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ABS TRACT

Let {u~ }~~ 1, q’, ~ be funct ions  in 0 ( T ) ,  where I is a f in i te

interval .  Let do- be a f ini te , non-a tomic , positive measure  on I . For

p € [1,~~}, let E ( 4 )  and E ( . ~) denote the error func t ions  in the best

L~~-approximat ion to q and ~~ , respect ively,  from [u1,. .. , u ]  . For

p < ~~~, the L~~-approximation is t a k e n  with respect  to do-

Theorem. Assume {u1, . . . , u }  and {u 1, . . . , u , L’, are Tchehycheff

sys tems  on I . Then tar 1 <. p < ~~~, th e  zeros of E (H and E (~~) in
p — p —

I s t r ict ly interlace.  For p 1, e i ther  the zero s s t r ic t ly  in te r lace  or

has  exact ly  n sign c h a n g ’ s  an ( sqn E 1(ç ’)( t )  = sgn E 1(~~)( t )  for all

€ m t  (I)  . For p c , the s t r i c t  i n t e r l a c i n g  is present when I is a

closed Interva l .

Appl ica t ions  to que~ t i n n s  f i n t e r l ac ing  of zeros in p c l y n :n iu l

d i s r r ~r t i on  problems are giver .
UTlI Whit , siøl..
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- INTERLACING PRO PERTIES OF THE ZI~ROS OF THE ERROR FUNC TION
IN BEST L~ -APPROXIMATIO N, 1 < p <~~ ‘

Allan Pinkus and Zvi Ziegler

C 1. Introduction

Let {u~)~~1, q’, ~ be functions in C(r) ,  where I is a finite interval.

We shall  henceforth assume that I = 10 , 11. Let do- be a finite, non-atomic ,

positive measure on I. For p € [1 , 0 0] ,  let E ( c ~) and E ( ~i) denote the

error functions in the best Lu-approximation to q’ and 4~, respectively, from

[u 1, .. . , U ]  . For p < 30 , the L~ -approximation is taken with respect to

do~

The main result of this paper , whose proof wi ll be carried out separately

for 1 < p < ~o , p = 1, and p = ~ in Sections 3-5 , iS:

Theorem 1. 1. Assume {u1, . . . , u }  and {u1, . . . , u~ , q,, are Tch ebycheff

(T) systems on 
~~, 

n�l .  Then, for l < p < 0 0 , the zeros of E (~ ) and E ( ~ )

in I strictly interlace. For p = 1, ei ther the zeros strictly interlace, or

E 1(q ~) h a s exactly n sig n cha nges and sgn E1(p ) ( t )  = sgn E 1(y )( t )  for all

t € int(I)  . For p = ~~~, strict interlacing Is present when I is a closed

inte rval.

For the case p = 1, the interlacing hold s under somewhat less re-

strictive conditions on q a nd ~i (see Theorem 4. 2). On the other hand ,

fo r p ~~~, interlacing properties for the points of al ternation are also

available (see Theorem 5. 2).

Sponsored by the United States Army under Contract No. D AG29 7 5 0 0 0 2 4 .
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Assume {u 1,.  . . , u~ } is a T-system on I , for k = n , n+ 1, n+2

Let q , k = n , n-F l be the error function in the best L~ -app roximat ion
k ,p  n+1 ,.

of Uk+l from [u 1, . . u~~] . ~~ ~~~~ = u +2 o~. p u ., the n

q = E (u - u ) where E is as prev iously defined . We
n+l ,p  p n+2 n-1-1, p n+l p

obseive next that  ~ = u~~ 1 and ~ = u~~ 2 
- a~~ 1 U ri+l 

sat isfy the

condj tj oflS of Theorem 1. 1 and that  ~~ has exactly k

sig n changes in m t  I , k = n , n+l . Hence , we now have

Theorem 1. 2. The n zeros of q and the n+l zeros of q__________ — n ,p  n+I ,p

strictly interlace in I for 1 < p < ~~~. If I = I , the interlacing holds for

p = as well .

