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ABSTRACT ~~~~~~~~~~~~~~~~ /
Let  C ~e a : ir u le  and P a convex polyg~ n inscribed in C such

that  the cente r  C) of C is inside P. Let P be the convex polygon

~ Lt u ne  ~rc rn P by ~i i U i ng on each side s of P a triangle of base s
v~~rt ~~x V such that V € C, and OV is perpendicular to s. To

~~Jge how ‘.vef l  Length P an~ Area P approximate the Length C and Area C,
respective ly , wc~ use the two functionals

= Length P/Length C and cr(P) = Area P/Area C

Theorem !. ~(P) <\ (P) and x(P) a(X*).

In words: P approximates Length C better than it approximates Area C.
Fo achieve the same qua 1ity~of approximation for areas , as for lengths , we
n~ive to p~ Ss fro m P to P

A similar situation is shown to hold in space. Let S be a sphere and
U a convex poly~~ dro n inscribed in S, such that 11 contains the center
0 of S. Let [I be the polyhedron derived from II by erecting on each
face f of fl a pyramid of base f and vertex Vf~ such that Vf € S and
such that the segme nt OV f is perpendicular to the face f. Now we use the
f unctiona ls

a( f l ) = Area H/Area S and v ( H )  = Vol 11/Vol S

Theorem 2. v ( H )  < a ( f l )  ~~~~~~~~ a( H )  = v(fl *).

Inspecti ng a table giving the numerical values of a ( f l )  and v( T 1) , wh~re
Ii ru n~ thr ough the five regular solids , we conclude from Theorem 2 , that 0

are not convex , where 0 and I denote the regular tetrahedron and
ico sahedron , respectively. This is again confirmed by Theorem 3 which gives
the neces sary and suff icient  conditions for JT~ to be convex , for the case when
11 i s a regular pyramid.

A MS (MOS) Subject Classifications: 50—0 1 , 50A30

Key Words: Lengths , areas , volumes , polygons and polyhedra

Work Unit Number 6 (Spline Functions ari d Approximation Theory)
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APPROXIMATING LENGTHS , AREAS AND VOLUMES BY

POLYGON S AND POLYHE DRA

I. J. Schoenberg

A conversatio n with E. V. Schenkman and Edward Silverman concerning

the bib lical va lue of ir led to the problem d~scussed here .

Introduction

Let C be a circle of radius R = I ~nd let P denote a regular
n

polygon of n sides inscribed in C. The relations

1) Length C = Zir , Length P 6 6 ,

show that the perimet er of the regular hexagon already gives the biblical

appro ximation 3 to ~r ( I .  King s VII , 23) .

If we pass to areas we fi nd that

(2 )  Area C = ii , Area P12 
= 3

Thu s in term s of areas, we have to go to the regular dodecagon P12 to

obtai n an equally good approximation to ii .

The rather vagu e inference that we draw fro m this remark is that

areas are not as easily approximated as lengths by means of inscribed

polygons . However , before pursuing this hunch any further , we present

the best thing that we have to offer in this note, and this is Kurschak’s

proof of the second relation (2) (see [ z J ) .  K~rschak’s paper suggested to

us the present note .

Sponsored by the United States Army under Contract No. DAAGZ9-75-C-0024.
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Figure 1 shows P
12 whose center is 0, while BODE is the

c i r c u m sv r i b e d  square of side 2. Let F be the ~ir umcent er  of the

triangle 0A1A6 and Fi gure 1 also shows ill the oth er  n ie ve r i  s imi la r

cir cumce nt ers .  Ne xt w” t r iangula te  the big squar e ~is : ; huwn. Kursch ak

observes next that we have only tr iangles of two k i n is: The equilateral

tr iangles l ike  AJ A6 F, A6 BA11, . . . , ~nd isosceles tr iangles l i K e OA1F ,

OA 6 F , A1BA 6 Moreover , all equi la teral  tria ng le~ ( the i r  n umber is 16)

are congruent amo ng themselves , and so are the isosceles tria ngles (there

are 32 such) are congruent among themse lves .  This is easi ly seen if we

derive our entire diagrams by first  construct ing the regular  starred dodecagon

A1A 2 A 3 . .  . A12

Further deta i ls  may be omitted .

