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Preface

This thesis is an investigation of the present capabilities of a

specific Space Shuttle Upper Stage Vehicle. It is also an attempt to

make a contribution towards the economical use of the vehicle in

terms of various types of energy management. The approach to the

problem is general in nature so that it may be extended to a wide range

of shuttle missions and vehicles.
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Abstract

A two-stage, solid-fuel proposal for the Interim Upper Stage

Vehicle of the Space Transportation System has been selected for use

by the Department of Defense. It is the purpose of this study to 
-

investigate the capabilities of such a vehicle in terms of the maximum

payload which can be delivered to orbit. This optimal payload prob-

lem is examined in light of three energy management techniques. The

first technique, thrust termination, involves shutting off engine thrust

prior to complete use of propellant. The second technique investi-

gates the effects on payload of varying the central angle thr ough which

the transfer is made. The third technique, offloading, examines the

possibility of reducing the amou~it of available fuel for either stage

prior to the mission to determine if payloads can be increased. Finite

burn periods are assumed in this study. A multipoint boundary value

problem results from the appearance of interior constraints in the

problem. A numerical technique is used to generate solutions for a

range of transfers in the special coplanar problem. Conclusions are

discussed for each of the three energy management techniques in the

coplanar transfer. Even though non-optimal noncoplanar results were

obta ined it is believed that the general coplanar results can be extended

to the noncoplanar problem.
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MAXIMUM PAYLOAD ORBITAL TRANSFERS

FOR A SPACE SHUTTLE SOLID-FUEL

UPPER STAGE VEHIC LE

I. Introduction

B ackg round

The Space Transportation System (STS) is a concept which is

designed to reduce the costs of earth orbital operations and advance

the capabilities of the United States in space. The STS consists

of a Space Shuttle Vehicle (SSV), an upper stage vehicle (USV) and the

necessary support systems. The SSV, depicted in Fig. 1-1 , is designed

to deliver scientific and defense satellites to earth orbits.

Orbiter

- - - 
- 

External Tank -

,,,

~~~~
-

~~~~~~Solid Rocket Boosters

*
Fig. 1-1. The Space Shuttle Vehicle
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The orbiter vehicle , shown in Fig. 1-1 , is a reusable componen t

of the SSV which is delivered to a low-Earth orbit throug h the use of

an expendable external  liquid- fuel  tank and two reusable solid rocket

boosters. The SSV has the capability to deliver the orbiter to low

earth orbits  of a l t i tudes up to 500 nautical  mile s (nm). However , many

of the miss ions  for which the STS is designed requi re  hig her orbits.

For these missions a propulsive upper stage vehicle (USV),  which is

ca r r i ed  in the cargo bay of the orbi ter , is deployed by the orbiter  in

the low ea rth orbit. The USV is then used to deliver pay loads beyond

the capability of the orbi ter vehicle. The STS was desi gned to relax

the wei ght and vol ume constraints  which previously have been placed

on pay loads t ransported to hi gh ear th orbits.

The USV that is presently bein g developed is the Interim Upper

Stage (IUS). The IUS vehicle is capable of delivering sing le or mult iple

payloads to hi gh ear th orbi t s by use of a single IUS vehicle. Boeing ’s

Burner II version of the IUS, a two-stage, solid-fuel vehicle, has been

selected by the Space and Missile Systems Organization (SA MSO) for

use in the initial phases of the Shuttle program.

Statement of the Problem -

One way to examin e the economical use of the IUS for an orbital

transfer mission is to determine the maximum payload that can be

delivered to orbit. This thesis addresses this maximum payload prob-

leni for one specific IUS vehicle. Three energy management techniques

2
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are used to examine this optimization problem in an effort to study

the capabilities of the LUS. The objective of this optimization problem

is to determine the time history of the controls to give the m axim um

payload transfers.

The first technique, early thrust termination, implies incom-

plete use of the available propellant. This can be achieved by blowing

off the engine nozzle or reducing the pressure in the combustion

chamber of an engine. The two-stage IUS proposals submitted to

SAMSO do not have this capability, but the concept is examined here

to determine if discarding excess fuel in orbit would enable more pay-

load to be delivered.

The second energy management scheme is offloading, that is ,

4 - reducing the amount of propellant for a given stage prior to the mis-

sion. Examining the optimization problem with the added dimension

of offloading provides a sizing analysis in terms of the maximum pay-

load that can be delivered to orbit for different amounts of fuel. Thus

for a specific payload, the “best” selection of available propellant

loadings is possible. -

The third energy management technique, varying the transfer

angle , concedes the fact that there is excess fuel which must be carried

and used. The question now becomes one of how to use that excess

fuel. The present concept is to use a reaction c ontrol system to burn

extra propellant. However, the concept of varying the transfer angle

Is presented here as an alternative to such art additional control system

~ 
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which is designed to burn excess fuel.

The orbital t ransfers made in this study use finite periods of

thrusting rather than the more common impulsive approximation of

velocity changes. A finite burn is viewed as a more exact solution to

the problem as it considers the fact that thrust direction may not be

constant during thrusting periods. Another factor resulting in a more

realistic solution for the finite burns is that the finite burn case con-

siders the gravitational forces which must be overcome during periods

of thrusting. The maximum payloads for the finite burn problem would

thus be expected to be somewhat lower than those for the impulsive

approximations.

Assumptions

Upon consideration of both solid- and liquid-fuel IUS proposals ,

SA MSO has granted a contract to Boeing Aerospace Company for its

Burner U solid-rocket motor (SRM) version of the IUS. This partic-

ular two-stage vehicle does not have the capability to thrust terminate,
- 

-
. 

so that concept , as developed in this study, pertains to future applica-

tions of such a vehicle . The vehicle, however, does presently have

the capability of offloading fuel. The specifications of the Burner II

vehicle can be found in Table I. It is assumed that the SRMs provide

a constant thrust magnitude with a maximum amount of burning time

for each stage.

- 

4
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Table I
Boeing Burner II Specifications

Stage 1 Summary

Thrust 41, 757 .4 lbf
Specific Impulse 291. 8 sec
Structure Weig ht 2, 43?. 0 lbw
Propellant Weig hts 17, 300. 0 lbw

or 19,967. 0 lbw

Stage 2 Summary

Thrust 14, 076. 6 lbf
Specific Impulse 300. 8 sec
Structure Weight 1, 362. 0 lbw
Propellant Wei ght 4, 700. 0 lbw

The controls which we use to optimize the problem are the thrus t

directions. For the thrust termination problems, the numerical

algor ithm discussed in Chapt er II also seeks the opt imal t imes for

first stage cutoff and second stage ignition. The equations which gov-

ern the motion of the vehicle are those as derived in an inverse-square

gravitational field. Accelerations from sources other than the SRMs

and the gravitational force of the earth are assumed to be negligib le.

The assumption is also made that changes in body attitude do not affect

the motion of the vehicle.

For the orbital problems studied that involve transfers to final

elliptical orbits , the major axis of the final orbit is assumed to be

aligned with the point on the initial orbit at which the transfe r begins.

This assumption allows the true anomaly in the polar equation of a

5
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conic orbi t , Eq (A - l 6 ) ,  to be equa ted to the central  ang le through which

the transfer is made, 0.

The low earth parking orbit  of the orbi ter vehicle is assumed

throughout this thesis  to be a c i rcu lar  orbit around the earth at an

altitude of 150 nm.

- 
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II. Formulation of Multipoint  Boundary

Value Problems

The objective of this stud y is to deter mine the time histories of

the controls for a nonlinea r system in such a manner that the initial

mass is maximized subject to boundary constraints. The problem of

-~~ thrus t  terminat ion mentioned in Chapter i is atypical in that bo undary

cons traints  in this problem appear not only at ini tial and terminal

- 

- 

points , but also at inter ior , or intermediate points. The initial con-

st raint s are given by the param eters of a parking orbit from which the

mission begins. The terminal constraints are  specified a priori  and

they def ine th e orb it to which the transfer is made. The intermediate

cons train t s per tain to physical parameters of the vehicle. Two of

these interior constraints are placed on the maximum amount of t ime

that each motor of the two-stage IUS can burn. A third interior con-

straint involves the mass which the vehicle jettisons at the staging

point. These three inequality constraints are discussed in A ppendix C.