When {u ~}~~~
2 are the rnonomia ls {x~~~}~~~~ , the interlacing

properties f o r  p = 2 are a well known con seque nce of the fact the 2

are the  orthogonal polynomials on I with respect to the measure do- . For

p = 1 and d o ( t )  = dt , the Lebesgue measure , c~ is the k~~ Tchebycheff

polynomial of the second ki nd , and the interlacing follows from the ex-

pli cit expression for ~~ 1 For p 
~~~, 

q~ is the k— Tchebycheff

polynomia l of the f i rs t  ki nd and the interlacing is known. Somewhat more

genera l results for p ~~. where u .(t)  t ’ 1 , I = I n , have been

discussed in the literature (see Paszkowski [5 ]  , Rowland [6 ]  , and

Shohat [ 7 ]  ). For p ~ 1, 2 , ~ ‘, the results are new even for the monomia l

cas e. For p 2 , a known resu l t  on the in te r lac ing  of roots of quasi-

ort hogonal  polynomials (see [9 , p. 5-10]) is subsumed by Theorem 1. 1.

Some recent app l icat ions  of the pr esent re sults serve to establish

th c in ter laci ng of the zero s in (0 , 1) of P and P , where Pn ,p  n+ 1, p n ,p

-2-
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is the unique solution of

min f J~P I ~~: P T , iI P Il~~= i}

normalized so that  P (0)  = 1 ari d T is the set of all t r igonome tr icn , p  n
$ 

polynomials of degree < n (see [8]  ) .  An essent ia l ly  s imi l a r  pr aper .’

is available for the case where T is replaced by ir , the set of a lgebraic

polynomials of degree < n (see [ l J  ) .

2. Preliminaries

Let I and do- be as previously indicated.  In th is  section w~ rec aU

some basic facts concerning continuou s T-systems on I . These facts .

with perhaps minor modifications , may all be found in Kar l in and S t u dJ e r C  [ 3 ] ,

and Gantmacher and Kre in 2]

Defi ni t ion 2. 1. The system { u }~ 1 of c o n t i n u o us  f u n c t i o n s  on an inter

I is called a T-system if every non-tr i v ia l  l inea r  combina t ion  of u } ’~

has at most  n - I zeros in I

C ’ The following concepts will  pru~~. relc ’ m n t

Definition 2 . 2 .  ~~~~~~ f C c l  ( , we ca l l  i n t ( I (  ~~~~~~~~~~ ‘ i

of f provided t h a t  f v a n i s h~~~H u t _does n ot cha nq e n a t  t~ . All

oth er zeros are callcd no~~c l .

Defi n i t ion  2. 3. For I 0(1) . ict  t ( t )  denote t h i n~~n c H e r of zeros of

f in I . w it h  the  convent ion t h a t  n at—nodal  zeros are c oun t e  twice

Defini t ion 2. 4. We say th a t  i fun t j ~ n f dc~i ned on I [ C~~ h i h a s  k si~~n cl i a n a c s

I



on I if I is decomposable into k + 1 intervals I = [x . 
~
, x .}, i = l , . , k . l

x0 = a <x 1 < . . .  <X

k÷ l  
b, such that E (- 1) ’ 1(t) >0  for t € I ., I = I , . . . , k #I ,

i- I or -l fixed, and f does not vanish identically on I~ . We denote

the number of sign changes of f on I by S (f)  .

4 Lemma 2 .1 .  {uj ~~~1 i s a  T-system on I Jj~ Z ( u ) <  n-i for any

u(t )  = a . u .( t ) ,  ~ a~ > ü
i= 1 i= l

