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Preface

This thesis investigates the application of a

gradient method and a combined gradient-differential

dynamic programming method to generate a closed-loop

control law for intercept problems formulated as

differential games. The two example problems presented

in this report are somewhat simplified and serve

mainly to test the methods. It is expected that the

general results will carry over in a satisfactory

~ax~ner to problems with more complicated dynamics.

My sincere appreciation goes to Prof. Gerald

N. Anderson for his advice and guidance in this effort

and to my wife, Lynn, for her encouragement and

endurance of many lonely hour s during the preparation

of this works

This thesis i. dedicated to Capt. Arthur 3. Brandt

whose tragic death grieved all of us in the GA-76D

olass, to my wife Lynn, and to my eon Kyle.
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GA/MC/76D-2

• ç Abstract

This thesis investigates the use of a gradient

method and a combined gradient-differential dynamic

programming (DDP) method to generate closed-loop

controls for intercept problems formulated as

differential games. The gradient method is applied

to a planar motion pursuit-evasion game. The trajectory

obtained compares favorably with tI~at obtained using

analytic expressions for closed—loop controls. The

gradient method is applied to a three d.tniensiona].

interceptor-penetrator game with simplified dynamics on

a real-time basis. A combined gradient-DDP algorithm is

• ( applied to this problem but not on a real-time basis.

The DDP portion of this combined control law was found

to be unstable. The results obtained indicate that a

gra dient based scheme, because of its numerical stability

and ability to rapidly converge to the vicinity of the

optimum, may be used to generate an eff ective nea optimal

closed-loop control law for some problems.
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CL~ :; ~~-LOo P CON 1~~OLS 1~’O~ Iii :~~~~ ;~~. I iA 1~
G . i~i~ i USING A ~L~~wJ•N~ i A I D  A

DIF~ ’ ~EN TIAL DYI : iu ~JC PI~OUI ~A~ J:Ii.u ~~~~~~~

I. Introduction

Differential game theory can be applied to many problems

where two participanUs have diametrically op osin ’~ t~oals.

• 
. Many problems encountered in the area of military strategy

can be modeled as a two-person zero-sum game.

In a zero-sum game, one player auplies a control in

an effort to minimize a cost (performance index) and the

other player applies a control to maximize the cost.
4

Application of necessary conditions for a saddle point

solution to the game will yield a two-point boundarr valuc

problem (TPJ3V?) which must be solved to generate the optimal

controls for both players. Solution of this TPBVP for a given

set of state initial conditions will yield open—loop strategies.

Strategies, or control laws, so obtained are useful if it

can be assumed that both players will use their optimal

controls throughout the duration of the game. Unfortunately,

for most realistic problems this is an invalid assumption.

In order to use differential game theory in problems

of aerial combat and interception, a closed—loop control

law is needed so that one player may immediately capitalize

1
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upon non-optimal play by his opponent . A computational

algorithm is needed to provide a closed-loop control law.

If one of the players, for example E (Evader), uses

a non-opt4m~l control , then the other player , P ( Pursuer),

updates his control vector by use of a computational algorithm.

To accomplish this task, P samples the system state at

fixed time intervals and computes new controls using the

sampled state vector and computed (or assumed) nominal

control histories for both players. Between sampling times,

P flies open-loop using controls computed at tht previous

sampling time.

Generation of a near-optimal closed-loop control using

neighboring extrenial algorithms has been accomplished with

• some success (Ref a 1,2). A major drawback to using these

methods is that they require the use of a reference trajectory.

In order to obtain a reference trajectory, a TPBVP must be

solved and, typically, this requires a large amount of

computational time. In addition, numerical stability of

neighboring extremal methods sometimes causes convergence

problems.

An ideal closed-loop control law would be one that is

stable, depends only on the current state, requires no

reference trajectory, provides an optimal ox’ near-optimal

control law, and can be implemented on a real-time basis.

• 2
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Statement of the Problem
F 

Scope. This thesis will investigate the use of a

numerical algorithm based upon a gradient scheme that meets

the above criteria and may be used to generate a near-optiin.i

closed-loop control law. Two example problems are presented

to test this method. The first problem is a planar relative

motion pursuit-evaiion game and the second is a three

dimensional interceptor-penetrator game.

Approach. In the planar pursuit-evasion game, the

trajectory obtained using the gradient closed-loop control

law will be compared with the tra4eotory obtained using

analytic expressions for the closed—loop controls. The

gradient method will be applied to the interceptor-

( penetrator game on a real-time basis. Effects of varying

convergence parameters and state sampling interval will

be studied. A differential dynamic programming (DDP ) method

is used in conjunction with the gradient method in an effort

to generate a more accurate closed-loop control law for the

• interceptor-penetrator problem.

I
3



II.  I)i yiT~rr nt ia l  ~nme 1~orrr iulntion and

Closed-Loop Control Laws

Many aerial combat and interception problems,

including the two problems considered in this thesis, may

be fornulated as two-person zero-sum differential games.

The non—linear system dynamics of the game are modeled

using a first order vector differential equation,

= (1)

with initial conditions

• (2)

The scalar cost functional is

J ~~[~~(t ç), t ç] +5 ~~~~~~~ & (3 )

where the vector , u , contains the controls of the minimizing

player and the vector, v, contains the controls of the

maximizing player.

• The constrdction of a cost functional that incorporates

all the necessary features of the conflict and does not

bias the outcome toward one player is a problem in itse].2.

The cost used in pursuit-evasion games normally includes

some measure of the range between the two vehicles at the



end of the game. Formulation of a payoff for other types

( of encounters (e.g. interceptor -.penet rato r) wi thin the

context of zero-sum, two-person games is more difficult.

The optimal solution to a zero-sum differential game

depends on the stationaz”ity of Equation (3). Thus, the

problem is to find the control pair (u*, y*) such that

~ J(~.:” , vi ~~ J(u,,v-”) .

The middle term of (LI?) is known as the value of the game

and an asterik (*) denotes the optima]. nature of the control

vector, This inequality is called a game theoretic saddle
• point and incorporates the idea that if one player uses a

control other than the optlii’al, then the other may

capitalize upon this to cause a change in the value of the

game to his f avor.
For a game with no terminal state constraints, the

necessary conditions for a saddle point solution to the

• game are

(S)

A = — , = ~~~~~~~~~~~~~~~ 
.t4,]

fL= O ( 7)

U ~~~~~ 
(8)

S

-



H ,= 0 (d1~

~ (10)

H (t .~~~ ~~~ 
(1 1)

where the Hamiltoni an , H , is define d as

• (12)

If there is no path cost , then L is zer o in Equations (3)

and (12) .  A derivation of these necessary conditions is

given in Chapters 2 and 9 of Referenc e 3. The TPBVP that

4 must be solved is given by Equations (
~ 3 and (6) . Expressions

for the optf ini~l controls in terms of the state and adjoint

variables are obtaine d from Equations (7)  through (10) .

Equation (1 1) determines the time at which the game terminates

and can be shown to be equivalent to the expression

J = O  • (13)

If the final time is prespecified, then Equation ( 1 1 )  may

be omitted,

Solution of the TPBVP will yield open-loop control

• strategies, (u*, 1*), which represent the “best” one player

can do against the “b.st” of his opponent. If the opponent

6



chooses to use a control other than v*, then the first

player must update his control based on the current system

state and time. This results in a closed-loop control law.

A quality of two-person zero-sum games is that if both

players use their optimal controls, then the open-loop

end closed—loop trajectories are identical.

~ Gradient Closed-Loop Contro~ Law

Adjoining the system dynamics, Equation (1), to the

soalar cost functional, Equation (3), by use of time varying

LaGrange multipliers (adjoint variables), one has

J ~ E i~(t ç ,  t 1} +f[ L(~,i~ r) + ~ (f (# y u~,ir) - 4) ] It . (hI?)

• Substituting for the Hainiltoni.an, Equation (11~.) becomes

J ~~~~~~~~~~~~~~~ 
- ) ]  

~~ . (15)

t.

Along nominal state and adjoint variable trajectories, x

and )~, a variation in the controls from the nominal 
controls

, V
0 
results in

J+~ 3 =  ~[1%(t1 , t~1 ~

(16)



Expansion of i~quation (16) in a Taylor’s series tnrough

f rst ~~~~ r~ s about thc no~ina1 valuo~ y i€~1ds

~J =f[ ~J~ + H~~SV J~~t , (17)

which is the first. order variation In the cost ~ue to

small control changes ~u and 6v (Ref L4 .) . The adjoint

variables used in Equation (17) must satisfy the expressions

given by i~quations (6).

In a differential game, player P apulies a control

change, Su , in an attempt to minimize the cost. Player

E is assumed to be apolying a control change, ~v, to

maximize the cost, Therefore, in L~quation (17), the 1
th

( component of the vector, ~u, is adjusted so as to be of

opposite sign of the 1th component of the vector, H
~
.

Likewise, the 1th coiiponent of the vector, ~iv, is adjusted

so as to be of the same sign as the ~th component of the

vector, lI
~ 

This procedure ensures that the op csing players

arr~ ma.:ing control changes so as to cause a chance in the

cost, ~ J, to their favor.

To use the gradient metnod to generate a closed—loop

control law , the control corrections , ~u and &v, are computed

at di~crete swi~lIng t imes. At each sax’i~ lIng tir~io, t5, the

gradient closed—loop control algori~hm will be called upon

by player P to generabe an updated control basod upon the

(
8



( :;~r~pled st~ t D vector . The cost va :~i~inc c over the ti~io

int~~v~1, t~. — t , (t _ ~o r .  dic ted Liz t~ —to — ~;o ) i~ ~;5•ven l ) f

~J + kJ~~ J~ t . ( 18)

The control corrections made on e’~ch iteration of the

algorithm are computed with

&~~ = IK~~ H~~ and

= K~ H~, , where (19)

and are diagonal weighting (step-size ) matrices of

proper dimension to make (19) conformable. K~ and are

selected so that ~~
- 0 (negative definate) and IcE 

>. 0

(positive definato).

Selectior of the Ste~p-Sizo. Gradient methods are inherently

stable and converge to the general viciflity of a local optimal

solution within a few iterations if the step-size matrices,

IcE and 5, are selected properly. Leatham (Ref i~~) su~;gosts

using

(K~ 
)
~ ~~~ui~ 

)n*x,/’( R~ )MAX and

(K )~ ~ 
= 

~~ )~~A/ ~~ 
,

t. where ( S u j )M~~ 
and ( £vj)M~~ represent the largest control

9
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corrections that the designer estimates could be applied

on each iteration. (Hu )i4~~ and (H V )MAJC ar e the maximum

control gradient magni tudes which are estimated values for

the first iteration and updated, if necessary, on subsequent

iterations. This provides a simple method for taking a

variable step-size to aid convergence.

An alternate method of computing X~ and XE arises by

the inclusion of second order terms in Equation (17). In

doing this, the cost ohange over the predicted time-to-go

(t~ — t5) becomes

H,,I 8~~+ 5 T
H I ~~~~] i~( °• • (21 )

For the variation ~3 to vanish, it is necessary that

1 H(,J }~~ i~~~ 0

[H ~ ! *
T I1 i~J } ~~~r 0 . (22 )

From Equations ~22) the coutrol corrections are found to be

1:

c Sv ~~~~ HV.]I (23)

10
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~ ~~~~~~~ ~~~ 

cxlst . In this case , the terns
—

~ Ld —~:v;
1 

~~I f l  (1 Ti iO~~ OU5 tc ic~ anct i:~ in ~uation~ (

Convcr~ once of the Gradient Letilod , In thi s thosis ,

convergence of the gradient me thod is defined to occur

when the square of the L~ucl1dean norms of the gradient

vectors and at tho sa~ipling timo are both loss than

sortie small number . That is ,

a
IIHui(t c)iI ~ € and

IIH~(t~)II 4 E. • (2L~.)