Now imagine  all the tr iangles within P12 to be made of separate

pieces of cardboard . Re move the 9 triangles in P
12 

that are withi n

th e fo u rt h quadrant A10A10; there are 3 equilateral tr iangles and 6

isosceles triangles. These 9 triangles are now used to fill in the three

empty are as at B, C, D, that  are outside P12 
and within the big square .

The three unit  square s OA1BA4, OA 4CA7 , and 0A7 DA10 are now

completely cove red by cardboard triangles that also covered P 12 . We

have theref ore established the second relation (2 ) .  Figure 1 also make s

an attractive design for a tile , especially if al ternate triangles are shaded ,

or colored , as shown .

— 2 —
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-~r~ - i . ; in the  pl ane

Let I ~~nut4 ~ a - un v 1 x polygon inscribed in C, not ne (2es sd r l ly

is ~s s u u t e - I  to ( : on t d i n  in its interior the :enter () of C.

(Jur ~un i s ~ sti m it .~ how well the perimeter and area of P

to t n ~ :i; : .~~ ~or ~in ~rea of C. As measures of approximation we use

tf lc ~~~~~

1. 1)  \ ( P )  = Length P/Length C

n i

( 1. .~~~ Area P/Area C

These are na tura l l y  proper fractions because of the convexity of P. More-

over 1 - \~ P) (Length C - Length P)/Length C is the relative error

of the approximat io n of Length C by Length P. This remark applies

also to H P ) .  as well as to the other app roximation functionals used

throug hout this  note .

For a regul ar polygon P we easily find that

( 1 . 3 )  ~~P1~1) = sin~~/(~ )~ ~( P )  = sin~~~/(~~~)

and in p art icular , that

(1 . 3’~ a(P 2 ) =

In words: In order to obtain an approximation of the area of C by the

area of a reg u lar po1yg~p 
~m ’ which is as good as the approximation of

the perimete r  of C by the perimet e~~~f P , we must go to a polygon

with the do uble number m = 2n of sides. For n = 6 we find that

— 4 —
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w d i c h  is Kursehak’s remark .

The re l a t ion (1 . ~
,) can Fe gener i l i L e d  as fo l lows .  We associate

