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Preface

This thesis investigates the application of a
gradient method and a combined gradient-differential
dynamic programming method to generate a closed-loop
control law for intercept problems formulated as
differential games, The two example problems presented
in this report are somewhat simplified and serve
mainly to test the methods, It is expected that the
general results will carry over in a satisfactory
manner to problems with more complicated dynamics,

My sincere appreciation goes to Prof, Gerald
M. Anderson for his advice and guidance in this effort
and to my wife, Lynn, for her encouragement and
endurance of many lonely hours during the preparation
of this work,

This thesis is dedicated to Capt., Arthur J, Brandt
whose tragic death grieved all of us in the GA-76D
class, to my wife Lynn, and to my son Kyle,

i1




Contents
Page
Preface.................. ii
List of Pigures . . . « ¢ ¢ ¢ ¢ o ¢ ¢ o o o v
LiatorTables ® @ e o e o o @& 0 o 0o o o o Vi'
List of Symbols ¢ o« ¢ ¢ ¢ ¢ o ¢ ¢ ¢ o o o o vii
AbStract ® O e e o o o O ¢ o o o o o o o ix
: 8 TORTOOIBLON o« ¢ ok ox Ao e A 1
Background . « « « o s o o ¢ o o o 1
Statement of the Problem . ., . . . 3
II. Differential Game Formulation and

Closed-Loop Control Laws . « « o o o o 4
A Gradient Closed-~Loop Control
Law ® @ O o e o & o o o0 oo s o o o 7
A Differential Dynamic Programming
Closed=Loop Control Law . « ¢ « o 13
Game Simulation . . ¢ o ¢ ¢ ¢ o o 16

III, Planar Relative Motion Pursuit-Evasion

Gameooo'ocoooooooooooo 18
Game Formulation . o« o« o o o o o o 18
Application of Necessary
Conditions . ¢ ¢« ¢« ¢ o ¢ ¢ ¢ ¢ o o 20
Closed-Loop CONtrols . « o o« o o« o 21
Reaults ® O e o o e o s o s o o 22

IV, Three Dimensional Interceptor-

Penetrator Game T8 8 ¥y & ¢ ¥ 8- 9 9 % 27
Gomol"ornmlation......... 27
Application of Necessary
COnditions............ 30
Closed-Loop Controls . « « o o o o 32
Res“lts ® @ e o o ¢ o o o o o o o 33

Yo conclusicm.ooo-ooooooot )4.2
Bibliogrlphy.........o..... l-u-‘-

144




Appendix A: Derivation of an Analytic Closed-

Loop Control Law ,

Appendix B: ABM-ICBM Duel

L5
48

Appendix C: Program Listing: A Closed-Loop
Gradient Control Update Algorithm (Real-Time
Implementation)................

Appendix D: Program Listing: A Closed-Loop

Gradﬁent-DDP Control Update Algorithm (Not Real-
T me L2 L ] ® L ] [ ] ! L] L ] . @& LJ @ L3 L] L] L] L] L L] L] L]

Vita L L] L] [ L] L . . . [ L] L] L L] . . . [ . L] ° .

iv




List of Figures

Figure Page
1 Control Implementation Time Line , . . . 17
2 Planar Pursuit-Evasion Game Geometry , . 19
3 Planar Pursuit-Evasion Game ;

Trajectories.ooo-oooooooco 2)-'-

Interceptor-Penetrator Game Geometry . . 28
S Minimum Range and Cost vs. Sampling

Interval @ o ® ) ° . . ° . o . ° . o . o 35
6 Minimum Range and Cost vs, Sampling

Interval '} L L] L] o L] el L] e b L] L] L] L] . L d 35
7 Minimum Range and Cost vs, Sampling

Interval 2 L L] L L L] L] . L] L] L] [ ] L ® L - 36
8 Minimum Range and Cost vs, Sampling

Inte rval E2 . L . L . . L L] LJ . . L] L] L] . 36




ey —————

Table

List of Tables

Variance in Cost with Convergence
Factorooononooooocooooo

Variance in Cost with Sampling Interval,

Sensitivity to Initial Conditions and
Initial Control Guesses . « « ¢ ¢ o o o

Sensitivity to Thrust Levels . . . . . .

vi

Page

25
25

38
39




li¢

i

List of Symbols

vii

Definition
Predicted Cost Change
Evader (Maximizing Player)
Hamiltonian function
Cost functional
Weighting Matrix (Evader)
Weighting Matrix (Pursuer)

Maximum allowable number
of iterations

Path dependant portion
of cost

Pursuer (Minimizing Player)
Target on Earth's surface
Evader'!s constant thrust
Pursuer's constant thrust
Terminal (final) time
Initial time

Sampling time

Minimizing player's
control vector

Maximizing player's
control vector

'State vector

Differentiation of ( )
with respect to time

?ho ?uclidoan norm of




({
=%t )}

Subscripts
E

f

~

Superscript
»

(: T

1111

Evaluation of ( )
along a nominal path

() goes to ( )
Small variation in ( )
Sampling interval

A smail number

Costate vector

Terminal cost
Time-to-go

Denotes Evader (maximizing
player)

Terminal value

Inertial coordinate axis
fixed on Earth's surface

The 1th component

Denotes non-optimality
Denotes nominal

Denotes Pursuer (minimizing
player)

Partial differentiation
with respect to «w

Partial differentiation
with respect to Vv

" Partial differentiation

with resdpect to

Denotes optimality

Transpose operation




G RUT ST —————

S,

GA/MC/T6D-2

Abstract

This thesis investigates the use of a gradient
method and a combined gradient-differential dynamic
programming (DDP) method to generate closed-loop
controls for intercept problems formulated as
differential games, The gradient method is applied
to a planar motion pursuit-evasion game, The trajectory
obtained compares favorably with that obtained using
analytic expressions for closed=-loop cohtrols. The
gradient method is applied to a three dimensional
interceptor-penetrator game with simplified dynamics on
a real-time basis, A combined gradient-DDP algorithm is
applied to this problem but not on a real-time basis,
The DDP portion of this combined control law was found
to be unstable, The results obtained indicate that a
gradient based scheme, because of its numerical stability

and ability to rapidly converge to the vicinity of the

optimum, may be used to generate an effective nea -optimal

closed-loop control law for some problems,
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CLOSED=LOOP CONTROLS FOR DIwiwrmiuTIAL
GAllEs USING A GRADIENYT AND A

DIF¢ERENTIAL DYIAIIC PROGRAIMING FMETHOD

I. Introduction

Background
Differential game theory can be applied to many problems
where two participants have diametrically opnposing goals,
Many problems encountered in the area of military strategy
can be modeled as a two-person zero-sum gane,
In a zero-sum game, one player avplies a control in
an effort to minimize a cost (performance index) and the
other player applies a control to maximize the cost,
Application of necessary conditions for a saddle point
solution to the game will yield a two-point boundary valuc
problem (TPBVP) which must be solved to generate the optimal
controls for both players, Solution of this TPBVP for a given
set of state initial conditions will yield open-loop strategies,
Strategies, or control laws, so obtained are useful if it
can be assumed that both players will use their optimal
controls throughout the duration of.the game, Unfortunately,
for most realistic problems this is an invalid assumétion.
In order to use differential game theory in problems
of aerial combat and interception, a closed-~loop control

law is needed so that one player may immediately capitalize
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upon non-optimal play by his opponent, A computational
algorithm is needed to provide a closed-loop control law,

If one of the players, for example E (Evader), uses
a non-optimal control, then the other player, P (Pursuer),
updates his control vector by use of a computational algorithm,
To accomplish this task, P samples the system state at
fixed time intervals and computes new controls using the
sampled state vector and computed (or assumed) nominal
control histories for both players., Between sampling times,
P flies open-loop using controls computed at the previous
sampling time,

Generation of a near-optimal closed-loop control using
neighboring extremal algorithms has been accomplished with
some success (Refs 1,2)., A major drawback to using these
methods is that they require the use of a reference trajectory.
In order to obtain a reference trajectory, a TPBVP must be
solved and, typically, this requires a large amount of
computational time, In addition, numerical stability of
neighboring extremal methods sometimes causes convergence
problgms.

An ideal closed-loop control law would be one that 1is
stable, depends only on the current state, requires no
reference trajectory, provides an optimal or near-optimal

control law, and can be implemented on a real-time basis,
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Statement of the Problem

Scope. This thesis will investigate the use of a
numerical algorithm based upon a gradient scheme that meets
the above criteria and may be used to generate a near-optimal
closed-loop control law, Two example problems are presented
to test this method, The first problem is a planar relative
motion pursuit-evasion game and the second is a three
dimensional interceptor-penetrator game,

Approach. In the planar pursuit-evasion game, the
trajectory obtained using the gradient closed-loop control
law will bve compared with the trajectory obtained using
analytic expressions for the closed-loop controls, The
gradient method will be applied to the interceptor-
penetrator game on a real-time basis, Effects of varying
convergence parameters and state sampling interval will
be studied, A differential dynamic programming (DDP) method
is used in conjunction with the gradient method in an effort
to generate a more accurate closed-loop control law for the

interceptor-penetrator problem,
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IT. Differential Game Formulation and

Closed-Loop Control Laws

Many aerial combat and intcrception problems,
including the two problems considered in this thesis, may
be formulated as two-person zero-sum diff'erential games,
The non-linear system dynamics of the game are modeled

using a first order vector differential equation,

/;- = f(x,w.v) (1)

with initial conditions

a(to)= o : (2)

The scalar cost functional is

te
J = ¢[m(m.tf]+fum,w,v) dt (3)
t,

where the vector, u, contains the controls of the minimizing
player and the vector, v, contains the controls of the
maximizing player,

The construction of a cost functional that incorporates
all the necessary features of the conflict and does not
bias thé outcome toward one player is a problem in itsell,
The cost used in pursuit-evasion games normally includes

some measure of the range between the two vehicles at the

L




end of the game, Formulation of a payoff for other types
of encounters (e.g. interceptor-penetrator) within the
context of zero-sum, two-person games is more difficult,
The optimal solution to a zero-sum differential game
depends on the stationarity of Equation (3), Thus, the
problem is to find the control pair (u*, v*) such that

J(u-',V‘) = J(u’, V“) < J(“’l"'“) " (4)

The middle term of (L) is known as the value of the game
and an asterik (%) denotes the optimal nature of the control
vector, This inequality is called a game theoretic saddle
point and incorporates the idea that if one player uses a
control other than the optimal, then the other may
capitalize upon this to cause a change in the value of the
game to his favor,

For a game with no terminal state constraints, the

necessary conditions for a saddle point solution to the

game are
a=flr,w,v) 3 x(t.)= n ; (5)
A= -H, At = o Lakp, 41 (6
H.= O (N
H..=2 O : (8)
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Hy=0 (9)
Hyv €0 : (10)
Hitd= - ¢, (11)

where the Hamiltonian, H, is defined as
Hx N, w,vl= L(awv)+ )Tf(m,w,v’) . (12)

If there is no path cost, then L is zero in Equations (3)

and (12). A derivation of these necessary conditions is

given in Chapters 2 and 9 of Reference 3, The TPBVP that

must be solved is given by Equations (5) and‘(6). Expressions
for the optimal controls in terms of the state and adjoint
variables are obtained from Equaﬁions (7) through (10),
Equation (11) determines the time at which the game terminates

end can be shown to be equivalent to the expression
J=0 . (13)

If the final time is prespecified, then Equation (11) may
be omitted,

Solution of the TPBYP will yield open-loop control
strategies, (u*, v*), which represent the "best" one player

can do against the "best" of his opponent, If the opponent

6




chooses to use a control other than v*, then the first
player must update his control based on the current system
state and time., This results in a closed-loop control law,
A quality of two-person zero-sum games is that if both
players use their optimal controls, then the open-loop

and closed-loop trajectories are identical.

