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ssimuth - the direction of agproach of the sound mave front, determined by the
projection of the wave front normal on the borizontal plane tangent
to the earth at the point of observation.

diffrection - deviation of sound waves from a normal course in an unobstructed
medium vhen passing the angle or edge of a large body.

drift-increment - the total displacement of the sound wave, normal to its
direction of propagation, within the layer of atmosphere considered.

drift-wind - the horisontal wind component normal to the direction of sound
propagation.

drift-wind gradient - the rate of change with elevation of horizontal wind com-
ponent normal to the direction of sound propagation.

inclination - the angle of the sound wave normal with the horizontal plane
tangent to the earth at the point of observation.

law of refraction - the relation connecting the velocity of sound, wind, and
inclination of the sound wave normal at one point with their values
at another.

locus - a number of possible positions satisfying a given set of conditions.

paremster ~ a quantity fixed for a given set of meteorological conditions, but
varying from ane set of conditions to another.

parametric solution - a solution in terms of the variables and a parameter,
the parameter being constant once the set of conditions is defined.

renge~increment - the total displacement of the sound wave, in its direction
of propagstion, within the layer of stmosphere considered.

refractive wind - the horisontal wind component in the direction of sound
propsgation.
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he rate of change with elevation of the horizontal

refractive wind gradient - t
wind component in the direction of sound propagation.

sound path - :
sond for = the space curve traversed by a point on a sound wave surface.

sound velocity gradient - the rate of change of the velocity of sound with
elevation.

space array - any arrangement of microphones such that all are not in the
same plane.

spcc{fic humidity - the mass of water vapor in unit mass of moist air.
tetrahedron - a solid bounded by four plane triangular faces.

time-increment ~ the time of travel of the sound wave along s particular path
through the atmospheric layer considered.

virtual temperature - the temperature of absolutely dry air having the same
density as moist air at a slightly lower temperature.
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LIST OF SYNBOLS

Additiosal symbols are defised ia the text.

stratification parameter, defined by ratio of sound velocity
grad.ent to refractive wind gradient

direction angles of normal to sound wave front

ratio of specific hest at constant pressure to specific hest
at constant volume

Y as defined above for dry air, humid (or moist) air, and
water vapor respectively

third order determinant
a small positive quantity; angular correction
true azimuth angle from north (positive clockwise!)

cosine of angle of inclination of wave front normal to horizontal
plane

azimuth of sound approach
direction cosines of normal to sound wave front
180 degrees

density

density of dry air

density of water vapor
drift paramseter

angle between two lines

—
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lower and upper boundaries, respectively, of a layer of
atmosphere

velocity of sound in a still atmosphere

constant

specific heat at constant pressure

specific heat at constant volume

third ord;r deterainant

index of reliability (shortest distance between two lines)

total differentials with respect to time and space coordinates,
respectively

sound velocity gradient

virtual temperature gradient (or lapse rate)
refractive wind gradient

drift-wind gradient

partial differentiation

infinitesimal increments in space coordinates
time-increment

range-increment

drift-incresent

depth of atmospheric layer
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vapor pressure

V=1

constant of integration; range parameter
molecular weight of dry air

molecular weight of water vapor

point in space; distance in x-direction between two coordinate
systems

coordinates of origin of one coordinate system in relation to
another

distance of plane from origin of coordinate system; atmospheric
pressure

at.mpheri'e' pressure of dry air
specific humidity
saturation specific humidity (at given T and p)

gas constant, equal to 2.8703 X 10° c.g.8 units for dry air;
distance between sound source and observation point

universal gas constant
relative husidity
distance between two points

time of arrival of sound wave; temperature of air in degrees
absolute

virtual temperature in degrees absolute




t time
L_ Y % v, v wind components in x, y, s directions respectively
u, refractive wind
14 instantaneous velocity of propagation of sound, motion of
; medium included
3
!9, apparent velocity of sound along the horizontal, constant for
L a particular sound ray
vy drift-wind
P |
- Hye Ty grid-coordinates of point of observation
I, 1, grid-coordinates of sound source
: .
*E I. Y, integral of dx, and dy,. respectively
5 % ¥ 8 space coordinates
é %or Yo coordinates after clockwise rotation about Z-axis, of amount
s + 8 of previous coordinate system
’ Lues level of total refraction

:
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A Theory of Sound Propagation Through the Atmcephere and an Applicstion to Sound Ranging

1. INTRODUCTION

This constitutes Volume I of a series of reports dealing with (a) the
effect of meteorological conditions on the propagation of sound through the
atmosphere, and (b) the development of a technique of sound ranging whereby
existent meteorological conditions can be quantitatively evaluated in terms
of their net effect on sound propagation from source to microphone position.
Specifically, it is the intent of the present report to formulate a theory of
sound propagation frombasic analytical considerations, adequate for any meteor-
ological situation whatsoever, and so presented that itmay readily be applied
to military sound ranging on artillery.”

An adequate, though not necessarily feasible, method of approach to
the problem of the determination of meteorological corrections for sound rang-
.ing would be one concerned with an analysis of sound propagation along the
particular path traversed by the sound wave. The concept of the sound path,
or ray, isnot new. For example, Milne® had occasion to investigate an analogous
problem, that of the location of aircraft by means of sound propagation through
the atmosphere. Gutenberg?® and others have been concerned with the abnormal
propagation of sound to great distances, and have utilized the concept of the
sound path in computing the approximate temperature in the upper portion of
-~ the stratosphere. Esclangon®, inapublication for the French Army, has studied
the problem of sound propagation along theoretical lines. The present inves-
tigation, though carried on independently of Esclangon's, parallels his work in
certain fundamental derivations. However, noneof these investigations carries
to a complete solution the net effect of the meteorological conditions along
the entire sound path in a manner suitable for application in sound ranging.
This is due in part to the different nature of the problem with which they are
concerned, and in part toassumptions which are not justifiable from the stand-
point of the accuracies desired in the present sound ranging program in the
U. S. Army. The paramount concern of the present investigation ss the evolution
of theory of sound propagation, sparing no generality wherever this endeavor
is compatible with an explicit solution, yet within Juc. sight of the fact that
its eventual utility can only be that of apractical field sound ranging tech-
nigue. The solutions obtained permit amy manner of variation with elevation of
temperature, humidity, wind direction, and wind velocity, these four elements
considered in any combination whatsoever.

It is shown in subsequent sections of this report that, in long range
propagation of sound, the sound path is somewhat similar to the trajectory of
s projectile. That is, sound propagation through the stmosphere is a three-
dimensional problem. Hence s study is required of the microphone array which
affords means of determining the direction of sound approach. To this end
Section II is devoted to amathematical analysis of the geometrical arrangement
of microphones sufficient to determins uniquely the space orientation of the
direction of arrival of sound.

5.4, Milne, Sownd Noves in the Atwosphere, Phil. Mag. 42, pp. 90-114, July 1021
? 5. Gutenderg Die Schallausbreitung in der Abwsphdre, Mandbuch der Geophysik, Band 9, pp. 89-146.
® 2. teclangon, L'Acoustique des Caone et des Projectiles, Nemorial de L'Artillerie Francaise,

". 7] Pasc.
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The solution of the problem requires slso s knowledge of the velocity
of sound and its variation with elevation. Section III includes s discussion
of equations relating the velocity of sound as a function of temperature and
humidity. These meteorological elements can be determined by meteorograph as-
cents in the atmosphere. The final equations are put insuch form as toutilize
quantities used in current meteorologicasl practice.

The nonhomogeneity of the medium of sound transmission, viz., the atmos-
phere, isconsidered in Section IV. The general equations of motion are derived
{;r":tlu propagation of sound in such s medium, after the manner of development

ne.

These equations of motion are rendered to an explicit solution in
Section V for the case of a stratified atmosphere. A technique is introduced
in the integration of the equations of motion which permits of parametric
solutions for the time of travel of the sound, and for the coordinates, x, y,.
s, of a point on the sound wave front at any position along its path of pro-
pagation. As s consequance the method of analysis, with but slight modifica-
tion, lends itself to the employment of graphical or mechanical devices? ob-
viously advantageous in that laborious computations are terrinsted once tne
parametric solutions are adequately represented.

Certain simple cases of stmospheric stratification are considered in
Section VI.

In Section VII a mathematical solution is derived for the position of
the sound source. The solution leads to the determination of a parameter which
may beutilized as an index of reliability for the ranging operations performed.

No attempt has been made in this preliminary report to incorporate
correction terms for the time of travel and the range and azimuth of the source
of sound due/to abnormally high sound velocities in the vicinity of the sound
scurce, when that source is an explosion of considerable magnitude. Treat-
ment of this phenomenon is deferred until such time as the essentials of the
theory herein are put to rigorous test.

Some extensions and applications. of the basic theoretical deductions
contained herein, particularly in regard to the tactical utility of meteoro-
logy and forecasting for sound ranging and artillery fire, are tentatively
proposed to form the substance of Volume III of this series of reports.

4, g11de rule for determining Meteorological COTTeOtions for Soumd PrOPagAtion tArOugh e9ece hes desn
devised, and will de diecussed in Volume II of thls eeries of reports.

10
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A Theory of Sound Progpagation Through the Atmssphere and an Agelicstion to Sewnd Ranging

1. THEORY FOR SPACE DETERKINATIOR OF THE
DIRECTION OF SOUNO PROPAGATION.

I. Direction Cosines of Normal to Sownd Wave Front.=—Consider a left-

handed coordinate system as in Pigure 1, and an element 45C of any plane,
whose normal P¥ has the direction angles
i a, B, Y with the pocitga I-, Y-, and
” \{ Z-axes respectively. we set A = cos a

Faren) 4u=cos @B v=cosY, then A, u, v become
the direction cosines of the normal to
the plane 48C, and the equation of the
plane is given by

Ax +uy + vz =09, (1)

where » is the distance along the normal,
passing through the origin 7,, to the
plane. If now P,. P,. P, are any three
points in space, and it the direction of
propagation of the plane is invariant
over the dimensioas of the tetrahedron
formed by P,, P,, P,. P,. then the dis-
tances from the origin, #,. #,. #, Of the
planes parallel to 48C throug‘: points

P,. P,. P,. are given by equation (i)
witn fhe Coordinates of tne given points
substituted for x, y, s. However, if V is the velocity of propagation of the
plane 4BC along the normal, and if we let the arrival time of the plane at 7,
be T ’ llﬂ T‘- T..r at P,. '.o ’. mti”l,, then 9, = '(f‘—f°).
ps= W(T,-1,) p,"= K(1,-1,}. and we tave tte ttree equations

x A+ y.u+ev=V(T-T)
XA+ YU+ Ey '(T.-T,) (2)

T A+ ygu + 24y = V(T,-T))

We can nou'consgder , W, v variable, though subject to tnhe trigdonometrical
relation A" + 4" + v’ = 1, and solve the equations (2) for A, u, v in terms of
the coordinates of P,, P,, P,. arrival times T,, T,. T, T,, and V.

The condition that there exist a unique solution for ), u, v of equa-
tions (2) above is that

b= |=x, vy, 5,| #0. (3)
s Yo %

If s, =3, =38, =0, then D = 0, so that the condition that equations (2) have

a unlqne lolut!

on reduces to the restriction tnat any one of the points P,,
Py, Py, P, must not belong to the plane of the other turee. T 5

1
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Provided that P,, P,, P, are so chosen with respect to P, that the
condition D # 0 is satisfied, we can write

I-T, v, =
A = % r.‘ro ” .’ ’
To-To v, 3,

1 T,-T, =,

b= % ’. r.-To .. . r (‘)
*s T-T, =,
% vy Ty-T,
and V= -g %e Yy Ty-Tof.
s ve To-Tp

Thus if we can determine ¥, we have a unigue solvution for A, u, v. This we
can readily do by means of the relation \f + u* + V! =1, or

-7, v, = . x, T-T, =, ¢ x5, ¥, I,-T, §

-5 Te-To Ys 3| + bz; o Ty-T, 24| + 5; X Yy T| =1
Te=T, ve 5 s, 1,7, = x, 1y T,-7,

from which
D
(s)

I-To v, 8| |% T-1, =, X, 0y, TI-T, X

+ To-T, vy, 3| +|%x, f.-l’o 5, +|x, v, Ty-T,

V To-To 7o 5 xg T-T, 3, X, vy Tg-T,

Hence )\, u, v can be determined uniquely in terms of determinants of
order three formed by elements contained in any square array of the system

x5 0y, 2 I-1,
% Yy 2, T-T, |-
s Yo 2 T,-T,

so that the direction of sound approach is independent of the velocity ¥ of
the wave front.

