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ABS TRACT

We give simple examples of ways in which interval
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APPLICA TIO N! OF INTERVA L A NA LYS IS

TO ERROR CONTR OL

J. M . Yohe

1. Introduction.

I nter val ana~y si5 , far from being jus t  an academician ’ s toy, provides

a viable m eans for uncov ering sources of potential error in digital computations .

I n this note , we examine some of the ways in which interval analysis can be

employed to enhance the accuracy of computations , whether or not it is em-

ployed in the production environment;  we also suggest guidelines which can

help determine whether interval analysis  should be used in the production situation .

The basic reference for interval analysis  is the book by R. E . Moore

[I I .  For the sake of completeness , however , we will sk etch the theory very

briefly .

A (re al)  interval [a , bi is defined in the usual fashion :

[a , bI ~ x I a < x < b } .

A real-valued function f of a real variable can be extended to an interval -

valued funct i on of an interval variable by defining

f( [a , b]) = j f (x )  X E  [a , b]}

assu ming ,  of course , tha t f is defined and continuous on [a , b]. Real-

valu ed functions of several real variables are similarly extendable , and we

can thus define the usual arithmetic operations on intervals ( except , of course ,

for division by an interval containing zero).

Intervals can be regarded as representing real numbers where some

uncertainty is present. Degenerate intervals (Intervals whose left endpoint
Sponsored by the United States Army under  Contra ct No . DAAGZ9 -75-C-0024
and a grant from the Waterways Exp eriment Station .
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is the sa me as the r ight)  would then represent exact real numbers ;  indeed ,

inte rval operations and funct ions on degenerate intervals are the same as

their  real counterparts . We thus identify the real numbers with degenerate

in terva ls , and we note that  the interval number system is a bona fide exten-

sion of the reals .

In comput ing,  of course , the ideal is seldom at ta inable . Even when

we begin by using exact data , unce rtainty creeps in due to roundoff error.

Since the resul t  of appl ying a given func tion to machine representable argu-

ments is often not machine representabl e, it rap idly becomes necessary to

work with app roximations. Depending on several factors , including hardware

behavior , alg orithm stability , and da ta , the app roximation will be more or

less accur ate .

In interval analysis , rouri doff error is handled by making certain tha t

the left endpoint of the inte rval is always rounded down , and the right endpoint

is always rounded up. A formal treatment of interval analysis on finite-pre ci-

sion number spaces may be found in Kulisch [1].

In the case of ordina ry computer arithmeti c, rour idoff error may accumu-

late to the point where the result of the computation has no signif icance.  In

interval arithmetic , however , accumulated roundoff erro r will cause the inter-

vals to become wide , but the interval will always contain the true result .

Thus the user can get some idea of how stable the algorithm is with the given

data , and how uncertain the answers may be.

In the following sections , we give some examples of ways in which

interval analysis can reveal instabilities In algorithms or weaknesses in

-2-
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hui  ( : W l r e .

[‘he e x u ~ p les  we give were run  on the UNIVA C 1110 at the Univers i ty

of Wiscons in  u s in g  o r d i n ar y  s ing le  p i -  ision f loa t ing  point a r i thmet i c  and

int e rv ~ 1 i r i t n i f l e t~~ ds i m p l e m e n t e d  in the IN TE R VA L II package of the

~t h e r n i t i ~~; Re i r - ~h C - u t e r . R~’sul t s  are g i v e n  in octal , since the 1110 is

a b in ary  nnj :h~ne :  huw ver , s in  the octal n u m b e r  system is foreign to most

of us , ~pp r Ox inn ~te de ’i rnal  va lues  are given for reference.

