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INTRODUCTION

The problem of classification is to correctly associate one
population n'o with exactly one of several distinct populations
"1' cees Tfm. The problem may be to classify a single unit or
more than one unit coming from 110. The distribution functions
which characterize the populations are not completely known.
Sometimes the density functions are known except for some un-
known parameters. In a broader problem the distribution
functions are not given explicitly in simple parametric forms.,
In order to get more information on the distribution functioms,
data in .the name of a "training sample” are collected in one of

the following ways (depending on the situation):

(a) Separate samples from different populations.
(b) Sample from the population which is a mixture of

rrl, cses Tfm.

When the density functions are known except for some para-
meters, a plug-in rule is obtained by replacing the parameters
by the corresponding estimates (generally, maximum likelihood

or some other consistent estimates are used) in the optimal

PR (o7 )

rules according to some specified criteria in a given class.
One may consider Bayes rules, minimax rules, admissible rules, ]

etc., Asymptotic properties of most of these rules are not fi

difficult to obtain, but asymptotic expansions of probabilities
of misclassification (PMC) would be more useful. In Chapter
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one, we consider the problem of classifying ome unit to one of
three distinct multivariate normal distributions with a common
but unknown covariance matrix. A plug-in rule is obtained by
substituting the estimates of the parameters in the minimum
distance (Mahalanobis distance) rule. Anderson (1973)
obtained a similar result when m=p, Following T.W. Anderson
(1973), we derive the asymptotic expansions of the PMC's and
the estimated PMC's of this plug-in rule with an error of the
order of the square of the number of observations. No such
results are available in the literature for more than two
populations.

When density functions are completely unknown, estimates
of density functions are used to obtain a plug-in rule for a
given rule which involves density functions. 1In 1951, Fix and
Hodges proposed a classification rule for the two-population
problem based on nonparametric estimates of the density
functions. The K-nearest neighbor (K-NN) rule thus proposed
by Fix and Hodges is described as follows: Let [xi j; ;
j-l.....ni_] be a random sample from the ith population. é"én-
sider a distance tunction d and order all the values
d(xlj’ 2) (z is the observation to be classified.), J=l,.0omy;
f=1,...,m. The K-NN rule assigns Z to the population “1’

if Kiln1 = max Kjlnj, where K, is the number of pbservations
J

from fl; in the K observations "nearest” to 2. They obtain

the exact and asymptotic expressions for the PMC of the NN rule
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when K =1, The 1-NN rule was also studied by Cover and Hart,
Cover and Hart (1967) considered the mixed population case and
proposed a K-NN rule which assigns Z to the populatiorn ﬁi’
if K, = max Kj‘ In a recent paper, Goldstein (1972) has
studied some asymptotic properties of the Kh-NN rules and ob-
tained a consistent upper bound for its PMC. In Chapter two,
we propose some rules which use the basic ideas of the NN
rules, but are expressed in terms of their ranks, when the ob-
servations are available only in their relative orders or
ranks and the usual NN rules can't be applied. However, it
may be noted that the demsity functions can't bevestimated
using the ranked observations only. The asymptotic PMC's of
these rules are derived and when sampling from a mixed popula-
tion is considered, asymptotic risks are obtained as well.
The asymptotic risk of the modified 1-NN rule is the same as
the respective asymptotic risk of the 1-NN rule. The asymp-
totic risk of the modified Kn-NN rule turns out to be exactly
the Bayes risk.

Another class of rules are suggested based on U-gtatistics.
Das Gupta (1964) proposed a rule based on Wilcoxon statistics.
He showed that such a rule is consistent. Hudimoto (196k)
also used Wilcoxon statistic when fFldF2-§'>'O and derived
some bounds for the probability of error. Chanda and Lee (1975)
modified Hudimoto's rule to the situation when . ‘ther

frldre-i >0 or I?ldra-i < O, We shall use Hudimoto's idea
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and suggest a two-sided classification rule based on the

Lehmann statistic (Lehmann, 1951). Asymptotic results are of

F o angfh oot DN Sl SRSt Lt

b theoretical interest; however good studies on the rate of

convergence will be useful. Following Grams and Serfling (1973)
in their study of convergence rate for U-gtatistics, we obtain
the asymptotic PMC's of these rules, together with the rate of
convergence when the sizes of the training samples approach

1 infinity. The strong consistency of the rules are also

pointed out.
Finally, we consider sequential rules in order to attain
prescribed probabilities of error. Hoefrfding and Wolfowitz

