , from ( 3 1 ,

p -: 
~~ , on CD . (~~ ‘ -

sext , we apply Euler ’ s momentum theorem (Mi m e-Thompson [106 8 .

p. 70 
J~~ to the curve ABCDEFA :

Resu l t an t  thrust  on ABCD E FA in the pc ’si t ive x-di rec t ion

-77-



- - -
.
-

~~~~ ~~~ —
- ~~~~~~‘ 

--

AF . - 

D 
pn

1ds - J p ds - BC p
,

r a t e  a flow of m o m e n t u m  in the x-di rect i on  ( 6 ’
- c mt ’ .—~ ; s  across A B C F L F A

pv BC -

avh or- - n
1 is the a m p o n n e m n t  in tn e  x -  lirect ion of the uni t  ‘sutw; m m - i  normal

on CD.

~d - t i : ;c; 3) -t in s  n, 4 an ;  r e m e m i n e -:;i -i -~ tha t  n 1n s d y ,  we see tb -s d , e q u a t n c - n - I - )

is equ i a -a l ent  tn-

(AF - DEd p0 
- p~~ n - ~ pv ~ DE ~ p J v 2ds = pv~~BC - pv ~ AF . ( 7 )

F i n a l l y ,  f r an : .  ( 7 i , ( 2 1 , and (4 , it follows that

(A F - DE~v 2 
- 2v 0v AF J v 2ds + v~ AF 0 . (8 1

Solving the quadra t i c  equat ion ( 8 n  for v we find that

v 0AF 4 [Ar  . DEv~ - (AF - DE) J v 2
dsI V2

AF - DE . (9 )

Then , fro m (2 1 ,

AF BC v / v 0 . ( 10)

In solving (8 1 the larger root was chosen because the smal le r  root

leads to a ph y sicall y unacceptable solut ion.  For , let v~ be the smal le r

r i o t .  Then , Cn n - n :  ( 9 n ,

-78-  
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- mm: ( 1

BC : - j iF l )L  -

,v t i i~~h is p h e - s i c a l ly  i - ’  s s i b i c -  (see n i q u r o  i n .

The m m n ; u n n .  o n  .t s 1-s -a 0 nr ; t~ c c : u a t i o m c s  ~, ONt ( 10 were  - -n i - t i n a l l e

use b- . it r :. j 7 (  “- ]  : -a c :m r fu l  r ese  t a t l  n n - f  it - m  S a r g u n n n o rn t u  15

g i v e -n  by ;i l b -a r e ;  1 1 ~6d , p d M 1 .  La tr i o :- i se  consi  ne - m e n by B nri a V
0

n u i  be t o r : ;ned un -: t i e .

Rev .- n i t i n i g  I 1 i n n  t en : : .  s n -f  a -a rid - and r e m e m b e r i n g  tha t  v 0 = 1

in - un case a-i c f in : ;  t h - r t

A l -  F-L ’ ’e AF -~ [ AF ’ D E -  AF - DE J (~ )~~ds]
1’ 2 . ( 11)

D X

Given an ,a -o r - : : - : i na t e  solut i n ~~~~~~~

‘ we can use (11) t t e t e rmine  a

or r e sp ( , r n s i n c  :~p n r r n :c i :n : a t i - n -n  ~~~~~ . ‘n’m:e may expect t o— be a good

ap p r ’  x i m s - a t i - --n since the  rig ht hand side of 111 only involves the values of

on the segment  DE of the known boundary , and it is reasonable to expect

- to be smal l  on DE even if - is large on I~~~~.

t- -lcC n ;u - ’dale and Li [1971] use the same idea for the p roblem — of

flow through a sluice gate.  They are n ;’ t too successful , but this may

be because they adjus t  F 1
~~ us ing  a g lobal method (see sect i on 3 . 2 . 3 ) .

— —



__________ - - -
~~~~~~ ~~~~ TT I  -

~~~~

3 . 2 .  M o v e m e n t  st r at eg ’-’

‘l ’he- m ust  ~i ! ; i c u l t  a o~~e t  of t r i a l  f r ee  b ou n d a r y  n o - t h u d : ;  I m vo1v~-s

- ( F )  - ( k 4  1) -

the r i m a ’ -  : c a ’ m mt  of I to I . U r i b  : r t c ;  mi m t u - I y , m n - a n y  au thors  si n - p l y

S~Iy th  i t  ‘ t t a ~ t r i a l  I i i  a - in - S c m m i j u s t c ’ c I  u n t i l  b- -t b  b n c i i - l c m n y  c o n d i t i O n s  v - ’ ere

sa t is f i e d ”  s m n i  g i v e  no f m s n t h r - r  h - t m 1 1 : .

II c - m i n e r . .  SUch  a .n  2 o ut h we l l  a m n d  Va i sey  [ ho - i ’]  d id  n’~t U S C

s o c - a i f n c  ru les  t n: nvc t h i n  hI u m i c m r y . It would of c u r s e  ho poss ible

t- e n m n u l a t e  t h i s  b -/ u s i a q  a -:r - : i - s t e - r  i m , t c - r : i c t i v e l y :  the  com p u t e r  would

c- -: r p u t e  t h e  a p p m  n- A n : t i n - m i  u~~ and the error 
~

U
h , whi le  the h u m a n

opera tor  aa-nul cI a dj u s t  t h e -  bo u n c la r ’7 - m a n u a l l y  u s i n g  a lig ht pen at a

a-n -a s le. It is o l so  c o n c e iv -mb l e  t ha t  the boundary  could be move-b by an

‘ a d a p t i v e - l e :r n i n g ” program ‘.- ;l ;ich l e c i m m , t  f rom i t : :  m i s t a k e s .  To our

k n-v wledq e , however , in computer  ir : :p lementat ions  the boundary has

a lw a y s  been move- n I u s ing  a def in i te  a lgor i thm .

In computer  imp lemen ta t i ons  of t r ia l  free boundar1 - a~ thods it

is usua l l y convenient  to regard the boundar ies  ~~~~ as being def ined - 
-

by a number  of para m eters , a~~~ , . . . , ~~~~ say. Possible parameteriza-

t ions i nc lude :

(I )  ~~~~ is pol ygona l  with p ’Z ver t ices .  The pa ramete r s  a~~~, . .

then  r epresent  the x am i d y coordinates of the vertices
p

(k)of I .

( i i  i - I r; t h e -  curve

-80-
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\ ( F)  -y( ~;) 
Li

j - - )

where ft f u n : -  - t i n - m i : ;  , , n i n e  h i m- -i cr: .

( i i i )  1’ is t I me c - c m n y c -

P -“ 2
x ( t )  = 

\ ( k ) ,  -t
j ;~i

y ( t )  a . -

p 7~ -~l ~

v~ ~i e - T C~ the f u n i c : C i o n s  ~ are kn c -a - cn .

( iv  1 (k)  
is d e f i n e d  i m a p l i r n i t l y by

( k )  (k )f (x , y ,  a
~ , . . . ) 0

where f is a g iven  func t ion .

- - ( k)  ( k )Vie wi l l  d on ’ ’t e  the curve corresponding to a
1 , . . .  . a by

- (k)  (k ) .  ( k)  (k)  ( k )  ( k )I (a 
, . . . , a ) or I (a ) where a = (a . . . . a ) .1 p — — 1 p

Methods  for m oving the b o u n d a r y  fa l l  in to  three c a t c c m  -r d - s  w h i c h

we call local, i n t e g r a l ,  and g loba l ,  r espec t ive ly .  To exp la in  t he s e

methods  we cons ider  the pn -: blem of porous f in -ta - t h r c - c i q h  a clan : (see sect i on  0 )

Jr .  t e rms  of the veloci ty po ten t ia l  u r, the  FBP is :

~7u ~ : u  + u  ~~0 , in Li ,xx yy
1~u E u + K y = 0 , n- m i F ,

on F ,

t ’ - q c - t t i m - r  wi th  app r o  n a t e bou nd mry cond i t ions  n the fi>o 1 b o u m i W m y  -

—~~~~~~~~~~ ~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - _______
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B c
F i g u r e  1. f -~ - v i r ~ th e b o u n d a ry

In a local  n : n c ’ t h r n ~ the  a d j u s t m e n t s  to F~~~ are made at indiv idual

points  on the basis of t~ae error Cu~~~ at these  po in t s .  Thus Cu~~~ . or

r ather  cu~~~ , is computed at m points  P~~ ~ F~~~ , 1 ~ < m . i~

Cu~~~ (P ~~~ ) � 0 then  a nearby point P~~~
’
~ is determined so that

0; that is , P~~~ is ‘ moved ” to ~ ( k + l )  
(see Figure 1). The

( k f l )  (k+ l )  - - - -curve I F(~ ) is obtained by f i t t ing  a curve of the form F(~ )

th rough  the p - i n t o  If m p then F (a ~~~~) will in genera l

(k + l )  k~ 1pass thr uue i h all the ~ m in i t s  . If  no > ~ t hen F (
~i 

) is found

by an a~ -p r ph~atc  curt -c ’ -h o t  i n c  proc eclure such as l e an t  squa re s .
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In  a r m  i i i  n J  m m - t a n - b  t o e  curve  I i s  fou n d  I, -,- m t  - j r i t l  r i g

the -  b owm h i m ;  c - m : n i i t i ’ - n  y u  0’’ . In  t b -  p m m - o c - n t  uc-nmm i ) ) lO , u - is a

a - n - - I -  - ( - i t ’, ’ ~~- t -  n t i - m l  Cm n - n m :  a- . i n i -h t i l l -  v - d o c i t y  h o-I-- I can be f o u n d  by

b i t !  -n - m : t i , m t i -  :. ‘l’he c O n i l i t i  - n - r i  (‘U U 0 cor responds  to the phy: :i  coi l

c o m i ~I i t i n - m n  t t  t F is a s tn i - a m l i  ne .  it: r t i  m m : )  f ro m ; the fi :- :ed poi m t  A ,

the o t n i - n m : : n l i m m c ’ p i s s i m n j  t t ; :  :gh .n be r b - t c - r m m , m n e ’ I  by i I I t e - ; n a t i n g  th e

ve loc i ty  f ic -1-  v~~~~, and t h i s  : : t m e a m n A i n e  is t n ; k e n i  tu be I 
(h ~ 11