Lemma 2 . 2 .  Let {u.}~~ 1 be a T-sys tem on I . For any k prescribed

H 
-

disti nct points in int(I ) , k K n—i , the re exists a u ( t )  = ~ a . u . ( t )  with

nodal zeros at these points ,  and which vanishes nowhere else in int(I )  -

With the aid of the above lemma , it is a simple matter  to prove the

followi ng resu l t .

Lemma 2 3 .  Let [u .}~~ 1 be a T-syste m on I , u 1 ~ 0( I ) ,  1 1. . . . , n

If v ( t )  is a bounded funct ion on 1, with at most a f in i te  num ber  of dis-

continuit ies and

f v( t )  u . ( t )  d o - ( t )  = 0 , i = 1 n

then S ( v ) > n

3. l < p~~~~

Let {u 1 , . . . ,  u } and {u 1 U , o , ~~ be T-sys tems  on I , and

a s s u m e  {u .}.’~ 
~
, c .  4i CU ) . For f ixe d p (1 . -‘1, let g1( t )  =

a nd g 2 ( t )  = E ( ~~) ( t ) ,  where F (e) . E (4 i) are as def ined  in the intr oduc—

t io n.
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Theorem 3.1. The zeros of g

1
(t) and g

2(t) 
in I strictly interlace.

The proof of Theorem 3.1 is divided into a series of lemma s and

propo sitions. In the first part of this section , we prove the following

result .

Proposition 3.1. For g1(t) and g2 (t)  as above,

n < S (ag
1 + ~

g
2) 
< Z(ag

1 + ~
g
2) 
< n+l

for all a , ~ real , a2 
+ P

2 > ~
Since {u1, - . . , u , ~~, ~~

} is a T-system on I, we im mediately obtain

from Lemma 2.1,

Lemma 3.1 . For g
1
(t) and g

2
(t) as above,

Z(ag
1 + ~

g2)< n+I

for all a, ~3 real , a2 
+ p2 > o

Set

h1(t) = [sgn g1(t)] g1
(t) p-i

(3. 1) h2(t) = f sgn g
2(t)} 

/g 2(t) I

From the orthogonality relations characterizing the unique best

Lw-approximation on I from {u.}.~~1, it follows that
i i —

(3 . 2 )  ~I h~ (t)  u ( t ) d o - ( t )  = 0 , i = 1, .  . . , n ; 1. 2

A di rect application of Lemma 2 . 3  and (3 . 2 )  y ields:

L
— 5 —
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2 2Lemma 3 .2 .  For all a , ~3 real , a + j3 > 0 ,

S (ah 1 + t3h 2
) ~

Remark 3 .1. For p = 2 , Pro positIon 3.1 is an i m m e d i a t e  r es u l t  of Lemm a s

3. 1 and 3. 2 since In this case h (t) = g . ( t ~ , I = 1, 2

From (3. 1) , h ( t )  and q , ( t )  obviously have the same zero properties ,

with respect to both S and Z - Thus , from Lemma 3 . 2 .

Lemma 3.3. For g
1
(t) and g

2
(t) as above,

n < S ( g . ) ,  i = 1. 2 .

Therefore , in the proof of Proposition 3 . 1  we shal l  a ssume , without

loss of gen era l i t ’ , , that o 1. ~3 � 0

Lemma 3 .4. For h .(t) and g.(t) as above, i =  1,2, and t 0 I ,

g
1
(t0) + ~

g
2(t0) 0 1ff h

1(t0) +[sgn ~~~~ h 2
(t

0
) = 0 .

Proof. We disregard the case where h .(t
0
) or g.(t

0
) is zero for some

i , since any one of the four terms being zero implies , s ince ~ ~ 0 . that

all the remai ning terms are zero , and the lemma is proven.

Assu me g 1(t 0 ) + ~g 2 (t 0
) = 0 . Thus ,

- 
HIIg 2(t)~ , and sgn g

1
(t

0 )] -I sgn p } [ sgn g
2

(t
0 )] .

Th re Inr e ,

h
1

(t
0) 

[sgn g 1(t 0 )] ~~~~~ 
j p -l

