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ABSTRACT

Let {ui}?zl’ », U be functions in C(I), where I is a finite
interval. Let de¢ be a finite, non-atomic, positive measure on I. For
pe [1l,o], let Ep((p) and Ep(-\b) denote the error functions in the best
Lp-approximation to ¢ and y, respectively, from [ul, , ..,un] < For

p <o, the Lp-approximation is taken with respect to do .

Theorem. Assume {u

P un} and {ul, sy U, 0, &} are Tchebycheff

systems on I. Then for 1< p <, the zeros of Ep(cp) and Ep(u,) in

I strictly interlace. For p= 1, either the zeros strictly interlace or

El(tp) has exactly n sign changes and sgn El(gﬂ)(t) = sgr B W)ty forall

1

te int (I) . For p =, the strict interlacing is present when I is a

closed interval.

Applications to questions of interlacing of zeros in polynomial
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INTERLACING PROPERTIES OF THE ZEROS OF THE ERROR FUNCTION
IN BEST LP-APPROXIMATION, 1 < p <

Allan Pinkus and Zvi Ziegler

1. Introduction

Let {ul}r;:l, @,y be functions in C(I), where I is a finite interval.
We shall henceforth assume that I = [0,1]. Let do be a finite, non-atomic,
positive measure on I. For pe [1,%], let Ep(«p) and Ep(Lb) denote the
error functions in the best Lp-approximation to ¢ and y, respectively, from
[ul, St r un] . For p<wo, the Lp-approximation is taken with respect to
do .

The main result of this paper, whose proof will be carried out separately

for 1< p<w®w, p=1, and p = in Sections 3-5, is:

Theorem 1.1. Assume {ul, Rp un} and {ul, sy U, 9, U} are Tchebycheff

(T) systems on I, n>1. Then, for 1<p<%, the zeros of Ep(qa) and Ep(q,)

in I strictly interlace. For p = 1, either the zeros strictly interlace, or

El(w) has exactly n sign changes and sgn El(w)(t) = 5gn El(¢)(t) for all

te int(I) . For p =, strict interlacing is present when I is a closed

interval.

For the case p =1, the interlacing holds under somewhat less re-
strictive conditions on ¢ and  (see Theorem 4.2). On the other hand,
for p = », interlacing properties for the points of alternation are also

available (see Theorem 5. 2).

Sponsored by the United States Army under Contract No. DAAG29-75-C-0024.
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Assume {ul, R uk} is @ T-system on I, for k = n,n+l,n+2 .

Let qk , k = n,n+l be the error function in the best Lp—approximation
- nl
e s = - ’ .5 th
of U from [ul, ,uk] If qn+1,p Uio 1;1 @ oYy en
qn“’ 5 = Ep(un+2 - an+l, 5 Un+l) where Lp is as previously defined. We

e
%

- satisfy th
n+2 an+l,pun+l atisty the

observe next that ¢ = U et and ¢ = u

conditions of Theorem 1.1 and that qk B has exactly k
I

sign changes in int I, k = n,n+l. Hence, we now have

Theorem 1.2. The n zeros of g and the n+l zeros of g
N R B gt o,

strictly interlace in I for 1 <p <w. If I =1, the interlacing holds for

p = «© as well.

When {ui}in:lz are the monomials {xi_l}?:lz, the interlacing
properties for p = 2 are a well known consequence of the fact the qk’ 2
are the orthogonal polynomials on I with respect to the measure do. For
p = 1 and do(t) = dt, the Lebesgue measure, qk,l is the k'm Tchebycheff
polynomial of the second kind, and the interlacing follows from the ex-
plicit expression for qk,l . For p = o qk,:m is the kt—h- Tchebycheff
polynomial of the first kind and the interlacing is known. Somewhat more
general results for p = ©, where ui(t) = ti_l, i=1,...,n, have been
discussed in the literature (see Paszkowski [ 5] , Rowland [ 6], and
Shohat [7]). For p #1,2,», the results are new even for the monomial
case. For p =2, a known result on the interlacing of roots of quasi-

orthogonal polynomials (see [9, p. 5-10]) is subsumed by Theorem 1. 1.