Convergence can also be defined to occur when ~ J in Equation

(. (18) is small.

A Gradient Ilethod Control Update Aip~oritiim, For a

free final time problem with no tor~nInal state constraints,

the algorithm used in this ~thesI~ is summarized as follows :

(1) ?rom the current state and sampling time (x(t 5)

and t )  integrate the state cquat~ons forward

until J —.-O. This establishes a predicted final

statø and time (x(t~ ) and ti). Use the current

nominal control histories U
0 , 

v~, in this integration.

The u0 and v0 used for the first iteration at the



first sample time must be chosen by some reasonable

logic (e.g. proportional navigation or line of sight).

(2) Evaluate the adjoint variable boundary condition,

~ ~~~C ix.tç),t4} . This is the same expression

as given in Equation (6).

(3) Integrate the state and adjoint differential equations

(see Equations (5) and (6)) back in time to

using the nominal controls u0 and v0. Use

from Step (2) and x(tf) from Step (1) as boundary

condi tions f o r  this integration. Compute and

store U.4 and H~J (also and H~~I if needed)

along thia backward trajectory.

( (1~.) Update the control histories u0 = U
0 

+ ~~U ;

v0 = v 0 + Sv where ~u = K pH~~
and ~~~~~~~~~~

The signs of ( 
~

u) i and ( gv) 1 are adjusted so

that ( ~~U)~ and (H
~
)j are of opposite sign and

( 5v)~ and ~~v~i 
are of the same sign. X~ and

XE are defined by Equations (20 ) or (23) .

(5) Repeat Steps ( 1 )  through (Ii.) above until

II HJt~) I I 2
~ ~ ~ II t-L~~(~~~~~~) II —

~ 
E •

convergence criterion is not met, then cosbputption

is terminated after a preapeoified m~r1mum allowable

number of iterations.
For the problems considered in this thesis, the predicted

time—to-go (t~ - t5), divided by sixty-four, was used as the(
12
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integration step—size in the control update algorithm.

This mechanization has the feature of using smaller and

smaller integration steps as t3 approaches t~. Because

of this, higher accuracy of the numerical integration

method can be expected as the game progresses .

A Differential Dynamic Programmin,g Closed-Loop Control Law

The change in the cost for the time per iod tf 
—

due to small deviations in the controls from the nominal, is

(Ret 5)

(25 )

( By letting A = ~ J and performing the indicated integration,

one has the total predicted cost change, A, that would

result by applying the controls U
0 

+ ~u and v0 + Sv. The

equivalence of Equations (25 ) and (18) for small Su and

6v may be shown by a Taylor t s series expansion through

first order terms of Equation (25).

Fox’ a separable Ramiltonian (one which may be separated

into a portion containing pl~~ controls and a portion containing

E’ s controls), one has

A ~~~~~~ I ~ ~~~~~~ ~ ) —

M
~
(
~~

•)
~~

- ) —  ~~~~~~~~~~ ~~ 
, (26)

13



whe o v~ V
0 

+ Sv and U ” = u0 + ~u. The predi cted cost

c i j ~~c due to ~v 1:; ;. - and the ur euic Led co~~ chango duo

to 5u i~ ~~~
,. Convergence at each ~ianr iing time occurs

when the toi.al predicted cost change, A, is small and

-€  ~ � 0 (27 )

Equations (27) indicate that E applies a control change

to cause an increase in the cost and P applies a control

change to cause a decrease in the cost.

A DDP Method Control Update Al~ orithra. For a free

( fins], time problem with no terminal state constraints , the

• 

- algorithm is suiirniariz~d as follows :

(1)  From the current state and sa~mling time (x( t3 )

and t3) integrate the stato equations forward

until i—.-O. This establishes a predicted final

stuto and time (x(t~) and ti). Use the current

nominal control histories, u0 and v0,in this

integration.

(2) 1~valuate the adjoint variable boundary condition,

• ~~(t f )~~ Ø,~L’~tiLt cl . This is the same expression as

given in Equation (6).

(3) Integrate the state and adjoint difforential equations

back in time to t using the nominal controls u
8 0

111.



v .  Use f r o i ~~Lep (?) aid x ( 1ro~i ter)

( 1)  a~ bound~ry c~nU.~tiun~ ior t:i~ in~~~ r at .Lon .

Along this b~ chw~~d t r ajc ctor~~:

( a) Compute and store u ” and v ;thich are found

from the optimality conditions given by

Equations (7) through ( 10) .  In many problems ,

analytic expressions for u~
’ and v~ in terms

of the state and adjoint variables ray be

obtained.

(b) Compute HEO1d and Hpold using the current

state and adjoint variables and the nominal

controls u0 , v0. Compute HFnGW and Hpnew
using the current state and aujoint variables

and the new controls u~ , v~.

(c) Form the equations

= HEO1d 
- ‘~~now ~ and

-

and A~ are integrated backwards with the

state and adjoint differential equations froiii

the boundary conditions A~ (tf) A~(t1) 0.

(ti.) Update the nominal control histories by replacing

U
0 

with u~
’ and v0 with v 1

(5) Convergence occurs when the total predicted cost

ohan~e at t , A(t ) = IL(t ) + A~ (t ) , is less
S S La S S

than some small number , and when 
~
.>AE(ta) ~ 0 and

0.
15



Note that this DDP scheme inc orporate s no check on

the size of the control corrections made on each iteration

of the algorithm. In the application of this method to the

problem of Chapter IV , it is assumed that the nominal controls

initially provided to the DDP scheme are sufficiently close

to the optimum to obviate the need for a convergence control

method.

Game Simulation 
-

Game computer simulations employing both the gradient

and combined gradient-DDP control update algorithms use the

following genera]. set-up :

(1) 5 t  P’s sampling interval, A .

(2) Set E’ s non-optimal control sequence, vNONOPT.
• • (3) Establish reasonable nominal control histories
• u0 , ~~ for use in the control update algorithm

on the first iteration at the first sampling time.

• A reasonable choice might be a control based upon

line-of-sight or proportional navigation.

(4) Integrate the state differential equations forward

from the given initial, conditions, x(t0), using

the controls . vNO %~C~~ 
for B and for P.

(5)  When the state sampling time , t 5, is reache d, P

calls upon the control update algorithm (gradient

or gradient-DDP in this thesis).
• (6) After updating his control, P flies open-loop

until the next sampling time,

16



Computer simulations of the differential games considered

in this thesis were run on a Control Data Cor poration 6600

digital computer. The integration routines used in the

control update algorithm. employ a fourth order Runge-Kutta

method to start and then use a four point Adams-Baahl’orth-

Moulton predictor corrector scheme.

Alg~~ithm Implementation on a Real-Time Basia. Since

the control update algorithm requires a small but finite

amount of computational time, there is a time lag between

the state sampling time and the time that P may actually

implement the updated control. This may be pictured using

a time line as shown in Figure 1. Note that if P chooses

a sampling interval too small, this may prevent implementation

of t~e updated control before the next sampling time is

reached. This situation will decrease the effectiveness of

the control updating scheme.

Sampling Interval

It I
‘k I ‘k+l
Algorithm

~ omputationTime

Old Control Updated Control

Figure 1, Control Implementation Time Line

17
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III. Planar Relative Motion Pu rsuit-1~vasion Game

Game Formulation

Conside r a simple fixed end time planar relative motion

pursuit-evasion game involving two constant thrust rockets.

The geometry of the problem is shown in Figure 2. The

origin of the X! cordina te system is cent ered at P and the

equations of motion of B relative to P are ,

= ~~~~ ~~~~- — T, ~~~

~= v y
(28 )

- 

The initial conditions for thi s problem are

• X(o) 10

• v~(o) 0

• Y (O) 0

• V~(o) 0 . 
- (29)
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Figure 2. Planar Pursuit-Evasion Game Geometry

( )

19



The payoff is taken to be one half the squ are ot the

final EP range ,

= ~ [X a + y Z.] 1 (30 )
4q

In this problem, drag and gravity effects are neglected

and it is assumed that both vehicles are point masses using

constant thrust. Tb. thrust levels used are T~ = 1.0 and

P3 O~5

Application of Necessary Conditiona

The Hamiltonian for this problem is

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~y Vy + ~V1[ T L~ ’~
v Tp 44~’~M~J • (31 )

The adjoint differential equations and boundary conditions

are given by Equations (6) and for this problem are found

to be

0 )
~~~(t~

)= X~
• = : , ~~ft~)= 0

;;
~ = 0 , ~y (tç) Yf

() 
. 

•

?~yp = — ;\~
• (32)
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By applying the optimal control conditions given by

Equations (7)  through (10) it is found that

= 4A~~~~r =

“V’1— (33 )

Equation. (33 ) constitute an open-loop strategy for

this game, The TPBVP given by Equations (26),  (29) ,  (32) ,

and (33) must be solved to generate the solution to the

game.

With the initial conditions given by (29) the optimal

strategy is

and v ” O . ( 311.)

If the evader (B) uses a non-optimal control vNONO~~ 
= 90°

then the pursuer (P) must update his control in order to

take advantage of B’s non-optimal play .

Closed—Loo p Controls

~~~ 
Closed-Loop Control.. Analytic expressions

• for P’s opt imal closed-loop controls ar s

- 44#,i L4 q ) (
Z + I?L

= (35)

21
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p.-

where = V,~(t~-t)~~ X and ~ = V y(tç-t) + ~f ,

A derivation of this control law is provided in Appendix A.

The trajecto ry obtained using the closed-loop control

law (35 ) will provide a basis for comparing the trajecto ry

obtained by using a gradient closed-loop control law.

Computed Closed-Loop Controls. The gradient scheme

mechanized to compute P ’ s control correct ion , Su , is

given by Equation (23). A fixed flight time of 4.5 time

units was used in the computer simulation of this problem.

The control update algorithm for this problem is not implemented

in real-time.

The convergence crite rion used was

• ~ ~. an~ ~1-(~~(t ,)f ’ ~ •

If thi s conv ergence criterion was not met then computation

was terminated a$’ter 25 iterations. The game was played

using various sampling interv als ( A )  and convergenc e factors

C t  ).

