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Section 1. - MODELLING

1.0 Introduction

This section describes the results of the first part of the NAVSTAR/
GPS Navigatipn Analysis and Algorithm Development Study. The purpose
of this first spetion is to define the models for use throughout the entirety
of the study. "FThe ultimate objective of the study is to determine a set of
algorithms which can be used in a NAVSTAR /GPS user navigation system.
The criteria for the acceptability of the algorithm will be the accuracy of
the position and velocity determination. Since there is no way of getting
real data for algorithm verification at this time, it is imperative to estab-
lish system and error models. The results of analysis of proposed algo-
rithms is then relative to the models used.

An additional objective of the entire study is that it will be a design
aid. Thus it is intended that through analysis of different receiver config-
urations, an analytic basis for certain design decisions can be established.
The final computer program for analysis will not be an interactive '};om-
puter aided delign‘ytool; however, it will provide for inclusion or exclusion
of certain receiver options and variability of certain parameters in order
to make the analysis useful for making design decisions.

The modelling effort for this task is divided into two\parts, Sys-
tem Model and Error Model., The System Model contains the satellite
model, user model, control system model, and data stream model. In
addition, scenarios are defired for evaluation of the proposed numerical
algorithms., The Error Model defines the contributors to the navigation
error, This includes errors in the system components, such as receiv-
er and transmitter errors, and error sources exogenous to the System
Model, such as atmospheric effects. The distinction between System

Model and Error Model is somewhat arbitrary in some instances. How-



ever, since the models are not intended to be used separately, this will
not cause any difficulty. The emphasis in this report is the form of the
models. Specific parameter values may be changed in the course of the
study; however, the form of the models should remain constant.

The parts of this report dealing with the system model have been
taken from various references (1, 3, 4, 6, 9, 15) and the applicable parts
selected for inclusion. A critical look has been taken at each model, but
no new models are presented. The error models are taken from various
references (7, 10, 11, 12, 14) also along with standard linear'models for
certain error types. Each error source was examined and the appropriate

model chosen according to accepted modelling procedures.

1.1 System Model

The System Model must be defined as completely as possible at
the outset of the study since the model serves as a set of ground rules.
The only major component of the system which will not be modelled is
the computational unit. This will have an effect on the algorithms; how-
ever, this effect is clearly beyond the scope of this study. The only config-
uration unknowns in the subsystems which are modelled are in the area of
the receiver model. Modelling of various types of user receivers will
aid in the development of the design specifications for the receiver., The
System Model is divided below into several segments solely for the pur-

pose of exposition.

1.1.1 Ephemeris Model

0 ‘xe ephemeris model is concerned with the satellite constella-
tion, the mathematical model for satellite motion, and the information
about the satellites which the control system segment supplies to the

user,




1.1.1.1 Satellite Constellation

The Phase III satellite constellation consists of twenty-four satel-
lites. The constellation will have three planes of satellites in approxi-
mately circular twelve-hour orbits, The orbit planes are inclined at ap-
proximately 63° and spaced so that the ascending nodes of the orbit planes
are 120° apart. Each orbit plane has eight satellites equally spaced in
the orbit. It is intended that between 6 and 11 satellites will be visible
from any point on the Earth at all times. On the average there will be
eight or nine satellites in view. A complete definition of the Phase III

satellite constellation can be found in reference 1.

1.1.1.2 Satellite Motion

The satellite motion generation for the System Model will use a
simple two-body orbit for each satellite. The positions of each satellite
with respect to the Earth could then be computed as a function of time
from the six orbital elements (2). The model used by the system for pre-
diction of satellite position uses fourteen elements to achieve the desired
navigational accuracy (3). Linear perturbations to this fourteen element
model can be expressed by the orbital element model. Therefore to
conserve computation in the error analysis, this simpler model can be used.

The nominal GPS orbit configuration calls for circular orbits. For
analysis purposes, this simplifies the satellite position and velocity
calculations since only four parameters must be specified; the radius
of the orbit, orbit inclination, longitude of ascending node, and time
of passage of the ascending node. In fact, all of the satellite locations
and velocities can be computed by orthogonal transformations of a

single satellite position and velocity

& TR i=2, 93, ..., 24




where Xi is the state vector for the ith satellite and Ti is an orthogonal

(length preserving) transformation.

1.1.1.3 Data Link Information

The control system segment of GPS as a part of ifs function sup-
plies orbit information to the user. There are two types of orbit data
provided. One type is the very accurate set of fourteen parameters which
are updated every day, the other type is the Almanac data.

The very precise data consists of fourteen parameters which are
to be used in conjunction with the nominal orbit parameters. The satel-
lite is updated once a day with twenty-four sets cf this data, Each data
set is optimized to fit the predicted orbit accurately over one hour. The
data sets should not be considered as true orbit parameters, but rather
as coefficients of a numerical fit to the predicted orbit. The parameters
take the form of orbital elements and additional information to account
for some of the error introduced by effects not considered in the standard
two-body orbit (viz. pole wobble, gravitational anomalies, solar pres-
sure, etc.). These corrections are valid only for the instant at which
they are comnputed and tend to degrade with time. Consequently, the con-
trol system segment tracks the satellites and updates these parameters
on twenty-four hour intervals (3). The most current information available

(4) lists the parameters as:

Mo - mean anomaly at reference time
An - mean motion deviation

e - eccentricity

ﬁ - square root of semi-major axis




1 - right ascension at reference
i - inclination at reference

W - argument of perigee
Q0 - rate of right ascension

- amplitude of the cosine harmonic correction term

Y€ to the argument of latitude

C __ - amplitude of the sine harmonic correction term

Y% to the argument of latitude

C - amplitude of the cosine harmonic correction term
rc "
to the orbit radius

Cra - amplitude of the sine harmonic correction term
to the orbit radius

Cic - amplitude of the cosine harmonic correction term
to the angle of inclination

Cis - amplitude of the sine harmonic correction term
to the angle of inclination

In addition, the following parameters are provided.

toe - reference time ephemeris
AODE - age of data (ephemeris)

The algorithm to convert this data to satellite position in ECI is

as follows:

14 meterl3 WGS 72 value of the Earth's uni-

"CZ versal gravitational parameter

~-5rad WGS 72 value of the Earth's rota-
sec tion rate

B = 3.986008 x 10

6e = 7.292115147 x 10

1

A= (Vz)z semi-major axis




=t-t *
tk oe

n=n + An
o

M =M +nt

k o k
Mk=Ek-¢esmEk
cos v, = (cos Ek - e)/(l-e cos Ek)

- il S
sin v, = #l - e“ sin Ek/(l-e cos Ek)