*- .vith the DU ly -J on 1~ i new polygon I by ne ins  of the following

cons t ruc t ion :  Let P = ~1
p

2
. . . 

~~~~~

• On each s i  le p .p~~1 ~~n+i 
=

‘~IC r c p  the perpendicular  00 , , fro m the center  0, and extend it

beyond 0 . until  it meets C in the point q, . We denote by P ~~~

polygon obtained by adding to P t L e n t r iangles ~~~~~~~~

As an example we mention that P - P . A generalization ofn 2n

the relat io n (1 . 3’) is the fol lowin g

Theorem 1. The followin g relat ions hold

( 1 . 1)  a~P) <\(P) and \ ( P )  = c~l P )

Proof: We e s t a b l i s h  f i r s t  the seoond re lat ion  ( 1 .  4 ) .  Writing

*
a. p .p , and r. = 00. we ;on olu i i e fro m the d e f in i t i on  of P that

1 1 1+1 1

Area P = Are a P + v ( 1 - r .) a .

Si nce Area P = ~ r . a .,  we get tha t  Area P = Length P or

Area P 
- 

Length P
iT 

- 2ir

whfth is the second relation (1. 4 ) .

Evidentl y P D P implies that a(P ) > a(P),  so th at the secon d

relation ( 1 .4)  implies the f i r s t .



~
‘ - l u es in space

I t  U ~ l O l h -  u t  r i  :ius  R = 1 und let 11 -~en ot u  i r o r I v ( x

yh~ ~~ o i s . - r~ L~~ in  U , I .  . h av in ij  all of i t s  ver tices  on the

s ur : . i .  - o o~ S. A j r oL i se w~iy of l e s cr i n i n g  11 i s  as fo l lows :  Let

p1, ~
. L~- i i s t t n c t  po i n t s  on the sur face  of S. We m a y  then

~en rie tn . - polyho  ir on 11 as the convex hull  of the points p . . We shall

i so i s s u r r e ~h i t

(~~. 1) the center  0 ~J S is in the interior of II

- n eed one fu r the r  res t r ic t ive  assumption concerning the polyhedron

II . Let

F . = q
1
q

2
. q

nc one of the f aces  of H , and let ir denote its plane.  The polygon

F . is orivex and inscribed in the circle C . which is the intersection
1

of with the spherical  surface S. Let 0 . be the center of C . ;
1 1 1

evident ly  the segment 00 . is perpendicular to the plane it . . We shall

assume  that

( 2 .  2) the center 0, is in the interior of the face F ,

an i  this for all faces of H .

This assumption is evidently satisfied for each of the five regular

polyhedra inscribed in S. If all faces of r~ are triangles, then the

above assumption is equivalent to the requirement that all the faces of II

should be ~cute-ang1ed triangles .

- -  -
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1’or convenience WO shall wr i te

( 2 .  1) r . - 00.

We -c is i n t  th e  lour  q u a n t i t i e

Are 11 ~ IF . J , Area S = 4u

I 1Vol 11 = — 

~ r . I i . I , Vol S3 i i  3

where  I F . : Area F., and raise the question similar to the one discussed

in § 1 for the plane : How does the appr oximat ion of Area S ~~ Area H ,

com pare with  the approx imat ion  of Vol S ~~ Vol 11 ?

The ana logues  of the measures  of approximat ion  ( 1.1) and ( 1 . 2 )  are

now the ratios

- Area li
(2. ~

) a( fI ) = 
Area S

anJ

Vol II
( 2 .  6) V~ I~ = Vol S

We associate wi th  the polyhedron H a new polyhedro n H by means

of the following construction: For each face F., of fl, we extend

the segment 00. beyond 0. until it meets the surface S in the

point v , . We denote by H the polyhedro n obtained by adding to 11

the pyra mids having the vertex v , and base F ., and this for all faces of H.

An example: If T is a regular tetrahedron inscribed in S, then T

is easily seen to be a cube inscribed in S.

The space analogue of Theorem 1 is the following

— 7—
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:I 1 ~ - t - - r .  2 .  The t o l l u w i n j _reh t r ns  hold

( 2 .  7) v U )  .i ~ I I )  - i n  ~ i i  T I )  = Vi i i )

l r - t : A r a i n  w. - e . ; t i b i i sh t r ; t  o r e  s eco n d  r e l a t i on  ( 2 . 7 ) .  h o rn

t n . : :~~: 1 r n i t o fl O~ I i  N O  ob t a i n  t n - i t

Vol 11 :~ i II 
~~ 

(I  - r .)  I F 1 -

Here Vol II n inccr l~ the s u m  ~ r I F  I an we ob ta in
3 i i

* IVol II = A r e a f l .

On f i v i  i in ~j by 4i t/ 3 we ge- I tha t

Vol [1 
-- 

Area II
4i t/3  

- 
4ir

wh ch is tne se~:ond re la t ion  ( 2 .  7 ) .

* *
Since  H 9 II ev iden t ly  impl i e s  that  v i ii ) > v IT ) we have that

a(  11 ) = v~i l )  > vi  H)

and the i n eq u a l i t y  ( 2 . 7 )  is e s t ab l i shed.

3. How well do the f ive regular pqlyhedr~~~ppr~ ximate_ th~~~~~~~E?~~

We wish to measure the approximation by means of the funct ionals

(2. ~) and (2. 6).  The algebraic value s of the areas arid volumes of the

regular solids can be found e. g. in our reference [1, Table 1, 292-293].

We list here the numerical values of a(Tl ) and v( I1) because we wish

to compare their magnitudes. From this source the following table was

compiled:

-8-
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l~~b l i r  1

II 
- 

Sym bo l # of ver t i  uS of ~uces a( H) v ( H )

L t r i r o  b u n  1 -1 ~~~~~~~~~~ - 1 . 36755 . 12 2 5 2

(Ju nu C 8 4~~ 
.63662 . 36755

0- t a r m e  r u n  0 
_______ L 8 . 5 5 13 3  . 31831

Ix~ iecahe  :rcn Li 20 12 . 8 3 6 7 3  . 66491

I c osah e irun  1 12 20 .76192 .60546

The first information that we gather from Table 1 is that each of the

:ive polyhedra approximates  the area of S b e t t e r  than it approximates its

vo lume .  Indeeu , notice that  a ( f l )  > vJI ) for all f ive polyhedra . This

was expected in view of the f i rs t  i n e q u a l i t y  ( 2 . 7 )  of Theorem 2.

Secondly, we notice tha t  the qua l i ty  of the approxim ation arranges

our polyhedra in the order D, I , C , 0, T, for  if we use the symbol f ( H )

to denote either a ( H )  or v ( f l ) ,  we f ind that

f( D) > f ( I )  > f~C) > f(O) > f(T)

Notice tha t  for this ordering also the numbers of their vertices are in

decreas ing order: 20 , 12 , 8 , 6 , 4 .

Furthe r , perhaps unexpected , facts  are the inequalities

a(T) > v(0) and a(C)  > v(I)

It does seem surprising indeed , that  the 4-vertex tetrahedron should be

more efficient in approximating Area S, as compared with the performance

— 9 —
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ol t O ‘ — - .- - r t c~. oct a l i - : r n  in  j r  ~~t X i m m m - u i m j ~~ Ic! U .  Iii  l ie - . - c r i c m  .~~:n:: O is

t i m - - ~ — -; - r t m~: u b e : . - r  O! I i o t - n ’ I l i - i t i  t b  I~~— i - r t e x  i - W : ~~z i . . i ; i

‘/1 .. 1 m ~- - :  n - m r  2 t o -  r i - l i t i u n

i T )  v C) = 5 7  55~ z 2 - . IA 31r))

:uc,~ iu~ t Li u r i se  as , L~-c ause  15 b e -  i :y s r i : n t i of l u  C -l

\ .
~~~ .~.-e O L : . e - r v - - Li i t  C a n :  0 ar e- du a l  to each _ ot h e r .  b y ~r.i s