A Gradient Closed-Loop Control Law

Adjoining the system dynamics, Equation (1), to the
scalar cost functional, Equation (3), by use of time varying
Lagrange multipliers (adjoint variables), one has

t¢
T = glated, e]+f[Laum) N (Flaww) -4 ) 1o ol
¢t

Substituting for the Hamiltonian, Equation (14) becomes

te
J= ¢[¢(t,),t,]+/ [H(x X wv) - ATx ] d¢ . (15)
‘.

Along nominal state and adjoint variable trajectories, x
and A, a variation in the controls from the nominal controls

u, s v, results in

J*SJ = ¢[mtt¢),t¢] +
t¢

I[H(m,),w.-*Sw,v.*Sv)-’)Tfilclt . (16).

te
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Expansion of mquation (16) in a Taylor's ceries tnrough
f rst order terms about the nominal values yields
te

Sd =/[ ij,éw+ HvlgU'J de ; (17)

t

which is the first order variation in the cost cue to
small control changes Su and &v (Ref 4). The adjoint
variables used in Equation (17) must satisfy the expressions
given by Equations (6).

In a differential game, player P apvlies a control
change, $u, in an attempt to minimize the cost., Player
E is assumed to be applying a control change, dv, to
maximize the cost, Therefore, in iquation (17), the ith
component of the vector, %u, is adjusted so as to be of

opposite sign of the ith

component of the vector, Hu‘
Likewise, the 1™ component of the vector, $v, is adjusted
so as to be of the same sign as the 1th conponent of the
vector, Hv’ This procedure ensures that the opposing players
ars mazing control changes so as to cause a change in the
cost, §J, to their favor,

To use the gradient method to generate a closed-loop
control law, the control corrections, Su and Sv, are computed
at discrete smipling times., At each saupling time, ts, the
gradient closed-loop control algorithm will be called upon

by player P to generate an updated control bascd upon the




sampled state vector. The cost variance over the time

interval, te = tg (tire predicted tine-to-go) is given by

o
§J :f[leéw + H$v 14 . (18)
ts (o] o

The control correcticns made on each iteration of the

algorithm are computed with

Sw

)

Kp Hw and

Sv KE e » where (19)

K’P and Kh: are diagonal weighting (step-size) matrices of
proper dimension to make (19) conformable., K; and K. are
selected so that X, < 0 (negative definate) and K, > 0
(positive definate),

Selection of the Step-Size. Gradient methods are inherently

stable and converge to the general viciuity of a local optimal
solution within a few iterations if the step-size matrices,
KE and KP’ are selected properly, Leatham (Ref l) suggests

using

; (KP )«‘.L - (Sw; )m\/( HWL )mx and
’ (KE )u g (SV; )m‘/( HV.'. )m«x ’ (20)

where ( Sui )MAX and ( 5'1)14“ represent the largest control

"

9
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corrections that the designer estimates could be applied

on each iteration. (Hui)HAx and (Hvi)MAX are the maximum
control gradient magnitudes which are estimated values for
the first iteration and updated, if necessary, on subsequent
iterations, This provides a simple method for taking a
variable step-size to aid convergence,

An alternate method of computing Kp and KE arises by
the inclusion of second order terms in Equation (17). In
doing this, the cost change over the predicted time-to-go
(tr - ts) becomes

tr
: SJ-:{ [le5w+ Su,TH“lSu,‘l'
s

: Hyl Sv+ Sv' H, | $v | 4¢
{ . - 2 (21)

For the variation §J to vanish, it is necessary that

]
o

(le : S“‘T Hu-u.le ] SW

n
o

s (22)

[Hvl . SVT va.l ] v
Prom Equations (22) the coutrol corrections are found to be
-1
Su = [’wa Huv]l ;

sv =[-H,,” Hv']l (23)

10
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. -1 -1 : X
oprovided ”uu and va exist, In this case, the terms

-1 o) :
=il and =II are analogous tc Km and K

i 1450 sions (19
- - in Bouations (19).

P
Convergence of the Gradient iiethod., In this thosis,
convergence of the pgradient method is defined to occur
when the square of the Buclidean norms of the gradient
vectors Hu and Hv at the samnpling time are both less than

some small number, That is,

[

IN

IHo (el

2
|

€ and

IH, (tl £ € : (24)

Convergence can also be defined to occur when §J in Equation
(18) is small,

A Gradient Method Control Update Algoritim, For a

free final time problem with no terminal state constraints,
the algorithm used in this thesis is summarized as follows:
(1) FProm the current state and sampling time (x(ts)
and ts) integrate the state equations forward
until J—0, This establishes a predicted final
state- and tine (x(tf) and tf). Use the current
nominal control histories u  , v, in this integration.

(o}
The uo and vo used for the first iteration at the

O T —




first sample time must be chosen by some reasonable
logic (e.g. proportional navigation or line of sight).

(2) Evaluate the adjoint variable boundary condition,
Alty) = ¢,,_[¢(t;),t;] . This is the same expression
as given in Equation (6).

(3) Integrate the state and adjoint differential eqﬁations
(see Equations (5) and (6)) back in time to t,
using the nominal controls u  and v . Use MNee)
from Step (2) and x(tr) from Step (1) as boundary
conditions for this integration, Compute and
store H“L and H‘L (also Huu], and va.l, if needed)
along this backward trajectory.

(4) Update the control histories u, = 'uo + Su;
wee s §v where Su = KpH, and §v = KcH .
The signs of ( Su)i and ( Sv)1 are adjusted so
that ( Su.)1 and (H,); are of opposite sign and
( Sv)1 and (Hv)i are of the same sign. Ky and
KE are defined by Equations (20) or (23),

(5) Repeat Steps (1) through (4) above until
I Ha (el e ma [ Hy(eglls e o 1f tnts
convergence criterion is not met, then computation
is terminated after a prespecified maximum allowable
number of iterations,

Por the problems considered in this thesis, the predicted

time~-to=-go (tr - t'), divided by sixty-four, was used as the

12




A

integration step-size in the control update algorithm,
This mechanization has the feature of using smaller and
smaller integration steps as ts approaches tf. Because
of this, higher accuracy of the numerical integration

method can be expected as the game progresses.

A Differential Dynamic Programming Closed-Loop Control Law

The change in the cost for the time period te - ts ’
due to small deviations in the controls from the nominal, is

(Ref 5)
tf
&J '-'f [H(a D wet Swy vers) = H(a M weo ) 186 L (25)
ot _

By letting A = §J and performing the indicated integration,
one has the total predicted cost change, A, that would
result by epplying the controls u, + Su and v, * $v. The
equivalence of Equations (25) and (18) for small $u and
S v may be shown by a Taylor's series expansion through
first order terms of Equation (25).

For a separable Hamiltonian (one which may be separated
into a portion containing P's controls and a portion containing

E's controls), one has

t¢
A=A+A, ={ [HE(/L,),V'? + Hp (4,7\, w*) o
He(xv) = Hp(a 2, wa) | de ; (26)

13
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.

wheie v" = v, o+ Sv and u” = u, * $u., The predicted cost

change due to 8v is A, and the predicied cost change due

—

to Su is A Convergence at each sanpling time occurs

r
when the total predicted cost change, A, is small and

¢ > Az 0

we

-6 € Hp 2 0 ‘ (27)
Equations (27) indicate that E applies a control change

to cause an increase in the cost and P applies a control
change to cause a decrease in the cost,

A DDP Method Control Update Algorithm, For a free

final time problem with no terminel state constraints, the
algorithm is swmarizcd as follows:

(1) From the current state and sampling time (x(ts)
and ts) integrate the stato equations forward
until J—0, This establishes a predicted final
stute and time (x(tf) and tr). Use the current
nominal control histories, u  and vo,in this
integration,

(2) Evaluate the adjoint variable boundary condition,
Nt,)‘—' ¢1[m(t,),t;] . T™is is the same expression as
given in Equation (6),

(3) Integrate the state and adjoint differential equations

back in time to ts using the nominal controls L

L
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(i)

(5)

Vor Use )(QJ from Step (2) and x(Lf) from Step

(1) as boundary conditions for this integration,

Along this backward trajectory:

(a) Compute and store u* and v* which are found
from the optimality conditions given by
Equations (7) through (10). In many problems,
analytic expressions for u% and v* in terms
of the state and adjoint variables may be
obtained.

(b) Compute HEold and H using the current

Polad
state and adjoint variables and the nominal

c v omput
ontrols uo s Voo Compute HEnew and HPnew

using the current state and adjoint variables
and the new controls u- , v .

(¢) Form the equations
Ag = Hpiia = Hinew »

AP = HPold & HPnew o

are integrated backwards with the

H and

AE and AP

state and adjoint differential equations from

the boundary conditions AE(tf) = AP(tf) =0,

Update the nominal control histories by replacing
% %

uo with u” agnd Vs with v,

Convergence occurs when the total predicted cost

change at ts’ A(ts) = A"(ts) + AP(ts) » 18 less

14
than some small number, and when e:>AE(t8) = 0 and
- <
e<Ap(t. ) = 0,
15
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Note that this DDP scheme incorporates no check on

the size of the control corrsctions made on each iteration

of the algorithm., In the application of this method to the

problem of Chapter IV, it is assumed that the nominal controls

initially provided to the DDP scheme are sufficiently:close

to the optimum to obviate the need for a convergence control

method,

Game Simulation

Game computer simulations employing both the gradient

and combined gradient-DDP control update algorithms use the

following general set-up:

(1)

(2)

(3)

()

(5)

(6)

Set P's sampling interval, A ,

Set E's non-optimal control sequence, vNONOPT'
Establish reasonable nominal control histories

u, vo for use in the control update algorithm
on the first iteration at the first sampling time,
A reasonable choice might be a control based upon
line-of-sight or proportional navigation,
Integrate the state differential equations forward
from the given initial conditions, x(t ), using
the controls. YNONCET
When the state sampling time, ts' is reached, P

for E and uo for P,

calls upon the control update algorithm (gradient
or gradient-DDP in this thesis).

After updating his control, P flies open-loop
until the next sampling time,

16



Computer simulations of the differential games considered
in this thesis were run on a Control Data Corporation 6600
digital computer, The integration routines used in the
control update algorithms employ a fourth order Runge-Kutta
method to start and then use a four point Adams-Bashforth-
Moulton predictor corrector scheme,

Algorithm Implementation on a Real-Time Basis, Since

the control update algorithm requires a small but finite
amount of computational time, there is a time lag between

the state sampling time and the time that P may actually
implement the updated control, This may be pictured using

a time line as shown in Figure 1. Note that if P chooses

a sampling interval too small, this may prevent implementation
of the updated control before the next sampling time is
reached, This situation will decrease the effectiveness of

the control updating scheme,

a, S 1i Interval
- s SQmpling a ’1
b } — - el
t
B+
B TR ——
014 Control Updated Control

Figure 1, Control Implementation Time Line

17




III. Planar Relative Motion Pursuit-Evasion Game

Game Formulation

Consider a simple fixed end time planar relative motion
pursuit-evasion game involving two constant thrust rockets,
The geometry of the problem is shown in Figure 2, The
origin of the XY cordinate system is centered at P and the

equations of motion of E relative to P are,

x
1"

Vx
V= Tecon v =Ty cow w
| In%
WETeainv—=Tp ainuw

. (28)

The initial conditions for this problem are

 X(0)= 10
Vo= 0O
yo= O

Vy(o)= O ® : (29) |

18
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Pigure 2, Planar Pursuit-Evasion Game Geometry
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The payoff is taken to be one half the square of the
final EP range,

J=Y%[x*+ Y‘]l : (30)
£

In this problem, drag and gravity effects are neglected
and it is assumed that both vehicles are point masses using
constant thrust, The thrust levels used are Tp = 1,0 and
TE. 005 [ ]

Application of Necessary Conditions

The Hamiltonian for this problem is

H= o Vot Ay [Toconv = Treonw] +
MV + N[ Tesimv = Tpainu] . (31

The adjoint differential equations and boundary conditions
are given by Equations (6) and for this problem are found

to be
) =0 ; Melte) = X¢
g M A (t)= O
A= 0 A=Y
M, = =Dy Mt = O . (32)




By applying the optimal control conditions given by
Equations (7) through (10) it is found that

Avy
. = . " = (3 [
Hnw sV v hv. *XVV
* 3 __)‘_‘_’l___.

oow' = wavt = JREISNT (33)

Equations (33) constitute an open-loop strategy for
this game, The TPBVP given by Equations (28), (29), (32),
and (33) must be solved to generate the solution to the
game,
With the initial conditions given by (29) the optimal
strategy is
w =0 and v =0 o (34)

- anld
If the evader (E) uses a non-optimal control Vy v oom = 90

then the pursuer (P) must update his control in order to

take advantage of E's non-optimal play.