Qk s +w
buk = Cus sin ZOk + Cuc cos ZOk
Grk = crc cos ZOk + Crs sin ZQk

e, 4 y
61k Cic cos ZOk Cis sin ZOk

u, = Ok + buk
TS A(l - e cos Ek) + Grk
=i+ 84

x; =r, cosu

Ve = Yo l’ml.nk

O =0 +@-0) -0t

k o e k e oe

computed mean motion

time from epoch

corrected mean motion
mean anomaly

Kepler's equation for
eccentric anomaly

true anomaly

argument of latitude

\
argument of latitude

correction
second
radius correction P harmonic
perturbations

correction to inclina-
tion P,

corrected argument
of latitude

corrected radius

corrected inclination

position in orbital
plane o

corrected longitude of
ascending node

t is GPS system time at time of tranumi.non, i.e., GPS time corrected

for transit time (range /speed of light)
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oy '}
x, = x cos Ok-yk cos ik sinﬂk

’ ’ .
Vi = % sin ﬂk * v, cos i, cos ﬂk Earth fixed coordinates

!
z, =YV sin Xk

4

Tentative scaling and resolution information for each parameter
are contained in reference 4,

The data stream from each satellite includes Almanac data for
all of the satellites. This data consists of orbital elements, satellite
ID and health, and time parameters (4). The Almanac parameters may
be used for alert calculations to determine which satellites are 'in view',
i.e., which may be received. It is not intended that Almanac data be
used for precise navigation, but it will be useful for acquisition. Al-

manac data is updated every six days (4).
1.1.2 Time Model

The time model is concerned with the satellite clock and deter-
ministic delays in the downlink, The system model of time (3, 4) has
terms in it so that the user can correct the measured time of arrival
of the satellite signal for the deterministic part of clock off-sets, biases,

satellite electronic delays, relativistic effects, and atmospheric delays.
1.1.2.1 Clock Model

The satellite oscillator frequency is set at a nominal value which
includes a frequency offset to account for the relativistic effects in the
nominal orbit. The control system segment of GPS then monitors each
satellite vehicle clock to calibrate deterministic errors in the present
value such as offset, frequency bias, and relativistic effects due to off-

nominal orbits. The control system then computes three parameters




with which the user may correct the system time. These are sent as
part of the data from the satellite to the user. The correction param-
eters are the coefficients of a polynomial correction which the user can
apply. This correction has the form:

2

at = a, * al(ts iy toc) * az(ts = toc)

so that
t =t 4+ M
8
where

as a,, a, are the correction parameters
ts is the satellite vehicle time

toc is the satellite vehicle clock epoch time :

\
\
\

t is the corrected system time

The coefficients a,, al, and a, are computed to fit the predicted
clock behavior over small time intervals. The control system sends new
sets of these parameters to the satellite every day.

For t-toc € 45 min,, the approximations provide errors less than
5 nanosecond. After 45 minutes, these errors of approximation degrade

as:

t-toc error

1 hr 1 ns

2 hr 8 ns

3 hr 26 ns

4 hr 60 ns
8
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This polynomial form of the correction does not provide for a

graceful degradation of the relativistic errors. A more graceful degra-

dation of error can be achieved by using the following correction 4):

~

2
at = (.o- aOr) s (al B ‘lr)(tl E toc')'+ (‘z 5 aZr)(ts = toc) . Atr

where
& -10 _sec .
Atr = (-4. 443 x 10 \m) e VA sin E (t)

A -10 sec ;
a . = -4.443 x 10 N i VA sin E (toc)
& -10 _sec
8, = -4.443 x 10 e eVA ncos E (toc)/[l -ecos E (toc)]

-10 sec 2
2p = 2.2215 x 10 ﬁ

e VA x'Az sin E (toc)/[l -ecos E (toc)]

The rationale for this type of correction can be found in refer-

ence 14 and in references 18 and 52 of reference 14,

1.1.2.2 Atmospheric Model

The atmospheric model is constructed to predict the range error
introduced by propagation error due to the atmosphere, specifically the
ionospheric and tropospheric delay, Of the two, the tropospheric error
has less variation and the range error, AR, can be approximated to bet-
ter than 1 ft at elevations greater than 10° and better than 5 ft at eleva-
tions between 5° and 10° by the simple formula (3)

AR = K cscE




or (12)

1

SR &R sinE +, 026

where

E, the elevation angle from the user to the satellite is greater

than 5° and from (3) K is a constant (*~ 4 ft),

The user will use one of these models to compensate for tropospheric
range errors.

The ionospheric model must account for seasonal and diurnal
variations and latitude dependencies (3). There are two correction
schemes available to the user. The first method uses eight parameters
which are sent in the data stream. It should be noted that the following
model is new and documentation as to its validity is not yet available.

The ionospheric correction time T is calculated by

IONO
-9 : n xz x4
A - — ——
F* |5, x 1077 + n§oan¢m o S , |x] <1.57
Tiono © . KEme
F* 5, x 10 . |x| 21.57
where

g g; - 50400)

n
nE‘-'Opn wm

10




i
b1
&

and
3
F =1, +16. [.53 - E]

an and Bn; n=0, 1, 2, and 3; are the satellite transmitted data words.

Other equations that must be solved are
t = 4,32 x 104 xi + GPS time (sec); t> 86400 use t =t - 86400

., =% + 0,064 cos (ki - 1.617) (semi-circles)

£k +\TlsinA

1 u C(')!i

(semi-circles)
'Pu + Wcos A (semi-circles), <P“ < ,416 (semi-circles)
® . <pu 2 ,416 (semi-circles)

g = 0:0137

*E+o0.11 0. 022 (semi-circles)

The terms used in computation of ionospheric delay are as follows:

* Satellite Transmitted Terms

a - the coefficients of a cubic equation representing the
amplitude of the vertical delay (4 coefficients - 8 bits
each)

B_ - the coefficients of a cubic equation representing the
normalized period of the model. The true period

has been divided by 27, (4 coefficients - 8 bits each)

11




* Receiver Generated Terms

E

© -
u

x -

u

elevation angle between the user and satellite (semi-
circles)

azimuth angle between the user and satellite, mea-
sured clockwise positive from the true North (semi-
circles)

user geodetic latitude (semi-circles) WGS-72

user geodetic longitude (semi-circles) WGS-72

GPS time - receiver computed system time

* Computed Terms

i

The values of do.

obliquity factor (dimensionless)
local time (sec)

geomagnetic latitude of the Earth projection of the
ionospheric intersection point (mean ionospheric
height assumed 350 km) (semi-circles)

geodetic longitude of the Earth projection of the iono-
spheric intersection point (semi-circles)

geodetic latitude of the Earth projection of the iono-
spheric intersection point (semi-circles)

Earth's central angle between user position and Earth
projection of ionospheric intersection point. (semi-

circles)

@, a,, and ay; and, ‘0' Bl. ﬁz, and 33 are transmitted

in Data Block I with 8 bits/coefficient or 64 bits total.

