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A BSTRACT

An introductory exposition is given covering the solution

of some partial differential  equations by means of the method of

finite e lements .  Special attention is given to the means of get-

ting numerical approximations to the answer .
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SOLUTION OF PARTIA L D IFFE RENTIA L EQUATIONS
BY MLA ~~S OF FINITE ELEME NTS

A N  INT RO DUCTOR Y SKETCH

I . Barkl ey Rosser

1. Th~ mathema t i ca l  f ramework.  Engineers have long found it

advis~~b1e t~ a na l y s e  the stresses and strains in structures that  they

design or c n s t r u c t .  Not uncommonly , these structures are composed

of m a n y  par ts .  By appeal ing to such principles as virtual work , equations

can be wri t te n relating the stresses and strains of one part to those of

ad jacen t  par ts .  From this there results a set of simultaneous linear

equations , which can be solved to get a complete picture of all the

stresses and s t rains .  For a structure with very many part s , the number

of s imultaneous equations will be very great . However , since most

part s are adjacent  to only a few other parts , most coefficients are zero.

Hence , by ordering the equations j udiciously , solutions can be obtained

fairly quickly.  Because the parts are separate and finite elements , the

proceüure became known as the method of finite elements. A short list of

references to books on this  subject is given at the end of the report . The

most comprehensiv e one is that  by Zienkiewicz , but othe rs may be more

suitable fo r inexperienced readers.
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The method h ad such success that it was adapted tu rr~Jny

si tuations in which there were f ini te  e lements  only by arbitrary def in i t ion .

One such area is the approximate numerical  solution of d i f ferent i a l  equat ions .

We shall give an introd uctory sketch of the method as applied to certain

partial diffe rential equations.  Specifically , con sider the equation

~ E)U ~ &U .(1. 1) - — (p — - — (q 
~~~~~~~~ ~ ru f,

( IX (~X r i~~ ( Y

where u , f , p , q , and r are functions of x and y.  We interpre t L

as that operator on u , dep ending on p , q , and r , such that Lu is the

left side of ( 1.1) .  The specific problem is to find a u which satisfies

(l . l  inside a given region ~2 and sati sfies some given conditions on

the boundary F (~2 ) of ~2. For example , we could a sk that u satisfy

(l .l~ inside the square 0 < x < 1, 0 < y < 1, and ask furth er that u .- 0

on th e side s of the square .

We are not here seeking great generality . We shall consider

regio ns ~2 which are fairly simple , and have well behaved boundaries.

Al so , we shall ask that each of

2 2

2 ’  2 ’  ~x ’ ay , r,

~x ay

be continuous. This certainly assures that the left side of ( 1.1) makes

sense; indeed is continuous .

-2- 
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\ \o  define th e inner product (U , v)2 
by

1. ~
) (U , vL~ fJ uv dx dy

Theorem 1. 1. The equation ( 1. 1) holds in ~~2 if and only if

, 1. 3, (L u - f , v) 2 = 0

for all v which are continuous on I2 and equal to 0 on

Proof. If (1 . 1)  holds , then obviously (1. 3) holds. Now assume

that  ( l . 3~ holds as stated. If ( 1 .3)  should hold for v = Lu-f , giving

(1 .41 J f  (Lu-f)2dx dy 0,

then obviously Lu - f would have to be zero all over ~~; that is , (1.1)

holds. However, Lu - f is likely not zero on F (12). What we do is

take v = Lu - f except very close to the boundary of ~2 , and then bend