Closed-Loop Controls
Analytic Closed-Loop Controls, Analytic expressions

for P's optimal closed-loop controls are

3
FX

¢ (35)

a1




where X = \|(t¢-t)+ X and Y = Vyl(te-t)+ Y ,
A derivation of this control law is provided in Appendix A,
The trajectory obtained using the closed-loop control
law (35) will provide a basis for comparing the trajectory
obtained by using a gradient closed-loop control law,

Computed Closed-Loop Controls, The gradient scheme

mechanized to compute P's control correction, Su, is
given by Equation (23), A fixed flight time of 4.5 time
units was used in the computer simulation of this problem,

The control update algorithm for this problem is not implemented
in real-time.

The convergence criterion used was
[Hu(t )] € e end  [Hy(t)ée .

If this convergence criterion was not met then computation
was terminated after 25 iterations, The game was played

using various sampling intervals (4) and convergence factors

(e),

Results

Analytic Solution vs. Computed (Gradient Method) Solution.
The trajectory obtained using the gradient control update'
scheme compared very well with the trajectory found from
the analytic expression for the closed-loop controls. The




[ ——

trajectories are shown in Figure 3. A sampling interval
of A= 0,1406 time units and a convergence factor of
€ = 0,1 were used in the gradient method run,

Variation in Cost with Convergence Factor. The convergence

factor, € , 1s a qualitative indicator of how near the
computed solution is to the optimal solution, The smaller
the value of €, the closer the solution will be to the
optirmum, If the gradient closed-loop control law is to be
implemented on a real-time basis, then the number of iterations
of the algorithm at each sampling time must be kept low
to minimize the computational time, Some accuracy is sacrificed
in this effort.

In order to study the degree of accuracy of the
computed solution, the game was played using differing
convergence factors, The results are given in Table 1.
Note from Table 1 that the more stringent convergence criteria
(€ =0,01l and € = 0,001) resulted in more iterations of
the algorithm and did not significantly reduce the cost,
This result indicates that a closed-loop gradient method
would provide reasonably accurate solutions in a few iterations
if the value of € is not too small,

Variation in Cost with Sampling Interval, Using a

convergence factor of €= 0,1 the variation in cost was
studied for different sampling intervals, The results
are shown in Table 2, The cost approaches the analytic

23
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Table 1,

Variance in Cost with Convergence Factor

Guidance Scheme Final Cost Number of times | Maximum no,
convergence of iterations
criteria not met | used at any
sampling time

Analytic 1.45226 n/a n/a
Gradient 1.56053 none 3
(e =0,1,

a = 0,14063)
Gradient 1,54187 2 25
(e =0,01 ,

A = 0,14063)
Gradient 1.54259 1" 25
(e =0,001 ,

A = 0,14063)

Table 2, Variance in Cost with Sampling Interval
%

Sampling iDT 10DT 20DT 30DT 4oDT sopr
Interval
(a)
Cost 1,487 | 1,708 | 2,463 | 2.406 2,889 | 3.485

*or = 4.5/128,




{ solution cost as the sampling interval decrcases,
A real-time implementation of the gradient closed-
loop control method is made in the problem of the next

chapter,
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IV, Three Dimensional Interceptor-Penetrator Game

Game Formulation

In an interceptor-penetrator encounter, the penetrator
(designated with an E) attempts to penetrate the defenses
of a fixed target. and hit that target or at least
maneuver so as to be in a favorable position to hit the
target at some later time, The interceptor (designated with
a P) attempts to intercept E or at least force E into an
unfavorable position from which to hit T, This type of
conflict may involve a bomber and a surface-to-air missile,
The conflict could also be between a maneuverable intercontinental
ballistic missile (ICBM) and an anti-ballistic missile (ABM)
missile, '

Consider a simplified dynamical model of an encounter
between an ICBM, (E) and an ABM (P), Capital letters designate
E's state and lower case letters designate P's state, The
geometry of this problem is shown in Figure Y4, The constant
thrust to mass ratios available to E and P are Te and Tp
respectively. The controls are the angles v and v, for E
and u, and u, for P, The first control angles (v, and u, )
are measured in the azimuth plane from the positive X

axis and the second angles (v2 and uz) are measured from the

. local horizontal,

Scaling, In this problem the following scaling is used:
1 distance unit (d.u,) ~ 10“ feet
1 time unit (t.u,) ~~ 1 second

27
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Figure lj, Interceptor-Penetrator Game Geometry

28




it

Equations of Motion., The state equations and initial

conditions are

X =V, . Xleol= 0.

V= Te cou v, coa, , M(o)= .57735
7=\ 2 Y = O.

Vy = Te coo v aimv; s . W= 57735
2=V, £ Z(0)= 20.
Vo= Te aimvy " Vs(o)=-.57735
=V : ~©= 20.
{&==7;gaquCoouq . vixlo)= 0.
Qf='V# r 4©) = 20.
“'U“-‘-.’}ww, Qm w, g v = 0.
2=y i z)= O.

% =Tp aimu, ,» - wb)= O. . (36)

The target coordinates are (Xy , Yy , Zp) =

(20 , 20 , 0) d.u,

Note that the initial conditions are such that E's

velocity vector at t = 0 is directed at T with a magnitude

of 1,0 d,u,/t.u, (this is equivalent to 10,000 feet/second),

At £t = 0, P is positioned at T with zero initial velocity.

In this problem it is assumed that the

two vehicles

are point masses operating in a drag free environment with

constant thrust to mass ratios, Purther, it is assumed that

the acceleration of gravity is negligible in comparison

29




to the acceleration capabilities of the vehicles,

Cost. The cost used in this game consists of one half
the square of the final EP range plus the dot product of
E's velocity vector and E's line of sight distance vector
to T at the final time, The angle © between these two
vectors is indicative of the predicted ET miss distance
should E successfully survive the encounter with P, A
small value of © at the final time would indicate that E
is in a favorable position from which to later impact T,
Conversely, a large value of e(tf) would indicate that E
is in a poor position from which to hit T, Further discussion
of this aspect of the problem may be found in Appendix B,

The cost is given by

J= 3 (-2 ly-)* oz -] +
¢

Lvie (Xr=X)* ¥ (Y2 -¥) + v (27 - 2)]]
| !

. (37)

E is the maximizing player and P is the minimizing player.

Application of Necessary Conditions
The Hamiltonian for this problem is

H = Ax\/x *7‘.,‘7.56“""2 CoaV; + )y vy + )VVT}MV;“‘”VI <+
%,Vz - hv‘-r; BnVy "’lq. Va * —Av;“ T’Wwa waw, +

)‘Vt‘ -+ ’AV‘T-P oo W) dimny +)z 41 +%v‘ Tf QU W . (38)
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The adjoint differential equations and boundary conditions

are found from Equations (6) and are

b k0= (x-aen)]
, Nen) = ( Y'“*’Vv)l,
’ )yy(tc)z YT "yf

’ 7\1 @p= ( -2~ Ve)!'

’ Nolt)= 2,-2¢

’ )= == Xg

’ Agt)= O

’ M= £ -

’ )= O

’ M= 24~ Z;

’ %v,(t;)z o) *

(39)

From the optimal control conditions, Equations (7) through

(10), it is found that

: M
“ni = R
44 Ay
in g )V' -+ )Vyz

Vi
Mv‘l - )W + mv' -+ “V!l

4 M + Wy
wavy = i 7‘v.z * 7‘vf: » 7‘"2

"]V*

simw = 'Mr,f"‘ Pvyl

~Avy
» e T AL+ M

~Av,

» th‘—‘ {-7"3—* ')v;i ,),.‘zi
g+ Do
’ wo W, = %V: ?N""'hvf o

N

(4o)
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In this problem, the final time is established when
H(t) = O 3 (1)

Equation (41) is equivalent to

= : (42)

With the initial conditions given in Equations (36)
and the payoff given by Equation (37), it was found that.
the optimal open-loop strategies called for E to thrust
directly towards T and for P to thrust directly towards E,
This strategy is obviously suicidal for E, hence, if E is
to have any hope of destroying T, he must first avoid P,

Suppose, in an effort to evade P, E uses the non-

optimal control v = (0,0) for the duration of the

NONOPT
encounter with P, This control is unknown to P, In order
to account for E's non-optimal play, P uses e closed-loop

control law discussed in Chapter II,

Closed-Loop Controls
The first algorithm used was the gradient scheme with

control updates given by Equations (19) and (20). This
method was implemented on a real-time basis., The second
algorithm used was a combined gradient-DDP scheme, The
gradient-DDP method was implemented in a closed-loop but
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not real-time fashion,

The convergence criterion used in all runs was

IN
m

and

Ho (2all®

2
IHo(e] = < : (13)

If this convergence criterion was not met then computation

was terminated after KOUNTMAx

played using various iteration cutoff factors (KOUNT,.)

iterations. The game was

and sampling intervals (&),
Thrust to mass ratios were also varied in this game,

range from about 93 g's (0.3 d.u./t.u.?) to
2
)

Values of TP

310 g's (1,0 d.u,/t,.u,
for an ABM missile such as the Sprint (Ref 6:5),

. These are not unreasonable figures

The initial nominal control guesses used were u°(0)=
(-135°,35.26°) ana 70(0)=(k5°.-35.26°). These values were
used by the algorithm on the first iteration at the first
sampling time,

Results

Gradient Method., The gradient closed-loop control law
made use of Equations (19) and (20) in computing the control
corrections $u and Sv, This method was implemented in
real-time, In all runs, player E used the non-optimal control
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Nonopr = (020).
The changes in the cost and minimum EP range were
studied for various sampling intervals (A ) and iteration

cutoff factors (KOUNT In gll of these runs the

MAX)‘
thrust to mass ratios were fixed at T, = 1.0 5 T = 0.1
and the convcrgence factor was set at € = 0,5 . For
purposes of discussion, a minimum EP range of 1,0 d.,u, or
less is scored as a "kill" for P, The results are presented
in Pigures 5 through 8,
Note from these figures that the minimum EP range
increases substantially if too small a sampling interval
is used. This occurs because with very small sampling intervals
there may not be sufficient time between sampling times
for P to implement the updated control., This effect is
especially apparent early in the game because the algorithm
usually required more iterations (and more time) to meet
the convergence criterion, For example, in a run with
A = 0.4 and KOUNT

MAX
the updated controls in tko last 4.3 t.u,'s (seconds) of "

= lj,player P was only able to implement

the game., This represents only about 35% of the total
flight time,

If A was made too large the cost and minimum EP range
increased, This is caused by P not updating his control
frequently enough,
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It was found that the cost and minimum EP range curves
dropped to a minimum for a small range of sampling intervals,
This range extended from about & = 0,5 to & =1,5, The
best overall results, from P's standpoint, were obtained
for a sampling interval range of about 0,5 to 1,5 and
iteration cutoff factors (KOUNTMAX) of 3 or 4,

The run with KOUNT,,, = 1 and A = 0.4 (Figure 5) gave
the lowest minimum EP range of any run, however, this was
an isolated case, Other sampling intervals with KOUNTMAX =1
resulted in erratic behavior of the cost and minimum EP
range.