For a dual

frequency receiver, an alternate correction scheme may

be used to calculate the user range error. The range error is calculated

according to (3)
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where

Rl is pseudo-range at frequency fl (denoted Ll)

R2 is pseudo-range at frequency fz (denoted LZ)

ARI is the range error of R1

The dual frequency ionospheric delay correction scheme does not
require any external data source. It does require reception of two dis-

tinct frequencies, Ll and L, from the satellite. This correction scheme

2.
removes more of the uncertainty due to ionospheric delays.

1.1.3 Receiver Model

2 One of the purposes of thig entire study is to aid in the design of
the receiver by performing trade-off studies. For this reason, the base-
line receiver model has not been established. This section will thus present
the alternatives for the trade-off studies and point out other areas of the
receiver model which impact the navigation problem. The trade-off areas
are 1) single channel or multiple channel receiver, 2) range and range
rate or range only data, and 3) whether to demodulate the incoming infor-
mation stream., Other areas of importance to the navigation problem in-
clude the data interface between the receiver and the processor, acquisition
time, and the frequency of measurements. The accuracy of the receiver
will be discussed in the error model section.

At the present time, there are three candidate receiver configura-
tions. They are 1) dual-frequency multi-channel, 2) single-frequency sin-
gle channel for P code and C/A, and 3) single-frequency single channel
C/A only,

13




1.1.3.1 Receiver Channels

The trade-off in the number of channels is, of course, cost vs.
navigational accuracy. In addition, the time to first fix and through put
must be considered. The following describe the processing considera-

tions of single-channel and four-channel receivers.

}.1.3. 1, 1 Single Channel Receiver

In order for a single-channel receiver to supply sufficient data
for accurate navigation, it must switch between satellites for each new
piece of data. This switching involves the acquisition time for each new
satellite. This is particularly important in a single fix case where four
different satellites must be received before any position computation can
be made. If recursive filtering of data is to be done, then each satellite
measurement can be incorporated in a sequential fashion as it is received.
The acquisition time from one satellite to the next thus becomes an important

parameter of the navigation accuracy in the single-channel receiver.

1.1.3.1.2 Four-Channel Receiver

This is a special case of a multiple-channel receiver. A four-
channel receiver is being considered since this is the minimum needed
to get a single fix without having to switch satellites. With four chan-
nels of data reception, acquisition time does not effect the accuracy of
the navigation algorithms. Even in a recursive filtering mode, some
data is available while other satellites are being acquired. With a four-
channel receiver, either sequential or batch processing of data may be
utilized and should be analyzed.

14
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1.1.3.2 Measurables

The trade-off to be made in this area is whether or not to make
Doppler measurements in addition to time-of-arrival measurements.
Making Doppler measurements adds to the complexity of both the hard-
ware and the navigational software. The additional cost will be traded-
off against the navigational accuracy obtainable. The Doppler measure-
ments will be particularly useful in reducing platform position and

velocity uncertainties when platform accelerations are taking place.

1.1,3.3 Data Demodulation

This trade-off concerns whether the ephemeris and clock data
will be extracted from the satellite signal. If the data is not demodu-
lated, the nominal values must be used for these parameters. It is
possible that some method for updating the nominal values on some in-
frequent basis can be arranged. Both the hardware and the processing
software can be simplified if it is not necessary to demodulate data. The
trade-off here is a rather large degradation of navigational accuracy.
(Note - It may be possible to reduce the effect of not demodulating data
through increased computational complexity. The study of this case is
beyond the scope of this study. )

1.1.3.4 Receiver Frequencies

The satellites transmit on two separate frequencies denoted Ll
and Lz. All of the information required for navigation is contained on
each frequency. Reception on two frequencies, in addition to two sets
of data, allows a more accurate estimation of ionospheric delay errors.
The methods for determining ionaspheric delay errors for the single
and dual frequency have been described above in Section 1. 1. 2.2,
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1.1.3.5 Other Parameters

The receiver model also consists of the required interface
between itself and the navigation processor. It will be necessary to
specify the output formats, resolutions, time delays, frequency of mea-
surements, and acquisition times., These values can be considered as

parameters of the study.

1.1.4 Reception Model

For the purpose of this study, a simplified reception model will
be used. It will be assumed that there is sufficient gain in the receiver
and user antenna to receive signals from any satellite which is a fixed
angle Y (five degrees in this study) above the horizontal phane.

The effects on satellite visbility due to platform pitch
and roll will be modelled as a decrease in the cone of reception corre-
sponding to the pitch and roll angle. This is a reasonable model since
pitch and roll periods in other simulations (5) are shorter than probable
acquisition times (6). Further study will have to be done to see if two
separate parameters are .equired to characterize the reduction of the
cone of reception. Two parameters may be required since the require-
ments to re-acquire a signal momentarily lost may be considerably dif-

ferent than the requirements to acquire a new signal.

1,1.5 |Integration of Other Sensors

The system model also contains provisions for integrating mea-
surements from three other sensors into the navigation algorithm. These
sensors are the EM log, gyrocompass, and Omega receiver. The sys-
tem and error models for these are taken from reference 7. The refer-

ence goes into considerable detail in the development of these models.
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It also cites the primary references for the models to be used in this
study. These sensors are actually external to the NAVSTAR /GPS sys-
tem. Their inclusion is to evaluate the accuracy improvement obtain-
able from the relatively minimal cost of the integration of these data
sources. It may also be possible to use the GPS data to calibrate the

other sensors for times when GPS is not available.

1.1.5.1 EM Log

The EM log is an instrument which measures a ship's speed
along its longitudinal axis. The measured speed is with respect to the

water so that ocean currents become a source of error.

1.1.5.2 Gyrocompass

The gyrocompass is an instrument aboard ship which indicates
the ships heading. This heading information then combined with the EM
log data gives the ship's velocity, The pitch and roll information can
be used to modify the set of possible satellites which can be tracked.

1:1:5.,3 Omega Receiver

Omega is a land-based worldwide coverage hyperbolic radio navi-
gation system. The Omega receiver receives signals from the transmit-
ting stations and determines the user position, The basic measurable is
a phase difference from two transmitting stations. The system model
consists of four Omega transmitters so that three independent lines

of position are available.

