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The problem of classification is to correctly associate one

i-i population 
~~ 

with exactly one of several dis t inc t population s

1I~~I The problem may be to classify a single unit or

~ 1 more than one unit coming from T~~. The distribution functions

which characterize the populations are not completely known.

1. Sometimes the density functions are known except for some Un-

known parameters . In a broader problem the distribution
- functions are not given explicitly in simple parametric forum .

In order to get more information on the distribution functions ,

data in .the name of a “training sample” are collected in one of

II the following ways (depending on the situation):

(a) Separate samples from different populations.

* (b) Sample from the population which is a mixture of

II ~~~ “

When the density functions are known except for some para-

11 meters , a plug-in rule is obtained by replacing the parameters

by the corresponding estimetee (generally , maximum likelihood

or some other consistent est imates are used) in the optimal

II rules according to some specified criteria in a given class .

Or~e may cons ider Bayes rul es , minimax rules , admissible rules ,

U etc . Asymptotic properties of most of these rules are not

0 difficult to obtain, but asymptotic expansions of probabilities

~L . of misclassification (PNC ) would be more useful . In Chapter

[ 0
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one, we consider the problem of classifying one unit to one of

three distinct multivariate normal distributions with a common

but unknown covartance matrix. A plug-in rule is obtained by

substituting the estimates of the parameters in the minimum

dis tance (Mahalanobis distance) rule . Anderson (1973)

obtained a similar result when n
~2. Following T.W. Anderson

(1973), we derive the asymptotic expansions of the PW~’B and

the estimated PMC’s of this plug-in rule with an error of the

order of the square of the number of observations. No such

results are available in the literature for more than two

populations. [
When density functions are completely unknown , estimates

of density functions are used to obtain a plug-in rule for a

given rule which involves density functions4. In 1951, Fix and

Hodges proposed a classification rule for the two-population

problem based on nonparametric estimates of the density [
functions. The K-nearest neighbor (K-~~) rule thus proposed

by Fix and Hodges is described as follows: Let

be a random sample from the ith population. Ccn- U
elder a distaáce function d and order all the values

z) (z is the observation to be classified.), ~~~~~~~~~
ial , ,.,m. The K-IlK rule assigns Z to the population 1T~
if E~/n~ mix K /n , where is the number of pbservations

i i i
ho. fl~ in the K observations “nearest” to Z. They obtain I
the exact and asymptotic expressions for the PMC of the NM rule
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when K = 1. The 1-NM rule was also Btudied by Cover and Hart .

E Cover and Hart (1967) considered the mixed popula t ion case and

prop osed a K-NM rule which assigns Z to the populattoi~ Tl~~,

if K~ = max K 4 . In a recent paper , Goldstein (1972 ) has
J

studied some asymptotic properties of the K~_NN rules and ob-

U tam ed a consis tent upper bound for its P14J. In Chapter two ,

we propose some rules which use the basic ideas of the NH

rules , but are expressed in terms of their ranks , when the ob-

i El servations are available only in their relative orders or

- ranks and the usual NH rules can’t be applied. However, it

may be noted that the density functions can’t be estimated

II using the ranked observations only. The asymptotic PMC’s of

these rules are derived and when sampling from a mixed popula-

II tion is considered , asymptotic risks are obtained as well .

The asymptotic risk of the modified 1-NH rule is the same as

11 the respective asymptot ic risk of the 1-NM rule. The asymp-

fl totic risk of the modified Ks
_NM rule turns out to be exactly

the Bayes risk.

Ii Another class of rules are suggested based on U-statistics .

fl 
Das Gupta (19611) proposed a rule based on Wilcoxon statistics .

He showed that such a rule is cons istent . Hudi moto (19611)

1] 
also used Wilcoxon statis tic when fF 1dP24>  0 and derived

some bounds for the probability of error . Chanda and Lee ( 1975 )

[] modified Hud imoto’s rule to the situation when ,. ‘ ther

j ’71d124>  0 or !F 1dF24 < 0. We shall use Hudimoto’s idea
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sod suggest a two-sided classification rule based on the

Lebmanu statistic (Lehnaann, 1951). Asymptotic resul ts are of [
theoretical interest; however good studies on the rate of

convergence will be useful. Following Grams and Serfling (1973) ft
In their study of convergence rate for U-statistics, we obtain

the asymptotic PMC’s of these rules , together with the rate of

convergence when the sizes of the training samples approach

infinity. The strong consistency of the rules are also

pointed out. j
Finally , we consider sequential rules in order to attain

prescribed probabilities of error. Hoeffding and Wolfowitz

( 1958) studied the problem of distinguishability of sets of U
distributions . Later the notion of distinguishability was

used by Das Gupta and Kinderman (l9~11) in the set-up for the

classification problems . Hoeffding and Wolfowitz (1958) in-

troduced the minimum distance test procedure and studied the

properties of this test us ing the available probability bounds 1]
on sample distribution function. In Chapter foUr , we shall

introduce the minimum-U sequential rules and prove some pro- 1]
perties of these rules by using the available probability

inequality for U-statis tics . Srivast ava (1973) considered

sequential rules for classification into one of two distinct

n~i1tivariate normal distribution with means and a

co~~on covariance matrix E in the following two cases:
(i) ~~~~~~~~~~ — 6 is known but E is unknown . (ii) Both 6

I
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1
I and ~~ are unknown. For the case (i) Srivastava proposed a

sequential rule based on observations from fl0 and

given ~ he showed that the PNC’s of this rule tend to[ values less than ~ as ~~t E ~6 -
~ 0. However Srivastava’s

proof is incomplete and suffers from a technical error. We

Ii shall present a more rigorous analysis of his rule.

r Srivastava also proved that for his rule in case (ii) the

error can be controlled arbitrarily as 6 ’ ~ ~~6 -, 0. But

his proof is entirely wrong and we shall indicate his error.

El

E
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[1 CISSIFICAflON INTO ONE OF T}ffiE E MULTIVARIATE NORMAL

DISTRIBUTIONS

1.0 Introduction

LI
A random observation X is drawn from N

~(U’~ EL The prob-

Li len is to classify this distribution into one of ~~~~~~ Z~,
and N~(1~3~ ~~~~~. It is assumed that I i’ V~~ ~~~ U’3

are distinct and E is nonsingular (see T. V. Anderson (1958),

Chapter 6). When 
~~ U’3 

and ~J are known, and the costs

of misclassification are equal then under the assumption that

U drawing a new observation from each population is equally likely

U the optimal classification rule (minimizing the expected loss

from cost of misclassification) 6 decides U’ = kIj’ iff

U (x-U’L)’~ 
4(x-U’~

) = ~~~~~~~~~~ ~(x-U’~
)
~ which may’ be

written as

El
(1.1) ~~ = (X-~(~~+U’~))’X~ ~~(U’i~U’j

) > 0 and

LI — (x4(U’~+~~)) T ~ (U ’~-Q > o

[1 where i j, k = 1, 2, 3; i 4~ 3, j 4’ Ic, k 4 i.

U To compute the PW~’s of this rule, let us assume that

Then

H



(1.2) fl21 = Pr(& decides U’ =

= Pr(U21 > 0, 11
23 > Ot~ = Li) I

Let

(1.3) 
~~ 

= (U’i~U’i
)’
~ 

_l
( )  i,j 2,3. 1

Then i
(1.li) fl21 = Y(~c, ~; p),

where

(1.5) a = 
~~ 22

’ 
~ 

= 
~~ .22~~ 33)~~~ ~~~ .33~~ 23~~’ 

I
(1.6) 

~ = ~~22~~ 23~~~~ 22~~ 22~~ 33~~ ~~~~

and I]
(1.7) Y(a,~ ;p) =J’J’~~2(u,v;P)dudv, fj

being the pdf of the bivariate normal distribu-

tion with zero means, unit variances and correlation coefficient

p. The PI’t 
~31 can be obtained by interchanging the subscripts

2 and 3 in the formula for 
~21 I]

But in most applications the parameters are not known and a

training sample from each population is available:

(x~1, x~2, •.., x~~ ) is drawn from N~(U’1~ E), i = 1,2,3.

Estimates (based on training samples) of the parameters are
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L substituted in (1.1). To get a rule called a plug-in version of

F 6 we estimate U’j  by
Là ni

(1.8) X~ ~~~~~~~~~~~~~ X. , i=l ,2,3
U ni~~=l 1~

and ~ by 5, where

L 3
(1.9) (fl 1~~12

+n -3)s = ~ (x~ _5
~j

)(x ja_5
~j )’

.
3 i=i~~=i ~

Then the plug-in minimum distance rule 6 decides ~ = if f

(1.10) (x ~~~~~ ~~ 
t s -l 

~~~~~ 
- )  > 0 and

~~~~~~~~~~~~~~~~ > 0.

In this chapter, we obtain asymptotic expansions of the

Pt4J’s and the estimated PMC’a of the plug-in rule with an error

of the order of the square of the number of observations. No

such results are available in the literature for more than two

populations. Anderson (1973) obtained similar results for the

two-population problem.

II 1.1 The asy~ptotic expansions of PLC ’s.

The P1,C’s of the plug-in rule 6 will, be derived now under

the assumption ~ =

(1.11) P21 = Pr(~ decides i~ = M~IU ’ = U’1)

= Pr(~21 >O , U23 >0 = U ’1),

H
,ll
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where U’s are obtained from the corresponding U’s af ter re-

placing U’1’ U2, IL3
, ~ by 

,
, 

~2’ ~~ 
s~ respectively. Condi- [

tioning on X1,
’s and S we get

(1.12) ~21(~1, X2~ X3, s)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ Z~s ’~(i2-it1))~,

~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ s~~(5i2-~~))~ ;

~ s4(~2-~3)/ [(~2-~1)’s
1 

~ 
s ’~Ø~ -3i~,)

(i~2—i3)’s~~ E s~~(~’2~i~3)]*). 
. .1

For simplicity, we shall assume it = n1 = n~ = it
3 

and from

now on wri te

(1.13) m = n1+fl2+fl3-3 
= 3n-3.

The distribution of (u~1, u23) is invariant with respect to H

• the transformations X~ = AX+b, X~3 
= AX~3+b~ 3 =

• i = 1,2,3, where A is nonsingular. Without 1oss~~ generality, U
I: we shall replace 

~~~~
, Il2~ U’3 

and ~ by 0, 112~ 713 and I

respectively , where LI

(I.ili ) 112 = ‘~~~~‘l-U’2)~ 113 =E4(~1-~3).

Then

(i.i~ ) a 22 112112k a = 113113~ a 
23 112113.
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[ Define Y1, Y2 , Y
3 

and V by

(1.16) ; = T1/J, X
2 -1l2+Y2Im’

~, X
3 -113+Y3

Im~,

S = I+V/mk

7 The statistics X, X1, X2, X3, and S are independently distri—

buted as N~ (U’1~ ~), N(~2, ~Yn), N (U3, XYn), and w(E, m),
respectively. Combining these and the transformations mentioned

L. 
above, we can assume that X, Y1, Y2

, 7
3 

and V are mutually

ii: independent and X _N~(O~ I); y3 
_.N~(O mI/n), i = 1,2,3; and

• ev 0. Then, in terun of Y’s and V, (1.12) is

(1.17) P21(Y1,Y2,Y3,V) E Y(Gm, bm;rm),

where

H 
(1.18) a~ =

L ([_112+(12~
7l)1m~

] I(I+V/mIY2(_7I~+(y2
_y
1)/m

I] )~,

U (1.19) b =

(-(712-’fl3
)+(Y2—Y3

)/m
~
]/C [-(T1~-Tt3

)+(y2-y3
)/J1’

(I+vtm )‘2[_ (p ~i
3
)+(y

2
,.y
3
)/mI]) • ,1] 

(1.20) r~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

((-fl~+(Y2-Y1)/m~J ’ (I+v/m~y2[_1i~+(y2
_y

1)/m~J

‘3 (-(fl2-113
)+(Y2-Y

3
)/m

~
) ~(I÷V/m~Y2 (_ (yj~_11

3
)

2 ) .
II
II _________________ ____________
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Note that

(1.21) (I+V/m ~Y1 = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ Ii
(1.22) (I+V/m ~Y2 = I~2V/m +3V2/m~4V3/m3I2+5V4/m5~’2

Let ,T
m be the subset of the sample space defined as

(1.23) ~ = CI’ ~kj I < g(log m)2, 1V131 < 2 log in; k = 1,2,3,

1,3 = 1, ..., p, is a constant greater than 4),

where 7k = 
~ kl’ 

~~~~~‘ ~~~~~ 
Lenana of Anderson (1973) 1]

yields the following:

Lemma 1.1 Pr(J ) = 1—o(m 2),
in ii

Consequently, since 0 <~~(~i~,b ; r ~ ) < 1 we have

(1.24 ) P21 = e1!(Q
~
,b
~
;r
~
) =

+ ~~~~~~~~~~~~~~~~

= er(a~
,b~

;r
~)x(J )+o(m 2),

where x(A ) stands for the indicator set function of a set A.

Define

El
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II (1.25) ~ = a~~, b = a33

, d = a23,

‘3 
e = a2~-a33, f = a22-or23, q = a33~~23

,

= a~~4a33-2a23,

-• -

[1 Using the identities (1.21) and (1.22), over for

U sufficiently large in (as Taylor series expansions), we have the

• following:

The numerator of in (1.18) is ~ times

U (1.26) a+ ~~(-11~v1l2-211~Y2)

U + ~ [11~V2112+21~ vY2+(Y2+y1
)1 

~~~~~~ ~ 1J’~1 ,y~,v),

U 
where .y

1~
(Y1,Y2

,V) is a remainder term consisting of

times a homogeneous polynomial (not depending on m) of degree 3

• U in the elements of 
~~~~ ~

Y
3~ 

and V plus ui 2 times in a homo-

geneous polynomial of degree Ii. plus a remainder term which is

[1 O(1n 512) for fixed 
~1’~2’~ 3’ and V (and O(log ~ )5/~5/2 ) for

Y1,72,13, and V in

U The denominator of in (1.18) is

:0
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(1.27) (11~

T)
2
+ jf~211~V112~211~(Y2-Y1

))

+ ~ [31l~v%+411~(Y2
_71)+(Y2

_71)’ (Y2-Y1)+y~~ (Y1,Y2 ,v)J~~

= —~~~ +

+ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘ (Y
2
_y
i)]/2cj

3~
’2

where y,~jY1,y2,v), ~~~(Y1,y2,v) have the same properties as

Ylm(Yl,72,v). The notation Vj~
(Y1~

Y2~
Y
3~
V) will be used fre-

quently, which will have the same properties as those of I
unless mentioned otherwise.

Combining (1.26) and (1.27), we get I
(1.28) a~ 

= c€+clmk.D1n81
4

(y i,y2,v), 1
where I
(1.29) C -11~(Y2

+Y1)/2a~, I
D =

+[ (i~v~~ 
)2

~411 211
~
71 (72+37l)(72 71) 

1~~~ ]/4~3I2.

The numerator of bm in (1.19) is ~ times I
(1.30) e “ 1[_(112+113

)’v(1
~

_11
3
)_2(11

~
y
2_11

ty)]

+ ![(11 +11 ) ‘v2(
~~-113)÷2 (~~vY2_11;vY3)+(Y2+Y3) 

~~~~~~~ 1
+ y

5~
(Y2,Y3,V).
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The denominator of in (1.19) is

U (i.~i) ~ +

L [1 +

S

Ii
El +3I(1~~’113

)I(7
2
..7
3
)+(T~~

..113
)1V(112_113

))2/2a5)

+y~~(Y2,Y3,v).

Combining (1.30) and (1.31), we get

LI 
(1.32) bm P+F/m~+C/m+y

7
(Y2

,Y
3
,V),a where

ll (1.33) F —

II +e((fl2
_11

3
)/(y

2
_y

3
)+(mfl,~~_11

3
) ‘V (712-713

) ]/~y3

— -e(3(1~ -113
) ‘v2(T~ -11

3
)+(y

2
-y
3
) ‘

fi 4(1I2—1l3
) ’V(Y2—T3)Jf4a 3+3e( (1~~-113

)’(Y2—y
3
)

+(1~~-1~3
) ‘v(i~2-113) ]2/4~,5+[ (7~+11 ) ‘v2(7~2-!~3)

LI +2(’r~;v’~2-11;vY3)+(Y2+T3
) 
~~~~~~~ 

]/2~

• ‘3 - ((1~ -113
) ‘v(1~-113)+(~~-113)’ 

~~2 ’3~ 
U (i~ +i~~) ‘v(’~-113)

n I +2(712Y2..11
3
7
3
)J/2c3

U 
The numerator of ra in (1.20) is

a
1’~ ‘3
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(‘.y~
) f + -1~v(112-113)-1l~(12-Y3)-(1l~-1l3) ’(Y2-Y1)]

+ ~ [3~~V2(1~ _11
3
)÷2fl~V(Y2

_T
3
)+2(112_113

) ‘v(y
2
-y
1)

~~~~~~~~~~~~~~~~ 
‘1~~(Y3, Y2 ,Y3,v) .