It was found on all runs that only one or two iterations
of the algorithm were required at each sampling time beyond
about tr/2. This suggests that a smaller A could have
been used as the game progressed.

In order to investigate the sensitivity of the algorithm
to the initial nominal control guess and initial conditions,
the initial nominal control values and initial conditions
of E were fixed and the position of the target (and initial
position of P) were changed, The results are summarized
in Table 3, Note that P was able to compensate and score
a "kill" for cases 1 and 2 but not for case 3., In case 2,
the fact that the algorithm was able to recover from the
relatively poor initial control guesses and allow P to
score a "kill" shows some degree of insensitivity of the
method to poor initial control guesses.
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Table 3, Sensitivity to Initial Conditions
and Initial Control Guesses,
L
Case Target Coordinates Min EP Range te
1 Xp = 20 43160 11,755
!& = 20
Zy = 0
2 XT = 25 « 96026 13,083
Y, = 25
Zp = 0
3 Xp = 30 3.22657 14,362
!i = 30
( it
Factors Common to all Three Cases:
T, = .3 (93g's) a =.,8 Vyonopr = (0+0)
T, = .1 (31g's) € = .5 KOUNT), x = 3

Initial Control Guesses uo(O) - (-135°.35.26°)
) vo(0) = ( 45°,-35,26°)

E's Initial Conditions X(0) =0, ¥(0) = 0, Z(0)=20
Vg (0)=,57735 Vy(0)=,57735 V,(0)=-.5773:

g P's Initial Conditions P located at target with zero
; initial velocity
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Runs of the game were made with various values of

Te and Tp. The results are swmarized in Table lf below,

Note that P was able to score a kill for a fairly wide

range of values of T, (from -o02,1 g's to about +55,9 g's),

Table lj, Sensitivity éZﬁiREEQt Lé;;ls
T ¥in EP tr (sec)
e Ranga(d.u,)
1,00 (310.5g's) | =1,00 (=310.5g's) | 25,656~ 6,000
e - 20 (=62,1 gts) . ¢292 8,056
. - ,10 (‘3101 8'8) .’-LZLI- 70636
A 0,00 ( 0.0 g's) «236 Te37h
" .10 ( 31.1 g's) % & S T7.2687
b «12 ( 3703 8'3) « 377 Te197
= 4 (43,5 g's) «510 7.159
. «16 ( 49.7 g's) 052 7.115
- 018 ( 5509 8'8) « 911 701214-
" .20 ( 62,1 g's) 1.2u1% 7,08l
" L0 (1242 g's) 44 306" 6,800
" .60 (186,3 g's) 7. 304" 6.1489
IFactors Cormon to all of the Above Cases
a =1.2 Ynoworr - (029
O KOUNT, ,» = 4 (Xp » Yp 5 2p) =
& (20 , 20 , 0)
E has escaped P,
39




Combined Gradient-DDP Method (Not Real-Time

Implementation), In an effort to achieve a more accurate

solution (and a lower minimum EP range) to the interceptor-
penetrator problem, a guidance scheme using both the
gradient and DDP methods at each ts was devised., The
control update algorithm made use of a maximum of 10
iterations of the gradient scheme and then a maximum of
1C iterations of the DDP scheme, It was found that the
DDP scheme made extremely large control changes early in
the encounter, Also during that time, the predicted cost
change was on the order of 102 rather than zero. Very
late in the game the method "settled down" but at the
expense of a large predicted t. which resulted from the
poor control updates made earlier, A run using & = 1,0
t.u, resulted in a minimum EP range of 0.455 d.u, and a t,
of 12,39 t,u, This is no improvement over using the
gradient routine aléne.

In the above mechanization, it is apparent that early
in the game the nominal controls "handed over" to the
DDP scheme by the gradient scheme were not sufficiently
accurate for convergence of the DDP, This is due in part
to the lack of any convergence control built into the
DDP ascheme and in .part, due to the relatively high thrust
rockets being used in the game, Because of the high
thrusts, a very small error in a control angle results
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in a large cost change at the predicted t;f.

Another comnbined gradient-DDP method was tried in
which the gradient routine alone was used early in the game
( 0=« t£.9tf ) with a a=1,0 t,u, and then the DDP routine
alone was used late in the game ( et & tr ) with a
s = ,082 t,u, This resulted in te = 10,92 t.u, and
a minimum EP range of 3,28 d.u. Thus, P did not score a
kill in this case, Again, it was found that DDP did not
converge, It ia apparent that if DDP is to be used in
conjunction with the gradient scheme then DDP needs some
built-in convergence control device, The nominal controls
handed over to DDP by the gradient scheme were fairly
close to the optimal and yet with no convergence control
the DDP scheme failed, Use of the gradient method alone
provided better results because of its inherent stability,
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V. Conclusions

It has been shown that a closed-loop control algorithm
based on a gradient method can provide reasonably fast and
accurate solutions for some differential game problems,

The principle advantages of this method are that it is
stable, it depends only on the sampled system state and

not a reference trajectory, and it provides reasonable
accuracy within a few iterations. The main disadvantages
are that the method does require some degree of fine tuning
in selecting the step-size matrices KP ’ KE and the convergence
factor, € ., Also, the gradient method does not provide a
highly accurate solution, However, in some problems, speed
of computation is more important than high aécuracy. A

DDP method used with the gradient'method may provide higher
accuracy but some device needs to be added to limit the
size of the control corrections made on iteraﬁion. The

DDP method as outlined in Chapter II was found to be highly
unstable, The gradient closed~loop control law presented
in this thesis provides an alternative to methods that

may be prove to stability or convergence problemns,

Reeommendations, Use of a closed-loop real-time

gradient method on a problem with realistic dynamics should
be tried and the results compared to those obtained using

other guidance laws, Also, more work may be done on the
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hybrid gradient-DDP scheme to achieve more accuracy of
the solution and better convergence of the DDP, Another
area of interest is the formulation of an interceptor-
penetrator duel between an aircrafi and a surface-to-air

missile using realistic dynamics,
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Appendix A

Derivation of an Analytic Closed-Loop Control Law

An analytic expression for the optimal closed;loop
control law to be used by P in the problem‘of Chapter III
may be found by noting that the adjoint variables (Equations
(32)) are linear in the time-to-go (T = t, - t). Also
it is noted that the controls for E and P are equal as
given by Equations (33). In order to find analytic expressions
for the adjoint variables to use in (33) , one needs to

find xr and Y Eliminating the controls from the second

f.
state equation in (28) one has,

. Xf :
VX Ly (TE—TP) 4 X;Z -+ )'fz " KL ’ (a-1)

where K, is a constant, Integration of (A-1) with respect
to T yields

Vx VX - Ki('tg’t) G o (A-2)

‘._
Rearranging gives
Vo= X = oK (t=t) + Vae ;

which may be integrated with respect to ‘U to give

45



oy

K 2
X;-X g -—ZL(t{"t) " Vx{(t{-t)

. (A=3)
By substituting for Vy. from (A-2) into (A-3) one has
Xe = X+ V(ts-t) + %(t;—t)a. . (a-h4)
Performing similar integrations for Y, yields
Ye = Y+ Vy(te-t)+ B (-0)° , (a-5)

Ys
where K, is a constant Kz"—-‘(TE ‘Tp) ;/xfl + Y2

Substituting for K, in (A-4) and multiplying by ¥, yields

1

Xe 7 =[X"' Vx(tf*t)] s
a2 X§ Y5 |
el e e

Substituting for K, in (A-5) and multiplying by X, gives

XeYe =LY+ wlte-) [ x¢ +

(4¢ ~ ¥ Xf Y5
2 A (Tz "'Tf){ X¢2 + Y o (A=7)

Subtracting (A-7) from (A-6) and letting
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.)—(=X+ VX(tg't) ’
{ =
e Yo Vy('t;"t\
gives (A=8)
‘X. Yf = Y X{ . . (A'9)
Equation (A-9) is used to obtain expressions for Ay, and
)vy in terms of the current state and time-to-go. Substitution
of 7, and 7\VY into Equations (33) then gives
AR,
paadioit” § L% Lk ;
SR s
v w)f - {—.-.z—_r-
{' which is an analytic closed-loop control law,
47
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Appendix B

ABM-ICBM Duel

Minimigation of the ET Miss Distance, If the ICBM
(designated with an E) successfully survives the encounter
with the ABM (designated with a P) then E will thrust so
as to minimige the ET distance. Assuming that E can

thrust continuously, the system dynamics are

\‘/x 4 TE oV LV,
Y = Vy
Vrz T; o2 Vp ainV;
=
\'/2= T: Qin Vp s i)
The initial conditions for this problem are determined by

the final state of E at the termination of the EP encounter,

The cost is
2 2 z}
o J = [ (x-x P +{Y-Y,) 2 - 2,) . (B=2)
T
where T; 4is established when
JT->o0 . (B-3)

There are no terminal state constraints in this problem
formulation, The controls, v , are the same-as those

us. .
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described in Chapter 1V,
The Hamiltonian for this problem is

H = )X VX + .)VITf C“\r‘m\l“ + )y VY + ')VYE C’J-Vé%\ﬁ"‘

)Z Vi + 7\ Va TE din Vp . (B-N-)

The costate differential equations and terminal boundary

conditions are

7‘x e ) -)x<TF) X(Tf
’}\ch ~Px ) 7‘v‘<T¥)

'}‘y= o , 7‘y f = Y(Tf)— YT
.7.‘Vy= -7‘7» )VY Tf)"

$2=0 ) e (W)= 2(h)- 2

7‘v;‘-‘ -z ) va@)'-' O . (B-5)
The value of the Hamiltonian at the final time is
HT)=0 . (B-6)

Application of the optimality conditions HV=O and
Hmr 20 yields

-y - Mva
BV = 3 LinVy; =
At ) » hv‘z f)\v,z-{?\vaa

“7\VX oo 17\\« "")VL (B=7)
= ce1 A
ColV,; ' 7\"1 > '7\”1 ) 2 / V‘ " +-)
; 49
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Expressions for the costates in (B-7) are found
from (B-5) and are

M= = (X -Xe) (Ti - ¢)
M= - (Y- Y (To-t)
M= - (2M)-2) (Ti-t) ol

Equations for X(I'J—;(T s YT)-Yr , 2()-2; ave found by
integrating the second, fourth, and sixth state equations
with respect to the time-to-go (T;-t ). Substituting
these into (B-8) then using Equations (B-8) in (B-7)
after some manipulation yields

il 4
g LT
e
R AT L
-Z
4‘“‘"&=/7-(z_f71+ S ¢
§ §5»Y
mvﬁz={ig* -\-/-g + 3° » (89)
where
—x = X‘XT*Vx (Tf“tj
7 - Y‘-YT" Vy(-rf't)
= Z2-2r+V(Ts-t) . (p10)
50 .
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In order to use (B-9) and (B-10), a value of [¢
must be established, If it is assumed that T; occurs
approximately when E impacts the earth then a series of
fixed time problems may be solved where a guessed [; is
incremented until Z(T )40 .