it to be 0 at the boundary . Then the left sides of (1.3) and ( 1.4) will be

nea rly equal.  By restricting the region where we bend Lu - f to be

clos er and closer to the boundary , we make the left sides of (1.3) and

( 1.4 as nearly eq ual as we like. So ( 1.4) must hold .

We define the operator M(u , v) by

(1.5) M(u, v) ~ 
+ q + ruv)dx dy.

-3-
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Theorem 1. .~~~ If v is 0 on I’ (~2) and av/ax and ~v/ i.y are

co ntinuous , then

( 1.6) M(u , v) (Lu , v) 2

Proof. In texts on advanced calculus , Green ’ s theorem is stated

in such fo rms as

(1. 7~ f (Adx 4 Bdy ) = Jf  (~~ - )dx dy.

Take

A = -vq~~~ay

B = vp px

Then the left side of (1.7) is zero , because v = 0 on F(~ ) . So we get

ff {p ~~ + q Idx dy = -ff v{~~ (p + ~~ (q ~~ ) }dx dy.ax ax ay ay ax ax ay ay

From thIs , ( 1.6) easily follows .

We say that u isa generalized solution of our problem if it has continuous

first derivatives and satisfies the given conditions on F (~2) and if

(l.8 Mi’u , v) = (f, v) 2

for every v which is 0 on F (~2) and has continuous first derivatives.

-4-
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If u is i generalized solution , then by Theorem 1. 2, we have

)Lu - 1, v 1 0 for every v which is 0 on F(~2) and has continuous first

derivatives. However , we cannot use Theorem 1.1 directly to conclude that

u satisti es i1.1 ~, because Theorem 1.1 requires that (1 .3)  hold for still more

v ’ s. However , unless we are dealing with some very poorl y behaved functions ,

it will usua l ly  be the case that if u is a generalized solution , it will indeed

satisfy (1.11 .

By r eason ing  as inmth i proof of Theorem 1.1 , we conclude that if U is

a g er e n hi z I~~1 solution , then ( 1 .8 )  holds for every v with continuous first

ier iv .  t ives

Theore m 1 . 3 .  If p ,  q , and r are non-negative, then if u

i s a  generalized solution, it Is a w with continuous

first  derivative s takin g the given values on F(~T2) that minimizes

( 1. Q )  M(w , w) — 2(f , w) 2 .

Proof. Let w minimize (1 .9) .  Take v with continuous first

derivatives and equal to~~ on F (l2 . Then for real a , w + av will have

continuous fi rst derivatives and take the given values on F (~2).  So

M (w + av , w f av) - 2(1, w + av)
2

must  have a mini mum at a = 0. So its derivative must be zero at a = 0.

Expanding it gives

— 5 -
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M (w , w~ - ~~ M (w , v) c~~M ( v , v) - ~( f , W )~ - 2c~(f , v~~

Diffe rentiat i ng with respect to and setting ~ 0 gives

M i w , v .- (f , v )
2

As this holds for all suitable v , we conclude that  w is a generalized

solution.  Alternat ively,  let u be a generalized solution , and let v be

another function with contin uous first derivatives. Consider

Q -~ {M(v , v) - 2 (f , v) 2
1 - ~M(u , u )  - 2(f , u i 2~

Taking v u in (1. 8) gives

Q = M v , v) + M (u , u~ Z(f , v)
2

Using (l .8 in this give s

Q = M(v , v) + M(u , u) - 2M(u , v)

= M (u -v , u -v )

= j f ~ 
(
d(U v)

)
Z 

+ q 1a(u v ) 2  
+ r (u -v ) 2 dy.

As p , q,  and r are non-negative , we get Q > 0. So u does produce a

minimum .

With slightly stronger conditions on p , q , and r , we easily

conclude that u is the unique w that minimizes (1 . 9 ) .

-6-
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This leads to the Rayle igh-Ri tz  procedure for approximating a

generalized solution. Let u 0, u1, ... , u all have continuou s first

Jeriv at ives.  Let u 0 take the given va lues on F ( 12) . Let U1, U2, . . .  , U

i l l  be zero on I ( ~2 ’I . Let c1, c2, ... , c be real parameters . Then

(1. 10) U
0 