2. Aziewth and Inclination of Sound Wave Front.—It is possible to convert
the direction cosines )\, u, v defining the position in space of the normal to
the wave front, into an elevation angle and an asimuth angle. To this end let
0 be the angle between the positive r-axis and the projection of the normal A¥

12




" are immediately applicable to sound ranging technique provided the

-the trigonometrical relation \* + u® + v* = 1,

.~ tion snd velocity over the dimensions of the space

A Theory of Sound Propagation Throwgh the Atmcsphere and an Applicstion to Sound Ranging

on the IY-plane. Consider @ positive when measured from the Y-axis towards
th’a positive J-axis. Then from Figure 2 we see that

Y t..g:f!-’!:f!ﬁ!
PyPy PoPy
(¢)
= Pl goss - 2,
I;Pcosa v

Hence @ = arc tan )i, and we have thus de-
E termined the azimuth of sound approach as
the projection of the normal to the wave
front on the plane tangent to the earth at
- ») origin P,.
: *<FIGURE 2.

Since v is the cosine of the angle between the positive Z-axis and
the positive direction of the normal to the wave front, it follows that

cos"VI-y® is the angle of inclination of sound approach with reference to the
plane tangent to the earth at the origin P,.

Application to Flield Operations.—The above theoretical deductions
restric-
tions for a unique cathematical solution of the equations are observed. In
equations (2) above, we have the four variables A, u, v, and ¥V, but by use of
we can reduce the number of

are required, one at each
at Py, %0 determine the
As pointed out in sub-

variables to three. Hence three detector microphones
of the points P,, P,, #,, and an additional microphone
time 7o that the sound wave plane passed the origin.

* gection (1), the positions of these microphones must be such that D # 0; in

other words, all four mi¢rophones must not lie in the same plane.

In addition there are a few other limitations on the placement of the
microphones. In the analytical treatment above it was assumed that the di-
rection of the normal to the plane remained fixed, and that the velocity ¥
along the normal remained constant, over the dimensions of the tetrahedron
formed by P, P,, P, P,. Thus, in order that the assumption of a plane wave
front be Juﬂiﬁed and that the velocity not vary over the detector spread,
the dimensions of the space array should be small compared with the range over
which the sound is propagated. On the other hand, the detector microphones
should be placed far enough apart so that the time differences so secured will
be large compared with the errors in determining the actual time of arrival of
the wave front. Also it is desirsble, though admittedly not always feasible,
that the vertical dimension of the tetrahedron formed by the four microphones
be as nearly comparable as possible with the horizontal distances between de-
tectors, for the same reasons as cited above. It thus follows that for a
given range and for a given set of recording equipment there is an optimsm
space array whose minimum dimensions are set by the accuracy of the equipment
in recording the time of arrivals and by the accuracy to which the record can

" be resd, and whose maximum dimensions are set by the range over which operations

wave and invariance of its direc~

are made, 80 that the assumption of a plane
array bea justifisble one.

13
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110. THE TREORETICAL '!l.:.ﬂ'" oF S08ND

8. The Velocity of Sound In Ory Air.—It nas been shown by theoretical
considerations, snd substantiasted by experiment, that the velocity of sound

in & ges is given by
‘Vy e,
e = s -

wvhere » is the pressure, ,thdmuyo{zhc ges, and c, snd ¢, sre the
at constant pressure and st cofstant volume, respec-
tively. If now the gas is an idesl gas, then its equation of state is given by
T is the m:uu temperature and R is the gas constant appro-
ve

i
g
&
3
g
{H

5‘
£
3
B
5

s=/TERT . (7

Alr is essentislly a mixture of gases, of which oxygen and nitrogen
socount for about 908, and apart from varisble water content and lucaljsed
pollution in industrisl regions, re can regerd sir (st least in the lower atmos-
phere) as s uniforn mixture and sn idesl ges, haviang the same equation of state
ss o single idesl m but a gas comstant which is s properly weighted srithmetic
mean of the iadivi ges constants of the present. Thus we have
Y = 1.403 snd R = 2.8708 X 10°® c.g.s. units for dry air,* so that the velocity
of sound st 0° C. as given by equation (7) above is 331.57 meters per second, or

962.61 yards per second.

8. Effect of Water Vapor on the Velocity of Sownd.—=let ¢ be the partisl
, pressure of the wvater vapor; then the equation of state for water vapor can be
written

035-"-’. T, (o)

' where =, = 18, the molecular weight of water urt‘._‘c'mdmnyofnm
vapor, sad T the absolute temperature. Siailsrly, equstion of state of
r can be written

Pe = ff pe T Lo
vhere », = £8.08, the subscript ¢ referring o air completely devoid of moisture.

Froa the int of view of the meseorol 10 cohveaient to express
the mtofmirmu in m.muowwg. o as the specific
sumidity, and defined by the relation :

. .. i (10
_..m . ”

Sraises temm from Brent, Mysicsl end Ausiont Mteorviey, 205 > ® wa

14
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A Thoory of Sound Progagatien Throuph the Atacephere and an Applicstion to Sewnd Ranging

Substituting for o sad p, from equations (s) snd (9) we have

qz-—.g!—:.:‘ 1
Pe + P, R'Tcs!+,!nl
gEyr R T
em e m

» £ »
em, +p,m; enm + (p-¢) m,

» being the actual atmospheric pressure and equsl to p, + e. We can write
further

®a
g R i (1)

. But

= = & &
{ 4 ‘+’¢ -'p.T+-‘paT
=81 e
", [-' Pyt pa] p
Mllmp-p¢+p'. we have
p=Ral (1,4 Rty
"4 n, P
= Blal [1+0.69]. (12)
Ll
Thus for air at temperature T having s juantity g of water vapor present we can
use the same equation of 'state as for perfectly dry iir at a temperature T/,
wvhere T’ = T(1 +0.6q). The juantity T/ as here defined is the virtual tem-

persture.

Por an atmosphere not completely devoid of moisture we can therefore
write for the velocity of sound,

e = /"'7 {1 +0.6q) , (13)

where Y, is the proper ratio of the specific heats for the moist air mass
considered. If the water vapor is uniformly distributed throughout the air

15
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mass, we can write

where the subscripts ¢ and w refer to dry air and water vepor, respectively, at
tengerature T. The ratios P,/m,, P./m express the number of moles of dry air
and water vapor, respectively, contained in unit volume of atmosphere. Now

by substitution
P, + e o . oy
¢=_\%h_‘_r_= (YQ;:.*Y'::,&BI
= ]
. _\/(v‘ 0 + %, 390, § Ky

P.p n, P ¥
=_\/Y‘T-!+Y,;-:-°!) E:r

=.\%,[1+(;—";!-1)q]§r. (%)
a

in the absence of the value cf Y, at atmcspheric temperatures, we can
use its value 1,324 at 100° C. for the purpose cf determining the coefficient
of g in (1¢). Thus

Y. =
- wl - =1;.221ﬂ-1= ,
Voo, " T40ss i

Hence

P =.\/Y, &7 (1 + 0.5099q) . (15)
"

Fquation (15) expresses the velocity cf sound as a function of the constants Ye
and R'/m, for dry air, and the variables ataospheric temperature T and specific

humidity ¢. Ve can re-write (15) as

o =_\/v‘ f.ir ((1 + 0.6q) - 0.0901q)
q

=_\/Y. L1 - o.0001em)

where 7' is the virtual temperature as defined by (12), and -0.0901¢f tae cor-
rection term due to the slight variation of Y with varying quantity of water
vapor in the moist air mass.

The specific humidity ¢ in the stmospbere will et mest be .0¢ (this in a
saturated atmosphere at temperatures around 100° £.), ly about .vif at
normal summer temperatures and humidity, and a deci smaller value the lower

16
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the temperature, pressure or humidity. The correction term 0.0901¢T on T’ will
therefore be very small. For ¢ = .04, the most extreme case, the correction is
1.1° C. for an air mass completely saturated at 3§° C. at sea level pressure.
This corresponds to an error of about two feet per second in the velocity of
sound, or an error of .18 of 1%. At normal summer temperatures and humidities
the error is about 0.4° C., or about 0.068 of 1% in the velocity of sound. This
error steadily decreases with decrease of temperature, humidity and/or pressure.

It is therefore obvious that, toa gocd approximation, we can use for the
equation expressing the velocity of sound as a function of tesperature and humidity,

e =-‘/;R1‘ (1 + 0.6q).

where Y and R have the values given in sut-section (%) above ana T(1 + 0.4q) is
:he virtual temperature, a quantity much used in meteorological calculations.
Since ¢ = g4y » v“here g,,. is the saturation specific humidity at temperature T
(and existing pressure), ana r the relative humidity, we can write

e =_ [YRT (1 +0.6845,; 7). i (1e)
or \*; a = 9_.0.0‘3 Gl '(:f'
a = 21.946 /17 yards per second. (17)

Equation (16) is the most practical expression to use in connection with dsta

by atmospheric soundings, insswich as the Tunuun T, qgep» (3 func-
tion of T and » only), and r are resdily computed.® At best the correction on
the velocity of sound for the presence of water vapor in the atmosphere is a
negligible one. It is to be noted, however, that since the gradient of humidity
in the atmosphere may be of considerable magnitude in certain instances, the
additive effect of the humidity gradient to the temperature gradient is to be
considered in connection with the refractive properties of the atmosphere.
Equation (i¢) indicates that the applicstion of the humidity correction is s
very simple procedure. As a mstter of fact, the proper evaluation of elevations
from staospheric soundings requires the virtual temperature correction, and
therefore the data required for ejuation (16) is immediately at hand. Atmospher-
ic charts are svailable with the virtual tempersature correction indicated there-
on.

Por couvenience of reference, a chart of the virtusl temperature

correction, 0.67 q,,, for satureted air st given values of temperature and
pressure, is given f2 Appendix A, page 67 , of this report.

‘nuuummq:r%rmmmorcmn-mmmp-ot-mur.

S [
1n 1¢ meteorol 1t 10 custemary to ¢XPreas ¢ &8 the mmbder
- Ry - e ' st - alie
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. IV. EQUATIONS OF MOTION FOR THE PROPAGATION OF SOUND

6. Differential Equations of a Sound Ray.—It has been shown in the above
that tho velocity of sound in still air is essentially a function of tempera-
ture. Since temperature may vary over all space, then in general at a point
P:x, y, = the velocity of sound is given by a(x, y. s). If the air is in
motion there are to be considered in addition the components of tne velocity of
the medium, given by wu(x, y, 2), v(x, y, 8), w(x, y, 8). If A, u, v are the
direction cosines of the normal to the wave surface at P:x, y, s, then we have
for the equations of motion, as indicated in Figure 3,

§§=xa+-: g=u¢+w §f="""“" (18)

Equations (!8) represent, in general, the differential equations of a family

" of space curves? in the atmosphere. We can define a sound ray as one member of
this family of space curves, where each member has an appropriate "ground value"
Aos Wgs Voo and a unique variation of A, u, v along the ray.