Resul ts

~~~~~~~~~ 
Solution . Computed (Gradient Method) Solution.

The trajector y obtained using the gradient cont rol update

scheme compared very well with the tra jector y found fr om

the analytic expression for the closed-loop controls. The

$
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trajectories are shown in Figure 3. A sampling interval

of A = 0.1406 time units and a convergence factor of

= 0.1 were used in the gradient method run.

Variation in Cost with Convergence Factor. The convergence

factor, ~. , is a qualitative indicator of how near the
computed solution is to the optimal solution. The smaller

the value of E., the closer the solution will be to the

optimwn. If the gradient closed-loop control law is to be

implemented on a real-time basis, then the number of iterations

of the algorithm at each sampling time must be kept low

to minimize the computational time, Some accuracy is sacrificed

in this effort.

In order to study the degree of accuracy of the

computed solution, the game was played using differing

convergence factors. The results are given in Table 1.

Note from Table I that the more stringent convergence criteria

( t = 0,01 and € = 0.001 ) resulted in more iterations of

the algorithm and did not significantly reduce the cost ,

This result indicates that a closed-loop gradient method

would provide reasonably accurate solution. in a few iteration.

if the value of E. is not too smal l.

Variation in Cost with sampling Interval. Using a

convergence factor of (= 0.1 the variation in cost was

studied for different sampling intervals. Tb. results

are shown in Table 2. The cost approaches the analytic

• 23
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Table 1. Variance in Cost with Convergence Factor

Guidance Scheme Final Cost Number of times Maximum no.
convergence of iterations

criteria not met used at any
sampling time

Analytic 1 .45226 n/a n/a

Gradient 1.56053 none 3
C = 0.1 ,
A = 0.14063)

Gradient 1,54187 2 25
( E. = 0.01 ,

= 0.14063)

Gradient 1 .54259 11 25
( c  =0.001 ,

A = 0,114.063) 
-

Table 2. Variance in Cost with Sampling Interval

Sampling I])? I ODT 2ODT 3ODT Ll.ODT SOIYT
Int.rval
( A )

Cost 1.487 1.708 2,463 2,406 2.889 3.485

-. 

‘iyr — 4.5/128.
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solution cost as the sampling interval decreases .

A real-time implementation of the gradient closed-

loop control method is made in the problem of the next

chapter.

I
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IV. Three Dimensional Interoe~ptor-Penetrator Game

Game Formulation

In an interceptor-penetrator encounter , the penetrator

(designated with an E) attempts to penetrate the defenses

of a fixed target. and hit that target or at least

maneuver so as to be in a favorable position to hit the

target at some later time. The interceptor (designated with

a P) attempts to intercept E or at least force B into an

unfavorable position from which to hit T. This type of

conflict may involve a bomber and a surface-to-air missile .

The conflict could also be between a maneuverable intercontinental

ballistic missile (I CBM ) and an anti—ballistic missile ( ABM )

missile.

Consider a simplified dynamical model of an encounter

between an ICBI4, CE ) and an ABN (P). Capital letters designate

B’s state and lower case letters designate P’s state. The

geometry of this problem is shown in Figure 11.. The constant

thrust to mass ratios available to B and P are and

respectively . The controls are the angles V
1 
and v2 for B

and U
1 
and u2 for P. The first control angles (v1 and u1 )

are measured in the azimuth plane from the positive x1
axis end the second angles 

~
‘2 and u2

) are measured from the

local horizontal.

Soiling. In this problem the following scaling is used:

1 distance unit (d.u,) -s.. 10~ feet
C I time unit (tu.) -‘~~~ I second

27
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Equations of Motion. The state equations and initial

conditions are

= , X (o) = 0.
~ Tf coii’V~ coa.v~ , ~(o) = . 5 7 73 5
‘/ = V~ , Y(o) 0.

, v, (o)~ 57735
V~ , Z(o)= ao.

7735

~(o) ~ 0.

v (O) 0.

,
j r~ T~ ~~

- , = o.
zc~’) 0.

, - v~t ’) 0. . (36)

The target coordinates are (X~ ~ ‘ 
Z.~) = (20 , 20 , 0) d.u.

Note that the initial conditions are such that B’s

velocity vector at t = 0 is directed at T with a magnitude

of 1.0 d.u./t.u. ( this is equivalent to 10,000 feet/second).

At t = 0, P is positioned at T with zero ini tial velocity.

In this problem it is assumed that the two vehicles

are poInt masses operating in a drag free environment with

constant thrust to mass ratios. Further , it is assumed that

the acceleration of gravity is negligible in comparison

C 
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to the acceleration capabilities of the vehicles.

Cost. The cost used in this game consists of one half

the square of the final EP range plus the dot product of

E’s velocity vector and ~~~ line of sight distance vector

to T at the final time. The angle e between these two

vectors is indicative of the predicted ET miss distance

should E successfully survive the encounter with P. A

small value of e at the final time would indicate that E

is in a favorable position from which to later impact T.

Conversely, a large value of e(t~) would indicate that B

is in a poor position from which to hit T. Further discussion

of this aspect of the problem may be found in Appendix B.

The coat is given by

3= *L (x~ 
Z~~( y _  ~+(~~_ z ) zJ I -F

te

. (37 )
• t f

B is the maximizing player and P is the minimizing player.

Application 2.~ 
Necessary Conditions

The H*miltonian for this problem is

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~

+ 
~ VSTE 4L,~V~ ~~~P1~~ Tp .~~~5 C4I LL.1 +

+ ~~~ ~~~~~~~~~~ ~~~~~~ 
. (38)

____
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The adjoint differential equations and boundary conditions

are found from Equations (6) and are

, 7~11~(t~) X ,.. Xç

~~ 0 , ?~~ tç) ( Y
~~

_ Vy) 1
?~v~~~ ~

y , ) v, Ctc) Y,. - Yç

~v~(t~~ ~,~-Lç

~ =o , ~~~~~i.~j = ~~~-X ~

~v~(tf)- 0
, (tf) ~ f Yf

0
= 0 ?~ (t’) Z ç Z ç
= -~~~~~~~ , 0 . (39)

From the optfmi~l 
‘control conditions, Equations (7) through

(10), it is found that
I

= I 7~IIJ~ *) ~VY~ ~ “
~~
‘I 4~ 4+ 7~~z

7~VIL ______________

+ ‘~~z ‘ ~~~~~~~~ ‘
~~~~~+ 

.
~~~

“~“~~~ ~~~~~~~~~~~~~~~~~~~~~ 
‘

$ 1 , (1~0)
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In this problem, the final time is established when

= 0 . (41 )

Equation (41) is equivalent to

( li.2 )

With the initial conditions given in Equations (36)

and the payof f given by Equation (37), it was found that .

the optimal open-loo p strategies called for B to thrust

directly towards T and for P to thrust directly towards B.

This strategy is obviously suicidal for B, hence, if B is

to have any hope of destroying T, he must first avoid P.

Suppose, in an effort to evade P, B uses the non-

optimal control VNONOfl = (0,0) for the duration of the

encounter with P. This control is unknown to P. In order

to account for B’ s non-optimal play, P uses a closed-loop

control law discussed in Chapter II.

Closed-Loop Controls

The first algorithm used was the gradient scheme with

control updates given by Equations (19) and (20). This

metho d was implemented on a real-time basis. The second

algorithm used was a combined gr adient-DDP scheme. The

gradient -DDP method was implemented in a closed-loop but

C - 
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• { not real-time fashion.

The convergence criterion used in all runs was

~ E. and

2.
IIHtr(ts)II ~~ E • (143)

If this convergence criterion was not met then co~iputation

was terminated after KOUNT~~~ iterations. The game was

played using various iteration cutoff factors ( K0UNT~~x )

and sampling intervals ( A ) .

Thrust to mass ratios were also varied in this game.

1” 
Values of T~ range from about 93 g’a (0.3 d.u./t.u.

2) to

310 g ’s (1 ,0 d.u./t .u. 2). These are not unreasonable figures

for an A~ l4 missile such as the Sprint (Ref 6:5) .

The initial nominal control guesses used were u0 (0)

(—135°,35.26°) and v0 (0) = ( L1$°,-35.26°). These values were

used by the algorithm on the first iteration at the first

sampling time.

Results

Gr adient Metho d. The gradient closed-loop control law

made use of Equations (19) and (20 ) in computing the control

corrections Su and ~ v. This method was implemented in

real-time.. In all runs , player B used the non-opt imal control

33
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V 
~N0N0PT = (0,0).