Interceptor-Penetrator Problem Program Listing. The
following program listing was used to investigate the
minimization of the ET impact distance should E sucessfully
avoid P, This same program was used to generate open-

loop strategies for this game using NSO1A (Ref 7):3

51
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RRR,T410,STCS @,
FTN,

ATTACH, Ay AFT TS')R200TINES,IN=AFIT,SN=AFIT,
ATTACH, R, ASF PALTR,TN=T76000 &

LISRARY,3,A,

LGO.

7760203, 3"CNN,30X LOAR?7

PROGRI M GAMI? (TNPUT, QU PIT, TAOF6=T4OUT,TAPS6=IUTPYT)
MYTTTYYOT X (1205 F (120 4" JTNV(12,12) 44 (610)
COMMON /7LDK/ TS, TPy XT YT, 2T, TF, SINU1,COSU1,STNU2,CNSU2,
CSINYL, COSVL,STNY2,C0S V2 :
c THIS UM MADT WITH T4E SVADZR PLAYING NONOPTIMALLY
c USING FOMTOLS V=(0,0)

X(1)
X(2)
Y (3)
X(4)

-
e
"'-'0.
-’,.

=51,

X(3)
X(5)
X(7)
X(8)
X (3)
X(10) =
X(11) = =6,
X(12) =
TF = 11.53
N=12
NSTEP = 1,2=-5
IMAX=L .29
AC"=1. ".")
MAXFUY = 150
IPRINT = 1 :
CALL NSOLA(NGX,FyAJINV,STFP yOMAX ACCy MAXFUNyIPRINT 4 W)
FCK = 0N,
N0 10 7=1,12
10 ECK = FCK ¢ F(T)*%2
IF(FCC .67« ACC) STOP
CALL J)PTTRAY(X)
END
SUBRNJ TTHE CALFUNCH, X 4F)
DIMENS TOMN X (M) oF(N) Y (PL)
COMMON /73L0K/7 Ty TPyXT,YT,ZT, TF, SINUL,COSH1,SINU2,CI5U2,
CSINVY, FOSVL,STINV2,208V?
SXTERY AL SLOPE
N0 5 [=1,12
5 Y({)-= n,
Y(2) = ,5773%
Y() = (57735
YG) = 29,
Y(5) ==-,57735
Y(7) = 20,
Y3 2%

L T I T L T R VI TR TR
»
L]
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20

N0 10 T=1,12

TT=1T¢ 1

Y(II)=XLT)

T=0,

M=24

2T = FFri23,

CALL SFT (MeT oY eNTySLOP 305eTeyD,yD)
10 20 J=t,123

PALL ST (MyToYyNTySLOPE yDye Tey Dy
PO‘ITIQU'

(1) = Y1 +Y(2)=(Y (D =Y(7))
F() = Y(1L)+(Y(1)=XT)

FL3) = Y(13)+Y (W) =(Y (D =Y (9))
C(e) = YI3)+(Y(3)=YT)

F(3) = V(i?)*v(ﬁ)-(Y(q)-Y(il))
F(B) = Y(18)+(Y(5)=7T)

(7)) = Y1) =(Y(7)=Y(1))

F(3) = Y(?29)

F(9) = Y(21)=(Y(A) =Y () :
F(10) = Y(22)

FU11) = Y(23)=(Y(11) -Y(5))
F(12) = Y(2L)

cND

SUIRDJTTNE SLOPT(M,T,Y,NY)

TIMENS
COMMON
CSINVY,
Z PLAY
SINVE
cosvi
SINV?2
nosv2
SRTPL
SORTP2
STNU1
cosut
SINU2
cosvu?2
ny(1)
Y(2)
ny¢3)
NY(G)
nyY(s)
nyY(s)
oY(7)
L8
oY(9)
aveLm
NY(11)
oY(12)
DA (B &)
ny(is)
Y15
Y(16)
oveL™
oY(is)
(L
ny(20

TON Y (1) 4DY (M)

INOK/ TEaTPyXT,¥YT,27, TF, SINU1,C0SU1,SINU2,

FNSVL,STINV2,C035 V2
< NON=0DPTIMALLY YUITH CONTROLS Vv=(0,0),
0

= «SAAT (Y (20) **24Y(22)**2)
= =SORT(SOQRATPL*¥2+Y(24)%*2)
Y(22)/SNRTPY
Y(20)/SARTOY
Y(2L)/SQRTP2
SQATPL/SNATP2
Y(2)
TZeCOSV2%C0SV1
Y(&)
TZeCOSV2*SINVY
Y(5)
= TE*STNV2
= Y(8)
= TPeZOSU?*COSU1L
= Y1)
TP*COSY2*SINUL
Ye12)
TPeSINU2

-¥(19) 53

£isvz,
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C

10

100
200
300

20

Y21 = 0,
nY(2?2) = =Y(21)
Y23 = n,
Y(2h) = =¥ (2%)
TN)

SIARAN ) TTNT OOTTRAJ(X)

NIMENT TAM Y (24) 4, X(12)

COMMON /2LNK/ TE,TOWXT ,¥T,27, TFy SINU1,C0SUL,STNU2,CISVU2,
FSINVL, "OSV1L,STHV2,09S5Y?2

EXTERN AL SLOPE

70 5 1 =1,12
Y(I) = 0,
Y(?2) = (57735
Y(k) = 57735
Yi) = 2.
Y() = =,57735
Y¢r) = 219,
Y(3) = Y(7)
II1=12

90 1N T=1,12?
IT = T T+1
Y(II) = X(I)
NT = T F/R/L,
T=0,

M= 2?2

BT = ACNS(=1.)

PPINT 1N0,T,J10ZG,U2NE5,VLINEG,V2NEG
PRINT 2N, (Y(I)y I=1,12

CALL SET(MeT oY sNToSLOP 4N9eTo9NyN)
nO0 20 J=1,5%

CALL STE(MyToYyDTySLOPEyDye TayDyN)
Ul = ATAN2(STINUL,L,COSUYD)

2 = ATAN2(STNY2,CNS5U2)
Vi = ATAN2(SINVL,COSV YD
¥2 = A TAN2(SINV2,30SV2)
UINEG = '11*180,/°1
U29EG = "12%130,/PI
V12EG = Y1*1830,.,/P1
V205G = V2*130./°PI

PRINT NN, THULIDZGLU2IES,VINZGHV2NES
PRINT 720N, (Y(I)yI=1,12
EPRANS F=SNRAT((Y (1) =Y (7)) #2824 (Y(3)=Y (9))**#2+(Y(5)=Y (11))**2)
XJ=EY (2 )8 (XT=Y (D)) eV (W) (YT=Y (D) )+Y(B)*(2T=Y(5)) +,5*EPJANGE®*?2
ETRPANS F=SIRT ((Y (1) =XT)**24 (Y (3) =YT)*224(Y(5)=7T)22?2)
XL = I TRANGE
L VE = SPART(Y(2) *224Y(L)*%24Y(5)**2)
VEDNTXL = Y(2) 2 (XT=Y (1)) +Y (L) *(YT=Y(3)I+Y(B)*(7T=Y(5))
THFACT = VIIOTYL/(VE¥X.) >
TF(ARS (THFACT) «GTe1e) THFACT = 1,
XTHZTA =(ACOS(THFACT) )*180,/°T
PRINT 3NN,XJyEPRANGZ, ZTRANGT o XTHITA
FORMAT (“TIME="gF1Ns59 2Xg* U=y 2(F1Ne51X) 42X V="32(F1N0,5,1X))
FORMAT (“STATE="3HA(FI, 5, 1X) /EX36 (FI,G,1X))
?OQ*AT("CDST=“.‘10.5,2‘,"59;‘"553".‘10.5’2x9.£TQAN;E"'F100s'
C2Xy “TAFTA=",F10s59"NEGAEES"y /)
CONTIVUT
CALL ZTMTSS(Y)

END sy

00
00
00




100
200
10

50

SUBNJITTNE STMISS(X)

NIMZMS TN Y (26D, X(204)
POMMON /RLAKY/ TF TP XT 4¥T,27, TFy,SINJ1,00S11,5IND2,C0SY2,

CSINVLy PNV STHY24205V?

TOMMON /7PUY/ BTF
IXTIRN AL ETENY
ORINT® ,"THI FOLLOWING ~S THI PPEDIATEN TRAJECTN2Y THAT

YT AN FOLLOW TN T TF & SUCMESSFULLY AVNINEZN P,*

PTI = 10NS(=-1.)

KKK = n

QTF = 3, +TF
70 2 [ =1,5
Y(I) = X(I)
M=5

9T = 3TF /64,
T T

CALL STT(MeTyY yNTySTINUyNyeTe,yDNyM

70 10 J=1,5%

OALL STEO(MyTo Yo NT3STFIUgDge Tey DyN)

y1 = ATANP(STNVL,L,ZOSVY)

V2 = ATAN?(STINVY?2,C0OSVv2)

V1335 = 11*130,/P1

V2NEG = V2*1R0./°1

IF(KKK .S1.1) PRINT 1NN, T,(Y(L)yL=1,5)
FORMAT (" TIMI=",FQ,5 4 1%y ( Xy VX YyVY47,VZ)="35(F35 41X))
TF(KKK.FN, 1) PRINT 209, VIDEG,V2NZS5

FORMAT (/1 ="36G15,8,"00 37 58"y 2X "V2="9615,8,"DE52E2S"/)
TF(Y(53).LE. 0. 0.,AND,KKK. ENg1) STO>

CONTINUZF

IF(Y(5)eLEa0,0) KKK=KKX+1

IF(XKC.5T.1) GO T2 50

ATF = ATFs, 2

GO TO 1

RFETYPN

ZN)

SURRNJ YTHNE FTENII(M,T, Y, NY)

NIMZNS TON ¥ (M) 4,DY(Y)
COMMON /2L0K/ TS TPy XT,4YT42T, TFy SINU1,COSY1,SINU?,CISU2,

CSINVL, FNSV1,STIMV2,COSV2

COMMON /CRPUD/ ATF

XRAR = Y(1)=XT+Y(2)*¥(ATF=T)

YRAR = Y (3)=YT4+Y(4)*(3ATF=T)

7BAR = Y(S5)=Z2T+Y(R)*(R"F=T)
SRRTL SORT (XBAR**24YRAR®* 2)
SORRT2 = SQRPT(SARNTL* *7+7ZBAR**2)
S0SV1 ==X1A/SARRTY

SINVL ==YBAR/SNPRTY

£OSV2 = SARRT1/SNRRT2
SINV? =-7382/§02°T2

0Y(1) = Y(2) .
DY(2) = TE*COSV2*COSV1

NY(3) = Y(4)

IV(4) = TESCOSV2*SINVA

OY(5) = Y(3)

NY(6) = TE*SINV2

N :
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Appendix C

Program Listing: A Closed-Loop Gradient Control Update
Algorithm (Real-Time Implementation)
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R P R Py

P

AR, T17,S7C5 ", T7502013,RAC N, ROY 4187
FTN.
ATTACH, A, AFT TS IRDYT TN, II="FIT,SN=AFIT,
LTI3?rev,a,
L5,
I0NGON M SAMT2 (THDUT,, AUTONT,,TARF =TT, TAPTA=OUTIYT)
NIMINS ™9Y Y(12),P(12)
ROMMON ZRLNKLTR T, TF 3 77, TELASTy "Ly (2) 4 1 (2) , VHWMORT (2)
OUTELTY 92 g UT(17042) g KKy JTyPT 3 XT ,¥T, 7T, USTAR (151 ,”),VSTAR (153,

TR o 2

T = ¢ 4

21 = 1015 (~1.)

C QET ST ATT vALUSS AT T=0,

N0 5 T=1,1°

Y(1) 1,

Y (?) « 57735

Y (L) V377325

Y(5) 20

Y(5) -.57735

Y(7) 20,

Y () 2%

GUESS T4 FIMAL TIM:I.