1.1.6 Scenarios

The following scenarios have been selected for use in the analysis
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of the navigation algorithms. These scenarios were chosen at random
and not contrived to emphasize any particular point. The scenarios are

intended to be two typical cases. They are depicted in Figures 1-1 and 1-2.

Test Scenarios

#1 Ship initially at 45°N 160°W travelling due south at 10 kts

at t = 30 secs. accelerate to 30 kts at rate of . 5 kts/sec

at t = 72 secs turn starboard to 360° at 1°/sec and decelerate to
15 kts at .25 kts/sec

at t = 260 secs turn port to 300° at 3°/sec followed by an additional
turn to port of 30° at . 5%/sec

at t = 350 secs decelerate to stop at .1 kts/sec

at t = 530 secs accelerate at . 05 kts/sec and turn port at accelerat-

ing rate of . Ol°/secZ for 100 secs. Maintain turn rate at
1°/sec. Change acceleration to . 2 kts/sec for 40 secs.
Maintain velocity and heading for 40 seconds.

Total run: 710 secs

#2 Aircraft initially at 32°N 120°W travelling West at 600 kts.
Altitude 38, 000 ft

at t = 0 secs accelerate at 2 kts/sec for 5 min

at t = 300 secs turn to port at 5%/sec for 36 secs.
at t = 360 secs turn port at . 5°/sec for 120 secs
End at t = 600 secs

18




A

-

t=710 secs

A

" o

]
<] 1 t=0
3
¢
g .
¢ ) t=3C secs
g.
¢
é;J t=530 secs t=340 secs
g
é#
§$ d t=72 secs
< t=260 secs
&
¢
g
¢
g
¢
8
¢
g
¢

~0.020, 026 -0,024 ~0. 023 -0, 030 -0, 018 ~0.016 -0,014 -0.012 ~0. 010 -0, 008 -0, 008 -0. 004 -0.002 O,
ALONGITUDE (DEGREES)

mm:,pmman-.o

G YW WRSRES)

e ~d

e

FIGURE 1.1 SHIP SCENARIO
19




-
]
W t=600 secs
~
6-
[ ]
64
é
4.
R
-3
=
83
=
—
5"
g :
; t=480 secs
5 |
i
t=300 secs
el -3 ST .
Q
é-
.~
1‘-l.o 1.4 -1.2 “1.0 -0.8 0.8 0.4 0.2 )
A LONGITUDE (DEGREES)
¥ ]
i i
a. S -
%r gi
¥ By
i B
] &4
: i
:‘ i4
] - v — - - l i
u&nomy%ﬁ‘oﬁﬁﬁ‘oﬂ ‘oﬁ.’ndﬂ?on‘oﬁoicioﬁio-o

i S SR R

FIGURE 1.2 AIRCRAFT SCENARIO

20

e S N A N Sk S . s




g
N
E

1.2 Error Model

The error model is a model of those effects which tend to degrade
the accuracy of the NAVSTAR /GPS navigation mechanization. To make a
meaningful evaluation of any proposed navigation algorithm, it is impor-
tant to have a realistic error model containing all of the oignificant'error
sources. However, in a system as complex as the NAVSTAR/GPS navi-
gation system, this groundrule would demand an error model consisting
of hundreds of states. The error model outlir2d below will attempt to
simplify most of the individual error models to keep the total number of
states down while maintaining the integrity of the error model. Each
reduced state error model will be. justified within the report or the
references cited.

Much of the analytic work which uses this error model takes the
form of linearized covariance analysis, For this reason it is desirable to
not only make the error models simple, but to pose as many of them as
possible as linear models; i.e., error models whose behavior is described
by linear differential or difference equations. Models of this form are then

easily adapted to methods of linear analysis,

1.2.1 Ephemeris Error Model

A complete error model for satellite position and velocity uncer-
tainties is a large order system containing many high-order gravity har-
monic errors. This type of model is used and is necessary for accurate
satellite position determination and prediction over long time intervals.
When residual errors to accurate position predictions are considered,
the effects of the high-order gravity harmonics are negligible. This
justifies the use of the two-body orbit equations, utilising just six states
per satellite, for propagating satellite position errors. These six states
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can be propagated from initial conditions by a state transition matrix
calculated in closed form (8).

Propagating six states per satellite for up to eleven visible satel-
lites is still a large number of states. Further reduction in the number
of states is‘th;u desirable. One way of doing this is to assume that the
Position uncertainty is constant rather than growing with time. Since
the growth is very small, choosing the maximum user equivalent range
error as the constant uncertainty along each axis will give a realistic
though somewhat pessimistic model for the ephemeris. Furthermore,
assume that the errors are given initially in the principal axes, so that
the initial error covariance matrix is diagonal. This can be expressed

by

(] 8% o

o 2
E[AX] = [0 [;E[AX AX"] =|0 ¢ 0
0 0 0 oz

where

AX is the satellite position error vector

O is the user equivalent range error for Phase III specified

in Reference 9, p, 8.

Another source of error in the ephemeris model arises numeri-
cally. This error is the difference between the control segment predicted
satellite position and the position coniputed by the user from the received
data. In reference (15), it is shown that this error source can be made

negligible by scaling of data and careful algorithm design,
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1.2.2 Time Error Model

As in the system time model, the time error model consists of
a satellite clock error model and an atmospheric delay error model. In
addition a user clock error model must be considered. The time error
model, like the ephemeris error model, is concerned with the modelling
of the residual errors between actual time and the system model of time
(Section 1,1.2). Now the errors in time and ephemeris are correlated
inherently by the methods which the control system segment uses to es-
timate the system model parameters (3). Ignoring such correlations
may give somewhat optimistic results, however determination of such
correlations would require extensive simulation of the control system
segment estimation techniques. This is clearly not within the scope of

the present study.