7. Variation of Direction of Propagation along the Sound Ray.=The space
variations of &, v, v, and w can be determined by sufficiently dense meteoro-
logical soundings of the atmosphere. However, to integrate equations J18) we
also need to know the variations of A, u, v with x, y, = along the ray. To this

y
f e Front i
|
s N
1 7
' ’ //)'
i AL 5
] / ’
/ wind v
2 AL AT g
P5r® ks iy i
: &
FIGRES . ‘' FIGRE4
X X

end consider two neighboring sound rays, as A3 and 4’B’ in Figure 4, an in-
finitesimal distance apart. Let SS’ represent the surface of the wave front,
and P:x, y, s andP’:x + 6%, y + &y, 8 + &2 two neighboring points on the wave
surface at time t. Then we have for an infinitesimal variation over the
surface,

Sore accurs ted, these curves are spece curves Om condition that ¢ and rywhe

cont inuous ;:H!:==l‘lﬂl traversed by esch uﬂ?o..Hlﬂiﬂlrilllﬂﬁl'l’:h|Jﬁl:kéz;::lﬁ=hlh i

the spece curve will an angular poiat; and therefore may, by Ofy with the two-dimensiomal

case, Do called o apece curve. i

m,-n treatmsait Of the @emeral eguations Of soumd propagation, see Stewart end Lindesy,
ics, 1800, Do Si-Sle.
18

"SECRET




A Thoory of Sound Propagation Through the Atacephere and an Application to Sownd Ranging

M=A.+-+a(x¢+-)=§+§;(&)

at
LU +80) = o + v 4 Bus +9) = §2 + L&) e

U £80) = va 4w+ 8(ve +) = 48 + $5(60)

Subtracting corresponding pairs of equations in (18) and (19), we have

g;(&) = 5(2s + ) = 8 g;(» +u) + 8y g;(x- +u) + 68 g—;(xa +u)
};(w)=a(m+v)=&§;(m+v)+6-§;(ua.+v)+6sg;(m+v) (20)

g;(&) = §(va + w) = 8s g;(vc +w) +5x g:(va +w) + 5y g—;(va + w)

Differentiating the relation

ASx +ubdy +vEs=0 (21}

with respect to time,
d du gy d_ 4 d £ 0. 22
“&+“6’+“6‘+A“(6:)+u“(67)+v“(68) 0 (22)

- Substituting from (20) into (22), we have

5N dy . A 4 a
“&'I'gbr*f.“bli'h&a’(lﬂ""l)+A6¥a’(l¢4")+k6¥0.(kﬂ"'“)
2. 2. 2
+u&!'(ul+v)+u688.(u¢+v)+ubxax(un+v)
2 2. £
+vblg;('v¢+u)+v&a‘(w+w)+v6y8,(vc+w)-0. (23)

We can write (29) as

“.&ntx&g;(mq--)+u5:g;(u¢+v)+v6:g;(v¢+u)
a
+#u+hwg;(u+-)+ubr,’(m+v)+vbyg;(v-+v)

+‘1§ 8 + A a-g-.-(»n) + u&cg-.—(u-n) +vbs g-;(v-w) = 0. (29)
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We can write 3 (\a + u) - 2_(Aa) + 9u , and similarly for corresponding ex-
dx ox ox
pressions in (24) , so that

d
Pt IR T K gate) ¥ 0 L) 4 ()
dy du av gw a. o o
+ 88 &y + &y 9Y . +uay +v8y +Aay(xa) +uay(u¢) +"ay("“)]
dy Qu av a_ a_ : a_ =
+ 2o + 52 A as+”az+"g§'”‘az("“) +u () + v &(va) 0. (25)

It is possible to write A 8_(Aa) + u @_(ua) +v3d_(va) more simply.
ox 9x dx
Consider & = f(x, y, z) and A = F(a); then @) - gA da . Hence
dx Qa dx

A g;()\o) +u g;(ua) +v g—;(va)

A SR B8 ¢ x RE) b o SRy BA] 4 4 o OX O 4 v B

Q_+a[AQAL pou da 4, 3y 39
da Ox da 0x da 9x

=Qa N - da
g [1+a(Aaa+ugl:+vg§)]

Substituting in (25),
5x [51:+g-:+)\%+ug’;’+v%';-'1
+ &y [%‘:+g¢;+)‘g$+ug—;’+v%’]
*5’[3",“'35”3"2”3';'”3';']=0- (26)

Equation (26) must satisfy the relation (21) , so that the terms in the brackets
in (26) are proportional to A, u, v, respectively; or

l_aa_a_ y
A [dt + oe T A +u Q. +v a—]

v

=ﬁ[—“+§-+;\dﬂ+ua—+vﬂ&']

dt (27)

=d [dy 4 da Y
v[dt+al+kg%+ugl+vg.;’]

20
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A Theory of Sound Propagation Through the Atmcsphere and an Application to Sound Ranging

" Equations (27) give the variation of ), u, v along tbe sound ray in terms of

the gradienvs of a and u, v, w, and therefore implicitly in terms of x, y, =
The six equations (18) and (27) are sufficient to determine the position in

space of all sound rays emanating from a given source of sound. It folloms,
then, that the source of sound can be located as the intersection of any two

particular sound rays.

In Section II a method was indicated whereby the boundary values
Ao Wgs Vo Could be determined for the particular sound wave front incident
over the detector spread. It is the purpose of the following sections to sug-
gest a tecunique whereby equations (18) and (27) can be rendered towards an
explicit solution, once the "ground vhlues” A,, u,» v, 8&re known.

21
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V. THE PROPAGATION OF SOUND IN A STRATIFIED ATMOSPHERE

It was mentioned in Section IV that the source of sound can be located,
as the intersection of any two particular sound rays. The nature of equations
(27) however, makes it difficult, or at least very tedious, to solve two sets

of six equations each, as given by (18) and (27)

A decidedly simpler approach to the problem is to trace each par-
ticular sound ray through the atmosphere, making use of the law of refraction
and the variation of a, u, v, and w with space (meteorological corrections),
and thereby determine the distance of the sound source from the space array
and the angular correction to be applied to the observed azimuth of sound
approach at the space array. A similar procedure for another space array
suitably placed will determine a range and corrected azimuth for that
array for the same sound source: and the intersection of the two corrected

. azimuths will locate the sound source within narrow limits, provided thaj

due allowance is made for the difference in elevation of the sound source and
the origin of the reference coordinate system.

8. Equations of Motion in the Stratified Atmosphere.—Let us assume that
as a first approximation the atmosphere is stratified, or in other words hori-
zontally homogeneous, in the lower portion of the atmosphere through which we
desire a detailed analysis of sound propagation. Then w = 0 and u, v, and a
are functions of = only, so that under these conditions

Q!:ﬁ!:ﬁ.".:ﬁ!:ﬁ.‘.:ﬂ!:o;
9x 8x 098y 9y 9x 9By

and accordingly equations (18) and (27) above simplify appreciably to

dx - s dy = Ol
,\¢+u.“ un+V.“ va;

dt
S a
Integreting 1 dA = 1 dy , we have
Adt udt
log A= log u+k.
or ‘ 5

l = constant.
3

Referring to equation (6) in Section II, it is readily seen that the condition
Mu = constant is simply the condition that the azimuth of the mormals to the

wave front surface be the same at every point of the ray.

“As determined from a contour mep in the vicinity.

22
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-9+ The Law of Refraction.—It is thus possible to further simplify our
equations of motion by choosing a coordinate system such that for a particular
ray p = 0; or in.other words, so that the normals to the sound wave surface at
every point of a particular sound ray be contained in any of the family of
planes parallel to the fZ-plane. This involves simply a clockwise rotation®
about the Z-axis of our previous coordinate system, of amount ™ + A , where

2
@'= arc tan A /u, . The direction cosines of the normal to the wave surface

with reference to the new axes are/i-v¥, 0, v, since v remains unchanged during
the specified rotation. Equations (28) can now be written

dt dt t (29)
Y e T e =4 da —7 du
L T < 4 de 4 /T

where the subscript @ refers to coordinates of, and components along, the new
coordinate system. :

Consider now the last equation in (28) . Tnis can be written as

d_ oo = [IF dy  /3=T da | 1=y dug (30)
dt v dt v dz v dz
But
d Ta¥ =4 _=2y dy
dt/lw 2/-1-:-\,1&'
so that e

Substituting in (30) we obtain
Ty _ _l=ytd i 4 =T da 1oyt dyg
g-tll-v_ v dt ot v dz+ s

A

d_ /imo¥ = /I [d8 4 /ISVY due) . (31)
& VIV = v /I=V¥ [d'+ 1-v ;o]

.* shall sdopt the comvention that the positive f-axis of the coordinate aystem after rotation point
in W

the direction towsrds which the sound is being propegated. This convention implies that ji—

t
will slways De positive independent of the sign of v.
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| & From (29) wo have 42 = va.
, Hence
| 4 /i - 5 (de 4 7 dk) (32)
dz a dz ds=
Clearly
f - VIS 42 - L/
8 _( a ):
‘ ds’ To¥ 1-v
s 1 d d
= = .—:-if—v,a-;/f-—v'. (33)

But from (32) we see that

dz 1-v* dz JIvT
so that
-4 _ a8 _du 34
a5 i _ (3w)
Integrating we have vyl e
z
- d( a = du_ ,
t!‘ /I-VE *
0 “.lo
p or
—Bo— - 8 _ =y_ - [u X
It /i el ()

where a, v, and w, are functions of =.

Equation (3%) is the general expression of the law of refraction when both the
temperature and the veloci‘ of the medium are variable.

In Section II theic was indicated a means of determining ¥V, the in-
stantan®ous velocity of sound at any point of the sound path, knowing only the
space coordinates of the detector microphtones and the arrival times of the
sound at each detector. If the normal has an angle of inclination to the

borisontal arc cos YI-v¥ , then clearly the spparent velocity of sound along
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the horizontal will be __F¥ _ . ‘The velocities V and a are thus related by the
VI-V'

equation

_l— = P - + -. » ‘..)
/I /I
S0 that the law of refraction can be written
e ey | g - (27)

VI-VY '““bl

For a particular sound wave front incident over a space array as detailed
in Section II, the "ground valuss" \A,, u,, v,, and F, are readily determined.

. Choosing the sound ray which passes gnrough ua.orig‘in of our coordinate sys-

tem, we can apply equation (87) in determining the inclination to the bori-
zontal of the normal to the wave surface at every point on the ray, provided
that o and w, are known functions of s. If there exists a level at whict

v1-v¥ = 1, then the sound wave is totally rofracted'at. this level.

10. General Solution for the Point of Total lefnct.lon.—hat us consider

in detail the case where tuere is'a level 2, such ttat: arc cos VI-V¥ = 0.
Then for the particular ray we are tracing, we nave tne two boundary condi-
tions

"

A=VIsg s ow=0: v

and A=1 ¢ wu=0;: v

Vo 8¢t 2 =0,

]

0 ot 'g=2

e
Letting ¥7-v¥ = 1 in equation {37) we obtain

DORS NS (39)
e

which is the implicit aolutidn for the level of total refraction .Z. .

We can now proceed to integrate our equations of motion® (29) as follows:

'%-E+b

. v veé
so that Lt A
ds
-1, = tin X ds 4 Lin . ¥ (29)
v ve :
£+0 £
0 0

%o level of totsl refrection is the level at which the sound ray becomes horizontal es s result of
Sending Of the sound rey toward & borizontal plane.
the

e ive u= 1n the left-hand member of (30) 1s introduced to properly locate the position of the
source in of the reference coordinste systes appropriste to the szimuth of sound approsch.

25
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Similarly,

Zaaz " €

- Y. - [i.ﬁ.._dl . (v0)
£%0 va
0

It is to be noted that the integration with respect to z is performed just up
to the level Z, ., as the integrands in the expressions, for - I, and-l, are not
defined for Z,,,.- Tue coordinates ({,. Y,. Z,,,) represent the point of total
refraction in the atmosphere of the sound wave surface whose normal has an
azimuth @, and which is incident to the plane z = 0 at (0, 0, 0) at an angle
arc tos v,. It is to be noted that for sound rays incident to the plane

s =0 at 20. 0, 0) at angles other than arc cos v,, the point of total refrac-
tion will not be the same as for arc cos v,; in general, each sound ray will
have its own characteristic point of total refraction. Further discussion of
total refraction of sound waves is left to a more complete analysis of the
refraction equation in connection with audibility and zones of silence.

Equations (3%) and (40) are not immediately integrable, since a, u,,
and v, are complicated functions of z, depending on the current state of the
atmosphere as regards temperature, humidity, and wind. Moreover, v is a func-
tion of these meteorological elements and hence also of z. It is quite obvious
that, even if a, u,, v,, and v were known functions of z, the integration of
equations (39) and (¥0) would still be a hopeless task in the majority of cases.

1. Generalizations Regarding Integration by Successive Layers.— If we
write our differential equations for sound propagation in another form, in
particular, differentiating with respect to the cosine of the angle of in-
clination of the normal to the wave front (which varies with s and u, and
therefore depends implicitly on z), we obtain a set of equations which are
immediately integrable providsd only slight and justifiable assumptions are
made. We proceed as follows:

From (31) we have
d VIV =v/1-_v'[§2+/1——_\7'§-'£o'l,
dt dz dz

so that

dt = d_y1-y (%1)

Vi) VIV (82 + /I ':':"]

If we clioose our interval of integration so that da and dugare constant for

dz dz
this interval, then equation (41) is immediately integrable. Let 4 represent
the lower boundary, B the upper boundary, of a layer of atmosphere taving these
properties. Then the time of travel of the sound wave along the unique path de-
termined by the angle of inclination of the wave normal at the lower boundary of
the layer and the values of temperature, humidity, and wind throughout the layer,
is given by the integration of equation (%1) above, between limits determined by
the valuesof the variable of integration at the lower and upper boundaries of the
given layer. Before integrating, however, we need to inspect the integrand for
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singularities within the interval of integration, and test such improper
integrals for convergence.

If, further, equations (39) and (40) are expressed in a form similar to
(1) the integration for the coordinates I,. Y, of the point of total refraction
can be accomplished by first integrating individually for each layer of constant
da/ds and dugy/ds, and then summing the increments of these coordinates for the
various layers traversed by the sound wave.