= -[ sqn 
~~

] [ sgn g 2 (t 0 )] ~ i~~_ l 
I g (t ) J ~~~

1

= -[ sgn 
~ ] 

1p-I h 
2(t0)

L i — .—~~~~~
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The above analysis is totally reversible and the lemma is proven.

Lemma 3. 5. g
1(t) + ~g2(t) has a non-nodal zero at t o in t ( I )  1f f

h1(t) + [sgn P1 I ~ 
p 1  

h 2
(t )  h as  a non-nodal  zero at  t0

Proof. Assume , without los s of generali ty ,  that  g1(t)  + ~g ) ( t )  > 0 for

t in some small  neighborhood of t~~. with equal i ty  holding for t =

Case 1. g
1

(t 0 ) � 0

Since g1(t 0 ) ~ 0 , we have q 7 (t
0 ) � 0 . Let N denote  a nei~ hba rh on~ of

t o in which g1(t) ,  g 2 ( t )  are never zero , a nd g 1(t)  + ~g 2 (t) > 0

Si nce equality holds for t t o , we have

( 3 . 3 )  [sgn g
1
(t)} — [ sgn pJ [ sgn g

2 ( t ) ]  for t ~ N -

If g
1
(t
0
) > 0 , then , for t N

( 3 . 4 )  g
1

(t )  g1(t) I > PI I9 2(tfl

Raising both sides to the p-i st power , and mul t ip ly ing  b y th~.

expressions in (3.  3) , which are posit ive in th is  case , we obta in the des ires

res ult.

If g
1(t0) 

< 0, then (3.4) is reversed , but the expressions in (3 . 3)

are negative. The result once again follows.

Case 2. g
1(t0) = 0 -

Thus g
2
(t0) = h

2
(t 0

) = h
1

(t 0
) = 0 - Since g . ( t )  and h . ( t )  ex h i b i t

the  same z ero s t ruc ture , i t  fol lows from Lemmas 3.1 and 3 . 3 that g (t) a c t

h.(t) necessarily change sign at t
0 f or i 1 , 2 .

-.7—
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Let N be a sufficiently small neighborhood of t o such tha t  the

only zero at g . ( t ) ,  h . ( t ) ,  i 1, 2 , and g
1

( t)  + q
2
(t) in N is at t

0 
-

Assume g
1
(t) 0 for t> t

0
, t ( N . Since g 1

(t)  < ~g2
(t) for

t K t0 , t N . we have [ syn P1 = [ sgn g 2 ( t ) ]  for t < t
0
, t N -

Since both g1
( t )  and  g 2 (t)  change  sign at  t0 , Jg 1(t ) I~~’ > ~~p 1  (t ) I~~

1

for t > t 0. t N , and d1(t ) I~~
1 < p I ~~

1 jg ( t ) I~~
1 for t < t

0 , t e N

The resul t  now follows tr am the d e f i n i t i o n s  of h 1( t )  and h 2
(t )  . The case

g1
(t )  K 0 for t > t

0 . t N , is total ly analogous.

Since the ana lys i s  of Cases 1 and 2 is reversible , the lemma is

proven.

Proof of Proposition 3 . 1 .  Apply Lemmas  3 .1-3 . 5 .

The next proposition is a modi f ica t ion  of a resu l t  of Gan t m a c hor

and Kz-ein [ 2 ] ,  (see also Lee and P inkus  [ 4 J

Proposit ion 3. 2. Il 4’, ‘I’ It C(0 , 1), and n < S (a4 ’ + 1~~~’) < Z( a4 ’ + p4’) < n+l

2 2for all real a, ~3, a + ~3 > 0 , then the  z eros of 4’ and 4’ in (0 . 1)

strictly interi~ ce.

The proof of Proposition 3 . 2 is also divided into a series of lemmas.

Note the important fact that the above inequalit ies imply that

a4 ’(t )  + p4 ’(t) has no non-nodal zeros in (0,1)

Let 
~~

, 

~~ 
= 0 < < 

~k < 
~~ +l 

1, 1: = n or n+ l )

denote the zeros (sign changes )  of 4 ’( t )  in (0 . 1)  . Let I . = 
~~~~, )