.~~. Su m m a t i o n

In e l e m en t u r y  n imer l . ;  ~1 an ~~lysi s , one l ea rns  that  the order in which

terms of ~ s um n . d t i o n  are a~ided n ~i f f e c t  the accuracy  of the result . To

i l l u s t r a t e  this , V~1: considered the  a l t e r n a t i n g  sum

- _ 1y = ( - 1 / ~~)
i= 0

W’~ summed th i s  series in both ~e ;t i o n s ;  i. e . ,  with the largest term

f i : s t  ( from the  l e f t )  and  w i t h  the  s m a l l e s t  term f i r s t  ( from the r igh t ) .  The re—

s u i t s  are shown in Ta ble I . tot e  tha t  the sum of the corresp onding inf ini te

series is ~~~~ and  t ha t  the :orre ;t l y rounded 9 - d i g i t  octal fraction corres-

ponding to ~/6 is . ~~~~~~~~~~~ While  the 1110 f loat ing point ar i thmet ic  pro-

duced r e su l t s  which  look reasonab ly  good , note that  the better of the two

di f fe r s  fro m the correctly rounded va lue  by one bit in the low-order position .

(The fact that  it does not even lie in the interval  computed by the Interval II

package is due to a hardware anomaly :  see Section 4 for details . )

The interval  ar i t hme t i c  resul ts  are more reveal ing .  When we sum the

series from the r ight , we obtain bounds tha t  are best possible ; i .e. , the

upper and lower bounds d i f f e r  by jus t  one bit in the least significant position .

— 3 -
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TABLE 1
128

S u m m ~ tion of ‘~~‘

i~ 0

Su mmat ion
beg in n ing  1110 f loat ing
with  i - Interval  point

0 octal ( . 652 52~ 154 , . 6s2 52 5 3~~4i . (, 52 52 5 ~t 5~

decimal  ( . 8 3 3 3 ~ 28644, . 8 3 3 3 3 3820 1) . 8 3 3 3 3  3 1507

128 octal ( .  es.~ 525 ~52 , . 6 5 2  52 5 2 5 3 )  (H2  52 5  2 54

decimal ( . 83333 33284 , . 83333  33 35 8)  . 8333 3  3 3 4 3 3

Sum ming from the le f t , however ,  the upper and lower bounds differ  by a

whopping 200~ 8 . In the l ight  of the fact that  the 1110 produced a much

closer answer using s tandard floating point ar i thmetic , this might  seem to

call inte rval ar i thmet ic  into question . However , it would not have been dif -

fic ult to produce a collection of terms whose true sum would have been very

close to one extreme or the other , a nd yet would have given the same resul t

as the abo ve numbers gave on the 1110 . Since the numbers involved in a rea l -

li fe comput a tion are seldom as clean as the ones in our example , the width

of the interval turns out to be a strength of interval arithmetic rather than a

weakness;  it clearly reveals the advantage to be gained by careful a t tent ion

to the order of summation . In many cases , th e relative sizes of the terms of

a summation will not be known In advance (as they were here); in such cases ,

interval arithmetic can give an excellent Idea of the possible roundoff error

involved in the summation .

-4-



~~. Roots of a quadra t ic  equation:

One of the simplest examples of how seriously roundoff error can

affect  the res ul ts  of a computation is the classic exampl e of solving for the

roots of the equation ax~ +b x+c 0 . I n the casewhere  4ac is small compared to

b
2
, so th at the d iscr imin ant  is very nearly b 2 , the relativ e error in the root

with smaller  absolute value can be very high indeed if the root is calculated

by blind application of the quadrat ic  formula . This is not a new fact; indeed ,

it is disc ussed in many e lementary  numerical  analys is  texts . The fix is sim-

ple ; one calculates the root with larger absolute value ( the one using addi-

tion in the numerator of the quadratic formula if b is n egative , or subtrac-

tion if b is positive) using the quadra t ic  formula , then fi nds the other root

by dividi ng the known root into c/a .

Natura l ly ,  the er rors involved are the most dramatic when the coef-

ficients of the quadratic equation are close to the limits of the hardware ’ s

abili ty to produce results  with a modicum of accuracy . For purposes of illus-

tration , we took

-29
a = 2

b = -i

= 1.

We solved for both roots using the quadratic formula , and then solved for the

root with smaller absolute value using the above algorithm . The results are

shown in Table 2.