1.2.2.1 Satellite Clock Error Model

The residual time error consists of two parts, the error in the
predicted correction parameters and the random part. The errors in
the correction parameters, which represent bias error, frequency error,
and frequency rate error, are used to determine initial conditions for
the dynamic error model of the satellite clock. The type of error model
required for the random part can be determined from the curves of the
Allan varia.nce* (10) for the clock. For the Phase III system, Cesium
beam clocks will be used in the satellites. These clocks will be updated
every day so that the error model is based on the twenty-four hour vari-
ance. The Allan variance of the typical Cesium beam clock data indicates

the fractional frequency error can be modelled as a white noise (i.e.,

*
The Allan variance is the variance of the fractional frequency error as
a function of the sampling interval 7. See reference 10 for details.
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Flicker noise and integrated white noise are not important for times

less than one day). The satellite clock error model is thus

xln 9.1 x'lrl + e
g i u(t)
x2 0 0 xZn 0
h

X, is the time error of the nt satellite clock

where

x5 is the frequency bias error of the nth satellite clock

o is PSD magnitude (typically for Cesium Beam ¢ = 10-ll

sec/secl/z)

u(t) is white noise with unity PSD

55 x. (0) is the error in a
In o

xzn(O) is the error in al

1.2,2.2 User Clock Error Model

The user clock error model is based on data for typical crystal
oscillators. The Allan variance for crystal oscillator clocks indicates
that the error model over the times of interest consists of a fractional
frequency error model with white noise, flicker noise, and integrated
white noise. Following the procedures in reference 10, a clock model
for the user which also includes a frequency offset and an aging coeffi-

cient is given by the following seven-state description,
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n is the order of the flicker noise model (3 in this case)
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8 = an lOM/ZO

M = gain at W, in dB (for crystal clocks ~ .220)

o T3
60n2
“ cTr
2
PR
1'1. 1’2, ‘r3 are parameters of the Allan variance curve (10)

Typical values for a crystal oscillator are ‘rl = ,5 sec,

£ i 4
TZ = 80 sec, 73- 5x10 sec

The state X, is the user clock error in setonds. The parameters 1’1.

Ty Ty and M will depend on the particular oscillator type chosen for

the user frequency standard.

1.2.2.3 Atmospheric Delay Error Model

The atmospheric delay error model consists of a residual
error model for both ionospheric and tropospheric delays. The larg-
est uncertainties are the ionospheric model when a single frequency is
used. The ionospheric error model discussed here is e residual
model for the single frequency case. The dual frequency correction
will be considered to have negligible residual time error.

The tropospheric error model is an uncertainty in the correc-

tion constant K (see Section 1.1.2,2 above). The time error in the
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incoming signal is a zero mean random constant AK times the cosecant
of the elevation angle. The variance of AK is approximately . 1K (3).
This error source is independent of the other time models.

The ionospheric residual error model (see references 11 and 14)
is modelled as a Gauss-Markov error source which is correlated in both
time and distance. The c.ovari_ancue of two.meaaurements at two different
times and two different places will bg modelled as (12)

R R, = AR AR, (8t (Ap)

where

ARl, AR2 are the prediction reu.iduals

B8R, = ¢ cac[¥E + (1897

€ is the RMS correction error

Ei is the elevation angle for the ith measurement in degrees
At is the time difference between measurements

Op is distance between the ionospheric ''pierce points"
of the measurements (The pierce point is the point at
which the transmitted signal intersects the ionosphere.
The ionosphere here is assumed to be a thin shell 350 km

above the surface of the Earth)

4 For the simulations in this study, the functions "t and np can be
F approximated over the range of interest from the data in reference 12.
(The model given in references 12 and 14 have two time constants, but

for times in the selected scenarios, one is sufficient.)

E
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"t(f) e‘7/6.7 h!‘.

-p/2500 km
ﬂp(P) e

s
In order to model this covariance in a linear system model, the
distance correlation will' be changed to a time function. This can be done
since the ''pierce point'' of the 350 km altitude ionosphere shell moves
with a constant velocity when the satellite orbits are circular. Thus re-
placing p with g + 7, when p is constant, transforms the spatial correla-

tion into a time function. Combining n, and np then yields a Gauss-Markov

model with a modified time constant. So

-7/6.7 hr_ -7+ p/2500 km

Q
"

ARl ARz e

r 4 0 )
DR AR, e ‘6.7 hr = 2500km

~ ARIARze-‘r/l. 17 hr

where § & 27 ° (6378 km + 350 km)/24 hr ® 1761 km/hr. 24 hr is the
apparent period of the satellite with respect to an Earth fixed coordinate
frame. In addition, p can be modified to account for user motion.

The ionospheric delay error for each satellite can be modelled
as above. In addition, a cross-correlation of the ionospheric delay
error between the various satellites can be computed using the original

formula above.

1.2.3 Receiver Measurement Error Model

The exact form of the receiver is as yet unresolved. The error
model of the measured data is for one channel of both time of arrival

measurements (for pseudo-range or range difference) and Doppler mea-
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surements (for pseudo range rate). The Doppler errors are not
independent for the case of multi-channel reception. The multi-channel
error model can be put together from copies of the single-channel model

with the correlations noted and accounted for,

1.2.3,1 TOA (Time of Arrival) Meuufement Error Model

The primary error in the TOA measurement is the user clock
error which has been described in Sec. 1.2,.2.2. In addition to this is
a uniformly distributed random error corresponding to the measure-
ment resolution. This may result from the clock resolution or the finite
word length of the time data. The mean error will be different for the
case where the data is rounded rather than truncated. Let btre’ denote

the resolution error, then

0 for rounded error
E(8 t".) = { }
. 54t for truncated error
res
Emz ) = At:‘l
res 12

where At". is the smallest unit of time resolvable., If the resolution
is very fine, other measurement errors will limit how small the TOA
errors may become. In either case a random measurement error will
be included.

1.2.3.2 Doppler Measurement Error Model

Ideally a Doppler measurement is an instantaneous determination
of frequency. Practically, this is not possible so a count of frequency

over a short time is done. This can be represented as
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where

]
N = S (g yp - Wg)dt
to

N is the Doppler count

wRef is the reference frequency w, +w

Dap Ty

wR is the receiver's estimate of the transmitted signal frequency
W, is an offset frequency so that N is always > 0

wy is the received frequency wy = W, + wD

W is the transmitted frequency

wD is the Doppler shift frequency

Now if the time period t1 - to =6t is short compared to the domi-

nant dynamics of the system; i.e., the user and the satellite, the Doppler

frequency can be assumed constant over 8t and

NG Tty
D c P

where P is the assumed constant range rate between the user and the
transmitting satellite, P = V- u ., V is the relative velocity and u is

the unit line-of-gight (LOS) vector, and C is the speed of light,

The Doppler count equation can then be integrated to get N
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Wr
N = (wR+wo-wT)6t-—c—;56t

The error equation for AN, the Doppler count residual is

mTo t

’ I} 8
AN = AbtuT(l + C) - otAwT(l + C) -z Ap

since p << C, this reduces to

.
AN = Abtw, - OrtAwT =¥ 6tap

The above equation has assumed that time 6t and the frequency
(wR + wo) are derived from the same oscillator so that the product
(wR + wo)ot is error free.