= I P~~1, and f(t) = ( l ) ( t (

-8-
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Lemma 3 . 6 .  f ( t )  is s t r i c t l y monotone in ej c :i I  I .. 1 = 1 , . . . , k+ l -

Proof. If f ( t )  is a constant  c on any  interval of I. of positive length ,

then  Z(4’ - c~ ) = ~c, cont radic t ing  the  hypo thes i s  of the proposi t ion . If

f is not s t r ic t ly  monotone on 1., then f has  a relative extremum at

some point x , c I . - The funct ion  ‘I ’(t) - f (x , ) 4 ’( t )  has  a non-noda l zero

at x . ,  contradict ing the hypothes is .  The lemma is proven.

Lemma 3 . 7 .  1(t) has exactly one zero in each I , ,  i = 2 , . . ..  k -

Proof. Since f ( t )  is monotone in each I , ,  i = 1 k+ 1, the l imi t s

lim 1(t) 1~ and u r n  f ( t )  =

t-..-~~
_

both exist as extended real numbers  for i = 1 k . We shall show that

none of the (f ~~ ~~~~~ 
and ~ ~~}~~= 1 is f in i te . Taken together  with  Lemma 3 . 6 .

t h i s  impl ies  the s tatement of the lemma .

Let us a s sume  tha t  either £ , or is f in i te .  Since 4’(IE . )  = 0 , it

follows that  ‘F(~~.) = 0 . We are concerned with  one of the following four

cases.

+(i) exactly one of 
~ 

and f is finite ,

( i i)  and ~ a re finite and unequa l

(iii) = I (finite) and I is monotone in a neighborhood of 
~~~

, -

(iv) I = I (f ini te)  and f is monotone in opposite senses for t I . and

t It I . -1±1

If either cases (1) or (ii) occur , l et c be any  real number  be tween

- a —
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I and I .,  while  if case ( i i i )  holds , let c = I = Then 4’(t~ - c4 ’( t)

C has  a non—noda l  zero a t  since 4’(~~.)  z 4’(~~. )  0 , and l ’( t )  c h ar a jo .~

sign at

A s s u m e  case (iv ) ob t a in s .  Let c = I = I a i l  dSscane , w i t h o u t

loss of generality, that fit ) < c for t in a neighborhood of ~ . Now ,
1

$ 1 - ~~~~~~ has at least n sl it ch dna s in (0 , 1), one of which is at

Thus ~(t) 
- c4’(t) + ~ 4 ’ ( t )  has  for ~ > 0 , s u f f i c i e n ~~y s n a i l , at

least n—l sign changes  noun ded away from 
~~~

. . Since  f ( t )  is s t r ic t ly

monotone in I, and 
~~~ 

‘Nt) — (c—€ )4’(t) has a zero slightl y to ~he lH

- f 
~~~

., a zero s l igh t ly  to the r i g h t  of 
~~~

. ,  and v a n i s h e s  at  3 . . Thus

‘I ’(t) — ( c — I t  )4 ’(t)  h a s  at leas t  n+2 z ero s in (0 . 1) . A contradic ion . The

lemma is proven .

Since ~~(t) and ~~(t) are in terchangeable  in the above sn~~ly~ is .

Pro pos i t ion  3. 2 , for n > 2 .,  Iu l l a . s s from Lemmas  3. b and 3 . 7 .  For the

ca ses n = 0 and n = 1, the fol lowing lemma ~s also used .

Lemma 1 . 8. F ( t )  and 4’(t) have no common zeros in (0,1) -

Proof. Assume 4’(~~) = 4 ( 3 )  = 0 - Let f(t) = and g( t ) = . Both

f(t) and g(t) are, by Lemma 3. 6 , strictly r lonotone in some neighborhood

to t h e  lef t and in som e neighborhood to the r iqht  of ~ - Fur thermo re, the

l im i t s  a s t ~~~, from a bove and below , exist and arc ’ infinite by Lemma

3. 7. Hewever, Ho . l’it) and 4’(t) change sign at ~ and a c o n t r a d i c t i o n

immediately f t .  uns  - The lemma is pr C o r n

The proof of Pra ~ o s i t  i on 3 . 2  is complete . 
~
. 4

Proof of The orem . .L If I is an open i n t e r v a l , I c o n  Theor em ~~. 1 is a

consequence of Proposition ; 3.1 and 3 .2.

- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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A n s u n . e I = [0 ,11 J I l t g 1 ( O )  = () . .~ t I l ( O n > l , let ~ (0 , 1)

such t h a t  g 1i~~) = 0 and g 1
( t )  t 0 ~r a l l  ( M , f~( . fl urr. i r ; . c t i o r. 3 . 2 . ,

g ) i~~) 
~ 0 . \V mus t  prove t h a t  g ) ( O )  0 a j J  g ( t )  h a s  .~ z r o in

(0 , ~) . Assume  g 2 ( t )  h i s n~ ~~~ in f o . H - i : i s  t n  o’:iately con-
g

2
( t )

t r ad ic t s  t : i e  m o n o t o n i c i t y  of 
g ( t )  

in (‘1 . ~ ) (se  . La u t m a  3. i ) . .0 W .

a s sumc (J ) ( O )  = 0 . and ny in t e r c t ~~n g ing  g 1
( t )  c i t e  g 2 I. if feces  r~a : .

a s s u m e  g 2
( t )  ~ 0 in (0 , H . Assume  a l s o  t h a t  g1

( t )  g~~( t )  > 0 for  t ( (~~, f )  -

g~~( t )  g
2

( t )
Th em e ~rc l im .c a n d  u r n  , c > 0 , c f a te