Let us first simplify the appearance of equation (%1) by the sub-
stitution of new variables and parameters. -Set n = vI-vY, the cosine of the
angle of inclination of the wave front normal to the horisontasl. Furthermore,
since the interval of integration is always chosen so that both gg and

ds ds
are constant, we can set a = 98/d8_ o5 that a is likewise s constant for any

dug/ g,

i
interval of integration chosen 1n conformity with the above. The term 52 is

the gradient of sound velocity in the vertical in a still atmosphere, and since
a = 21.946v/T' as given in equation (17) , it is clear that

da _ 10.973 4T’ | (v2)
dz /F dz s X
where 7’ is the virtual temperature, expressed in degrees absolute. The tern
dT /dz therefore combines the effect of both the vertical temperature and
humidity gradients on the variation of sound velocity with height. Provided
we substitute for vT7 in equation (42) a properly chosen mean value for the
layer, it is evident that the condition 4 = constant will be very closely
approximated by a layer of atmosphere with constant gradients of virtusal
temperature and wind in the vertical. Thus from the standpoint of the meteoro-
logist the choice of the intervals of integration is greatly simplified; as a
matter of fact, the present method of evaluating atmospheric soundings furnishes
all data, excepting wind data, requisite to an immediate determination of 4 ,
and hence also the intervals of integration for purposes of the proposed
sound ranging technique contained herein.

We can now write equation (4t) as

d o aile g O g,
" du T
25° VI-n" n(a + n)
or
ty "8
dt = ;1_ ORRNE. .. NI (v3)
- vIen® n(a + n)
tA 1\A

The integrand is unbounded for n=41, n=0, n=-a , If n = 0 at any point of the
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sound path, then in consideration of the assumption of horizontal homogeneity,
1t is obvious that the sound path must continue to extend vertically indefinitely.
Clearly, then, the condition n = 0 does not enter into the solution for the
sound source. In view of cur choice of the reference coordinate system, n
satisfies the condition 0 < n < 1 always. The condition n = 1 occurs only at
a level of total refraction, at which the integrand of the right-hand member
of equation (43) becomes unbounded; but on application of the Cauchy "j -test”
for the convergence of an improper integral over a finlte interval it can be
shown that the integral in (¥3) converges absolutely, over any interval in-
cluding n = 1, provided that at no point of that interval y = -q. The condi-
tion n = -4 can only exist when o is negative and |a|< 4. Applying the Cauchy
"y -test" it can be shown that if p = - at 3 point over the interval of in-
tegration, then the integral in (43) does not converge absolutely. The signi-
ficance of the condition y, = -q will be discussed in a later section.

{2. Parametric Solution for the Time-Increment of Travel.-Restricting our-
selves to intervals at no point of which n = -« , we can integrate equation
(v3). By use of formulas #228 in Peirce's A Short Table of Integrals, we can
expand the integrand in (43), 3as follows

SN CERATL  DeTe  Te "
/E’,’n (a +9) © nv1-1 & J (a+n) vVi-n

so that by formula #129 for the first term of the right-hand member in (ww),
and formulas #195 and #196 for the second term, we obtain

1 1op 2 Lt anvI-g” /1-n', if |‘,,|<11
/1--(1' nta
s 4
Iz- A
1 arc sin Ltan .5 |o|>1
| Ya™-1 nta ]

where At,, represents the length of time required for the sound wave front to
pass through the layer, from the lower boundary 4 to the upper boundary 3,
along that particular path defined in differential form by ejuations (29).
From the nature of the solution for the time of travel it is clear that the
length of time is determined uniquely given only (a) the values of the angle
of inclination of the wave front normal at the boundaries of the layer, (b)
the values of the vertical grudients of virtual temperature and wind component
in the direction 6 throughout the layer, and (c) the mean virtual temperature
of the layer.

13. Parametric Solution for the Range-increment.—From (29) we have

d e Slouy
ﬁo-ll-v a +ug .
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_ With the aid of equation (31) we can write’

S R T L R
dvIvT v /T.‘v'(gf + VIV g:o)'

or more conveniently,

b

- dﬁo = ——m—‘t—-o——‘ . (“)
dn %. vInT n(a + n)

For the layer AB we have

Ty ny
lldr =4 J—ne Xu, 4 (v7)
9 n .
g f""'z-n n (o +n)
z, n

A

A
Obviously, Before we can perform the integration indicated in (47), we need
to express ¢ and u, as functions of n. These relations are readily secured,
since, by choice, dg = C = constant, 3nd by equations (29),

dsz
.4.5: 1-!
-
Thus
Q:C =
at /1.7\'6
da = ¢ /TT dt
a
: = C Iy :ﬂ -
T-nY n(ge §
Vi-q n(d'+r\;?)
d
(v8)
n (@ +1n)
For sll intervals at no point of which n = « ¢ , equation (v8) integrates
readily to
log a = - log @10 + log &, (v9)
n

where log k is the constant of integration. Clearly, (%9) can be written
73ee footnote 6. page (25) .
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more compactly as

a atn- ¥ (50)
which expresses a 3as a function of y and of the constants « for the given
layer and & for the particular path in that layer.
Substituting in (50) from the refraction ejuation (37) we find
VO
<— 2 ue) ('1 + ”) = k ’ (5‘)
v
\O
so that
14
u - =l - Pk 1 x
2 n o+ n (52)
n
Substituting in (47) for a and ug from (50) 2nd (52) we have
i 1)
s At ¥ k
D 4+ = o
o+ Blar
- f dzxg = dl' —2—, Le L
Cug v1-n® nla + n)
dz A - 7
i s L
LFE (N dn el Ions dy |, (53)
2
n, d2e F/T57 (a4 n) dug [n (a +n) e
dz dz
,}A T\A
provideu the interval of integration does not include n = -a. The first in-

tegral in the right-hand member is proportional to the time of travel along
the 3ound path, and readily integrated, as indicated in (43) and (45). In
order to integrate the second term in the right-hand member of (53) with the
use of Peirce's Tables, we expand the integrand as the sun of three terms, 2as

follows:
v _n! = T [l vi-pn® _ 1 yl-n® _ _/1-y¥ R
n(ea+n)? o a n anta (n+a)
so that
= ) Intdn - =k (1 | =T gL =g dn - Raa 7 dn) (54)
dug § n (xn +n)? da « n afnta (n +a)
dz dz
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Peirce's Tables reduce these integrals to

=X _ﬁzn._,' == )1 (yig¥ - 1+ /1= 1 | =T
o o i dn %’{a[nn log . ] cfn*a‘"
8

ds
-[-/1-"'+a dn__ = _!g_]
nta (n +q) vIo? | /T 0"
ek /R 1 o BATR 4l L /IS¥ - (1 - o) | ——— o[22
2] s o R R @+n) /I |/
- (== 4 g f——dn - [0
nta (a + ) VI® | /T 7 -
58
==k 1[—‘0'M:n_ d ]+£L’-ﬂ—’ g
4 |a n (a+n) /Iy N*te
ds
By means of equations (¥#) and (¥5) we can re-write equation (55) as
zh. = dn:'_“.[l.d_!t+ﬁ:.n_]
duy fnlx +n) dg ads nta
dz . dz
=zky_ & /I (s6)
a dgnta
dz
Hence
-x.=f9.¢..ae¢-_t_a=n_' X (s7)
n gn+a
° ds
Substituting the limits of n for the layer 4B, we have
4 : VIengY VI-p,T
= (-2 - %) (at Y R ok PR, 58
(85,),, (n a)( )as sl_g(n!+a “‘+a) (58)

ds

where (AX,),p = Jgp - I,, - Equation (s8) is the parametric solution for AX, ,
in terms of {he parameters V,/nofor the sound ray, o for the layer, and & for
the particular path in the layer. We shall refer to (ar,),p and its equiva-
lent, given by the right-hand member of (58), &s the ranmge~sncrement. Further-
more, we shall define a, the ratio of sound velocity gradient to wind velocity
gradient, 2s the stratification parameter. Lastly, we shall refer to du,/ds

as the refractive wind gradieat, which nomenclature is an obvious one.
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Equation (57) csn be written in another form by use of the solutions
given in (50) and (51), from which we have

& __-g
nta n
amd
§=<-ﬁ-u.)u+'-‘)
(]
¥ n
=2y +(_9-_u)_
no "Io a
=—vg-l¢.+!. (59)
N, a
Substituting in (57) we obtsin
— :
-4:(,,.-5):-4.9;0?.- (60)
dz

Substituting as limits the values of the varisble§ in (60) at the bottom 4 and
top B of the layer, we have

| /IRt e, /ToRX
[- X)3 = (ugy - 25)‘, = g, = Ay, - 2 244 4, (61)
. 8wy A8,
But
8g=a, + gf As
Yoy = Yo +§fo As.
Substituting in (61) we obtain
a, + da pg
(- LI} = (ug, + gf’ oz - -_-E-!‘__-)t'
da py Ty Ty
- % "'—d.l_.. /I-ﬂb -l :‘)t‘ + :‘ vi-n,
da n' e o dg n,
ds ds (62)
= a a, vi-nt vi1-n V5 = §
“ 0, = B0y - 1) = RESER -y v e S

ds
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~Butdg _% - % ., ad q. % =% . Heuce
= 3 dz Az ug - u
B *4
B a JERL /1-nY
2] = (g, = VA0 - (o2 T Ce
L Gp v ) £ n
(63)
= 9a 3p -1 g = ]
= h“A ot~ a‘}(A:)AB - {;—-—:——d—;wn(cos ng) - aa——A_wﬂ'casqu)"Az'
—_— A
“ep~te,
or finally, if we set (Ax°)Aa = X‘u - AOA'
\
qnuo -a u° = ‘6“;
Bl s = - [—2-—2—3](At),, + (—L-tan(costn ) ——Atan(costy )]Az .
ag - 2, ag=3, B B=3, ‘A

qustion (64) expresses the range-increment as 2 function of the
meteorological elements at the boundaries of the layer 48 of depth Az, of the

angle of inclination of the wave ncrmal at the boundaries

Ihe time of travel At of the sound along this particular path through the
ayer.

of the layer, and of

lu._Paranetric Solution for the prift-increment.—For tha corrasponding
change in the yg coordinate, (AY‘)AB » wnich we can appropriatzly call the

‘drift-increment, we hava® from (29) ani (31)

e PR O
4y Sy T2 T n (e + )
dz
oL Y‘n "p

- dy9 = _1_ —E—Q—dn___—
%%0 /l-ﬂ? n(a + n)

) 4
LY i

(65)

Clearly, we need to know v,, the component of wind velocity normal to the
sound azimuth, as a function of f, the cosine of the angle of inclination of

the wave normal. For a layer of constant a , we can likewise
dv,/dz, or the vertical gradient of drift velocity due to the

ietarmina

wind. For the

sake of simplicity and intsgrability, we furthzr subdivide the layer of constan.
a into layers of constant dv /dz . (It is to be noted, howaver, that wind
dirsction and velocity determinations aloft are so crude at presasnt, that in
g2neral a linear variation of vy with elevation is perhaps the most refined wind
structure analysis that can be made with ordinary means at our disposai.) We
shall refer to dvg/dz 3s the drift wind ¢radient. We have, then, as in the

85es footnote 6, page (25).
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case of (e8),

-

a
/‘1'-‘,,' Ao | (s6)

But from (¥3) we can write (66) as

dy,
= &'t d

o= b duy T i

dz
Integrating we find

-k Yy

"°=T'g'i"i’ﬁ+° (68)
du, Y

dz

where o is the constant of 1ntegrstxon. Equation (68) expresses the drift
velocity v, 3s a function of the change of wind with altitude, the refractive
wind ug, and the parameter o for the pariicular path in the layer characterized
by stratificgtxon parameter & and the constant V,/n, for the sound ray.

Equation (68) is the desired relation for substitution into (65), 82
that
avl/dz

+'0
Ll e ol OO G
dug § VIHT n(a + n)

ds
s d i ;’

e ——-——-——n—————- ~— -—-—g _——-—gn——-——
dug 1/ ¥ n(a + 1) (fﬂg) Ton¥n (a + n)f
dz dz

g:.