The term AP is a function of uncertainties in user position, user
velocity, satellite position, and satellite velocity. Of these, the satel-
lite contributions are negligible since the ephemeris data gives extreme-
ly accurate delta range information. Expanding AP in terms of the user

states yields (see Ref. 7 for details)

()'cu-i(a) (X =X ), (\'ru-\'{’) (Y, -Y),
ap = A% - 2. Axu+ P £ R Rk

P
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where

1
u has been assumed to be [(Xu -X ), (Y -Y), (Z - Zs)] . n;”'

p is the user to satellite range

X , Y, Z are the user coordinates
u u u

Xs, Y’, Zs are the transmitting satellite coordinates

Not included in the above model are the refractive errors. The refrac-
tive errors occur because the transmitting satellite is outside the atmo-
sphere. It is shown in reference 13 that the Doppler shift due to the trans-
mitter and the receiver velocities are dependent on the velocity of light
in their respective media. Ignoring this leads to a negligible error since
the light velocity difference is of the order of . 03%. The other refrac-
tion error is a change in the direction of the incoming signal from the
calculated line of sight. Arguments similar to those in Ref, 13 show
that this error is negligible in the GPS geometry.

Additionally, there is a truncation or round-off error similar to

the TOA error above.

1.2, 4 Other Sensors

The error models for the EM log, gyrocompass and Omega are

taken from Ref, 7.

1.2.4.1 EM Log Error Model

The state space error model for the EM log is

x 0 0 x .193 0

1 1

x 0 -.00185 xz 0 . 0257 uz

"
+
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where x) represents a random walk error state and x, represents a
Gauss-Markov error source with correlation time = , 15 hrs and RMS
value = , 422 fps ; u, and u, are white noise with unity PSD; E[xi(O)] =
71.23 fpaz; E[xzz(O)] =,178 fpsz.

The output model is

y = xl+x2+qu3

where
0 = .472 fps measurement noise (10)

u, is white noise with unity PSD

1.2.4.2 Gyrocompass

The state space error model for the gyrocompass is

0 0 x 1.68 x 10‘3 0 \/u

-4
x, 0 -7.25x 10 x, 0 .0133 Uy

“o
—
n
L
+

where

x, isa random walk bias state . 013°/we_c(lc)

:2 is a Gauss-Markov error with correlation time = 23 min
and RMS value = . 35°

u, and u, are white noises with unity PSD
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Elx(0)] = 0 E[xJ(0)]= . 1225 deg’
The output is modelled as

y = x, +x, + Ou

1 2 3
where
{. 15 deg 10 no maneuvers
g =
.52 deg 10 during maneuvers
u, is white noise with unity PSD

1.2.4.3 Omega Error Model

The details of the derivation of the Omega error modél can be
found in Ref, 7. The state space equations for the phase error for each

station are:

§. 5l & i 5
Fxl 0 o 0 o0 Fxl K
x 0o -B 0 0 x o
2 = 2 + u(t)
5:3 0 0 0 1 x, 0
X 0 0 wz 0 0
- x
e $; b bt bus - A
where

xl is a bias state

x, is a Gauss-Markov error
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Xy X, form a sinusoidal (periodic) error with period w

B = (1/3600)lec.l

w = (29 /12) hr~}

*
cz = ,00277 ccnticyclelz/lecz

E[xlz(O)] = 8.5,centicyclelz

E[xzz(O)] 54 centicyclecz
u/t) is a white noise with unity PSD
E[xsz(O)] = 5, centicyclel2

E[x4z(0)] = 1,05 x 10-7 centicyclelz

Converting this phase error into eq.uivalent position e¢rror of the
user is a function of the user location. Details of the calculation may

be found in reference 7.

1.2.5 Platform Error Model

To account for random motions and accelations of the user, the
position, velocity and acceleration states will be modelled as random
walks., The magnitudes of the random walk driving noise variances will

vary according to the type of platform and the scenario.

*A centicycle is 1/100 of a cycle.
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Section 2. - SINGLE FIX ALGORITHM

2.0 Introduction

This section is concerned with the problem of determining an ac-
curate estimate of a user location, i.e., a navigational fix, using the
minimum amount of data required for the fix. This first step in the de-
velopment of the NAVSTAR /GPS navigation algorithm is called the single
fix algorithm. In some system configurations, the initial fix may be made
simply by entry of present position derived from other navigation aid
sources such as inertial navigation systems, star fixes, Omega, etc.,
or from known initial conditions. The single fix algorithm is, however,
needed to establish initial conditions for some system configurations.
Additionally it may be used to make the NAVSTAR /GPS system autono-
mous even if other data sources are available and it may be used in some
pseudo-measurement mechanizations (e.g. the @-p filter in section 3).

The single-fix algorithm as presented in this re;;ort consists of
two distinct parts. The first part is the selection of the available satel-
lites to use for the navigation fix. The second part is the actual position
determination using the time of arrival data from the selected satellites.
The single-fix algorithms may be mechanized for either position only or
position plus user clock bias. The body of the report is concerned with
the latter case. The mechanization for the position only algorithm is
discussed in Appendix 2 of Reference 16.

Processing of the measurables for the single-fix algorithm falls
into two categories, batch and sequential processing. This section is
concerned with iterative techniques for batch processing of data. Se-
quential processing mechanizations fall more naturally in the domain
of recursive filtering algorithms. As such these techniques will be
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studied in subsequent sections of this report as part of the start-up pro-
cedures for the recursive filtering algorithms. Recursive fiiters which
can be initialized from relatively crude initial conditions may be thought
of as having a built-in single-fix capability. In this sense a separate
single-fix algorithm as described herein may not be needed to initialize
all of the candidate recursive filters. This does not, however, preclude
the use for other purposes.

This section is organized in four subsections corresponding to
four areas of the single-fix algorithm development and analysis. Section
2.1 describes the candidate alert algorithms, one from the GDE proposal (3)
and one proposed maximum volume using a known principle for approximate
minimization of GDOP. Section 2.2 developes the algorithms for solving
the set of non-linear equations to determine position. Section 2.3 describes
the techniques used to evaluate the algorithms developed in Section 2.2.
The results from the studies of Sections 2.1-2. 3 are given in Section 2. 4.
All of the computer programs used in the analyses are given in Appendix 1

of Reference 16.

2.1 Alert Algorithm for Single-fix

The measure of a good alert algorithm is the value of GDOP (6)
for the satellites which it selects. The nature of GDOP does not allow
for any exact methods of GDOP minimization short of an exhaustive
enumeration of all possibilities. With from six to eleven satellites
visible at any point in time, an exhaustive enumeration may take too
much computation time. For this reason, two approximate GDOP mini-
mizations are also being considered as candidates for the alert calcula-
tions. The first technique is the one developed by GDE for its proposal (3).
The second technique is based on an approximate maximization of the
tetrahedron enclosed by four satellites. The form of the GDOP calcula-
tions used will be described in Section 2. 3.
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2.1.1 GDE Alert Algorithm (3, p. 1-39 to 1-41)

This algorithm gives criteria for the selection of the four satel-
lites to be used. The minimizations /maximizations to be performed
involve only dot products of vectors and so are simple and fast compu -
tationally. This method proceeds as follows:

Satellite No. 1 selection: Choose the satellite which is closest
to the zenith. This is found by maximizing the dot product of the unit

vector to the user with the unit vector from the user to the satellites.