They necessitate the formulation of a multipoint boundary value prob-

lem (MPBVP) because of the possibility of discontinuities in the vari-

ables or - equa t ions at in t er ior points .

It is also shown in Appendix C that three separate cases can be

considered for the thrust  termination problem. The f i r s t  two cases

are concerned with terminating thrust of one of the two IUS stages7
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before the propellant loaded for that stage has been comp le tely used.

The third case implies comp lete use of propellan t in both stages. The

pro blem of off loading fuel is covered by case three for which a differ-

en t amount of propellan t is assumed to be available for that stage.

The multi-point boundary value prQblem for each of the three

cases that resul t  f rom appl ying the necessary condi tions of Appendix

C are presented here.

Coplanar Boundary Value Problems

The state equations which gover n the cop lanar orbital t ransfer

are de rived in Appendix A and are as follows:

r = V R

r

h2 TVR - -
~~- +— sin a (2 - 1)

3 2 Iflr r

h = I!cos a
m

C 
- -

where

r is the distance from the center of the earth

o is the angle from the initial point to the present position

VR is radial velocity

h is specific angular momentum

8
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~ is the gravitational parameter

T is the magnitude of t h rus t

m is the vehicle ’s mass at a given time

a is the thrust steering ang le measured clockwise
from the local horizontal

C is the effect ive exhaust velocity

Since we want to maximize the pay load for a fixed amount of

propellan t, the cos t func tion , J , is:

J = -m(t~ ) (2-2)

where t0 represents initial time. The mathematics of Appendix C

4 seeks a mini mum to this cost function. The minimum of  a negative

initial mass, wi th a fixed change in mass , is therefore the same as

F maximizing final mass. The Hamiltonian , H, is defi ned as:

H = XR VR + ~ ~~~ [
~ 

- _
~~
.. ÷1 sin

( 2-3)

+ x  1~~c o sa - X Ih m m C

where )‘R’ ~~ 
X V ,  X h, and X m are the cos tate variables. -

Application of the optitnality condition of A ppendix C, Eq (C-21 ),

and enforcement of the strengthened Legendre condition , y ields the

following expression for the thrust steering angles:

9
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- XVRsin a = ______

p 
( 2 -4)

-

cos a = _____

P

where P = +

The costate equations for this problem are defined by Eq ( C-2 O).

Substituting the controls of Eq (Z- 4)  y ields:

= ~~~~~ + _______  - + 
A~ 2rT

Ao = 0  -

(2-5)

A V~~~~~~R

= 

~~~}  
[~ 0 r + ZX vR hJ

- TP
2m

An initial circular parking orbit at an altitud e above the earth

of 150 nm is assumed throughout this study. The initial conditions

are therefore:

(2-6)

10 

-

~~~

— _ 
— - ______________



—5- 
~~
--- -5

- - — - — —

(2-6)

t V R = O

h0~~~~~~r 0

where is the radius of the earth and ( )~ denote s value at the

initial point. Another initial condition is given for the mass costate

by Eq ( C - l 7 )  as:

A m = 1 (2 -7)
. 1

The terminal constraints are repeated here f rom the derivation

in Appendix C:

r =  
Pf 

-

f l + e 1c os O 1

— specified
( 2-8 )

Vrf = 
efhf sin

Pf

h~

where ( )f denotes the value at the final time, p is the serni-latus

rectum and e is eccentricity. We also know from the transversality

condi tion s derived in Appendix C that the mass costate at the final

time is given by:

Am (t f) = 0 (2-9)

11
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The remainder of the boundary value problem must be devel-

oped for each of the three cases described in Appendix C.

Case One. This case is characterized by incomplete use of the

second stage fuel while the first  stage is completely burned. The

necessary condition s unique to this problem are described by

Eq (C-l i ) .  From these conditions we know the value of the Hamil-

tonian at the final time is:

H(Lf ) = 0 (2—1 0)

It is also known that the 1-lamiltonian is continuous at second stage

ignition. The partial derivative of the Hamiltonian with respect to

thrust at that time must therefore be zero. The expression described

by this relationship is known as the switching function. The equa-

tion is:

k - I ~ - + - - ~~l 0 a t t (2-il)
Lm CJ  2

where t2 is the time of second stage ignition. -

This MPBVP is summarized in Table II. It can be seen that a

solution to this problem with twelve equations and twelve unknowns

is possible.

Case Two. This case involves thrust termination of only the

first stag e of the IUS. The necessary conditions derived in Appendix

C, Eq (C-13) yields the following condition: 

_
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H(t f ) = I-14( t 2)  - 1-13(t 2) (2—12)

where H3(t 2 ) is the Hamiltonian ju st prior to second stage igni t ion and

H4(t 2) is the Hamiltonian an instant after ignition of the second stage.

The Hamiltonian being continuous at the first stage cutoff, t1, yields:

= k = - + ~~1= 0 at t (2- 13)ÔT Im C i

j The boundary value problem is summarized in Table U.

Case Three. The third case, which serves as a basis of compar-

ison for the other two cases , involves the complete burning of aU

loaded propellant in the IUS. The comparison with the case three

problem is used to indicate if thrust termination of either stage yields

any extra payload. This case is also used for the analysis of offload-

ing fuel. The associated necessary condition derived in Appendix C is:

H(t1) = H4(t 2)-H 3(t 2) (2—14)

Since the Hamiltonian is discontinuous at both t1 and t2, there is no

equation involving the switching function. The MPBVP is given in

Table U. As in the other two cases, it can be seen that the number

of unknowns match the number of equations.

Noncoplanar Boundary Value Problem

The general problem of a noncop lanar orbital transfer is

depicted In Fig . B-i. The appropriate state equation s for this prob-

lem as derived in Appe ndix B are:

13
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r = V R

-

~

1 -
- 

r ( 2 -15)

= + ~~~~~~~ sin 241 - ±_ +
r r r 2 m

~ -V~~Ve ~
ZVO V4fr cot41 +

Tl Z -

r r m sin4l

= 
V~~V41 +V~~Sj n tS? 

cosc~~+

m = - I
C

where r is the radius from the earth’ s center to the IUS

0 is the transfer ang le measured in the initial orbital plane

41 is the angle measured from the vertical axis to the vehicle.

VR, V9, and V41 are the velocity state variables

m is the vehj cle ’s mass at a given time

p is the gravitational parameter

T is thrust magnitude 
.

~V ~Z’ and 9~3 
are the direction cosines of the thrust vector

With the cost function , J , for this problem defined as 
—

3 = -m (t 0) (2- 16)

the Hamiltonian becomes: I 
-

- - - 
- - - - - -- ~~~~~~~~~~~~ 

-~ -- 
~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~ ~~~~~~~ ~~~~~ 5-- — - -  -~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ U



- — 

- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-

H = A R VR + A 9~~~ + 
A~ V~ + X V + _____ - 

2~

L + Ày0 
[_V RVO -2V 9 V. cot +  + TI2 (2- 17)

r r m sin4 ’

+~~~~~~~~
-

~~~~
‘
~‘• 

V~~sin+cos4I+T !
3] A~~~~

where X R, X 9, X+, AvR
,XvO~ ~~~ 

and Am are the costates associated with

the state variables.

As in the coplanar problem, the optimality necessary condition

- 

- 
and the strengthened Legendre-Glebsch condition applied to the

l-Iaxniltonian yield the folio-wing expressions for the thrust directions:

P

(2— 18)
• p sin 4~

~ _ _ _ _

P

- - 

where P ~~Xv 2 + (A ~ 9_\2 -,. A~r (24 9)

~~sin+J

The necessary conditi on for the costates , defined by Eq (C-20), is - -

app lied to the above Hamiltonian with the expression s for thrust

direction substituted in the proper places. The results are:

- 16
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5—- - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _
_:

_ _ -
~
_ - 5 -

~~ [A 0 V0 + A4~V~ + A v ( V ~ + VI 5j fl 2 f~) - 2 1± )

- A V (V R Vg + Z V oV~, cO t 4 )  - Ay4~(V~~V4I _Vg~ sin 4 l cos4 ) ]

i0 = 0

~~~~~ 2A vR V~ sin~~cus~~~2A v0
VoV~ - A ~~~T cos~~ ~AVq~V~~(cos2 cs _

r sin 2 4 m p sin 4 r

sin 2
~)