~~~~~~~ ckuk

has  continuou s first  derivat ives and takes  the give n values on I ~~~

W~ subs t i tu te  (1 . 10 1 for w in ( 1.9 , 1 , and choose the c’ s so as to minimize

the res ulting expression. To make this a mini mum , the partial de rivatives

with respect to the various ck ’ s must  all be zero . Taking the partial with

respect to C. gives

c ff ~p + q 
~~~~ ~

U
k 

+ ru , u }dx dy
k i k ;j x ~x y e y ) k

Su au , au au .
( 1. 11) + ff ~ p + q + ru u dx dy

ax ax a~ ~y O j

(f , u~ )
2

This is a set of simultaneous linear equations to be solved for the

c ’ s. What this does is to pick out the best approximation (in some sense

of the form (1.10) for the u in question. If we have chosen the U
k

’ 5

cleve rly , so th at there is a good approximation to u of the form (1 .10) ,

we will have found It.

-7-
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The Cule rkir i appro ach proceeds accord ing to a different  principl e.

By Theore m 1.1 , we se~ k ~ u tha t  s a t i s f i e s  (1. 3) for all continuous v equal

t 0 o n I~~ 2 .  If we can f ind  a u t ha t  sa t is f ies  ( 1 .3 )  for a judi ciously

chosen set of v . .  it cannot  be too d i f fe ren t  from a u that  sa t isf ies  (1. 3)

for all v . So try a u of the form (1. 10) and let us requir e that it sa t i s fy

1. 3) f r v successively tak en  equal to v1, v
2,  

. .. , v .  For v~, there

results

n ~jU auk ~ k
k~ l 

ck ( (p ) - — (q - ----
) + ru k ,  vJ 2

- au
C 0 El 0( l . 12 + (-  (p ) - — (q — ) ru v . )ax ~ X El y ay 0’ 2

(f , v~~2 .

Again we have a set of simultaneous linear equations for the ck .

The resulting value of (1.10) not onl y satisfies (1.3) for each vj~ but fo r

any linear combination of the V
j~ If the v~ ‘ s are chosen so that arbitrary’

f unctions can be approximated well by linear combinations of the v . ’ s , we

can hope that we have come close to satisfying (1. 3) for arbitrary v ’ s.

One can try a different attack by the Galerkin approach . The function

u is a generalized solution if it satisfies (1.8) for arbitrary v. Let us

try to satisfy (1.8) for v taken successively equal to v1, v 2, ... , v .

For v . there results
J

-8-  
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c, J q 
1 sv ~ ~~~ 

~ rv . u dx dy

~Ti IX  .~~~: ~~
‘ ~ y j k

1 . 10  J I l t ~~~~ 4 q  4 r u v~~ dx dy
(IX X ‘ •Y ~Iy 0 j

It will  be ~uted that  if we take  th e  v s  the same as the u ’ s , this

re~~uces t~ 1 . l l i , which was obtained by the Rayleig h - R i t z  approach .

However , t :~i s oer iv~ tion of (1.11 ) is probably preferable because in deriving

)l . ll I by the R a y l e i g h - R i t z  approach we worked from d .9 .i , in which w was

p r escr i000  t~ t ake  cer ta in  values  on I h 2 . For a u which is prescribed to

sa t i s fy  mixed c , ~~u it i o n s  on F ) ~~; the derivat ion from (1. 8 )  by the Galerkin

approach  is s a t i sf a c t o r y .

An advantage of ( 1.13) over (1. 12 )  is that for ( 1.12) one would have

to choose the u ’ s to be twice differentiable , whereas for ( 1.13) singly

dif ferent iable  u ’ s will suffice . This will be an important consideration

late r on.

2. Finite elements to the rescue. We now face up to the real

problem , namely the judicious choice of the u ’s (and perhaps the v ’ s)

for the Rayle igh-Ri tz  or Galerkin approaches. It would be helpful if

we could choose them so that the integrations inherent in (1.11) , (1. 12) ,

a nd ( 1. 13) could be easily performed. This is not absolutely necessary ,

-9-  
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siuce v i u i  ~r i r . d  et a ) j r ~~x i r : . i t 1  ~~~~ On ( ; 1~~~~, U t  r by

~u i r  t ore  I r~ . ul a s .  It v.’ ul~ be e V~~~; J  r i , .re ) i e l ; . !u l  if vie coulo rr rv~e

t~i at a 1 t r q e  ft cti of tue  ~~ t i c i e r .ts of toe c ’ s w .ul  be zero . I b i s

w old n . ake toe euu  i t i~~ns much e as i e r  to s ive . it wil l  t u r n  out  t h at

th i s  can be done .

‘re f i x  our  loo ts , let ~ be the square  0 < x < 1 , 0 < y < 1 ;  see

F i q u r e  1. We subu ivioc  this  in to  t r i a i q las , whose vert ices for s .  a qr io

~~~~~~~~
7//7A

Figure 1.

-10 -
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ii .~~. .. it :~ oach grid ouint  we associate an area of support and a U k~

f’h~. ~~~ of iu p p o r t  coi~sist s  of all the t r iangles  that  have this grid point

as a ‘, ‘€ r t ’x .  Then f r  each grid poi nt we defi ne the funct ion U k as

t ,1L ws .  Ou t s ide  the area of support , U
k 

is iden tically zero . Inside

too .~t roo  of  SU p p o rt , U
k 

is a funct ion  which is 1 at the grid point and

0 11 oq the sides of the t r iangles  opposite the g n u  point .  One very

casy  way t do this is to have U
k 

consist  ent irely of p lanes  j oined

t . qe ther  along the sides of the triangles. Outside the area of support ,

Uk 
is a horizontal  plane at zero altitude. For each t r i ang l e  is  the are a

of suppo rt , U
k 

is the plane which is one unit  high at the qri a point and

zero w its  high along the opposite side of the triangle . That is , for the

area of supp or t  U k consists of a pyramid of heigh t unity at the grid point ,

dropping down to zero at the edge of the area of support , while U k ~5

identically zero outside the area of support .

If now we try to approximate a function u which has  the value

ck 
at the k -th  grid point ,

(2 . 1 1  
~~l 

ckUk

is obvio usly an approximating function. It has exactly the right value

at each gri d point . Not only that , but if the function u is fairl y smooth ,

(2 . 1)  is not a bad approximation anywh ere . To be specific , let u have

— 1 1 —
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continuous derivatives up to the second order , and let M 2 be the

maximum absolute value of any  derivative , fi rst or second , in

Then the difference between u and (2 .1 ,  is at most 4M 2
h 2

, where

h is the longest side of any t r iangle ;  see the Lemma on p. 142 of

Prente r.

For any triangle in the area of support , it is easy to write

the equation of the plane that  constitutes U
k 

above that triangle .

Let (x 0, y 0 1 , (x 1, y 1
) , and (x

2 , y
2 be the coordinates of the

vertices of the tr iangle.  We seek the plane which is one unit high

at ( x 0, y 0 ) and zero units  high at each of (x1, y1) and (x 2, y 2) .