(f:l)' vI=n® nla + n)*




e r——

T

lMd“MlﬂMth.hﬂﬂbb“““

We expand the integrand in the last term of (#%) in order to integrate, as

follows:

s b o e e
¥ nla +n) @ L' wInY @ [ (n+ o) /A ‘ﬁn*c) /T

__Fn__- -_LF._JA_,
@ -a")n+ta) 1-a%f(, +q) /I

it |al#1;
=4 fda__L PUSESIN ~ Sl |

o it ' J (n+a) IT 8
s, g 1_11‘-_?;'_1____4;__'
3 aln +a)* (n + a) VI

if lal=1.
# e
(L. ) —n 1.1 ﬂ . Af |al#1.
at 1-a (a + n) /I @ l-a® n+
— (70)
= 1? [-togl:t_a:n.) -
p n
0 S0 BRENRLT S SN , if lal=1.
Lau’ j;f\ +q) /It 3a* (n+a)?
Yow
—J— log 2 ltan-yI=a? /iI-q® o if lal<1,
V1-a¥ nta
il w | & o , if lal=1, (7).
f(f\-"a)/ll LS
~L_ : + "
e arc sin H , if |al>1. _J
Quite compactly, with the aid of (45) , we can write
dn__ = i;.ig- log 1+ /T=gF (72)
('\ +q) _"\ z n
3%

S ErR-EJ.

RS
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&m for l!'#’l
3
———“— = a4 'M' 1-?’ E
j:ﬁ'n(¢+nf 1-“‘1[“  nabi £'+é“+“]
amd for |al=1, o

o et vd=a? 4 ¢ da, o (=T
-/;r-?n (a + )2 -3# fhe n e ds’ *(n + a)']

Substituting in (69) we find for |al# 1.

r 3% P ]
4 d””t-E:'T‘% [-;.,,mnam.,,z:;cgg+ggz‘i.1:1
ds 3

and for |¢|=1. >

dv
e o Y e
- d = - £ -
dz

Hence for |al#1, . 3

a

¢ i 1 i=2at 1 1+ vI=pY n
(AY.)" S-0 (At)" + % gr-‘ 1-a! [ o (At)" - n(a ‘0'——-—-—! —‘

s
= - 4 /IgY

A ”7:—'1154 /L—'m)]

+ +
nta n ta

ad for lal=1, | 3
e 1+ vI=n?
ok -np N
(81,),, == o (At) _+& g_f; 3£7 (4o (8%), + ;ﬁ(lo!ﬁ ﬁ:
dz ds N
VIt VIt
e e

J
It is to be noted that the above integrations hold for all intervals of

provided that at no point of the interval n = —« .
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% A Theory of Sound Propagation Through the Atscsphere and an Application to Sownd Ranging
" Equations (75) are the parametric solution for the drift-increment

for sound propagation through the layer 4B. As in the case of the range-
< ow increment, we can write equations (7¢) for the drift-increment AY, in terms

of the meteorolcgical elements at the boundaries of the layer. ‘l{u we have
from equations (51) and (68)

: dv, ¥
o=v + I;!(-;‘Q - %) . (76)
e o
Utilising the relations (59) and (76) on substituting in (7¢) we obtain®, for
the case |al#1,
dv, ¥, |/ I- W
= = T + 2 _2 t
=Yy = vy t + ‘E;:(ﬂq; “.) t (“o LS ) I—a
L/ A s, _ e 1 o (D)
+(;1-9- - uy -) I‘:‘—- = sech™1y. u Tt W
5 dz dz
? dv v sec
o (3 = g _..! .LL_. t + .————n]
_v.t-E;:gt+(;‘-ﬁ g +9) = i [ i
dx
- ih A e K.L‘-n- v (7
dl‘. l-a’ g_g n
dz

Substituting the values of the variables at the boundaries 4 and B of the
layer, we have

a
A

"I..
ﬂ. Lﬂ.
"L

- Y], = v, ta- %, fa- @,

[ ~1 v G A3,
+ 20 ol [(-ﬂ - ug, +B)(ty 4 &%;—"—% e Yo i e

op
dl, o dz < iz
p— =T
ol ol B 0y L "___n E
dug 1-a® da ", da N, (78)
dz dz

Ty -1
9me expression log J+ y/]-n_1is identical with sech = n .
n

37

R R P T U A 5 7SR w5




T N APRIR R R P IR R o e R i B e R

i A Theory of Sound Prosagation Through the Atmosphare and an Application to Sound Ranging
’ Equations (75) are the parametric solution for the drift-increment
1 for sound propagation through the layer 48. As in the case of the range-
' . increment, we can write equations (7¢) for the drift-increment AYy in teras

of the meteorologi¢al elements at the boundaries of the layer. ﬁus ve have
from equations (51) and (e8)

dv, V.
0=y, + ;;:(7t - ug) . (76)

Utilizing the relations (59) and (76) on substituting in (74) we obtain®, for
the case |al#1,

dv, ¥, v i& =
e AR ) -GS g 0 gt
Y. Vo du.(ﬂg; (Y “O ] a du. l-a
dv Ty
+(!Q-u +2)?—‘&J’—J—s¢ch",—.—-&—l—;j‘—£‘;‘-n-
Pl e R 1-¢2 da dug 1-a® da
dz dz
=1
: dy v dv 2 sech
= ° A gy Ve _a- ([t 4 s€cin)
e e A u°+°~)du.1-a’[ da
¢ dz
- 11_1.! _i_ 8 Yl-n® (77)
du, 1-q2 da M
5 dz

Substituting the values of the variables at the boundaries 4 ani B of the
layer, we have

® - dvg 29 ¢, 4+ 2o 24
= Yo}‘ = Yoy ty - Y, t) dug © et 3, @ A

dv 2 V
—©® a  [(=L~-u
i dug 1-a? [(ﬂ L4 da

a -1in ¥, a A=300 1
B sech™nBy (Yo _ + A)(¢, + Sech 4]
5+—a)(tﬂ+__) (n v, =A)(%, = )]
° dz e iz

e L o8 B T
da M, (78)
dz

dug 1-q® 'da N, n
dz

Y -t
9me expression log J+ v ]-n_1s identical with sech™ > n .
n

37

SETURTET>




it AR 3 A R TP DA AL AT S SFo5 g S

SESRELT

. SOUNRND RARNROGI! NG FOR ART JILLERY
' 1

¢ and by writing the values of the a, ug., 3nd v, at the boundary B in terms of
mu‘-‘ ':nm st the boundary 4 and their gradient between the two boundaries,
we O n

1 dv, dv, %a + dg A dv, a
= = - ~ -
[ Y.]‘ (v.‘ % o Az) ty -vy t, = —tr ¢, a;.:. 2

ue a A
e ot (e e Rt ftu sech=inp (79)
i = e e dy
2 dugy 1-qt [(n b g da .
dz
- a, +9¢ Az Too ¥ s 0, 3
% (!9.-... +2h)(t, + seca™ayy _ Lo ST Dl Plial L T L .
'\o A @ da dug 1-42 da N, da N,
: dz dz dsz
Ga=a .
S Buta=%¢[g:_=_|_g_. so- that
u./ s ug Yy,
a,(ug -ty )
: UENE TL T n wT
i L ) 4 ag - 8,
Ty ey %
N, ap-a,
Heuce

(vg =y, ) 2 dv
P dv, ( T A v _ dve
[~ l’.]A o W (tg-t,) + a-;"A’ ty - —'La::ﬁr"‘ (tg-t,) i bzt

+ e af (!9- _Mb) ((tg=ty)) + é—g(sech""ﬂs-scch’*m)]

dug 1-a® M, ap=Ga o

Z 4 1= H
_f]’.t..l..[__‘h_A,Q_'_'ll__EA.As'-,-—,T"-A] . (81)

du, 1-a® ‘ay-a, Ny Gg~G, A

38




T A

Rl RS s e G U Ll s G d o et e e N TR O

A Thoory of Sound Presagation Through the Atmssphere and on Application to Sound fanging

Setting Tey= e, ® (Ar.) » we bave

®3% ,~*1"% T, _ Sa% %%, ~%2%
(".)‘. B - (-——‘—-—. .. ... 1-. (;c- )](‘t)"

b 'Y
)
-y ) L/ 0 .__A._...l'.° AT08) (sech=SNp-sech™sa) (82
Yoy, ;":. ('(-_.F-':')"' ('5 . 8 i 4% 4 :
- —2B tan (cos™Ns) + —A- tan (cos™3Ma)] ,
‘.—“ ‘..“

vhere |q| = |.:r_‘.A.| #£1.
oy e,

li'onovsng the same ‘procedure for thedcue lal=1, we find

-1, = (v,+¢l-!)t-4-‘-!-9(z+n)c-1¢!-!(1 +§)L[uca kil ey
o de (nta
d: ds dl —
. (s3)
cve_1%e g 4% o, _1%% a sech™n _ 1% g sech™?
Vot 3 dg " .Hu,a' 3du, " do 3«.6""@2—“
de dz
1% g 14
3dug SNdagn+a
ds
Substituting the limits,
; B dv dv, ¥ du dv, V.
s — = ik M- = p Qi }
[ Y’]A e (v.A b ™ Aa)ty V’A‘,‘ 3 E: (% Yo, I;t A')tl"'_, du, (ﬁ:_“OA)tA
+ 48 Ag
- 4% '_‘_Jl_..g' + 4 3% %
3 d.. a 3 du. [ A
_1% Jo_, _%e,ysechine 1% (Yo _ A=iNy
%, homEM TG tia G, g Jaii
Cdy, o4 + 98 82 e d -
1% 2 dx  sech™'np . 1 Y %4 sech™iN
3 du, a da 3ds © dg
ds dr
_ L 8y g (o ton(cosT) _ g, ten(cos™i,),
Ja dug gg Ny + @ N, +a
: ]
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11:‘
; [ 7o) = v (tg=t) -4 2ol _ ) )(tyt,) - 4 B (ty0t,)
. .A .‘.‘ 34-.1‘0 ®, VA 3?A’A
P
a,(ug ~u, )
- 1% (% 2% %4 (sechTMp - sech™iM
3 du, [(“b uy ) + e L = ]
dz
_.Li‘i!.l. ay tan(cos™3Ns) a, tan(cos™iMa) (8%)
3a du, da n ot a & n ta ;
L4 dz B A

QL) =y Lyt e, T B0
* a8 LT ug -ts, Mo %8 3 % % og0, AB

+ 4 v.!-v.‘ [Zg = a’u’A-a‘u°B] [sech""\l-uch""u)
3 u.s-u.A "\o ag-a, ap-a,

(85)
GB-GA nB "B“"A "A

+1 [_;‘Lﬁaimi:‘ﬂnl__‘h_mmi:ml]}h,
o o
where |a) = | Gp=3, e 1.
Yepte,

15. The "Lens~Effect” of Critical Atmosphere Layers.—Let us investigate
the nature of sound propagation if n = ~ o (where 1“151 since 05nS1 always) at
some point of the interval of variation of N . It has already been shown in
the analysis of the integrand in ejuation (43), which represents the time of
travel of the sound through an atmospheric layer along a particular path, that
the integral does not converge absolutely if N = - @ at any point of the inter-
val of integration. If N = - @ is an end-point of the interval of integration,
then since the integrand is of constant sign, the Cauchy "W -test" indicates
that the integral diverges. The significance of this condition is demonstrated
by the following analysis.

From equation (32) we have
du digs ¥
dp =N (98 4+, —2) - Za Dy + ) .
dz a (dz N4z ) dz o i

Therefore, it is at once obvious that ~q is the limiting value of n, since
dn/dz = 0 when n==~a -

Suppose, now, that n =-a <I at the end point n, of the interval of
integration n to n, of ejuation (43)
A
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Then
n
TY = —a'1 B
At ==d (log drdd=n 4 _L_ 100 2 = ]
(At) u,[ (4 n o ¢ nta n,
dz
Sook op ity 1 jop s A1 BT Y52 iy
n Ty n +a
ﬁ A /1-a A
R T R Sy x_un;a’-_?_ﬂ)}
n*-a Ei VI=g® ntae
Ty — 7Y
=Jd [Log i Iy r —1 log 2 L ey i {I-HL]
gf N i nte
(86)
Ty Y
-t oop dtdl=ac - _L_ Lim [log gJ_"an_-.ﬁan_ﬁE],
gf VI-o¥ n*-o il
Now
Ty 7Y
lim (tog 2 &tan = l=a" vl-n)
n*-a nta
5-1 .‘—1
=log 2+ Llim log [Linn—-—fl-n—ﬁ:-n-]. (87)
n*-a n a

Differentiating both numerator and denominator with respect to N in the last
term-of ejuation (87) in order to evaluate the indeterminate form 0/0 , we
have

Lim log [LL@M]

nta
n *-a
Q.Q'/- n
= _Ll:n_
lim log [ - ]
n4-a
)

Hence (At),, diverges to infinity as n approaches -q .

But we are reckoning with only finite intervals of travel time along
sound paths; hence, for an atmospheric layer of stratification parameter 4 ,
w#e can conclude that if yy = - o at any point of the layer, then n=-aat
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every point of that laycr..On the other hand if n # - a at any point of the layer,
then N can never become -o in finite time in that particular layer.