(1958) studied the problem of distinguishability of sets of

distributions. Later the notion of distinguishability was

used by Das Gupta and Kinderman (1974) in the set-up for the

classification problems. Hoeffding and Wolfowitz (1958) in-

troduced the minimum distance test procedure and studied the

properties of this test using the available probability bounds

e |

BN &3 O O

on sample distribution function. In Chapter four, we shall

introduce the minimum-U sequential rules and prove some pro-

perties of these rules by using the available probability
inequality for U-statistics. Srivastava (1973) considered
sequential rules for classification into one of two distinct

wultivariate normal distribution with means y,, oy and a

common covariance matrix ) in the following two cases:
(1) W~y = & 1is known but 2 1is unknown. (ii) Both &
4 @

el e a0 e i i el Sl
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and ) are unknown. For the case (i) Srivastava proposed a
sequential rule based on observations from ﬂo and ﬂl,
given o he showed that the PMC's of this rule tend to
values less than o as 6'23-16 - 0. However Srivastava's
proof is incomplete and suffers from a technical error. We
shall present a more rigorous analysis‘of his rule.
Srivastava also proved that for his rule in case (ii) the
error can be controlled arbitrarily B oV a0, et

his proof is entirely wrong and we shall indicate his error.
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CHAPTER I

CLASSIFICATION INTO ONE OF THREE MULTIVARIATE NORMAL

DISTRIBUTIONS
1.0 Introduction

A random observation X is drawn from Np(g,, 7). The prob-

lem is to classify this distribution into one of Np(“"l’ ),

,Np(p,a, ), and Np(p,3, 7. It 16 assumed that p;, w,, and u,

are distinct and Y is nonsingular (see T. W. Anderson (1958),
Chapter 6). When Bys Moo Bg and 2 are known, and the costs
of misclassification are equal then under the assumption that
drawing a new observation from each population is equally likely
the optimal classification rule (minimizing the expected loss
from cost of misclassification) 8 decides y =, iff
(X-pi)'z -I(X-pi) = min (X-p,j)'z -I(X-pj), which may be

j=1 92,3
written as

Uy = (X=-3(u;+ ) T 'l(u,_-u.k) >0
where i, j,k=1,2,3; 1%3, j¢k, ki,

To compute the PMC's of this rule, let us assume that

B= e Then
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(1.2) ﬂél = Pr(® decides p = u2|u = pl)

= Pt(U21 >0, U23 > 0|y = “1)

(1.3) o = (u.,_-ui)'Z'l(ul-uj), 1.3 =23,

Then
(1.’4) “21 = Y(aa B; p)a
where

(1.5) a = iuéée. B = %(a_ea-a 33)/(a oot 3320 23)%,

(1.6) o = (@ ot )Mo (0 pter o oo2m )1

and
(1.7) ¥(a,Bip) = quwva(u.v;p)dudv,
ap

¢b(.,.;p) being the pdf of the bivariate normal distribu-
tion with zero means, unit variances and correlation coefficient

p. The PMC T can be obtained by interchanging the subscripts

31
2 and 3 in the formula for “él'

But in most applications the parameters are not known and a
training sample from each population is available:

(X1 Xyps eees xini) is drawn from Np(p,i, ! PR R T

Estimates (based on training samples) of the parameters are
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substituted in (1.1). To get a rule called a plug-in version of

6 we estimate y, by

(1.8) X

ﬂ
i "'-"—17‘ o’ i=132:3
n d--

and 2 by S, where
n

(1.9) (n_1m2+n -3)8 = Z T(x X )(x
i=1 =1

X,)'.

ia” i
Then the plug-in minimum distance rule & decides y = My o iff
(1.10) (x-%(ii+k'j))'s'1()?i-§j) >0 and
AEAR NS Y®R) >
(x-H(X,+X,))'s" (X, -X ) > 0.

In this chapter, we obtain asymptotic expansions of the
PMC's and the estimated PMC's of the plug-in rule with an error
of the order of the square of the number of observations. No
such results are available in the literature for more than two

populations. Anderson (1973) obtained similar results for the

two-population problem.