AV ~ [A v0
\~~+ A y~ V+ J - A R (2-20)

~~~~~

= -!  [x 0 -f ZA y V0 sin2
~ _ A V V R - ZA~~~Vp c o t~~ + Z k v~,Vosin~~cos~~1

A y 1[)~, .. Z A y Vçb + 2A~ V9 cot~~+ A V~V R I

TP
Am m

The assumption of an initial circular parking orbit once again

defines some of the initial conditions as shown below. The terminal

-, - 
conditions derived in Appendix C are also shown here. -

r0 = + 150 nm

00 = 0

VR = 0 
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)

Voo= ~
f
f~-

V4, = 0
0

I 1 + e f cos O f

= -f sin~~ (cos 0
~ 

Sill i)

-l nan_4’~ lO f = cos I (2-22 )
I. t a n ij

= 
e1h~ Sifl

Pf

h1V~f = — (cos i - sin i cos cot 4’f )

— f .
V#

f 
= sin i sin O f

where ( )~ indicates value at initial point

)j denotes value at terminal point

4 
is the transfer ang le in the plane of the terminal orbit

h is angular momentum

* 
e is eccentricity

I is the inclination ang le between the initial and final orbits

18
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Addi tional boundary conditions on the m ass cost at e are derived

in Appendix C. Those boundary conditions are:

Am (t 0) = 1 ( 2 — 2 3 )

Am(t f) = 0 ( 2-2 4 )

As in the coplanar problem, a specific set of necessary equa-

tions exists for each of the three classes of problems studied here.

The reader is referred to the formulation of the cop lanar MPBVP

earlier in the chapter for an explanation of those addit ional necessary

conditions. A summarization of the MPBVP for the nonpianar case

is found in Table III.

19
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UI. Numerical  Algor i thm

Background

Having derived the necessary conditions for an optimal trajec-

tory and formulated a IvIPBVP, a method to find a solution for the

problem must now be generated. The necessary conditions given in

Chapter II must be satisfied at each point in the time interval of

in terest. A closed-form solution of this problem could not be found.

Therefore , a numer ical technique is used to search for the unknowns

such that the necessary equations and boundary conditions are satis-

f i ed .  That which f ol lows is an explana tion of the numerical algori thm

developed to solve the MPBVP.

Algorithm

Due to the possibility of discontinuities in the problem vari-

ables , the MPBVP formulated in Chapter Il ls separated into three

related parts that can be implemented in a computer. The first  part

covers the first  thrusting period from the initial point to f i rs t  stage

cutoff at time t 1. The next portion covers the coasting period of the

trajectory from first stage cutoff until second stage ignition. It is

during this time interval that staging occurs. The last of the three

parts includes the second stage burning period. The endpoint of this

problem signifies the final time , tf, at which point the terminal

21
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boundary condi tion s must be satisfied.

The numerical algorithm formulated in this thesis consists of

several routines which perform uni que functions within the main

algorithm. An explana tion of the processing involved in those rou-

tines and the program integration are included in this chapter.

ORBTRAN. Thi” routine in the main program sets up a nor-

malization rou tine , accept s input da ta , and for ms an ini tial guess fo r

the unknowns. ORBTRAN also initiates the calls to the subroutines

in the program.

The normalization routine used in this study is similar to the

scheme proposed in Ref 3. All distance , veloci ty, time , mass and

thrus t units in this problem are divided by canonical units pr ior to

- 
- their use in the search routine. The distance unit , DtJ, represents

the radiu s of the earth. A circular reference orbit is assumed just

above the surface of the earth. Veloci ty and time canonical units are

therefore defined by the speed of a hypothetical satellite in that refer-

ence orbit. The gravitational parameter, M, is therefore 1 P-U—.
TU 2

Consistent mass and thrust units are also developed. The mass unit ,

CMU, that provided the best convergence was 5000 lb-sec 2 /ft.  The

thrust unit , CTU, was defined as follows

1DU
1 CTU 1CMU x (3- 1)

1TU

The next main function of ORB TRAN is to receive inputs in the

form of vehicle parameters , initial conditions , and terminal

22 —
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conditions. Specific impulses of each stage are input to ORBTRAN.

These values are used to determine the effective exhaust velocities

for the motors.

The initial conditions for the problem are determined from the

parking orbit parameters which are input to ORBTRAN. Those

parameters are eccentricity and semi-latus rectum. Terminal con-

dition s are determined in ORBTRAN by inputs of the transfer angle,

- 
- semi-latu s rectu m and eccentricity of the desired terminal orbit.

The equations for the terminal conditions listed in the Appendices are

used to determine the values the states should have at tf. All bound-

ary conditions are then normalized within ORBT RAN.

Initial guesses of the unknowns are input to the main program.

Once the correc t values of the unknowns have been determined for a

particular mission those values are then used as inputs for another

similar orbital transfer. This recursive use of the algorithm pro-

vides good guesses for the unknowns and thus significantl y reduces

• the required computational time. ORBTRAN receives as outputs

from NSO lA the values of the unknowns that yield a solution to the

MPBVP.

NSO 1A. This subroutine, which is on permanent file at the

AFIT compute r , was developed by M. 3. D. Powell. (See Ref 7).

NSO 1A receives as inputs a vector of unknowns, x, and several

parameters which direct its operation. The algorithm was developed 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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to numerically solve a system of n non-l inear  equations in n

unknowns:

X1~) = 0 k = l , . .. , n (3 -2 )

where f is a vector of error  funct ions (non-l inear  equations) in the

unknown parame ters , x1. It is claimed in Ref 7 that this algorithm

maintains a fas t  convergence rate in addition to the capability to

achieve convergence if initial guesses  of the unknowns ar’~ poor

estimates.

NSOIA calculates the Jacobian matrix, J , of the error function:

J -
~~

—- 1(x) (3 — 3)
—

A Newton-Raphson step gives:

f(x) + J 8 x =  0 (3-4)

where &x is a correction to x. It is therefore possible to find a

for a given s tep length so that the following equation is met:

f(x + &x) ( f(x) (3-5)

A correction vector is found at each iteration until the desired accur-

acy is achieved , that is:

E [~~< xfl 2 <ACC

24
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For this thesis , with the variables  normal ized  to canonical uni t s ,

- -12ACC was specified as 10 -

Another important  pa rameter  in NSO1A which must  be properly

chosen to insure  convergence is the increment size for  the unknowns ,

DSTEP . A step length that is too small would require an excessive

number of i terat ions to achieve convergence. On the other hand ,

DSTEP must  be small enough to insure that Eq (3-5)  is sat isf ied at

each iteration. A value of io~~ for  DSTEP proved to be the best

choice for  the problems of this thesis.

The unknowns in the problem, x, are all incremented at the

same constant DSTEP within NSO1A. The proper scaling of those

unknowns is therefore required. Improper scaling could result  in a

neg ligible change in the error functions at each increment in the

unknowns, (see Eq (3-3)).  Such a result  would make convergence to

the proper solution nearly impossible. For example, it was deter-

mined ear ly in the stud y that the MPBVP was very sensitive to

changes in the initial costates. They had to be incremented with a

DSTEP of l0~~~. Such a change in the unknown initial mass parameter

at each iter ation would yield neg ligible changes in the error functions

due to that parameter since it has a value in the range of 30, 000 lbw.

Conver gence to a solution would be virt ually impossible in this case.

The norm aliza tion scheme mentioned ea rlier places the proper

significance on the increment size for the unknowns at each iteration

and thus eliminates some of the convergence difficulties.

25
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NSO1A internally calls subrout ine CALFU N  which is used to

find the error  functions. A more detailed descri p tion of NSO 1A can

be found in Ref 7.

CALFUN.  The main task of this subroutine is to provide an

error  function , f , for use in NSO1A. The components of the error

function are determined from the d i f ference  between the desired and

computed values of the equations for a specific case of the MPBVP.

For example for case three of the coplanar problem we have

f = 9  — 92 
~d ~actuai

where O
~ 

and O~ are the desired and computed values for the
d actual

transfer  angle.

As inputs CALFUN receives the desired values of the boundary

condi tions , the initial guesses on the unknowns and the vehicle

parameters. CALFUN then acts in an executive manner to integrate

the differential state and costate equations for e~ich portion of the

trajectory. The actual values of the states which are required for

the error functions are then extracted from the integration routine

at the proper points.

The integration routine in CALFUN includes three different

calls to the integration scheme. The f i r st  call is related to the f i rst

thrusting period. First stage thrust magnitude, effective exhaust

velocity and t 1 are required for this routine. The switching function ,

k (t j ) is determined at the end of the f i rs t  portion of the MPBVP.

26
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The next portion of the MPBVP , representing the coast period ,

receives the final values of the states and costates from the f irs t

part as starting values. Thrust and effe~ Live exhaust veiocity are

both zero during coasting. Upon initialization of these differential

equations , the first  stage structure weight is subtracted from the

mass state variable. At the end of this period at t-, , the switching

function, k (t2), and Hamiltonian, H 3 (t 2) are determined.

The final values from the coasting period are used as inputs

for the states and costates in the third portion of the MPBVP.

The Ha rniltonian , H4(t 2), is deter mined af ter this port ion of

the MPBVP is initialized. Since this phase covers second stage

thrusting, the appropriate thrust and effective exhaust velocity mus t

be provided. The required terminal boundary conditions , ) m(tj),

and H(tf) are determined at the endpoint of this problem.

DFEQ. This routine is also on permanent file at the AFIT

computer. It is comprised of two subroutines, SET and STEP.

These subroutines accomplish the integration of the first-order

differential equations in the problem. The inputs required by these

subroutines are the initial values, total integration time, and step

size. SET is first called to initialize the integration scheme. Then

STEP is called to integrate the equa tions of motion through a time

interval, DT. A Runge-Kutta method is used to integrate over three

steps after the initial point is determ ined by SET. A fourth-order

Adams - Baa hforth- Adams -Moulton predictor-corrector scheme is

27
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then app lied to the next two points .  This procedure uses the equa-

tions f rom subroutine SLOPE to i n t eg ra t e  over the en t i r e  interval , t.

SLOPE. Subroutine slope sets up the d i f fe rent ia l  state and

costate equations as derived in Chapter II. The equations are gen-

eral in nat ure so they may be used for ei ther thrust  or coast periods

of a t ra jec tory .  The inputs to this subroutin e are the values of the

states and costates at a given time when called from DFEQ. This

subroutine computes the slope of a given state or costate which is

subsequently used by DFEQ to estimate the value of that parameter

at some fu ture  time, t + ~t.

Program Integration

The overall integration of these subroutines to comprise the