It follows further that since n cannot pass through the value -q,
apd since 0 <ng I, atmospheric layers of stratification parameters 0 < - q < 1
will reduce the divergence of the bundle of sound rays about n = - a in the case
da/ds > 0, and sncrease the divergence in the case da/dz < 0. But it is to
be noted that this phenomenon is restricted to those particular rays belonging
to a family of azimuth direction @, where dug/dz is of a magnitude consistent
with 0 € - a £ 1. Since the refractive wind gradient dug/ds #ill necessarily
vary with @, it is at once apparent that for layers of sufficient vertizal
extent, the normal divergence of sound rays may be disturbed locally about that
ray for which n = =@, with a consequent variation in sound intensity. The
discussion of the importance of this analytical deduction is reserved for a
subsequent report, but it may be rointed out in passing that the above analy-
sis proves a useful tool in the interpretation of the abnormal propagation of
sound to great distances and the phencmena of zones of silence and zones of
marked aulibility at considerablie distances from the sound source.

The solution for the time-,range- and drift-increments for the case
n = - a will be discussed in Section VI.

16. Alternate Expressions for the Time-|ncrement.—The time-increment of
travel for a sound wave through a layer of atmosphere is given by equations

(45) in sub-section (12). The three solutions given depend on the range of ¢ ,
so that only real variables appear in the expressions.

The time-increment, nowever, can be expressed in another form by change
of the variable of integration, or for that matter, by transformation of the
expressions in equations (4s). Thus

i adnt i e é.(&&iinl, : (89)
(a+7\)‘/..—11°7\ a4+ n ;

since d(cos™*y) = _-dn . Utilizing formula #230 in Peirce's Tables, and the

/1-7\'
substitution
s = tan 1/2(:0:“171) . (90)
we find /‘ [‘
d(cos™tn) - A1 ( ds % ds___3
o
A (1'“).’31\/5‘]“ =
1-aq 1-a l1-a
91)
= —d_ [log(s + Li—ﬂ)_log(s - [ita )],
VI=a¥ Fioi. S R

*yowever, the projection of the sound ray on a plane parallel to the sound azimuth is not a siraight
1tne, since du‘/dz £0.
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Introducing the imaginery ¢ = /=1, , we can write

ﬁ‘ﬁ‘f—,‘%‘l=;—3£-_?u-: (a--‘Hh-m (s 44 Aty

which by use of formula #6851 in Peirce's Tablies becomes
—1- [i tan=t(d '-t-}) - i taami(} [a2d))

'+'\

= =28 -3 5 2
-¢“. % c-l (92)

Prom trigonometry we have

s = tan 1/2(cos™%y) = /{-—;—: .

s0 that (92) becomes

-1 =2i ks i 1
a+n =ﬁ;;7“' ‘(-\/a- 1-\/1 - n)
-._2_1-“ tank™ *(-/ ey ) (03)
_2_. tank=3( / VE;)
/i-a¥

If |al=1, we can make use of the simpler integrals #2086 and #207 in Peirce's
Tables, securing

d(cos™*n) = 1 I=x¥ . (o%)
atn Cnta '
tor |al=L

Peirce's Tables, formula #300, give other variations of the expressions in
(93) above.

By writing
!.(.m_nl
1-1\
we obtain by Peirce's Tables, #288,
._dn— -log tan(S + ten™t e (98)
n /1-9\ 4 +n
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Hence thére are a wide variety of forms for writing the integrations indicated
in equation (v8) sbove. For reference there are listed below 2 nuamber of t :
expressions from which selection can be made most convenient for the case in : i

r -'
3=, it lal=1.
ntu

e L feg Salideh L s

or

=l 1og - /T=
vI-g¥ nta
or

1 yop Ltant /Y T

vi=g¥ nte

or

tana-t Cl=a /I=a"

1+ an

g
:

n v,

J

1-a

or
(At)“=—A‘- ~ sech™iy +| =2— tana-2 dlto /ltq
ap=a, J Vi-a¥ l1-a/l1-ny
or
-log tan(B +tan-3/ 1=0 ) —=d__ sin-2 11 an
4 1+n va¥~1 nta
— p—

A or

|(s6)

D %=1 /I-o¥

va'-1 nta

if lal#l_-J
A
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Vi. SOME SIMPLE CASES OF ATMOSPNERIC STRATIFICATION.

In the previous section there were derived expressions for the time-,
range-, and drift- increments for the propagation of sound through a horizoh-
tally homogeneous layer of atmosphere, caaracterized by a stratification
parameter bearing the ratio of the sound velocity grajient to the refractive
wind gradient within the layer. The solutions derivei were for the most
general cases, with da/dz, dugy/dz, dvy/dz constants not necessarily zero, and

the sound path a space curve, having a point of total refraction in the
atmosphere at (X,, Y,. Z,,,).

In the present section the solutions for the increments in time,
range, 3and drift will be derived for some particularly simple atmospheric
stratifications. They may be considered as iegenerate cases of the general
solutions of the preceding section; and are given here inasmuch as the ex-

pressions of the general salution are indeterminate for some of the particular
cases cited here.

17. The Case of n = - a Throughout the Atmospheric Layer.—3ince n is
constant for the layer, tre integration cannot te performed with respect to n
as in the more general cases atove. iHowever, we can perform the rejuired
integration readily by using z as the variatle of integration.

From ejuaticns (29) we have

2z -
dt
so that

d::!!:_J_QE (’7)
Ve AenT ¢

Obviously, we need to express a as a function of z;

a=ga, + 3§(z—zk) i

(98)

where a, is the velocity of souni at the lower boundary of a layer. Sub-
stituting from (98) in ejuation (97), we obtain

dt:_l_____g!_.__

vV1-n e, + -:—:(Z-ZA)

Integrating over the layer, ¢, Az

RS I dz R —d(z-22)
L=

—y d Ty d
V1-n a, + ;f(z-zA) v1-n a, + ;f(z—:‘)

ty

'A 0
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m”"..".‘-

Hencel® As

(Ae) s

(99)

[[]

|e

k
.' L.

Por the rsnge-increment, we have from equations (29)

-dx
:—“3/1:?".'-. o

80 that
- ﬁx, = f(m + ug)dt

= fNds + _'.'d_.— o (100)
/1-1\' a v’?-n'

It is required that a and u, be expressed as functions of = in the integrand
in (100). For u, we have
du

5 =%, + a—“(l-l‘) .

vhere s, , is the refractive wind st the lower boundary of the layer. From -
this re’suon and equation (98) we have, on substitution in (100)

i du
_ fas, = == Jus + St
VI" vI=n¥ (o, + ﬁ(:-l‘)]

=t fdetu, da s f____ (esdds (1O
G AN /I (o, + 2(-—:‘)] ds /I (o, + g:(l—l‘)]

Oy solution 1n (80) 4088 5ot hold for da/ds =0, but this lstter case 1s of mo concern to us,
since yWould Them De 36TO eVSIyERers; Chat s, 1t do/ds = 0, wen g = 0, provided duy/ ds ¥ 0.
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Integrating between the limits of the lower and upper boundery ve obtain
- U oly) = =B ba by (82)

=N
= ma) dlea) s (102)
i J/T (s, + B(s-0))
80 that 0
- %) = 71%“.__' bs + vy (At),, &
dw : ;
+ ;-.-l (?) .-/—Tf_n—' (e, + &:(hq) -6, log(a, + ﬁ(:—.‘))]
2

— 0

= /7:? Az + n.‘ (At),p

dy oo
t 4

By use of the relations derived in (99) we can write (103) more coapactly as
- - -—ﬂ-— 1 —A‘— - 2 .
(AX.)n = Az +ul"“(At)“ ts = g (M)“

- D R g5y e
(v, - ey )(Bt)yr (§ = n) T

Hence

QGpliy ~3, 4
1) = - (e

ap=0,

J(At) ,p + tan(cos™y) Az, (108)

N=s.q

This result is analagous to the expression in equation ().

The solution for the drift-increment is similar to that for the range.
increment, 30 that we can immediately write

dv, e
;‘1{._7’—; ;-"t (-:-':")1 [(‘."‘) -6, log :fl
! ]

- (Ar.)‘. V"(A‘)‘. +

0. -V. V. -V. g
(v~ 8, ~2—B)(At),y + —2—8 bL_ . 1108)
- 833, Yo,%, a V10"
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Hence

: (BY) g = ~ (M(A‘)n + ::l:-v.J ALtan(cos?y). (108)
: % ay-a, u.'-u.‘ 1-q

This result is analogous to the expression for the drift-increment in equation
(s2) .

| 18. The Case of Constant Refractive Wind and Variable Temperature Throughout
the Atmospheric Layer.—In this type of stratification, du,/ds = 0 and da/ds #0,
80 that a+®@ . Hence for the time increment we have from equstions (96),

(At),p = —Al—(.ucn ing - sech™in,). (107)
; For the range-increment., we obtain from equation (&%) ,

(A1, )..=~v.(A:)n+I—Lton(cos n.>---‘-m<c" *na1gs.

(108)
For the drift-increment we have, from equations (29) and (31),

Y d
f - fay, R R (109)

Expressing v, as a function of o,

dv dv
—e = & /1Y
dt dz Kiene

[}
Q.
S

i /T-‘ﬁ"(:—: =5y . (110)

Thus, since dt = dn 5
¢ n /-1-? da

dv ()

]
J;
£
)
<
5

and integrating we obtain

=i—:-a+a, / (112)
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where ¢ is the constant of integration, and given by

o Gply =8,Vy : (1e) x
.l.‘l i

3 : Substituting in (109) ,

dv.
¥
< [y, = a2 - u,) [0+ dt, (119)
f’. (55) ("0 .f/j:? of

i

so that
v, eV GV, =0,V
g =20 % g Az -1 -1 .. L : "e
Y.]: Toe. Nace, (=cos=2Ny + cos™N,] + o (At) .5 (1189)
Hence

Gave =6,V Yoy Ve, To 2 £
(AY.)“ = -[-—‘———-l.'_“ 1(At) 5 + (—‘J'.—.-j-‘("o = uy) [cos™iny-cos™n,] 4s. (116)

This term is analogous to that given in (s2), but not strictly similar, since
(82) contains the term (u.'--. ) and 4 , which in this case approach zero and

infinity, respectively. ”

19. The Case of Constant Temperature and Yarisble Refractive wind Throughost
the Atmospheric Layer.-=In this case, da/ds = 0 and du /dx # 0 . Equations (96)
cannot be used in their form to determine the time-increment, since they lead to
an indeterminant. But conveniently, equation (83) can be written

d:J—
[ a_,f:%?
ds

: = fl' (J-;‘n-' . (nn)
el
ds
Hence for the layer 48 ,
’_ (Bt),p = —BZ_ [tan(cos™tny) - tam(cos~in,)] . (119)
Yoy le,
For the range-increment we have from (#7)
o fio, o de LS, | (19)
3 S | nt/T
: 4

? : 49 j
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: - Since o is constant, w, = Yo _ g ,and (119) becomes
3 n

. P B I=Ya,
iE , Mo dvg [t/ e |
: dz dz
|/ e 4
= =0 ¢ = -4 -_a.,n.- -4 f—dn__
n g du [ 2" 2 5= ]
(-] =9 n /1 n
dz
Ny t+—2 [il-';ﬂ- ~ sech™p)
n du n
(] 2 it 3
dz
= £ 1 [(ZQ - ug) =n_ _ 4 sechiy)
Mo 2 g!! " B
dz
: =1:At __1_.(,,.0_11_ + a sech™pn] . (120)
' . 2 o 2 4
dz
Thus
B V vI-nY V1= Y
- =d 2 kol ey, 0N L T, 7 S -3 .
’]‘ 2 no(A')“ 2 dug (s Ny o a(sech™*ny - sech™?y,)]
dz
Hence
|/
(A'o)‘, - ’é ﬁt(A‘)Al + é ;:ff;——[“o, tan(cos™ny) - “e, tan(cos™y,)
(21)
+ a(secn~n, - sech™in,)] .
For the 4rift-increment we have from (65),
vy dn
- dy, = wiles el 5 (122)
¢ duy f T
dz
ani from (68),
vy = ;—-(—*) +to (123)
Tle
dz
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since & = ¢, and ¢ = 0. Substituting from (123) in (:22) we find

= ot + —S— 3( =g+ sech™%n] (12¢)

._2
= [vg + ;—‘("‘—: - u,))t + —:-:— 1 [(-9- - u,) ﬂ + a sech™'n] . (i25)
(5 ) .