The changes in the cost and minimum B? range were

studied for various sampling intervals (~~ ) and iteration

cutoff factors (K0UNT
~~~x
). In ~ll of these runs the

thrust to mass ratios were fixed at T~ = 1,0 ; TB 
= 01

and the conv 6rge nce factor was set at ~ = 0.5 . For

purposes of discussion , a minimum EP range of 1. 0 d.u. or

less 1s scored as a “kill” for P . The results are presented

in Figures 5 through 8.

Note from these figures that the minimum EP range

increases substantially if too small a sampli ng interval

is used . This occur s because with very small sampling interval s

there may not be sufficient t ime between sampling time s

for P to implement the updated control. This effect is

especially apparent early in the game becau se the algorithm

usuall y required more iterations ( and more time ) to meet

the convergence criterion . For example , in a run with

A = 0.4 and K0UNTM.~~ 
— I~,player P was only able to implement

the updated contro ls in the last 4.3 t. u. ’s ( seconds ) of

the gem.. Thi s represents only about 35% of the total

flight time.

If A was made too large the cost and minimum EP range

incr.ased . This is caused by P not updati ng his control

frequentl y enough.

C
• 

• 
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It was found that the cost and minimum EP range curves

dropped to a minimum for a small range of sampling intervals.

This range extended from about A = 0.5 to A = 1.5 • The

best overall results, from ~~~~ standpoint , were obtained
for a sampling interval range of about 0,5 to 1.5 and
iteration cutoff factors (KOUNTMAX) of 3 or 4.

The run with KOUNTMAX = 1 and A = 0.14. (Figure 5) gave
the lowest minimum EP range of any run, however , this was
an isolated oases Other sampling intervals with KOUNTMAX = 1

resulted in erratic behavior of the cost and minimum EP
range.

It was found on all runs that only one or two iterations

of the algorithm were required at each sampling time beyond

about t~/2. This suggests that a smaller L~ coul d have

been used as the game progressed .

In order to investigate the sensitivity of the algorithm

to the initial nominal control guess and initial conditions ,

the initial nominal control values and initial conditions

of K were fixed and the position of the target (and initial

position of P ) were changed . The results are summarized

in Table 3. Note that P was able to compensate and score

a “kill” for cases 1 and 2 but not for case 3. In case 2,

the fact that the algorithm was able to recover from the

relative ly poor initial control guesses and allow P to

score a “kill ” shows some degree of insensitivity of the

method to poor initial control guesses.

(
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Table 3. Sensitivity to Initial Conditions -

and Initial Control Guesses.

Case Target Coordinates Mm EP Range tf

1 )L~, = 20 .43160 11 .755

= 20

_ _ _  

Z
T

O 
_ _ _ _ _  _ _ _ _

2 25 .96026 13.083

= 25

_ _ _ _  

Z
T

O 
_ _ _ _ _ _ _  _ _ _ _ _

3 = 30 3.22657 14. 362

L _ _ _ _  _ _ _ _ _ _ _ _  _ _ _ _ _-
Factors Coiimion to all Three Cases:

= .3 (93g ’s) A = .8 vNONOP T = (0 ,0)

Te~~~~~ 
(31 g’s) ~ — .5 KOUNTMAX = 3

Initial Control Guesses u0 (0) = (-1 35°,35.26° )

y (0) = ( i45~ , ’. 35.26~ )

V s Initial Conditions X(0) = 0. Y(0) = 0. Z(0) 20

V1(O) .57735 V1(0) .57735 Vz(0)~~.5773~

P ’ s Initial Conditions P located at target with zero
initial velocity

*
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Runs of the gene wero made with various values of
I’ 

~
11
e and T,. The results sre surrunarizod in Table ~i. below.

Note that P was able to score a kill for a fairly wide

range of values of T0 (from -o2.1 g’a to about +>5.9 g’s).

Table 4. Sensitivity to Thrust Levels

T T Min EP t (sec)
P e Ranga(d .u.)

1, 00 (310 .5g ’s) -1.00 (-310 .5g’ s) 25.656w 6.000

If — .20 (-62.1 g’s) . .292 8,056

— .10 (—31 .1 g’s) .4211. 7.636
0. 00 ( 0.0 g’s) .236 7.3714.

( .10 ( 31.1 g’s) .173 7.267

“ .12 ( 37. 3 g ’s) .377 7.197
.14 ( 43.5 g’s) .510 7.159

.16 ( 49.7 g’a) .o52 7.115

“ .18 ( ~5.9 g’s) .911 7.1214.

.20 ( 62.1 g’s) 7 0614.

.40 (124.2 g’s) 4.306 - 6.600

‘I .60 (186 ,3 g’a) 7.304* 6.489

Factors Common to all of the Above Cases

= 1.2 vNONO]IT 
= (0,0)

€ = .5 KOW
~TMAX 14 (Zr ‘ 

~T 
‘ 

Z~r
) =

(20 , 20 , 0)
has escaped P.
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Combined Gradient-DDP Method (Not Real-Time

Implementation). In an effort to achieve a more accurate

solution (and a lower minimum EP rango ) to the interceptor-

penetrator problem, a guidance scheme using both the

gradient and DDP methods at each t~ was devised. The

control update algorithm made use of a maximum of 10

iterations of the gradient scheme and then a maximum of

10 iterations of the DDP scheme. It was found that the

DDP scheme made extremely large control cAaanges early in

the encounter. Also during that time, the predicted cost

change was on the order of io 2 rather than zero. Very

late in the game the method “settled down” but at the

expense of a large predicted tf which re sulted from the

poor control updates made earlier. A run using ~ = 1 .0

t .u. resulted in a minimum EP range of 0.455 d.u. and a t~
of 12. 39 t .u . This is no improvement over using the

gradient routine alone.

In the above mechanization, it is apparent that early

in the game the nominal controls “handed over ” to the

DDP scheme by the gradient scheme were not sufficiently

accurate for convergence of the DDP . Thi s is due in part

to the lack of any convergence control built into the

DDP scheme and in - part, due to the relatively high thrust

rockets being used in the game. Because of the high

thrusts, a very nm~ll error in a control angle results

A



in a large cost change at the predicted t~.

Another cor bined gradient -DDP method was tried in

which the gradient routine alone was used early in the game

( 0 ~ t ~ . 9t~ ) with a A 1.0 t,u. and then the DDP routine

alone was used late in the game ( .9t~ Lt ~ t~, ) with a

A = .082 tu. This resulted in t~ 10.92 t.u. and

a minlsnzn EP range of 3.28 du. Thus, P did not score a

kill in this case. Again, it was found that DDP did not

converge. It is apparent that if DDP is to be used in

conjunction with the gradient scheme then DDP needs some

built-in convergence control device. The nominal controls

handed over to DDP by the gradient scheme were fairly

close to the opt(n’al and yet with no convergence control

the DOP scheme failed. Use of the gradient method alone

provided better results because of its inherent stability.

A 
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V. Conclusions

It has been shown that a closed-loop control algorithm

based on a gradient method can provide reasonably fast and

accurate solutions for some differential gahe problems.

The principle advantages of this method are that it is

stable , it depends only on the aanpled system state and

not a reference trajectory, and it provides reasonable

accuracy within a few iterations. The main disadvantages

are that the method does require some degree of fine tuning

in selecting the step—size matrices K~ , K~ and the convergence

factor, € . Also, the gradient method does not provide a

highly accurate solution. However, in some problems, speed

of computation is more important than high accuracy. A

DDP method used with the gradient method may provide higher

accuracy bnt some device needs to be added to limit the

- 
size of the control corrections made on iteration. The

DDP method as outlined in Chapter II was found to be highly

unstable. The gradient closed-loop control law presented

in this thesis provides an alternative to methods that

may be prove to stability or convergence problems.

Recommendations. Use of a closed—loop real-time

gradient method on a problem with realistic dynamics should

be tried and the results compared to those obtained using

other guidance laws. Also, more work may be done on the

42
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hybrid gradient-DDP scheme to achieve more accuracy of

the solution and better convergence of the DDP. Another

area of interest is the formulation of an interceptor-

penetrator duel between an aircraft and a surface-to-air

missile using realistic dynamics.

1 
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Appendix A
r I

Derivation of an Analytic Closed-Loqp Control Law

An analytic expression for the optimal closed-loop

control law to be used by P in the problem of Chapter III

may be found by noting that the adjoint variables (Equations

(32)) are linear in the time-to-go ( ‘C = t~, — t). Also

it is noted that the controls for E and P are equal as

given by Equations (33). In order to find analytic expressions

for the adjoint variables to use in (33) , one needs to

find Xf and Yr,. Eliminating the controls from the second

state equation in (26) one has,

X c
v~ = (1~—T~) 4  X~ * (A-i )

where ii a constant. Integration of (A-i) with respect

to ‘t yields

= K1(-t ~ — t )  , . (A-2 )

Rearranging gives

- V,t ~ 
+ Vxc

which may be integrated with respect to ‘t to give

$
‘45



p.-

~~~(tç — t )~~ Vx~(tc t) 
. (A-3 )

By substituting for V~~ from (A-2 ) into (A-3) one has

Xc X~~V~(tc t) . (A-4)

Performing similar integrations for Yf yields

= y + v~ ( t f -t) -
~ 4~ (t~ -t) ~ , (A-s )

Yr
where K2 is a constant K~ 4TE ~~ j( x~ + -
Substituting for K1 in (A-1~.) and multiplying by Y~ yields

I
XF Yf = (x ÷vX (t f -t) ] Y c  -I-

(t -t~~ 
Xc - Yc

~ (Tg — T~) {Xç2 -‘. . (A—6 )

Substitutin g for K2 in (A-5 ) and multiplying by X~. gives

X~Y~ =[ Y~ v~(t~— t) J Xf —F

$f ’Yf
tcj (y

~ 
T,)~~~~a 

I~ . (A— ? )

Subtracting (A-? ) from (A-6) and letting
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- - - -~~~~- - -__________________________________________

X = X 4  V~( t ~~~t)

V = -‘-
gives (A— 8 )

~~Yc = Y X j  . (A-9 )

Equation (A-9) is used to obtain expressions for ~~~ and

)~yy in terms of the current state and t ime-to-go. Substitution

of ~~~ and~~~ int o Equations (33) the n gives
I’

CO0~~ ’

44s)., U, = 
~~ + Y~ , (A-b )

C which is an ~nniytio closed-loop control law.

I

t.

__________ _____ 
—.‘—————---—- - ——-- ———-- -—— - —. -.—- — —--—-——-.——---- -——.— - — -

~~~~ 
.—- . - - — ---.
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Appendix B

A~ (—ICBM Duel

Minimization of the ET Miss Distanc e. If the ICB}1

(designated with an E) successfully survive s the encounter

with the A~~ (designated with a P) then E will thr ust so

as to minimize the ET distance • As sim~ing that E can

thrust continuousl y, the system dynamics are

= ‘11 C,.a~\rL (frtv-1

vr = ~~~~~~~~~
C

• (B—i )
~~~ ~j 4.~4~1re,

— 

The initial conditio ns for this problem are determined by

the final state of E at the termi nation of the EP encounter.

The cost is

flIW *[ Xr~
2
+(Y r)1~~~~~~~T) j! • (B 2)

where T1 is establishe d when

cr —’o • (8—3 )

There are no terminal state constr aint s in this problem

formulation. The controls , ~r , are the same -az those

48.
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described in Chapter IV.

The Hamiltoni an for this probl em ii

H~~ ~ x~”x~ ~~~V E C
~~~~L~~~~~~ *~~ Y vY Vy Tt C.LtrZ 4~.~A~v-l *

?‘~ V1+ ~~~~~~~~~ .

The costate differential equations and terminal boundary

conditions are

5 c ,  ~
(
~ )= X(rc)-x,.

7
~V~

’
~ 

‘~x )  “vx(Tc~
= o

-

~~~ 
= o 

~ ~~ (T~) = Y(Tf) - YT
-
,I,y

= -~~~ ~~~ (T1)= 0

0 ~ (Tf~= 
~ ( Tf)-~~T -

~~~~~ ~~~~~ ~~~~~~~ 
0 . (B-5)

The value of the Hamiltonian at the f inal time is

H(T~)=o .

Application of the optimsility conditions H~~O ar~1

Hirir >— O yields

_ _ _ _ _ _ _ _ _ _ _ _ _  

—)
~ �

z ~~ i- ~~a
4~~ ic ~

- /
~Vy ‘I~VI

- A 
- - -



Expressions for the coatatea in (B—?) are found

from (B~5) and are

= -(xer~ -xT)(~~ -~
)

= - ( Y(T~- YT~ (fl 
-

~~~~~~~

T~v~ ( Z ( T c) Z r~(Tr t )  
•

Equations for X(1,~ - , ~~~
-
f) - yr , ~r~) - are found by

integrating the second , four th , and sixth state equations

with respect to the time-to-go ( T f - t ). Substituting

these into (B— 8 ) then using Equations (B-8 ) in (B-?)

after some manipulation yields

- Y

= —z ai x  + V

* 
-
.

~—a a —~

• / ~~+s~’ (-~~9)
ith•re

= x -x T *V X frc -t~
V~~ ~~~~~~~~~~~~

= ~~~~~~~~ • (~ -iO)

— 
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In order to use (8-9) and (8-10), a value of Tç

C must be established . If it is assumed that T~ occurs

approximately when E impacts the earth then a series of

fixed time proble ms may be solved where a guessed Tç is

incremented until

Interceptor-Penetrator Problem Prog~’am Liatin.~~ The

following program listing was used to investigate the

minimization of the ET impact distance should E suoessfufly

avoid P. This same program was used to generate open-

loop strategies for this game using NSOIA (Ref 7);

C

_ _ _ _ _ _ _ _ _



T O20~~,~3 ’C nN , 3OX ~O~ 7
FT ‘1.
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

t• *TT AC4 ,n, Ac r r~n 1T~~, I n = T 7 6 o o o ~ .
L!qPA ~~~~~~~~~
16 r).

“ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
‘1IM~ ’~1~ T~~I C112) , F(t ’ )  ,A J ! N V ( 1~!,j7) , W (6 !)O)
CoM MO ~ /’~ D </ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
!~‘“‘11t, r vl,c t 9V 2,CncV ’

C THIc ? n’t i~~r WITH T~~
r 
~VAD ~ R DIAYPI’ NONOPTIM~tLL Y

C ‘JS!N1~ IT~ OL~ V~ (O, fl )
X ( t )

X (2)
V ( 3 ) —~,,

X (5)
=

X ( 7) ~ ,
X (~~)
X (~~

)
X (1Q)
X (11) —Fa.
X (12) —60 .