Some recent applications of the present results serve to establish

the interlacing of the zeros in (0, 1) of Pn

and P , where P
n n

’ +17 P ’

=




R i N

Wit PR
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is the unique solution of
min{ ”Pn“p: B T ”Pn”gc: 1}

normalized so that P (0) =

b

1, and Tn is the set of all trigonometric
polynomials of degree <n (see[8]). An essentially similar property
is available for the case where Tn is replaced by Wn’ the set of algebraic
polynomials of degree <n (see [1]).
2. Preliminaries

Let I and do be as previously indicated. In this section we recall
some bacsic facts concerning continuous T-systems on I . These facts,

with perhaps minor modifications, may all be found in Karlin and Studden i3],

and Gantmacher and Krein [ 2] .

, n ; . ;
Definition 2.1. The system {ui}i~1 of continuous functions on an interval

A ' . , n
I is called a T-system if every non-trivial linear combination of {u,}1 l
[ g

has at most n-1 zeros in I .

The following concepts will prove relevant.

Definition 2.2. Forany f ¢ C(I), we call t_. ¢ int(I)

0 a non-nodal zero
of f provided that f vanishes, but does not change sign at ty - 11

other zeros are called nodal.

Definition 2.3. For f ¢ C(I), let Z(f) denote the number of zeros of

f in I, with the convention that non-nodal zeros are counted twice.

Definition 2.4. We say that a function f defined on = [a,b] has k sign changes
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A

on I _if I is decomposable into k + 1 _intervals Ii:[xi l’xi]’ f=i k+l |

.y

- RS o o R

i ;
o 1 <xk+1=b, such that e(-1) f(t) >0 for te Ii’ L=l

e = +1 or -1 fixed, and f does not vanish identically on Ii . We denote

the number of sign changes of f on I by S™(f).

Lemma 2.1. {ui}?_l isa T-systemon I iff Z(u)< n-1 for any
n n
0 el
u(t) = L al_ ui(t), L ai >0
i=t1 i=]
Lemma 2.2. Let {Ui}:.l be a T-system on I . Forany k _prescribed
n
distinct points in int(I), k < n-1, there exists a u(t) = L aiui(t) with
g=

nodal zeros at these points, and which vanishes nowhere else in int(I) .

With the aid of the above lemma, it is a simple matter to prove the

following result.

L T

Lemma 2.3. Let {ui}in~l be a T-system on I, u, ¢ L T

If v(t) is a bounded function on f, with at most a finite number of dis-

continuities and

f v(t) u(t) do(t) = 0, i T et T

1
then S (v)>n
3, 1<p<w®
Let {u],....un} and {ul,....un,q), ¢} be T-systems on I, and

assume {ui}in:l.(p, Y ¢ C() . For fixed pc (1,), let g(t) = E (o)1)
and gz(t) = Ep(«p)(t). where Ep(q)), Ep(\L) are as defined in the introduc-

tion.
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Theorem 3.1. The zeros of gl(t) and gz(t) in T strictly interlace.

The proof of Theorem 3.1 is divided into a series of lemmas and

propositions. In the first part of this section, we prove the following

result.

Proposition 3.1. For gl(t) and gz(t) as above,
<q =% Z
n<S (eg) + Bg,) < Z(ag, + Bg,) < n+l

for all a,p real, az + BZ 2000
Since {ul, s un,qo, U} is a T-system on I, we immediately obtain

from Lemma 2.1,

—_— 2

Lemma 3.1. For gl(t) and gz(t) as above
Z(ozgl + Bgz)ﬁ n+l
2

forall o,p real, ‘o + 62 >0

Set

. p-1
hy(t) = [sgn g,(t)] lg (1)

e h,(t) = [sgn g, (t)] fgz(t)ip'l

From the orthogonality relations characterizing the unique best
Lp-approximation on I from {ui}irl'l’ it follows that
(3.2) fI hj(t) u (t)da(t) = 0, T e T B

A direct application of Lemma 2.3 and (3. 2) yields:
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Lemma 3.2. Forall e,p real, az + [32 >0,

; >
5" (ah) + ph,) 2 n

Remark 3.1. For p =2, Proposition 3.1 is an immediate result of Lemmas

3.1 and 3.2 since in this case hi(t) = gi(t), RS

Erom (3 L), hl,(t) and qi(t) obviously have the same zero properties,

with respect to both S and Z . Thus, from Lemma 3. 2,

Lemma 3.3. For gl(t) and gz(t) as above,

n _<_S—(gi), et [

Therefore, in the proof of Proposition 3.1 we shall assume, without

loss of generality, that ‘o= 1 p# 0.