In a : 1 h a l _ rneth °d a sn -t  of p perturbed la nu  ncIar ie s

F~° ’~~ (a~~~. ... . a~~~, aY ~ ~~~~~ a~~~ , . . .  . a
( k ) ) and the

1 j — l  j j i l  p -

c - s r n e sp  n rh  n :q so l u t i on s  ~
(k . are  g e n e n : mt o - i .  This  i n f o r m a t i o n  makes

it poss ib le  to  e s ti m ac  the depen - n lence  of ~~~~~ upon the n m n e m e t e r s

a
(k )  

The new approximate  FB 1 ( k n l  is chosen so as to- m i n i m i z e

tb - err-  nr  in pa~~icular , if it is a s s um e d  that  cu~~ depends

l inear l y upon  ~~~~~~~~ then  a~~ 
l j  can in genera l  be chosen so tha t

( k -i- l) - - 
( k - t i )

Cu is zero at p points  on F

These three methods of m n - t A n g  F are discussed in greater  detail

in the f - 11 ’w i : m r j  s ubsec t ions .  In the f ina l  subsect ion we d iscuss  the case

when the b o u m : - i a r y  condi t ions  invo lve  an u n k n o w n  cons tan t .
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2.1 .  Movement  str ategy : local

I n  a local : - - - l i m o d  n-I m : .  - v i m i a  the b o c m m o l n m r y  t he  er r o r  ~~~~~ 
m m ;  c o r m : ; - ; l -

no p o i n t : ;  ~~~~~ 
°‘~~, 1 j no .  ii Cu~~~(P 1 ) ~ 0 th~~r i a m : c - n n t J y ) - -  J : m t

m l )  
is clot -n : :  m a d  so t h a t  t u e  br -un ci ar 7  cond i t ions  are “ s a t i s f i ed  h e t t - r - ‘  

- a

(k I )  - - ( k )  , ,  - ,(k~ 1) , ( k + l )  - -

P . ; t : m  i t  i s , P . is ne ; t-’c n Ci to I 
- . Ihe  curve I is b un : ;  by

f i t t i n -j  a cu: ye t h r ou g h t i m e  point : ;  1
(k m

l l c m i m d y , w n i ; e n  s such as A n u t h i w e l l  and Vaisey [1946] did not use

S p ( ’ i - l f i m n  rules  to m ove th e-  bound ary  and used t r ia l  and error. Indeed , wr ien

com e ; prmn i  nq the chi I - ice  of a Dim ichi et  b oundary c n n - n  c l it i on for C (which they

call Method B)