= (1. ~ 3
‘~ 12
!IST~ P = 1.Z -S
IMf&X L . )-c AC~~~1.MAX F U ~l = t5 0
IPIPIT = j
CAL L 4~ ’)lA( ’1 ,X ,F,4JI JV,~~sTFP ,oMAx ,~ CC,M~ xFuN,IPqt 1r,w)

~CK 0.
‘~O in ¶ j ~~j~~

10 = ~~~‘( + F(T) ’2
tF(FC( .~~~~

‘. ACC) STOP
CALL ) DT’~~ft J (X )

~U~~nJ ~~~~~~ ~~LruN(’I , x ,r)
~IM~ N3~ 101 X (’1),F(~1),Y(’~ )
CO4MO4 ~1t(i’C / ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~C SI NV I, r vj,Stwv?,~ Q~ v’
~XT~ R1~ L ~LOP~; trt,i2
Y ( I ) - t  fl .
Y (2 ) z , 5773~y(

~).: • 7735
“(5 ) ~V (S ) .— ,7 ’~ c
Y (? ) 20.

z 2).
TF~~~ .j
T P a .3

I XT~~~’0.

tI’ 12
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10 if) T:1,t’
T1: t T ~ I

10 Y ( I t ) : Y f 1 )
{.. ~ =0.

‘I ~~

CAL L (M,T,Y,1T,~ LUP ,),.T.,!,,l)
10 ?V )  J~t,t?~
~ALL 

¶~~ (M ,T,Y,1T,SL 0F~~,O,. T.,0,rfl
20 C 0’4114 IF

e (j )  :
= V (ihi+ (Y(1)_XT)
= Y (t5)+Y (4)— (V (~~ —Y (~ ) )

Y (1~~)# (V (3)—YT)
F(;) vu7)+v(c )—cv (c)—y (1i))
F(5) : Y (i3)4(Y (~~)—~ ’)
C ( T )

=

= V U’t)— (Y(~~)—Y (3))
C(10) = Y ( ’ 2 )
F ( t i )  =Y (’3)— (Y (11)—Y (5))

~(t2) = Y ( ? L )

SU3~1J’T’3~ S LOP (11,T ,Y,IY)
1tM~~~~ T 0 $
C 0’J/ ILC</ T~T,TP,XT ,YT ,7T,TF,SIP1Ut,C0SU1,ST’1Ir~,C~ SU!,

C~ r1v1,rn vt, cflIV2,~~OSV~C PLM~ ~10’1—OPTt’4ALLY ‘11TH COPIT QC)LS l= ( 0 , U ) .
cx ~iv i o .
COSVt = I.

5 INV?
COSV2 1.
~fRTDt = —S T ( Y ( 2 0 ) ’ - ~’+V ( ? 2 ) ’ 2)

= ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
SI,I1P1 = Y (22)/S ’ )°T ” l
C0SU1. = Y(~~t1)/Sf~RT°iS1N112 = V(?Ie)FSQQT~~
COSU2
riY(i) = Y ( 2 )
Pf(2) ~~~COSV2’~OSViUV (3)
1Y(4) = ~~~COSV2 ~ StM ~l t
!)Y(5) = ‘ f(S)

T~~ S!HV2
OY (7) V ( 8 )
,IY(~~) = TP~~~0SU?’CO5J1
OY (9) = Y ( i n )
P1(10) TP~~Cfl 2’ t’4 Ut
P1(11) = Y ( 1 2 )
P1(12) = 1D 5!P1U2

= o.
P1(11.) = — Y ( 1 ! )
IY(1 ) * 0.

* 
P1(16) z .y(t~~)
P1(1?) ~ 0.
OY (t 0) .Y (1? )
1Y(tq) ‘ 0.
P1(20) s -.y(~~~
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IY(’ l) = 0.
= —Y(~ 1)

IY(21) = 0.
P1(24) =:pn

fl~flJl~~)t
ITM~~F’~V$ Y(’4),X(1’)
C0~IM01 /~ L1</ T!,T C~,x T ,Y T ,ZT ,TF ,~~IPJUj ,COSu1,SI1U7,~~DSJ!,

r~SI’1V1, “r~~V1,SpIV2,C1SV2

~XT~ R~~ L ~Lfl~ !10 ~ 1=1,12-5 Y(I) : fl ,
Y (? ) =

= .-;7’3;
V(5) 71.

: — ,~~7735
‘f (7 ) 21.

: Y(7)
1 1= 1~~10 tO 1:1,17
IT T t +t

10 V ( t I )  = X t I )
IT =

1 0 .
M 7+

2

PPT’l’ 1O0 ,T ,Jtf lEG, U2~~~~, Vt f l~~G,V2 f lFG
“RINT 709,(Y (I),I=t,1?)( CAL L 3FT (~ ,1,v ,lT,SL OP~,l,.T.,l,f))
10 20 J1,S !e
CAL L ~~~ ‘(‘4,T,Y,1T,5L 0~~,0,. T.,0,O)
UI = ~~~ ‘12(SIPItJ1,~ 0SLJ 1)
1P2 =

I I  =

‘12 = ~‘ ‘I2(St~1~I2,~~1cV2 )ulfl!r, =
u2~Er, =vilEr , = Vt t S O ., P I
V2O~ G = V 2 1~~0 . /~ IORINT 10f) , T ,!, 1O~r,, IJ2, ,V i f l~ r , ,fl2I~;
PRINT ~f)fl,(Y (I),I1,t2I

00
00

• 00
XL =

VE ~~~~~~~~~~~~~~~~~~~~~~~~~
VEOflTX L 2 Y (2)’(XT—Y (t))-+Y ((.)-~(YT-Y (3))+Y(6)’(’T—Y(5))
tIf~~Ct = V?DlTYL/(V~~-X _ )

• tF(~~~ (r4r ACT).Gr.1.) TW FACT * 1.
XTH~TI~ ~~~~~~~~~~~~~~~~~~~~~~~PRINT ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

100 :ORMAT (“ TI ” ,F1fl . c ,2X ,” U” ,2( F1O.5, IX ) ,2X , V * ” ,2( Ft f l . 5 , IX ) )
200 FO~~4A T ($T~ T~~~” ,6( 9.~~,tX )~~SX,S(P9, S ,tX ) )

-C ~00 F0~~IAT ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C X ~ “T4 r’~~ ”~ ~j 0•5,~ qr6~r~5~, I)

20
CAL L ~ ‘MT SS (Y )

-
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~‘ M T S ~~(X )
0TM::~I;’~~ f Y (~ 4),X(?(e)

• ~OMMfl~1 /0L1(/ T r ,T~~,xT ,Y T ,ZT ,T F,~~fl,JI,CflSII1,St~~IJ,,CO ~~J!,
4 1~vt, r % , 1,~~I,Iv 2,~ q,~~v,

~~~ 4’lfls1 /~~ ) t J D /  ~ TF
T~~~~(L ~‘~~IUDP t 11T 1 ,.~~M Z r t) lL Ow I P r ,  ~~ 1W : PP~~DICT ~ fl T~~AJ~ C1r)~ V 194 1

“ ~I0fI .~~ ~ 01L.flw TI I IF ~ SUC”~~~~~ ULLY AVITIEI ‘,•

=

= ~. #T F,o ‘
2 Y( I ) = X (I)

ii =
‘ :1 :

CAL L ~~T (M ,T,Y,flT,~ TElU,I,.T.,fl ,fl)
10 10 J=1,~~CAL L T~~~(1 ,T, Y , lr ,::rrlu,o,. 1., 0,1)
‘11 = 4 7 (~~!’~1~I1,~~0SJ1Ir ‘12 =

VII ::’; =
V2fl~ZG V2’ 1’~0 ./ °t
!F( KI(K . 1.1) P O I NT 100,1,(Y(L),L:t,Fa)

100 ~(RMAT ~“ TI = ‘,F’~15 , jX ,~~(X, IX, Y,VV , ‘, VZ )  ~ ‘,5(FI. 5 , IX))
!F(s(gK .rl.1) POINT 7 f l 1 ) ,V t O~ G,v2 D~~201) F 0~MAT (“11 ” , G 1 5 . 3 , ’ ~~ F~S” ,? X ,“V2=~,r1 .8,”~)E~~~~S’,)

t 
tF(Y(5).L~. 0.4Nl. (KK.~~1.1) çT Ø,

10 CONTII(r
t F ( Y( 5) . t .~~.0 . 0)  K PV (=KK !+t
!F(KK<. !T .1) GO T~ 50

=

~0 TO 1.
50 ~FT’i°’4

St.R~ tlJ, !~1r rTFV)I? (M,T,V,IV)
IIM 9~~’fl’1 Y ( H )  ,r)V (~l)
CcylMflq r’L0K~ T~ ,TP,xT ,YT ,Z1,TF,~~INfJt,C 0S’JI,SI~ U’,CDSU 2,

CcT NV I, v~V 1, St l lV2 , CO~~V2

~~~‘40l / C~ UOI ~TF
= V (I)—XT+Y (2)~~(OT F —T)

Y9$O z Y (3)—YT+V (4) (~ T~ —T )
7R*~~ z

= S T (Y A~~~ 2+Y~ AR~~ 2)
= SO~ T ( S Q T t ’-”+Z~ AR~ ’2)

COSVI :_~~~~~~~5lI~RT~
‘~I’4VI =_Y*~4RISflOPT1
COSV2 =

‘~P4V? r-~~~~~/S0’°T ?
P1(1) = Y (2 )
P1( 2) = T~~~ ISV2~ C~)SVI
P1(3) Y(4)
P1(4) = ‘~~~ OS V2~ SINV1

5 P1(5) = Y ( c )
P1(6) =

~po
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Appendix C

-S..

Program Listing: A Closed-Loop Gradient Control Update

Algorithm (Real-Time Implementation )

I
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~,9)%~7

r~
AT T AN4 , A, \rr ~ I~~~DJT T 9- ~~, fl=’ ~ TT ,SP 1=A rIT .

1, LT 1~ F~~v ,~ .
• I.! ).

~ r1~ r~’~ ‘4 ~~ 
4(~~~ ‘~s~:ii, ~ I rT ’ I T ,T ~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~

ITM ’J ~~) I  Y ( ~~~’ ) ,~~ ( t ’ ~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
= .
= . 4

I’ ~r ~~~~~ V~ L ’ I - ~ ~~10 5 1=1,1’
5 ‘1(I) :

= • ‘;771~;
V ( ~~~~) =

V ( s )  :
= — .577 1~~

2 ),

Y (~ ) 71.
C ~~~~~ 

-1~~~ FI’IAI.. 1’i:.
~ F 11 .~~1.it1
IT
Yr ‘0.
VT ‘rr = ~c i~~r ’-i~ °•s M~~L~~’~1~ I~rr~ V A L , 0:1, 10 ~:1
~
L 1.