Combining (1.34), (1.27), and (1.31), we get

(1.35) rm = p+H/m~+K/m+y~~(Y1,Y2,Y3
,V),

where

(1.36) H = -(2lj~V(112’.11
3
).41~(Y2

.Y
3
)-(1l2..113

)’(Y
2
..y
1)JIQk,

+
~~

(112”113
)’(T2-73

)
~

(112i3) V(112~113)) Ia~a~
K — -f(3( 1~~-113

)’V2(112-113
)+(Y2-Y

3
)’( Y2-Y

3
)

*4(1~-113
) ‘v(~2-~3) ]/2aky~

+(311~V2(11~-1~3
)+21l~V(Y2-Y

3
)4Q(712-113

) ‘v( 1r2-71)

• +(y 2-T1) ’(~2-~3)] Iak, [
4 J 2 +(Y2~~1) (72

_T
i)~~1 1 ( 72

_T
i)J/~~

3/2
a

512+3f(~~(Y
2-Y1

)+1~Vfl,~]2f2G ~

+f 
~~~~~~~~ 

)+i~vi~ 3 ( (r~-~3)’ ~~~~~
+(I~ i3

)~v(~~ _mfl
3
) 3/G3/2c3
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x

Li ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

I -(21~ V(1~ -113
)+11~(Y2-Y

3)+(11~-113
) ’(Y2-Y1)] x

(1~ (Y2
_y
i)+11,~V1~~]/G3’2a.

-

~~ We assume that k ’t 4t
~ 
1. This means that U’1’ p~ , are not

[J linearly related .

1 Then a Taylor series expansion of Y((l~
,b

~
;r

~ ) over for

sufficiently large in (see appendix for detailed derivation)

U gives ,

• (1.37) Y(a ,ba;rm)

—

• Li
~~i
( i( 2T)

~~~~
’
~
1’) [_ fc 2/~~~~~, cy/2~~~~~~CH/Ie..r~ )

~1
4~2(L~ ;p)(R/a~+K/mf(ocy/2.r2) [ f/G q1 /b,19H2/a

1; 
+ /4r~ )cH/r~.(Gqa/4 r2)~ x/m)+ V10 (Y1,T2,f

3
,v),.3/2

‘3 + Y~~ (~1,~2,~3
,v)+ y~~~(y1,Y2,Y3,v ),

II where •~
(x) i./’~,1(y)d,;

~~~~~ 
being the pdf of the standard norwal distributio n; and

~1o 
(v1,~2,~ 3,v) is a homog.n.ous polynodal (not depending on

I
I
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a) of degree 3 in the elements , of Y1~
Y2~

Y
3 

and V; 11
~ii 

(y1,y2,y
3
,v) is a polynomial of degree 4, and 

‘3y1~~ (Y1, Y2 ,!
3
,V) is a remainde r term, which is 0(in ’

~ 
2) for

fixed Y1, 72, Y
3

, and V In J .  I]
Since is by definition symmetric in and Y

3
,

C has the expectation zero over J,~. Let h be a function of

and V having finite second moment. Then H
(1.38) I~~

e11X(
~

T
~)l

= Iehx(smc) I

~ Ieh2I~ I ex(s~
c)I~

LI
Consequently, the differences between &)Im, &1m, ex/in, ee2lm, [J j •
~~2/m, eR2Iin, eeFlm, eCHIm , P211/rn, 

~~~ 
(Y1,Y2,Y3,v)/m3~’2 and 

-•

the corresponding expectations over are o(m 2) .  Moreover , LI :~:
for any positive integer t , [
(1.39) P2 2 t l  = ~t b(a t ) — 0(m4)

Bence

(1.40) I~
hhn

~~
7x(J

~
)hn

~t 
LI ~

— IP2%(3m
C)1~m ~

~ (1/m~)IP23I hh*3
I ex(Jm

0
)J
2/3

— (1/a4)IO( m4))1~
’3(O(a 2)) 213

- • . ,, . - , •,, - , , - , ,, . - , . • -



II -18 -

Ii Similarly,

El Iea/a&eax(Q/m~I < o(m 2).

Note also that P2 = 0, eu = 0. Since the fourth-order absolute

moments of Y ,Y ,Y , and V exist and are bounded, so is

Hence

Finall y, in 
~m each element of Y1, Y2, y3, and V divided by

is less than a constant times log m/m*, therefore

U (1.41) e(712m(Yj ,72 ,73,v)x(J ) f = 0(m 5/2logSm) = o(i2).

Thus

(1.42) ev(ci~
,b~;r )~(~~) =

It
• where

(1.143) Q =

.‘q’1 (~ )~p1 (-G~q/2 1r) (akil r)e( ~~~~~~~~~~~~~~~~~~~~~~~~• I *,~(8 )~1(-g/2a~ ) (c1~~/T)e /2a cy /2~~ qFa/4,2]

+Q~qPH/4i23

Since the third moments of Y1,y2,y3, and V are either
sara or 0(a4), combining (1.21i ) and (1.142), we have



- 19-

(1.44) P21 = , p ) ~~/m÷o(m2). t
Finally we have (see Appendix for details),

(1.45) P21 = ~(~~~~p)

+ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ r
- +cp1(~)~1(~I2crr)(eI4cT) ((p-1)/ 14.+(12+3(U+b)+6(p-1))/c,2

)(f-d)/~

+8aq+5b2+lid2) 
~~~~~~~ ~ ~ 

i(i/aks) (3(p-l )—3 (p-l )qla

-3(p-l )ffo2-2f+f2( 3+2f) /aa2)+~I8a~cy 3
11
ii

• -3f-3f2/a-3f2/cT2+3cy2+3Gf2ccj2 {i
_2f3(3+2f)/Q02]) ~+0(m 2). 

rj

The asymptotic expansi on of the P*~ P31 can be obtained by

interchanging the subscripts 2 and 3 in (1.14.5). if

_ _ _ _ _ _ _ _ _  

1]
1.2 The asymptotic expansions of estimate d P?4~’s.

We estimate P21 by considering X distributed as

• w~(i1~s). Then , in ter me of Y’s and V , P21(Y1,Y2,Y3,V) is

(1.146) 21(y1,’r2,~3
,v) — Y(aa~~in.;iiii).

where

n
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1 (1.47) ~~ =

11 (1.11.8) 
~m 

= ~[_ O12+113
)+(Y2+Y3

_2y
i)/m~]1 (I+V/m~y

1
t- (fl2+11 )

(t-(112-TI3
)+(Y2-y3

)/m~Y (l+V/mk~
’
~

(1.49) =

([-~2+(y2
-y1 ) Im~] P (I+V/m~Yl [-Y(Y2-Yi)Im*] ( 213

)

As before , over J for sufficiently large m, Taylor seriesm
expansions give :

(I

(1.50) m = 
~ 

+ C /ink-D /m +

• 
where

(1.51) C~ =

D = [1~V
2T)2+21~V(Y2-y1)÷(y2-y1) 

‘

fi -(1~ V1~ +21~ (Y2-Y1) ]2/~~~3/2

(1.52 ) bm = 
~ 

+ F*/m~ .~~*/m + Vi4~ (Yi, Y2 ,Y
3

,V) ,
• 

~

•

~
•
~~~

•

where

(1.53) F* 
=

• LI -i.e [ (1
~2~1~~

) ‘V(~~ -~fl 3)+2(~~ -fl 3
) ’ (~2-y

3
) ~~~~

~i fi
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= -e ( (1~2-fl 3
) ’V2(fl2-fl 3)+2 (fl2-fl 3

) ’V(Y2-Y
3

)+(Y2-Y
3

) ’ 0
(y2

_y
3)3/ 14.a3

+3e ( (T12 -T13
) ‘vOi2-fl 3)+2 (1~2-1L3) ‘(y~-y~) 12/16~5

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ x

((1~~~3
) ’VCfl2-TI3)42(1I2i3)’(Y2-Y3)3/2a

3. U
(i.~4) 

~~ 
+ fl*/~~ .I.K*/m + 

~~~~~~~~~~~~~~~ j
where

(1.55) 11* = f 
~~2~~2 ~2~~(Y2-Y1) ]/2a

3/2
~+ ( 2~~2~~2~~3 I

~~~~~~~~~~~~~~~~~~~~~~~~~~ ]/a~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ]/2Gks~ ii
K = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

(~2
-y1)-(~3

—y1) ’ (~3—y1) ]/G*a

~~~~~~~~~~~~~~~~~~~~~~ ‘v(y2-y 3)+(y2-y3) ’(y2-y 3)]/
t

5_f [~~v
2
~2+2i~ V(Y2~Y1)+(Y2-Y1) ~(y2

_y
1)]/2a

3/2a 1~
+3f f~~Vfl2+2fl~ (y ..y

1) 
]2/Q/2~~f 

~~~~~~ ~
v(n 2-T13)+

2Cfl2—113
)’ (y

2-~3
) J [~~vTi~+21~~(Y2-y1) ]/2G3/2ci3

x

~~~~~~ 
v(n2

_r)
3
)+2(n2

_n
3
)1 (Y2-Y3)] /2G~k,r3
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- 

• 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ x

£ [~~~~ 2+21~~(Y2
_Y

1))/2a3t’2~ .

• I By going through exactly the same arguments as in Section

1.1, if Jp J < 1, we have

(1.56) g~21(y1,
y
2
,y
3
,v)

I =

L + ~~ p1(~ )~1(ci~q/2 i ) (G3/
’2/32_ (p_1)G~/14._3(p_l)/2cj~]

r
L

+48(p_i))/8a2_3e2/2~y4]_cp1(cx)cp1
(_~~q/2.r)(1/r) xr.

[~f(a/8÷3/2)+(2(a~-d
2 )+12f+ef( f+6)/a2)/16

0 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

ç ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+12(çJ~-f ) + ef (f + 6 ) / a 2] I 1 6+(Qq/16 .r 2 ) [ - c~ +Gd+3ab÷bd

I) -4d2+6(G-i-3b)-I~df(d+6)/Q-12ef/a
2

• !
_(3(p_1)f+6d)/a+f2(f+6)/cja2]/u~~

• +(1/212a) ~~~~~~~~~~~~~~~~~~~~~~~~~~

• 1•~ _6f2/~
2+f2(f6)/~~2]+(G~~/161.2~) (1 f/~~2)

II
+2df(d+6)/a_12ef/a2+ef2 (f+6)/ck,2])~+0(m 2).

a
-j
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Interchanging the subscripts 2 and 3 in (1.56) gives I

the expansion for e1~31
(Y1,Y2,Y3

,V).

i i

U

c-i
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CHAPTER 2

ASYMPTOTIC P~~ ‘S OF NEAREST NEIGHBOR RULES BASED ON RANKS

2.0 Introduction

F!
The nearest neighbor (NN) rule for classifying an observa-

iJ tion Z into one of two given populations 1T
~ and 112 was first

introduced and studied by Fix and Hodges (1951). The rule can be

h described as follows: Let (x1, ..., X ) and (y~, ...
~~ 
Tn 

) be
2

t random training samples from 111 auid 1T
2~ 

respectively. Using a

distance function d , rank the distance of all the observations

1! from Z, and classify Z into l1~ if the nearest observation to

~ F Z comes from fl~. This rule was also studied by Cover and Hart

(1967), Cover (1968), who generally considered sampling from a

I population which is a mixture of l1
~ 

and

• The NN rule can’t be applied if the observations are avail-

• I! able only in terms of their ranks (or relative orders). In this

U chapter a rule is suggested which uses the bas ic idea of the NM

• rule but it is expressed only in terms of the ranks of the obser-
-

• vations. The rule is given below and it is termed as the Modified

• Nearest Neighbor (MNN ) rule.

Pool all the observations Z, X~’s, and Y~’s, and note

the ir relative orders (or ranks). Let U and V be the nearest

observations to Z from the left and from the right, respec-

• 
• 

tively, in the pooled training sample. When either U or V is

not defined we define it to be 2. The MNN rule can now be

- I
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described as follows:

(i) If Z is the smallest observation, then classify it to 1T~

F (or 11
2) 

when V is an x (or y) observation.
(ii) If Z is the largest observation, classify it to 1i

~ 
(or

wh en U is an x (or y) observation.

(iii) If both U and V are x (or y) observations, classify Z

into •11
~ 
(or 11

2). ii
(iv) If U and V are not from the same population, classify Z

into and 112 with probability ~~~ and ~~~, respectively. :1
The basic idea of this rule is take n from Anderson (1966) where

I• he discusses classification rules based on tolerance regions..

In Section 2.1 we have derived the asymptotic (as n1, n2
.. co) PMC of the MNN ru le. It turns out that the asymptotic P~~
of our rule is the same as the respective asymptotic PMC of the

NN rule as derived by Fix and Hodges (1951).

Moreover , to reduce randomization in the MNN rule, we may

modify the rule in the following way . If the left nearest neigh- j
• bor U and the right nearest neighbor V are not from the same

population, consider the next smaller and the next larger observa-

tions and denote the new left neighbor by U2 and the new right
• neighbor by V2. Then classify Z into h i (or 112) if both

• U2 and V2 are X (or y) observations ; if U2 and V2 are

• not from the same population, classify Z into and 112 with

probability ~ and ~, respectively. This will be called the

two-stage ~~N rule. When U
2 

and V2 are not from the same



I L’
population, we may consider the next smaller and the next larger

• observations and classify accord ing to the new lef t and right

• neighbors U
3 

and V
3 

as above. This defines the three-stage

L MNN rule. We shall derive the asymptotic Pm ’s of the two-

stage, and the three-stage MNM ru les . When training samples are

drawn from a population which is a mixture of and we

derive the asymptotic risks of the two-stage and the three-stage

MNN rules and extend this to obtain the asymptotic risk of the

K-stage MNN rule. It is shown that this t~ii1ti-stage MNN

{ rule reduces not only the probability of randomization but also

the asymptotic risk.

{j In section 2.4 we d~fine the rank-analogue of the Ks_nearest

• U 
neighbor (K~_NN ) rule . The K~_NN rule was firs t introduced and

• studied by Fix and Hodges ( 1951), and later modified by Cover

• 
U 

(1968). The modified rule can be described as follows. Let

M be the number of observations in the pooled training sample
• 

• 
• fl

j

• 
•
• Li from the population 11~ that belong to the k nearest neighbors

• (wi th respect to some distance measure) of Z. Then the K~-NN

rule decides Z as if M max M • We propos e a
~i J=1,2 

flj
- “Modified Ks-Nearest Neighbor” (MK~ _NN ) rule , which uses the

basic idea of the K~-NN rule but it is expressed only in terms of
• the ranks of the observations . The rule is given below.
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1.

Let U be the k 1tb nearest observation to Z from the
U a,

left and V be the k th nearest observation to Z from then,2

right in the pooled training •ample . When U,~ (or V )  is not

defined as described above, we define it to be the smallest (or

the target ) observation in thc pooled sample (including z).

Then the MK~-NN rule i~ defined as follows: 1.
(i) If there are more X (or Y) observations in the closed

interval (Us, va], classify 2 into fl~ (or 112).

(ii) If there are equal numbers of X observat ions and Y

• observations in (U~~ vs], classify Z into 11
~ 

and 112 
with

probability ~~ and ~~, respectively. J
We shall derive the asymptotic P!~E of the Mç1~-NN rule when

~ 
and k ~/n~() as it — min(n 1,n2

)-.co. When training sam-

pies are drawn from a popu lation which ii a mixture of and

the asymptotic risk of the ?IC~_NN rule turns out to be

exactly the Bayes risk.

The K~_NN rule was obtained using the K~_NN estimates of (g) I
the density functions as suggested by Fix and Hodges (1951) and

Loftsgaarden and Quesenberry (1965). However , it may be noted

that the density functions can ’t be estimated using the ranked 
-

observations only. [El
§

11
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Li 2.1 Asymptotic value, of the conditional P?C of the )W rule .

Let the c.d.f.’s of X~ and T~ be Ft and P’2’ 
respec-

tively. We shall assume that and E2 are the p.d f.’s

• -i corresponding to F1 and F2, respectively, with respect to

{ Lebesgue measure . Denote by X(1) < X (2) < ...
‘(i) < T

(2) 
< < Y

(~~) the order stat is tics of (x1, ~~~~~~ 
X~~ )

and .... Y,~ ), respectively.

• U Let P (z) and Q (z) be the conditional probabili-
• nl,n2 nl,n2

• ties that the ?tlN rule classifies the observation Z into Tlj

and TI , respectively, given Z — z. Note that P (s) is2

Li the conditional PCC and Q (s) is the conditional P)C when

2 —F1, given 2 — z. We can write

4
(2.1) P (z) — ~~P ~• Ii ~~~~ i’sl ~~ 2’

U where

• (2.2) P~~,~~ ,i(z) — Pr (Z < X
(1) 

< Y
(1)IZ — 5),

(2.3) P
2(z) — Prfz > X(~~ ) > Y~~~~ J Z  —

(2.4) P
n n 3 (Z) — Pr(X

(~) 
< Z  < X (i+l) for some

• R
T
(~) *(X (j ).x(~+1)] for every

L;

U
• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • ••• •



- 29 -

(2.5) P
~~~~~4(z) — *Pr(X (~ ) $ 2 < for s’xae 1. and 3 but no

other observati3ns fall in [X (L)~ 
T(~) JIZu.s 3 +

PrT (3) < 2 < X ~~~ for some i and 3 but no other observa-

tions fall in [Y(j)~ X(~)J.IZuz1.