~~~~~~~~~
_ 

g 1
( t )  . 

~~~~~~~ 

g~ ( t )  —

— cg
1
(t) has n sign charges n (0 , 1) ari a t h u s  f o r  C > 0 ,

sufficiently smell , g)(t) — (c+ ) g1
( t )  has  n s ign c h a n g e s  ii (0 , 1)

; . e f l n ~~d ,iwav from t = 0 , a zero or t = 0, a nd a zero a t = 0

T h e r e f o r e  g 2. ( t )  — (c + I ci
i

( t l  has at least n-!-2 zeros in I = [0.1), a

n r r . i d i c t c o r c .

Th is  same an a l y s i s  a pp l ies  w h e r e  I (0 , 1] ar t d I f 0 , 1] - The

theorem is c r :  en.

~~. L 1

As p r e v i ou s l y ,  let (u 1, u }  and [u 1 u , ‘2 . ~~ be T — s v s c .crc n

(~~ fl I , and  a s s u m e  (u .}~~~1 , c , ~~ ‘ 0(I ) - Let g
1
(tl = E1

( a h t )  and

g ,(t) = E 1
(d 1( t ) .  wto ’ r I E

1
(~~) and F.

1 
(1.) ar e  as dot  m e d  in P e i n t r o d u c t i o n .

In this S~~ C l  iOfl we prove t n  f a t  lowing r e s u l t .

Theorem 4 . 1 .  Th e  zero s of g ( t )  a nd a i t )  on I strictl y_intecloco til t . .

1 -
~~~~~~ 2 — _____

S ( g
1

) = S(g
2

1 n , in  W h o l o i . o [ sgn g 1
( t ) 1  = I ~~ n g 2 ( t ) 1  f r2iJ

t i n t ( I )

-11-
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We def ine  h ( t ) , j = 1 , 2 on I as fol lows . Set h . ( t )  = sgn g . ( t )

for t It i n t ( I ) , and let h . ( t )  be con t inuou s a t  the ( n d f ) ) t n t S , j = 1 , 2 -

• Since {u u
n

} and {u 1 
u ,~~’, i4j } are T - s y s tem s  en I , g

1
(t )

and g 2
( t )  are uniquely  defined , and since Z ( g , ) K n+1, j = 1, 2 , h .(t ) I =

a. e. on I , j = 1. 2 , and sa t i s fy  the  o r thogonal i ty  re la t ions

(4 .  1) h . ( t )  u .( t )  do- ( t )  0 , 1 = I n; j = 1, 2
I i

- 

Lemma 4. 1. For h 1
t )  and h 2

(t )  as  a bove, n < S ( h .) < n+ l , j = 1 , 2

and n < S ( h
1 ±. h 2 ) .  un l e s s  h 1( t )  -

~~ h ( t )  0 on I

Proof. This  is an i m m e d i a t e  consequence of Def ini t ion 2 . 1  and Lemma 2 . 3.