= u~ + 
~~~~~~ 

= 0 ,
( 1)

C1
u = u + ~~i 12 = 0 ,

av it i ;  the choice of a N e u m a n  condition for C (which they call method A)

= u + 0 ,
(2 )

C U U  + \j  0
2 n 22

Southwell and Vaisey [19-16 , p. 127 1 comment  that  they prefer  M athod A t -

Method B because

“Method B . .  . y ie lds  a de f in i t e  indica tion  regard ing  the
shape to be a - i c pt ecl in the next stage of the computa t ions

in M ethod B d ive rgen ce -  i s  not under  con t ro l” .
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Sou t m i t a t - i l  1 ’ - ~ - , p .  Z h o I  : ; c m m n m r : : n l c ’s h i s  v i e -;.-~ - m i s t  c - m n - ,’ c i i i :

die , m b u i  i t ’ , -  of ~e 1 ;mxa t i -  ~n hi -h n -b ~ t O  ‘Jo ! a-.’ n n .  
~
- - mA - roe ;

such a m ;  do - se  is i lc a - t - -  t he  m ’ - O - n t i n m n , 1i r ’ - : m q i : r  c i t  t h e i r
d i ’va l :~~ mm ~~- : t , n -f a t n t a t i v a  d i n - l i t ;  w i m i c : i  r t : m L x
m nl - t m m : 1s be : m -  t n - c - s e - s e ; .  T } i c - r e  i: ;  : ‘ - t ) i m n q  :v-c ’i I
m o t i o n  c i  c o ; m t m m i u c n i :m p ~-nco: i m n a t i -  -n  t -  a w- m - a -  - m  s o l u t i o n ; ,
f m , n  t h i s  is the ba n -s  o f  all ‘i t e r a t i a - ’ -

, m e l d  -d ~ ~1f c m t t :A; .
V i m  A is n avel  i n ;  t i n - n  Cr1  - ( - ( 1 -ni l t h a t  t i n  og i m o o t  in : I- - :  t tn-
t he  i n - I - U t -n , to dec~:b- the  ni t a n - -  i f  h i s  m e:- :t : 1 : - n - .

It is of in m t — m e - s t  to m e n t i o n  some of the c ; c - t n u i l  s of t r i a l  -ci a:; - e r r o r

methods

( i )  \‘-a isey [ l9 6 l ~ has  in ; f c : r : o e b  us t h a t  in the co r cpe ;t m t i o n s  t i n e  ra t io

(Ic on -i  c r r e c t i n -n ) / ( l o c ;m l  error )  son ot i n n e s  chance -b  c - i n n  du r ing

ti - me  process of so lu t ion . Fur t he rm c-re , in some c.eses the er ror

over a section of th& b ou n d a ry  could only be cc I U C O 1 by a dj u s t i n g

a d i f f e r en t  section of the boundary .  The problem :: of a -.va t e r f n : l l

(Southweli. and Vaisey [1946 , p. 1-1- 1] ) p r e s e n t . - i considerable

d i f f i cu l t i e s , and we have been told tha t  in scar e cases it was  not

p ossible  to reduce the error by m o v i n g  tine :  boundary  of the j e t

and tha t  ins tead  the edge of the  w a t e r f a l l  was m oved.

(ii) Abu l -Feto uh  [19 - l a ]  and B . W. Hunt  [1967] considered the pr oblem: :  of

an axia l ly  symmetr ic  j et  from an or i f i ce .  Fold -wing  Cd u t h a v ~-ll

and Vaisey [1946 , p. 13- 1] t h ey  used the Neumann  boundary cem :dit ic — n

fc)r C which takes  the form

1 =
J 

. ( 3 )
x D fl
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A l a m l - - -1 - i ii u t - - I  ! i : m ; t u  ; i ; : - m c n c c - n ;  , i : l i d m it u :; ’; l n - m i  m - ’~ - ; r  1

eq:: t n  - n t o  a n - m m ) t i -  u~~ ~, iou hi ’ 1 : -  au th  m n ;  ii e ; m - A  I n n  m l  -- n - n i b  - u - m m  r

t ’ -  move  t h e  l B  , ‘ l I q i — i - cd ~m deSc - ni ; t i - n U  n - I  t h e i r  e :.4- - m i e n i c e .

A b c : l - I  c l  m m d [ l i - C d , p .  2 5 1 —.- .-n i t e s :

“ ‘d ie  a- l i n e  Ca ~ 
i n n - i - t - ~ s t i e  ( ! i C f m - r e m : c e  b nt c’n - - -n  t n - i ’  a s - ,- : ’  p 1- - t i c

ye- In c h  
— ~ m ; - i t o ’  1- -cal ve lo c i t - :  : mt  cm ~- :- n U i n  - - n - i t  cmi t !;t: ; ;un :acc .

a r c — I  t h i n -  s a n - u n - ;  h m -  m C- -n - e f t n e ’ l  to ze n - - , The t e n d e n c y  of t he  : - - m n - t~ cm

i~ a- .-i l l  n a - A - m o - i n - c  t h e  m c - .-; a s s u m ed  changes  in t n :e  cnn -c c ’ : ’ . A

p o s i t iv e  va lue  of ~ 
e ; hn , a — ; s t h at  t ae  in - tn - I l ve loc i ty  is  - 1r .n-;e ,

U in! t n n  e ~nt s on t n - , :  - s i n ’  n - i  i co r n - i s o .  The c u r v at u r e  cnf t i m e  t rcn a r :

s u r f n - c e  n i — b  t i e  c m -  c- s sca t i c  -n of the id - v . ’ a f f e c t  t i m e  m a g r c m u  Ic of
time vel act A n-cry  pn un t  c - n  t n - n t  s u r fa c e .  An in c e n s e  i n  cross
sec - t i c n m -decreases g m n-n i  a decrease in  cu rvatu re  deer e -n - sos  t~

also .  TI: ose t ea-u C oh -c : ;  a - i l l  -- c - n -r h t i nny  t h or  tn -n pro luco t in e  f i n a l  m~ .

Tb: - n ice - t b -L b of c d— n o s i n g  t i :e  n i n ; h t  curve to n::1ke 1 approach ze n- -
is not e a s y ;  it req e ; ir r - s cons iderable  experience and personal
j udg me ;e :n t . H - ‘ . -: e-vc n r , some ::cu :in-sce is at h a n d  if one k n - ~a’: t ha t
an m o r n - a c - c  in  the  j o t  rad ius  at any  point will decrease the value
of 1 at tha t  m n- Cd ; n t  and increase  the values of 1 at the adj ace n t
p o in t s  or~ both c i c tm es of the considered point , since the curve be-
comes m in ce concave.  If the  values  of 1 al ternate  in sic;;: , the
shape of the curve  should change .  If r~ ha s  the  same  s ign , t h e

a s ym p t o t i c  r a d i u s  should ni -l ange  with  the corresponding c h a n g e
in d i i -  cur - icc . Trial  and error  will show the tendency and the
a m o u n t  of c h a m a -je in t he  o rd i na t e s  of the curve . No def in i te  value
of the change  of t h e  or b m ; r m t e s  can be expressed to produce a
cer ta in  change  in t he  su r f ace  velocity at a certain point , since
the c u r va t u r e  -n - f the p ro f i l e  a f f e c t s  the results to some extent .
I l o c v evc - n , as a r ough e - ; ; t m s n ; m t e , a change of 0 . 0 0 4  in the or d inate
at a pod a will  change the  velocity at tha t  b c n u n - l a r ’ , -  point  by ± 1’
Near th~ or i f ice  edqe , the si t ua t ion  is more d i f f i c u l t , since the
pro fi le  curva s  sha rp ly  in this  zone and it is only by t n i n m l  and error
tha t  one can  arrive at the r i gh t  s h n -j e - . If two assumed  curves
h appen to produce d i f f o r e n i t  s igns  of 1 for s imi lar  p o i n t s  , then
t I m e  i -h i t  curve lies ct a-cee -n these  two and a s imp le  m m ; t o r ) o l n n t i c n
for the ordin n -t cn w i l l  be of i nn  c- ci t help -

- 8 b-
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l i u - i •. I d m ( , 7 ii~ 18] wr i t : ;;

“dot  i i i . - n - i  t i n - -  n n - - t i m o d  n - n m  - I  n - n  in -c  m t i m m ;  t h e  m e  : ; t : e n c n : n l i n c ’

c c c : ; c - i s t e - i  of i: i t i - i l l ;  -h o m ; i i i g  - am:  a s y i m p t o t i c  r - 1 Au s r _ . b~- > ~.t ,
t h e  e ; h m~ a - 0  ~he in -  -n n n t r m  - l i n e  me t -co -nf l  the  i n j fj ce and  t i m e

~e - (~ fl : 1  rn m i~ - - m - ; n c f 1 — ’c~- w s  a : i j u c - t i - d  h i -j  t r ia l  ~ n :cI ( m n - n  u m i t i l

ve lo i t i e - n ;  n - I - n - - ;  t i m e  p o r t i - - :  :~k t I n e -  j r — c :  ; n u m t m c e  fa~~h es t  I n n - n

the  - -r i C h :- -.- ; - - n -  e s s e : , t i n m l l ’ ;  c c - n o t - m a t . l’in all ’, ’ , i f f r e - c - - s m ; n f : m c e

V m - i -  - ‘ d i n - -- i m t : m e -  v i c - c n - l t ;  c C  t h e -  n i f i n - n  c - - c - r e  ; m l - m f i e - r  t ic  in t u e

c A i n - s o n  ci s- , mc ’ ; - t -  t i c  c l i i ’  n - n t - , - , t i n  i - -n- syn: p t t ic  ra d ius  cc-as de-:rc- . m sed.

Converse l y ,  i f  - -c e - I n - c i t i e s  i n n  n - c ; :  r i - y i n - n i  we ’re t i -- in -a-,’ , the  as ’, -r : )c-

t A l c  n m - d u n ;  V.n - m S i n c r e a s e - ) .  in n : :  e n - t i n  process h i 0 )  to be m e p e a t c  - n

a n u m r  h i -n  n - I t i n : : : -  s un t i l  cc S t m  . : Ca ::t c r - c  ire:: - cAr : n m : : ! !  n o  g c-D: t :ti7

a’,- - iS  fc n u m n  A Th is  u s u : m l l y no e a :-t  c a l c u lat i n g  ve in , - i t i e s  m i n i n g  the

fre e- sud nc :e f o r  t o r i  to tv .’ c - ; - t e ’  l i f f e r c ’n t  ge - n -nc - d r i es  in o r - i c r  to

a! - t rA m :  one s o l u t i o n - .  -

in a dc i i t i -  -n  to the -aut i co rs  ment ioned  al ready , the fc :li ’ -avi ng au th - -n s

ad ju s t ed  the  FO by tn i l - an d - e r r o r :

With f i n i t e  d i f d - n c o - c e s :  Van of r c - y [ i C  -10] , Sh in e -,’ arid So cn t i mwe l l  [19 -11]

B inn ie  and Davidson [ 19 . 1 1]  , Yang [i ~;-10] 
, Rouse and Abul - ’Fe t cn - cn n m

[19 so] , van  Deemter  [ i h i  so] , Ball [19 sl] , Boulton [ ln  5l~~,

B r u n n u e r  [19 n - i ] , Citn ini  [lm  Hi] , K ashef , Toulouk ian ~ nd F a d u m

[19 52] ,  Allen and Denn is  [1953] , Bore-li [1955] , H . P.  Hall  [1953] ,

McN oW fl , Hsu , and Yih [ lo s s ]  , Young , Gates , Ar ms , and E liezer

[1955] , Dumi t r e scu , lonescu , and Toth [19 iCd] , Jakob ssor i  and

Floherq [19 57] , J . A.  M u r r a y  [1960]

With i nt e ~j ra1 ea ,~~ t ion s :  Tre f it s  l I n 1 1 , 11 16] , Wagner  [19 32] ,

Schach [ 111 3 s] .

- - - 
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\ \ ‘ i t l c  t h e  a dven t i i i  c ’ n i ~~ u t m : m  :; i t  became d r - n - i r , i h j l m :  to : iu t on na t ’ .-

the  mm c v , :  it of th e  FB .  The n - j  ; roa ch u s u a l l y  fo l lowed h a s  been tI

-n m ine  th~ p o i n t ; ;  P~~’ 
1) 

a’ - - ‘ r i l i n g  to the ’  cond i t ion  t ha t

r ) (p ~~~U ) = 0 (4)

t - : ’qe -t i:er a-,- i t h  t he  c c c n n - I i t i ’  in  th m t

1) 
— ~ (k )  (k )

d
(k )  

( 5 )
- J )

v;here d
( k )  

is a specified u n i t  e ’ca -t cr .

Possible choices for d~ are :

(a) The un i t  outaa -ard  nory :-c - l to at P~~~.

(b) The uni t  vector in one of the coordinate directions.

(c) The uni t  outward conormal  to at P~~~. That  is , if the

governing  equat ion is

c l u = ( f u ) -f (f u )l x x  2 y y

and the uni t  outward normal  is

ri = (n 1, n
2

) ,

th en the unit  outward conormal is the vector

(f
1

n1, f
2

n 2 )/ [ ( f
1n 1

) 2 
+ (f 2

~
2
~~]

1~~
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(Th e , m c ! v , m ; t : ,ge of n m - i m p  the ( : n - m ; n - i n n i m l  is 1. - c - m t  t i l e  b , o m ; n  :,
~~~ C’~~I i ( ! i I i - ,

1 -  ‘r :7 c c c i . - o f t en  en-pre ssed  in  t e r m s  of t h i r n  C O m m n - t  n a ! .  ) .

( A )  To specif y d
(k )  

as p- n r t  of the  i n p u t  - i  1 t - .1 as in  - m e  by B . L . T-: i ’,’lun

[ l n - h ( ]  (see also I’n - n c l y  and Bu sch [ 1 - 71] )

The cur - - I n u t a t i o n  of P~~ 
m 
~) 

so as t : sa tis -j ( -1  c!op c ::m ds~ of cou r se ,

upon d i i -  st r u ct u r e  of ~
‘ . The m ost obvious  ap p r :- :  ~- ?c ( t o u s )  is :

M e - t h c~- i i :  D e f i n e

f
(k)