Similarly, we can write [S
(2.6) Q (z) — ~(z).n1,n2 ~~~~~ 

n11n2
,

where Q j(z) is obte.tued from P j (Z) by inter— •• n1,n2,

• changing X and 7. Note that Q 
~ 14~~~ ~ ~ ~~~• 111)2 flj~~2. •

To obtain asymptotic expressions , we shall assume that

O < X < c o, where • 1

(2.7) ii — lint n
2
/n1.

The cases X — 0 and X o can be hand led easily. We shall now

obtain the limiting values of P j (Z) and Q 4(5). Un1,n2, 11h) 11
2
,E.

Lenmta 2.1. (i) Either F1(z) > 0 or V
2(z) 

> 0 implies

p -. 0 and Q 
~~~ 

-. 0 as n1,fl ‘2

(ii) Either F1(z) < 1 or < 1 implies

P~ ,n ~~~~ -‘ 0 and Q~ ,~~ ,2
(z) ‘ 0 as n1 n2 ~‘ 

w~1 2  1 2

C
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[1 Proof. it is sufficien t to prove the result only for

• s ince the other results follow along the similarIi 11112)

line .

(2.8) P 
~~~~ 

- P r ( Z < X (1) < T (1)~ Zs~z)
1 2

— J ’ (1—12(x)) 2a1(1— F 1(x)) ~dp1(x)

U 
< (l_72(z)) 2(14t(z)~

l -. o .s n1, n~ -...

• U
Remark. The above assumption. hold a.e. if either Z 4~ or

L
U Next we shall derive the limiting value of P (a ).

Uj  ‘~2’~Note that

(2.9) p (~) —

fj’(l-(72(y)-F2(x) )
2 ( ) U1 2

d11(y)d71(x)

For fixed z and 0<F1(s)< l, o<F
2(s)<I define

(2.10) H1(y—z) (P1(y)—F1(a))/(l..~’1(z)) for ~ > 
~~,

(2.11) H2(z—x) — (F1(z)—F 1(z))/F 1(z) for x < a ,

(2.12) K1(y—z) (F2(y)-F2(z ))I(1—F2(z)) for y > z ,

II
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(2.13) t~ (s—x) — (F2(ui )— P’2(x)) 1P2(a) for x a.

Let u — y - s  and v — z - x  for z < z < y. Then we asy write

(2.14) P
111 11 3

(5) — ,LJ’
2
(1_ (F

2
(Y)_F

2
(z))_ (F

2
(z)_F

2(x))) 
2

• n1(n1—1)(l—(F1(y)—F 1(z))— (F1(z)—F 1(x) ))
1 2

dF1(y)dF 1(x)

— f~qJ’ (1-(1_F2(z))K 1(y-z)-F2(z)K2(z-x)) 2ni(ni
_ l) x ~1i

n-2
(l— ( 1—F1(z)111(y-z)—F 1(z)H2(z—x )) I cw

1(y)dP1(x)

• it
— 5! (1-(1-F2(z))K1(u)-F2(z)K2(v)) 

2
~~(~~~1) x

00 

u-2
• (1— (l41(z))R1(u)—F 1(~)H2(v)) 

1 (l—F1(a))F1(z)dR1(u)dR2(v) , •1
Let 

•

(2.15) 0 — f2(z)/f 1(z).

We shall show that

(2.16) P~~ 1 1 3(z) a
(z)

H
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E 

H1(u)—F 1(z)02(y)) 
1 (l—F 1(z))F 1(z)dii1(u)cUI2(v) if 8 < I

11
~~~~~~~~~~~~~~ x

n-2
• (1-F2

(z))K1(u)— (l/9)F2(z)K2(v)) 
1 (1-F2(i))F2

(z)dK1(u)

dK~(v) if 9> 1

• Next we shall show that

• p* (z) -‘ (i+xeY2

• U For the above results we need to assume that a is a continuo~.is

• 
~~~~ 

point of both f 1 and f
2 and f1(z) 

> 0, f
2(z) 

> 0. Note tha t

Li 1* (a) is obtained from P (z) after replacing K
1(u)111,112

,3

and p~(v) in the integrand by 9(l-F1(z))H1(u)/(1-F2(z)) and

~ ‘
1(z)H2(v)

/F
2(z), respectively, when e < 1. When 9 > 1,

• P* (a) is obtained from P (a) after replacing

1] H.~(u) and 11
2(v) in the integrand by (l/G)(1—F 2(z))K1(u)/(1-F1(z))

and (1/0)F2(z)K2(v)
/F1(z), respectively.

lii We shall prove that each of P (z) and P* (~)
n1,n2,3

La asymptotically equivalent to the corresponding integral when

the domain of integration [0,..) x [0,.’) is replaced by (0,6) x
(0,6] for sufficiently small 6 > 0. Moreover, in this domain
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~
s 9(l—F 1(z))/( 1—p2(z))

and

~ 9F1(z)/F2(z).

Let us now prove the results described above.

Leamta 2.2. If a is a continuous point of both f
1 and

• and f1(z) > 0, f
2(z) > 0, then for sufficiently small 6 > 0

we have

6 6  n
(2.17) U.n (P 

~ 
(z)-f J

’ (1-(1-P2(z))K.1(u)-F 2
(z)K

2(v)) 
2x

I’ 2’ 00

n1(n1— 1) (1..(l4l(z))Hi(u) 41(z)}j
2(v) )’~

1 2
(l_p

1(z))p 1(z)x 
I

dH1(u)dH2(v)) — 0.

I
Proof. Since H.~ and H are non-decreasing functions in u2
and v we have • El

3

• ~ . n1(n1— l) ( l— ( 1—F1(z))H 1(8)) 1 40 as n1~~
..,

because l— (l—F1(z))H1(6) < 1 for sufficiently small 6 > 0.

II• The other two integrals I I and can be similarly proved

to be asymptotically zero, a:d the pr:of is complete.

I
• ~~ ••• ~ • —~~•~ • •~~••~ ~••~~~~•~~•~.a
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Remark. Note that only it
1 

-+
~~~~ is required to obtain the

• desired result.

Before commencing the next lemma, we need to develop some

useful facts .

• Using the definition of a density at its p oint of continuity,

1 we get

• (2.18) liin K1(u)/u =
u-90 u-~0

• = f2(z)I(1-F 2(z)) ,

(2.19) u r n  }11(u)/u = u r n

H u-tO

ri  = f1(z)I(l-F 1(z))

• provided f1(z) > 0 and f
2(z) 

> 0.

(2.18) and (2.19) entail

(2.20) u r n  Kj(u)/01(u) =
u-to

• 
•• Similarly,

(2.21) u r n  K2(v)/H2(v) = 9F1(z)/F2(z)

If we write

• •~~ (2.22) 1(~(u) O(l—F1(z))H1(u)/(l—F2(z)) + R1(u)/(l-F2(z ) ) ,

I~
j 

-

~ Li
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(2.23) 1(2(v) = 8P1(z)H2(v)/F2

(z) + R2(v)/F2(z) 1]
Then R1(u) and R

2(v) have the following property:

lim R1(u)/H1(u) = u r n  R2(v)I} 12 (v )  = 0,
u-tO u-tO

which is equivalent to that for every c > 0, there exists a

• 6>0 such that

(2.24) 1R1(u)I cH1(u), 1R2(v)I 5 £R~(v) whenever lul < 6,

Iv) < 6 .

Leimna 2.3. Suppose a is a continuous point of both f1 and

f2 
and f1(z) 

> 0, f2(z) 
> 0. If 0 < X <o~, then

(P~~~~~~ 3
(z)-P~~~~~~3

(z) ]  = 0

Proof. We shall only prove for 0 < 1 since for the case 8 > 1

• can be similarly proved just by switching the roles of 11
1(u),

112(v) with K1(u), K2(v), respectively.

Obviously Lemma 2.2 is also true for ~* (z).  There-n1,n213 ij
fore we need only to prove that for sufficiently small 6 > 0

6 6
iirn C,fj

’ (I-(1-F
2(z))K 1(u):F2(z)K2(v)) 

2n1(n1-l)(l-(1-F1

(z))H1(u)—F1(z)H2(v)) (1-F1(z))F1(z)d}11(u)dli2
(y)—

ff(1-9(1-F1(z))H1(u)-8F1(z)H (v) )2fl (n _l)

L
ii
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n-2
‘ (l—F 1(z)) F1(z)~

dH1(u)dH2(v)fl= 0.

[ 1  Now using (2.22 ) and (2.23), we can write

H (2.25) !:!:
(1
~
(1
~
F2(z))Ki(u)~

F2(z)K2(v))
n
2ni(ul~

1)(1 (l Fl(z))x

H1(u)-F1(z)R2(v)} (1-F1(z))F 1(z)d01(u)dR (v)

6 6  p
• =1! c1-l:6(1-F1(Z))H1(U)+R 1(U)]-[9F1(a)H2(~)+R2(~))) 

2 x• 0 0
-

~~~ n-21 (l-F1(z))dH 1(u)

I ~ dR2(v)

Prom the mean-value theor em, then for some 0 <~~ 1 < 1,

• Ii 0 <
~~2 

< 1 , (2.25) is

(2.26) !
0
!
0
1—9 (1—Fi(z))Mj(u)—8F i(z)R2

v~~ 
2n1(n1—l) (l— (1—F1(z))x

I 
n - 2  6 6

H1(u)-F1(z)H ,.~(v)) 1 (1_F i(z))F i(z)d 11(u)d112(v)_ ! $

2 x
• n1(n1—1)(1—(1—F1(z))a1(u)—F 1(2)H (~ )) 1 (1—F1

(z))r
1(z)x

)H1(u)—~1R1(u)—9p 1(z)x

1: H2(v)-R2(v))
2 n1(n1-I)(l-(1-F1(z))~11

(u)_r
1(z)}(2(v))

’
~~
2
x

(l-F1(z))F1(z)ciIt1(u)crn2(v)

II
L

~~~ ~~~~~ 
~~~~ ~~~~~~~~~~~~~~~~~~~~~~
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The lemma is proved if we can show that in (2.26) the second term

and the third are asymptotically zero. Denote the second tern by •

• a (z) and the third by b (z), then
• • n1,n2

6 6
• 

• n n 2  )n2n1(n1-
1)(l-(1-F1(z))R1(o)-

F1(z)R2(v)) (1—F1(z))F1(z)dR1(u)dl12(v) 
2

~iiFrom (2.21i) for every e > 0, we can choose sufficiently small

6 > 0  such that

(2.27) Ia~~,~~(z) I ~ £ 11
6

H2(v)n2n1(n1-1)C1-(1-Fj (z)111(u)

c $S11~(v)x t

n2n1(n1—l ) (1 —( l— F1(z))H 1(u)—F 1(z)H 2(v)) (1-F1(z))F 1(z)~

dH1(u)d112(v)

1 1  n-2
= e f

0
f
0
~~2

n1(n1—1)
1_ (1_F

1(z))x—F1(z)y) 
1 (1—F 1(z))F1(z)

dxdy

Considering the following transformation

s (1-F1(z))x + F1(z)y

t = F 1(z) y

then we have •

c~



• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~

• I
LI

11 ,~~( L  c!
h

f

8
[n
2
ni(::i)t(i~:~~

1 2/Fl(z)]dtds

= (€/2F1(z )) f
0
n
2
n1(n1

_l)s2(1_s) 1 ds

(eI2 F 1(z))(n21(n1+1))

• 

• Since e is arbitrary and X <~~, Ia (z)) -‘ 0 is proved.

Similarly )b 
,~~ 
(z)~ 

-, 0.

• Lemma 2.11. Under the assumptions of Lemma 2.3, we have

• • (2.28) u r n  P 
~ 

(z) =

~
‘l’ 2’~

-~ Proof, From Lemma 2.3, it is sufficient to show that

Ii u r n  p* (z) = l/ (l+X~ )2 .n1,n2 ,3

Li Let

[1 a = (i-F1(z))H1(u)+F1(z) 112(v) 
/

1-li t — F1(z)112(v)

U Then

i s  it n - 2
• • p* (z) =1! (1—Ga ) 

2n1(n1—l)(1—s) 
~ dtds• H n1,n213 0 0

• 
= J~
0
n1(n1_]•)s(u_es)~

2(l_ s)~
l 2ds

H

A



Case l .  X 8< 1 .

ft1 2 It n - 2

~ 
(a) =J ’ n~ (n~-i)s ( E ( ~)(_8)1Cs~c)(l_s) 1 dsn1, 2 ,3 0 ~ R=0

112 n
= n

~
(n
~
_1) E ( ~)(-~) (k+1) (n2— l) / (n 1-i-k )

k=O

= Z
k=0

k=O

This is an alternating series , and

~~+i,n ~~~~

• <

Since X9 < 1, we can choose it
2 

and ic sufficiently large such

that v1 is decreasing in k. Moreover , -. 0 as k-~~.I~J n2

• Therefore

iii~ p* (a) ~~ (k+1)( _x e) k 
= lI(l.I-X9)2.

k=O

Case II. xe > 1.
1 it n - 2

P
~~,11 ,3(z) =J’ n1(n1-1)s(u_es) 

2(i_ ~ ) ~ d:

I n (n -l)(y/9)(u—y) 2(1—y19) 1 (l/O)dy
0



-• •-

~~~~~~~~~~

— ~~~~~~~~~~~~~~~~~~~~

E l ]
Li - 

-4° -

1 1-2o it 1 n - 2(u/e~)f n1(n1-l)y(1-y) 2~ ~~ 
1 

)(-yIe)~~yo k=O
it -2I n1-2 k 0 n~~~4

= (i/e~) ~~n~(n~_1)( k )(-u/e) •r ( ’—y) 2y dy

ll 
• k=O

n - 2  -•

1 n-2 1 it
Let R* 1(z) = (1/92) 2D n1(n1-1)( k )(~ l/8) IcJ~ ( 1-y) 2yk+ldyfli~

fl2 I d  k=O
ni—2

= (u/e2)~~~[nl:n2:(k+l)/(fl1
_k_2):(fl2÷k+2):]f,,s)

k

Since uIi~ < 1, by going through the same argument a~ in Case I,

we have

lirn R* ~(z) (u/x 2~~) ~~k÷l)(~l/).3)
k u/( i+x~)2 . -

•t1]~~
flp~ J k=0

- 

To complete the proof of this case , it suffices to show that

ii u r n  (P* .(z)-R ~ ~ 
(a))  = 0.• ~~~~~~~ 1’ 2’~

To see this, let

{J D~1,~~,3(z) = G2(P;,1 1 3(z)-R~~~~~ 3
(z)).

U Than 

M n - 2  1 itii ID (z)) 
~ 
Z~n1(n1-~

)( k )(uI$)k
J~ (l-y) 2yk+l

dyLi 
~i’ 2’~ k=0 0 1

k=N 0

11 n1-2 n - 2  1U Since ~ n1(n1-l)( 
2
k )(1/0)

k
; (l-y) 2

7
k+ldy converges , we can

k=O 0

II
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choose 14 sufficiently large so that for every çiven a > 0, the

second term of right side of the above inequality is dominated by

a. Hence for every e > 0, the re exists 14 such that

H n -2  1 n
Jim ID (z)I < lim~~~n (n~—i)( 

1
k 

)(1~8) k
f (1..y) 

2xflu,

H n - 2  n + lk+id + £ < Urn ~~ n1(n1-l)( k )( 1/9)k( 1_0) 2 ~~ = £
k=O

Thus Urn D (z) = 0 since e is arbitrary.Ui 
fl
2

I ~

Case III. X9 = 1,

We have u r n  ~ 41 (z) = E (k÷l)(~l)~n1
,fl
2,3 k=O

Then by the method of Abel of auumzability (see Widder (1961), [I
p. 309—313), we get

11
• u r n  P* (a) = u r n  E (k+l)(_x )k

n1
,n
2,3 x-’l k=O

— lim_ 1/(1+x)2 = i/li. =

11
Now the proof of Lemma 2.4 is complete .

• Lemma 2.5. Under the assumptions of Lemma 2.3, we have

(2.29) Jim P 
~ 4(z) = AG/( 1+X9)2 .

1’ 2’ 
•

II:

- •
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Proof . Going through the sane arguments as we did for

Ej P (a) (Lemma 2.2 through Lemma 2.11), we have

• 
P~~,~~~4(z) j

Z
11
h
t
2

_
~~2 2 (* 2 (1_

~~1~~~

-F1(x))) 
~ (dP

2(y)dP1(x)+dF1(y)clp (x))

- • = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

x

I ((1..F
2(z))F 1(z)dK1(u)dll (v)+(1-p (z))p (z)x

II dH1(u)dK2(v))

~ 8(n2
/n1+1))fJ~~(n1+l)n1(l-e(l-F1(z))R1(u)-

0F1(z)H2(v)) 2 (1(1r ())}t()~~~( )  x

ii n1-l• 
~~~~~~ 

(141(z))F 1(z)dR 1(u )d}12(v)
&

- ex(1/(i+xe)2) = xe/(i+xe)2 as n1,n2 
-, 

~~ .