Replacing h . ( t )  by -h .( t ) ,  if necessary and le t t ing  I = [0 , 1] . we

may a s s u m e  the  existence of {~~ }k and 
~~~~~~~ I ’ n < k , m < n+l , where

~o O < ~~~~< . . .  <
~~k <

~~k+l~~~~

f o
_ O < fl~~< . . .  < 1m < fl m+l I

such tha t

h 1
( t )  = (- 1) ’, 

~~~

. < t  < 
~ i+ l’ i = 0 , 1 k

(4. 2) h 2
( t )  = (- 1) ’, 

~~~
, < t  < 

~~~~~~~~~~~ 
i = 0 , 1 m

Lemma 4 . 2 .  For h 1(t)  and h 2 ( t )  as a bove, S ( h 1 ±. h
2

) < min{k , m} ,

ii k m , then S ( h 1 
- h 2

)<  k - i  = r n - i

Proof. The above lemma is known.  For completeness , we include a proof .

With rio loss of generality, assume k < m. From the de f in i t ion  of

h 1
( t )

4 -12-
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-

(h
1

( t ) ±  h 2 ( t ) )  (- l ) ’ > O , 
~~~

. < t °  
~~~~~~~~ 

i = 0 , 1 .

C 

Thus S ( h 1 ± h , ) < L = min {k, m}

Assume k = m and 
~l < 

~ 
- Since h 1

( t )  - h 2. ( t i  E 0 on

S(0 1) (h
1 

— h
2

) = S~~ 1~
(h~ — h

2
) - }Iov ~’ovrc r h 1( t )  ha s r..—1 s ign  c i i l n ; : s

• I on (~~~~~
, 1) . Applying the previous resu l t , the  lemma is proven.

Lemma 4 . 3 . If S ( g 1) S (g 2
) = n , then 

~~~~

. = rp , i = 1 n

Proof. Since S ( n . )  = S ( g . ) ,  j = 1, 2 . then S ( h 1 
— h 2

) < n — I P y

Lemma 1. 2. From Lemma 4. 1, it follow s tha t  h 1( t )  h ) ( t )  for a lmost  all

t I t  [o , i J .  Thu s ç ,  = r i , ,  i = 1, . . . , n , and the lemma is proven.

The above lemma is a res ta tement  of thd wel l -known fact  t h a t  if

• {u 1, . . u }  is a T — s y s t e m  on (0 , 1) ,  t h or  th ere  exis t  n u n l o a c c o i n t s

j~~ = i ’  ~~ 
= 0 K 

~ l < ‘ ‘  <~~ n <
~~n+1 = 1 , su c h  tha t

n . ~j + l
\ (~ J) J f u .( t )  d o - ( t )  = 0 , i = 1 n

j = o  I

To prove Theorem 4. 1, it rema ins to consider the case where a t  lees ’

one of S ( h 1 ), S ( h 2 ) is n+l . Note that if S ( h . ) S ( g . )  n+l

j 1, 2 , the n we cann ot have h 1(t) h 2 (t )  fo r almost all t I .  This is a con-

seque nce of the fact that  there exists a un i que  (up to a m u l t i p l i c a t i v e

cons tan t )  non- t r iv ia l  l inear combination of {u 1, . . . , u n . p . 4~} which changes

sig n at n+l g iven points  in I , a nd it cannot be both of the form

fl

g~(t )  = q~( t )  - ~ a . u , ( t ) ,  and
i = i

g 2 ( t )  ~ ( t )  - 

i = l  
b . u . ( t )  .

.. -- • • ~~~~~~~~~~~ ~~~~ . 
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Lemma 4. 4. Let h1(t)  a nd h 2 (t ) be as in (4. 2 ) .  Then for each

I = 1 k —i , there exists an r It ( a . ,

Proof. Assume that this is not the case. Replace h
2 (t )  by -h 2 (t~ if

• necessary, in order that  h 1(t)  - h 2 (t)  0 for t ~ (~~~
., 

~~~~~~~~ 
. If I = 1 ,

• then h 1(t )  - h 2 (t) h as no sign change in (0 , ~3 )~ wh ile S~~ 1>
(h 1

_h
2 )~~ k-3

by Lemma 4 . 2 .  Thus S(0 1) (h 1 h 2 ) < k -2 < n-i , contradicting Lemma 4 .1.

The analogous resul t  holds for i = k-i - Assume 1 K I <k - i  . Then

h1( t )  - h 2 (t)  has no sign change on 
~~j 1 ’  ~i+2~’ while S(0 ~~~~) (h 1 h 2 ) ~ 1-2

and S~~ 1) (h 1
_ h

2 ) < k -i -Z . Therefore , S
(0 1)

(h 1 h 2 ) .~~~ (i-2) + (k -i-2) + 2

= k -Z < n-i , a cont radiction. The lemma is proven .