Inside the triangle we would have

(x 1-x 2
)(y

1-y 
2

)
1

X
2~~~’’~~~ 2~+ (x-x

1
)(y

1
-y 

~~~~~ u =k (x 1-x 2
)(y

1-y 2 ) - (x 1-x 2
)(y

0 -y 2) + ( x0 -x1)(y 1-y 2)

The denominator Is twice the area of the triangle, and so is not zero.

In (1.8) we specified that v was to have continuous first

derivatives. But no U
k 

has continuous first derivatives. The discon-

ti riuities are not bad , j ust along the sides of certain triangles. Else-

where , each U
k 

has continuous derivatives. It turns out that this is

good enough . So we can take the v~’ s in (1.12) or (1. 13) to be the

Uk
’ S as defined above . Note that if (1.12) or (1.13) holds for all the v ’ s ,

It holds for any linear combination of them. So In affect we are taking

v to be (2.1 ) .  But , as we saw , any v can be represented fairly closely

by (2.1 ) .  So we are close to assuring that (1. 12) or (1.13) holds for any v.

-12- 
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It seems not unreasonable to try (2 .1 )  as an approximation for u.

If we -do this , use of ( 1.12) will not be practical , si nce it require s second

derivatives of u , whereas fo r the U
k defined above even the first

derivatives leave something to be desired. However , we can use ( 1.13)

perfectly well .  So we use (1.13) , taking the U
k

’
S and v ’ s to be just

the U
k

’ S -~e tined  above . This makes  (1.13) the same as ( l . lU , except

that  more f lexibil i ty is permitted for the behavior of u along F (~~). If

the values of u are assigned along F (~2) , then we know the value to take

fo r ck at each boundary grid point . Thuswe would take u0 to be the sum of U
k

’S

fo r boundary grid point s multiplied by the respective boundary values.

In view of (2 .  2) , the integrations in (1.13) can be carried out

with the greatest of ease. Also , since each Uk 
IS identi cally zero

outside the area of support , many of the coefficients of the Ck in (1.13)

will be zero ; if we have a large number of mesh points most of the

coefficients will be zero .

If we kne w the values of u at each grid point , we could take

the ck to be these values , and then (2 .1)  would differ by less than

4M 2h 2 from u at any point . However , the ck are got by solving

the eq uations ( 1.13) . The resulting Ck will likely not be exactly the

values of u at the k-th grid point . Indeed , there might be some question

if they are even close. For the special case p 1, q 1, and r 0 ,

-13-
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Prenter on pp. 231-236 presents a proof derived from Friedrichs that  the

ck a re close to the values of u at the grid point s , so that ( 2 . 1 )  is

close to u . In fact (see the top of p . 23 6 of Prente r) , there is a co nstant

~~~~, 
independent of how the grid is constructed , so that

( 2 . 3) j / (u -u  j 2dx dy <

sin 0

where u stands for (2. 1) , h is the longest side of a triangle , and (j

is the smal lest angle of a triangle . Hence , by going to a fine enough me sh ,

and being careful not to use triangles with small a ngles , one can cont rive

to make (2 .1 )  as close as desired to the solution. Incid entally , in the

third displayed formula on p . 233 of Prenter , one should put K” for

As not ed , the derivation in Prenter assumes p 1, q 1, and

r 0. These requirements can be relaxed without invalidating the result.

However , some restraints will still be needed. For example , in Theorem

1. 3 , the condition that p , q , and r are all non-negative was invoked;

If one wished to conclude that u is the UNIQUE minimizing function ,

slightly more was required . Of course , we are working from (1.13) , which

did not depend for its motivation upon Theorem 1.3. However , if NO

restraints are Imposed on p , q , and r , there may fail to be a solution

for ( 1. 1). In any case , if the left side of (1 .1) is to make any sense , some

sort of differentiability seems to be required of p and q. The matter

-14-
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seems t —  hinge upon whether the differential operator L is strongly

coercive . “ The short discussion on p. 254 of Prenter seems to indicate

that if p and q have continuous first partial derivative s and are positive

and bounded over t~, and r is continuous , non-negative and bounded

over ~~ , then one may expect to get good approximations for u by solving

(1 .l3 . Also , the errors will be less than those indicated above (see p. 251

of Prente r ) .  If p , q , and r fail  to satisfy the conditions stated , advice

f rom an expert should be sought. Incidentally , on p. 254 of Prenter , read

“ Borman ” fo r “ Birman ” and chang e the last five words of the stated theorem

to read : ... then A is strongly coercive. ”

It seems not agreed whether in this approach the “fi nite elements ”

are the triangles , or the U
k 

based on the grid points, or something else.

Nev er mind , this is called a method of finite elements. It has many

variatio ns. For one thing , it can be used for solving ordinary differe ntial

equatio ns ; see pp. 201-227 of Prenter.