Several observations are in order here. The floating point arithmetic

on the 1110 gives a result of zero for the second root using the quadratic

-5-



TABLE 2

Roo ts of ~ quadratic equation

Root Interval 1110 f 1o~ t i r l 4  po int

Larger oct (3 777 777 77-4 , 4 000 000 000) 4 000 000 000

dec ( S3nh 70908, 5368 70912) 5~ (8 70912

Smal le r, by
quadra tic
fo rmula

Oct (0.000 000 000, 2.000 000 000) 0.000 000 000

dec ( 0 , 2 )  0

Smalle r , by
division

Oct (1. 000 000 000, 1.000 000 002) 1.000 000 000

dec (1. 00000 00000, 1.00000 0015 ) 1 .00000 00000

formula. It is quite easy to check that this is nonsense; substituting this

back into the original equation gives the equation 1 = 0 . But in ma ny com-

putations , the result of one calculation is simply used in a fur ther  calcula-

tion without being checked; the error is not discovered until  later , if at all .

The interval analysis  result is the interval (0 , 2),  which is almost uselessly

wide - - but the width of the interval  points out the instabil i ty of the algorithm

for the given data.

Passi ng to the more accurate results , note that he re also the interval

result  gives more inform ation . Th e standard arithmetic states flatly that the

la rger root is ~29 ; but again , substi tuti ng this in the original equation gives

the result I = 0 . To an unsoph isticated program , this root might appear to

be just  as questionable as the value of zero obtained by the quadratic formula

for the other root . But the interval analysis package tells us that  the true

-6-
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‘n
root lies so !newhere between 2 -1 m d  ‘ ; s ir e  t h e  :lose :;t hounds

~iv~ iiable on the 1110 . That is , the ; j l cu l at i on  has been performed with the

i l l O s max imum accuracy .  Likewise , the sma l l e r  root is shown to nc

mi ed with ni~ xi :iiun accuracy ; and indeed , the in t e r vm l pdnkd’g( 13ts us deduce

~h m t  the root is greater than or equal to one , if we are interested in k n o w i n g

t h i t . The ordinary floating point arithmetic leaves us to guess which side

of I the roo t l ies on.

4. Hardware Limitations:

Unfortunately, present-day hardware is not always as well-designed

as it could be ; proper round ing is of ten not ava ilable . This can result in un-

warranted error accumulation . The following example , which we ran on the

t~~~IVA C 1110 , i l lus t ra tes  this  rather dramat ica l ly .

We computed X(1) := 1. 0 - ~~27 - 2
27

. On the 1110, this is not the

sa me as 1.0 - 2 26 , since the 1110 car ries a 27 -bit fraction in its floating

poin t  representation , and truncate s after equalizing exponents but before ex-

ecuting the add or subtr act operation . The result of this is that , although

1. 0 - ~~
27 

is re presen table on the 1110, it can no t be compu ted by perform ing

the indicated subtraction .

Having computed X( l) ,  we computed X( I) := X(I- l ) 2 for I := 2 , 3 , . . . ,

40. Finally, we summed the X(I) ’ s from both left and right . The results ,

both in interval arithmetic and in standard 1110 arithmetic are shown in Table

2 . We hav e shown the octa l results in standard 1110 floating point format ;