Proof of Theorem 4.1. If S (g
1

) S ( g
2
) = n , the result follows from

Lemma 1.3 . Ass ume this is not the case. Then Lemma 4 . 4  immediately

implies that the zeros of g
1
(t) and g

2
(t) in (0, i) strictly interlace. If

I = [ 0 . 1) ,  and g 1(0)  = 0 , then S ( g 1) = n since g1(t )  h as at most n + l

zeros on I , and thus S ( g 2 ) n+l . The strict interlacing on I now

follows . The same reasoning applies if I (0 , 1] or I = [0 , 1] , a nd the

theorem is proven.

A scrutiny of the proof of Theorem 4. 1 reveals that the Tchebycheffiar i

prope rty of {u
1,  

- . - , U ,~~~~~, ~~
} has not been used except to establish a

bound on the number of sign changes of E1(4 )  and E1( Lji ) . Hence the same

proof esta blishes the following .
I

Theorem 4 . 2 .  Let {u .}~~~1 be a continuou s T-system on I , continuou s

on 1, and let q’ a nd 4i be l inearly independent cont inuous funct ions on I

-14-
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such that E1( ç )  and E1(b )  v an i s h  on sets of measure 0 ~ifd chOI ge si~~

at no more than n+l points in I . Then e i ther  t h u  two sequences  ~ P~~ It±3.

of sign chang e strictly interlace, or sgn E
1

(o)( t ) = sgn E
1
(i~i)(t) for all

t ~ in t ( I )

5 . p =  J~

The resul ts  for p = ‘ parallel those obta ined  for p [1 , -‘1 . Mor on or ,

the proofs , in th i s  case , involve no more than a careful zero counting

• procedure (cf. [3 , Chap. 2] ) - Accordingly,  we state the resul t s  wi thou t

proof. Note that  in this case we a s s u me , in order that  the best approxima-

tion be unique , that I is closed. Let g
1
(t) and g

2
(t) denote the err or

function in best L (Tchebychetf) ~t p p r o x ;r n a t  t i n  Lu ci LI a n t  ~.d U,

respect ively,  from [ u . ( t ) ] ~~~1 on 1. ~~~ a s s u m e t h a t  {u . an

• {u 1, . .  . . u . p , 4 i } are both T-systems on I. ‘hen .

Theorem 5. 1. The zeros of g 1( t )  an d g 2 ( t )  in I s t r i c t ly  i n t o r L  ce~
-ç

From the charac te r iza t ion  of best L - app rox ima t ion , it is h a L  v - i .

g
1
(t ) al ternates at k po in ts. k n+I or i;+ 2, between j~g1 

dna

- !g 1 
jj
~~ and this  same property e h t a i n ~ for g

2 (t) . The fact that

{u 1. . . . , u , 
~~, ~~ is a T—system on I immediately implies that g

1
(t) and

g
2

(t)  ca nnot both exhibi t  n+2 points  of a l te rna t ion  on I . ihirtherniore ,

• t h e  fo l lowing  resul t  is also obtaina ble by zero count ing .

Theorem 5. 2. The points  of a l t e rna t ion  of g
1

( t )  and g
2

( t )  on I weak ly  k

interlace.

Remark 5. 1. If {u 1 , . . . , u , ’ , ~4i } is an Ext ended Tchebychcff  system of

- Ic-

~~~~~ • •~~~~~ •~~~~~~~~~~~~~~~~
-
~~~~~~ • ~~~~~~~~~~~~~~~~~ 

•



F - 
Cr r y~~-’~~W - --—C-

order 2 , in which case the zero counting is modified (see Kar lin and Studden

[3 , Chap. 1] 1, we have strict interlacing in Theorem 5 .2  in the Interior of

I .

t Properties of the error funct ion of the type exhibited in this  section

were esta bl ished under more res t r ic t ive  condition s by Rowland f 6]

Shohat [ 7 ]  , a nd Paszkowskj  [ 5 ]

-•
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