Lemma 3.4. For hl,(t) and gi(t) asabove, 1= 1,2, and t_ el

5 . p-1 %
9)(ty) + Ba,(t) = 0 iff h(t ) +[sgn gllsl h,(t))= 0.

Proof. We disregard the case where hi(to) or gi(to) is zero for some
i, since any one of the four terms being zero implies, since P # 0, that
all the remaining terms are zero, and the lemma is proven.

Assume gl(to) + Bgz(to) = 0 - Thus,

‘ql(to)f = |pl |92(t0)‘, and [sgn g (t))] = -[sgn p][sgn g,(ty)]
Therefore,

hy(ty) = [san g (t)] () [P~

i

-['sgn p] [ sgn g,(t)] |p|P7! lgz(to)lp'l

e p-1
= ~[ sgn p] Ipl h,(t,)

==

i
18
2
i 4
i
;
£
5




The above analysis is totally reversible and the lemma is proven.

Lemma 3. 5. gl(t) + ﬁgz(t) has a non-nodal zero at tO e int(I) if

hl(t) + [ sgn B] Iﬁlp—l hz(t) has a non-nodal zero at tO

Proof. Assume, without loss of generality, that gl(t) + Bgz(t) >0 for

t in some small neighborhood of to, with equality holding for t = tn :

Case ]. gl(to) £SO

Since gl(to) # 0, we have g (tO) # 0. Let N denote a neighborhood of

2
tO in which gl(t), gz(t) are never zero, and gl(t) + ﬁgz(t) >0

Since equaiity holds for t = tO’ we have

(3.3} [sgn g,()] = -[sgn p] [ sgn 9,(t)], for teN

If gl(to) > 0, then, for te N

(3. 4) g,(t) = !gl(t)l > |g] |gz(t)l

Raising both sides to the p-1 st power, and multiplying by the
expressions in (3. 3), which are positive in this case, we obtain the desired
result.

i gl(tO) <0, then (3.4) is reversed, but the expressions in (BreB

are negative. The result once again follows.
Case 2. gl(tO) = 0.

Thus gz(to) = hz(to) SRl =000 - Since gi(t) and hi(t) exhibit

10

the same zero structure, it follows from Lemmas 3.1 and 3.3 that gi(t) and

hi(t) necessarily change sign at tO 1o 1 =102,




Let N be a sufficiently small neighborhood of tO such that the

only zero of gi(t), hl.(t), I =al2 0 and gl(t) + ﬁgz(t) in N is at tO ;
Assume gl(t) 20 for it 2> tO’ te¢ N. Since lg

1“” < Bg, (1) for

tgto, t ¢ N, we have [sgn ] = [sgngz(t)] for t<t0, teN

Since both gl(t) and gz(t) change sign at t0 % !gl{t)]p_lz iﬁlp—llgz(tﬂp‘l

for to= teN

o0 L€ N, and 1g](t)1p_l_<_ !ﬁlp—ligz(t)fpnl for t<t

O’

The result now follows from the definitions of hl(t) and h_(t) . The case

2
gl(t) < 0 for it > tO’ t ¢ N, is totally analogous.

Since the analysis of Cases 1 and 2 is reversible, the lemma is

proven.

Proof of Proposition 3.1. Apply Lemmas 3.1-3. 5.

The next proposition is a modification of a result of Gantmacher

and Krein [ 2], (see also Lee and Pinkus [4] ).

Proposition 3.2. If & ¥e C(0,1), and n<S (ad+ p¥) < Z(ad + p¥) < n+l

for all real o, B, az + {32 > 0, then the zeros of & and ¥ in (0,1)

strictly interlace.