numerical algorithm can be seen in Fig. 3-1. The main program,

ORBTRAN , performs the executive function of the algorithm. It

provides the call to the search routine , NSO1A. That routine then

changes the initial guesses of the unknowns such that the error fun c-

tion decreases in magnitude. Internal to NSO1A is a call to CALFUN

- J  which directs the integration routine so that the error function can be

de termined. NSO 1A repeatedl y calls CALFUN until the er ro r func-

tion is within the desired accuracy. The outputs of NSO1A are the

unknowns which yield the desired accuracy in the error function.

28
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IV. Discussion of Resul ts

Convergence to a solution to the MPBVP proved to be very

sensitive to changes in the initial estimates of the unknowns. Those

unknowns include the initial values of the costates and the unknown

times. The algorithm failed to converge to a solution for poor

guesses of those unknowns. The differences between the desired and

computed values of the terminal condit ions were not within acceptable

limits when poor initial estimates of the unknowns were  used. Since

physical reasoning could not be used to obtain guesses for  the A

unknowns , a great deal of computer time was required to achieve

convergenc e for the initial problem. Once a solution was obtained ,

however, the correct values of the unknowns were used as inputs for

a similar mission with a small change in the transfer ang le or in the

radius. In this manner a range of solutions were obtained.

Both the coplanar and noncoplanar results are presented in thi s

chapter. Analytical justifications and validation of results are also

included. The maximum pay load orbital transfer results are pre-

sented -for the two primary design reference missions of the IUS.

The first  of these is a transfer to a circular geosynchronous orbit

at an altitude of 19, 323 nm. The second mission , known as the 12

hour mission, defines the terminal orbit as an elliptical orbit with
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an apogee alt i tude of 21 , 450 nm and a perigee alti tude of 350 nm.

The results are  also presented for  the two main f i r s t  stage propellant

loadings listed in Table I. The f i r s t  loading of 19, 967 pounds gives

a maximum burn time of 139. 52 seconds , while the 17 , 300 pound

loading enables 120. 89 seconds of f i r s t  stage burn.

Results of Coplanar Transfers

Results for each of the three energy management techniques

were obtained for  the coplanar t ransfer  problem.

Thrust  Termination. At the beginning of this stud y, it was

believed tha t the ability to thrust terminate might be desirable in

terms of increasing payload capability. However, successful orbital

tr ansfers were no t obtained for either the case one or case two

problem. Numerous approaches were attempted to obtain a solution

to the thrust termination cases. The missions were changed to

determine if thrust termination could produce solutions for only a

- 

- 

cer tain class of missions. Different sets of the initial estimates of

the unknown cos tates wer e used as inputs , but to no avail. The best

accuracies that could be achieved for either case of thrust termina-

tion were obtained by using the values of the unknowns for a success-

ful case three transfer in which all the fuel was used. Those results

appear in Table IV . It is apparent from an examination of the burning

times and initial masses listed in the table for the case one and case

two problems that , even when case three results are input to the 
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thrust termination problems, the algorithm does not always drive

towards the case three solution. For instance, the case one problem

for a 12 hour mission with e = 1800 shows a second stage burn of

- 

- 

about 52 seconds which is far below that burning constraint. The

established convergence criterion was never achieved for the thrust

termination proi~lems . If earl y thrust terminat ion is not optimal ,

it appears that a solution should at least hav e been obtained by the

algorithm driving to the limitin g case three solution. The reason

for the failure of the algorithm to provide such solutions most prob-

ably lies in the fact that case one and case two have error functions

which includ e switchin g functions. The sensitivity of these fun ctions

to the costate values at a particular tin-ic is very great , as discovered

in Ref 6. The error fun ction in the algori thm involving the switchin g

function was the pr imary contribution to the relatively high value of

final accuracy which was on the order of 1(Y5 for the case one prob-

1cm. For the proble ms involving those add itional necessary condi-

tion s it was therefore not pos sible to achieve the desired accuracy .

A variety of missions and tr ansfer angles were tested with the

• results being similar to those in Table IV. Both of the first stage

propellant loadings were also tested. Convergenc e to a solution

failed in every instance.

Althoug h convergence to a solution was not obtained for the

thrust termination problems, an analytical argument is presented

here to support the fact that thrust termination cannot increase

I_i 
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pay load capabili ty.  Solutions to the case three problem are avail—
.

able for fuel load ings which are less than the maximum loadings.

Those results can be used to de te rmine  if case one or case two can

increase pay load. For example , with 18, 900 lbs of f i r s t  stage fuel

and 4, 700 lbs of second stage fuel (maximum second stage loading),

the case three pay load capability is about 5, 100 lbs. If the second

stage loading is decreased to 4, 400 lbs for the same f i r s t  stage

loading, the case three problem indicates that the final mass is

increased to 5, 300 lbs. In the case one analysis of this latter prob-

lem, however, the burning of 4, 400 lbs of fuel is interpreted as

incomplete use of available second stage propellant. This means

that 300 lbs of the final mass is unused fuel , or deadweig ht. The

payload is therefore 5, 000 lbs. This indicates a decrease in payload

when all available fuel is not used. This resul t , which consistently

holds in such an analysis for decreasing second stage burn , shows

that terminating second stage thrusting early will no t increase pay-

load capability. The optimal solution to the case one problem, which

has the possibility to use less than all the loaded second stag e f uel ,

is always to use the maximum amount of available fuel.

Similar results are obtained in the analy sis of the case two

problem. Terminating the f i rs t  burn early decreases the payload

capability. For example, with the maximum firs t  and second stage

fuel being us ed approximately 5, 900 lbs of payload can be delivered.

Keeping the second stage burn time constant and terminating f irs t
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stage thrus t ing  7. 52 seconds earl y decreases  the final  mass to 5, 100

lbs. Subtracting the unused f i r s t  stage fuel from the f inal  mass y ields

a pay load of 4, 000 lbs. The conclusion that  can be arr ived at is that

the optimal solution to the case two problem is to burn the maximum

amount of time on the f i r s t  burn.

Effects of Varying Transfer  Angle .  In contras t  to the thrust

termination problems , a variet y of solutions were obtained for the

third case of the multi—p oint boundary value problem. Thus the

other two energy management techniques of varying t ransfer  angle

and off-loadin g fuel can be exa mined. One cross-check of the accur-

acy of this problem was obtained by a comparison with the Hohmann

transfer  problem. For both fi r s t  stage propellant loadings the

Hohmann approximation for the initial mass was within one percent

of the maximum initial mass for the finite burn solution from the

computer.

The results of this portion of the study do not present any

startling new ideas. The findings of this aspect of the problem agree

wi th the classical Hohmann transfer problem which was developed in

the 1920’ s. However , a few interesting observations can be made for

the finite burn problem and its possible application s for an IUS mis-

sion. First of all, the transfer ang le for the finite burn problem at

which we have maximum payload is greater than 180°. This fact is

evidenced in Figs. 4-1 and 4-2. This result is due to the fact  that the

transfer  ang le changes a small amount during the finite burn. The
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angle change through the coas t  period remains  approximatel y 1800.

Maximum pay load t r a n s f e r s  the re fore  occur at about 1850. This

result  is consis tent  throughout the range of t r a n s f e r s  examined.

The results  of vary ing the t r ans fe r  ang le seem to imp ly that

this techn ique may be used as an energy management  scheme. For

a mission with a pay load less than that  which can be delivered with

a given propellant loading, the present  IUS concept is to use a reac-

tion control sys tem to burn excess fuel.  An examination of Figs.

4-1 and 4-2  show tha t such an additional control system uiay be unnec-

essary in its application to burn excess fuel. Changing the t ransfer

angle of the mission can achieve the same objective of burning all of

the available propellant in an orbital t ransfer mission.

It is also interesting to examine the range of t ransfer  ang les

for a given mission. A comparison of the graphs in Fig. 4- 1 shows

that an increase in f i rs t  stage propellant loading not only increases

the payload which can be delivered , but it also increases the range

of transfer angles. The range of t ransfer  angles to the elliptical

orbit shown in Fig. 4-2 is smaller than that for t ransfer  to geosynch-

ronous orbit. Figure 4-3 shows the range of t ransfer  ang les for a

mission to a 14, 500 nm orbit. In this case not onl y has payload capa-

bility increased , but the ran g e of t ransfer s has also increased sign if-

icantly.

Effect of Offloading Fuel. It was mentioned in Chapter I that

Boeing ’s Burner II version of the IUS has the capability to offload
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fuel. The failure of the thrust termination problem to produce any

positive results brought forth the question of offloading. It was

originally thought that if thrus t termination failed to increase payload

that the case three problem with less propeUant available should also

enable less payload to be delivered to orbit. The results of the

investigation appear here in the form of a sizing analysis. For a

mission with a specified payload it is possible to examine such an

analysis to determine how much propellant is required to achieve the

terminal orbit. Economic factors , engineering considerations and

other factors can then be considered to determine which sizing is

best for a given mission. The sizing analysis was performed for the

two primary missions of the IUS with a transfer angle of 180°. The

results can be found in Figs. 4-4 and 4-5.

The results of the sizing analysis for the geosynchronous mis-

sion show that offloading first stage propellant does not enable more

payload to be transported. A decrease in first stage burn will also

decrease the available payload. The results for offloadin g second

stage propellant prove to be a bit more interesting. When the maxi.-

mum available propellant is loaded for the first stage, offloading

second stage fuel does not yield any extra payload to orbit. However,

as shown in Fig. 4-4, as the first stage fuel is decreased offloading

second stage propellant is advantageous in terms of payload capability.

With a first stage burn of 132 seconds the maximum payload is

delivered with a second burn of 97. 5 seconds. Decreasing the second
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burn another 1. 5 seconds (total offloaded fuel of 206 pounds) would

still enable more pay load to be delivered than that possible with the