C ‘
~~~~
‘ ‘~~~~ ‘JI~Jl~’TTM’%L ~1!JTDr) L s-:r I~ N~: TO 8~

V PIO’IO’ (t) = 0.
~lN O ’1 r ~’T ( ’ )  = 0.

C TI’4~ 11 T ’ T f ~L ,r)~4I’1AL O’~~~LS A~~~
tJ (1) = — 1~~

;. ~D~/jqq ~
‘) (7 )  :

- V (1)
V(’)

C ~ ‘€ ‘,, “ I!~I. ‘PIT~’IL ~T~~I~’T~ S ~~~ 1~~ T’l G~ 40 T9E IcT TIME A~~
~‘0 1’~ ~= t, 1

• 
— 

h J T ( I , 1  ) ~I(1~
= Lit’)

V T ( t , t )  ‘1(1)
10 ‘11(1,’) ‘1(2)

1 :0 ,
M =  1?

- UID!~ ‘J (1)41~ fl./~ t
=

vi) r, = - J ( j ) ~ t M0 ./~I
= - l ( 2 ) - ~ 110. FDt

DOT N~ I f I l , T , ( V ( T ) , ’= l , l ’)
‘R1P11’ U1D ’;,U2~~~ ,t ,11 r,, ‘/2fl~~C ~~~~~~~~ TU ~ ~7 A T ~ ~~~ I A TI0 ~~S FO ~~U4~~0 IN TI~~F
CAL L ? ( T , v , ~

20 CAL L ~~S ( T ,Y , M, 1T)

U2O~ G = ‘S ( 2 ) o I ~~0. /~ T
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=

=

~‘PI’IT ~~~~~~~ (V  ( T ) ,~~~1 ,~~ 
‘)

t Ppr pl ‘ ,‘? 1 , ,f t~~~~~~ /~”~~10!) ~~~~~~~~~~~~~ “,~~11. ,~ Y ,”’~’ ~T AT- : ”, F . c —~ .!.,1y),
/ , t7 Y ,~~’’S A — = ’,~~( r ~ . , 1 X ) )

2!)!) =r~ M~ r (‘ ‘I: ’~~ ?(~~1 1. ~~~, 2~~ , 
V u ,?( ~~~~ 

r
~,2Y )

T~~~’(L: ~-r- _~ ~~~

Y F ( T.~~~~.~~~~~V L . i\ J ’ . 7 .1 . S r<H) C-A LL ~TN~-’1C tT STA ’T )

~~~~~ ~ r, ~?L. ~~~~~‘.‘ • V .  ‘ç r ~~(I1) CAL... ‘~~~A O ( V )
?~~ ~~~~~~~~ ‘tl ).

l • L • ~~ r ’(H )  ‘A LL ~~~~~~~~~~~~~~~~~~
~ FAL T

(T L + ~~~L ) ~ A L L  Cti P’I~~T - ~t r( r~ ; r • ~~ .(i • ~Pp1 ~~T • 1. T St~<H) ~“t iT~~, “P ft1 TT ’- ’ ’  S’~~1T t~
Cçp ~~ ) ”  ,~•‘ -‘~LT

1)~~ 
(7~~) 24 ( V (  (‘~

) )~ *24(Y C ~ ) Y  UI, )
X = V ( 7  )~ ( X T - V (  1) ) + Y ( - ) ’  ( y T~~~ (

~~) )+ ‘q(~~ )~~~( 7 T ~~y ( ; ) )

~‘°t~n ~~~~~~~~~~~~~30!) ~~~~~~~ ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
IF(T ._ ~~.—r) ‘;fl T• ~ 2~ i~

N!)
‘~IJ J ’ - I ‘ A ’ ~!( Y ) . 00
I I M ~~’1~~’ I I  Y ( t 7 ) , Y ’ ( l ? ) ,  X (’~ ),Ht~(150,2) ,HV (1~ 1,’),!)IJT (1~ O ,2)

CIVT (1 I’ , ~~
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

C’JT(I ,7) ,V T ( 1~~0,2 ) ,’( ’<, J’ ,°I,XT ,YT , ZT ,lJ S T A P ( 150 ,2) ,V S T A R ( 15 1 , 2 )
XT~~~1AL ~~~~~~~~~~~~~~~ 00go~p~r: 0 - 0!)
YJ)1T.. : 1.0

=

1~U~MA ( : 1.fl~~PIF11~I.
!)V1MAX = 3.fl~~~ t/1B1.
IV2 M~ X 3. 0*PI/ 19!).

= 1.
HU’IAX2 = 1.
HVM4X I 1.
4V~AX ’ = 1.

5 KOUNT :k1’J lT+ l no
10 tO 1 1,t2 Of)

10 XS (t)=V(t) 00
1=15 00
MF:12 00

- 
ITF= (1r~~~ )/ ~4. 00
CAL L ;~~ (Mr,T ,xs,lTr,~~ 0oE F~ I),, ~~. ~~ 0) 00
TF=0. 00

20 !F= t Ff I no
J F=IF no
CAL L ~ T~~ (Mr ,T ,YS,!)T~ ,cLIP~ F ,~

), ,1. ,‘) ,fl) 00
nolT: (Y ~~( I ) — v ~~(” )) ’ (~~S ( 2 ) — X S ( 3 ) ) # N S ( 1 ) — x S (~~

)) ( x c ( b ) — X S( 1 1) ) +  00
00

COO T ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
$ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

XJIOT - IIOT + F IOT
TF(XJ)0’L XJ’1’)T.LT.fl.l~ ‘~O TO ?5tF(JF.~~~.1!0) ~O TI 2~
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C O T O “0 IC
2’~ T F = 1

Z 
0P7 9 l fll fl,X PIOT ,J~~, ’~1000 Cfl~~S~’ r. r~~T=~~,rt r . .~ ~~~~~~~~~~ Ir~ “TF= ”,(1 5. 0)
~ fl ~~~ ‘

30 X((~~) =‘( ( 13)  : 1) — V c ( ’ ) — Y ~~ f l )
X ( 1~~

) X — X ’ ; ( l )
X ( t ) = ( 3 ) — X ~~ (~~) — Y ’ ’ ! ~ )
X ( f ~~) = yT ~~Y S ( T )
‘( ( t ’)  = YS (~~) — V S ( t 1 ) — V ( - J

X (1-4) =
X C ? ! ) )  = 0. -

‘((71) =

‘((7’) = 1.
=

= 1.
T=T F

- -

= SF
~~~~~~~~ ~~~~~~ fl( JF
X K= J Fs ¶
lAL L ~~~~~~~~~ Y, flT~~,~ ’1’~~~!),’), ,T,,),0) DC
10 ‘.0 J’ =1, J~<v- t
CAL L T ,’(,IT~ ,~ L1~ !B ,O,.T.,1,1) 00

‘S ~I~l(’J T (K’( , 1))
‘OS’Il = Coc(’;T (<‘<,1))
SPI’I? = ~tN(!)T 

(V V ,~~~~) )
CO~ !J2
~IN V t = ~~9 ( J T (i< t~,I))
COSVI ‘~v~(VT ((t( ,t)) 

-

= ‘~~ J (~JT (~r$(,7))
=

WU (~~I< , 1) = ( — ~ (‘n) ~ St~~:! 1’~ (2 7)  ~~ O~~-J1) ~~“P~~~ 1SU? On
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 1)0

no
WV ( I( V~, ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘~1 I ) T S ? +*~(t9)~~TE~~C0SV2 1)0
TF ( 51~ (

~I’t(’(~~,t)) • ‘ . ~‘l’~ Y1) 9”~ ’~XI ~~~ (9!l(K.(, I) ‘I
?r( (u’I((~(,2,).T.&Jc,- .AY 2) ~.4II~4 AX ’  49S ( HtJ (<-C ,’))
IF(4 ( (1(!( , t) ) .~~T .-I V ” A Y 1)  H!Fh~AX t  =
TF1AR i( ,2)).G~.UV a AX2 ) HV’IAX2 = A f ) S ( H V ( < < , 7) )

1.0 C(NT I’J’P~ 00
PSIL1PI

00
WV ~H I(’(K , t ) ~~~24 ’4V (t ( K ,2 ) - ’ ’ 2  00
PPI N’’ ,‘CJ~~ N T  S4-t~ L !~~ TII4~~=•• ,?5

~~T NT ~~~~~~~~~~~~~ “4~ ’200 ~Ø~M4’ ~ ‘4I I ~ = ‘,~~t3. ~,2X ,”9 V C- 4~~K=” ,Gtc . ~

_
$ /)

10 5!) JY I,J r
0UT(J< ,1) = A ~~c(HU ( J~(,1)’~O~lt MA X ,MIr14X1)

‘F (I4~)(JI(,I).’T.0.) I~JTf J I< ,I) = ~r)’JT(J,(,t)
IF(HIJ (JY ,2).’T.fl .) 1UT (JK,’) ‘ — O J T (J K , 2)
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p.- —

Tr(t-4’l(J’~,t),!.T .0,) ‘V~~(J~(,1)T F( It JV’ , 2 ) . L , 0 . )  “~~/ I (J I<~~~~~’) =

‘JT (JW ,l)
IJT (JI(, ~) UT ( J<,’)’~~’V( 

l1( ,2 )

J’ (  I’-~, I) = V (  J” , t)  • ‘
“ (  J’(,t~

1T( JK , ‘) V ( J’( ,-’) ~~J (  J!< ,’)
‘F(I4’I~ ‘~~<. L .  -

~~~~
‘ 

~“LO’I. ‘tJ ~~. ‘1V ’~ ’-4~~V .L~~. ‘~~S!L-DPJ) ‘Y) TI I I I  in

~~~~~~~~~~~~~~~~~ ) ~~~~) T ’ :’~ ~~~
5!) O’1TT~I”

‘;fl T v ~~ 
r

j 1) f l  T f ~~
(’”

=

—

0T u~~ F ~I I  V ( 1 ? ) , ‘ ( t ’)
, IJ T ( t~~

q ,“ ) , • J~~, Pt ,~~~ ,Y T,  7T ,US~~A~~(j 5 n  ,2) , V~ 1A- (15I, 2)
“(1) = V ( 7 )
“(7)  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
“(3)

=

P ( 5 )
= ‘ S T N (V N 0 ~I1”(2))

~~(7) = Y (~~
)

‘ ( S)  t~~COS ( 0 ( 2 ) )  ~ C1~~ (0 ( 1) 1
V (~~fl)

~~(l i~ TP~ ”r)~~( ! l(2 )  ) 
~~I~I(I .’( I.))

I. P ( 1 t I  = ‘( ( 1 2)

“(12)

~uq~oi”r ~Lfl F(~4~~,T ,C ,r ) C )

0IM!N ~ 111 ~ (Mr )~ ~~~ ‘4~~)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
15(1) = •‘

~~~?)

riSC?) :CIS (VT (ir ,~~~)zC OS (VT (Jr ,t))IS(3) = ~~~ e )

15( 1.)
IS(S) =
IS(S) =

=

= T~~~ r)~~( !J T (J F ,2) )~~COS (, I T (JF ,j ) )
IS(’)) =

!1S(t f l)  = rP.COc (UT (JF ,7),.~~IPI (!,T(Je ,1))

4- !)~(tt)15(1’) = TD+SIPI (IIT(JF ,?))

( CIfl0~~t~lJ”  ~~~~~~~~~~~~~~~~~

1I”~ J ” ) I X (’~~~,r)Y(1’)

ruT (t ,~ ),vTcI;n ,2,,!(K,JF,pI,xT ,y,,7T,usTA~~(i5e,9, v5ra~~(i51),2)
OX (1) ‘((2)

t 
IX(’) = OS (VIU(K,2))$COS(V !(!(1(,t))
OX (3) = ‘ ( (I )

flX(’,) = :~C 7 K, ’ I~l ( V T ( I < K , i ) )
IX( ) = ‘((F,)

~X(6) = TE~~ tl1 (VT (Kb~,2))
60
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— - 

~X ( 7 )  = H ( ~~)
OX (~~ )

~X (1) = ‘ ( ( 10)
“‘(( 1 0 )

= ‘ ( ( 1 ? )
P1( 1”) =

0.
IXtI’.) = — ‘((13)

H 1X (t~
) =

= — ‘ ( U S)
1 ’ ( ( jl )  fl~
‘lX(ti) — ‘ ( ( 1 7 )
1X( 11) = I.
r ) y ( , 0 )  =

IY(’t) 0.
1X ( ’ ? )  = — ‘((71)

= 0.
1Xt” ,) — ‘ ( ( ‘ 1 )

—y -
~~ ~~~~~~~~ ~~~~

JT(1 ,7),~~T(1 ,7), ,J~ ,Dt ,XT,YT,ZT,USTA~~(t 5P ,~ ),VSTAP(150,2)
“I ( = t

‘1(1 ) 1) (I(~~,j)

TI C?) =
‘1(1) = V~~

( (
~~,1)

DFT !iP
~11.
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- Appendix D

Program Listing: ~ 
Closed-Loop Gradient-DDP Control

Update Algorithm (Not Real-Tim .)

k .