( )  = ~ u
( k ) (PY’d 4 d~~

1

compute c~r e s t i n n n t0

d (k)
— f . ( a )
da j 

—

and then  s-

(k) 
= f

(k )
(0)/ (

d 
1

(k ) ~~~ 
~~~~ 

‘ 
(6)

However , var ious  other approaches have  been used :

Method 2: If  C u ( P )  is of the form

g u ( P )  F ( u ( P )  u (P 1 P)  = 0
n

t h e n  s n - m c i :  - m m n t ! i c - m s  d e f i n e  by r n n c a n s  of

-8 9-
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I ( u l ( l m ~~
J i , tu ~~ ’(i ’H) ,  ~ ( I ~

) 
~ 

(~c t 1
( L )  0 ; (7 )

tb  - t  i n ;  t u e  d iC l - m l l e ! c c - of u~~
’
~ (P;  u p o n  1’ is neglec ted .

- c - e - m u - n n : ; - r a p p ;~~ach i n - ; t - . - i m : t n -  duce- cc f u n c t i o n  G ( x )

( n - u c A i i n ,  (~ ( >: i : ‘: ) , i~ , - i  - - t

— ( kl
- G(~~u (P , ) )  . (8)

:‘m l t i : - cn-jh ‘ - ‘tm c i - d 1 ;s :‘ m e  ole’; , n : t , Cd c - thods  2 and 3 have  been u s e r !  a , ’ith

n - r e - it  success  i nn ‘.- in i -~ai s in hi ern s , and it is conceivable t h a t  in ~ some

cases Cd - - t : -  ~ a r - h  3 n -n o - more ;ct r b le th an  r - db t hcc: i  I .

V me n n - - w  i l l u s tr a t e  the n i b - - c e  r e m a r k s  by some specif ic  o - : - :nm:n ;n i e s .

M n st  au tho r s h a — co  chosen C to be the Din ichiet  cond it m-n

ç~u ( P )  u L l  + 0 . ( 9 )

Wi th  t h i s  choice of t i l e  approaches  which have been used include:

(i )  In  the ’ progra ms of R.  L . Taylor  for porous flow problems which h ave

been used by Tay lor and Brown [1967] , Kealy and Busch [1971] ,

Kealy and Williani -is [1971] , and Pettibone and Kealy [1971] , the

b o u n d ary  condi t ion  is of the form

C :  u = 0  J

wh ore u is the -  pressure . Taylor  (see R .  L . Tay lor  [ 1g66 , p.

and Kea ly  ~ nd W i l l i am s  [1 1 71 , p. 62] ) de te rmines  P~~ 
1) 

by

~(k 4 1) 
- ~ (kL  ~~~

k )
(P

( k )
)d

( k )

-90- 
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i n ;  - m  ( - a n n - - t n o : i  I , - t r , n  . ( ‘ I h i ; ;  i n ;  1- . c U i ’ d ~ v: i th  G( ;-: ) - ( 1 X ) .

- i - 
- A - - - - I i  , - - ‘I i  - - - ; - ;  

- i n n  st lie- nm - - ‘i t t - c t  i~~ t i m  c i : ;  - i  -

- - - , 
m .  l~ - L. 1- - 

-
,, 1 n I ” ( - ( : ; u q n ; m - : ; t s  t n i e  c h u i c : m n  ~ ~ n- cc l i i  h e

h. i l’ . n - i c  I ‘,‘Cdl l i  m is s l’, 7l~ s i n n . ;q n-- :t )~ . 7 .  do advi i- e  is c i v en  about

t i n e ( ‘l i O n - C - - t t i n e -  ( l i i i  - - t n  - - as  c1~~~ but they  rd mo u l ’ i  obviously

m ak e  :~ c m  a :m g l c  - - - f  l ess  t Im r m mm ~ 0
0 

ac - n ih  th in pos i t ive  y - a x i s .

i b m :  is a cc-nv c ru d e ~; - ; c r : ~n - oh  — but it  av o r d c - .

( i i )  I n  p -n -us Cd -a c ; :rohle- :’:s t I n i -  [‘B condit ion can also be wr i t ten

i nn t h e  I : (see sect i on 0.

C : u - y  = 0

w h e r e  u is the l y draul ic  h e ad .  This sugges t s  that  ~~~~~ =

( h i  i n  ( k + l )  - - ( k )  - -

(x . , y .  ) be def ined  by movin g  P in the inice ct i :  mc of

the y - a x i s ,

(1. -i 1) (k )
x . = x .

I I ( 10)

(k+ 1) k (k)
= % ( P . ) ,

(Method 2) and this  h a s  been user !  by N e u m a n  and Witherspoon

[1970] . Neuman  and ~Vithersp oon also incorporate two other

f e a t u r e s :  a prelim inary calc ulation is m n - i l e  to determine  the flow

on th e ’  see -pa le  su r f ace;  and c :em ’t : i n  r e s t r i c t ions  (which th ey c h o s e n  d i e

(k 4 11
in some de ta i l ;  arc  impose d  on

Fenton  [ 19 7 2 c c , p .  4~ and Ap p e n d ix  D] ( s t - v  also P ark i  n I 1( 171 ) )

repl a ces (~~) with

-91 - 
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( lz n i n  ( h i )  (k ) ( h i )  ( h i ;

x , = x~ ( j L ~4 i  ( I
J 

1 - 
~~~~ 

] ,
(11)

( h i l l )  ( h i )  ( h i )  , n k )  ( h i )
y .  = y .  + -~~[ u 1 

(I . ) - y

aa -h c r c -  ~ is t a k e - r i  t- be 1 .5  a m i d  wh e re t h e  c o n - c t - m i t : ;  d , n - r e  chosen so t :i  m t

bY’ 1) 
l ies  on a c- c -n t n - i n  l i n e .  (This  is Method 3 with  G (x )  = ~ x ) .

( i i i )  1°-n t In  - - m c i  n - h  l e t  c o n d i t i o n  (9 )  tA ( - th od  1 may  he wr i t t e n  in the A nrc .