• Combining all the previous results, we have the following

theorem.

I Theorem 2.1. Suppos e a is a continuous point of both f1 and

f2 and f 1(z) > 0, f2(z) > 0. If 0 < X  <~~, then

I



______________ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ “r , ’r ’~I ’ ’ ~~ -•

(2.30) u r n  P (a) = f1(z)/(f 1(z)+Xf 2(z)) ,  and
2

u r n  Q~ (z) = Xf (z)/(f1(z)+Xf (z)).1’~2 
2 2

Proof. From Lemma 2.1, Lemma 2.11, and Lemma 2.5, we have

• lim P (a) — liin ~~ P i(Z) f• nl,n2 i=l

— i/(l+~o)2 + xel(i+xe)2 — u/ (u+xe ) J
— f1(z)/(f 1(z)+X f 2(z ))

Let fl ~ 
and iT be the FtC as Z coming fr om

• nl,n2,.. n1,n2,2

or fl2, respective ly. If Pr(f~(Z) > 0, f~ is continuous at

• I z)1T ) 1, iztl ,2., 3=1,2., the the followings are tmme ltate con-

sequences of Theorem 2.1. [
(2.31) 

~ 1 2
-t 

— f( 2(z)I( f 1(z) ~~f 2(z) 3f 1(z) ~!a [
— f~xf1(s)f2(z)/(f1(s)+~f2(z)) dz {

• and

(2.32) lint 
~ n 2

-

• n1,n2-~ 
~~ 2’

~ 
~~~~~~ Suppose the training samples are drawn from a population which is

It~



~~~~1
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[1 a mixture of if1 and 11
2 

in the proportion 
~~ 

and 
~2
’ Then

[1 A 
~~‘~l’ 

and the asymptotic risk of the ~~N rule (assuming cost

from misclassification is 1) isu 
(2.33) R = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+

= 2$[~ 1~2
f 1(z) f 2(z) I ( ~1

f
1(z)+g 2

f
2(z ) ) ] d z

< 2$fltin(~1f1(z), ~2f2(z))dz

Ii 
1 2R*,

where R* is the Bayes risk with respect to to prior probabili-

ties 
~l 

and 
~2’ 

namely, the asymptotic probability of error of

U 
the MNN rule is bounded above by twice of the Bayes probability

of error.

• 2.2 An alternative approach to obtain the asymptotic conditional
• PPC of the MNN rule.

• Let U be the left nearest neighbor of Z and V the right

• - nearest neighbor of Z. Then the conditional probability of

• classifying Z into TV~, given Z a, U — u , V — v, is

(2.34) P~~,~~(z~u.v) — A (n1,n2)/B(n1,n2),

where



~~45~~ II
A(n1,n2) — C1(n1in2)4C

3(n1,n,j+C
5

(n1,n2).4~7(n1,n2), LI
• B(n1,n2) = i=i

and ii

C1(n1,n2) = n1(l_F 1(v) ] l (i_F
2(v)] 2f 1(v)

n - I  it
C
2(n1,

n
2) n2(1-F2(v)J 

2 [l-F1(v)] ~f2(v) LI
n — i  it, 

-

C
3
(n1,n2) = n1[F1(u)) 

1 [F
2(u)J 

‘~~1(u)

n - i  it
C4(n1,n2) = n2[F2(u)] 2 [P (u))  ‘f2(u)

c
5
(n1,n2) = nl(n1_ u ) [ l_ (p 1(v)_F 1(u ))] l 2

[l_ (p
2(v) _p

2(u ) ) ]~2x

• f1(u)f 1(v) 11
C6(n1,n2) — n2(n2

_ l) [u_ (F
2(v)_F

2(u ) )f ~
2 2

(l_ (p
1(v)_p

1(u ) ) 3~
1
~ U

f2(u)f2(v)

C
7
(n1,n2) — n1n2(I_(F 1(v)_ p

1(u )))~~~
’(t_ (p

2
(y)_ p

2(u)) )
a2 . ’x

(f1(v)f2(u)+f1(u)f2(v)],

here c1(n11n2), 
C
2(n1,n2), C3(n1,n2), C4(n1,n2), C

5
(n1,it2),

C6(n1,
n
2), and C7

(n1,n2) divided by the conditional joint density
• of U and V given Z — z are the conditional probabilities

H
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of the events (Z < X (1) < Y (1))~ (Z <Y(1) <X (1))~

(Z > X( )  > Y(~~))~ (Z > Y(11) > ~~~~~~ (X(~) < Z <X(j~1)~ for

some iml ,...,n1-l ; and no Y~’s fail in (X(i)P X(j+l)])~!i (Y (~ ) ~ Z ~ Y (~~ 1) for some j=l,...,n2-1; 
and no Xi ’s fall in

(Y
(~~)~ Y(~~1)1). (X(~) ~ 

Z ~ for some i and J and no other

observations fall in [X (1)~ Y(~) 1; or Y(~ ) ~ Z $ for

some i and J and no other observations fall in [Y
(~). 

X
(~)J)~

respectively, given 2 a, U = U , and V = v

1 1 We begin with the following lemma.

Lemma 2.6 Either f1 is continuous at z and f1(z) 
> 0 or

1 
is continuous at a and f

2(z) > 0 implies that / U and V con-

• t -~ verge to a in probability as n1,n2 ‘ ~~ .

• lii Proof . By symmetry, it suffices to show that U converges to a 2

in probability.

For every sufficiently small c > 0

[1 Pr(Z-U > e~z=a~ = Pr(U < Z-C I Z=z)

[j — c1_ (p1(z)_F1(z_e))) 
l(1 (y (z)F (z e)))2 -. 0

as n1,n2 -‘~~~ since either 1-(F1(z)-F 1(z--e)) < 1 or

l-(F2(z)-F2(z-e)) 
< 1.

• 
~~~ 

An alternative proof of Theorem 2.1:

LI First we can easily see that C1(n1,n2), C2(n1,n2), C3
(n1,n2~

II
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and C4(n1 n2) converge to zero in probability as n1,n2 
-, 

~~

since 0 <F1(z) < 1 , 0 <F2
(z) < 1, U and V converge to a 

~j2in probability (Lemma 2.6), and the density functions are contin-

uous.
• •

Thus H
• I plini(A(n1,n2)IB(n1,n2))

= piim (C
5
(n1,n2)+~C7(n1,n2))/[C5(n1,

n ).i~6(n1,n )

+C
7
(n1,n2)]. Li

We can~~~jte 

~1
(2.35) c,(ni,n:)4~

c
7
(ni,n2) n~ (l-(F 1(v)~P1(u))]~~~

2
[1-(p2(v)- 

-

F2(u) ) )  2 C (( n1_ l) /n1) [ i_ (F2 (v) p
2(u))]2 f1(u)f 1(v) U

- 

•• J .i4(n2/n1)(l-(F1(v)-F 1(u))] [1—(F2(v)-F2(it))](f1(v)f2(u) [1
+f1(u)f2(v)]) [1

and {]
(2.36) C

5
(n1,n2)+C6(n1,:2)4C7

(n1 n
2) n~(l-(P1(v)-F1(u)]

’
2

(i-(F2(v)-F2
(u )) 2 (((fl1-i)/n1)(1-(F2(~)—F2

(u))]2f1(u) x



[1 -4 8 -

U • 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ 
-

Ti [l-(F 1(v)-F1(u)) ) ( l- (F2( v)-F2(u) ) ] ( f 1(v) f 2 (u)+f 1(u)f ~ (v)J)

L Hence , by the sartle t easons as we st~ited above, we have

• (2.37) plim(A(n1,n2
)/B(n1,n2

)) = (f ~ (z)+Xf 1(z)f 2( z ) ) / ( f ~ (z)+

X2f~(z)+2Af1(z)f2(z)) =

namely,

• 
(2.38) p 1mm P (z,u,v) = f 1(z) / ( f 1(z)+X f~ ( z ))

• •J 
t~l~~2 2

Therefore, by the Lebesgue dominated convergence theorem, we

• obtain

[I 
lim P~~ ,~~ (z) = h i s  ~

- = ~ lint P (z,U,V)Ii it
l
,11

2

=

• Also,

u rn q (z ) = liui (J-P (z)) = )~~ (z)/(f1(z)+Xf2
(z)).• [1 it1,n2 ~1~n2 2

The proof is now complete.

II
~

- ll
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2.3 The asyiiiptotic conditional PMC of the mu1ti-sta~,e~~~N rule.

• The following lemma leads us to assume wi thout loss of gener—

• ality (with probability one) that the k left nearest neighbors

• U1, U2, ..., U~ and the k right nearest neighbors V1, V2
,

..., are well-defined in the K—stage M?~N rule. Let

(2.39) n = min(n1,n2).

Lemma 2~7. If k/n -i 0 as it -, ~, then

(i) Pr(There are at least k observations to the right

• of a for sufficiently large it) = 1,

• (ii) Pr(There are at least k observations to the left

of a for sufficiently large n) = 1.

Proof. We shall prove (i). Since continuity of distribution

functions is assumed and it is known that either Z — F1 or

Z — F2
, it is then true with probability one that either

0 <p 1(z) < 1 or 0 <F
2(~) 

< 1. Suppose 0 <F 1(z) < 1., and

define

= x
~~00 (xj) i — i. ...,

• Then e(w1) — i-F1(z) > 0. By the strong law of large
• numbers , we have

fl u
Pr((l/n1) E W~ -

~ e(w1) > 0 as n~ 
- 

~°) = 1.
i—i

- 
Now since k/n1 -‘ 0 as n1 -. °~ and > 0, there exists an

• 

• 
-, , integer N such that

~
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El k/n1 <~ e(w1) for it
1 ~ N.

U Consequently,

- 

I_t

i

Pr( Ew . > k for it sufficiently large) = 1,
• Li 1=1

which completes the proof.
(k) (k)Let P
f l f l (z;ul,...,uk

,vl,...,vk) (Or Qf l f l
(z;ul,...,uk,

• 
v
l
,...,v

k)) be the conditional probability of the K-stage ~~~

• rule classif ying z into iT
1 (o•r 1r

2
), given Z=z, U~=u~ ,

• V~=VJ 
for i = 1, ..., k. Let ~(k) ( )  (or Q

(k) 
(z)) be the• 

H • [~l~n2
Li • conditional probability of the K-stage lINN rule classifying Z

• 
H into it

1 (or TT~ ), given Z=z. The limiting value of P
~~~n

(z)

• is obtained through the limiting value of ~~~ (z);u1 ...,uHLi vl,...,vk) by using the following lemma.

I] ~~~~~ 2.8. Suppose either f 1 is continuous at z with

or f
2 

is continuous at z with f
2
(z))0. If k/n-~0 as n-4°,

• • •• then U
f~
z~ V~-~z in probability as n-~ for j=1,...,k.

Proof. We shall only prove that U
k~
z in probability. Suppose

H f
1 

is continuous at a and f
1(z)>

0, then for every suffi-

• • ciently small e > 0,

Pr(Z_Uk > e~ Z=z)

• < Pr(There are at mos t (k-i) observations lying in the

El
• E

_ _ _ _ _  • ~~~~~~• -~~ - • ••
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interval (z-e,z).)

k-i n n - i
= ~~ ( ~7qi(l_ q) 1

i=o

= Pr(W /n1 < k/n1J Z=z)

where V is the number i~f X observations lying in then1

interval (z-6 ,z).

Since by the law of large numbers,

a.s.

$ W i n 1 
-) F1(z)-F1(z-6) > 0 and

k/n1 
-~ 0, 

- 
we immediately have

Pr(Z_U
k > e~Z=z) -

~ 0 as it

for every sufficiently small a > 0, which completes the proof.

_ _ _ _ _ _• Two—stage )tNN rule.

Define



~~50~~

• (2.40) D1(n1 n
2)

n - il
= n1(n1—l)(n1—2)(n1—3)(1— (F1(v2)—F1(u2

)] 1 [1—(F2(v2)

• I ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ x

-- fl-3L (i-(F1(v2)-F1(u2))] 
1 (1 (~~( ) F ( u ) ) J  2

I
n-2

n1(n1 l)n2(n2
l)[l (F1(v2)F1(u2

)) 1 [1—(F2(v2)

• 
(2.41) D2(n1,n2)

• 

n2(n2-1)(n2-2)(n2-3)(l-(F1(v2)-F1(u2
))] 1[1-(P2(v2)

- F
2(u2

))] 2 f
2(u1)f2(v1)f2

(u2)f2
(v2)+n1n2

(n2-J)(n2-2)

I n1-l it-3
(1-(F1(v2)-P1(u2))]  (1-(F2(v2)-F2(u2))]  2

1 (f2(u1)f2(v1)f2
(u
2)f1
(v )+f

2(u1
)f2(v1)f1

(u
2
)f
2
(v2)+

L f2(u1)f1(v1)f2(u2)f2(v2)+f1
(u1)f2(v1)f2

(u
2
)f2(v2

)]+

~ I 
nl(fl 1)(fl2)(n2 1)( (Tl(~2

)_
~
’u(t12

))] 1 (i(p ( )

II -F2
(u
2
))) 2 f2(u1

)f
2(v1

)f1(u2)f1(v2
),

Ii
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(2.42) D
3
(n1

,n
2
) 

•

~~~~~~~~~~~~~~~ 
(1-(F1(v2)-F1(u2)) ]~~~

2
(1-(P2(v2) [j

n-2
-F2(u2

))] 2 (f 1(u1)f2(v1)f1(u2)f2(v2)+f1(u 1)f2(v1)f2(u2) x

f1(v2)+f2(u1)f 1(v1)f 1(u2)f 2(v2)+f2(u1)f 1(v1)f 2(u2 )f 1(v2)], 1 1:1;
where D1(n1,n2), D2(n1,n2), D

3
(n1,n~ ) are respectively propor-

tional to the conditional probabilities of classifying Z into

• fl~, classifying Z into It
2
, and rand~mization, given Z=z, []

U ~ a , V =v , i = 1, 2. And the configuraticns are

(XXZXX , or XXZXY, or !X ZXX, or XXZYX, or XYZXX, or ?XZ~CY),

(TYZYT, or YYZYX, or XYZYY, or ‘~Y2XY , or YXZYY, or

xYzYx), and (XXZYY , or YXz~X, or XYZXY, or YYZKX),

respectively. Then using Lemma 2.7, we have U
(2.43) P(2) (z;u1,u ,v , v )

~ (D1(n1,n2)+~~3
(n1,n2))/(D1(n1,n2)+D2(n1,n2)4O

3
(n1,n2)) Ua.s.

In the sama manner as in section 2.2, we get

(2.44) puim Pj2)~~(z;u1,u2,v1,v2) E l

— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- • 
~j :Ij
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I. — f~(z)(f 1(z)+3Xf
2
(z))/(f1(z)+Xf2(z))

3

Thus, by the dominated convergence theorem, we get

(2.45) lim ~(2) (z)
• 

• 
-

~~~~ 

it
1
,

2

• III = f~(z)(f1(z)+3Xf2(
z))/(f1(z)+Xf2

(z))3

and

(2.46) his Q(2) (z)
[H n-~

— f~ (z)(f 2(z)+3X 2f 1(z) ) / ( f 1(z)+X f 2(z )) 3

Similarly, the asymptotic conditional probability of randomization

(or tie), given Z—z is

[I • (2.47) lint T(2) (z)

• [I — 4X2f2(z)f2(z)/(f (z)+xe (z))4

U which is exactly the square of the asymptotic conditional proba-

U 
bility of randomization of the MNN rule. (Recall that the asymp-

totic conditional probability of randomization of the MNN rule
• (see 2.29) is lim(P 4(z)+Q 4(z)  — liu~ P 

~ 
(a) —

• ii n-~° ~~~~~~ ~~~~~~ n- ~~~ 3”

2Xf 1(z) f2(z)/(f 1(z)+Xf2(z))2 .)