full second stage loading . At the lower limit of the f i r s t  stage pro-

pellant loadings (4 t j~ 120. 89 seconds) the maximum pay load cap a-

bility occurs at 4t 2 = 87. 6 seconds. Offloading as much as 1029

pounds of second stage fuel for that f i r s t  stage loading would s till

enable the same payload to be delivered as that at full second stage

loading.

The sizing analysis for the 12 hour mission reveals significant l y

different findings. The offloading of f i r s t  stage propellant still does

not yield any extra pay load. However , offloading second stage fuel

increases pay load for any first stage loading. It might be mentioned

here that the transfer trajectories for the orbital t ransfer  through an

angle of 1800 are elliptical orbits with relatively high values for

eccentricity. It would appear that the velocity change required at the

second burn would not be very large for insertion into a similar

elliptical orbit. This is exactly the resul t  that was obtained. As

shown in Fig. 4-5 , the maximum payload is delivered in the neighbor-

hood of a 30 second burn for the second stage motor. For these 12

hour missions 70 percent of the available fuel can be offloaded and

still deliver more than 3, 000 pounds of additional payload to orbit.

Ofuloading another 700 pounds of fuel would still enable the same

amount of payload to be transported to this elliptical orbit.
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Effects of Changing Terminal Orbit Parameters. In addition

to the analysis of the three previously mentioned energy management

techniques, the maximum payloads that can be delivered to different

terminal orbits is also investigated. The semi -latus rectum, Pf’ of

the final circular orbit was varied and the results appear in Table V.

The expected result is that more payload can be delivered to an orbit

with a smaller radius.

Table V
Varying p~ of Terminal Circular Orbit ( 8 =  1800)

[ pf (nm) 5000 10000 13000 16000 19000 19500 21000

Payload (lbs) 8611 6329 6048 5356 447 1 4350 4023

Transfers were also made to elliptical terminal orbits. Chang-

ing the apogee distance, rA, and perigee dis tance, ~~ of the elliptical

- 
I orbit is described in this problem by eccentricity, e1, and semi-latus

rectum, p~. The results for the transfers to elliptical orbits for trans-

fer angles of 1800 are presented in Table VI.

Table VI
Maximum Payload Transfers to Elliptical Orbits

ef .218 .0517 .1525 .2445 .456 .593
Terminal Pf (nm) 19, 489 20,685 18, 965 15, 778. 10, 325. 8, 088
Orbit rA (nm) 20, 000 22, 000 23, 000. 23, 000. 22, 000. 24, 893
Parameter s ‘~ (nm) 19, 000 19, 500 1~ , 000. 12.000. 6, 000. 3, 793

— 
- Payload (lbs 5,597 5,192 5,017 5, 193 5, 218 4,724
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General Comments. The objective of this optimization as

- - described in Chapter I is to determine the time histories of the con-

trols for the transfer trajectory which yields maximum payload. The

mathematical relationships for the controls are given by the optimal-

ity condition. Graphs of the time histories of the controls for the

two pr imary IUS missions are given -in Figs. 4-6 and 4-7.

Due to the sensitivity of the numerical algorithm to the unknown

lagrange multipliers a grea t deal of computer time was required to

obta in solutions for the coplanar proble ms. The recursive use of the

algorithm helped reduce the amount of computer time, but converg-

ence to solutions was still costly. In the transfer to the geosynchro-

nous orbit for example, the full range of transfers required well over

2000 seconds of execution time. This time does not include the time

required for convergence to the initial transfers angle in that range.

Table VII show s how the unknowns in the problem varied for the

different missions.

A pure integration routine, using the values of the unknowns

from a. successful orb ital transfer , was used as a check on the accur-

acy of the numerical algorit hm to search for the correct unknowns.

The results of the integration routine show that the desired final

condition s are met for the orb ital transfer problems. Distance

errors between desired and computed values of terminal condition s

are on the order of ten feet. Errors in angles are approx imately l0~~
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degrees.  Velocity e r ro r s  are on the order of i0~~ feet per second.

Accuracy even better  ti-ian that ob tained is possible , to a cer taIn

extent, by demanding more accuracy from the search routine,

NSO1A.

Results of the Noncoplanar Transfers

It was noted in the previous section tha t the numerical algo-

rithm was very sensitive to er rors  in the unknowns and that converg-

ence was often diff icul t  to obtain. This problem became even more

pronounced in the noncop lanar t ransfe r  due to the additional states

and lagrange multipliers.

Cross Check of Noncoplanar and Coplanar Transfers .  The

first  task that was attempted for the noncop ianar t ransfer  was a

check on the claim of Appendix B. That claim was that the nonco-

planar transfer state equations could be used for a coplanar problem

by simply setting the noncop lana r inclination an gle equal to zero.

The resulting comparisons of the use of two different  sets of equations

for the sam e problem appear in Table VIII. It can be seen that both

approaches give the same maximum pay load to within one tenth of a

pound. This holds true for both first stage propellant loadings.

Effect of Changing Inclination Angle. Due to the extreme sens-

itivity to variations in Lhe unknowns for the noncop lanar problem, the

recursive use of the algorithm was onc e again required. The inclina-

tion angle was incremen ted by one fourth of a degree for each
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successive problem. Approximately 1000 seconds of computer time

was still required to achieve the necessa ry  convergence.  Table IX

— 
shows how the unknowns changed by inc rementing the inclination

an gle.

The trends shown in Table IX continue as the inclination ang le

- 

- is increased. It therefore appears that it would not be possible to

deliver a pay load beyond a fiv e degree inclination ang le. These

results are not consistent with the claims of Ref 4, that pay loads of

more than 3000 pounds can be delivered through an inclination ang le

of 28. 50~ The numerical algori thm was also checked for a f i r s t

burn of 139. 52 seconds. An inclination angle of 100 and t rans fe r

angle of 1400 were used for the t ransfer .  According to the solutions

from the algorithm only 4 14 pounds of pay load can be delivered. This

is once again far below the stated pay load capability given in Ref 4.

The next step taken was to change the t ransfer  angle to determine at

what angle the maximum payload could be delivered. Changing the

transfer  angle to 145° for i = 10° reduced the payload to 215 pounds.

Similar results were obtained when the transfer angle was incre-

rnented for i = 10. This result is in direct contradiction of the results

of the Hohmann problem. Even though a noncoplanar t r ans fe r  is

being accomplished increasing the transfer ang1i~ should result in

increased payload capability. Various other initial guesses for the

unknowns failed to y ield convergence to the noncoplanar transfer.
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Since the resul ts  indicate a non -optimal solution for the non-.

coplanar t ransfe r  an impulsive approxima tion of a 10 plane change

was examined to determine how much the pay load would be affected

by such a change . The 10 plane change for  a Hohmann t ransfe r  to

a geosynchronous orbit  for  the vehicle parameters of this problem

cost 282 lbs of pay load. This is far  below the decrease in pay load

for the same plane change as indicated by the computer results .

It thus appears that NSO1A has converged to a non-optimal solution.

Use of Integrat ion Scheme to Check Noncoplanar Problem. In

order to determine jus t  where the search routine was placing the

IUS for a pay load that is obviously non-optimum, an integration

scheme was employed. The method is the same as that used in the

coplanar problem. The unknowns obtained f rom a successful solu-

tion in terms of convergence accuracy were input to an integration

routine. The desired and actual value s of the terminal conditions

were then compared. The results, which appear in Table X , m di-

cate that the unknowns are correct in terms of getting the vehicle

to the proper terminal conditions.
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Table X
Results of Integration Scheme ( i= l0 , O’= 140 , ~t 1= 139. 52)

Computed Desired ErrorState
_______ 

Value Value ( Magnitude)

r 6. 6 10734611704 DU 6.6 10734442 127 D1J 4. l8 ft .

0 139. 567538 1° 139. 5675389° 8. Ox lO 7 de g.

-
~ 82. 3557286° 82. 3-5572992° 1.32x 10 6 deg.

VR 5. 84655x10 7 D U / T U  0.00 .012968f t / sec

- 

V0 .3899247944 172 .3899240926573 .018155 f t/ sec
- DU/TU DU/TU
- 

“4 -. 04380487048311 -.04380155563068 .08559 f t /sec
DU/TU DU/TU

Similar results were obtained when the integration scheme was us ed to

test the accuracy for the problem with i = 1.

55 

-5

— --5----- -.----.—- ---- ______ — -5



- 
- —- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

V . Conclusions

Three energy management  techn iques have been applied to the

maximum pay load orbital t r ans fe r s  problems.

The cop lanar resul ts  for these energy management  techn iques

indicate that optimal solutions for thrust  termination problems can-

- 
-
~ not be found using the numerical  algorithm of this s tud y. However ,

the analytic argument presented indicates that thrust termination

does not increase payload capability of the IUS.

On the other hand , varying the t r ans fe r  angle and offloading

- 
4 fuel are two possibilities for managing IUS propellant. Variation of

the t ransfer  angle can achieve the same objective as a reaction con-

trol sys tem that is us ed to burn excess fuel. The sizing analysis

provided by investigating the offloading problem enables one to

choose the best  of a variety of propellant loadings for a mission 
- 

-

with a specified payload.

Although solutions were  not obtained for the noncoplanar prob-.

• lem it is assumed that the cop lanar results regarding the energy

management techniques can be extended to the noncoplanar problem.

That is , of the three energy management  techniques invest igated,

only the thrust  termination problem would not yield posit ive results.
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Convergence to solution s was difficul t with the non-l inear

- equation solver , NSO1A , due to the sensi tivi ty  of the problem to
— 

such fac tors  as the costates and switching functions. A grea t  deal

of care in scaling the problem and choosing the best  step length for

NSOIA still left  the fact  that a great deal of computer time was

required to obtain solutions.
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Appendix A

Coplanar Equations of Motion and Boundary Conditions

The coplana r orbital t ransfer  as formulated here is just a special

case of a nonc oplanar transfer for which the inclination angle between

the initial and final orbits is zero. The equations of motion derived in

this appendix provide state equations which differ  from those of the non-

coplanar problem and thus serve as a check for one case of the more

difficult noncoplanar t ransfer .

Equation s of Motion

The motion of a vehicle that is subject only to gravitational and

propul sive forces can be described by the following differen tial equa-

tion :

~ = G (r , t) (A- i )- -  M(t)

where

r is the position vector of the vehicle

t represents time

G(r , t) is the force due to gravity

F(t) is the force due to thrust

M(t) is the mass of the vehicle 
- 

-

and ( )  indicate differentiation with respect to tin-~e
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The assumptions of Chapter I dictate that the gravitational attraction

is an inverse-square central force , therefore

G(r , t) = -
~~~~~~~ (A-2 )— 
r~