( h i )  k )  ( k )
(k)  u (P . ~

a = - . (12)
-
~~~~

- [u~~ L i  +

The q u a n t i t y  - “-
~~/ ~

n- is readily computed .  If the  f i r s t

boundary  cond i t i — . n is chosen to be of the form

= 0
ija 22

then
(k )

8u

(k)
otherwise then can be es t imated  numer ica l ly  or otherwise.

aa

This approach was used by Carabedian [19 56 , 19 56a] 
, 

Cry er [1962 ,

l~ ( 8 
- 

1’7 Oa] and J . M .  Taylor [1~.; 71 , p. 35] (see also Aitchison [19 7 2 ] ) .

The same approach was used in a special case by Tu [1971 , p. 43] who

in t roduced  a r e l axa t ion  pa ramete r  ~ so that  was dete rmined  by

(k)  u~~~(P~~~) (~ (k) )

~~ [ u ~~~(P)  ~ ~12~~~—

-92-  
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I i i  - i  i i c i m n~L-e m n - I  i - i n - i - S  n h -  h i - - t i n - m n - n y  - - - ‘ i n - i t i o n  S h a : - ; b c-e m t n - in - n

t - be i ml t I m e  deumann  rm

C u ( P )  - -  u ( P )  
2

( P ) 0 . ( i 3 )

\‘v ) t l c  t i m  c ’hc-ice o f  C t h e  a p p n -  - m c h c : ~ w h i c h  have  h oe -n u sed  i m c c l u d e - :

f i  ) i n  f l u n  n roe-ch in r i l e s  1 BPS i nv o l v i ng  sm city \Ve :  n - n - Y e -

= (
( 1 ( 1

)
2 

- Zgy 0 ,

so t i n - a t we- may set ( ~.1 ~tho n 2)

— 
( k 4 l )

x . = x ,
J I

y
(~ + l )  

1~~ U (p
( k )

)] 2
/Zg

rA e- -ar t  [ l n - (  5 , p .  42 ] and - te ’;::r’t ar id  Dav in ;s on [ 19( 7] hav e -  used this n ine -tb  n-- cm .

(ii) F i n n e n n en n e a nd. Perry [ ls~ -~~] consider  a n i r o u s  f i n - c ,- 1 n 1)1cm and

write the boundary  condi t ion in the form

au a
Cu = — - sin (I

ay

where -  0 is the angle between the no t -mad to 1’ and the x - a x i s .

F in n e n n o r u  and Perry move ~ (k)  
by s e t t i ng  =

- (k -I- i) - -s e t t i n g  y .  equal  to ci r a ther  con sp l i ca t e c l  and a r b i t m a r ’;- l u c  .

F 

of •~ n- k (p~~ ) ; (~~n ( t : ) i ) ( I

-~l 3-
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In ~i ! u t : .Lo r  of i i ~~;t i  nt .. e~; ~t ~i~~:; been found (io~.arab lc to ~;rnooth

t~i 1 i: t so as t ’~) 1)rcv Pnt undc ;ir ~t b~ e osc i l lat ions :

(a)  1~i nnemor ’ and Pe r ry  [ 1~ 68] used a standard smoothing subrout ine .

(b )  Cryer  [ 1~~ ~~, 
19(~~, l9 7O a~ de te rmined  m points ~~~~~~ 1 < ~

and t h n  f i t ted a curve F ( a )  of prescribed form through these

j k + l )  k4 1
F~ i j  nt  ob tain  I = I (a

Stevens [1974] solves an axisymmetric magnetohydrostatic FBP

and apparently uses a local method (he gives few details) .

In summary , local methods have been used very successfully

despite thei r appar ent arbitrariness.

3. 2. 2. Move ment strategy: integral

in an in teg r a l nie thod of moving  the I’B the bound ary  condition

C u  = 0 is expressed in an implici t  form such as

F(u (x ) .  u ( s) , u (s) , x ( s ) .  h ( s ) )  = 0 , (1)

where the I’B is the curve x = x ( s )  and whore k ( s)  denotes the derivatives

of x ( s) .  Given 1’~~~ and u~~~, the curve is obtained by integrating

approximately  the different ia l  equation for x ( s) ,

F(u~~~(s ) , u 0
~~(s ) , u 0

~~, x
(ku)

~5 ~~~~~~~~ 0. (2)

In (2)  u~~~( s)  etc. represent approximations to the values of

(k) (k -4- l) (k- f l )  (k) (k)
u ( s)  etc . at the point x (s) .  If x (s) E ~ then u h ( s)  can
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( k 4 l )  ( k )  ( k )
~~ (~ t~~ ~~~~~ b’: n i~~tI~~n. If x (

~)/~c tnen  U h ( s)  must  be

ol)t ~ ir i e : ay e x t r a U  l~~t i ’~n .  In the ap p ) i c~ t i n s the  method used to compute

does net seem to be cr i t ical ;  o f t en , u~~~ ( s )  is taken to be the value

( k )  (k +1)
of u at the gri ipo in t  ne irest to x ( s ) .

The fol lowing applic at ions of in tegral  methods have been made :

(1) The se1f-consi~ tent  metho ci  of co m p u t i n g  the magnet op auSe which

wa s introduced by Beard in 1960 and implemented numerical ly by

Mead and Beard [1Y 4] , Baker , Beard , ari d Young [1964] , is an

integra l method.  In the general  case considered by Olson [1968 ,

1969] the [‘B is expressed in the form

r = R (0 , ~ )

whe re (r , 0 , cj ) are polar coordinates. The expr ession for ~u F

is giv en in section 2 . 4 . 3 .

(i i) von Kerczek [19 6 5] used a version of the integral method for two

problems , the flo w over a submerged vortex (successful ly)  and

flow under a planing surface (unsuccess fu l ly) .  The method of

von Kerczek differed from the integral method as described above

in that durin g each iteration only one boundary point was moved .

(iii) MDgal and Street [1972 , 1974] solve the problem of a plane

Riabouchinsky cavity . For this problem ,

F = x(s ) -1- 4i

where ~ = (x , y ) .
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(iv Tanner [ 1973) and Nickel ! , Tanner , and Caswell [ 1974) compute

the flow of a viscous jet from a tube.

(v ) Co mincioli , Guerri , and Volpi [ 1971) and Baiocchl , Comincioli , Guerri ,

and Volpl [1973) solve the problem of porous flow through a dam.

(vi)  Michael  ri nd O ’Neil l  [1972a] solve a problem involving a fluid

fi l m in an electric field . This is an interesting problem in that

the equation (2 )  for x ( s)  is a second order differential  equation

which give s r ise to a two - point boundary value problem.

As the above examples show , the integral method has proved of

great value , and it seems clear that many more applications will be found .

3 . 2 .3 .  Moveme nt strategy: global

In a ~~~~~~~~~~~~~ o f m oving F ”~~ a set of perturbed boundaries

1,(k,j) = F(a~~~, . . .,  a~~~, a~~ ~ ~~~~ a~~~, ... , ~~~~

and corresp onding solutions are generated. This information makes

it possible to es t imate  the dependence of the error ~~~~ upon the p arameters

~(k) The new [‘B F
( k l )  is chosen so as to minimize the error

(k-fl)
In order to minimize the error r~u we must have a measure for

this error, F(~ ) say . Two choices for F have been used:

( i )  ~~(
(k)) (F1,(a~~~)) (cu~~~(P~~~) ) ;

that  is , F1
(~~~~) is the m-vector of the errors at the m points ~(k)
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(k ) (k ) (}z ) 2 1 /
(ii) F 2

(~ ) - [ 
~ 

[(~u~ (P . i
~ 

]

that I.; , F
~ 

is the least squares error.

Wnen using it is assumed that  F~ depends linea rly upon

F~ (
(k)  

+ 6~~) = A (k )
E + b~~

The p X p - matrix and the p-vector b~~ ar e found by computing p

(k j)  -perturbed solutions u ‘ 
, 

= 1, .. ., p. Then

(ku) 
= 

(k) 
- (A

(k)
) 

l
b
(k)

This  appr oach ha s  been used by Sank ar  [1967 , p. 153)  and Fox and Sankar

11973 1 for the problem of an axially symmetric Riribouchinsky cavity . Tu

[1971 , p. 60) u~;cd the same method for the problem of flow over a circular-

crested woi r , but Tu also intervened m a n u a l l y .

Midgley [1963] and Midgley and Davis [1962 , 1963] use a similar

method for computing the magnetosphere in a plasma of constant  pressure ,

and in a solar wind , the difference being that the components of F1 are

taken to be the moments of the surface current (see section 2.4.  3 .

Although the choice F 2 (least squares) seems reason~ b1e , it h as

proved to be unsatisfactory . Arms and Gates [19 57 ) were unable to obtain

convergence for the problem of a Riabouchinsky cavity . We used least

square s on a problem arising in the theory of stellar evolution (Cryer [ I ~ 62 ,

chapter 10 , p. 7 ) )  and also failed to obtain convergence. Rippin [ l9 sQ]

and Rippin and Da vidson [ 1967] used least squares for the problem of an
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a x i d l y ~v : . r: e t r1 - s p h e : i c i l  cap bubble , but hrid to intervene manuall y. The

d i f f i c u l t i e s  w i t h  t h e  Ch~ H u  
~2 appe ar to he due in part to the fact that  Cu~~ can

oni ’, be i :‘~~ ut~~~ t a few  decimal  places together with the fact tha t  least

sq uare pr 1e::.~; i re  i l l -  -e~~iitior ied u nless care is taken .  McCorquod ale

and Li 1 71] use lea st  square s for the problem of flow under a bevelled sluice

gate . ~~c( ~ r q u r  : ile rind Li [197 1 , F igure 3) plot [‘2 as a funct ion of their

p r i r a r :~ct e r s  
~l and a 2 and this i l lus t ra tes  a di f f icul ty  with least  squares

w~ii~ h we 1~~ exp ( ’r ienc cH : the m i n i m u m  of [‘2 I s not clearly def ined rind

It is n t  He ir t h t  there is a point  at which F
~ 

0.

We conc lude  with some remarks:

(& Whatever  the choice fo~ 1’, it is clear that It Is very desirable

to choo~ o the  perturbations so t h a t  they are orthogonal or nearl y so.

(b) It is necessary to ensure tha t  F depends smoothly upon a .

Arms r ind  Gates [19 57 , p. 6) used f ini te  differences with a fixed

grid. The perturbat ions of sometimes resulted in the [‘B

movi ng across a gridpoint , and it was found that  t~iis caused

u nple a san t ly  la rge  changes in

(c) In comp aring global method s with local and integral methods , it

must  be remembered that each step of a global method require s

approximatel y .p times as much work as one step of a local or

Integral method.

(d) In summary , global methods of moving the FB have not been very

successful in comp arison with local and Integral methods. We

suspect that this is because global methods do not take advantage

of any properties of the solution.
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3. 2. 4. Estimation f u~~~ v.’~ cen st ant

In  an y  i~~ v~ 1 ~~~~~ ( ( ~~h i 5  I ~~~ ~~~ ho un Clary  O U f l ( l l t l O f l  Ofl

th~ l b  I: , t i e  B erm i i  Ii equ at i r

1 2
-
~~ grad u p qy  - = 0,

where  \ i~; a c o n s t an t .  In a few pr~ blems , such a s the problem ef a

Bord a r~. u t h pi~~ce the value of X can be determined

a-pr ior i . In r:~~st ~e Slems , hewe ’.’cr , it is necessary  to dete rm ine  \ as

part of the  so lu t i on .  It is ~ r in t c r o st  th at  porous f low [‘BPS with sheet piles

also have an u :~k n nv ;~ r ; c , n s t an t  i i  the  b ounda ry  conditions (see Cryer [1976 ,

section 3 . 1 .3 ] ) .

Methods which have  been used to determine the unknown constant

~ include :

(a)  Us ing  a boundary condit ion ~~ which doe s not involve >. to com pute

(k)
u , 

eva lua ting

X (P~~~) = -
~~ grad u~~ (P~~ ) ~

2 ~ (k)

and setting

~(k+1) = average X (P(k))

(b) Using integral identities as described in section 3.1. 2.
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3.3. A convergence proof for a model problem

~~~ far as we are lw a ( cc I roof of cc n’.’cr qence of a t r ia l  free

h u d ir ’; t e thud  h i : ;  been q A V O S .  Cr y c i  [ 1968 , 1970a] an a l y s e d  a very

s imp l e  mod e l  p r u b l e m  and [or lack  of better result s this  work is described

he1~ w.

The r o l e l  FBP to be considered is as fol lows:  it is required to

fi c~ u sat i  ~; fy i n g

u + u  = 0  in ~‘ ,xx yy

where  £ is of the form shown in Figure 1.

A L~
(0 i - ) < ~

~> 2.

(O,o )

Figure 1: The model FBP

The [‘B F is the curve BC. The auxiliary restraints are that F should

pass through the fixed point C and that on F y should be a monotone

d~ cr easing funct ion  of x . The bound ary conditions are :
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u - ( I -  y ) , ( j ! I  AU ,

= 0 ~
.- u I ‘~~1~~ on BC ,n

u — 1 on AB
n

Cu 0 u - , on BC .

It is r e a d i l y  v c r i : i o i  t ha t  a s o l u t i o n  of th i s  p rob lem is g i v e r  by

u : u = 1 - y - 3x ,

F :y= ~~~- 3x .

We b e l i eve  t h / t  th i s  so lu t ion  is unique but have  not tried to prove t h i s .

Since the [‘B is a s t raight  line it has  curvature  K 0. It fo l lows that

the bounda ry conditions are already in the form suggested by Garabedian [19 5~ ]

(see section 3.1.1).

To solve the problem the approximate FBS are assumed to be straig ht

lines passing through C. That is , F~~ is assumed to be of the form

1 (k)
x .