• When the training samples are drawn from •a population which

~~~~~~~

• El



- . 5 5 -  1]
is a mixture of and 

~2 
with prior probabilities -—

~~~

then X — 
~2
’
~l
• If Pr(f 1(Z) > 0, f1 is continuous at [1zITr~) = 1, 1., j = 1, 2, then the asymptotic risk of this rule

is

(2.118) R(2) • [i

— f[~~f2(z)f ~(z)(f1(z)+3xf 2(z))/ (f 1(z)+Xf (z)) 3)dz

+f[~ 1f 1(z)f ~ (z) (f
2

~~~~~~~~~~~~ 3x2
f
1

(z ) ) /(f
1

(z)+x1

2

(z)) 3 dz

f2(z)+~~f~(z) )/(~1f1(z)+~2f2(z))2Jdz 9
— f (~1g~ 1(z) f 2(z) I ( ~1f 1(z) ÷~2f2( z) ) ]  (1+2[2~1~2f 1(z) x

f2(z)/(~1f1(z)÷~2f2(z))2])dz

Co~~aring R(2) with the asymptotic risk R (2.33) of the )~JN ~IJ
rule, we have • U
(2.49) R - R (2) 

•

—

Xf2(5)4~~f2(Z))/(~1f1(Z)+~2f2
(Z))2JdZ

• — ~ (g1~2f 1(s) f2(z)/(~ 1f 1(z)+~2f2(z))]  ( (~ 1f1(z)—g 2f2(z))~ El
(g1f1(s)+~~f2(a)~~]dz 2 0. fi

Namely, the asymptotic risk of the two-stage IINN rule is improved

over that of the ~I~N rule unless — ~2f2(z) a.e.



El
LI

Three-s tage MNN rule. • 
•

L We shall omit the details . Proceeding as before , we get

Li • (2.~~O) lint ~(3~~ (z)

U ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ f~ (z)

H +X4f~(z)f ~ (z)) / ( f 1(z)+Xf2(z) )6

(2.51 ) lint Q(3) (z)
i~-.° 

nl,n2

• 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

and the asymptotic conditional probability of randomization i.

(2.52 ) lint ~~~ (a)
n-° l’2

— 8X~f~(z)f ~(z)/( f 1(z)+Xf2(z ))6,

LI which ii the cube of th . corresponding probability of the )~ N rule.

• 
9 

The asymptotic risk of the three-stage )1Q4 rule is

II (2.53)

—

• U
9 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

• II
A • ; g
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+lO I~ f~ (z)f ~ (z)4j~~24(z) f2(z) )/(~ 1f 1(z)+~~f2(z))5]dz U
— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 0
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ f~(z)+7~1~~

f
1(a)f~(z)

• 

• 

.ig~f~(z))/(~1f1(z)+~2f2(z))
5] 

r~
1

— f ( ~ 1g2f1(z)f 2(z)/(~ 1f 1(z )+~2f2(z)))  (1+(2~1~2f1(z)f 2(z)/ 1J~
(g
1f1(z)~~2

f
2(z))

5
J ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

• f~ (z)+~~f~ (z)])dz

= fk 1~~f 1(z) f 2(z) I( ~1f 1(z) +~2f2(z) ) ]  (1+[2~1g2f1(z)f2(z)/

x 11
• (~1f1(z)12f2(z))]dz II:

— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~2f2(z))2]2)dz ii
and ii
(2.54) ~

(2).. ~(3) 1]
— 

~~~~~~~~~~ 
(z)/(~1f1(z)+~2

f
2(z))3(2~1~2

f1(a)f2
(z)/

• (~1f1(z)*~2f2(z) 
)2—2(2~1~~f1(s)f2(z) I(~1f 1(z)  

-

— f(~1~2f1(z)f2(z)/(I1f1
(z)12f2(s))3(2~1I2f1(s)f2(s)1
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Li (~1f 1(z)+~2f2(z))2] ((~1f1(a)-I2f2(z))2/(g 1f 1(z)

+r 2f2(s))2]dz 2 0.

U • We have computed the asymptotic risk for k ii and studied

the results for different k. It appears tha t the asymptotic risk

jj 
• 

of the K-stage )I~N rule is

(2.55) ~~~

=fI~ 1g2
f1(z)f2(z)/(~1f1(z)+~2

f
2(z)) (E(2~1~2

f1(5)f2(z)/

j

(~.~6) ~ (k) -

I — 1g2f1(a 2(z)/(~1f1(z)~~2
f
2(z))3 (2~1~2f1(z)f2

(s)/

U ~~~~~~~~~~~~~~~~~~~~~~ ((~ 1f1(z)-ç2f2(s))2/(g 1f1(s)

Ii. • +Q2(a))2]dz > 0.

~cw vs see that the asymptotic risk is reduced at every stage

aii3..ss ~2 f1(Z) — e~2f2(Z) , a.s. , and the rate is decreasing, and

th. asymptotic conditional probability of randomization at the

-~~ kth stag. is

LI
A
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• 
(2.57) urn  T~’~ (z)n-.0

= (2Xf1(z) f2(z)/(f 1(z)+X 12(z))2 )k

= (2~1~2f 1(z)f 2(z )/(g 1f1(z)+g2f2(z))2 f( .

Suppose we are trying to eliminate randomizatiui at all, then

the asymptotic risk is found from (2.55) to be
•

(2.58)

=

+g2f2(z))2/ (~~ f~ (z)44f 2(z))]dz

— J(((g~f~(z)) g2f2(z)+ (~~
f2

(z))~1f1(z)]I(~~f~(z)

The imilti-st age !4NN rule can reduce (or eliminate) randomi-

zation and reduce the asymptotic risk, but unfortunately the

Bayes risk can not be attained by the rule asymptotically.

2.4 The asymptotic conditional Pt~C of the MK~
_tfl~ rule.

We shall obtain the asymptotic conditional P)C when

k 4/n ..0 as n-’~~. According to Lemma 2.7, we can assume
U,..

• without loss of generality (with probability one) that U~ (the

• • k 1th left nearest neighbor of z) and V (the k thn n,2

• right nearest neighbor of z) are well defined. To avo id



_____________ — —

U
U
U randomization, we set k~~1 + k~,2

Define

1’
• 

1; 

(2.59) h1(J ;n)

• Li 
-

fl —2-j 2k —l— JL (l-(F1(v)-F1(u)] 
1 [F

2(v)-F2(u)] 
it

I n -2k +l+j
(l—~F2(v)—P 2(u))] 

2 n

[7 (2.60) h2(J ;n)

• [1 —

(l_ (r l(v)_F 1(u))l
U1~~

_i 
CF2

(v)_F
2(u)]

2kn_ l j

n -2k +j
(1-(F2(v)-F2(u))] 2 n

(2.61) h
3

(j;n)

— (u2
_ 1)(’~~)(2:::~~j )[Fl(v) Fl(u )]ii_I n - j

• (1..(P~ (v)—F~ (lu))]  1 (F
2(v)-P2(u)J 

“

Ii n2-2k -1+j
U 

•

B
2k~~1

Li (2.62) a 
~
.— Z h1(j;n)U, 

ik~
_l
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k
n
_2

b = 2Dh1U;n),
n,1

• 2k~-1 U,
• (2.63) a 2 =

j= cn

k- i
it

b = ~~h (j; n) ,
n,2

2k~-l
(2.611) a = Dh (j ;n) ,

• n ,3 j =k +l3
U

k
U

b = E bii,3

f1•
where a 

~ 
(or b i~ ’ a (or b ), a (or b ) are

ii, n ,2 n ,2 n ,3 n,3
respectively proportional to the conditional probabilities of

• classifying Z into 
~l 

(or 
~2
) when both and V~ are u

X observations , when only one of and V is an X obser-

vation, when both and are Y observations, given Z—z,

• U — u , V =v .

Let P (z;u v) (or Q (z;u v)) be the candi- [1n1,n2,k
tional probability that MK~-NN rule classifies the observation

z int o TI1 (or TI2
), given Z—z , U i , V1~’rv. Then

(2.65 ) P 
~ k (z ;u v)

~~~ 2’ ii

- 

- 
~~ ,

(*n,1+5n,2+*n,3 (tn,1~~n,2~~n ,3~~n,1 n,2~~n,3)

a
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cL~,fl ,k (z;u,v) = l_P
fl1,fl

2
,k (z;u,v).

I As before, we let ~ = lint n2
/n1 and 9 = f2(z)1f1(z).

Lemma 2 .9L. Suppose that a is a continuous point of both

I and f2 with f1(z) > 0, f~(z) > 0. If k~ -, ~~ and

ks/n 4 0  as n - ~~~, and 0 < X < c o , then

0 if • x 9> 1

i (2.66 ) p unt a~~1/b~,1 • ~~~~~~~

~ if ~9 < 1

L Proof. We shall prove for i = 1, and 
~~ < 1 since others

r are of the same type and can be similarly proved. Let

and

1:
(2.67) ~(u ,v)

F1(u)-Y 1(u) I.-(P2(v)-F2(u))
Li. — F2(vJ -F2(uJ 

S l-(F1(v)-P 1(uJJ

+1

U a~~~ 

~

• b~ ,1 
= IY

n
_l

n_ 2 Ufl Z~( 1 ~~ ~~~~~~~ )~~ (u ,v)
j=o j  2’1~ ~

II

• ll

I
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•

• ‘1 +1n it-2 it

~ ~ ‘+j )
~i ÷~~ )o,~(u ,v)

• ~=~
; it •

V

~~~ (~
‘
~U 

(n1-2-V~)~ (n2-v~
_i) 

J• 
~~~;+J ~~ t1-2-’i-j)~ (n2-~~ -l+jfl ~ U ,V

— 
2Y~~~l (n1-~-y ) !  (~2-?~-1) i P

i_i vi ~~~l 2~~n+j~~ (n
2
_y
~-.l_j)~ ~ 

u,v

By Lemma 2.8, o~(u,v) ~ 94 as n-~ and kn/n-~ o as it -*~~~~. H
-

• 
Suppose ~(u,v) -I~~~~ as n-* ~~. If ~e < 1, considering u,v as

• non-stochastic, there exists a constant c(1 < c < l/X9) and a
positive integer N such that for all it > N , we have

• (2.68) (n -2-V ) (n -y -i~~
(n1—2—~~-J)! (n2—V -l+j) or1(u,v) •j —0,1, ...~(;-i-1)

• > (((nl 1V ~~i)/(hl~~Y 14.i)]cY(u,v))~ U
> (((n1-2-2V~)/n2]a(u,v))

1 J
~~C

1

Li Similarly,

(2 69) (n1-2-~~~) (n2_;~
1)

~. 

~~~~~~~~~~ (n
2—?~—l—JJ 

~ (u ,v) i’4~ i.’~V~.

< (((n1—2—V~+J)I(n2
—.q~~J)] cY(u,v) ) 1

~1
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~ 
([(nl

_2)1(n1
2
_
~~fl

)] ~(u,v))~~

• 
Hence for n 2 N , we have

a 1
/b 1 2 ~ ( ~ )c~/!) ( “ )c~~‘~~, it, ~~ ;+J 3=1 ‘fe-i

Moreover ,

L Vit
~
l
(
2Vn~~ )ci -V~

Li j~~ 
V~ J=v

U c~~~( i+c )~~~~
1 

~~~~~~~~
U

• 2 ((1+c)/J~] ~ (l+c)/2,

since c/1+c >~~ and

2y +1 ~
‘n 2~ +1 2’1 +1 2Y

~ ( ~~~)c 3 <D ( ~ 
~
) ~ ~(2) 

~ = 2Vu ~~~~ 
?~

Therefore for a > N

• fl (2.70) ~~~ 1Ib~,1 = ((l+c )/a~~]
2

~~ [ (l+c)/2J 2

• j The expression in the right hand aide of (2.70) tends to ~ as n- ’.

H

~ H
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Hence when X 9 < l

• p u m a  1/b 
~~~

=
~~~

•
fl—.0 ~~, ~~, Li

The proof is complete. I

Theorem 2.2. Und er the assumptions of Lemma 2.9, we have

(2.71) lint P 
~ k (z) = lim(1-q (z))

• n-~o 1’ 2’ n~~ 
n1,n2,k • •

1 if X 9<1

0 if )~9 > l  H
Proof. p1mm P a k (z;u,v)• n-~ 

nl~~2~~n

= plmm ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ LI

= p u n t  
i~1 n ,il~~n ,i~~n,i) ( a n ,m n ,i )/( an ,i~~n,2+aa ,3

• •

• 4-be 14.b~ ,2+b~ 3
)]

From Lemma 2.9, we have

1. if A 9<1 J
p1mm a

~ j
/(a

~~i+b~~i
) = 

0 if xO > 1

Therefore,

V

_ _  

i
i

• • -•~-•• • 
~~~~~~~~~~~~~~~~ •~~ • • ~~:~~r • •~~ • —_ —.---— -— 

• • • •
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1 if xO< l
p unt ~ k (z;u ,v) =
~~~ a 0 if Xe> 1.

Thus, bythe Lebesque dominated convergence theorem, we get

1 if X9< 1
pim P 

k (Z) =
n.~° ~~~~~ a 0 if X 9> 1.

~

In order to apply the result we need to assume that

XO+ 1 a.e. Furthermore , if the training samples are drawn from

a population which is a mixture of and iT2 in the propor-

tion and 
~2
’ (x = 

~2
’
~t~ 

then the asymptotic risk of the

)IK -NN rule isn

S g1f1(z)dz+
J1 g2f (z)ciz

> t~2~2 < ~~f) 
2

• 
= S min(~1f1(z) ,  ~2f2(z))dz = R*, the Bayes risk.

‘3
‘ U

Ii

~: II
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CH&PTER 3

• ASThPTOflC P!~E WITH RATE OF SOME SPECIFIC

L RULES BASED ON U-STATISTICS

L 3.0 Introduction

• • Li Consider a random variable X which is distributed as F~
- in the population TT~(i=0,1,2). The problem is to decide between

and F0=P2 when it is known that F1 and F2 are

I different.

Let ~~~~ =(x01, ..., X~~ ) be a
0 independent observations

• ¶1 0 0

on X from the population ilo, ~~~=(x11, ..., x~~ ) be a1

independent observations on X from the population TIi, and

• ~~~=(x21. ... , x~~ ) be n
2 independent observations on X

from the population 112.

Define a funct ion C as

1 if u > 0
(3.1) c(u) =

[I 0 if *3<0

The Wilcoxon statistics W01, W~~, V12 are then defined as

follows:

Ii
IT
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(3.2) w01 = ~~~ 1~~~n0 

c(x0~
_x13) I

1~i~ i
l LI

• w = ~ c(xoi_x2k) ]02 O 2 l ~i<n0 -

• ~~~~ 2 [1
1 Z~ c(x1 -x2k)

~~~~ ~~~~~

I
Das Gupta (1964) considers a classification rule which -

decides lY0111i (i’i4,2) if JW~~4I.i miii IW 034~
. Under Elight .1

• 3—1,2 
-

restriction on the distribution functions that !T1c1F2>*, 
j

Iludimoto (1964) also proposes a rule which La equivalent to

classifying TI0 
into T!

i 
if (w01+w02-i) <0. (By sy~~~try, if

- 
> 
~ 

is assumed, decide ir0=ir2 when (v01÷w~~-1) < 0 ) .  9
When it is not certain that whether 5F1

dF
2 
> ~ or F2dP1 >

- 

Chanda and Lee (1975), modifying Hudimoto ’s rule , suggest a rule

which decides TI0=1T1 if (w124)(w01+w02-u) > o.
In this chapter, the asymptotic probabilities of misclassi-

fication of the three rules mentioned above are obtained together

• with the rate of convergence when n and it approach infinity

with n0 fixed. Also Hudimoto’s idea is applied to general

classification problems. An example of a two-sided classification

• problem which utilizes the Lehinann statistic (Lehmann , 1951) is

II n
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given. The asymptotic Pi~r and an upper bound of P*~ are shown

- 
for this specific example as well.

3.1 Preliminaries.

Suppose we have a U-statistic (see Fraser (1957), pp. 223—

Li • 
- 2211) defined by

Li (3.3) um u (~~~ ; ~~~~ 
~~2

1
— 

~~~ • i ~ 
f(X ,...,xcg~ (4) C~~ l<ai<. • .cx~ 5a~ 1
X
la~~

s••
~ I a ’

l<V 1
<. . .<y~~5n2 X

2V
$ . . IX2V

)

with m~ ~ 
f
i~ 

1=0,1,2.

• Define

(3.11) h(Xi:~~
;.. 

~
Xla ;X

~~~
,. . . ,X~~ ~~~~~

I U 
— 

~m0~ l
~~u

<
~~
.
~~m0

S1o 
f(Xox~~

..a
~
X0oi )Xia ,...~

Xia~~

x ,.,..,x

• } 1 nt2

Then U can be written as

(3~5) U ( ‘Y1ç2Y1 h(x10 ~~~~~~ ~• m1 2 ~~~~~~~~~~~~~ 1
l<V1<...*q1

~
5n2 ~~~~~~~~~~~~

H
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which i~ also a U-statistic in 
~~~~ 

and 
~2u cons ider ing I

as fixed. We define a function h
0 0 (xiu,...,xi~~;

x21,...,x2 I~~~ ) by taking the conditional expectation of

h(X11,...,X1
;X
21
,..,,x tx ) given x11,...,x1 ;

1:
(3.6) hc c (x ii~•s •a xic~~

x2i~ss ,~x2c )

~x1~ ~~~~~~~ S 

~
Xi~1

;x2i, ... ,x2c , I
for c1=O~l~...~m~; 1—1,2,

In particular , define

(~.7) V(X~~ 
) = e(h( ; 

~~~~ 

)1
0 0 

LJ~Let

(3.8) ~~~~~~ var Cbc ,c (xlu ...,xlc ;x2l, .. .,x2c l!~~~)]

and

— 

~~~~~~~~~~~~~~~~~~~~~~~~~

F],
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— 
I which can be expressed as

— 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- where

-

~~ (3.10) N = min(n1,n2)

ii Therefore if lint N/~1 exists , ~~~~~~~ can asymptotically be

written as

H (3.11) 
~ ~~~~~~~~~~~ ~~ — N

U here ~ 2(~~~~~~) 
~~~~~~~~~~~ 

1/((
~~~~u)Cl,o(~~~ )+(m~N/n2)c0 1(~~~ )) 

—

U
is a functiou of flOt depending on N .1- 0

Li Using the notation Lntroduc d above, we now give the follow-
ing proposition.

fl Proposition 3.1 If h a  N1¼11 exists and assume that with
probability one

[1 (~~.i~~) e(h( ; I~~oI
o

)I2  <

and

II (3.13) 1a’~(Z~~) > O  am N. .

L I I
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Then

(3.111) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ as N -, [1
Proof. Conditioning on ~~~~~~ asymptotic normality theorems Li

(Hoeffdun g (19118), Lehmann (1951)) for U—statistics state that

(3.15) Pr(U<OI~~, ) ~ 
4(_ Y (~~%

) Ic~(~ ,~fl )) as N -

~~~~

° Ii
Combining with (3~l1), we have

(3.16) Pr(U~~J~~~~) ‘~‘ ~~~~~~~~~~~~~~~~~ as N -, —

Hence - Ii ~
(3.17) Pr(U<O) — ePr (U<OI~~~~~) ~

- 
*

- 0) as N -‘os

=PrY(~~%
)<O)+Pr(YQ~, ) = 0) ~

-

I
since ~~~~ is positive with probability one.