TF =17.%1111

nT TF/7128,

XT 2n,

YT 20,

Y b

C NEFTNS PSS SAMOLINS TNTERYAL, D=Ly TO RC
ML = 1. ¥

C SFT Z1a NONOPTIMAL ZOANTONL SINUENTZ 7O 87
VND*I027(1) = 0.
YNONO2 T(?) = 0,

C THE TN TTTAL NOMINAL “OMTROLS ARS

(2}

"n . n un nw

D

"N nn

Yy = =-135.,*PT1/189.
(2 = 25,2K*07/199,
V(1) = u5,*PT/180,

V(2) = =75,24%0T /181,

c THE MIMTYUAL 20YTROL HITTARTIS FOR USZ IN GRAD ™
70 10 T=1,1%50
YT(Ie1 )= V(1)

"

1ST TIvM:

UT(T,2) = U(?)
VT(I,1) = V(1)

i0 YT(T42) = V(2)
TS = YCL
Y=09,
M= 12

- u4osr = Y(1)+1an,/7°1

yanisG = '1(2)*1130,/°1
V1I7Th = Jy(1)*180,/0°1
yonIh = Y(2)*1130,/°1

PRINT 10N, Ty (Y(T)yT=1,12)
ORINT ?00,U13C6G,112075,w1NZ6, V2NT5

Cc INTEGIATS THS STATT TQJATIONS FORWARD IN TIMF
CALL T (T,Y,?)
2n CALL XNES(T,Y 4M,T) .

U1d€5 = "1(1)*1397./°1
Y2056 = '1(2)*130./°T7

57
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Vit ens v(1)*13N,./PT

ventao J(2)*180,7/°T
- OPTMT NV, TH(Y(T)gI=1,'")
,:} PRINT 200,11 N5 G U275 4,41 Ay Yy2N =5
100 CORMAT (/7 TTM =, F10, 7 ,2Y,"F0 S STATI=", A (T8, 5,1X),
G/ 17Xy P IS STAT ="g5(F1,.541X))
2100 SORMAT (1=, 2(F10e%,2Y) y"V=",2(F1Me5,2¥))
TSSKL=z TT = 03
TRTIKH= TR+, NS
TF(Ta3% TSCKLAAND T L7, T7SOKH) CALL SSLOMD(TSTARY)
TF(‘P.;I‘. YQ-’:VLQA‘:-'OY .L-,’Qf‘*(u) PAL'— ':°QU(Y)
TR(T.37 T30, AT o L7. TSCKH) CALL SCAOMA(TFTNTSH)
IFALT = TEINISH=TSTART
TE(T.5%. (TSLAST+RZALT)Y CALL CUPDATE
TRIT3F:e TSOUL  ANDeT L7 TSCKH) POINT*,"“RTAL TIMES SPENT IN
fhRAN=" ,O=ALT
TPRAANS TERART ((Y(L) =V (TI)2E24 (Y=Y (N )*2*24+(Y(S5)=Y (11)) **?2)
XJ=Y (2I(XTaY (D)) +Y () (YT=Y(D)+Y(R)E(7T=Y(5)) $,5%CPJIANGE ¥¢2
ST2AUST=ONRT((Y (1) =XT) " * 2+ (Y (3)=YT)*224(V(5)=7T)*%D)
DOTNT 2NN, XJy = PAANG T,y “TOANGE
3n0 FORMAT (NS T= 10,5y 2V 3 "FPRANGFE=",C10,5,2X " T2Y55="4F10,53)
IF(TO-FO-:) ) T'.] 70
NN
SYPPSTTHT S2AN0(Y) 00
NOIMINS TN Y (12),¥S(12)y X(25),HU(150,2)4,HV(15, ) ,UT(150,2),
COVT (15 Ny ™)
COvMN /"L"JV,ITP,?;'TF,T",TSLAST,T-TL,H(?),V(Z‘,\IN'NODT(?)9
. CUT(130 92V g VT (15042) yXKe JTyPT 4 XT 4¥YT,ZT,UUSTAR(150,42),VSTAR(159,2)

{, SXTIRNAL SLARPEF,SLOPY R 00
KOUNT= N ) o0
XJDIT. = 0,0 t
nUIYAX = 3,0%PTI/ 180,

DU2YAX = 3,N*PTI/181,
nviMaAx = 3,0*PT/ 189,
OV24AX = 3,0%*PI/180.
HUMAXL = 1.
HUMAX? = 1,
HYMAXL = 1,
HYMAX?2 = 1,
5 KOUMNT=KN'INT +1 00
10 1N T=1,1? a0
10 XS(TI)=Y(T) 00
T=TS 00
MF=12 00
NTF=(T F=TS) /54, 00
OALL SPET (MR T o XSy ITF,SLOPEFyNye TayNy M 00
IF=90. ao
20 IF=1F+1 oe
JF=TF 00
CALL STE(MF T o X SyNTE 4CLOPTF 3Ny eTe9NyN) 00
AMT=(XS(1)=YS (7)) *(XS(2)=XS(3))+(XS(3)=XS()) * (XS(L)=XS(17))+ 0o
CIXS(7) =¥5(11)) =(XS(3)=¥S(12)) 00
ENDT ==XS(2)*% 24 (XT=yYS(1)) =T Z2COS(VT {UFy2))*CNAS(VT(JFy1))
. C=XS (L) *¥24 (YT=XS () *T *OOS(VT(IFy2)I*SIN(VT(JF,1))

C=XS (R) ®** 24 (7T=XS(5))* TZ*SIN(VT(JI5,2))
XJIOT = 0T + FNOT
TF(XJINTLEXJNOT.LTa 0. D S0 TO 25
TF(JF, FE.150) 6O TD 25 y

58




2%
1n0n

30

60

200

Xanoav, = ¥JnT

50 Tn 21

YF =7

BRTHT ANIN, X INNT Y=, TF

EOIMAT (N YNNT = A B 0 YF=y [8y) *TF=",615.%)
no N vr=1,1?

XECT) = YS(KT)
X{13) = XS(1)=YS(?)=Y(?)
X(14) = XT=XS(1)

X(15) = XS(3) =X (N =¥t
X(1A) = YT=¥S(7?)

X(17) = ¥S(5)=XS(11)=X"(5)
X{18) = ?T=yS(5)

X(13) = ¥YS(?)=X3(1)

‘(?')) = f‘. -

X(21) = XS(3I)=XS(3)

X(?2) = 1,

X(23) = XS(11) =XS(5)

X(24%) = 1,

T=TF

=21

XJT o= U7

ATR=z==( TF=T) /X JF

KK= JF¢ 1§

CALL SET(MR, T4 Y3 T2, TL7P B3Ny TeyNy M)
70 KN J3=1,U4°

KK = (Kt
CALL 3TI2(MBy T4 NT3,SLAPEB, Dye TayNy D)

STUYL = SINIUT (KY¥, 1))
cOSML = CNS(UIT (KK,1))
SINN2 = SIM(UT (X¥,2))
£OSY2 = COS('IT (K¥,2))
SINVL = STM(YT (K¥,1))
SO0SVL = SNS(VT (K¥,1))
SIMY? = STY(YT (KK,2))
fOSY? = 10S (VYT (KKy?))

HUCKK,y 1) =(=X (2 7) *STNU1+Y (22) *rOSUL) ¥ TPECNSU2
HU(KYy ?) =(=X(20)*CO0SU1-X(22) *STNUL) *TO*STNI2+ X (24) *TP*COSU2
HY(KK, 1) = (=X (1) “STNYV 1+ X (16) *COSVL) *TT2CASY?2
HV(KY, ?) = (=¥ (14) *CASV1-Y(16) *STHVL) #TTXSTNV2+X (1°) *TERCOSV?2
TRCANS (MI(K 1)) ,RT H11AYL) HimMAXY ARS (HU (K<, 1))
TE(ARY (MI(KKy2)) (5T HUAY2) HUMAX? A8S (HU (K<, 2))
TFCA3S (HU(KK,1)) 5T, AYIAXL) HYMAXY ARS (HAV (XY, 1))
TFUABS (HY(KK,2)) ,GT ., MV AaX2) HVMAX2 ABS (HV (£<y ?))
CONTIN'YA

IPSILIM = ,5

HUCHIC=HI(KK g 1) ** 24 K1) (KK 2) ¢ %2

HVCHTC =HY (KK L) # #2244y (KK, 2)%*2

PRINT® ("“CURRENT SAMOLTIHA TIMZ=",7S

POINT 217, 4YTHIKHYCH Y

FOYMAT ("H)1TH K= ,G15, 3, 2X, "HVCHEK=", (15, 8/)

70 50 J¢=1,4JF

OUT (U< 4 11=B3S(HUY (UK, 1) “DULMAX/HUMAX L)

T (I€ 21 =A8S (HU (JK, ? )¢ DU2MA X/HUMAX2)

NVT (JC 1) =88S(HV (UK, 1) NVIMAX/HYMAX D) .

OVT (J€ 42) =A3S (VY (K, 2 ) *DY2MA X/HVUAX?)

TRIHUCUKp1) ,5T.04) NUTIYK,1) = «DUT(IK,1)
TF(HUC I 32) 5T eNe) IUTIIK,2) = =DUT(JIK,y2)
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00

on

00

on

0o
90
ne
no




100

TECHVC 4 1) LT o00) T TOIK, 1)
TROHYE M3 2) o LT 00.) WTIK, D)
UT(IKy 1) = UT (I 1) +17 (IK,1)

“WT (K, 1)
=T (I, 2)

UT(JKy ?) = UT(JK2)+YT( JK;2)
YT(I%e 1) = VT (J¥,1) 207 (JK,1)
ITCIKg ) = VT (4 42) VT (JK,H2)
TR(HNISUTK LT, SDSTLOMN, AP HYSHAK LS, EPSTLIN) 50 Tn 199 91
TFR(XIINT S5, ) RO TO 4N0
TOMTINT

50 TN °©

TQAST = TS

TS = TS4+I7°L

2T 1Y

“ND

SUIRNITTNT S(T,Y,2)

IFIMENS TOM Y (1204, 2(12)

COMMMN ZOLOK/T Ry Ty TR g TT 3 TSLASTHDTLy U (2) gV (2)yVHMOPT(2),
CUT(L5N 42) g VT (15042) y X KeJTyPT 4 XT 3 YT 7THUISTAR(15N,42) 4 VSTAR(150,2)

2Q1) = Y(2)

2(?) = TTRSOS (VMNOMDOT(2))*CAS(VYNDMOPT (1))
P (3) = Y(h)

P(s) = TSRZ2OS (UNOMOET/2))*STN(VHONNOT (1))
P(3) = Y(5)

P(53) = TTESTN(VNOMNOPT(2))

B(?Y = Y(8)

2(5) = TO¥COAS (U(2))*CAS(U(L))

c(3) = Y(10)

PINY = TPEFNS(U(2)) *TTH(UI(1))

P(11Y = Y(12)

ND(L2) = TP*ISINM(DI(2))

~N)

SUBR0JTTNE SLOBIF(MT,T,€,0€)

NIMINS TN’ S(MF) 4 IS(47)

COMMON ZRLOK/TO 4 TFyTFy TTy TSLAST, DZL U (2) 4V (2), VNMOPT(2),
CUT(L5D 92) 4 VT (150 92) KKy JFGPT 4 XT 4¥T,?2T,USTAR(15N,2),VSTAR(157,2)

NS(1) =°3(2)

0S(2) = TI*COSIVT(JE, M) *COS (VT (UF, 1))
1S(3) = S(u)

AS(L) = TERZOS(VT(JI5, 2)) *SIN (VT (UF,1))
NS(8) = <(5)

NS(B) = TEESTN(VT(JF, 2))

1S(7) = S(8)

NS(3) = TP*CNS (UT(JF, 2)) *COS (UT (UF, 1))
NS(9) = S(1Mm

NS(1L0) = TP¥ONS(UT(JIF 42))*STHMT(IS, 1))
ns(11) = s(1?)