The problem

(k) (k) (k)
U U = 0 in

XX yy ‘

(k )  (It )0 , on o~i
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ha: ;  t :-:a I :;~ d ut ii

(k) 
~ y xfl l0([ c~~ ] 

2 
1)] 

1/2 
-

1 ~ (m h t l u n  t h a t  Cu~~~ 0 ~~ 
(k fl is satisfied exactly if ~~~ 

1)

15 ~ iced b y

c~~ 
I) 

{[ 10( [ c~~~] 2 
~ 1)) 1/2 

- l)/c~~

Thus in t h i s  v e r y  s impl e  pr oble m the approx imate solutions u~~ and the

cp~ r x1: : -:~te l B S  ~ 
(k) 

are known exactly.

To a : ic l y s e  the  behaviour  of the coeff icient s c
(k) 

it is he lp fu l

to observe th o t  if

f(c) = [1 ~ c
2
] 
1/2 

-

then

= ~~~ - f( c~~~)/ f ’(c~~~)

so that the sequence c~~ is identical with the sequence which would be

obtained by s t a r t i ng  wi th  the in i t ia l guess ~~~ and applying Newton ’s

method to the equa t ion  f ( c )  = 0. ~~oting thrit f(c) is convex for c 0

and t ha t  f( o)  ~ 0 we hav e ( H enr ic i  [ 1964 , p . 79 ] ) :

Theorem I

For a n y  i n i t i a l  guess ~~~~ - 0 the sequence of approximate FBS

F converges qu idr . t ic lly to the [‘B I .
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V~ c 1 U l t ; t he  U .;cu ;; :i (,I th~ ‘: i bb ni . ;itu c so

I t S  1! ~

( i )  t o  t o ’ t n t  1 c( lO~’( r ’ ; qu dr i t I o l l I , to F :c pp :t :; t h e

is ; e r t i  1 ( r - t h ’ n n  ~~~~~ p.  ~~ 3] th i q ;  r io:  c O I I V ( r h ( NU ~

is obt i r i e ’f b y i o S i n q  au( : C ccc’ , r f l h I l ’  to h i s  me t t i od . The

f u o t  t :  t se f lu e n c e  can  be ui : t j n e - I  by ~ pp l ,’i ~

s J t f l ’  to t ao  -~~u u t i o  r U ci 0 rc : ; ii :is O i l  t h a t  Cnrcbe ’~ia I: ’ S

s eth can  be t a o U 9 n t  of as an : t t o r :~~t to a p p ly ~ cv ;ton ’ s me th od

t( FB Ih ~ (U a r  b n ; n  [ 19  ~ p.  ( 1 3 ) ) .

i i  Since is l inea r  it can  be c s p cted  b y m a r y  m et h o d s .  ( r ~ er

16) c om p u t e d  ~~~ u n i r i ;  f i n i t e  d~f f c : r o n c e :  n ; .c :  f o u n d

th  at  :o o : a - - o f f  er~~rs -i1u  -
- t a f f e  - -t t no  q -  r o t i c  convor r ;o : Jce .

( i i i  The mn ic- I problem was  chosen because it r e serrh leo  a much c ore

compl icate d  FBP a r i s ing  in the  s tudy  of s t el l ar  e v o l u t i o n .  The

numer ica l  r e su l t s  for the more complicated pr on lem behaved

s i m i la r l y  to those for the model problem ( Cr y e r  [ l 9 6 h ] ) .

3. 4. Summary  of numerical  experience

In t h i s  s’ ~ t i c~ ! we su m m a r i z e  the av ai l ab le  evidence  ab out  t r ia l

f r ee  v ; ;  a ~- i r v  10 t h o d s ,  Most  a u t h o r s  are rather  ret icent  about descr ib ing

un s u c ce s~~fu l  nc th od~ or methods  which re qui re d  ri great  deal of a dj u s t m e n t

be f ore t h ey  v;’ . be 1. This  is un dor : - ;t r i n da b lc  but  it is u n f o r t un a t e  for t w ’

r ea sons :  ( i i  1- :tC1 ’.V~~I c C r 5  a re  not f : r o w r r n e ’ l  and r epea t  the mist ;do : ;
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~~~~~~~

l i i  t n -  c : v ’ l - ; - .n i t a t a s; t i : ; ; ct t r i o : 1 i r ;  h i m i e r u  : s~ r o e  s w- h  a t h e o r y

so - .:~~~ UOl 0 t I - J c~~~~ V ;w. t  e:ec ; le s .  .. ‘e , t io r o f o m - ,

ru : t  - f e~~~~0 ;  ~f I o n — C  r : v e r ~j ’ ccc.

c : :  t o  e .  i o :  - - c is  e:-: mi r e d  i t  n e c ’n e s  c lear  th at  tn0  boa cvi  r

- ‘ t r i a l  , n :) - - u r . : t 1 , : :u t h cis  is h a v i l y  ‘iope: ’iw t u p on  th~ t y p e  of pr ’ n i e r r - :

i~orou~~ fI ‘ .;

There F. ow -
~ .; hei : : i n r ;  (ra l o r :  ‘rn  t h a t  t r io i f ree  boa c h a r y  m e t h o d s

ore :t n i ie and  c a n ve r  p~ S a t i n  f- ct-  - r i l y  f a r  p- -r cu s  f l ow  p rob lems .  The tr i r : 1

bBS cr~n h e m o - c :  i u S i r q  d r y  local m et a u d  and smooth ing  is not r e q u i r e c .

T h t  no th  -r s t a k e  the  au:~:i l i i ~~,’ cond i t ion  to ~ e the Dir ichle t  condi t ion

h - y but t h i n  in  r o t  necessary . We s u m mar i z e  the evidence:

( i i  F in i t e  d i f f e r e n c e  methods  were successfu l ly  used by a great m a n y

h - a n d  w ur b e r s .  Gill i ir i V a isey  [ 19( 1] h a s  said that  she regarded

the po b ier ; , of p o r n -us  f l ew  th roug h darns  as an easy problem and

a.’; r r i r ; n c ~~ i i t  an  a r :  -x n r c i s e  to her  s tudents  for h and  computa t ion .

(i i )  W 1v b o f f  an d ]h ;c ’J l93 ’~] and la te r  workers such as Childs  used

c o n d u c t i n g  p i p e r  an d  ad j u s t e d  the tr ial  l b  by cutt ing the paper .

Clear ly  th i s  approach require s tha t  the method be extremely s table .

( i i i )  R e c e n t l y  both f i n i t e  d i f f e r e n c e  and f in i te  e lement  methods  have  been

used with au toma t i c  a d j u s t m e n t  of the [‘B.

( iv )  Per u ;: f low [‘BPS h ave  been solved au toma t i ca l ly  u s i n g  res i s tance

network s by L ir p l u s  [ I n ( and Herbert  and R u s h t o n  [ 1966]
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1 eu:  h i ,  . 1  t ’~ : 1 .1 / (5 ’- 0 ; oi i iv  r i r c o  1’ r V ir eu r  : I .-; I Li-

)lw; I - u -  -n  r - c ’  I i; - ;  1: —1  ~ ure . k .  L. F ;d ~ r a i t - i  0 v; - 1 1 7  
• p •

an - i p .  ~ t ]  r ~~l~~1 0 ~ fl ‘ i r r b i ’: uF y ‘- t e ’ ;t ’ t t O  p - - i :  t -;. h -o-  t : e  J ’B i t -  u t o

t o s e e p - l a o  su r :  c. U i - i :  a : :  hr -v. ’ . do r : - ~ t ~ i’; e e r t r i l : .  :)ut  . .( ~~ l d - 0  a : ’ :

\ \ i t : e r s ; - - n [ 1 - 7 0 , p .  ~ ‘) h ]  usc- toe  ~ r g r r i i :  f T ay l ’ ,r f r  d a r n  v O n  a

tu ~ c r am ( 1 i ’ ;u r e  1) .