Proposition 3.2 If lint N/n exists and assume thati

(3.18) eI f I 3 < —

(3.19) elf$
2t 

< for a positive r

I,

Li j J
• -•---~ •--~-~~-~-~ ~~~~~~~ 
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(3.20) for sufficiently small e > 0, Pr(IY(~~,2 )15 .) — o(.)

0

and

- - (3.21) N 2
~~~~~) ?a > 0  as N-’

I __ I 4

Then
• —rI (2r+ l)

(3.22) Pr(U<0) = Pr(Y (X )~~)+0(N ) as N ‘ —•
~
0110

- 

- - Proof. Conditioning on and following the proof of
0

- , 
Theorem 3.1 of Grass and Serfling (1973) with (3.21) we have

I - —rl(2r +l )
• 

- 

(3.23) Pr(U~0(~~ 0 ) I(-T(~~~ )k(~~~ ) )+N ~~~~~ )

- Ii 0 0 0 0

I__i as N .

1.! -r/(2r+1)
.~~(-My(~~~)~(x ))+N 1c(x ) as N-~’°

1~ 0 0 0
L

where g~( ) is a function (independent of N) depending on
1! 0

L 
throngh the 3rd and 2rth absolute moments of

; 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

and (h1,0( ;

Bence (3.18), (3.19) , and (3.23) imply

H
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II
1]

—rI (2r + l)
(3.2k) Pr(U<O) e~(-,~r(x )cp(X ))+0(N ) as N -‘ °‘

Since ,(41)= OOC ) for any positive k as M-’ we have

for every € > 0, as N -‘ — ‘ U• 
~~~~~

(3.25) Pr(U~~) = j
~ ~(-W1!cp)dp(~cp)+ 

~~~ 
4(-rcj ’cp)dp (Y~ ) H

—r/(2r+l)

~1 ~(4c4rq )dp(~cp)+o(N )

1 ~ 
—r/(2r+l)

= Pr(Ycp 5 
+ 
)+0(N )

• -r/(2r+l) ii
— Pr (Ycp~D)-Pr(-!f ~~ < ‘ftp < 0)+o(N )

-r/ (2r+l ) j
— PrCV(~~~ )<O)+O((M~~~~) )~~(N )

0

-rI(2r+1)
— Pr(!Q~~ )<0)+o(N )

-~~~~~~ 0

because C is arbitrary.

Corollary 3.2 Assume that f has finite moments of all orders .

If (3.20) and (3.21) hold, then for every € > 0

(3.26) Pr(U~~) — Pr(Y(~~~~)<O)+O(N
4
~~) as N -‘ II

3.2 Asymptotic P~~’s

Let PN(D), PN(H), PN(C) be the probabilities of classify-

a
£1



- - . -~~~~

1
- I jag 

~o 
into TI1 for Das Gupta’s rule, Hudimoto’s rule , and

Chanda and Lee’s rule, respectively. Note that l .PN(•) is the
Ii 

~~~ 1~ siW 
~~~~ 

is the P)C if ~~~~— F2
. There-

L fore, to study PZIC, it is sufficient to study 
~~~~~

-r If the conditions (3.20), (3.21) are assumed to be satisfied,

and since the functions are all bounded (in fact between -l and i)

the moments of all orders are finite. Moreover, the product of

U—statistics is again a U-statistic. Then from Corollary 3.2

• I. we bave,for every C > 0,

[j (3.29) P~
(D) — Pr ( IW01-~ l<IW02.4t )

ii Pr((V01-V02)(V01+V02-l )<O) 
•

no DOU — Pr ((~L 
~ (F1(x0~

)_F (x~~))][.-1 ~ (F1(x )+S O i=l O i=1

II F2(X~~)-l ) ]~ )) + O(N+~) as N - p ..

[1 
(3.30) PN (H) Pr (W01+W02-1 <0)

Iii
— Pr Q ~) (r1(x~~)-F2(x0~))-l<z)) +0(N+’) as N -~~~O i=l

(3.31) P~(c) — Pr((W~~..*)(W01pW
02-1) >0)

• ~~~~
t~~
j

Li
II
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Pr(~~ ~~~~~~~~~~~~~~~~~~~~~~~

= 

if 9
Pr(~1 Z~~Fi(X0~)+F2(xoj )_1>0)+o(N4

~~)

if !F1dF2 <*

as N- ’ w

3.3 A general rule based on U-statistics and an example.

We shall generally describe Hudimoto’s idea. Suppose we -
~

have U-statistics V1 and V
2 

defined by •

(3.~~
) V1mV1(~~~~,X1~~)= (:g)(

~
) 
‘

~~~~
< 

~~~~~~~~~~

• 
- ~~~~~~~~~~~~~~ ~~~~~~~~~~~~ 

) L I

mO ml - [ F
(3.33) v2~v2(~~ ;x2~~)= (:g)(

~
) 
I&l

< <a
~~% 11

l<y1<. ..<y~~<n
2

such that for some 01 < we have

H
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(3.314) e(v1~~~ c tr~) = 0
~
, e(v2~~~ i tr~) —

- 

and -

• 
- 

(3.35) e(v1I~~ € 11
2) = ~~ e(v2j

~01~ e —

Then the rule will be the one that classifies TI0 as TI1 if

V1 < V 2 and if V1 > V ~ .

L Let

i [j, (3.36) ~ O2~
0l~ 

n = min(fl0,n1,n2),

(3~37) f(XOl~...,
XOW0

;XlI,...,Xllfl~
;X2l,...,X2 )

1] —

I iii
U
LI 

(3.38) U~ a ~~~~~~~~~~~~~~~~~ — V1-V2

~- [ 1
then

fl (3.39) U0 

~~~~~ ~~~l
<”~~a~~

’0

LI 191
<...<6

i?1
1~Y1<...<~~~~t2

-
• 

LI
,

~~~~

-

~~

•- U



_____________________________________________ - -~~~~ ~~~~~~~~~~~~~~ 
—

-78

and

(3.110) &(U J ~~~ e 1T~ ) = -0, e(u
fl I~On 

e 11
2) 0

Consequently, the rule is simply classifying 1(0 into TI1 if

U <0 and TI if U > 0. Also U is again a U-statistic.n 2 n fl

Regarding the asymptotic probabilities of misclassification

as the sizes of the training samples tend to infinity, we shall

refer to Proposition 3.1, Proposition 3.2, or Corollary 3.2.

We now give applications of the above results to a specific

example based on the Lehmann statistic (Lehmann (1951)). This

example is constructed for general two-sided classification prob-

lems. Only continuity and distinctness of the distribution

functions are assumed.

We define the measure of discrepancy between two distribution

functions F1 and F
2 

as

F + F
(3.111) A(F1,F2) = f(v1

_p
2
)2 d l 2

Lehmann (1951) proves the following:

Lemma 3.1 F1 = F2 
if f ~(F1,F2) = 0 - -

Let X1, X2 be indepe ndent rand om variables with dis tribu-

tion function F 1, and let ‘
~1’ ~2 

be independent random van-

ables with distribution function We designate max(x1,x2)

as x1vx2 , and min(x1 ,x2) as X1j~X2. When (x1 ,x2) and

4
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I! (~1,~2) are independent, Lehmann (1951) proves:

H Lenmia~~ .2

(3.142) Pr(X1VX2 < Y ]•AY2 or ‘
~l
’
~~2 <~~i~~2 1/3 + 2~(F1,F2)

- From (3.11.2) we see immediately that

(3.43) 0 <~~(F1,F2) < 1/3

Consider the statistics V1 and V2

(3.414) v1 = 
1 g(x~ ,x ;x1 ,x1 ) -

-

~ 
(20) (21) l~~1

(cw~5n0 1 ~~2 ~ 1
- l9l~~25nl

[1 
(3.145) V2 (~o)(~2) ~~~~~~~~~~~~~~~~~~~~~~~

where

I i  1 if X1VX2 <Y1AY2

(3.14~) g(X 1,x2 ;Y1,Y2) = °~ ~l~~2 > ‘!1~~2
0 otherwise

Define
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(3.47) u~ = v1-v2

= 

(~o)(~l)(~2) 1<O(14t~~~0 1 2 1 ~~2 
- 

- :

l5ft1~~~5n1 g(X~~ ~~~~ ~X2 X2 ))
• 

~~~~~~~~ 
1 2 ‘

~
‘l ‘

~
‘2

E f(X ,x ;x ,x
• (~O)(~l)(~2) l~~1<a~~n0 

0
~l ~~2 

~~ ‘
~2

x ,x )
l<y <y <n 2 1 ~~2 -j

Then from Lemma 3.1 and Letmna 3.2 we have

• (3.48) e(u~j~~ € ir~) = -~~~, e(u I~~ € ir~) = 2t~

Therefore, the rule is to classify TT
~ 

into 1r
~ 

or 1(2
according to U~ < 0 or U > 0. Note that -l 5 f 5 1. And

for given X~~ X~~, we have

(3.49) e(f(x01,X~~;x11,x~~;x21,x22)!x01,x~~]

• — Pr (X01VX~~ < X 11AX12 or X01M~~ > X11VX12~X01,X~~)

- Pr(X 01VX~~ <X21~X22 or X01I~X~~ > X21VX
22 Ix01,x~~)

— (1_F1(x01 x~~)]2+r12(x
01

p 2 )_ ( 1_p
2(x01vx~~)32 ..

AX )
2’01 02

U
B
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I Thus 

~N ’ the probability of c1assL~ying 
~~ 

into i~ found

fr om Coroll ary 3.2. to be

(3.50) 
~N = Pr ( 1

(i-p2(x~ ,~~ ))2-F~(x~~ M~~ )]
2

< 0 )  + 0N+C)

1! for every € > 0 as N- ’ ’.

3.11. Closing Remark

J j~ Sen (1960), Hoeffding (1961), and Berk (1966) have the

following lemma on the convergence of U-statistics.-

~ 

-

Lemma 3 3  As n ~~~~ ~~ converges almost surely to the para-

meter it estimates unbiasedly.

The strong consistency of the rules mentioned above is then

an immediate consequence.

U Utilizing Hoeffding’s inequality for bounded U-statistics

11 (Hoeffd ing (1963), p. 25), we obtain an upper bound of P~E of the

rule , which is based on the Lehmann statistic.

~
• LI (3.51) P)C

J 
<e 2tfh23~ j4 2

where the subscript 3 indicates that the probability is calcula-

• Ii ted under the assumption that IT~ = and [x) denotes the

largest integer less than or equal to x. 

1. - - - ~—~ —•-—~• •—• —
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CHAPTER Il.

H SEQUENTIAL RULES

LI ~~~ Introduction

• LI In the first pan t of this chapter we shall consider sequen-

tial classification rules based on U-s tatistics with bounded

- 
kernels so that the sampling will terminate with probability one

and the P~C’s can be made smaller than any preassigned arbitrary —

positive constant. We have extracted the basic idea from the work

U • 

by Hoeffding and Wolfowitz (1958) on distinguishability of sets of

- 
distributions. Later the notion of distinguishability was used by

1.! • Das Gupta and Kinderman (1974) in the sec-up for the classifica-
• -

~~ tion problems. Hoeffding and Wolfowitz ( 1958) introduced the

minimum distance test proced ure and studied the properties of

• this test using the available probability bounds on sample dis-

tance function. We shall intr oduce the minimum-U sequenti al rules

1. and prove some pr opertie s of these rules by using the available

• 
Ij 

probability inequality for U-statistics .

In the second part of this chapter we shall cons ider some

sequential rules when F1 = ~~~~~ ~) and F
2 

— N ( p 2 , ~). Fol-

lowing the idea of Chow and Robbins (1965) and Simons (1968),

[1 Srivastava (1973) proposed some sequential rules for the follow —

fl ing two cases : (i) ~~~~~~~ = 6 known but . E is unknown. (ii) Both

6 and !~ are unknown . For the case (i) Sr ivastava ( 1973) pro-
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posed a sequential rule based on dbservationa from 
~0 

and h i EJ
and , given ~ he showed that the PMC ’~ of this rule tend to 

-
values less than ~ as b’Z ~~8 -, 0. Furthermore he modified

his rule so that the prescribed errors can actually be achieved.

• He also proved the asymptotic efficiency of his rule. However

Snivastava ’s proof is incomplete and suffers from a technical

error . We shall present a more rigorous analysis of his rule

(not the modified one). Srivas tava also proved that for his rule Li.~
in case (ii) the errors can be controlled arbitrarily as

6’~ ~~6 -, 0. However his proof is entirely wr ong and here we

shall indicate his error. Unfortunately such an optima l res ult Li
is not tru e in this case •

4.1 Minimum-U sequential rules.
¶•

As in Chapter 3, we want to decide between F0
IF
1 and

and samples 
~ °~~~‘ 

~
‘
~1

’ ~~n2 
are available from the [I

populations Tb , 
~l’ 

11
2, respectively.

LWe shall study the problem in the following set-up.

Consider U—statistics defined by

—l — 1
v1 C~~i on0~~an1~ 

(in
0) (:

1) ~~~~~~~~~~~~ U
(4.1) x~ ,...,x~ )

—1 —l in

H v2 m v2(~~~ ;~~~) — (:
0
) ci ) ~~~~~~~~~~~~~~

x ,...,x )2y1 •
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for in < n, n = min(n0, n1, n2), where the summation is over all

possible combinations. Furthermore, assume that

- e(v1l~~~ s iTt) = e1~ e(v2I~~.4 c 1T~) = e1+e
(4.2) 

0 0

e(v1(~~~ e 
~~~ ~~~~ e(v2(~~~ c 

~~~

where 8 > 0. It is also assume that h is bounded ; namely,

there exist d1 and d2(-°~ < d 1 < d 2 < co) such that

[} d1 < h < d 2. Then d1 < V 1, V2 < d 2.

-
~ 

• 
To illustrate the above set-up , consider (Rudimoto, 19614)

(14.3) P1 (l/n0n1) ~~~~ c(x~~-x13) 
•

-
‘ 

• 

— 

~“~‘o’~2~ 
E c (X2k:XOi)

where c(x) = 1 x > 0

[I 
O x < 0

Hudimoto (19614) showed that

[1 * A

- - e(P1~~~ efl1) = ~~, e(P2I~~ ~~~ —

LI (11.4) 
A A 

0

= ~~~~~~ e(P2 j~~~ eç) =

1--I where & — ,fF 1dF24>  0 (assuming F1 and F2 are distinct and

• continuous ).
- 

For another illustration , consider
p — l —1.

(14.5) F — (~~ ) ~
‘ Z g(x ,x ;X ,x )

• 2 2 1 2 ~1~~~~2

• - •
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~2
°

~ 
( 2) ~~~~~~~~~~~~~~~~~~ I

where g is defined in (3.46) . Then from Lemma 3.1 and Lenmia El
• 

- 3.2, we get

e(i1~~~ eff1) l/~, ~~~~~~~ 
€111) l/34~~

(11.6) 0 1]-
e(F1I~~~ €112) = l/3+2~, e(P

~l~~n 
€112) = 1/3

• F +F
where ~ = f(F1

_F
2
)24 2

As before, we write U as

(4.~) U~ V1-V2
—l —l —l LI

= 
~
0) (:

1) (:
2) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

• x ,..., x ,
1 in

where f(X01,...,X~~ ;X 11,...,X1 ;X21,...,x2 ) =

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ L I  -

Note that -a<f<a ; a = d 2-d1 >0. I]
In Chapter 3, we have considered the ru le which classifies

into if U~~-~< 0  and into 
~2 ~~ U11~>0,  From

:~ Hoeffding ’s inequal ity (1963, p. 25) for bounded U-statistics ,

we obtain an upper bowid of P?C , which is given by
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I
II
fl (14.8) exp(_(n/m] 02/252) , 0> 0.