Substituting the limits we obtain

| B d va V. X

| = .]‘ "'L;" Yo )(Bt)ys - 5 T ;-‘9-(At)“

5 - “Te, d “e ©

& /i T (126)
bde 1 v T Uy, 4 A3 -sech™>
(i‘_‘_g) % " & : a(sech™3py-sec )l
ds
Hence
u, v, -
Wy =~ op'0, Ve Vs p . Yoy, -Q](At)
ug ~ug 2u AB
f B % Yoyl "o
(v Vil (127)
2 ?:L—.-‘- bz (Yo, tan(cos™ny) - ve, tan(cos”*n,)
A

| -~ a(sech~tn, - sech™n,)].
i 51
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20. The Case of Constant Temperature and Constant Refractive Wind Throughout
the Atmospheric Layer.—In this case both da/ds and duy/dz are zero, SO that
a has no meaning. But p is constant, so that the 1ntegrst£ons can readily "be
performed with respect to g. From ejuations (29) we have

,
a /I-n

so that for the layer 4B
(At),p = —B2— - (128)
a

/I=n?

For the range-increment we have

N .rdz‘ = J‘(na + ug)at

= =fbe Ax 4 ug(At), g« (129)
/1-11
Hence
ar), = - ug (At) \5 - cot(cos™n) B (130)
For the drift-increment,

dz
. (131)

a /1—11

We need to express vy as 3 function of z, and this we can do simply since

Vg = V,

dv
o .A + d—z-t(z-z‘) .

Substituting in (i31) and integrating,

Az
v +—2( -z,)
- Y ]B 2 T el i e d(z-2z,)
"k a /I-n
0
= ::iéf__ Ve (A2)? ___1__. i, (132)

a /1-7\! dz 2 a /1"“

SEGRET
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Hence

'. -'.
or),, = —bE_(%, + _I.’_A)

a -n

MR W i T
o /I=qY 2

v t v,
ar),, =~ (-:’—2-—°-‘)(At)‘. . (139)

i - . L
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Vile A MATHEMATICAL SOLUTION FOR THE SOUND SOURCE.

In the foregoing discussion a technique has been devised whereby a
¢iven sound wave can be traced through a stratified atmosphere along a parti-
cular path defined by the manifold variation of the neteorological elements.
The analysis permits any combination of vertical gradients of temperature,
huaidity, and wind, provided only that the gradient of each meteorological
element be constant within the stratum of atmosphere considered. The sound
ray thus determined is a continuous space curve. Expressions have been d2duced

for the time of travel of the sound along the path traversed, and for the in-
crements in the space coordinates of a given point on the wave front as a result
of the propagation.

All possible inclinations of the wave normal have been
considered in the analysis, up to the level at which the sound is totally refracted.

However, it is conceivable that on occasions a sound wave may be in-
cident over a locality without having undergone total refraction at some point
along the path of propagation. An obvious example is the case where the sound
propagation is along the horizontal; another, where the source of sound is
favorably elevated with respect to the locality over which the sound wave is
incident. An important consideration not to be overlooked is that there may be
several distinct sound wave surfaces incident over the same locality, but to
each and every one is attributed a unique sound path. Using the time of first
arrival at each microphone of the space arrsy as representative of the arrival
of the identical wave pulse at a1l microphones, the path determined from these

arrival times and microphone positions, and from the existing meteorological
conditions, is tae path of least time of travel.

It is the purpose of the present section to apply the rigor of mathe-
matics to the problem of locating the scurce of sound, given two sound rays
determined by use of the technique developed in the previous sections. It may
be pointed out at this juncture that mention was made at the outset in Seation V
that the sound source can be located as the intersection of any two particular
sound rays, involving the solution of twelve simultaneous equations, at best a
tedious if not impossible task. Yet with recourse to elementary space geometry
we can effect a mathematical solution for the sound source in the case of the
stratified Atmosphere, provided, however, that for sound waves 4iffracted by a
physical body, the direction of the normal to the undisturbed wave surface be
known before incidence on the diffracting body. The inclusion of this reservation
in connection with the solution of the eight simultaneous equatidns required
(equations (29) above), is an obviaus necessity, since any phenomenon wkich
diverts the direction of the normal to the wave front from that computed by
means of the refraction equation will necessarily introduce a cumulative error

for the remainder of the sound path considered to be in the unobstructed
atmosphere.

We shall therefore limit our solution to those cases where the sound
path at any instant is at least 200 to 100 feet distant (depending on the wave
length of the sound), from any object capable of producing diffraction of the
sound wave. Thus, with sets of equations as (29) , one set each for two space
srrays of microphones, we can determine the position in space of the source of
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¢ sound with an exactness dependent on (s) the sccuracy to which the instrumental

equi t will indicate and record the existent conditions, () the degree to o

which the assusption of horisontal homogeneity is justified in the portion of

the atmosphere considered, and (c) ‘the extent that the theoretical treatment
presented represents the actual propagation of sound.

21. Transforsation of Coordinates.—Consider two space arrays of aicrophones,
and choose one vertex of each as the origin of s left-handed coordinate system,
with the r-axis directed northward, f-axis eastward. (See Figure 5J. Express
the remalning vertices of each tetrshedron in space coordinates referred to the
coordinate systea selected for each tetrahedron. For the purpose of ready

North North
Y
(.}
! B Array (1) l
= o X East
. ] T
\
; X+e %t
/ 2
’I i P
X
FIGURE §.

identification, let the generalized coordinates appropriate to space array (1)
be x, y, s; those appropriate to array (2) be x/, y’, ='. Let the position of
the origin of the x’, y’, s’ coordinate system be known with respect to the

%, y, s,8ystem; in particular, let P be the distance in the x-direction of the
origin of the x’, y’, s’ system, let X be the corresponding distance in the
y-direction, and let £ be the difference in elevation, sign considered.

Further, let @ and @' be the azimuth of sound spproach, determined as outlined
in Section II, for the corresponding space arrays.

The solutions for the time- , range- , and drift-increments derived in
Section V are expressed relative to a coordinate system x, , yq ; % ¢ with
orientation such that I, is directed with an azimuth and sense the same as the
sound wave normal. The x, . y, ., 5, System represents 3 clockwise rotation

of amount ® + g ,of the x, y, s coordinate system. For the other space array

2
a rotation of amount ® + @' has been performed, and the new axes bear the
2
coordinates x'o, . y'gr o 5'gr ¢
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The sound wave which arrives with azimuth g , elevation arc cos vI-V¥
st the space array (1) has a particular sound path appropriate to it unly; like-
wise for the sound wave incident at space array (2). If we consider individual
strata of atmosphers, wherein the vertical gradients of virtual temperature and
of wind components ug o v, for array (1), uos o Vgr for array (2), are constant,
we can deduce the range- and drift- incremeélits for each stratum by recourse to the
appropriate. solutions for AI, and AY, derived in Section V. To this end we
8180 require the time-increment At , the time of travel of the sound wave through
the layer along the appropriate path. Inspection of the solutions for these in-
crements reveals that they are functions of various constants for the layer
considered, and of the cosine of the angle of inclination of the wave normal
at the boundaries of the layer only , which we can readily determine by means
of the refraction equation (37) . And therefore, for a given layer whose
meteorological structure is known, and for a given ray along which the variation
of y is known, we can determine the position in space of the intersection of the
sound ray with Aorisontal planes representing the boundaries of the varsous
layers. traversed by the sound wave, The coordinates of these points will be the
cumulative sums of range- and drift- increments, calculated from the origin of
the reference coordinate system, at the appropriate levels.

Since the points along the sound ray appropriate to array (1) are
expressed in terms of Xy s Yo o .ﬁ » and those pertaining to array (2) in
a

xg1 Ygr » 881 ., it is required. that a common coordinate system be established

« for ease of reference, and for the determination of the point of intersection

of the two sound rays. For the sake of convenience in position-locating on
prepared maps, we shall use as the standard system the x, y, z ' coordinate
system already chosen for tetrahedral array (1). The points expressed in x, ,

. Yo o+ 84 coordinates may be converted into r, y, & coordinates by simple

rotation. Thus

x = x5 cos (R4 0) + y, Sin (R4 9)
= 2 = 2 (13%)
y = yg cos (%+8) - xg sin (F+ 9)
g= 2z, 2 2
But cos (% 4 @) = - sin @, sin (* + @) = cos 6, sothat equation (13%) can be
2 2
written more simply as
x=-z.sine+y.cose
y == x, COS O -y, sin 9 (135)
z2 =2,

Coordinates in the xJ,, yl,, s{, system when expressed in terms of the
x, y, s system require both a rotation and translation for conversion.
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Thus initially

x=xt +pP; y=y'"+ M s =g8' 4+ &, (136)
But
xt s xly,cos (R+0")+y'y, sin (+0')
2
y' = y'qr.cos (% + e')- x'qr sin (R4 g") (137)
2 2
z'=3',
Hence
x =P - z‘., sin 8' + y'., cos 9§’
y=N-x'g, cos §' - y'., ssn @' l (139)
z=2'+E

As we proceed with the summation of the time- , range- , and drift-
increments along the sound rays originally the paths of their respective sound
wave surface, :we: approach the sound source, and therefore the differences in
the x- and y- coordinates for points on each ray at fixed levels approach a
minimum. Mathematically, this condition may be expressed as follows:

lim |- xg sin @ + yg cos 8 - P +x'y, sin 9’ - y'o, cos 0'|<g
lim |- X €OS 0 - yg Sin O - N + x'g, cos @' ¢ y'y, sin @'|<¢ (139)
lim |2 - 2" - E| <€ |
where ¢ is a small positive quantity.

Theoretically speaking, the two sound rays intersect, since the sound
waves emanate originally from a point source. Practically, however, in the
process of tracing the ray through the atmosphere, utilizing for this purpose
instrumental equipment subject to inherent errors, it would be a fortunate
coincidence were the computed rays to intersect. Therefore we resolve the
solution for the sound source into the determination of (a) the minimum dis-
tance between two sound rays, and (b) the position and orientation of the lLine
segment representing this distance with regard to the standard coordinate
system. The sound source can then be said to be located at some point of this
line segment. The length of the line segment is an index of reliability of
the sound ranging procedure involved in each instance of ranging operations.

22. Minimum Distance between Two Sound Rays.=~For the purpose of ready
identification, let the coordinates of general points referred to the «x, y, =z,
system be x, , y, , 2, .on the sound ray appropriate to space array (1) and
%, , ¥y, » 2, On the ray appropriate to space array (2). Further, let the
a&ditional subscript 1 or 2, be appended to the coordinates of a particular
point on each ray to indicate the level (1) or (2), respectively, at which the
point on the ray is considered. Thus, x,, , v,  , 2,, i %,, , ¥v,, ., 2,, 8T€
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the coordinates of points on ray (1) at the top and bottom of a layer of
stmosphere, respectively; and likewise, x,,

o Yania Bl Xl Yoo 5 Byg APE
coordinates of points on ray (2) at the poundaries of " the same 1.§3r of "atmos-

For the layer in which ¢ in equations (139) above is a minimum (at some
point of which, therefore, the sound source is located), substitute for the
sound rays (1) and (2) a gtraight line joining the end points of the ray at the
boundaries of the layer. Provided the layer is not excessive in vertical dimen-
sion, this approximation is justified, since within a single shallow layer the
sound ray does not depart appreciably from a straight line'’ ro that whatever
errors are introduced are inconsequentisl. It is to be emphasized, however,
that such a substitution is not valid, in general, at any part of the sound ray
except the last layer involved in the integration, since a slight error in-

troduced elsewhere along the ray becomes a cumulative one in the summation over
the remaining portion of the assumed path.

The 2quations of the lines joining the end points of the rays in the
layer, expressed in two-point form, are

XXy Yo Vg o % By

X39m%31 Y17 Y11 %1273 (1%0)
"xitzy-y&!»:z"it 3

X22=%93 Ya2~ Y21 %227 %22

The denominators are proportional to the direction cosines of the lines, A, |
gs * e for line (1), Ay, u, » v, for line (2), where

A =55 ; o o=lalln = | Bed 11
1 r, - 1 r, 5 7 {i%1)

where rt = t ‘1:"11)’ + (y;g-ylg)a * (812-211)2 v

with corresponding expressions for A, , u, » v, » Hence equations (140) above
can be written in the symmetric form of space geometry,
-x-xu___y-yuzz-zu: "’u._.y'yu__.z‘”n (142)

Ay U, Vi Ao L7 Vo

The angle ¥ between the lines is given by

cos W =R Ao 4w, ¥V Ve

Mmt'covu'. we are at liderty to sub-divide any layer of constant o and Q. into as many layers as
dz

desired or required; therefore & sufficiently shallow layer can always be secured.
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or
sin® w = (A Uy = Ag 6)* + (B, vp - Uy vt 4 (v Ap = vy 0 L {1e9)

If the two lines given by equations (1%2) intersect, then their point
:: ::um::iou can be readily determined by solving the equations simultsneously.
ve, then,

XSy PRy Ny Y-Yg

A : by Ay Uy

s0 that
x=x__ + --1A ( =x_. 4 JA )
111 3 y - "‘) ‘nd x 21 '(y - y" .