- -- - - 

,
~~~ 

-
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‘

-

- -  / /~J~~~
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U - ’

Fi~gure  1: fl-a :n w i th  a toe a in

TIi~ successive  ; : ; r r ’ e ; - : i r : - : t i - w r ;  ~ t h e  FL c o i o r  r~cci e x o u p t  i n  t h e  r e n : ; h b a a r  -

hood of t h e ’: t a c  d a r n  wh or e  t h e  l b  w . c - i l l a t a -  :~ d ” U r d d n  a i d  t . i u c - r :p o o n  [ l ° ’ f l [

m r r r p l e m ( - :  :t ’: ii a mu i ;i i  c t i  on of Tay l - r  ‘ s meth od  wh 1::  1 c o n ve r  r e . The

reason f r r  th e  r r a n — c o n v e r a e :  cc of 1 r I ’  r ’ s resu l t s  is i t  c lear . ~- c u r ;  r i  O n :

Wi thersv on [ F T  0, p. i~~i] s ta t e  t a t  t he  reason  for the  n o n — c o n v e r g e n c e  is

that  th e  length  of the seepage s u r f a c e  is not k n o w n .  It  Seems  t m  U S  t i - i  the

non-conve rgence  m a y  be c on n e ct  a )  with the pecu l i ar  b oundary  c o n d i t i on s

on an o v e r h a n g i n g  seep age s ur f a c e  (see Cryer [1976 . section 2 . 2 . ) ) .

Kealy and Busch [1971 J ,  who used Taylor ’ s program , also ment ion

the ambigui ty  e f fec t .
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st a t : : rs u: ;r a o- ; i s ’ n- , ib lv good ini t ia l  guess for ( 0 )

j . - ‘ r 1\d r [ I T ! . p .  37] ment i on ; ;  t ha t  d i f f i c u l t i e s  occurred when ~ 
(0

w ~s t a t a r  0 a, I .

We scaLe the  fo l lowing  conjecture :

~ o nj - t u r - I

In a n- - m r -us  f low FBP , if the ini t ia l  guess for the FB is

h -r io  :rt 1 t oen  the  successive tr ial  FBS 
(k converge monotonely

wr ;w .r :s. I A s im i l a r  a sse r t ion  was made by F. S. Shaw and Southwell [194 1 ,

p. r- ]  who asser ted tha t  it could be prov ed by the max imum p r i n c i p l e . )

Fluid  r r . e cr i a o r c s  FBPS

Fri- a l f r ee  boundary  methods for f luid mechanics  problems of ten

exhibit  i n s t ab i l i ty . Various smoothing techniques seem to be necessary :

obta ining the new approximate  FB I ~~~1) 
by moving the points on

and then  f i t t ing  a curve throug li these points;  using a weighted average of

tn e new and old so lu t ions :  manual  in tervent ion .

Southwell  and Vaisey [19 46 , p.  127] who solved eleven fluid

mechanics FBPS by hand observe that “usually the shape [of successive

is found to diverge in some part at least ” .

Many  authors have reported convergence difficulties when ad jus t ing

the [‘B automat ical l y :  Young , Gates , Arms , and Eliezer [1955 , p. 15) and

Arms and Gates [1957 , p. 5) could not solve the Riabouchinsky cavity
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or - -b ios ’ : V i :  L er . ;c o h  ~~~~~ p .  -‘“ j cou l I r o t  solve the problem of a flat

plate  h o -j r  o r  - ~t : s I t  i ’” -
~ , . 4 .f w s  t ’ roeal t -~ i n t e rvene  m anua l ly

v -co t ;  s o l v i n g  -a bubble  problem:  Tu 1a7 1 , p.  87) obtained divergence when

so lv i n c i  the -r Lion ;  of a cur  - i - :  w E - j r  w i th  g r a v i t y :  S te f fen  [1973]  found that

toc-  it i r a t e s  :i not  our . - .- er :;e ‘.vhe:: s’ I v i n g  the problem of an axia l ly

s- .- r : r e t r ic  w a l l  j e t . ~~e h~~’i u r s - ;r c i l  uc; e r ie f l ce  of such instabi l i ty  when ,

:ir un  : I 6( i , we tr ied to use  -i ( - ) m : u t ( - r  t ’ solve the p rogres s ive—wave

p m b ier .  w:i ic ’n h od p r o - .’i~~us l y been solve - i  by Southwell and Vaisey [1946]

n - a n - .- c -h a - ices  -: 1 ~ and  ~ were t r i o  : , but in each case the curves I~~

r a p i - : lv  devel a p e- undesirable  wigg les .

Other FBPS

There is not s u f f i c i e n t  evidence ah .ut other [‘BPS to draw any  defini te

conc lus ions , with the possible exception of magnetoh ydrostat ic  FBPS which

do seers to be s table .

It is na tura l  to try and expla in  the stability characterisi tcs of trial

free boundary  methods .  L. Fox [1972 )  suggested the following :

Conjecture 2

Th e instabil i t ies of the trial free boundary method are caused by

physic al instabili t ies of the problems being solved.

At the time we felt that this conjecture was unsat isfactory because it

relied upon the rather vague concept “ ph ysical instabili ty ’ . However , the
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0 - ’ i ) enee  a i n s t a b i l i ty  d e s c r i be- :  -ab ove does suggest  quite s t rongly tha t

C ;n j u i -tu me .f is t r u e .

A f a i r l y  —: e c i s i ve  t e st  I- r Conjec ture  2 is provided by water-wave

o m o - h i e m s .  $- u t h we l l  and V ai sey I li 46 . p . 1a3 ) describe how in the solution

of t he  m i L l e r : . 0 the flow past  a p l an ing  sur face  the computat ions tu ck

charge ’ and a soli tary wave emerged . On the other hand , as de scribed

above , we were unable  to solve the prob lem of a periodic progressing wave .

This suggests  that  soli tary wave s are stable and periodic progressing

waves are uns tab le .  Recent ly , Ben jamin  and Feir [1965) and Benjamin [1972]

have  anal ysed wave waves us ing  the Korteweg-de Vries approximation and

have come to the same conclus ions  regarding stability .

An impor tant  consequence of Conjecture 2 is that  since viscosity

usua l ly  has  a s tabi l iz ing effect  in f lu id  dynamics we are led to:

Conjecture 3

Viscous fluid [‘BPS can be solved using trial free boundary methods.

The importance of Conjecture 3 is that while there are many alternative

methods for solving inviscid fl uid [‘BPS , there are few methods for solving

viscous fluid [‘BPS. The recent success of Tanner [1973] and Nickell ,

Tanner , and Caswell [1974) in solving viscous jet FBPS using the trial free

boundary  method offers hope that  Conjecture 3 may be true .

We conclude with some remarks:

I i ’  Southwell and Vaisey [19 46 , p. 122] use physical arguments to explain

th e instabil i ty of fluid mechanics [‘BPS as compared to porous flow [‘BPS.
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(ii )  In mechanics , the difference between stable and unstable problems

often reveals Itself In the governing equations : for example , the

differential equation for a damped spring contains a damping term .

However, for many FBPS instability seems to arise through in a

more subtle way the boundary conditions: the governing equations

for viscous, stable porous flow and for inviscid unstable fluid flow

are both Laplace ’s equation. One can of course surmise that the

instability arises for physical reasons such as the introduction of

turbulence at the boundary , but this does not help one analyse

the problem.
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4. Concluding remarks

In this section we make some remark s on open questions about ,

and possible approaches to , t rial free boundary methods.

4.1. Error es t imates

Given an approximate F B and an approximate solution

one would like to es t imate  the error in the solution , u - ~
(k )  and also

to estimate how far ~~~~ is from 1’ . So far  as we are aware , no such

error est imates  are k n o w n .

There is a defini te  need for error estimates because even experienced

workers find it diff icul t  to estimate the error in the solution. A good

example of this is provided by the problem of an inviscid axially

sy mmetri c wall j e t :  several workers (Trefftz [ 1916] , Southwell and Vai sey

[19 46] , Ro use and Abu l-Fetouh [1950] ) estimated the contraction

coefficient C to be .61 and Rouse [1962 , p. 188) criticizes Birkhoff

for supporting Garabedian ’ s estimate C = .58 (Birkhoff [1961 , p. 21]) ,

but the best current estimate is C . 59137 5 (Snider [19 7 1]).

Some authors have commented on the fact that the error can be

quite large even when the boundary conditions are satisfied to within a

small tolerance :

(I ) Arm s and Gates [1957 , p. 7) observe that for the problem of a plane

Riabouchinsky cavity the initial guess was taken to be the exact

analytical FB. Finite differences were used with 1145
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gridpoints (see Young, (4at -s , et al .  [ 1955 , p. 12] ). The velocity

on the 1’B shou ld  be cons t an t , but  the ve loc i ty  computed from u~
°
~

vat led by more that 5% , ar id the ,a ~‘crage coinpu ted v e l o c i t y

was almost 2% higher than the  t rue  v a l u e .

(ii) B. W. Hunt [1967 , p. 18] , who used integral equations to solve the

problem of an axially symmetric wall jet, compares the results for

two curves ~~~ Th e coordinates of the curves d i f fered  by le5s

than 3% at every point , but the computed velocit ies behaved qui te

differently: for one curve the computed velocity diff~rorl from the

asymptotic velocity by less than 1 . 5% ,  while for the other curv e

the computed veloci ty differed fro m the asymptot ic  veloci ty by as

much as 108%. -

The cases quoted above are perhaps exceptional because the flows are

badly  behaved near the point of separation , a nd because for the axial ly

symmetric jet problem the fluid velocity on the FB is not known a-priori.

Nevertheless, these cases serve as a warning that  relativel y high errors

can occur.

In a few instances approxim ate solutions have been computed for

problems whose exact solutions are known:

(i) Southwell and Vaisey [1946, Figure 11] compare the exact solution

for flow through a plane Borda mouthpiece with the approximate

solution obtained us in g f ini te  differences with about 700 poi nts.

The tru e and approximate FBS differ by about 5%.
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(ii) Analytical and numerical solutions are available for porous flow

throu gh a rectangular dam. (Cryer [1976 , section 3 . 1 . 1 . 1 ) .  For

a da m of heig h t 24 , width 16 , and downstream depth 4 , the height

of the downstream point of intersection is 12. 7132 to four decimals ,

and the best value obtained usin g a trial free boundary method

is 1 2 . 7 5  - an error of .03 % .

(i i i) J . C. Baker , Beard , and Youn g [1964) use the self-consistent meth od

to comput e the earth s magneto pause for three simple problems

where the solution is known. The computed results are indistinguish-

able from the exact results to the accuracy of a graph.

A substantial part of the machinery necessary to estimate the error

u - u~~ is already availab le . For , to obtain error estimates , we must

be able to estimate two quantities:

(i) The differenc e - u~~~ where u~~~ is the approximate solution

of the problem

= o, in ~ (k)

(1)
( k) ~ (k)

‘&u = 0 , on cj~

(i i)  The difference u - u~~~ where u
(k) satisfies (1) and u is

the solution of the problem

au = 0 , in s ,
(2)

/ 9 u = 0, on a~ .

We now consider these questions in somewhat greater detail .
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(k) (k)
E s t i r n a  t i u r i  o~ U — U

h

If u~~~ is couiputed :a/ any s tandard  method such as th e -  rn et ho i  of  h n i t c

d i f f e r e n c e s  or the method o~ f i n i t e  e lem en t s  then there is an ex tens iva  l i t e r a t u r e

devoted to e s t ima t ing  the error ~
( k )  

~
(k There are o f t en  several  d i f f e r e n t

approaches .

For f in i te  d i f fe rence  methods the fol lowin g alassical  approaches were

used: Co urant , Friedrichs , and Lewy [1928 1 (variat ional  methods) ;  Gersch gor in

[19 30 ] (max imum princi ple);  Petrovskii  [1941], Jamet and Parter [ 1967 ] ( b a r r i e r

func t ions) .  In addit ion there h a ie  been maiy other approaches to f in i te  differ-

ence methods:  Mot zkin and Wasow [ 1 9 5 3 ] ,  Bramble and Hubbard [1964] ,

Bramble , Hubbard , and Thomee [1969 ] (monotone —type approximations );  N itsche

and Ni tsche [ 1 9 6 0 ] ;  Cea f 19~~- 4 J ,  Aubin [ 1962]  (external approximat ions) ;

Lebaud [ 1 9 6 9 ] ,  Frehse [1969 ] (nonl inear  equat ions) ;  Lebaud and Ra viart [1969 )

(di scontinuous coeff ic ients ) ;  Schaeffer  [1972 ] .  Di az and Roberts [19 52 ]  draw

attentio n to the s imi lar i ty  between i terative methods for continuous and

discrete problems.

For fi nite element methods the standard approach is to use variational

methods , but  Ciarlet  and Raviar t  [ to  appear]  have used the max imum principle.

We hav e mentioned all the above methods because at the present time

i t is not clear which approach will be best for FBPS.

Much of the literature is based on the assumption that is

smooth and is therefore not always applicable to [‘BPS which usual ly involve

corners , but the case when a~c
(k) has corners has been considered and

references are given in section 4. 2.
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There is c~ nsi derab le , but sc it t er e l , l i terat ure on the properti es

i f  e l l ip t ic  i i t ~~ rc~~ -e equa t ions , and some of these properties probably

p l ay  :i r- le in  t r i a l  fre e bound ary  methods .  See Heilbronn [1949 ]

Ker~en ’: and Snell [1961] , Varga [19 66 ]  , Ciarlet [ 1970a ]

- k)Ls t i m a t ~on Ot  u — U

The e s t i m a t i on  of the d i f f e r e n c e  u - ~
(k )  

that  is , the es t imat ion  of the

var ia t io n in the solut ion of a boundar y value prob lem with respect to var iations

of the boundary  has been considered from several viewpoints  in the l i tera ture :

fl The classical variat ional  formulas of Had amard for the Green ’ s

function (Ga rabedian [1964 , p . 558 ] ) .

(ii~ Estimates for the variation In the solution of the Dirichiet problem

for l inear elliptic equations of order m with respect to variat ions

of the bounda ry have been obtained by Saak [1972] .

(ilfi Since i~ and diffe r , it is desirable (and perhaps essential)

to be able to co ntinus u and u (k) across F and ~~~~ respec-

tively . so as to be able to compare u and ~
(k )  on the sa me

domain .  There is a growing literature on numerical analytical

contin uation: G. L. Lewis [1965) , Henrici [1966] , K. Miller [1970)

(iv) The question of domain variations arises in the theory of finite

ele m ents , because in general the boundaries of the finite elements

do not coincide with the boundary of the domain of the problem

bein g solved . Berger , Scott , a rid Stran g [1972 ) , Str ang and Berger

[1974] and Thomee [1973 , l973a ] give estimates for the differences

u - and grad (u - for Poisson ’ s equation in the plane.

See also Necas [l9’7 . p. 162 1 . 
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( v )  ~t - t r - : .  [ l 7 ~~] - n s  - r :  l ’BP -S for h ar r! ! onic  f u r c t i o i ~~ in the  p l a n e .

n - ui~~; i h -  - ;  th e  bound ary  con di t io i iU on F to be of t he  for : :

au £ au
r -u  - = 0; Cu = -

~~

-

~

-

~ 
- 

~2 = 0,

- 

i 
ii I are g iven  f u n c t i o n s  w h i c h  depend upon x

an d ~ .~~~3 t -  t~~~n shows t h a t  if ~(k) is close to ~ then r~- )
U~~~

an d ‘ 
- u a~e a lm o st  -zero .

( v i ) M~i h l i~ [ 1 7  s J  i i s c u s : ; e : ;  the -  dep cm ’lc - : i c ( ’  of the s o l u t i o n  Upo n t h e

non - in  for a> : i 11~’ n v  n~~t t1c  je1~ fro m c u r v e d  or i f ~ c- : ; ~

4. 2. Trea tment  of singularit ies - :

~v1 -st solutions of FBPS have singulari t ies because most FBPS

invo lve  corners .  Here , we make some remarks  about the anal ytical and

numer ica l  t rea tment  of s ingular i t ies .  We believe that this is an area

which deserves study because of the possibility of substantially increasing

the accuracy of numerical  methods for FBPS.

As regards the analyt ica l  study of singuidrities , two approaches

have been used:

(al Asymptotic expansions

Lewy [19 50, 1957]~ Wasow [l9 57a] , Laason en [19 57] , Lehman [19 59] ,

Wigley [1964 , 1970. 1974] have derived asymptotic expansions for the

solution of second order elliptic equations In the neighbourhood of corners.

Kond rat ev [1967 , 1970 ] gives expansions for general equations (of

a rbitra ry order s.
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b~ Integr abi ~~y

lt is of i r r V - r t a n c e  to know in which Sobolev space the solution

lies . doe Bi r r : an  and Skvorcov [ 1 9 6 2 ]  , Kondr at ev [ 1967],  Hanna  and

-~~ it :-~ [ l ~~( 7 ]  , and Grisvard [1971 , 1972) , Kudrjavcev [ 1974) .

See also Kellogg [1~~~( , 1) 70 , 1i 7 1  J .

The ~ppr -  :.drr .ate t r ea t m ent of singularities is not well developed.

~Xe list  below several techniques  which have been used:

( a l  E l imina t i on  of a s ingular i ty  by conformal  mappin g

If the governing equation i s Laplace ’ s equation in the complex

z-plane and if it is known that - - — (z - z0
)~ at a corner z0 x0 

-
~ iy 0,

then  the s ingular i ty  can be removed by the conformal mapping w = (z - z 0 ) ’~.

This tech nique was applied by Mason and Farkas [1971 , p. 19 ; 1972] in

conjunct ion with a trial free boundary method.

(b~ Subtr acting off a singularity

If either the solution or the FB is L~eiri g approximated by a combination

of f unctions then the functions should obviousl y be chosen so as to match

any known singulari t ies.  Examples  will be found in Garabedian [19 56 ;

19 56a] , Cryer [1968 , p . 40] , Mason and Farkas [1971 , p. 22] , J .  M.  Taylor

[1971] , Aitchison [1972) , Fox and Sankar [1969), Fox [1971). See also

Wigley [1969)

(c~ Construction of special finite difference equations

Motz [1946], Thom and Apelt [1961], L. C. Woods [1953].

-116-



- - — - ~~~~~~_i7~~
- 

~~- —~~-- -—- 
- ~~~~~~~~~~~ ~~~~~~ 