we m n e - - i r ~ to  i t  we-  c -In ~;o l i c e  C -~n : C- , bo t h i n s c r i t u -J in S , t h a t

the ~~ t o: ve r t i ces  01 one- , is i i - n t i c a l  w i t h  th e-  set 01 vert ices ol th e

yr cimi :: Oct J ih  ; a b ase , ;  the laces  of the other .  It  follc - -.vs t h a t  C

O hav e-  me- same sot of ~ 14 v e r t i c e S .  I iow :ver . th is  ~ous not

c a n  m a t  the ~l y h - ; r i  C in -i 0 - i r e  i d en t i c a l . Rather  we have the-

~~ r 1 I ~~ry I .  The ~~~~~~ :run C is not convex.

i r u o t :  0 has the same- 1-1 vertices as C , while C is convex.

~This is i n t u i t i v e l y  evident  and eas i ly  verJ ied) .  If 0 were convex , it

-,vou l i have to be iden t i ca l  wi th  C (a convex polyhedro n is un ique ly

Je : in e - i ny  i t s  ve r t i ces ! )  and therefore  we would have that

( 3 . 1 )  v ( C ) = v ( O ) .

On the other hand Theorem 2 and Table 1 show that in fac t

v(C *) = a( C)  = . 6 3 6 6 2  and v(O ’ ) = a(0) = . 55133

* *i h u s  v ( C  ) > v(O ), contradicting the conclusion ( 3 . 1 ) ,  and proving

Corollary 1.

Also the polyhedra D and I are in the same dual  re la t ionship ,

and let us assume tha t  they are so inscribed in S , that  the vertices of

- 1 0 —



o o- i l u  t I n - v - - r I l e- S 01 tb y r - I r r i is b u i l t  on t h e -  f a c e s  of the o th e r .