th e first three octal digits are the exponent part of the number and the last

nine a re the fractional part. The exponent is the appropr iate power of 2

-7- 
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n i . S~ ’ 1  ~~~~‘ ~b ( )

~~~~~~ t , : ) l (  i s s e l f - c x l i I s: tory . How ever , va in riot help noting

- ‘.n- n in t h e  wors t  ‘ i ;’ - , ft i n t e r v a l  r i t h r n e t i n  p m kdcje gives answers

that art- far t~e t t e r  t h  n the  1i10’ s f lc .  t i r i r :  po in t  in t h e e t i c  yielas ; the true

answer h~~S :o li e  son .ew h~~ c be :v,’r r ’n 2 5 . and 2( . 7 : yet  the i l lO computes

40

The 1110 is not u n i q u e  in i ts  f o ib l e s :  m a n y  other computers have

dnor f l :m l i c 5  in the i r  a r i : h ~ne t i ~ o p e r a t i o n s .  We even know of one series of

computers in which 1 .0 is not a m u l t i p l i n a t i v e  iden t i ty , owing to trunca-

tion pr ior to p o s t - n o r m a l i z a t i o n .

5 . A n a l y s i s  of a lgo r i t hm l im i t at i o n s :

; good background in numerical a n a l y s i s  will enable  one to avoid

m a n y  of ~he obvioss sources of numer ica l  error , such as the ones we have

disp layed  in Sections 2 and 3 . However , even the best of a lgor i thms may

be somewha t da ta sen sitive , ari d other  a lgo r i thms  in common use may not

be the best that can be devised.

The reliability of a given algorithm applied to a reasonable data set

may be approximated through the use of in te rva l  ana lys i s .  The interval

version of the algorithm should be run using severa l representative data

sets, and the widths of the resulting intervals examined . If the algorithm

produces accepta bly narrow intervals for severa l representative data sets,

it is l ikely that  the algori thm is stable . Interval  results which are unaccept-

ably wide do not necessar i ly  ind ica te  a bad a lgor i thm , but simply alert  one

to the possibility that  data sens it iv i ty  may exist .

-9-
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e ) i  he m oSt  :on :iofl sources of PC- :; S in  1st i :  i n t e rva l  nou eds is

r~ re ;) - tea use of t h e  mu ‘,‘- o - m  r i l e  in a m a t h e m a t i c a l  f o r m u l a . /- - an

ex t r em e  e s u r i p l e , ;onsider  y x/x . C l e a r ly  th e r e s u l t  n h oj l d  riu- exa - t I  y I ,

nJ wo 1 1  b in most  if  n ot  all  f l o a t i n g  point  a r i t h m e t i c  sy:;t ems . But i~ x

i s  t h e  j n t e n  1 ( 
~~~, 3 ) .  th e :  y would be the i n t e r v a l  ( I/ ~~, ( )  - -  a f a r  :ry  from

( 1 , I H Th e  t roub le  is , or course , t h u  t t h e  i n t e r v a l  a r i t h m e t i c  r c : t :  sen do

not re -c 3 : 1  ze the  d-:  ri nder ice .

~ everthe 1ess  , i f  a c o r i i p ’ :t a t i on  p roduc es  i n t e r ’ i i l s  of u n a c c ep t ab l e

w i d t h , i t  is a s i g n a l  : b t  t I e  comp t-~tion s hould be s c r n t i n i z e c  for u n s t ab l e

o r i er a t i o n s . I t  m a y  be necess r~- to i n se r t  severa l checkpoiots  to asce rt a in

t’~here the :o : : iput at ion  loses an ; s r ; i n y .  Once the t rouble  spot is p inpo in te c ,

t hu- re  inc  several t h i n g s  t ha t  one may consider in a t t e m p t in g  to solve t h e

p r o u l e m :

1 . Is there  an equ iva len t , bu t  more stable , a lgor i thm which  can be

used ? The square  root example  i l l u s t r a t e s  this  poss ibi l i ty .

2 . Is there a cr i t ic a l  summation which could be made more accura te

sy jud ic ious  choice of the order of summat ion ? It might  even be worth invok-

lag a r a t h e r  sophist icated s o r t - a nd - s u m  algori thm to perform the summation .

3. Can the critical portion be rewritten using higher precision arith-

rae t i c  in such a way ar to improve accuracy ?

The la t ter  question may well point the way to research problems . Not

enough at tent ion has been paid to the problem of what  is required wi th in  an

1 g o n i t ~~m in order to produce a result  of a given precision . Kulisch [2] has

stated tha t  inner  products can be formed to full single precision accuracy

-10-
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U si :53  a n  a -  ;u m u l i t on  t h a t  is on l y  s l i g h t l y  longer t h a n  dou ble precision ;

f o \vever . for l u c y  types of problems results of this kind are unknown .