The results above can be generalized in various ways. The region

c~ may be subdivided into rectangles; see pp. 116-137 of Prenter. Or one

may take the U
k 

to consist of curved surfaces. A simple way to do this

(discussed on pp. 144-153 of Prenter ) proceeds as follows. In the triangular

grid that we had before , introduce new grid points by taking one in each side

of a triang le; usually the midpoint of the side is taken , but this Is not

obligato ry. As before , each grid point is to have an area of support and a



_______________ ---.~‘- -‘I’

U k . I o n  vertices ( I f  t r iangles , the area of support is as before. For each

tr iangle in the area of support , U
k 

is given as the product of two formulas

like the right side of ( 2 .  2) (see p. 147 of Prent er) and so is a quadratic

pol ynomia l .  For grid points on the sides of triangles , the area of support

is the pair of adjacent  t r iangles  (only one triangle if the grid point is on

the boundary ) .  For each triangle in the area of supp ort , Uk i s given as

the product of two formulas  like the right side of (2. 2) (see p. 147 of

Prenter . Outside the area of support , U
k 

IS Identically zero in all cases.

At the grid point itself , U
k 

I5 unity , and it drops off to zero at the edge

of the area of support ;  indeed this U
k 

is zero at all other grid points.

Then (2.1 )  again serves as an approximating function. If u has continuous

derivatives up to the third order , a rid M 3 is a bound of the absolute values

of th e derivatives , then (see p. 150 of Prenter) the difference between u

and (2.1 ) is at most

8 M 3h 3

sin O

where h is the longest side of a tr iangle and 0 is the least angle

of a triangle.

Although these uk ’s are curved surface s , and make (2.1)  fIt

u better than before , they still have discontinuous derivatives along

sides of the triangles. Still more complicated uk
’ S have been devised ,

which have continuous derivatives everywhere . This increases the

-16-



I i f f i c u l t y  f calculat i s quite a bit , and it is not a~ all clear that the

gain is wor th the extra effort . M uny , many ingenious ways  to define the

uk S have been proposed. On pp. 154-155 of Preniter are cited more than

a dozen papers with proposed def ini t ions .

3. Why use a finite element method? The equations , like (1.13) ,

to be solved for the ck ’ s are si milar to the equations which are to be

solved in the finite diffe re nce approach . Also , the ck s that are obtained

are only approximations for u at the gri d points . So the results , nam ely

appr o ximations to u at a set of grid points , are similar to those obtained

by the fi nite difference approach . Nor does the finite element approach

seem to produce appreciably smaller errors (or appreciably larger , eithen .

H owever , there do seem to he two situations in which the finite elemer .t

method appears preferable.

The first  is the case where ~2 has curved boundaries. Thus , let

~2 be a circle , as in Figure 2. For the 28 triangles that border on the

circle , we have the mismatch between the straight sides of the triangles

and the circle. However , these triangles come fairly close to matching

the circle. It certainly would not give a very bad approximation if we

should solve ( 1.13) with the grid points shown in Figure 2.

A possible Improvement would be to cut each of the 28 triangles

that  border on the circle in half by a lin e fro m the Inward vertex to the

• circle. This would give us 28 more grid points , but each would be on the

-17-
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circle. If val ues for u are assigned on the bound ary , th ese extra grid

points would cause no difficulty at all . We would now have 56 triangles

bordering on the circle , which would match it much better. However ,

this  would get us into smaller angles for the triangles , which would not

be good in view of the sin 2 0 in the denominator on the right of (2 .  3 ) .

A nother way would be to add also new grid point s at the mid-

points of sides of triangles that do not border the circle. The triangles

Figure 3.

that do not border the circle would be dissected as shown

Figure 4.

in Figure 3 , while those that border on the circle would be replaced by the

configuration shown in Figure 4. This would approximately halve the h

-19 -



-

in ( 2 .  3 1 whi le  m a i n t a i n i n g  the ~I about the same. Of course one does

this  at the cost of approximately doubling the number of equations to be

solv e-1 . However , we now have 56 triangles bordering on the circle ,

which will certainly give a good fit . Th e problem of trying to handle

this by finite diffe rences seems to involve more extensive calculations .

A very sk etchy discussion is given on pp. 155-167 of Prenter of the

situation with curved bounda ries. References are given to some papers in

which .2 is divided into pieces which have some curved boundaries ; see

the remark s about “isopa rametric transformations.  “ This enables one to

get better fits along the curved boundaries of ~2. All in all , if ~2 has

curved boundaries , us e of finite element methods may well be quite

advantageous .