N1S(12) = TO¥STH(UT(JIF,42)) &
£N0 ]

SURRN ) TTHT S LOPRTA(M3, T,¥,7X)

AIHMZNS TAL X (43) 4 DX (M)

BOMMNON ALK/ TR ¢ T 7y TE , Ty TSLAST, MWL, (2) , V(2) , INMIOPT (2),
CUT(L50 32 )y VT (15N,42) g KKy JFyPT o XT Y143 7Ty USTAR(150,2),VSTAR(150,2)

nx(L) = X(2)

OX(?2) = TE¥ZOS (VT(KK, 2))*COS (VT (KKy 1))

nX(3) = X(u) .
NX(h) = TIRCOS(VT(KKy ?) ) *SIN (VT (KKy 1))

IX(B) = X(5)

M(H) = TZESIN(VT(KY, D))
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(7Y = X(R)

DX(8 ) = TO¥COT(UT(KY ,))*N)S(T(KL,1))

AX(A) = X(1M)

NX(10) = TP¥ANS(UT (KL ,2))*STH(I1T(KL, 1))

(L) = X (12)

(L2 = TPeQTH(UT(XE 7))

XL = 0,

ICLL) = =X(13)

(15 = 0,

INC18) = =X (15)

L7y = 0,

IX(13) = =X(17)

M1y = 0,

NX(20) = =X(19)

M2 = 0,

IX(22) = =X(21)

(23 = 0.

AXC2%) = =X (23)

‘Dgfl”)‘q

)

SURRNY TTT SHNAATT

FOVAOT 7L/ P o7 9 TE g TS TSLAST, DSL U (2D V(2) 4 YMIOPT(2),
CUT(LT0 92) yUT(150,42) y¥ Ky JT9OT yXT,¥T, 2T, USTAR(150,7) , VSTAR(150,2)

KK = 1

(1) = "T(¥Kq1) .

U(2) = 1T(KK42)

V) = VT(KK,1)

V23 = YT(KK,2)

PET PN

°N)
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Appendix D

L Program Listing: A Closed-Loop Gradient-DDP Control
Update Algorithm (Not Real-Time)
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ST e

BRR,T71,STCS A, T750213,8AC ON, 90X 4787
FTN.
ATTACH,A,AFT TSYBROUTIMES, IN=AFIT,SN=AFIT,
LI3RARY,A,
LGO.
DRNGPY M SAME2 (TNPUT,0UTPUT,TAPEG=TINPIYT ,TAPTE=0UTRYT)
AIMEINS TO) Y(12),°(1?)
COMMON /ALOK/ TP 4T, TFy TSy TSLAST, NEL,U(2) 4,V (2) 4 VNOUD2T(2),
CUT(15) 92) g VT (150 42) 4K Ky JF 4 PT 4 XT ,¥T,2T,USTAR(150,7),VSTAR(150,2)
THTS 2PNARAM USES A COMAINEN GPADTIINT NDP MIT40D
(NIT RTAL TIMS) WHERT <2AN PROVINES IDP WITH
THZ NYMINAL CONTROL HISTNRIES

OO0

»e -

PT -
C SET ST ATZ vALUFS AT T=0,
70 6 I =1,12
s Y(I) = n,
Y(2) e 37735
Y&) e 37735
Y() ?%
Y(5) -,57735
Y@) ?7
Y(3) 2N
c GUZSS TH= FINAL TIME,
TF =10.51111
nY re/7128,
X7 20,
YT 2N,
77 7.
C YEFINZ P*S SAMPLING INTZRVAL, NDEL, TO BE
NEL = 1.
c SET £ < NONOPTIMAL CONTPOL SEQUENCE TO 8%
VNONO® T(1) = 0,
YNONO2 T(?) = 9,
¢ THZ INITIAL NOMINAL ,CONTROLS ARE
u@) -135,*PT/71810,
u() 5.,2h%P1/7180,
Vi) L5,*PI/7180,
vV(2) =35.26*PI/180,
( THE NI MTAL CONTRIOL HISTORIES FOR JSE IN GRAD THZ 1ST TIMZ ARE
00 10 7=1,150
UT(I,1)= U(1)
UT(Iy2) = J(2)
VT(I,1) v(1)
10 VT(I,2) vV(2) ’
TS = JEL ;
T= 0
M= 12
U1DEG
y29e6

"o uamn

7(1)*180,/P1
Ue?2y*1a0,./P1
VINEG V(1)*180,/P1
vV2)<6 v(2)*180./P1
PRINT 100,T,(Y(I),1I=1,12)
PRINT 20N,UL1NER,U2NES5 4V1DEG, V2NFG ;
c INTEGRATT THE STATE ZQJATIONS FOIWARD IN TIuEZ
CALL * (T4Y,4P)
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20 CALL RVNTS(T, Y 444NT)

UineEG = "1(1)*120,./PT
uU2N=T6 = '"1(2)*130,/P1
vidsh = Vv(1)*180./°1
v2nTh = 1(2)*1°80,/°P1

PRINT NN, T4 (Y (I)yI=1,12)
PRINT 2NNy U1NER,12IT5 4V 1 NEGy V2D 3IG
100 FORMAT (/°TTHUI="yF1N,5,2¥,"F¢S STATE=",6(F3,5,1X),
C/y17%, *P*S STATE=",5(FA,65,1X))
200 EOQMAr ("":",?(Fi"QSQ,‘X),'"v=",2( :100 SQZY),
TSCKL=TE=, 05
TSCKH= 7S+, 05
IF(T « CT.NRAN*TF) N=L = .1
TF(Te53Fe TSCKLe ANN,T L4 TSCKH) CALL GRAD(Y)
TF(Te3F. TSOCLGANNGT (L7, TSCKHAMD,TS«GTo0,80%TF) CALL DDP(Y)
IFET.5F TSCKLe ANDGT (LI, TSCKH) CALL TUPNATE
SPRANS F=SQRT((Y(1)=Y(T))** 2% (Y( =Y () )*22+ (Y (EV=Y(11))**2)
XJ=Y (2 ) (XT=Y (1))4Y () (YT=Y () I+Y(HB)* (ZT=Y(5)) +,5*FEPANGI**2
STRANG F=SART LAY (1) =XT) ¥ 24 (Y () =YT) * %2+ (Y (5)=7TV1%¥%2)
PRINT NN,¥J, EPRANGE, FTRPANGE
300 COAMAT (0SS T=",F1De5y 2Xy"EPRANGE=",F10e5,2X,"ZTANSE="yF10,5)
IF(T..F.TF) 50 TO 20
ZND
SURROJ TTHE GRAD(Y)
DIMENS TN Y(12)4XS(12)y X(25) y4U(150,42),4V (150, 2),IUT(150,2),
COIVT (15 Ny ?)
COMMON ZRLOK /TP o TEZTF 4 TSy TSLAST, DEL,U(2) 5V (2) , VNOMODT(2),
CUTC(150 92) gVT(15042) g KKy JFyPT g XT yYT, 2Ty USTAR(15N,42) ,VSTAR(150,2)
EXTERN AL SLOPEF,SLOPZSR

KOUNT= 0
XJNOoY, = N, 0
DUl“‘A‘ = 300‘91,1800
NU2MAX = 3,0*P1/180,
nvViMAX = 3,0%PT/180, .
Iv2MAX = 3,0%P1/180,
HWMAXL = 1.
HUMAX?2 = 1.
HVYMAXL = 1. i
HVMAX? = 1.
] KOUNT= ¥OIINT ¢4

N0 10 T=1,12
10 XS(I)=V(T)
T=TS
MF=1?2
DIF=(TF=TS) /AL,
CALL SFT(MFyTyXSyOTFy SLOPEFyDyeTesDsM
IF=0
20 TF=IF+ 1
JF=IF
CALL STEO(MF T oXSeDTF oSLOPFF 9Dy 6Te 9 DyD)
DDIT=( XS (1) =XS (7)) 2 (XS(2)=XS(B) I+ (XS (I)=XS(I))* (XS(L)=XS(10))+
CIXS(5) =XS5(11)) *(XS(5) =%XS(1?))
FOIT ==XS(2)*2 24 (XT=XS(1))*TE*COS(VT(JF,?))*COS VT (JUF,1))
C=XS (L) %24 (YT=XS(I))* T *COS(VT(JF,2) )*SIN(VT(JF,1))
C=XS(B) **24(7T=XS(5)) *TT*SIN(VT(JFy2))
* XJDNT = ID0T + FNOT
TF(XJIOTL®XJOOT,LTeN, 0) GO TO 25
IF(JF, F£,150) GO YO 25

00

00
or

ocC
ar
o0
00
ar
oc
or
or
[ 1¢
12
on
on
oo




A

L a0
30
60
200

T

XJDOT. = XJNNT

60 TO 20

TF =T

PRINT 1NN04XUNNT 4 JF,TF

FORMAT (*XJDDT="9G(15,8,")F="y I8y “TF=*",615,.8)
10 30 KT=1,12

X(CT) = ¥S(KI)

X(13) = XS{(1)=XS(7)=X<(2)
X(14) = XT=XS(1)

X(13) = XS(3)=XS(3)=XS(H)
X(1Hh) = YT=XS(3)

X(17) = XS(5)=XS(11)=-XS(h)
X(18) = 7T=XS(5)

X(19) = XS(7)Y=¥XS (1)

X(29) = 9,

X(214) = XS(3)=X%XS(3)

X(22) = 1,

X(?3) = XS(11)=XS(5)

X(2%) = N,

X(2%5) = 9,

X(26) = 0,

T=TF

MB=26 3
XF = JF

NTBz==( TF=TS) /X JF

KK=J)F¢ 9

CALL S5FT(MB,yT,4¥yNT3,SLOPEByDyeTeyDy0)
DO 40 )3=1,JF

KK = <=1

CALL STEP(MByT¢XyDT3y,SLOPEBy Nye TeyD,y D)

SINUL = SIN(UT (KKy1))
COSUL = ONS(UT (KX,1))
SINU? = SIN(UT (KKy2))
£OSU2 = SO0S(UT (KKy2))
SINV1 '= SIN(VT (KKy1))
LOSVL = TO0S(VT (KKy1))
SINV2 = SIN(VT (KKy?))
COSV2 = COS(VT (KKy2))

HU(KK, 1) =(=X(20) *SINU1+X(22) *COSUL) *TP*CNSU2

HUCKKy 2) = (=X (20) *30SJ1-X (22) *SINU1) *TOSSINU2+X (24) *TP#CNSY2
HV(KK, 1) = (=X (14) *SINV 1+X (16) *COSV1) *TE*GNSY2

MV(KKy 2) = (=X (16) *C0SV1-X (16) *STNV1) *TE®SINV2¢X (18) *TE*COSV2
TFOABS (H(K<e1)) (6T, HUMAXL) HUMAXL = AAS (HU(KK, 1))

TFCARS (H')(KKy2)) GT,HUMAX2) HUMAX? = ARS (AU(KK,?))