*l h ~- r e - t u r u  D afl I I h iv e -  th e-  same -t o f 20 4 12 12 ver t ices.

As bc - ye- v~c n - i  i -

Lu r u I l . i n 7  ‘~~~ LLtLi - tc~ Lf±t: _i Ld I c not  ~~nvex .

b r u c t :  D is -v i  ently  convex .  If i l so  I were convex , we

* *
We -UI ; have D I , hence v D ) 1( 1 ), whi le  Theorem 2 and

lab l e  I show t o o t

v i D )  a (D)  = .8367  3 > v(l ) = a ( I )  . 7 6 19 2

*
In the next  an - i l as t  sec t ion  we inves t iga te  the convexity of H

con a spe c ia l  k ind  of convex polyhedra  ii , the regular  pyr amids .

4. The case of the re~ u i u t  i~yr~~P I

New , and perhaps more m i r e - c t , proofs  of Corollaries 1 and 2 will

fol low from Th oo re rmi 3 below concerning the regular  pyramid (see Remark 3

below) . Let H - N P0 P
1
. . .  F 1 

be a regular  pyramid  having n

lateral  faces .  Its apex is the N or tn  Pole N of the u n i t  sphere

S : x 2 
~ y

2 
= 1 .- ih t l e  its Lose F

~ 
P

1
. . . P~~~1 

is the regular n-gon

inscr ibed in the  paral lel  circle of c o l i t i t u d e  ~~ . This means that

~ N O P 0 
= ~~~ . We- d i s reg ard  the base P 0

. .  . P~~ 1, and consider its

lateral sur face  IT ’ formed of n isosceles t r iangles  N P P (P = P ).
v v+ l n 0

On each of these  we erect a t r i angular  pyramid  Q N P P (OQ is perpen—
1’ V V+ l 1’

1*

ocu la r  to the base N P P and Q S) and denote by 11 the
v v -I- I fl

polyhedral su r face  formed of the la teral  su r faces  of all the n t r iangular

py ramids  that have j u s t  been a m - f e d .  We ask the ques t ion :

-11-
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1*

( 4 . 1)  Under what  condi t ions  is the su r fa ce  I~ convex ?
, ‘i

Remark 1. The surface 11 is  much  l ike  th e - p o l y n e -  (i ii . u r f a ce

which H .  A. 2- I n w a r s  inscr ibed in a c y l in d er  (see his  n o t e -  [ 3 J). In tact

i t  we k e -ep  t he- angle ~ N 0 P0 
1 i x e m l  and let n become l ing o , i t

1*

is clear tha t  II wi l l  be n on— c onv ox .  The surface  11 is bic r i so
n n

t i g h t l y corrug at e - I  tha t i ts are - i will  tend to i n f i n i ty  as n -‘ . ih i :

will  be the case even if we let  e- = 0 , but not too m a s t .
n

R e m a r e d .  Of i n t e re s t  is the spe c i a l  case when n 3 an d  H
3

~s the regular  tetrahedron T inscribed in S. In thi s case we have

( 1. 2) a = a~ 1090 2 8’ le - ’ -d e t e r m i n e d  by cos = —1/3.

The easiest  way to show that  for T we have 
~ 

is to use Kepler ’ s

remark  that  the four vertices A, B , C , D, of a cube tha t  are pairwise

opposite on its faces , are the vertices of a regular te t rahedron .  Such

vert ices are A = (1 , 1, 1) , B = (-1 , -1. 1), C = (-1 , 1, -I) .  D ( 1 , -1, -1) .