where ~ is the gravitational parameter and r is the magnitude of the

position vector. Restr ic ting thrust  to lie within a plane enables one to

write F(t )  in terms of thrust magnitude, T, and steering angle, a , as

shown in Fig. A - i .

/
/
,

— 

T

Fig. A - i .  Coplanar Thrust  Vector

The expression for acceleration of the vehicle in terms of radial, 
~r’

and tangential, ~~~ , componen ts becomes:

i~ = (  ~~~-1L +1 cos a)~~r +I  sin a~ 9 (A-3)
r 2 m m

Another expression for acceleration can be obtained by twice

differentiating the position vector , rEr , of the vehicle with respect to

time. The angular velocity of the vehicle needed for the differentiation

is:

(A-4)
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where 9 is the angle between r( t )  and r (t + At) ,  and is the unit

vector normal to the plane of motion. The well-known result  of this

operation is

(i ~ - r ~
2

) r + ( 2 r Ô +  r~~)~~0 (A-5)

Equating components of the two acceleration equations yields the follow-

ing equations:

i& T
r - r - 9  = - ---~- + -—— sin a

- - r’ ri-i

(A-6)

2i ’ O + r ~~ = 1 cos a
m

Three states that may be used in this problem are position, r ,

central angle, 0, and radial velocity, VR. Two of the differential

equations are therefore:

r = V R (A-7 )

Ve = _L (A-8)
r

where V9 is tangential velocity. Substituting these equations plus the

time derivatives of Eq (A-8) into Eqs (A-6)  gives the following relation-

ships:
-1

2
V

R~~~~~~~~~ L.. ~~~~ .iL +1 sin a (A— 9)
r r 2 ~~
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= I cos a - V R VO ( A -b )
m r

The knowled ge that angular momentum is constant during coast phases

of a trajectory provides the motivation for its use as a state. The

equation for angular momentum is:

h = r x V  ( A- i l )

where h is angular momentum and V is the velocity vector. Angular

momentum for coplanar motion is therefore

h = r V 0 (A- l2)

Substitution of Eq ( A - l Z )  into Eq (A-9) and Eq ( A -b ) gives the final

form for these state equations.