- 
- 

-- -

d Dual series

Wh item- in  [ 1 9 6 7 ] ,  Whiteman [196 ) 1

(e~ Mesh ref inement  near s ingu 1~ ri~y

Recently , Volkov [ l96(, 1966a , 1968] has  ana lysed  the error for

c i m p - s i t e  meshes consisting of a square grid )f gr idlength h patched

ti polar  grids in the neighbo urhood of corners , but we are not aw -ire

of any computat ional  resul ts .

Proofs of convergence for f ini te d i f fe rence  methods have been given

by: Walsh , and Young [1953 , 1954, 1957] , Wasow [19 57] , Leasonen [1957a ,

1958], Wigley [1965] , Kellogg [1966] , Bra m ble , Hu bbard , and Z lamal [19 68) ,

Veidinger [1968] , Whiteman and Webb [1970) , Sultanova [1971] , Babuska

arid Kellogg [1972]

Fini te element methods for probl ems with singularit ies have been

considered by: Babuska [1970 , 1970a , 1974 ) ,  Babuska and Rosenzweig [1972) ,

Bi rkhof f  [1972 ) , Strang and Fix [1973 , chapte r 8) .

Symm [1973) has considered integral equation methods for problems

with singularities.

Almost all of the refere nces quoted above consider fixed boundar y

problems. There is of course a great need to consider the singularities

at the points of detachment of the FB. Th is will be discussed in detail

in a subsequ ent surve y. Here we merely mention the work of Altc hison [1972)

(see also J .  M . Taylor [1971) ) who obtains an expansion of the [‘B for the
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r u 1 v th r a :~ - a ta - . :arn t: to - n e ig u b  u r n  - - , I of t r o  ~01 n t  B

t -.v~ i - h  to - lB i : t e m s ’ -t~; t h e  seepage su r face , A i t ch inson  uses th is

r - . ;u lt  i : .  r - .-. . 1 i t - h e l p  rn -y e the b o u n d a r y  (b  to compute the

1 u t i  n ~: a a B.
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