We shall consider two cases : (i) ~~ is known but 0 is

unknown. (ii) Both 
~l ~~~~ 8 are unknown.

S n
14.1.1 Mini m Um -U seq~~ntia1 rule .1: 81 known.

~ Ii Often in (4.2) is a known cons tant as we have seen in

(4.11) and (4 .6) where — ~ and 8~ — 1/3, respectively.
Without loes of generality we shall assume 01 — 0. Then we

1 _ S  define a sequen tial rule as follows:

First we choose a sequen ce (cv~) of p~~itive constants such
• 

that

(4.9) ~~~~~~~~
- i_i

I and a sequence (Ci) of positive numbers such that

Ii (4.10) linaC i m O , and O < C < d 2 for all n > l .

II and a strictly incre asing sequence (rn~) of positive integers

such that

(4.11) exp((mi/a)C~/2a2) < -or~ for all i > 1 and “~~ ? rn.

Put

(14.12) 6~ - v1(~~~;~~~), v2(~~~ ;~~~ ))

Take successive independent samples of sizes in1, ii~~uii~,

El
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~ • 

I

1

Continue sampling as long as 6~ < C ~ . Stop sampling

as soon as > Ci, and appl y the terminal rule

1 if v1(~~ ~~~ ) <v~(~~ ‘~2m~14.13 ç =
0 otherwise

We classify fl~ into Ill or 112 according to ~ = 1 or 0.

Hence the sample size is 1-
(4.14) N — 

~~ [
where t is the firs t integer I. for which 6~ > C~. ti

We shall denote this rule by (N, ci,). Following the argu-

ment of Koeffdtttg and Wolfowitz (1958), we get the following ]
results. 

- -

Proposition 4.1 The rule (N , ci,) terminates with probability

one. I
Proof. It suffices to show that Pr(N < csITro.~

li) — 1. since [ii
Pr (N < ssI TTO4T2) can be similarly proved.

(4.15) Pr [N > m~J T10=TY1) = Pr(8~ < C~ for 1 ~ S. < j ITroilfl1)

< Pr(6
3 

< C ~I1T0i’Ir1)

~ Pr ~~2~~0~J ~~~~~ 
<c~ ITr0~.Tr1

• Pr ~-v2+e(v2 In~,”n1) > e(v~ I11
~”~~ 

) -
~~~~‘ 

yr~~r~’1)

— Pr(~V2+eL > e-C~11T0”111)



*- _,_~ wS4~ ,
_.-~~S~~~S -~ - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

—--- ••- -••-

_ _  •

LI
Since C

3 -‘ 0 and 6 > 0 we have 9-C3 
> C~ for 3 suffi-

ciently large, r~d then , by Hoefiding’s inequality for

• U-statistics , the right side of (4.15) is <exp(-[m
3
/m]C~/2a2)~ x3

(see (4.11)). By (11.9), cv3 -+ 
0 as 3 -, oo, Thus Pr(N)’rn~)-m0

as 3 ~~~~~~ which completes the proof.

Proposition 4.2. Each of the P~~ ‘s of the rule (N, ci,) is Less -

•

• [1 than p. -

p Proof. Since (N, ç) terminates we can write

• 
~~~2 

= e(~~T10=n2)

~~ Pr(6
3 

< C
3 

for j  < i, b
j  2 ~~~ ~ ~ v2ffl0t4V2~Li i—i

E Pr (V2 > C~~TT0#T2)

~ exp(-(m~Im]C~/2a
2) by lioeffding’e inequality

L ‘5

• i•l

I. Similarly,

~ L • e(i.~In0”u1) ~ p.

L Furthermore, if we choose the seciuence (rnj) suitabl y , the

- 
mo, nt generating function of N will exist.

I addition ~~ 

the sequence (in
1
) 5 so chosen that (in
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(4.16) his inf i ’(21n(mi/m]_mj+i) > 0, -

i-I-

then for every ~ > 0, there is a positive constant •t(e) such

that e(exp(tN)In ~~~ ) < c o  for t < t(~), i=1,2.

Proof. We shall only prove that e(exp( tN) I fl0=~rc1) < c o, Since

CfO as 3 -+ ~ and ~ > 0, there exists a positive integer J

such that 9-C3 
> 0/2 for 3 2 3. Therefore, for all 3 > 3,

due to (14.15) and Hoeffding’s inequality, we have

(4.17) Pr(N > m3In0~’ri) exp(_ [ut~/m~(0/2)2/2a2)

= exp( -(m
3

Im] G,~/8a2)  •

Now for any real t,

e(exp(tN)1110i.sTr1)= ~D exp(tm )Pr[Nu~n ITbo4Ti)
3=1

S exji~(tmn1)+ ~~ exi ( tm~~.1) Pr(N > m31110’411)
Ju l

Thus , from (4.17), e(exp(tN)11r0
..qr

1
) <co if the series

Zexi (tm ~~~~~~~~ ~‘m]~
2i’8a2) converges . Since 0> 0  and in

Jul J i
-

• La a positive integer , let t (9) = ?/16ma2 > 0. If t < t(9),

then [
5 _ (82/1~~a2)(2(mj/m]_m3~1

)

so that the series ~ exp(tm )exp(-(m /mJg2/8a2) converges due

to (4.16) . The proof Ls complete .
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•

Remerk. If , f or a given p > 0, we choose cw~ = p/2~,

C
3 

= df~ , here 0 < d < d2
, then 

-

& 2m(a2/d2)(j2log2+jlog(1/p)). Therefore the conditions (4.11)

and (4.16) hold, so the moment generating function of N exists.

• 4.1.2 Minimum-U sequential rule II: 81 unknown.

U Define the sequences fci1) ,  CC1), Cmi) as before and put

(4.18) A1 = ~~~~~~~~~~~~~~~~~~
Take samples of sizes in1, m2-m1, m

3
-m2, ... , where mn

~
’s are

defined as in (4.11) Continue samp ling as long as A,~ < C 1.

[1 Stop sampling as soon as ? C1 and appl y the terminal rule ci,

(see (4.13)). The sample size is given by

• (4.19) N ’ 
~~~

where t is the first integer for which A1 > C~ . We denote this

rule by (N ’ , ci,) .

ProposiUon 4.l’ The rule (N’ , ci,) terminates with probability

Proof. We shall only show P r(N < c0lflo1~li) 1.

[1;
• 

- -
. 

N
U

——



S

(4.20) Pr (N > mj I~0~ 1) = Pr(A1~> C ~ for 1 5 i 5 II
< Pr(A

3 
< C 3 11r0=T11) II

= 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

< C j I1T01~Tr1) • 

~ :~S 
Pr CV 1

_V
2<Cy V1>V

2 
110=1T1)+Pr (V2-V1<C3 , V

2
>V1 J 1r~=~rt1)

< Pr (V1-V2 > 01110=111)+PrCV1-V2 >-C3 1110411) -;

= Pr (V1-V2+ 8>  01110 1T1)+Pr CV1-V2+ e >  8 C 3 1110 T11) fl
< 2Pr(V1-V2

+B > C
3
)

for 3 sufficiently large. By following the exactly same argq-

went as in Proposition 14.1, the right side of (4.20) tends to

zero as 3 -‘ ~~. The proof ie complete . -
~

Proposition 4.2’ Each of the P~~ ’s of the rule (N’ , ci,) is -

less than P .

Proof. Since (N’ , ci,) terminates we can write

~~~2 e(~lTr0~ 2)

— EPr(A3 <C 3 
for j < i ,~~1 > C 1 0 V 1 < V 2~ft0ui1r1) ~i_i

< E Pr (V2-V1 > C 1f110—112) -Q i
— Pr (V2-V1+9 2 

~~ i 
Ifl0~ V2) 

II
— E Pr ~V2-V1+0 ~ ~i 1110~ 2

) A
2~ exp(-(rn1/m)C~ /2a2) 5 5 i’. LI ~

‘I



U
Similarly,

Ptcl — e(l-~I1r0=1T1) <-p .

U • In exactly the same way, we can prove that the moment

_ generating function of N’ exists, if the sequence (m
1
) is

chosen suitably.

U 4.2. Sequential rules for classification into one of two

moltivariate normal populations.

For convenience, we shall follow Srivastava ’a notations. The

problem is to classify ~~~~~~ ~) into one of N~(1i1~ z) and

E). When all the parameters are known and a sample of

S 
size n is taken from Tb the miniinax rule is to classify

into 
~ l or 112 according as

(11 .21) ~~~~ 
_l

(~~~~~ ) i ~~~~ )I 
~~ 

_1
(~~~~~ ) > 0,

where is the sample mean. The two Pm ’s given by e~~ and

e21) are equal and their common value is given by

Ii (4.22) 
~l2 = e21

II where •(x) = f ( 2 f f )4exp(.jy2)dy,

- H D2 = 6’ ~~ ~~6, and ~ =

B - To cont~~ l probabilities of misclassification, Srivastava

(1973) proposed sequential rules in the following two cases :
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Case I. 6 is known but ~~ is unknown.

In this case we need to sample only from one of two popula-

tions, and which , without loss of generality, may be

taken to be Ti 1. Giveu ~~, let ~(a) = 1-a, Define

n 1 1 1
(11 .23) ~~~~ = i=o,i.

j=l

and

(11.24) u~ ~~~ j~ 1 ii~~in)
i j

_X
in 1 ’

~ m = 2(n-l), .1
where (xi3) is a sequence of mutually independent random

p-vector from N~(s~.1 E), 10,1. Then a stopping variable N

is defined by

(11.25) N = the smallest integer n(> n0) such that p 1 1
n >

where 2n0 > p+2. When sampling is stopped at N=n, classify

into iT1 or iT2 according as

(4.26) (i~ -i~1~+~6) ‘s 16 ~ 0.

Define
~~

(4.27) ~~ =Z~4x~~, ~~in ~;
1
~1~

— 

1~~ ~~~~~~~~~~~~~~ ~~~ ~~~~ ~~~~~~~ 

~~



—

H

Then

Q4..28) 5’s~~6 s ’( ~~ s~~*Y’6

~ ~~
46)’s*

_
~(~~~6) = 6*’s*~~6*, /)

where 6* =Z~s. Note that mS* is distributed as W~(m~I).

Now we shall obtain some asymptotic properties of this

sequential rule as D -. 0 (or 6* -, 0). From (11 .25) and (14.28),

N N(6*) = the smallest n.> n0 such that

~, >

or 

— m

(14.29) (l/m)6*’6*/6*’(mS~
)_1

6* < n6*’6*/8a2

Since for 6*+0, 6*t 6*/6*I (flIS*)
4
6* _..X2 1

(14 .30) (l/m)6*’6*/6*’(mS*)~~6* -, 1 a.s. as

From (14 .29) and Lemma 1, of Chow and Robb ins (1965), we have the

following.

Lemma Z~.l. (i) N -, as. as 6* -, 0.
(ii) N/(8a2/6*’6*) -‘ 1 a.s. as 6* -‘ 0.

Note that the rule is now studied in teru~ of Ye’s and

the a.s. convergence as 6* -, 0 ii ~~aningfu1 (contrary to

Srivaatava’s develop~.nt).

( [ 1
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Lemma 11.2. (Asymptotic efficiency) u r n  eN/ (8a2/6*’6*) = 1

Proof. It is enough to show that (N6*P6*)8~ ,6~ > o is

uniformly integrable. According to a result of Bickel and

Yahav (Lemma 3.2, 1968), it is sufficient to prove that

Sup Pr(N6*’6*> k) <o o  for some c > 0. Now, for
k-i 0<6*’6*<€

0<6*’6*<~~

Pr (N6*’6* > k) = Pr(N > k16*’e*) ]
< Pr(N > k(6*)), where k(6*) (k/6*’8*]

~ Pr(k(6*) < 8a
2/6*I

Sf’b*), where f = 2(k(6*)_1) .1
— Pr C 6*’6*/6*’(fq)~~ 6*> f 6 *’6*k(6*) 18a 2) I
< (6le.a4/k2(6*)(6* b*)2).e(4~~,~1

)2/ f2

< (94.a’~/(k_6*’6*)2).(f_p+1)(f_p+3)/f 2

~ 61i~~ /(k-.)~

for C sufficiently small.

Hence

•

~~ Sup Pr(N6*’6*>k )<oo,
k—i O(6*’6*(~

which completes the proof .

ULet 
~~ 

— Pr (claseifying fl0 into ~~~~~~ Then

Theorem 4 .1. u r n  e1 = liin ~ — ~~•2 2



• 1 1
I

Proof. We shall only prove for e~~. Let N 2(N-1), we have

(14.31) 12 — ~~~~~~~~~~~~~~~~~~~~ < .~ (N/2)*6~ç
1
6ln0uJri)

1. —

< ..1<N/2Y~
6’SM

16/(6’SM
’2D s~~6y~ ir0~r1)

— l_e,[(N/8Y~6*
1s~~

16*/(6*ts~~26*y~]

L =

r (6*16*/6ss~~
26*) .3

- .  Now for any orthogonal matrix L we can write

(14.~~ ) 6*’S~~26* 6*L’~~~~~ L L S~~’L’L6*

— (L6*)A
1A~~(L6*), A — LS~~’L’.

If we choose L with firs t row as 6*’/(6*’6*)~, then

(14 33) 6*1S~~
26* 6*’6*(first row of A

1)(first column of A 1)

Therefore,

t —

~*
IS~~28*/6*

I6* — (first column of A 1)(first col*ma~ of

t
since ~i & — w~(M~I)~ A -$ I~ a.s. as 6 *4 0

Hence

I 6*~S~~26*/6*’6* ...l a... as 6*40..
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I

Also we have seen from (11.30) and Lemma 4.1 that

N/(8a2/ 6*’6*) ~ 1 and 6*’S(’6*/6*’6* -‘ 1 a.a. as 6* ..~ o

By the dominated convergence theorem , from (14.31) we have

Urn e1 = 14(a) = ~~.2

Case II. Both 8 and ~~ are unknown.

Now sampling is carried out sequentially from 
~2 as well .

Let U
(14.314.) t:t = 

~~~ j
~1
(Xii

_iE
~in
)(Xij

_
~in

) ’
~ 

t 3(n—l), •j
where ~ ThSfl the sampling rule is }

.1—i

(14.35) N’ = the smallest integer n(> n0) such that LI
n> 6a2/cW 16n;

where 6~ ~~~~~ When the sampling is stopped at N’ — n, [1:
classify 1T

~ 
into ir~ or fl2 according as I

(4.36) (ion4(iu +i2n)]’
~c

16n ~ 0.

Let

I
4,



______________________ V

1

(4.37) z~ ~~~~~~~~ nZ~

~~(z ~-E )(z -i )‘ =~J’~(tw 
)~~4,

i~~~J—

1.] 6~ = Z1 Z2~ = 1u~~2n~~~~~~ l~~2~ 
= Z

~~6n
_6*

Li Then

-
~ (4 .38) 6~W ’6~ = (b~+6*)’w~ ’(5~+6*)

= (n/2)(6~+6*)’(tw~Y
1(6~+6*)(t/(n/2)) V

(U/V)(t/(n/2)),

J where U and V are mntual.ly independent and

V 
U ~_ x ~~~n/2 )6*’6*), V (see Anderson Theorem 5.2.2 ,

p. 106, 1958).

Note that U/V i~ stochastically larger than X /V. There-

fore , if we define

11 14* = the firs t n(> n0) such that

1] n >  6a2/[(~~/V)(t/(n/2))],

then N* is stochastically larger than N’, and N* is m dc-

V 
p.nd.nt of 8*. It is clear that there is positiv, probability

[1 that 14* is finite . Hence it is not true that

lim N’ — •H
which is the error in Srivastava ’s argu ment.
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APPENDIX

DERIVATIONS TO OBTAIN A TAYLOR SERIES EXPANSION OF THE

FUNCTION e~( )

Let

1. (A.l) ~2(x,y;r) - (l/21r) (l~r2)~~e4 2-2rxy )/ (l -~ 2) 
~~~

1: (A.2) Y(u,v;r) afJq,2(x,y;r)dxdy.

a Then

I. (A.3) ?i~I~i — -f (1/2Tr) (1_r~ )4e4 2 _�
~ y 2)h10_1

~
2)
dy

j ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V

— -f (i/2T1) (1-r2) e dy

£ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (2T1)~ .~~
”

dy

— .ç1
(u)(l_1

1
((v_ur)/ (l_r2)è)] V

t
£ (A.4) ~~(u) — (2fl)4+2

E (A.5) •~(‘) —

[ Similarly,

I
I

~VV

— -~~
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(A.6) ~Y/~iv = 

_
~l(v)[l_6l((u_vr)/(1_r

2)~ )J ~~V1

and for o < ) r ~~< l

(A.7) ~1/~r ~ f f ~~/~r(~2(x,y;r))dxdy

= SJ’~~2/~~~y(q,2(x ,y;r))dxd y
v u

(A.8) ~~‘f/~u2 = ~/~u(-cp1(u)( l_ 6 1((v_ur)/ ( 1_r 2)~ )) )

— (1_4 l((v_ur )/(l_r
2)*))çl(u)u+tpl(u)cp l((v_ur )/

(1_r 2)) (_r/( 1_r 2)~~)

V (A.9) ~~~~~~ — ~1(v)(~’l
((u_vt)/ (1_r2)~)rI(1_r

2)
~÷v (1_1l((u_vr )/

(1_r2 ) ) )]

(&.io) a~v/a~ — a/ar (q,2(u ,v;~ ) )  =

— ~~~~~~~~~~~~~~~~~~~~~~~~~

— ~2(~,v;r)[r+(u_vr)(v_u;)/(1_~~)/(1_~~)



- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~
-

L — 101-

(A.ll) ~~‘f/?iv?iu

1. 
(A.12) ~~~/~~~u =

• (A.13) ~2y/~u~v =

V (A .14) ~~~/~r~v =

(A.l5) ~2Y/~u~r — _cp
2(u,v;r)(u_vr)/(l_r2)

~ I!
- 

(A.16) f/?vërc = _cp
2(u ,v ;r ) (v_ur ) / ( l_ r 2)

Then (as Taylor Series expansion) for real a, b, and j p J  < 1
L we have

V 

(A.17) Y(u,v;r)

1.
[ 

(r_p )4p1(a)(_,1((
b_ap)/ (1_p2)è)p/(l_92)*

+a(141((b—ap )/(1_p
2)~))](u_a)2+~ ,1(b)x

V 

[-~l((g-bp )/(l.p
2)*)p /(l_p 2)~+b (l_ ,1

((a_bp )/

(i_p 2)*) ) 3(v-b)2+j92(a ,b ;p ) (p+(a-bp )(b-ap )/

(l-p2)](r-p )2/(l—p2).Ij~(~1(a)cp 1((b..ap )/ (~~~..~~2)I) 

V

I
I V 

VV

V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



~ V

— lc~? —  - .