When one has a reentrant angle In f ( ~ ) , for insta nce if £‘2 is

an L-shaped region , the first derivative of u is likely to be infinite in

the neighborhood of the reentrant corner. A discussion of this situation Is

given in “Calculation of Potential In a Sector , Part I , ” by J . Barkley Rosser ,

MRC-Techn ical Summary Report Number 1535 , May 1975. As a result ,

th e usual finite difference approximation will be very poor indeed near the

corner. While the finite difference equations can be solved in such a case ,

the resulting values for grid points near the reentrant corner will be very

poor approximations. If one uses a finite element method , with a uniform

- 20- 
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mesh , the ap p r ox i n ’ at i on  for grid points near the reentrant corner will be

poor , and for s imi la r  reasons.  However , it is very easy to refine the

mesh near  the reentrant corner; see Figure 5. With the smaller h near

the corner , one will

/1

/ / / /
Figure 5

compensate In part for the larger derivatives. The local mesh refinement

makes no trouble at all In the finite element method. It Is possible to have

a local mesh refinement with the finite difference method , but it involves

- 21- 
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i wk ’w t r - i i t t t e r p U l t t i ( !Is , and the r e su l t i ng  equot i ’  ‘ i s  to be :;o lve : do s- t

f i t  j o t  ‘ any  of the scheme ; , such as S. 0. P .  or A.  D. 1. , ~r d In i- ‘q ing  the

c i l c u l a t i ’ : i s .

If (n e  has  di scon t inuous  values  as s igned  f o r  u a l ong  the bound - no,

there will be infinite derivative s of u in the neighb rb oo- d of t o e  his —

cont inUi t ies ;  see ‘Effect  of Ij i scont inuous  Boundary Cor iu i t ions  on F’ir .it e-

i i t fer e n c e  du lu t i ons , “ by J . F f a r k l e y  Rosser , MRC-Technica l  Sur r: ur1’

Report Number 138 3, June 1975. As with the reentrant corner , the finite

dif ference  approximation will give Poor approximat ions  near the discon-

tin uit les.  The same would be true for a f inite element solution of uniform

mesh . However , it is very easy to r efine the mesh near the discontinui ties .

In fact , one might consider removing the discontinuity by the rocth ceus

given on pp. 22 1-222 of Mim e. However , there are cases (such as the

reentrant corner ) where local refinement of the mesh is very advantageous;

fo r su ch cases , u se of the finite element method is worthwhile.

4. A numerical example. Let us approximate the solution of

2 2
3 u  a u

- 
2 

- 2 - 2

inside the unit square 0 < x < 1 , 0 < y < 1 , subj ect to the conditions

that u shall be zero around the sides of the square .

-22-  

~~~~~~~~~~~~~~ ~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



— ~~~~~~~~~~~~~~~~~~ “~~~~~~~~~~~~~~~
- ~~~~~‘

I
It is easi ly ver i f ied t h t  a ~oiut i o n is given by

1 - 1 . 2 )  U X ( 1 - X  - 
8 — Sinh ( 2 m+l )~ y +

si nh (ZnY 1)~m~~0 it (2rs ~ l)

From th i ~; , hiqh accuracy ; l u t i r s  will be calculated for comparison with

t r i o  t p p r :~:i i sote  s- Ju t i  - os.

V. e ~;u p e r p u c ~e on the square a gri d with the grid points 1/8 unit

ap irt ‘- ‘e~t 1c i I ly  -a nu n rL~~ s t t l l y .  V e  subdivide the square into tr iangles

aa i n i i c ~ore 1. V ;e then  pr one  no to calculate the coefficients appearing in

( 1. 13 , .  V.0 could calcu la te  th e p a r t i a l  derivatives of the U
k 

by (2.  2~,

but t he r e  is a quicker  w ay .  We o nt o  that  by ( 2 . 2 )  
~

u k
/ ox is constant

von ~~~~ t r i an g l e , and the same for Fu k ’~
y .  So if we can determine

the values  of these :t  one point in a triangle , we know the values throughout

the triangle. In i igure  6 we show a typical area of support for a grid

p iot , C , at the center of the fi gure . Along FG , the value of U k 
rises

from 0 t a  unity in a distance of 1/8 unit . So au k/ax = 8 , which hold s

P6

Figure 6 .

-23 -
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t i n  -n :o ut  P Ui  t o n  t r i a i l ( J l ( S I wa I ’ .’ d l -  nq toe l ine fr r t C to C ,

~~ 
‘ -~~: -U~ w~t i:: : i  v i l U t ’  a 1-h ; uo og: ; et P U t oe  t n  ingles  III and ~~~~~.

:11 In g E l a i j  hN , we n a ve  ~u , ~ -x 0 , v.’hi ch ‘.‘-J u e  h o ld s  throughout

P tn the  tn  ogles II and V . In a si: i i  i r  m a n n e r  v.’s- f ind  the value of

on: h t o n  u q a ’  -ut a’ to the t r i a n g l e s  V and VI ; -8 throug h out

to tie t r i an g l e s  I and II: 0 thr ’  u gh -ut  both the tr iangles III and IV.