Since mass varies with time during thrusting periods, it can be

described by a different ial equation in terms of thrust and effective

exhaust velocity, C.

Tm = - — (A- 13)
C

The state equations for coplana r tr ansfer th erefor e are:

- r = V R

ö~~~~h
- .  r 2

2
sin a

r r (A— 14)
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h = 2~~~cos a

Tr n - —
C

Boundary Condition s

The formulation of the boundary value problem requires that the

values of the states at the endpoints be determine a priori or by the

numer ical algorithm. The initial values of four of the states are spec-

ified by the parameters of the parking orbit f rom which the mission

begins. Those conditions are:

r(0) = r ~

O ( O ) = 0
(A-l5)

4 ~ R ~0

h(O) ~‘5r~

The initial value of the mass state variabl e is unknown in that the

algorithm seeks the maximum initial mass for which a transfer can be

made. An initial guess at this value was determined from the specifi-

cations of the Boein g Burner II vehicle.

It is assumed that the final orbit parameters and the orbit trans-

fer angle for a mission are determined a priori. The desired final

orbit is prescribed by the semi-latus rectum, Pf’ and eccentricity, ef.

For a given transfer angle, 9~, the final radius is given by:

P1
r1 = 1 + e1 cos O f (A- 16)
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The final radial velocity in terms of the specified parameters is:

V r ef sin (A- 17)

Final angular momentum is given by:

- ~~~~~~~~~~~~ (A- 18)

The final mass is not required for solution of the MPBVP as shown in

Chapter II. 
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Appendix B

Noncoplanar Equations of Motion and Boundary Conditions

The equations derived in this appendix can be used for either a

noncoplanar or coplanar transfer by adjusting the inclination ang le

between the initial and final orbits. Much of the work in deriving the

state equations and boundary conditions for this problem can be found

in R eferences 2 and 6 . The general case of the noncoplanar trans-

fer can be seen in Fig. B-I .

zi

Initial Transfer
Orbit Orbit

Y

Final Orbit
• X

Fig. B-i.  Noncoplanar Transfer

Equations of Motion

As in the coplanar case the motion of the vehicle is determined

by Eq (A- i )  which is repeated here:

r = G ( r , t) (B - i)
M(t)
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The gravitational force , G(r , t) is wri t ten  as in Appendix A , but the

propulsive force , F(t) ,  is writ ten in terms of the r -ç1 - O  spherical

coordinate system. Figure B-2 shows the applied thrust  vector F(t )

in the r -# -9  frame.

/ ;
~~~~~~~/_ _ __ _ _ _ _

Fig. B-2 . Noncop lanar Thrust  Vector

The equation of motion in spherical  coordinates is therefore

written as:

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ e~ (B-2)

where

i~ is the gravitational parameter

r is the magni tude of the radius vector -

T is thrust magnitud e

m is vehicle mass

and J j~,J2, J3 are the direction cosines associated with a , P and ~‘

respectively.

66

----- --5—-- - 
-

~~~~~~~~
- 

_ :T; =-- -~~~~~~~~~~~~~~~~~~~ - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



_______ _________

Another  expression for  the accelerat ion of the vehicle is sought

by different ia t ing the position vector twice with respect to time. The

position vector is:

r = r~ r (B-3)

The relationship of the r -4 - 0  f rame to a f rame fixed in the orbital 
I -

plane can be seen in Fig. B-3.

Fig. B-3. Spherical Coordinate System

• The angular velocity of the spherical coordinate system with respect

to the fixed reference frame is: -

W Ô c os r _
~~ sin~~~~~ +~~ g (B-4)

Applying this expression for angular velocity in the differentiation of

the position vector yields the following expression for vehicle accele-

ration :
q
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(B-5)
+ ( 2 i çb.. r 9 2 sin q~cos 4 + r 4 )  ~~

+ (2 i O s i n 4 + r 9  sin 4’ + 2 r 9 4 ’  cos 4’) 1~

Having found this second equation for acceleration it is now possible

to determin e the state equations. Differential state equation s in r , 0,

and 4’ are defined as:

~~= V R

(B-6)

4

Equating like components of Eq (B-2)  and Eq (B-5) yields the following

state equ ations for 
~ R’ V9 and V4 ’ :

= j .._ sin2
4’ + I - .~~. +

- r r rZ m
(B-7)

~~~ ~~~~~ sin4 ’cosi~Sr r in

- 

VRVO 
- 

2V9 V4’cos~ T13 
-

0 r +~~~~~r sin çb m sin 4’

An additional differential equation for the time rate of change of mass

is:

T
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• where C is the effect iv e exhaust velocity.

The seven state equations r equired for the noncoplanar t ransfer  - 
-

are given by Eqs (B-6) ,  ( 13-7) ,  and (B-8) .

Boundary Condition s

The values of the states at the boundaries must be given or the

algorithm must seek their value to give a solution to the boundary value

problem. Initial values which are prescribed as in App endix A are

r(O) =

0(0) = 0 (B-9)