‘ . Ana lys i s  of s y s t e m  l i m i t a t i o n s :

The example  of Section 1 points out what should have been obviou s

f i o m  the  beg inn ing : if i n t e rva l  a n a l y s i s  is to he used for the purpose of

a n a l y z i n g  a system (h a r d w a r e  and/or software), then its performance must

be it  leas t as bad as the per f ormance  of the system under  s tudy.  INTE RVA L II

was cc signed as a production package , ~nd wherever  feas ible  i ts  operation s

y ie ld  r e su l t s  of the g rea tes t  possible a c c u r a c y .  Thu s , in i ts presen t fo rm ,

it can not be used effect ively  to predict the effects  of hardware  and software

: iro s alic- s on the  resu l t s  of a computa t ion .

If t h i s  sort of a n a ly s i s  is required , the INTERVA L II packa ge can be

rn oc : i f i ed  to hand le  it . One would s imply  use as a basis the data  type under

s tud y, sup pl y error bound information on the mathematica l function routines ,

ar i d  rewr i te  t h e  f ive  a r i thmet ic  pr imi t ives  to emula t e  the action of the hard-

ware  and at  the same time obtain rigorou s bounds on the resu l t s  thus obtained .

In par t i cu la r , the upper bound for an operation would need to be the greater

of the  upper bound  obtained by rounding the true resu l t  up and the resul t

actual ly obtained by the system under  s tudy;  the lower bound would be treated

analogously .

A s s u m i n g  tha t  the INTERVA L II package has been thus  modified , appro-

priate test programs should be run using the modified INTERVA L II. and the

results compared with the results obtained when the unmodified INTERVAL II

package was used . The difference is the amount  by which system inaccuracies

could a ffec t  the accuracy of the resul ts .

— 11— 
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7 . lni terv ci l ana lys is  as a produc tion  tool:

In cases where accuracy is of a it ical importan~ e nd instability of

the a lgor i ’hm in ce r t a i n  s i t u a t i o n s  can not he e l imina ted , it  r n c l y  be necessary

to verify some or al l  of the computation :iy using interval arithmetic . ht pres-

ent , there is indeed a pena l ty  associated with doing t h i s ;  the a r i thmet ic

operations are l ike ly  to t ake  an order of magn i tude  or two more t ime  in inter-

val a r i thmet ic  t han  in s t andard  f loat ing point . This would not need to be the

case if hardware  were designed to be more hospita ble to in te rva l  ar i thmetic ;

details are given in [4]. Surp r i s ing ly ,  the standard m a t h e m a t i c a l  funct ions

in interval arithmetic are not that much more expensive ; here the factor is two

to three t imes as long . Even though it is more costly in terms of machine

time , it may  be worth i t :  technology is driving hardware prices down to the

level where i n ef f i c i e n c y  is no longer regarded as an unpardonable  sin , and

the extra cost may seem small when balanced against possible failure of a

structure designed using the results of computation .

8 . Conclusions:

We have given simple examples of the ways in which computer algo-

r i thms can be data sensit ive and the effects  that  roundoff and truncat ion error

can have on computat ions. We have also pointed out how a seemingly in-

s ignif icant  design lapse in one production computer can lead to ridiculous

results in an admit tedly contrived , but still si mp le , probl em. F ina l l y ,  we

have given a few elementary guidelines fo r the appl ication of interval  arith-

metic to the detection and control of error in both hardware and sof tware .

-12-
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C e r t a i n l y ,  t he error en c o u n t e r e d  ii a o n r i p u t - i t i o n  will seldom he as

great  u s migh t  be ind ica ted  by the r e s u l t s  of p - r fo rming  the computat ion in

in terval  a r i t hme t i c  - -  but it might  be . It  could be said that  a given bridge

wil l  seldom collapse , for h a v i n g  once done so it  no longer exists and there-

fore cannot  collapse again . But once is once too of ten , both in terms of

bridges collap sing and of computers  producing t rusted answers  that  are not

even in the r ig h t ball park . And if such simple problems as we have presented

can lead to such d ramat ica l ly  wrong answers , the mind boggles et what  could

happen in the sorts of complic ated calculat ions that  we routinely use in

making cri t ical  decisions today.
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