wi th  = ~‘ AC B we f ind on using inner products of vectors that

cos a
0 

= CA . O B/(OA . OB) = -1/) \J 3 . \ 3) = -1/ 3

We may now state our

Theorem 3. The lateral  surface IT is convex i f and onlyj f
n

(4.3) n 3 and a < a
0

Proof: Let us consider on the uni t  sphere S a r igh t  spherical

t r iangle  hav ing  the angles A, B , C, and opposite sides ci . b , c. r ight-

ang led at C, hence C ~r / ? . We then have the relations

(-1 . 4) cos c = cos a cos b

— 12—
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~~~~~

in

( i .  5)  sin  B s in  b / s i n  c

We- r e - I c r  to any b~ uk L i i  spher ical  t r i g or i e - : : i e t r y )  

cus us : a t t en t ion  on the two ne ighbor ing  pyramids  of

11 : çe- N P P an d ~ N P P . ~in -e all their  vertices are on S ,n LI 0 1 n —I  n-l O

we m a y  descr ibe  the .~i tua t ion  in t o r n i s  ol the spherical  Figure 2 , where all

a rcs  are a r c s  of great  i r e - l o s , ex ce p t  the i n n ;  P P P which is partn —I  0 1

ot a para l le l  circle or co la t i tude  i .  We jo in  Q
0 

to 
~ n- 1 by an

arc of gre at  circle an-i let it intersect  NP 0 at D. From the right

spherical  t r i ang le  D Q
0 N and ( 4 .  4) ,  ( 4 .  5) , we obtain the relations

cos r cos U cos a/2 , sin 11/n sin d/sin r

El imina t ing  r between these relations by cos 2r + sin
2
r = 1, we f ind

that

(4. 6) cos
2d = cos 211/n/(l - sin

2
a/2 sin

2
11/n)

Let U and V be the midpoin t s  of the segments 
~ n-l~~1 

and N P0,

r e s p e c t i v e l y .  By the symmetr y of the entire f igure  with respect to the

plane N 0 P0, it is clear that  the four points 0, V, U , D, are collinear.

From the plane r ight  triangle 0 U Q0. where ~‘ 0 U Q
0 

= Tr/2 and

~ U 0 = 1, 0 = 1, we find that

/T 2 2
(4.7) 0 U = cos d = cos IT/n/”Il - sin a~/2 sin 11/n

Fina l ly ,  from the plane right triangle 0 V N , where ~
‘ 0 V N = 11/2,

1’ V 0 N a/2 , 0 N = 1, we see that

( - 1 . 8 )  0 V = cos a/2

— 1 3 —
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A g lance  at Figure 2 shows tha t  the sun fa  11 is non-convex

(or cor ruga te -I )  i t  and only if the point  V is inter ior  to the segment  OU , or

0 V ~~ O U .

From ( 4 . 7 )  un - i  ( 4 . 8 )  we t ind  that

~-i .l 0) (OV)
2 

= cos
2
a/2, I OU)

2 
= cos

2
11/n/l - Sin 11/n cos

2
a/ 2)

Wri t ing

(4 .11)  = cos 2
a/2

and using (- 1 . 10) we find the inequa l i ty  (4 . 9 )  to be equivalent  to

- ~ sin
2
~~/n) < 1  - sin 11/fl

and this can be written as

(4 . 12 )  ( 1 - 2~~sin
2

11/fl )
2 

> (1 - 2 Sifl 11/fl )

Observe that if ri = 4 , then 2 sin
2 11/4 1, and that 2 sin

2 11/n < 1

if n > 4. Since 0 < ~ < 1  by (4.11 ) ,  it is clear that (4 .12 )  holds if

n > 4. Therefore

(4 .13)  the inequal i ty  ( 4 . 9 )  ho1d~~j~i n > 4

If n = 3 then 2 sin
2 11/3 = 3/2 and (4 .12 )  is easily found to be

equivalent to

(
~ 

- )(~ 
- 1) > 0 .