1°% Satellite No. = i suchthatU - U 2 U + U
My Mgty Yy

where

I_Ju is the ECI unit vector to the user
Qk is the unit vector along the line of sight from the user to
the k' satellite ( k=i, j)

j varies over the visible satellites

Satellite No. 2 selection: The second satellite is chosen as the
satellite among those visible which is closest to the horizon but not
in the same orbit plane as the first selected satellite.

an Satellite No. = i such that

1) yi . _q“ £ ‘I‘Jj . -qu with j varying over the visible satellites
2) i is not in the same orbit plane as the first selected satellite.

Satellite No. 3 selection: The third satellite is selected as the
one among the visible satellites which is closest to being orthogonal to
both the first and second satellites selected.

rd

3" " Satellite No. = { such that

CARRUARS AL |4 @, X u,)|
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’ where

j varies over the visible satellite and U, is the unit vector
from the user to the satellite chosen as Satellite No. 1 and
U, is the unit vector from the user to the satellite chosen as
Satellite No. 2.

Satellite No. 4 selection: This satellite is chosen as the one
which is closest to the vector sum of the first three.

4th Satellite No. = i such that

U - (U +U

2 3)

. j varies over the visible satellites

a .
+U) U " (U +U, +U

where
U3 is the unit vector from the user to the satellite chosen as
Satellite No. 3.
It should be noted that the reference contains some obvious errors which
have been corrected in this summary. The above described algorithm

is the one which was used for purposes of comparison.

2.1.2 Maximum Volume Alert Algorithm

The maximum volume alert algorithm is based on the ohserva-
tion that the satellite constellation which maximizes the volume of the
tetrahedron with vertices at the selected satellites (see Figure 2.1)
also approximately minimizes GDOP. The maximization of the
: volume is done in an approximate fashion. The steps outlined below
‘ will lead to a local rather thidn global maximum. This is done to

keep the amount of computation down. The procedure is as follows:

1't Satellite No. = i such that Ui U 20U, U
pgo, [k, Bl u
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where
j varies over the visible satellites.

Satellites No. 2, 3, and 4 selection: These satellites are chosen
as a group by iterating once through all of the remaining satellites. The

procedure is as follows.

A) Pick three visible satellites and compute the tetrahedral
volume (see Figure "Hexahedron of satellite and user'',
B) Pick another visible satellite, if there are no more, then
procedure is finished.
C) Compute the volume of the tetrahedrons with the new satel -
lite successively replacing satellites No. 2, 3, and 4.
Pick the configuration with the largest volume and label
those included satellites as the new No. 2, 3, and 4.
(Go to Step B).
This algorithm for finding the best satellites creates a monotonically
decreasing GDOP. This procedure converges to a local minimum and
it is certainly dependent on the order of the satellites chosen. In the
analysis section, the order taken is arbitrary so that the analysis repre-
sents a lower bound on the ability of the technique to choose a good con-
stellation (i.e., an upper bound for an achievable GDOP).
The volume computation is a simple calculation. The volume may ,
be computed using the scalar triple product, ; {

V==VI

= (1/16) I‘lz ey X )

‘o »-
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Figure 2.1.

Hexahedron of satellite and user.
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where

VI is the volume of the tetrahedron labeled I (See Figure 2.1)
alj is the vector from Satellite No. 1 to Satellite No. j.
] I indicates abhsolute value

With this algorithm at most twenty-two volume computations need be

done when eleven satellites are visible.

P ! Single Fix Algorithm

This section describes the candidate solution techniques for the

simultaneous non-linear equations which describe the user location.

The candidate algorithms presented here will be evaluated on the basis

of convergence, sensitivity to initial conditions, amount of computation
required, and accuracy in the presence of noisy inputs. The evaluation
techniques and results will be described in the next two sections. All

of the analysis in this and subsequent sections is for position plus user bias
fixes. The formulation for the position only fixes is contained in Appen-
dix 2 of Reference 16.

To compute a fix from satellite range data, measurements from
taree satellites (for a two-dimensional fix) or four satellites (for a three-
dimensional fix) are required. For this study it has been assumed that
all fixes are three dimensional. The basic measurement to be used for
position computation is the signal time-of-arrival (TOA). To use a TOA
in a navigation algorithm, the following pieces of information are required
for each measurement:

A) Position of transmitting satellite at time of signal transmission

B) Time of transmission of the received signal

C) Estimate of the deterministic time delays

42




L e T

With this information, the user may use the TOA's from selected satel-
lites to determine its position. The equations to be solved can be devel-
oped as follows:

The measured time of arrival from satellite i, AT,, is given by

i'

A A
AT, = (1/e) || §-X || +T, +¢t +b+w

where

is the position of the ith satellite at the time of transmission

1% 1

is the user position
is the transmission time
is the deterministic delay

.

is the user bias (clock and electronic delay)

€ T~ 1

is the measurement error due to receiver error, random
atmospheric delays, ephemeris errors, satellite electronic
random delays, etc.

¢ is the speed of light

When a set of AT have been measured, a position fix can be
obtained. Two cases must be considered for collecting sets of data.
The two cases correspond to the single channel and four channel re-
ceiver configurations. In the first case there will be motion of the user
platform between measurements; in the second case, there is no motion.
The user motion in the first case will lead to some error unless an ex-
ternal velocity determination is available.

The set of measurements leads to the simultaneous non-linear
equations., The candidate solution techniques are presented below. They
are all iterative techniques.
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2.2.1 Newton-Raphson Method

The Newton-Raphson method is a well known procedure for
solving sets of simultaneous non-linear equations (17). The system

of equations to be solved here is:

£,X,b) = (1/e) || 8, -% | +b+ (T, - AT) = 0
£,&,b) = (1/c) [ S, -X | +b+ (T, - AT,) = 0
f,,b) = (1/c) || s, -% | +b+ (T, - AT,) = 0
f,8,0) = (1/e) | 8, -X | +b+ (T, - AT,) = 0

'

Note that if thére is a bias in the system such that all of the AT are
off by a fixed constant increment, this looks like a user bias b. The
user and system biases are inseparable and only the sum may be esti-

mated for navigational purposes. Lumping the two biases into b creates

no problem. The above set of equations will be used throughout this
section as the set of equations to be solved.
The Newton-Raphson method proceeds from one estimate to

the next according to

- -
xn+l “ xn+kn )

yn+l 3 y1'1 ¥ ll'n
znﬂ ‘= zn"‘mn i

= bn+p

bl'rb-l n

3 \
where

. y;» 2, are the user's position estimate at the end of the 1th

iteration and bi is the estimate of the user bias at the ith iteration.