The proof of Proposition 3.2 is also divided into a series of lemmas.
Note the important fact that the above inequalities imply that
ad(t) + P¥(t) has no non-nodal zeros in (0,1) .
I
S = < < i < = =
Let {gi} o ) £y 0 gl o gk ng I, (k = n or n+l)
denote the zeros (sign changes) of @(t) in (0,1) . Let Ii = (gi_l, {;l.) R

W(t
i=1...,k¢#l, and f(t) = ?55?%
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k41,

Lemma 3.6. f(t) is strictly monotone in each Ii’ i R

Proof. If f(t) is a constant c on any interval of Ii of positive length,

then Z(¥ - c®) = %, contradicting the hypothesis of the proposition. If
f is not strictly monotone on Ii’ then f has a relative extremum at
some point X, ¢ Ii . The function W(t) - f(xi)d:(t) has a non-nodal zero

at Xi’ contradicting the hypothesis. The lemma is proven.

Lemma 3.7. f(t) has exactly one zero in each Ii’ =g et
Proof. Since f(t) is monotone in each Ii’ = 1,... ktl, thelimits
. = : i
Tim f(E) = £ and Tim ft) = ¢
t-»g_ t—~§+ i
i i
both exist as extended real numbers for i = 1,...,k . We shall show that

k =l
none of the {l? }i—l and {¢ i}i-l is finite. Taken together with Lemma 3. 6,
this implies the statement of the lemma.

Let us assume that either !i— or fj is finite. Since d)(éi) =0, it
follows that qf(gi) = 0 . We are concerned with one of the following four
cases.

; i sl e
(i) exactly one of Ei and Ii is finite,
(ii) l'i" and li- are finite and unequal

(iii) I.." = li- (finite) and f is monotone in a neighborhood of gi

i
(iv) l‘: = E; (finite) and f is monotone in opposite senses for t ¢ Ii and

If either cases (i) or (ii) occur, let ¢ be any real number between




f’; and ¢, while if case (iii) holds, let ¢ = £ = 7 . Then Wt) - co(t)
has a non-nodal zero at gi since q»(gi) = q/(gl,) = 0, and ®(t) changes
sign at gi .

Assume case (iv) obtains. Let c¢ = E? = B; and assume, without
loss of generality, that f(t) < c¢ for t in a neighborhood of z’;i . Now,
¥(t) - c®(t) has at least n sign changes in (0,1), one of which is at
L}i . Thus ¥(t) - c®(t) + ¢®(t) has for ¢ > 0, ¢ sufficiently small, at
least n-1 sign changes bounded away from gi . Since f(t) is strictly
monotone in Ii and Ii+l’ ¥(t) - (c-¢)®(t) has a zero slightly to the left
of gi, a zero slightly to the right of gi, and vanishes at éi .. RS
¥(t) - (c-¢)®(t) has at least n+2 zeros in (0,1) . A contradic:ion. The
lemma is proven.

Since ®(t) and ¥(t) are interchangeable in the above analyesis,
Proposition 3.2, for n > 2, follows from Lemmas 3.6 and 3.7. For the

cases n = 0 and n = 1, the following lemma is also used.

Lemma 3.8. &(t) and ¥(t) have no common zeros in (0,1)

04
Proof. Assume &(§) = ¥(£) = 0. Let f(t) = 1) and g(t) = 2L . Both
pp d(t) ¥(t)
f(t) and g(t) are, by Lemma 3.6, strictly monotone in some neighborhood
to the left and in some neighborhood to the right of & . Furthermore, the

limits as t—+§, from above and below, exist and are infinite by Lemma

3.7. However, both &(t) and ¥(t) change sign at £ and a contradiction

immediately ensues. The lemma is proven.
The proof of Proposition 3.2 is complete. ) 2
¥
Proof of Theorem 3.1. If I is an open interval, then Theorem 3.1 is a

consequence of Propositions 3.1 and 3. 2.

sl Qe




Assume I = [0,1) and gl(O): . Since n2>1, let £ ¢ (0,1) be
such that gl(g) =40 and gl(t)t 0 forall te (0,8§). From Proposition 3

gz(g) # 0 . We must prove that g_(0) # 0 and q&(t) has a zero in
(t) has no zeroin [0,&] . This immediately con-
g,(t)
tradicts the monotonicity of g in (0,&) (seelLemma 3.6). Now,
1

assume gZ(U) = 0, and by interchanging gl(t) and gz(t). if necessary,

(0,&) . Assume 9,

assume gz(t) #0 in (0,£] . Assume also that gl(t) g, (L) >0 for te(0,E) .