Since ~ < 1 , thi s reduces to cos
2
a/ 2 < 1/3 , or 1 + cos a < 2/3 , and

finally to

cos a -

—1 5—
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In c o w  of 005 - 1 3 . our  t i n u l  r e su l t  for  n I is U t  I

is n e -n - -onvc x i i  a nd  only  m l  > 
~~~~~~

. I t  fol lows tha t  II~ is convex

if and only it This an ( 4 . 1 3 )  e s tab l i sh  Theor em

Rem ark 3. From Theorem 3 we immedia te ly  derive new proofs of

Corollar :es I - in - i  2 .  Indeed , the four faces of the octahedron 0 that

meet  in a vertex N form a lateral sur face  11 4 . Likewise , the five

faces of the icosahedron I meeting in a vertex form a fI~ . Since

4 a n :  S exceed 3, we conclude by Theorem 3 that H 1 
an ci  r1 5 are

corrugated.

In our previous d iscuss ion  we have left out the base P P . . . P0 1 n— I

of the pyramid  II and studied only its lateral sur face  II ’ . However ,

*we can consider the entire II and ask when ~ is convex , but nown n

we mus t  expressly require that the center 0 of the sphere S be inside

or on the boundary of IT . We easily obtain the

~~~~~~~~~~~ Let H be a regular pyramid inscr ibed in the sphere S

so that its center 0 is inside H or on its boundary . The polyhedron

*H is convex if and onl y if
n

n = 3 and ii/2 < a < a0

The lower bound 11/2 for a is due to the requirement that  0

belong to IT
n

The question of the convexity of TI can also be settled for another

class of s im ple polyhedra :

-16 -

-- - - - - - - ~~~- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
-
~~~~~~~~~~~ 

-
~~~~~~

--—- — --~~~~~—— - - -  -- -~~~~~



Th~ror em 4 . Let II be a regul ar  pr ism,  having as base a regular

n— gon of rad ius  r , inscribed in the un i t  sphere S. Then H ~~

convex if and only if

cos 11/n < r < 2 cos 11/n/i + Cos 2 -Jr/n )

We omit the s imple proof. As an example let Ii = C be the cube

inscribed in S. Here n = -I and r = \2/3  and the inequal i t ies

of Theorem 4 are easily veri fied. Therefore Theorem 4 shows that C

is convex , a fact tha t  was used in our proof of Corollary 1.

5. A numerical  example to § 1

We ret urn to the relations ( 1 . 3 )  of § 1 , where P is the regular

n-gon inscribed in the un it circle C. Fro m ( 1 .  3) we readily conclude that

I - x ( P
(5 .  i )  u r n  

1 - a(P ) = 4 ’

showing that the approximation of Length C by Length is about

four t imes better than the approximation of Area C by Area P .

Does this phenomenon persist if we rep lace C by a closed convex

curve such as an ellip se? We offer here only the numerical  example of

the ellipse

( 5 . 2 )  E : x 2 + 2 y
2

= I .

We inscribe in E the closed polygon P
24 

= A0A1 
. . .  A24 , where

A = A = (1 , 0) and ~ A O A  2 11/24 = 150 
(~ 

= 0 , 1, . .  ., 23) . We
0 24 v v+l

find that

—17 — 
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( S .  ~) Length P~~ - 5 .  381 384 , Area P24 2 .191588

( 5 . 1) Length E 5 . 4 0 2 5 7 6 , Area E = 2. 221441 ,

~vkie n e -e  by I I  . 1) and ( 1. 2)

X ( P 24 ) = .996077 , a (P 24 ) .986561

i o n  the r a t io  of the relative errors we thus find the value

I - 

- 
. 003923  

- 21 - c~(P 24 ) - 

. 0 13439  - 91912

whtch is not too different  from the theoretical limit ( 5 . i )  for the circle.

A las t word on the derivation of the values ( 5 .  4). The second is easy

because Area E = iräb (a = 1, b = 2 2 ) .  The first relation ( 5 . 4 )  requires

the numerical  evaluation of the elliptic integral

a / 2  2 2
Length E = 4a 

~ 2 ~ dx
o a - x

2whe re (a - b ) / a = l/~J2 is th e excentricity of E. Changing

va riables by sett ing x = a sin q’, the integral become s

Tr/2 j  2L e n g t h E =  4 a f  ‘4 1 -E  Sin ~‘ d p .
0

The numerical  value of the last integral with 2 
= m = 1/2 , is given to

9 decimal  places in [ 4 , Table 17. 1, page 609] .  The computations leading

to the values (5.  3) were done with 6 decimal places so that the last two

places given may be uncertain .

— 18—
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