TFCADS (MY (KKe1)) o BT HVMAXL) HUMAXL = A®S (HV (KK, 1))

TF(ASS (HV(KKy2)) GToHVAAX2) HVMAX2 = ABS {HY (KK, ?2})
CONTINIE

TASILIM = o1

HUSHEC =H' (KK 1 )% 2 4HU (KK, 2) %52

HVSHEC =HY (KK, 1) ##24 4V (KK 42) %2

BRINT* ,“AURRINT SAMPLING TIME=",TS

PRINT 200, HUCHFK ,HVCH EX

FORMAT ("HUCHTK=",315, 8,2X. "L VCHEK=" , 615, 87)

N0 50 JK=1,JF

DUT (J< 1) =435 (HU (K, 1) DUL JAX/4UMAX L)

OUT (J< 92) =ARS (MU (JKy 2 ) * JUZMAX /HIMAX2)

OVT (< 911 =ABS (HV (JKy 1) DVIMAX/HVMAX 1)

OVT (JC 42) =AAS (HV (JKy 2) *DVZMA X /H VMAX 2)
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0r

0o
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00
0o
00
00

00
00



-

o i ——

%0

100

10

20

25

1000
30

TR UK, 1) 46T ,0.) NUT(IX, 1)
IF(HI(UK,2) o 6TaNe) DUT(IK,y 2?)
TIFCHV( K1) o LT 404) IVTIK,1)
TRHVI UK 32) e LT .06) DVTLIK,?)

=0UT( Ky1)
=NUT (JUK,2)
=IVT (UK, 1)
=IVT (UK, 2)

UT(JIKy 1) = UT(JIKe1) +DUT(JKy1)
UT(JIKy ?2) = UT(IK,2) +DUT(JKy2)
VT(JKy 1) = VT (UK, 1)+DVT()IK,1)
VT(JIKy ?) = VT (UK2) +OVT(JK,y2)

TR(HUS HEK LS, SPSTLAON, ANNL HVCHEK G LE,EPSTILONY 50 10 109

TF(KNJMTGE,5 ) GO TO 10N
CONTINUE

50 TN &

TSLAST = TS

TS = TS+NEL

RETUPRN

N0

SURROJ TTT NIP (Y)

NIMENS TON Y(12),XS(1?),X(26)

COMMON /8LNK /TP 4 TZ,TE , TS, TSLAST, DL, U(2) 4V (2), VNNOPT(2),
CUTCL50 92) 9 VT(15042) g KKy JF9PL g XT y¥T 4 ZTHUSTAR(15042) yVSTAR(150,2)

EXTERN AL SLOPEF,SLNDZA

KOUNT= N

X = 0,

XJNDIT. = 0.0

KOUNT= KOINT+1

N0 10 T=1,1?

XS(I)=v(T)

T=TS

MF=12

DTF=(T F=TS) /54,

CALL SET(MF 3T g XS yDTFySLOPEFyNye Te9Dy0)
IF=n

IF=IF+ 1

JF=IF

CALL STEP(VE 3T oXSyATF 4SLOPEF 30y eTesN,yN)

MMT=(¥S(1)=XS (7)) ¥ (XS(?)=XS (8) )+ (XS(2)=XS(9))*(X¥S(4)=XS(10))+

CIXS(5) =¥5(11)) *(XS(K) =XS(12))

FOIT ==XS(2) %% 24 (XT=XS(1))*TZ2COS(YT(IF,2))*CISIVT(IF,1))

C=XS(4) ** 24 (YT=XS(3))*T ETOS(VT(J=,2))*SIN(VT(JF,1))
C=XS(R) **24(7T=XS(5))*T-*SIN(VT(JF,y2)) g

XJNOT = INOT + FNOT

TF(XJIOTL*XJOOT.LTeD. 0 GO TO 25

IF(JF, GF.65 ) GO TN 25

XJDOT. = XJONT

GO TO 29

TF =T

EPRSND = (XS(1)=XS(7))**2+(XS(3)=XS(9))**2+
CIXS(5) =X3(11)) #*2

XJ = XS(2)*(XT=XS(1)) XS (L)* (YT=XS(3))+
CXS(6)®* (7T=XS(5)) +,5*EP28ND

NDIATTE = XJ=XJL

BRINT INNNGXJINOTGJF,TF

FORMAT ("XJINOT= "y G15,8 9" JF="y I8y *“TF=",615.8)

N0 30 KI=1,12

X(KI) = XS(KI)

X(13) = XS(1)=XS(7)=XS(2)

X(14) = XT=XS(1)

X(15) = XS(3)=XS(9) =XS(h)

00



r——— e e

L0

A0

200

300

100

X(16) = YT=XS(3)
X(17) = XS(3)=XS(11) - X" (H)
X(18) = ?T=XS(5)
X(19) = XS(7)=%XS(1)
X(21) =0,

X(21) = XS (3)=XS (I}
X(22) = n, /

X(?3) = XS(11)~XS(5)
X(24) = 1,

X(25) = 1.

X(26) =0.

T=YF

MB= 25

XJF = F

ITaz=( TF=TS) /X JF

KKz JT¢ 1

CALL STT(M3,T 4 X, NT3,SLNPFB,049,TeyNyN)
N0 L0 JN=1,JF

KK = (Va1

PALL STEO(MI 4Ty XyDT3,SLOPEBy DyeTesDyM
CONTIN'

N0 80 JK=1,JF

UTCJIK, 1) = USTAR(JK,1)

UT(JIKy ?) = USTAR(JK,2)

YTCIK, 1) = VSTAR(UK,1)

VT(IK, 2 = VYSTAR(JK,2)

PONTINI®

ATS = Y(25)¢X(25) ;

ORINT 2NN, X(25) 4 X(2H) yATSy NJATTF ;

FOPMAT (*AZ AT TS=",G15. 9,2X," AP AT TS=",G15.R,2%,"0=",(615.,8/
C*"DJ AT TFE=",G15,8/)

PRPINT 300,K0UNT

FORMAT (“COUNT=",I5)

EPSILIN = ,01

IF(ARS (ATS)LEEPSILOM GO TO 1C0

IF(KOJMT.GFe5 ) GO TO 100

60 7O
RETURN
N0

SURRANITTINE F(T,Y,eP)

NIMENS TON Y (12),P(12)
COMMON /BLOK/TP g TE g TFy TSy TSLASTHDZL,U(2)4V(2), YNONIPT(2)

CUTIL50 42) 4VT(15042) KKy JFPI 3XT 4¥T, 7T, USTAR(150,2) 4 VSTAR(150,2)
P(UY = Y(2)
B(2) = TE*COS (VNONOPT(?))*COS(VNONIPT (1))
P(3) = Y(4)
P(4) = TE*CNS (VNONOPT(2)) *SIN(VNONOPT (1))
o(5) = Y(5)
P(5) = TE*SIN(VNONOPT(2))
P(7) = Y(8)
P(B) = TP¥COS (U(2))*CIS(U(L))
P(O) = Y(10)
P(10) = TP*COS(U(2)) *STIN(U(1))
PU1) = Y(12)
P(12) = TP*SIN(U(2))
END
204 TIIE F(ME, T

NIMENS TN S(MF),DS(47)




COMMON /BLNC/ TP yTEyTF, TSy TSLAST,NZIL,YN(2) 4,V (2),VNMNO2T(2),
CUTCLSN 92) g VT (150,2) yKKy JF9yPT 3 XT3 YT 2T, USTAR(15N,2) 4 VSTAR(150,2)

E
’ i: nsS(1) = S(?)
© NS(2) = TTEIAS(VI(JF, 2)*COS (VT (UF, 1))
NSt3) = S(h)
NS(is) = TZ*2NS(VT(JF, 2)) *SIN(VT (UF,1))
NnsS(s) = sS(5)
NS(5) = TZ*STIN(VT(JF,2))
NS(”?) = S(8)
NS(3) = TPESAS(UT(JF, 2)) ¥COS(UT (JF, 1))
NSt9) = S(1
NS(10) = TP*SOS(UT(JUT 42))*SIN(UT(JS, 1))
NS(ir = S(12)
NS(1?2) = TO¥SIN(UT(JF,?))
END
SURRNJTTNT SLOPTAR(48,T,X,0%)
DIMENS TON X (MR) 4 NX(42)
GOMMON /8L0K /TR 4 TE 3 TE 3 TSy TSLAST, NSL,U(2),V(2), VNNNDOPT(2),
CUT(15) 32) gVT(150,2) KKy JFyPT 4 XT y¥T4yZT,USTAR(150,7) ,VSTAR(150,42)
SQRPRTZ 1 = SART (X (14)**2+X(1H5)**2)
SORRTZ 2 = SOAT (SNRARTT 1#*24X(18) **2)
SINVY = X(1A)/37°P7 %1
cosvi = X(1L)/SNIRTT Y
SINV2 = X(1R)/SNPRTF2
cosv? = SQPRTIL/SN?RTE?
VSTAR( ¥K,1) = ATAN2(STIvi,CNSV1)
VSTAR( MK 42) = ATAN2(STNV?2,COSV?)
{' SQRRTI1 = =SNART(X(20) **2+X (22)%*2)
= SARRTI? = -SART(SARRTPLI**24X (2L)**2)
TF(SAAPTOL{,ENe 0,0) GO TO 1
SINUL = X(22)/S01°R7P1
cosu1l = X(20)/S1”RRTP1
SINU2 = X(2L)/SOAPRTP?
£osuy? = SARRTPL/SNORTP?
JSTAR(KK,1) = ATAN2(SIMUL,COSUL)
USTAR( KK ,2) = ATAN2(SIVU2,CO0SU2)
0 TN ¢
1 USTAR(KK,1) = =135,%P1/180,
YSTAR(KK,?) = 35,26*P1/180,
: 5 IX(1) = xX(2)
3 NX(2) = TE*COS(VT(KK,y 22)*COS (VT (KK, 1))
i IX(3) = X(%)
¢ IX(L) = TESCOS(VTIKK, 2))*SIN (VT (KK, 1))
5 IX(5) = Y(h)
{ OIX(AR) = TEPSIN(VTIKK, 2))
¥ (7)) = X(8)

OX(8 ) = TP*OOS(UT(KK,2))*C0S(UTIKK, 1))
2X(3) = X(10)

AX(10) = TP*COS(UTIKK,”))*SIN(UT(KK, 1))
OX(11) = X(12)

NX(12) = TOSSIN(UT(K<,?))

oX(13 = 0,

DX(14) = =X(13)

(1% = 0, :
AXC16) = =X(15)

NX(17) = 0,

(LB = =X(17)

nX(19) = 0,




(200 = =X(19)
nX(21) = 0,
- 2 NX(22) = =X(21)
¥ £ w23 = 0,
(L) = =X(?3)
1=12
nO 10 L=1,5
T=T +1
10 HOLNT = WL *X(T)
N0 15 L=7,12
T=714+1
15 4OLDP = A(L)*EX(T)

MNTWT2 Y (13)*X (2) #X (1 4) *TEACOS(VSTAR(KKy2)) *3IS (VSTAR(KK,1)) ¢
CX(5)* ¥(4) X (16) *TZ4207 (VSTAR(KKy 2) ) *SIN(VSTAR (KK, 1)) +

CX(L7)* X(5) +X (18) *TI#STH(YSTAR (KKy2) )

HMNZ WPz ¥(13) *X (9) +X (20 )*TPLCOS(1ISTAR(KK2) ) *CIS (IISTAR(KK 1)) &
CX(21)* X(10) +X(22)*TP* IS (USTAR(KK,2) )*STN(USTAR (KK, 1)) +
CX(23)* X(12) +X (26) *TOX STN (UST AR(KKy 2) )

IX(25) = HOLIE-HNEWZ

IX(26) = HOLNP=HNEWP

RETURY

ZND

SURR0J TTNT cyonaTE

COAMAN 7RLOK/ TP 4Ty TFy TSy TSLAST, NEL,U(2),V(2) , VNONDDT(2)
CUTIL50 42) 4 VT (15042) 9K Ky JF9PT 4 XT,¥T,2T,USTAR(150,2) ,VSTAR(150,2)

KK = 1
U) = YTIKK,1)
: U2) = YT(KKy2)
{ V(L) = VT(KKy1)
¥ V(2) = YT(KK,2)
SETUY2Y
=N
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