‘I ’hu s we r~ a f i l y  calculate  the products on the left  of ( 1 .13 )  inside each

tr i ang l e .  I n t e gr a t i on  is accomplished by mult iplying by the area of the

t r i an s l o .

- t  US ~c ’ : Y t O  the grid point at (
~ , ~~ by G . . ,  its associated

u by U . , ,  and the corresponding multipl ier  by c . . . Since u is
k 1)

requi re d to be 0 on the boundary , everything involving u 0 will be 0.

So the left  side of (1.13 ) reduces to

4c
~ 

- c( . 1 .  - C( i + l ) j  
- c1(J~ 1) 

- c
1(J~f1,

On the right side of (1.13) , the integ ration is performed by taking

the volume of U~ ove r the area of support . But U k is a py ramid over

the area of support , whose volume is one third the base , 3/ 64 , times

the al t i tude , 1. As we have chosen f = 2 , we multiply thi s by 2. So

( 1.13 ?  takes the  form

1
(4 .  3) 4c

~1 
— c(~. 1 ) J  C(j ~ 1)j Ci (j l) c1(J ~ 1) 32

for each in en in r  grid point G . . .

-24-  
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It wi l l  he observed that  these are exactly the same equations

th at  would resul t  fro m t i l e  f in i t e  difference meth od .

.d lt h - -’ug h we have 4~ equations in 49 unk nowns , one can greatly

sir o~- 1i L y  the calculat ions by appeal ing to symmetry . The solution is

obv ious ly  symmet r i c  about each diagonal of the square , and about the

vertical and hor izon ta l  lines through the center. Consider the case of

(4 .  3) that  resul ts  when i - j 1. Since u is zero around the boundary ,

we have c01 
-
~ c10 

= 0. Also , by symmetry , we have c 21 = c12 . So we

get

(4 . 4) 4c11 
- 2c 21

Proceeding similarly , we get

( 4 . 5 )  4c 21
- c 11

- c 31
- c

22~~~~~

( 4 . 6 )  4c 31 - c
21

- c
41

- c 32 =~~~

(4. 7 )  4c
41 

- 2c 31 - c42 
=

(4 . 8 )  4c 22 
- 2c

32 
- 2c 21 

=

1
(4 .9 )  4c 32 

- c
22 

- c
42 

- c31 
- c

33 
=~~~~~

(4. 10) 4c
42 

- 2c
32 

- c
41 

- c
43

(4.11 ) 4c 33 
- 2c

43 
- 2c

32 
=

• (4. 12) 4c
43 

- 2c
33 

- c42 
- c~~ =~~~~~

(4.13) 4c44 
- 4c

43 .

-25-
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We get  4 . 7 )  by us ing  c 1 
c 51, which fo l l ow : ;  by sy: : rr c ’t r o . ‘A’ : a nt

( 4 . 13) b : u s i n g  c 1 .~ c~~ = c , 1  “ c r 1 ,  wOin i ;  l l l ’ vl O by s y mm et r y .

Ih e s e  t o .  eqi.1 t i u s  are  still qu i t e  sparse , S r t h a t  t h e i r  :;: l u t i ’  n

1:; q u i te ’  ea sy ;  it can  be c i r r i e l out b’1 a h a n d  calcu l~~t i ’ i ,. h at e  to t (4~ ( )

u v c : c 31 i n t r . . . .~ of th ree  -th o r  c ’ s. N ’ v , ’ c 1 
( ccurs  ru or lv tr ee

t o er  r q u a t i ’  n ; , SO> that  one c i a  easil y e l im i n at e  c~ 1 . V e  pr — n e c - n  t-

e l imi : :  it o  c11. c 31, c 2 2 . c 12 . c
33

, and c 4 b’. n : e a r s  a en u ti ns (4 .  4 ,

( 4 . 6 , ( 4 . 8 ) , (4 . 10) , ( 1 . 1 1 ? , and ( 4 . l ~~i . This is an ins tance  ( f  using a

ci ,r : s i st en t  or 1c’r inn of the r- e sh p in t s ;  see dr r , i th  , pp .  8 5 — a t ’-

There resul ts

( 4 . 1 4 )  l1c 21 
- c

41 
- 3c 2 

:

(4.15 ) 9c 32 
- 3c

21 
- 2c

41 
- 3c

43 
=

7(4 .16)  13c 41 
- 2c21 

- 4c
32 

- c
43 

=

(4 .17 ) 7c
43 

- 6c
32 

- c41 =~~~

We use (4. 17) to eliminate c41 from the othe r three equations ,

after  which the result of (4.16 )  can be used to el iminate c
21

. That

brings us down to two equations in two unknowns , and we get f inally ;

- 26-
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c 
17408 ~ 0.035558

c
21 

= 
174Q8 

0.0554 9 2

c 31 
= 

1740 8 
‘~ 0. 065832

l~~
0
0~ e 0. 069049 .