C
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BR° ,T7I ,STC~ ~~. 1760 203 ,RA C ON, ROX 141~7
FT N.
AT1Ar H,A,A Fr ’S’V3POuTPlFs,I0=~Ft T ,SPJ=A FTT.

7 L I I R A P Y ,A .
r 160.

~pflr,~~ ~A ~A t ~~’ ( TN”!!’ , 0 ‘rPUT ,T A r~Ec=I 1PIJT ,T ~P~S=It!T0JT)
IIM~ W T(Vj Y(I2),~~(17)

~flHMO1 /0L0K/ ’P ,T ,TF ,TS, 1SLAS1, L,LJ ( ? ) ,V ( ? ) ,1N0~1O ’ T ( ? ) ,
T t c ~~,7 ,vTU~ Q, !b,Ksc,JF ,Pt,’(T,V 1,?T,USTA °(15fl,7),VS1AP.(15!),2)

C TIlT S ‘~~I’~”A ’l uc~c A ~O”0TNrr) GD~~DI NT ID” M!T10I
C (lil T ~~A L  TT ’1~~

) W 4 E~~ ~~~A0 P~’OVID S lOP WIT~4
C “H ~.flM~ ’$4~ COPII POL 9t~

’T!)RT~~SI
DI =

C SrI sr~~— !,ALUrS AT 1=!).
10 5 I=~ ,I?

S ‘( (I ) : fl~
‘((2) : , 1773
‘((4) = .~~?73
‘ ((5 ) : 21.
‘1(i) = ~~577 15
‘117) = 2!).

= 20.
C f,tESS 7)4 ? FINAL TIME.

IF =11).~~111I
flT = r r ,’t2 p .

• XT = ’D.
I- V T = ’ f l .

7 T = ~~~.
C IEFTN P ’S  s~ MPLINr, I’r!°VAL , IFL, TI BE

lEt. = 1.
C SET r’v 9OMOPTIMAL COPITPOL S!OUENC! TO 5~VNflP 1O ’’( t )  = 0 .

• VPflN O~~r( !) = 1).
C TH~ I’I ITTA L ‘4OMIN4L .~~O’JTR OLS ARE

U(1) :
U(2) = 35.25’PI/100.
V (1) =

V(?) = —35.26 ~~Pt/ 1~~0.
F - - C THE N3 M!’1AL CONTPIL HISTORIES FOR USE IN GRAD TH~ 1ST TIM! ARE

00 10 T t, 150
- UT(t ,1 )= U( I)

UT(1,’) = 1(2)
VT ( I , L )  = ‘1(1)

10 VT ( I,? ) = V ( 2 )
IS )

~ L
1:0 ,
‘4 = 1’

= ‘J (1) ’ 18O.~~DI
= U(7)~~t l30 ./ D TvilEr , = V (1)~~I~~O,/ ~ IV2)~ G V ( 7 ) ’ 180.IPI

PRINT 11)1),T,(Y(I),1 t,17)
PRINT ?n1 ) ,ui0E r,,u2oE~,vIo c6 ,v2r ~rG

C INTEG~~AT 14E STATE EOJ ATI O PIS FO~W 4RO IPI TIME
CAL L ‘(l,V , P)