Z(t) gz(t)

Therefore lim ) - im o e > 0 einite .
t=£- 9 t=04 91

g, () = cgl(t) has n sign changes in (0,1) and thus for ¢ > 0,

(t) - (cte) g.(t) has n sign changes in (0,1)

sufficiently small, gz 1

bounded away from t = 0, a zeronear t= 0, and a zero at t =
Therefore gz(t) - (c+¢) gl!t) has at least n+t2 zeros in I= [0,1), a
contradiction.

This same analysis applies where I = (0,1] and I=[0,1] . The

theorem is proven.

p:l

£

As previously, let un,w, U} be T-systems

n
on I, and assume {Ui}i—l

,o,b ¢ C(I). Let g,(t) = E(0)(t) and

gz(t) = El(\p)(t). where El(cp) and EI(M are as defined in the introduction.

In this section we prove the following result.

Theorem 4. 1. The zeros of gl(t) ind qz(l) on I strictly interlace unless

in which case [ sgn ql(t)] = {sgn gz(t)] for all




We define hj(t), j=1,2 on I as follows. Set h,(t) = sgn g (t)
for t e int(I), and let hj(t) be continuous at the endpoints, j = 1,2 .

Since {ul, s un} and {ul, e ¢, L} are T-systems on I, gl(t)

and gz(t) are uniquely defined, and since Z(gj)_<_n+l, =12, lhj(t)| =1

a.e. on I, j=1,2, and satisfy the orthogonality relations

'% (4.1) fhj(t)ui(t)dcr(t)=0, {0 oo m j=1,2
3 i 3 I

Lemma 4.1. For h (t) and h,(t) as above, ngs"(hj)gml, i=lLz2 ,

and n < S_(hli h,), unless h(t)+ h,(t)=0 on I

Proof. This is an immediate consequence of Definition 2.1 and Lemma 2. 3.
Replacing hj(t) by —hj(t), if necessary and letting I = [0,1], we

3 may assume the existence of {f;i}}:_l and {ni}?-l’ n <k, m< n+l, where

R e T W
e B T e el
such that
,_ hy(t) = i S R R e
i (4.2)

i :
hz(t)=(-l), ni<t<ni+l, e W SR .
Lemma 4.2. For hl(t) and hz(t) as above, S"(h1 + hz)gmin{k,m}, and
) if k = m, then S-(hl—hz)_<_ k-1=m-1

Proof. The above lemma is known. For completeness, we include a proof.

With no loss of generality, assume k <m. From the definition of 4

hl(t) y

o




- ..

i
- > - < 4 | =
(hy(t) £ h() (1) 20, & <t<g ., 1=0,1,...k.

Thus s'(hl + h,) <k = min{k, m}

Assume k = m and §1_<_ no Since hl(t) -h,(t)=0 on [0,§1) .
e
(él,l)

on (gl,l) . Applying the previous result, the lemma is proven.

(hl - hz) = 8 hl - h. ). However hl(t) has k-1 sign changes

S(O,l) 2

Lemma 4.3. If S_(gl) = S_(gz) = n, then gi =, iyt L SR

Proof. Since S_(nj) = s'(gj), j= 1,2  then s'(hl ~h,} % n-1 by
Lemma 4.2. From Lemma 4.1, it follows that hl(t) = hz(t) for almost all
te [0, L] Thgs gi = Ny i=1,...,n, and the lemma is proven.

The above lemma is a restatement of the well-known fact that if
{ul, s un} is a T-system on (0,1), then there exist n unique points
3 ks S BT e e T uch that

I k=

S
S RS R R
0 s

TR =]

) j

To prove Theorem 4.1, it remains to consider the case where at least
one of S-(hl), s“(hz) is n+l . Note that if s'(hj) = S_(gj) = n+l,
j = 1,2, then we cannot have hl(t) = hz(t) for almost all te I. This is a con-
sequence of the fact that there exists a unique (up to a multiplicative
constant) non-trivial linear combination of {ul, RPN y} which changes

sign at n+l given points in I, and it cannot be both of the form

n
. S
gl(t) = @(t) L a, u,(t), and
je= ]
n
s = \
gz(t) = Y(t) L bi ui(t)
el
=]

i

T




Lemma 4.4. Let hl(t) and hz(t) be as in (4.2). Then for each

i=1,...,k-1, there exists an nj € (gi, gm)