Fr I: t he se , we get c~~2 . c 32 , and c42 
by ( 4 . 5 ) , (4 . 6) , and ( 4 . 7 ) .

1h~~o we get c
33 

and c
43 

by ( 4 . 9 )  and (4. 10). Finally we get c
44

ho (4 . 1 3 ,1 . ;p p r ox i m at e  values are listed in Table 1 .

-.V ’ i  can impr ove  our est imates by using Richa rdson ’ s deferred

approach t the l imit ;  see Smith , PP . 140-141 . This is not only valid

for  the f in i te  difference method , but also fo r the finite element method

because in this case the error also varies as h 2 ; see Prenter , p. 253.

For this , we take a grid with 1/4 unit spacing between the grid points.

This gives

11c
22 

- 

128

14c42 128

18c44 - 128

If we extrapolate from these , we get the values listed in Table 1.

- 27 -
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TOP ENTRY I S ACCU RATE
SECOND ENTRY FROM (4.4) TO (4.13)
THIRD ENTRY IS RICHARDSON EXTRAPOLATION
FOURTH ENTRY BASED ON (4. 21)

0. 1 47 3
0 .145 6
0. 1 47 2
0. 140 5

0 .1321  0 . 13 94
0 .1305 0 .1377
0. 1323 0. 139 4
0. 1287 0 .1353

0 .0 906 0.108 9 0 . 1147
0.08 93 0. 107 5 0 . 1 13 3
0.0 905 0. 108 9 0 .1 146
0.088 6 0. 1065 0. 1120

0 .03 64 0.056 4 0.0667 0.0699
0 .035 6 0 .0555 0.0658 0.0690
0.038 2 0 .05 67 0.066 9 0 .0699
0 .0354  0 .0551 0 .0 653 0.068 5

Table 1.
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Pros: the more acc urate extrapolated values , we can get better

val ues for c 1 ~ 
C

3 1,  
and c

33
. If we rotate the square 45

0

, 
equation

(4 .1 )  is invar iant .  So take a grid consisting of c 11,  c3 1, c 33, c 22 , c42 ,

and C
44 , and their reflections about the lines of symmetry . By finite

d i f fe rences , we will get

1
(4.18 ) 4c11 

- c 2 
=

(4.19 ) 4c 31 
- c

22 
- c

42

(4 . 20 ) 4c
33 

- c
22 

- 2c 47 - c
44 

=

If we construct triangles on the same grid point s , we will also get (4.18 ) ,

(4 .19 ) , and (4. 20) by finite elements. The Improved values of c11, C 31,

and c33 
from these equations have been entered in Table 1.

Fi nally , we use (4. 5) , (4 .7 ) , (4. 9) , and (4 . 12) to get improved

val ues f or c21, C41, c32, and c
43

; these have been entered in Table 1.

From Table 1, we see that the improved values are never off by more

than  2 units in the third decimal , and mostly off by no more than 3 units in

the f ourth decim~.l. Considering that this resulted from a hand calculation ,

the ag reement is very good indeed . Of course , we were able to take

advantage of unusual  symmetry . One cannot count on doing as well usually .
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If one wishes greater accuracy , the obvious appr ’ ch is to t ak e

a f iner  mesh . However , this  considerabl y increases the cnn put~ t in r : a1

labo r . If a very fine mesh is t a k e n , one can abridge the c o mp u t a t i o n s  by

appeal ing to S. O . R . or A . D . I .  disc o the equations are the same for finite

di f ferences  and f ini te  elements , these techniques are avai lable  for e i ther .

Al ternatively , one can use a more accurate approx ima t ing  d i f ference

formula .  See p. 143 of Smith , or the two reports ; J. Barkley Rosser , ‘ N ine -

point Differe nce Solut ions for Poisson ’ s Equation , ” MR C-Technica l  Summary

Report Number 1523 , March 1975; and J . Barkley Rosser , “Fini te-difference

Solution of Poisson ’ s Equation in Rectangles of Arbitr ary Shape , ” MRC-

Technical Summary Report Number 1404, February l~ 74. There has been

some work on developing finite element approaches so as to decrease the

error without refi ning the mesh , but the theory is not yet well advanced.

7777\\ NN
// / / \\~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Figure 7.
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One could triangulate the square as shown in Figure 7.  This

would produce the sa me set of equations as before , except that (4 . 13)

would be replaced by

( 4 . 2 1 ) 4c44 
- 4c

43

F i r  the solution , we get

462
13056

— 
720

— 

13056

— 
853c31 

- 

13056

— 
894

— 

13056

From these , the other c ’ s can be easily computed , as befo re. The

result s are listed in Table 1.

These results are uniformly lower than those based on the other

triangulation , which was already uniformly low. If the reader is dismayed

that two quite similar triangulations could give results as disparate as

these , let him recall that these are only methods for obtaining APPROXIMATE

values of u. 
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