——
~~~~~~

-—



20 CAL L ~ VI 3 ( T ,V ,~~, IT)
U 1 f l ’ G  ‘ ! ( j ) ’ t - ~O , / P T

~~
- t  

~
- U?’r r.

V1~1~ ’;
V2’V ’;
PRINT 1O),T,(V(I),1 1 ,I’)
DQ)~ fT ‘0’),!J1l ,”2~~~,~/1’Er.,Tl?flEG100 ~OR ’1AT ~~~~~~~~~~~~~~~~~~~ 5 , Y ,”~ ’’S ST A T •‘,f~(cq,5,~~y),

C~~~17X , ~ D ’ 5  ST A 7 c = ” , 5 ( F~~. 6 , j X ) )
200 rO~!MA1 (“‘ 1 , ? ( F t l .5 , 2X ) , ’V : ’ , ?( ~‘1fl. 5 ,2’) )

TS~ KL= ‘~~~— • ~j c
T5~~(9= “5 4 .05
IF (T • r.’r.n.~~n~ T~) !)~L = .1
T F ( T . , r.T SC K L. ANO .T .L . TSCKH) CALL GRAI (Y)
TF(T..,r.’!’S”<L.A’,rl.T .L- ,TSCKH.A ’1D.TS.GT.0.~~0.Tr) CALL OOD (Y)
!F(T.,r.TI~ KL.AN!).T .L~ .TSC ~()4 ) CALL CUP!)~ TE

PRINT ~00 ,yJ,EpRA N ,r~~AN (~
300 tP ’4A I (‘~~OST = ” ,F10. ! ,  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~t F ( T ._ r.TC)  ~O TO 20

END -

~IP~!fl JTT ’1r GPA r) ( Y1.. (10
flIME P1~~’fl9 Y ( 1 2 ) ,X S ( 1 7 ) ,  ‘ ( (25 ) ,1U( 150, 71, - 4V ( 1 5 0 , 2 ) , D U T ( 150 ,2) ,

C ’)V T( 1 5 f l ,’) -

1- CUT (tso ,,),VTCISO,2 ),K (,Jr,PI,XT ,YT,ZT,USTAR (I;fl,?),VSTAR (150,2)
EXT~ °’1A1 SLO PEF ,SLOP! l 00
COUNT: 0 OP
XJflO”. = (1.0
OU1MA’ ( = ~,0’PI/180.
‘IU2MA’( = 3.0~~”t/i80.
IVIMAIC = 3. O*PTfIB!)
IV !MAl( = 1.O~ P X/ 1!50.
~4 U4AX1 = 1.
HUM~X? = 1.
HV HAX I : -
)4 VMA X~ I.

5 tJ NT V~) ’p ~~T .j  OC
10 10 1:1,12 • 1)!”

10 X S ( t ) 1 V ( T )  on
T 1 S  - 00

Or
3TF= ( Tc—TS )/6 1 . . OC
CAL L ;FT (MF ,T,xS ,OIF,SLOPEF,D,.T.,O, r)) Of
IFa l) Or

20 tF z t F + 1 OP
JF : IF 0(
CALL 3?~~ (MF ,T,XS ,DTF ,5LflPFF ,D, .T.,O,D) or

Ort
C(X S(5 )  —X ’ (Il)) ~ (X S ( S )  — ‘ (5 ( 1? ) )

col T =—X ’~(2 ) ’4 2 + ( X T — X S ( t ) ) ~~TE’~ O5 (V T (J F ,2))’ lS(VT ( JF,1))
C C—XS (~ )~~’ ?+ (Y T— X S ( 3 ) ) ’ T ~~ COS (V T (J F ,? ) ) S?N (VT (J F ,I))

C—X ~ (S)~~~2+ ( 7 T — X S ( 5 ) ) ’ 7 ~~ SIN(VT(J F ,’))
XJDOT = lOOT + F OOT
T F(XJ ~ 0TL X J DOT. LT . f l . O) GO TO 25
TP J F . r !.t5 0 GO TO ~5I 

-



XJOOT _ = ‘(JI lT
GO TO 20 Or

25 ‘F = t
( “DI’~T tfll0,XJflOT, J ,T~

11)00 ~‘OR ’I.~f (‘ J D1T = ” , r.15. ~ ,~Jr= ’, IA, ‘T F ” ,G~5. a~10 10 VT:t,12
30 ‘(((1) =

‘((11) =

‘ ((14) = ‘((‘— ‘ ( 5 ( 1)
X(1~~) =
‘((16) = Y T — X ~~(3)
‘((1’) X S ( 5 ) — X c ( I t 1 - X S ( 6 )
X ( 19) = ‘T—xc (c)

=

‘( ( 2 0 )  = 0.
‘((21)
‘((2?) = 1.
‘((73) ‘( S ( 1t )— X 5 ( 5 )
X (2’,) 0.
‘((25) 1.
‘((26) = 0.

on
‘48=26
xj

flTR — ( ‘r’~ TS) /X JF
CK= J~~~ICAL L rTCMB ,T,X,0T~ ,SLID B,O ,.T.,O,O) On
00 40 5 R :j ,J F

C CAL L ~ T!P(M8, T ,X , DT3,St O PE8, 1,.T., O,O)  - on
SNUI = S t M ( ! I T  (K’C ,l))
COSUI C!)S (UT (KK , 1))
SPIU? 5I’1(IJT(K!C,2))
COSU2 COS (’JT (IC I(,’))
SNVI SIN(VT (KK,1))
COS V1 = “~OS (VT (KK,1))
SIPIV2 =
COSII2 COS (VT (KK,2))
4U(’4 ,I )- (— X (2U)~~5I’1t11+X(22)~~COSU1)~~TP~CISU2 0!)
HU(KK, 7)= (—X (2-fl) OSJI-X (2?)’SIPIU1)’ID’SINU2’X (24)’TP’COS (12 ‘ 00
)IV(’CK, 1) (—X(11.)~~SIP1V i+X (1~,)COSVt)’TE~C0SV? 00
NV( IC1C, ?) (_X (11.)~~ OSV 1_X (1F)~~SIU’1t)~~TE~ SrNV2+’((IR)*TE1C0SV2 00
tF(A5 (4’1(<<,1)),GT ,4U4 AXI) WUM AXI = AIS O4U (KK,tI)
tF (AB~ 

(M ’ J ( K I C , 2 ) ) . G T . ~4 U 1 A X 2 )  $IUMAX 7 = A RS(411 ( ’ CK , ’))
tF( 4q5 (.4’1(KuC,1)),r,T ,’gVIAXI ) ‘IVTI AX I = A0SOIV (KK,t))
TF( A~ 5 (HV( KK , 2 ) ) . GT . W V ~A X 2 )  HVM AX2 = A B S ( I - l V (K ’C , 2 l )

1.0 CO4TT ’ lt t~ 00
!PSTLD PI = .1
4U~W (:s4 p( KK,1 ) ’~ 2eHt! (‘(K ,2)~~~2 00

00
°RI NT’ ,“CURR!PIT SAMPL ttl t~ TIME=” ,TS
PRiNT ‘0O,MUC’4FK,)4VC4E’(

200 F0~’IAT (“t4(jC4?Kz”,~~t5, 8,2X~” VCH~~s”,6i5.8~)
• 00 50 ~ zj,Jc
• OUT ( K ,t)~ A~c()4u.( J!c, t ) *O !Jt  4 A X / 4UM A ’( t )

OUT(i< ,~ ).A PS(’4tJ (J IC ,’) l lU2MAX/4 IJMAX2 )
OVT (J ( ,1) .A55 (HV(J IC ,1)~~f lVt MAX/ )4 V MAX i )
~vT(J< ,?).A~ s(Hv (JK,?)’Ov2’4AX/’4VMA )c2) -
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TF(HI I( JK ,t).~ T,O.) IUT (J!(,t) = —OJ1 ( JK,t)
tF ( H !I( J K , ? ) .~~ T . O . )  I’JT(JK,?) = — ILIT(JlC,2)

• IF( HV ( iK’ ,t ) . L T. O.)  1V ’f J K ,I) = — IVT ( JK,1)

4 4 IF (HV ( J’<,2).LT.0.) DV T ( J K ,!) = —DVT (J%(,2)
tJ T( JK , 1) = UT ( JK,1) +OIr ( JK ,1)
‘tT (JK, 9) = U1 (JK ,2’)+D(r(JK,2)
VT (JbC, I) - = VT ( J K , i ) + I V T ( J X , t )
VT(J’(,’) = ~ ‘ (J K , 2 ) +1V (J K ,2)

~I TI 100 00
tF(KflJ P!T.6E.~ ) GO 10 10’)

50
CO TO ‘~

100 TS LAST = IS
TS = T~~+1!L

StPROJ T!V’~ OIP Cv )
flIM’Vi~ ’(V1 Y (t7),XS(1?),K (26)

C,JT(IcO ,,),,lT(15.fl ,2),KK,Jr,PI,XT ,YT ,ZT,USTAR (15O,2),VSTAR (150,2)
FXi’~ R!1M. SLO °E~’,SLO~ E~KOJPIT : 0

XJ.. = (1,
XJD OT ... 0.0

S ICOUMT:Vfl’J’IT#l
10 III 1:1,1?

10
1W” T=T S

MF 12
0TF= (Tr—TS),~ 1..
CAL L S~ T(MF,T,XS ,OTF, SLOPE F, 0,. T. ,),D)
IF: I

20 T F =I F # 1
JF:TF
CAL L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

C (XS (5)—Y5( 11))~~(XS (6)— ’ (S(12))co~T :_ x c ( 2 ) s * ? + (x T ~ x~~( j ) ) $ T E~ 0o5 (VI (J F ,7))~~C DS (VT (J C ,j ) )
C_S (!4) ?+(YT_XS (3)) T sCOS(VTtF,~~) )~~StN (VT (J~~,t))
C— S (~)’~~+(7T—XS (5))’T ’SIN(~lT(JF,2))

= VIOl + FOO T
tF (XJl flhL’X JOOT.LT.fl.O~ GO TO 25
tF (J F. G!.M ) GO T’) 2S

* LJ)0T_ ‘(JOlT
GO TO ’!)

25 T F = I
= (XS (t)—XS (7) )4’2+ (XS (3)—XS (9) )~~~2+

C (X5 (5) —X (t1))~~~ 2
= ‘(5r!) ’ - ( X T — X S ( t ) ) + X S ( 1 . )~~(vT — X S ( 3 ) ) +

CXS(6) ’  ( “ — K S ( S ) )  +.~~~EP~~ flO
OJA TI’W = X J — X J L
DRI PIT 11)0!),X J OOT ,JF,TF

100(1 CORMA T (“X J OOT . “ ,G1~~. e ,‘ JF=”~ I~ , “TF=”,C,15. B)
10 30 KTxl,12

30 ‘( (‘CI) )C5(KI1
1(11) = X 5 ( 1 ) — X S ( 7 ) — X S ( 2 )
‘((14) = ‘ ( T — X S ( t )
‘((15) = X S ( 3 ) — X S ( g ) — K S ( 4 )
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‘ ((16) = Y T — X S ( 3 )
‘((17) =

‘ ( ( 15)  =

-t ‘((19) = X5 7)—XS U
‘((21)) =

‘((21) =

‘ ( ( 22 )  = 0.
‘((‘3) = x~ ( i 1 ) — X S ( 5 )
‘((7’) = 1).
X (2 ) = 0.
‘((‘6) =0.
I =T F

‘(F = F’
0T~~z — (  ~r . .TS)  F X JF
IC Kz J~’# 1
CAL L 3 !‘T (M;,T, X,flT ) ,SL)PCB,O ,.T.,1, 0)
10 1.0
‘(K :,
~ALL ;Tro M ,T ,x ,OT3 ,SL O DE8,~~,.T.,r) ,0)

1.0
10 B!) J’C j ,J e
(JT( J’C, ¶ ) = J STAR ( J K ,t )
‘JT(J’(,~~) Lr T AR (J’C,2,
VT( JI(, 1) VSTAOIJ<,t)
VT(J’C,~

) ¶15T 40(JIC,!)

*15 zC ORTIIT ‘01), X ( 2 5 ) , X (? ’,) ,“ I5, OJ A TT F
20’) F(PW *T r~~E IT T5=” ,G15 5 ,2X , ’AP AT TS=~~,-615. R ,?X , ”A = ” ,Gt5. A/

C”OJ AT ~~~~~~~~~~~~~~~~~~~~
P R I NT 300,<OtINT

300 FcP.M~ t r’~OU’4T= ’,I5)EPSILON = .01
IF(Aq; Cft tS).LE.EPSILOPI) GO T O 100
!F(’C0J~~ .Gr.c ) 60 II 100GO TO F

100 RET’JP I
‘NO

J~~ 0J~~T’JE F(T,Y,P)
0IM~N lO’J Y(12),P(1!)
CoMMO~ /~LO’C/TP ,T~ ,TF,Tc ,’SLAST,n!L,fJ(2),v(2),vH(NOPT (2),

CIJT (15t1 ,2),JT (15O,2),KK,JF,PI,XT ,YT,7T,USTAR (150,2),VSTAR (150,2)
Of t )  = ‘ ((2)
0( 7 ) ~~~ COS (V N0NO PT( 7) )~~COS(V N0NlPT( 1))
0(3 ) g ‘ ( (4)

~r)5 (V P1ONO~ T(2 )) ~S I NC VNOIO PT (I ) )0(5 ) ‘( ( C,)
0( 5 ) = T reSTN(V P IONOPT (2 ) )
0(7) ‘((5)
0(5 ) * T0~Cf)S(U(2))’CDS(U(t))
0( 9) z ‘((10)
0(10) = TP~C0S(U( 2 ) )* STN ( U( 1) )

C P ( j j)  = ‘((12)
0(12) ~ T P’SIN( IJ (2))
END
5I.~~~nJ TI~~E
11P1N70’I S ( M F) ,0 5 ( 1 ’)  ‘

-
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COMMOl/1LI<,TP ,T~”,Tr ,fl,TSL4ST,I~’L, I(2),V (2),~tNl4O~ T (fl,
C’JTU’ fl ,‘),VT (lcO,?) ,KK,Jr ,PI,XT ,YT ,~~~,US~ AD (15fl,2),VSTA~~(15!),2)

C 15(1) = CC’)

15(2) ~~~~~S (VT (JF ,2))~~CoS (vT (Jr ,t))
IS(3) =

!‘3~ IS (VT(JF ,2))*SIM(VT (Jr ,1))
=

)S(’)
fl$(~~

) = ~~flS (UT CJr ,~~,~~~CnS UJT(JF,1))
!ISC 9) =
15(10) = Tr~~ O5(!JT(Jr’,?))~~SIN (UT(Jr ,t))
r)S( t 1, =
IS(17) =

5I5T~~~J ’T ’ i” O” ’~~~(’1~~,T, X~,0’()
~~~~~~~~~~~~~~~~~~~~~~~~~~
CoM ’4o~ ,’qLo K/T b , r~ ,T~ , Ic, Ts1A sT, !Y’L,IJ (7),V(2),JNINOPT (2)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
-= S T (X (1L.)’3’+X(16)-~’?)
= SO~ T(S~~~ T’1 2.X(18)~~~~)SPIV I =

CO~V1 = X ( 1~~)/SI~~Q T ’ i
SINV2 :

COS V? = SO T!1f~~ P~~1’E2
VSTA~(Y’(,1) = AT AN’ cI’wl,COSVI )
VSTAR (~~’C,2) = ATA N! (~~PlV ’ ,CO SV? )

= _SIRT (X (20)~~~24X (2?)~ *2)
= —SORT (c~~~ TP1~~ 2+X (21.)’2)

TF(SQR~’T~I.rO.o.o) GO T O I
SINTII = X ( 2 2 )~~S~~~~~P1
COS’J1 X ( 2 O ) /SI~~~1’P t
SINU? :
COST)? : ~3’) QRTPI~~5(PRTP?
fJST A~ (KK ,1) = £ TA P I ! ( SFT H UI ,COSUI )
TJSTA? (V’(,2) = ATAN2CsI ~lu2,roS(J2,GO TO
USTAP( vK ,1 = .j35,~~DI/15O.
‘JSTAR( ICW ,’!) = ~~~~~~~~~~~~

5 ‘IX ( l )  = ‘( (2 )
OX (?) = TES!’OS (VT(’CK,2))*COS(VT (K’C,t))
IX(3)

f IX(li) = TE~ COS (VT (’CC,2))~~SIN (VT (KK,t))
OX(5) ‘((6)

= TE’SIPl(VTU(’C,2) )
- - lX (?)  = ‘( (5)

OX (3 ) Tf’~~’OS (UT (KK ,2))’COS(UT(’CK,1))
= ‘((101

OX (tO) TP’rO !(,JT(KK ,’))’SIN (UT(KK,l))
OX (11) = ‘( ( 1 ’)
OX (12) : T”SIN (UT (K< ,?))
OX(13) 0.

I 
OX (i1.) : — ‘(( 13)

- OX( 15) II.
OX (i~.) — ‘ ( ( 15 )

— 
IXC I?) :

— 
IX(t5) — ‘ ( ( 1 7 )
OX (19) : 0,
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IX (20)  — ‘((19)
1X(21) 0.

‘I’ 
lX ( ’2 )  — ‘((‘1)

t. IX(’ l) = 0.
— X ( ’ 3 )

1 1 ?
flO 111 L t , 6
1=1+1

10 ‘ICILV = ~X (L )-~X (t)
00 15 1 7 ,t2
1 = 1 4 1

15 4(~~1~ =

~4N?W : ‘((11)$X (2)#’((t4,*TE OS (VSTAR ( ,?))~~”D !(VSTA ~ (’CK,1))f
CX(j5)’Y( .)4X (15)’TE’~~r(VSTAR (K’~,?))’SIN (VSTAR (’Q~,1))#

• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

CX(?1)lYCt0)+’((22)~ T0 1S (UST~~R(KI(,!))I5tN(USflP(K’C,1))#
CX (7 1)’ XU2) + X (  2Le ) ~T S’ ‘I(UST AR ( KK,2) )

IX(75) : ‘-4O L IE — ’IN! WE
IX(24) HOLlP—HN!W~
RETU2~N)
SU~3RO J ”F ‘I J D IA1 E
COlMO1r~LOK/ 1P ,T:,T~’ ,TS, SLA ST ,lEL,U(2) ,v 2) ,V HON0 0T (? ) ,

C’,T(lcfl ,7 ,VT(150,2),’(K,JF,PI,XT ,YT,ZT,(JSTAR (150,2),VSTAR (150,2)
‘(K = I
11(1) J’iKK ,l.)
tJ (7) = ‘~T (KK,2)

C VU )
‘1(2) = V’(!C!C,2)
°ETURM

Ml
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