Proof. Assume that this is not the case. Replace hz(t) by -hz(t), if

l necessary, in order that hl(t) - hz(t)E 0 for t e (gi, §i+l) SRl s 5=
B ; i i ¥ = <
then hl(t) hz(t) has no sign change in (0, 5,3), while S(§3v l)(hl hz)_k 3
by Lemma 4.2. Thus S(_O l)(hl—hz) < k-2 <n-l, contradicting Lemma 4.1.
¥

PR

The analogous result holds for i = k-1 . Assume 1<1i<k-1. Then §

hl(t) - h_(t) has no sign change on (gi—l’ £

. 25 o < g
2 ), while S (h1 hz)_l 2,

e o

i+2 ‘
(hy=h,) < (1-2) + k-i-2) + 2 a

i "’ S e =
and S(&th,l)(hl hz)_k i-2 Therefore, S(O,l)

= k-2 <n-l, a contradiction. The lemma is proven.

Proof of Theorem 4.1. If S-(gl) = S—(gz) = n, the result follows from

Lemma 4.3. Assume this is not the case. Then Lemma 4.4 immediately |
implies that the zeros of gl(t) and gz(t) in (0,1) strictly interlace. If J:
I={0,1);, and gl(O) = 0, then S*(gl) = n since gl(t) has at most n+1 ;
zeros on I, and thus S—(gz) = nt+l . The strict interlacing on 1 now
follows. The same reasoning applies if I = (0,1] or I=[0,1], and the

theorem is proven.

A scrutiny of the proof of Theorem 4.1 reveals that the Tchebycheffian

property of {ul’ ey U Yy} has not been used except to establish a
(' |
! bcund on the number of sign changes of El(qo) and El(qJ) . Hence the same |
proof establishes the following. ‘ 5
{
Theorem 4.2. Let {ui}?_1 be a continuous T-system on I, continuous . ;w

on I, andlet ¢ and { be linearly independent continuous functions on I

=14~




such that El(q)) and El(d,) vanish on sets of measure 0 and change sign

at no more than n+l points in 1.

Then either the two sequences of points

of sign change strictly interlace, or sgn El(gp)(t) = sgn El(tp)(t) for all

t e int(I) . l

A i -

. 5, p=

The results for p = « parallel those obtained for p ¢ [1,%) . Moreover,

i N e

the proofs, in this case, involve no more than a careful zero counting

procedure (cf. [3, Chap. 2] ). Accordingly, we state the results without

proof. Note that in this case we assume, in order that the best approxima-
tion be unique, that I is closed. Let gl(t) and ga(t) denote the error
function in best Lm (Tchebycheff) approximation to ¢(t) and u(t),
i respectively, from [u,l(t)li;1 on I. We assume that -(ul e and

l k.
{ul, s U, 0, U} are both T-systems on I. Then,

Theorem 5.1. The zeros of gl(t) and gz(t) in I strictly interlace.

R

o
From the characterization of best L -approximation, it is known

that
‘ gl(t) alternates at k points, k = n+l or n+2, between ”gl ”ﬁ and
‘ -“gl ”OO, and this same property obtains for gz(t) o Tha fact that
- {ul’ ¢ sy s O y} is a T-system on I immediately implies that g (t) and

]
gz(t) cannot both exhibit n+42 points of alternation on I . Furthermore,

the following result is also obtainable by zero counting.

TR e ——

Theorem 5.2. The points of alternation of gl(t) and ga(t)__g_rl I weakly il

interlace.

Remark 5.1. If {ul, sy U, ¢, y} is an Extended Tchebycheff system of

wiBw
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order 2, in which case the zero counting is modified (see Karlin and Studden
[3, Chap. 1]), we have strict interlacing in Theorem 5.2 in the interior of
15e

Properties of the error function of the type exhibited in this section
were established under more restrictive conditions by Rowland [ 6],

Shohat [ 7], and Paszkowski [ 5] .
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