VR (O) = 0

The initial orbit is assumed to be in the 
~~~~~~

, ey plane as shown in Fig.

B-2 . The ang le 4’ is therefore g iven by

= 9°
O (B- lO)

This assumption gives the value of V in the initial orbit as:

V4, (0) = 0 ( B - l i )

The tangential velocity of a satellite in circular orbit is given by: -

V9 (O) = (B - l Z)

r~

The algorithm described in Chapter II seeks a value for the initial

mass of the vehicle1
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The desired final conditions are determined from al gebraic

relationships as in Appendix A. The final eccentrici ty,  e1, sen-ii-latu s

rectum, p~, and desired t r ans fe r  ang le in the plane of the final orbit ,

are given. The final radius is therefore  g iven as:

pf
r( = ‘ ( B — l 3 )

£ i + e f cos O f

In order to determine and 4~ in the initial orbit plan e we must use

spherical trigonometry. The spherical triangle which describes the

relationship between the initial and final orbit is shown in Fig. B-4.

z
/

4’f / Final Orbit

/ 
/~~\\

~ Initial Orbit

1

0 0
Y ( 0 - 90 f~~

0

Fig. B-4. Spherical Ang les for  Noncoplanar Problem

Napier ’s rules for right spherical triangles gives the followin g

r .4ati ons hips :

sin (~o-#j ) = cos (90-i) cos ( 180-9’)
(B- i4)

sin t a -90)  tan (4~J - -4~) tan (90-i)
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Using reduction formulae and knowled ge of 4’0 we can obtain the

required relationships:

= 90 — sin~~ ( - s in  i cos 8’) ( B — l 5 )

Of = cos~~ [tan ( 9 O - 4 ’~) cot i] (B-l6)

it is now required to derive expressions for the velocities at the final

time. The expression for  radial velocity shown in Appendix A applies

in the noncoplanar case as well:

VR = ef ~~sin O’f - (B- 17)
f pf

Where h1 is the angular momentum of the final orbit. Relationship s

for V4’ and V0 can be found by examining expression s for angular

momentum. By definition

h = r x v  (B- 18)

which in spherical coordinates is:

- 

• 

Ii = r V4’e9 - r V9 sin 4’ e4’ (B-l 9)

Another expression for angular momentum in the terminal orbit is:

h = hf S~~fl ~ ~ X + h
f 

cos i (B-20)

Eq (B-l9 )  and (B-20)  can be equated after  the coordinate transforma-

tion between the x-y-z  frame and r-4 ’- 0 f rame is made. The transfor-

mation matrix g iven by three successive rotations of the sp herical

—- 
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coordinate system through ang les of ( 90°-4 ’), 0 , arid 90° will give the

appropriate expression s f or 
~~ 

and 
~~ 

in Eq (B-20).

= cos 0 sin 4’ ~~r 
+ C O S 0 cos 4’~~4’ 

- sin 0~~ 0 (B-21)

= Cos 4~er - sin 4’~~4’

The expressions that result from substituting Eq (B-2 1) into Eq (B-20)

and equating that to Eq (B- 19)  is: -

V9 =~~~~~- (cos i - sin i cos Of cot 4’f ) (B-22)

V4 ’ = -~.i s in i s i n 0
rf

Eqs (B- 13) ,  (B- 15),  (13- 16), (B- 17), and (B-22) are the expressions

required to giv e the boundary conditions at the final time.

-
1
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Appendix C

Derivation of Necessa ry  Conditions

The presence of constraints on problem variables , i. e. mass

and time, at intermediate points (f i rs t  stage cutoff , staging, and

second stage ignition) leads to a set of unique necessa ry  conditions I or

this multipoint boundary value problem (MPBVP). Those conditions ,

as derived by the use of the Calculus of Variations, are presented in

this chapter for a complete understanding of the problem formulation.

Cost Function —

The problem of maximizing the payload of a space vehicle with

a fixed amount of fuel and structure drop-off weight is interpreted as

minimizing the negative of the initial mass. With that interpretation

the performance index, or cost function , as described in Ref 5 is:

J = - m ( t 0) (C-i )

F where in is the mass state variable and to is the initial time. The

in termediate boundary conditions that must be met in the problem

- 

I 
appear as inequality cohstraints on mass and thrusting times for each

of the two stages. Those conditions are:

C — [m(t 5 ) - m(t 5~ )) ~~0 (C—2)
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-I t lmax — ? 0

t2max - (t1 - t 2 ) .~~~ 0 (C-4)

where C is the maximum allowable change in mass at stag ing

m(t 5 ) is the mass just prior to staging

m(t5+) is the mas-~ just after  stag ing

t imax is the maximum allowable time for f i rs t  stage burning

- 
- 

t 1 is the f ir s t  stage cutoff time

t is the maximum allow able time for second stage burning
Zmax

is the second stag e ignit ion time

- tf is the time the orbit t ransfer  is complete.

The end conditions which mus t be met are the desired final values of

the states (except mass) which are specified a priori. They are

denoted by the vector:

~~
. [x(t 1)] (C-5)

where x represents the state variables. The cost function is minimized

subject to the differential equations in the state variables:

f(x ,u, t) = x ( C— 6 )

where u is the control variable.

An augmented cost function is formed by adjoining the above

mentioned constraints to the orig inal cos t function by the use of
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lagrange multipliers. Due to the possibility of discontinuities in the

problem the d i f fe rent ia l  constraints  are  separated into four intervals

in the augm ented cost function. The cost function is now stated as:

J = - m(t~ ) + ~ T 
~ [x( t f)}  + W

i 
[C-m(t 5 ) + m(t 8

+ ) ]

+ 

~~ 
[t~~~~~~_ t ~ J ÷ 

~~3 ~~~~~~~~~ + t 2] +
- ( C-7)

t 1 t;+f A~~~~ (f 1 - 
~~ ) dt +~~~ AT (f 2 *) dt 

—

to t i

t2+J A ”(f 3~~~) dt +J A (f 4-k) at

where ~~ , A , and iT are lagrange multipliers , and Ii’ i I, . . . 4 are

the state equations during the consecutive phases of the problem.

The optimization problem defined by this performance index can

be reduced to an MPBVP by apply ing the necessary conditions of opti-

mality which will be derived from the classical Calculus of Variations.

Necessary Conditions

The necessary conditions are derived by performing a multi-

variable Tay lor ser ies expansion of T about a nominal t rajectory.

Higher order terms are neglected and the f i r s t  variation is set to zero

following the general method in Ref 1 . Variations of the form:
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x(t) = x~ (t) + 8x(t)

u( t ) = u*(t) + Su(t) (C-8)

x(t) = k~~(t )  + 8x( t) -

where ( ) * indicates a nominal point , give the following result  after  a

Taylor Series expansion and integration by part s of the appropriate terms:

&~~~~~~~~ [4’x +A T(t0)] dx ( t0) + [~
T

4’~ ~A T(t f )] dx( t1) +

[xTf 4 - 7r
3] dtf + [ - 1r l~ 

A~~ (t ~~~ dm(t ) +

+ [W
i 

+ Am(t +)] dm(t~ ) + [ ‘ ~z + AT(tpI 1 - A T(tt )f z] at l

+ [1r
3 + AT(t~ )f 3 - AT(t +)f 41 dt 2 - ~T( t )ax(t )

+ AT (tt )dx(t t ) + [A T (t )f 2 
- AT (t~~)f 3] dt 5

- A T( t )  dx (ti) + AT(4) dx (t~ ) (C-9)

-; 
+/ [(A Tf 1 

~T
) 8  + 11 8u] dt

+ f 5  (A
TIZ + ~T) + 

~~ 
Bu] dt 

-

t i

+f
t2

E x Tf 3 + A T) 8~ + 1
~u &u]d t

+j
~ 

[~~~ f 4,~ + ~~~~) 8x + f 4u :u’ dt 
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- Requiring each coefficient of the nonzero differentials in the states

(dx) and times (dt) to be zero y ield the necessary  conditions.

Thr ee classes of trajectories are examined in this thesis. They

are:

Case One--only f i rs t  stage fuel is comp letely used.

Case Two--only second stage fuel is completely used.

Case Three- -both f i r s t  and second stages are completely used.

The necessary conditions will f i r s t  be developed for each of the

specific cases , followed by a listing of the condition s common to all

three classes of trajectories.

Case .2~~• The f i rs t  case dictates that we are on the boundary of

the first  s tage fuel constrain t and inside the boundary region of the

second stage constraint. Examination of the theory of constrained

minimization (Ref 1)  prov ides insight regarding the lagrange multi-

pliers in Eq (C-7). Being on the f irs t  stage burn constraint indicates

that iT 2 is nonzero and being inside the second stage con straint gives

- 

I the value of zero. Burning all of the f i rs t  s tage fuel also indicates

that we are on the boundary of the mass con straint , giving 
~~ 

a non-

zero value. We also know that a complete burning of the f i r s t  stage

gives

- 
- 

dzn(t ) dm( t+) (C-b )
5 5

since the structure drop-off weight is fixed. The resulting necessary

conditions from Eq (C-9) peculiar to case one are therefore:
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H4(t 1) = 0

Xm( t )  = A~~
(t

~
) 

(C- I l )

H 1(t~ ) - H 2(t~ ) = iT

H3(t~ ) = H
4

(t~~)

• where H1 A Tf1 f o r i l , 4

Case Two. For this class of trajectories we are in side the

boundary region of the first stage burn constraint and have met the

constraint for the second stage burning period. Constrained minimiza-

tion theory dictates that iT
1 

and iT
2 

are zero and that ir 3 is nonzero.

Due to the fact that the first  stage fuel may not be completely used ,

dm(t ) � dm(t~ ) ( C-l2)

The necessary conditions unique to case two are:

H(tf) 7r
3

A
~~~~~ 

(t~ ) =A (t~ ) = 0 (C-13)

H 1(t 1) = H 2(t 1) -

H4(t 2 ) - H3(t 2 ) = 11
3

4 I Case Three. The third case indicates that we are on the boundary

region for all three intermediate constraints. The associated

-- - 

lagrange multipliers are 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

zero. The necessary
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conditions becom e: - -

A ( t i = A  (t +) =  71
m 5 m S

H4(t 1) = 71

(C- 14)

H 1(t 1) - H2(t 1) = 71
2

H3(t 2) - H4(t 2) = -

General Necessary Conditions. The necessary conditions that

must be met for this problem in each of the three cases can be deter-

mined from the remaining terms in Eq (C-9) .  Those equations are:

A (t) continuous for all x (C-l5)

H2(t 5 ) = H 3 (t 5 ) ( C — i 6 )

- A~~~~

’(t ~~~ ) ~~ A ( t ) = + 1 ( C - 17 )

~~~~ = A T (t 1) ( C- l 8 )

A m(~~) 0 (C l9)

j1T 
= 

-an (C-20 )a x

= 0 (C-2 1)au

- - 
The equations that correspond to Eq (C- 18) are commonl y refer r ed to as

the transversality conditions. Those equations corresponding to Eq (C_

20)yield the costate equations and Eq ( C -2 l )  gives the optimality condition

on the control.
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Appendix D

Computer Listing of Coplanar Problem
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