+cp1(b),1((a_bp)/(1_p 2)~ )] (u_ a) (v_ b) / ( l_ p 2)~

4(,1(a)c1
((b_ ap)/(1_p2)~)(_a+bp)/(l_p2)

3/’2_

p2 ,b,~~ (a-bp)/(l-p2))(u-a)(r-p)~~[~1(b) Li

~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~

(b-ap)/(1—p2)](v—b)(r—p)+R

• [1
where R is a remainder term . Simplifying (A .17) we have

(A.l8) ~(u,v;r) = Y(a,b;p)~ p1(a)[141((b~ap)/(l~p
2)~] [~ a(u~~ )2~

(u—a) ]+ç1(b) (l41((a—bp )/ (l_p
2)~)[.~b(v_b)2

_

(v_b)]+cp1(a)p1((b_ap)/(1_p
2)~)[.4(u_a)2+~(u_ a)~

(v_b)+Ea_bp)(u_a)(r_p)/(1_p 2)]/(1_p2)kcp
i(b)x

• ~1((a_bp)/(l ...p 2)~ ) (-~p(v-b)2+~(u-a)(v-b)-

H

((r -p )~~ (r-p )2(p+(a-bp )(b-ap)/( 1-p2))/( l-p 2)

Li

V 

(1-p 2)]÷R

p
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H For a j ot, b = ~~ 22~~ 33
)/~ 22~~ 33~~~ .23~~ ’

— ~~ 22~~ 23~~”~ 22~~~22~~ 33~~~~23~~ 
and J p J  < 1

we have

U (A.19) (b~ap)/(l~p2)~ = 

~~~22~~ 23~~ 33)/~~ 2? 33~~~23~

(A.20) (a~bp)/( 1~p 2)I = 

~~~~~~~~ 33~~ 2? 23~~ 33~ 23~~

~~ 
22~~ 33~~~ 23~~~ .2? 33~~~23~~~

(A.21) (1~~2)~~ = a 22(~ 
~~~~ 33~~~ 23~~~~~ 22~ 33~~~23~~

• (A.22) p / ( i~~~2)~~ = ~~ 22~~ 23~~~~ .2? 33~~~23~~

Li (A.23) (b-ap)/( 1-p 2) = 
~~ 22~~ 22~~ 33 2~ 23~~~~ 23~~ V3 3~~~~~

U ~~ 2? ~~ 2
)

Li (A.24 ) (a-bp)/(l-p 2) 
~~~~~~~ 2? 33~~ 2? 23~~ 33~ 23~~

El 
~~ .2? 33~~~23~

! (A.25) (a-bp)(b-ap)/ ( 1~~2) 
‘~~~~22~~ 23~~l33~~~~ 2? 33

11
2? .23~~ .33~ ~~~~~~ .22~~ .33

V Li 
-2~ ~~~~~~ 2? 33~~~23~

~



I:
:1.

V 

(A.26) (p+(a-bp)(b-ap)/(1-p 2)) = ~~ 22~~ 22~~ 33~~~ 23~~~ 
I

~~ 2? 33~~~23~~ ~~~~~~~ 23~~~~22~~~~~~~22

V (
~ 23~~ 33

)~~~ .2? 33~~ 2? 23~~ 3? 23~~

Next we are going to compute some expectations .

Consider the matrix V defined by

• (A.27) (] J m) A = I+(1/ni~ )V , where A W~(I~m) . I
and for fixed 

~2 ’ 
T.
~3 

we define I
(A.28) a = ‘T)2T~2 , a 

33 
= T13

T~3
, a 

23 = T12 T13

• Lemma A.1 gtq2 = (p+l)I

Proof. By definition of V,

I
V = m~((l/m)A-I )

V = (l/m~ ) (A-mI)

V2 = (l/m) (A2 -2m~+m2I) 4
We can write A as A = where Z~s are identically II
independently dis tributed as N~ (O~I).  BV 

Then

1]
- —-—•~~~—~~~ V’.. 

~~~~~~~~~~ 
— .— •--•— - V r ..... r .z,’ .31...V . ..~ -. ~~~~~ ~~~~ —~ 

VA



£2 (~~~z~z~)(~~~z z’) — ~~~~~~~~~~~~~~~~~i_i i_i ~ i—i

-~ m(p+2)I+m(rn-l)I — m(m+p+1)1

V 

t.!~ V ~V2 = (l/m)(m(m+p+l)I-2m21+m21)

ii = (p+1)I 
V

Lemma A.2 (i) e(,i~v,i2)2 = 2(~~~2
)2 = 2a~~~ 

- •

V U (ii) e(1) v1~3
)2 = 2O~33

Proof. By definition,

V (1/it~ )(A -rd)

( $ ~j~~~~ )2 = (1/m)O1~ATJ2-mt1~112
)2

— (1/m)(1 2)2(~~~~2/1~~~~
_m)2

L Since 
~2~~2~~2~2 — x2m we ’ have

~ 
L e(1~vfl2

)2 — (l/m)(T~~2
)2 .2m 2Cfl fl2

)2 
~~~22

-
; 

L Liii” A.3 ~~2~~2
T~3~~3 

= 2(11~~~)2 = 2O
~ 23

11 •

Li Proof. We can express T~3 
as 

V

Eli 1~~ - k112+e

II
II H



—‘-‘~~1~~~~~~~~~ ~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ ~~~~~ ~~
‘ ..-,.V.—
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where kfl2 is the orthogonal projection of on cp(~~),  the 1~i
space generated by %, and e is the perpendicular of ¶13 with

respect to 
~~fl2J .  The coefficient k is known as

Then U
(A.29) ~2~~2

’T~~~3 
Tl~V’fl2(k112+e)’(k%+e)

= k2(~~V11~ )2+2k 2 Ve+7~ V~l e  ‘Ve

Now V = (1/nfr ) (A-mI), A —W (I,m). [1
Since and e are imitually orthogonal we can choose an or- -

~

thogonal matrix L with firs t row as 1l~
I (

~~1l2 )
~ , second row LI

as e ’/(e ’e)~~, and define A* as V

A* = LAL ’, A* is again distributed as W~(I m). Then the

(l ,1)th , (1,2)th , (2 ,2)th elements of A* are

(A.30) a
~1 = 2~~2Ti2)~ a!2 Ae/(%1~ e’e]~ , U

= e ’Ae/(e ’e) [J
and a* are independent because A* ~~W (I ,in) . Therefore .

1~ VTI and e ’Ve. Consequently ,2 

F’e%v1~2e’Ve = 0.

Furthermore , we can write

m m 
V

ati — 
i~i~~

l’ a!2 — ~JZ~~Z~2, where Zfl’s are

ci ~~~~~



,- ~~-- wV V -
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V

1 identically independently distributed as N (O,1), i 1,..., m,

• 
- 

J — 1,2,....

= ~~~~~~~~~~~~~ = ~~~~~~~~~~~~~~~~~~

• I H ~~tiat2 = 0, which entails e1~ A%TI~Ae = 0. Hence

(A.31) V11211~Ve =

= (l/m)e~~ Afl2 e-mli~~ 1l’Ae)

H = 0  
V

because ~A = I , and lj~e = 0. Thus from (A.29), we have

= 

~~~~~~~ 
= k2 2Ol.~1~~)2 = 2~3~~ 2

uh1
2)

2(7)~1~~)2 2O1~n3
)2 = 

~~~23

Lemma A .4 (i) 2(fl~l~~) (li~13) = 

~? 23

(ii) e1~ Vl1
3li3Vli3 2(li~li3)O1 ll3

) 
~~ 3f 23

Proof. A,s in Lemma A .3 we can write

Ii 
~2~ 2~2~ 3 — —

- 
. 

Ii eTL~V1)~%VT,3 
— k.2(%7~~)2+O — ~2li3’~2’12 2(11~l1~ )~

II



• 
V 

~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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= 2(l~ l12) (’fl~l1
3

) = 

~~ 2? 23

Lemma A.5 e(li ’~~
)2 = (li~li3

)2+(l1~112)(li. 113
) = 

~~23~~ 2? 33

Proof . (ll~vl13
)2 = [l1~V(kli2+e)]2 = (kl1~Vfl2+fl~Ve)2

= k2Ol~VT12
)2+2kl~ Vli2l1~Ve+(ll~Ve)2

¶1~Ve = m~~l~ (A-mI ) e = m4l1~Ae

m a!2(112li2)(ee) (see A.30)

= m
~~
(
~~li2)~(e’e)~(EZiiZi2), Z~~ — .N(0.1)

and

e ’e = (11
3
-kli2)’(113-k%

) = li
3

(li~~~~~li
3

)2/l 1
~~~l1

2

Hence

e(11~Ve)2 =

— li2li2 3- 2li3)/ l i2n2) =

Thui

___________________________ VA



H e(~~v~3
)2 = k2e(

2
)2
~~(li~ve)2

Ii — ( l13/TI~%)2 2(l1~l12
)2+li 3li3-(’fl~l~3

)2

- li~~li;li3+(ç13
)2 = 

~~23~~ .2? .33

From the above lemmas and the fact that Y1,Y2,Y3, and V

I are independent and Y~ _ N
~(0~(mIn)I) i = 1, 2, 3..., ev = 0.

Then for sufficiently large m, n and rn/n ~ 3, we are now

able to compute the expectations of the functions defined in

Chapter One .

(A.32 ) eD(Y1,Y2,V) =

(A.33) eo(y2,Y3,V ) = -~(p-1)(~ 22~~ 33
)~~ 22~~ 33~~ 23~~~ 

X

V 

(i’3’(~ 22~~ 33~~ 23”

V 

(A.~~) eK(y1,y2,y3,v) = ~~ 22~~ .22~~ 33~~ 23
))
~~3(p-2)-3(p-1)x

(a 22-a 
23~’~ ~~-3(!_t)(~ 22~~ 23~~

11 22~~ 33~~ 23 2
~~~.22~~~.23~~

V

. 

~ 
(
~ .22~~ ~~~~~~~~~ 22~~ .23”’~

1H• (~~.22(~~,224a 33~2~ 23”~

Ii V
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(A.35) ec2(Y11Y2) = 3/2

11(A.36) ~‘2(~1,y2 ,v) = ((a ~~a 
~~~~ ~~~~~~~~~ 22~~ 33

)1/ V

~~ 22~~ 33-2a.23)-(3/2)(a 22
U ) /

~~~~ 
~~~~~~~~~~~ 33

2O~ .23~

(A.37) ea2(Y1,Y2 ,Y3,v) = 2[-4 (a 22~~~23~~~~~ V22~~~~ 23~ 

H

3~ 22~ 23~~~ 22~~~~ 22~~ 23~~~

(
~ 22~~ 33

_2
~ 
~~~~~~ 22~~ 33~~ 23~

+~~ ~~~~~~~ ~~~~ 22~~ 33~~~~..23~

-2(a 22~~ 23~ 
(3+2@ 22~

°’.23~~~

(
~ ~2(u~~~~ 33 2~ 23”~ ’~~ 22

~~ 22~~ .33
w 23”

(A.38) CC(Y1,Y2)F(Y2,Y3
,V) = (3/ 4) [ 2c t  22~~~~.22~~ 33~~~.22~~ 23~

’

22’~ ~~~~~~~~~~~ 22 H

22~~ 33~~ 23” ~~

.
, ~~

~~

_ _ _  
__  - -In



V . - - -  -~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~

rTT’~
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(A.39) ec(11,y2)u(y1,
y2,y3,v) (3/2)(ri .2? 33

_a’2
23)/

L 
~~~~~~~~~~~~ 23~

- 
~~~~~~~~~~~~~ . • • .  (A 40) e~(Y2,Y3,v)a(Y1,Y2 ,Y3,v) 

V 

-

V 

= 
~~~~~~~~ 2?.33-~~23)(h1a ~~~~ .33~~~.23~~~~’.22~~ ~

~~~ 23~~

V 
(A.141) eD*(y1,y2) = (1/8)(2p÷1)~

1
22+3(p-l)/~~~22 V

(A.li.2) eG*(y1,y2 ,y3,v) (~ ~~-a 33)(-(2p+ 1)/8-(3/2)(p-1)/

H 22~~ 33~~ .23~~~~~ .22~~~.33~~~ .23~

(A.43) eic*(y1,y2 ,y3,v) (~x .22~° ~~~~~~~~~~~ 33~2~ 23)]4(-12-3(p-1) x V

• 
~~ .22~~ 23~~~ ’ .22~~ .33~~ 23~

(3(p-l)(
~~22-a 23)+6ør 23~~

’° .22~

H 
. 

(
~ .22~~ 23~~~~ 22~~ 23+6)I’~~ 22

22’
~ 
33~~ ~~~~~

(A.144) e(c*(T1 r2,v)]s — a 22/8+3/2



---
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(A.45) e(F*(Y1,Y2,v)]2 = .22~~~.33 8
~~~.2? .33~~~23

)

+48(~ 22~~ .33~~ 3”/8~ .22~~ 33~2~ . 
23~

• _ 3 (~ 
••QI ) /2(a 4~~~~-2a )

(A.46) e(a*(y1,Y2,Y3
,V)]2 (_ (

~~22~~ .23
)2+6(~ 33~ 23~~~~ 23

”

a 
22

6
~~~

V 22~~ 23
)2/(a 

~~~~~~~~ 33~2~ .23~

~~~ .22~~ 23~~~~ .22~~ 23’ ” ~~ 22 1
~~22’~ 33~~a

23~~~~~ 22(a I~a 33

-2a. 23
)

~

. 

(A.47) ~~*(y1,y2,v)p*(y1,y2,y3,v)

— -(2(a~22-a~23)+12(2a 
22~~ ~~~~~ V22~~~ .33~~ .22~~ .23~

~~~ .23u4 6) /
~~~~ .22~~ 33~~ ~~~~~~~~~~~ .22~~ 33

23~~~ H

(*18) ece(y1,y2,v)R*(y1,Y21Y3,v)

— (
~ 22-a 

~~~~~~~~~~ 22~~~ 23~~~~ ~~~~ 224a 
3

•P2~ ~~~~~

• LI

H LI
F ,  .4



____________________________________________________ — — —
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1.

(4(a 22~~ 33~~ 23~~~ 

-

H (A.49) ~z*(y1,y2,y3,v)a*(y1,y ,y ,v)

V 
I t - ~~~~~~~ 2? .23~~~ .2? ~~~ 33a 23~~~~23~~~~ 22+P 33

)

V ~~~ 23~~ .22~~ 23~~~ .23
+6
~~~ .22~~

2
~~ 22~~ 33~~ 22~~ 23~~

I.: ~~~~ ~~~~~ 
~~~~~~~~~~~~~ 23~~~~ 22~~ .33~~ 22~~

: 23~~~~ .22~~ 23~~~
’

V (a
22

(a 22~~ 33~~~~.23~~~~~~~~22~~~.22~~ 33~~~ 23~~’

I I

.1

1.1

1

-A
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terms of their ranks and derive the asymptotic PMC ’s of the rules.

In the third chapter , rules based on U-statistics are suggested and
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convergence as the sizes of the training samples approach infinity.

Finally, we consider sequential rules based on U-statistics in
order to control the PMC uniformly and arbitrarily. The moment generating
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of two multivariate normal distributions is rigorized and corrected.
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