On eliminating x and solving for y, and subsequently for x apd 2. we finally

obtain
u Ag U 7

Yaie = y.. + ——ﬁ—-‘.—— X =% - At (Yoe = Yaq)
: Li-vPe 11 A‘ By = X’ u‘( 21 ll) X‘ ua = A’ u‘( 21 11
i
! A, A A, U

B ciuna B Xy v o < QRS W SO -x S (148)

. L1-VPg TN~ R u,(’“ Y1) As Ug = Ag 'ut("u 1)

Uy V
A’_ ug e A’ u‘

Ag vy
Ay bg = Ap Uy

Zpivpp = %31 {54 = 23a) = (Y94 = Y14)

Pz The point determined by relations (I%4) above is the intersection of line (1)

- with the vertical plane containing the line (2); and hence the designated sub-
script. For the values x, y, given in (144) for this point of intersection, we
find on substitution in the equation

Y = Vgs o &= 8gq

ue Ve

the vertical coordinate 2,5 on line (2) when x and y have these values. Thus

v U, W A U
s ok e # (x,, - %,,) = ——2—2(y,, = ¥;,) = Yg,)
L2 21 u’ 11 Ai u’ & Ag U; 21 11 A‘ u, & A’ ut 21 11) 21
= By Vg A! Ve 4 (145)
= 5q, + (%94 = %44) Oes = )

A‘ u"A, u‘ Al u")\, u‘
If the two given lines intersect, then z;, _ yp, = 5, . 30nd the point
%Ly - vpe » YLy -vPg * ELy - vpe determined above is the position of the
sound source.

If the two lines do not intersect, we can determine the shortest
distance between them. This distance will be a line segment perpendicular to
each of the lines. The direction cosines A, U, V of the line segment which
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represents the shortest distance between the lines, can be deterained in terms

of the direction cosines ) ,
have b

“"v"“x.l“.lv.'n“.tr“(".)“

A‘X+u‘u+ V‘V-o

k,li'u.u#v. ve0 .
Eliminating )\ we obtain

(b, = Agtg) + V(A = VgA,) = 0
and eliminating &
A Ay = Aghiy) + V(ugv, - B,Vy) =0 ¢

so that

A > M i y ;
BeVe = BgVy  Vyhg = Vedg  Agly = Aghhy

Substituting in(143)we have

. 2 y
sin®¥= {?(“z"a 2 “a"a)l + (8, - “'a"s)’ + ‘:‘;(“:V: B “'a"z)'
Syttt
7 A® (uyve = Bv,)* |

s0 that we can further write

A = A, = ¥ =11
BaVg = BgVy  “"JAg = Vg Ay = Aghhy  sin ¥

where ¥ is the angle between the given lines.

(1%6)

(187)

(148)

The length d of the line segment which is the shortest distance between

the given lines*is equal to the projection on it of any other segment joining
s point or one of the given lines with any point on the other. Using points
Xogr Vg 844 80 Xpg0 Yoqe Bgy Ve have

d = Az, = %,5,) + B0y, - You) + V(s ~ 5,,) |
By use of relations (148) we can write,
d= ‘_f.ﬂJ; (Vg = Bg¥y) (%yy = %40) + (Vihg = VeA) gy = ¥4,4)
+ (Mgl - Aghty ) (34, = 5,,)) |

*Hence perpendicular to both.
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or in jeterminant form,

(‘u T 7Y Ay A,
d= il- (rgs = ¥94) 8y 4, (150)
sin ¥
(3,5 = 39,) vy v,
The length of the segment, then, is a function of but only the endpoints of the
given lines at the boundaries of the layer.

23. Locus of the Sound Source.—Solving (149) simultaneously with
equations (146) for ), u, v, #e have

0 vy s R A W 0
A=§ 0 Ve su=9%] A 0 v, sv=8| N Uy 0
1 vy Yy 2478, Al xy%xyy 1 2,-2,, B g%y Y9V 1|, (181)
L% A by Vi
= A Yy Ve
*11%1 Y11 Va1 517
Substituting from (150) we have the simpler expressions
XA ByVg = BaVy u=i)«,v;- AV s vzikiu;'h“; 3 (182)

sin ¥ sin ¥ sin V
where the proper sign is chosen so that d is measured in positive sense from
the given line (1) to line (2). Comparison of 2, ,-yp, and 2;, in (1vs) and

(148) above will indicate the direction of the perpendicular required.

Having so determined d, the minimum distance between the two lines,
and the direction cosines )\, u, v of this common perpendicular, we can regard
this line segment as the locus of the sound:source. However, we further re-
quire the space coordinates of the end-points of the common perpendicular, so
that the locus of the sound source may be definitely known with respect to the
origin of the reference coordinate system.

To determine the coordinates of the point of intersection of the common
perpendicular with line (1), translate line (2) parallel to itself the distance d
in the plane containing both line (2) and the common perpendicular. The x,, y,,
z, coordinates of fixed points on line (2) then become x, - A, y, - ud, s, - vd,
and the equation of line (2) in its position after the specified translation is

X - (‘21 . Ad) P ) e (y!l e M) & g = ("‘ = Vd) (lﬁ‘)
As Uy Ve
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%olv:ng equation (183) simultaneously with the equation for line (1) given in
142) ,

= (:.‘ - kd) +h y - ‘A'.'(,,‘ - M)
Uy )

A
x="‘+;‘(’-,t‘) .
1

so that

P O A A
s (;:';:)""u‘("az')‘d)"'ﬁ(’n'“‘)‘t’u .

U, u At
Yo=o =Y X -Ad - - - -
e 10\, - Aghiy e )= %3] Aghip = hghhy (g = 8) = 25 (15%)
=g = %, + _lL_ [(x,, = Ad) - = A ~ ud)-
] ‘ = A.u‘ ( 21 ) ‘;;] A‘u’ = Mu‘ [("1 ) ’1‘]

Spmo = 1y + A [(z,, ) - 7,,] - =2 [(y,, - W) - y,,]

A‘u. = A’u‘ 21 11 X,U, = A’u’. 21 11 ’

where x,_.. Yoo+ 2,-,' are the coordinates of the intersection of the perpen-
dicular with line (L), : S

Lastly, the intersection of the common perpendicular with line (2) is
given by

Xpmp = %pmy +* W
Yo=p = Yy=o + ud (156)
Bp=p T Epzy, t+ Vd .

24. Expressions of Position of Sound Source for Purpose of Map-Plotting.—
The mathematical solution for the sound source is, therefore,

1. Equation (1%%) if the sound rays intersect, using as a criterion
relation (145)in connection with (14s) ; or

2. The common perpendicular d, representing the shortest distance be-
tween the rays, positioned as follows:

a. Direction cosines ), u, v by equation (152)
b Length d by equation (150)
¢. End-points as given in equations (I5%) and (i85) .

We shall choose the mid-point of the line segment d as the point
source of sound, and utilize the magnitude of d as an index of
reliability.

The evaluation of the position of the sound source in terms of space
coordinates permits the immediate adaptation of this determination to expression
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of the location of the source in terms of grid-coerdinstes for purpose of
map-plotting, provided of course, that the grid-coordinates of the origin of
the reference coordinate system are known. The elevation of the source rels-
tive to the origin of the reference system is determined in sddition.

The position of the sound source msy slso be expressed as (e) an
ar deflection (srue asissta) of the source from a fixed position, and
(6) the distance along this asimuth direction from the fixed position to source
(esimuth-renge).lotting C represent the true asimuth angle from north, @ the
range slong the agsimuth, we have

1, -1

€ = arc ten
s~ Yo

(188)

2 =.J (- 1) + (Y, - 7,)"

where (Z,. ¥,) and (Z,. Y,) are the grid-coordinates of the sound source and
fixed position, respectively.

25. Solution for Morizontal Propagation of Sound ~The solutions given above
are applicable whenever the paths of the sound waves considered are space
curves. The case where the sound propagation is along the horizontal is less
suited to rigorous analysis, since irregularities of terrain and local micro-
meteorological influences both operate in the direction of non-homogeneity of
the medium about the sound path. Diffraction over local obstacles adds to
complexity in the interpretation of the net effect of the influences operating.
Perhaps the best solution in this case is to assyme the net effect of the dis-
turbing influences zero, and correct for the observed azimuth of sound approach
at each array by a factor proportional to the ratio of drift #ind at the ground
level to the actual velocity of the sound along the horizontal. The intersection
of the two lines representing the corrected azimuths will then indicate the:
position of the sound source.

It is to be noted, however, that if the angleof inclination of the wave
normal at a space array is zero, this observation need not necessarily be in-
terpreted as the horizontal propagation of sound. "It is conceivable that, on
occasions, a particular sound wave, though propagated along a space curve in
the atmosphere and totally refracted at some level, may arrive at the micro-
phone array at zero argle with respect to the horizontal. The sound wave may
thus be considered to oe totally refracted at the nicrophone array by the
shallow layer of atmosphere next to the surface of tie ground. However, an ade-
quate criterion is available in the refraction equation (87), since (a) if the
ground surface layer of atmosphere is the medium resulting in total refraction
of the sound wave, the inclination of the wave normal at the upper boundary of
the atmospheric layer adjacent to the ground will be other than n = 1; whereas
(8) if the direction of sound propagation is along the horizontal for the en-
tire path, then n = 1 both at the array and at the upper boundary of the sur-
face layer of atmosphere.

The solution for the sound source for case (a) is no different from
that for the general case above. The solution for case (b) is, on the basis
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of the assumptions above, the angular correction € to be applied to © where

e = arc tan =% . (187)
Yo

~ ¥, being the velocity of sound along the wave front normsl. The true azimuth

of the sound source from the fixed position is 6 + ¢ .

Using the coordinates indicated for the two arrays illustrated in
Pigure 5, we have for the case of horizontal sound propagation,

=y ton (g +¢) for ray (1)

(158)
X = tan (9' +¢') for ray (2) :
y
But x=P+xr’. y=4¥+y',
50 that x =y tan (0 + ¢)
2=P - tan (@' +¢').
y - N ;
so that finally
; (8" +¢1 (159)
Ys © tan (9 +e$ tan (8’ + ¢')
= P - X tan (B8’ + £') t + 3
B R ETY - ee
where x, , y, are the coordinates of the source referred to the x, y, s,
coordinate system.
Knowing 7,,the velocity of sourid along the normal and therefore in
this case the same for the horizontal, and knowing the azimuth range R,
#here R = v/x,2 + y,2 , the time of travel is given by
160
t = E— . ( )

VO

If the sound propagation from a given source to one array is along
the horizontal and along a space curve to another array, the solution for the
source is determined as in the general case above.
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SUMNMNARY

In the previous sections equations have been derived which can be
utilized in tracing the sound ray through space from the microphone array back
to the sound source. For this computation a detailed knowledge of the meteor-
ological structure of the atmosphere is required, in particular, the variation
of temperature, humidity, wind direction, and wind velocity with elevation.

Equations (), (S), and (6) of Section II afford a means of determining
the direction of sound arrival at the microphone array, both in asimuth and in
inclination to the horizontal.

Equations (16) and (17) of Section III express the velocity of sound as
a function of temperature and humidity. By this means the variation of sound
velocity with height can be determined from a measurement of these meteorolog-
ical elements.

Equation (37) of Section V is the refraction equation which relates the
inclination of the sound wave normal at one point with its inclination at another,
provided the meteorological elements at each point are known. By means of this
equation it is possible to trace the sound ray through the atmosphere to itspoint
of total refraction. Equation (¥5) expresses the time of travel of the sound ray
through a layer of atmosphere, and equations (6%) and (82) or (85) afford the means
of computing the 'meteorological corrections” along the path of propagation.

Fquations (1%), (i%s), (150), (152), (iss), and (155) of Section VII
afford a means of computing the position of the sound source mathematically
from the space curves representing sound paths to two microphone arrays.

In a subsequent report a description of a practical field procedure for
rapid calculation of the sound path will be presented. A special slide rule,
with scales incorporating the features of the above equations, will be described,
and its operation for computation of meteorological corrections for sound ranging
will be discussed.
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