44




The increments kn' ln' m_, and p  are the solutions to the

following set of linear equations,

T F A
Vfl (x!l, Yno zno bn) kn
T
sz (xn. Yn, znl bn)
1 +
W n
Vf3 (Xno Yy B0 bn)
i
-Vf4 (xn' Yn' 2’ bn)__ Lmnd
N -
oD fl (x_, Yo' Zg Pp)
d
bb fz (x ’ ynl znl b )
P +
2. £, b) .
°b 3 » Yno s N
R f  (x z, b
B T e
P
fl (xn' o' %n’ bnT
f2 (xn’ Yn' Zp’ bn)
= 0

f3 (xn. Yor Zn bn)

£y g Yo 20 By |
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where

y denotes the gradient of the function evaluated at the point

indicated by the argument.

These equations can be solved by a Gaussian elimination scheme.
No matrix inversion is required. Other than add, subtract, multiply,
and divide, the only computational operation required is a square root.
In the GPS geometry, the Newton-Raphson method converges very well

with large initial condition errors.

2.2.2 Non-linear Gauss-Seidel Iteration

The basic Gauss-Seidel iteration philosophy is easily applied
to sets of non-linear equations. The simplicity of the iteration pro-
cedure makes this algorithm a candidate for use in the single-fix com-
putation.

The Gauss-Seidel approach to sets of simultaneous non-linear
equation is as follows:

Let fi(xi’ Xyr eees xn) a0 1=%, 2, .t.h., n be a set of si-
multaneous non-linear equations. During the k  iteration, the update

of x, comes from the ith equation by solving for x, in

£ x (k) (k) (k) (k-1) 5 (k-1)

§ TN v Ty S Tt T )

where the superscript (j) denotes the value of the variable from the j':h

iteration,
For this problem, the iteration is obtained from the set of equa-
tions for the navigation problem (see Section 3.1). The kth iteration

is given by:
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2 2 2.1/2
Xgy LUAT, =T -b )&} -y =¥ ) - (2,,-2 ))

: 2 2 2.1/2
Ve = Yo LUAT, -T, -b Je) -xo-x) -(s, -5 ,))

2
k ® T3 LUAT,-T, "’k-l)")2 o R LR "'k)z)l/Z

2 2 2.1/2
g " AT T - Vel -x) 4y =) +is -5))

=2
"

where Xt Vi’ and z ; are the ECI coordinates of the ith satellite being
used.

This technique is particularly simple since there are no simul-
taneous equations to solve. There is, however, some additional logic

to resolve the sign in the first three equations.

2.2.3 Successive Linearizations of Measurement Matrix

This method is similar to the one in (18) except tht the same
data will be used in the iteration instead of new data points. Because
of this, there will actually be two simultaneous iterations in progress.
Some efficient means for calculating initial conditions for the iteration
must be developed. The basic equations for this method are the linearized

perturbed measurement equations, i.e.,

¥, (X, b)

(i) _
AT'I‘ ¥ dx x=x

df, (X,b) " ¥, (X, b)
by y=y Oz z=z

Az

d£, (X, b)
y —— Ab

b b'b'n , 1i=1,2,3, 4
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where A'I‘T(i) refers to transit time of the satellite signal from satel-

lite i. This can be expressed as
[AT.] = F(X_, b )[AX Ab]T
T ! Tt .
Then
T -1
[AX, &b]” = F ()—(n' bn) [ATT]

where [AX, Ab] is the update vector.
Given the initial conditions of the iteration viz. [X , b ] and

F-l(}_(o. bo) the iteration proceeds as follows.

1. Compute vector [ATT] where

[ATT] = AT 'Ti’[‘”°) f S5 -X Hn+b]

i -n

2. Compute F
3. Compute new !

F-l i F-l
n n-1

4. Compute [Ag_rn ’ bu]

@21-F F‘:_ll) where I is the identity

- R |
[Agfn.Abn] s Fn [ATT]
5. Compute [l(n, bn]
[’—(n' bn] 5 D-(n-l' bn-l] +[A?-(n' Abn]

6. Check convergence criteria and end iteration or go to 1.
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2.3 Algorithm Analysis

Three areas of algorithm analysis are addressed in this section.
The first is the analysis of the two candidate alert algorithms. The cri-
teria for selection of one algorithm over the other include lower average
GDOP, computational complexity, and length of time to do the computa-
tion. The second area of analysis is the convergence of the numerical
techniques presented in Sections 2.2.1-2.2.3. The analysis will attempt
to determine regions of convergence for each algorithm. The third area

of analysis is the effect of noisy measurements on the single fix algorithms.

The possible effects are accuracy of the resulting fix and a possible change
in the convergence properties. The analysis techniques are described in

this section with the results in Section 2. 4.

2.3.1 Alert Algorithm Analysis

The relative measure of how accurately position may be deter-
mined using noisy measurements from different satellite constellations
is called GDOP (Geometric Dillution of Precision). This measure is
a static quantity which is valid only for a single set of measurements.

It represents an error multiplication factor relating the uncertzinty in
the measured TOA to the resulting least squares position determination.
A complete derivation of GDOP can be found in Reference (6). The fol-
lowing formula for computing GDOP is derived in Reference (6).

GDOP = (Trace (FIF) })!/2

where

F is the matrix of partial derivatives (see Section 2.2.3 above)
evaluated at the user's actual location.
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The analysis of the alert algorithms uses the satellites in their nominal
orbits.

To help determine which alert algorithm is to be used, an average
GDOP value over a grid will be computed using each alert algorithm.
The grid selected takes advantage of the symmetries of the problem, so
that only one-sixth of the Earth is considered. The grid“l is every 10°
in latitude from the equator to the North Pole, every 10° in longitude for
a total of 1200, and in time, every 15 minutes for one and a half hours.
The average value will be computed for the GDE alert and the Max. Vol-
ume alert. The optimum achievable GDOP for a given constellation can

be computed through an exhaustive search.

2.3.2 Single Fix Convergence Analysis

Each of the single-fix algorithm solution techniques has been pro-
grammed for checkout purposes. To check the convergence of th<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>