1.1 The asymptotic expansions of PMC's.

The PM's of the plug-in rule & will be derived now under

the assumption g = Bpe

(1.11) B,; = Pr(8 decides 1= p,lu =p,)

= Pr(U,, >0, Uy > Olp = s

ks
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where ﬁ's are obtained from the corre'sponding U's after re-

placing Bys Boo u3, b by 'fl, 3(-2, X_, S, respectively. Condi-

3

tioning on xi's and S we get

(1.12) 2, (X, X, i'3, s)
= ¥(-(uy-3ER)) s ®, R D/IE K™ 257 R E )2,
(B EHE ) 'S, K1 B s7H R, 1%
®,%)'s™ s R, KK, K, s D57 E, X))
®,%,)'s™ s E R,

For simplicity, we shall assume n = n,=n,=n and from

& p

now on write

The distribution of (621, 623) is invariant with respect to

*
1] =Axij

i=1,2,3, where A is nonsingular. Without loss & generality,

*
the transformations X = AX+b, X +byi J = Agewesnt}

we shall replace Hys Moo p.3 and 2 by O, 1']2, 'n3 and I,
respectively, where

(L) 1, =T Ha,), Ny = TR u).

Then

(1'15) o 22 o~ Tle'lnal 4 33 o~ ‘n:;n3’ ] 23 i nén3'
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Define Y

1’ Y2' *

and V b
3 y

(116) X, = vy/uf, X, = Mavfaf, X, =0 b,

S = I+V/mé.
The statistics X, il’ 3{-2, }-(.3, and S are independently distri-
buted as Np(ul’ 2)’ Np(u2s T/n)’ Np(b3; yn)s and W(Z, m),
respectively. Combining these and the transformations mentioned
above, we can assume that X, Yl, Y2, Y3 and V are mutually
independent and X ~Np(0, 1); Yj ~Np(0 mi/n), i = 1,2,3; and
& = 0., Then, in terms of Y's and V, (1.12) is

(1.17) By (¥1,Y,,¥5,V) = ¥(Gy, byir,),

where

(1.18) G = [Ny (v,,) /] (Le9/ud) (o (2 ov, ) Y/
([N (¥, =Y, ) /a?] ! (149/02) 2[4 (1,1, ) D,

(1.19) b, = H-(,0 )+(v,+¥, ) /] (zev /) !
(=M, N )42, X, ) aB1/ (1= (o )+, ) P
(I+v/m*)‘2[-(112-n3)+(Y2-Y3)/m*]}‘32

(1.20) £, = (-M,#(8,¥,)/u¥)" (260/md) 20~(n,n ) (2, ¥, ) b/
(r-n+ (Y2-Y1)/m§] '(1+v/m?) 2] -112+(Y2-Y1)/mé]

[ (1 )+(%,-,) /) (14 /a¥) 2 [ (1,1, )
+(22-Y3)/m5]}5‘.




.
Note that
(1.21) (Tsv/wd)) = 1v/nBeve /w3 23 3 2 f2 v (v fad) L a2
(1.22) (24V/u®)™2 = T2V/uds3v2/m-bv3/md/2e5v" /aP /2
~(6v2+5v0 ) (14v Jud) "2 /> /2

Let Jm be the subset of the sample space defined as
(1.23) 3, = (ly, ;| < &(10g m)?, lvisl <2 1og m k= 1,2,3,

5y =1, .05 D is a constant greater than L4},

where Y = (Ykl’ Sk Ykp)'. Lemma of Anderson (1973)

yields the following:

Lenma 1.1 Pr(J ) = 1-o(m™2),

Consequently, since O < Y(G,m,bm;rm) <1 we have
(1.24) B,y = e¥(G,,b i) = &¥(q,,b sr Ix(3.)

+ &Gy bir Ix(3. )

= W(%s bmirn)X(Jm)"o(m-a) ’

where x(A) stands for the indicator set function of a set A.

Define




3 = -12 -
- bt o
: i (1.25) G = @y, b =05, d =0,
| - = -
| e u22433, f Q22-023, q (!33-0'23, '

] 0% =ty -2a s

E = 022023'*«33323-2022033

e 2
7 = 022a33423.

Using the identities (1.21) and (1.22), over Jm for

o sufficiently large m (as Taylor series expansions), we have the

following:

The numerator of G in (1.18) is % times
1 { ] 1
(1.26) G+ 3(-112%2-2%1{2)
+ i[ﬂévzngznéwaaf(irewl)' (YE-YI) ]wlm(Yl,Ya,V) *

3/2

- where ylm(Yl,Ya,V) is a remainder term consisting of m

- times a homogeneous polynomial (not depending on m) of degree 3

in the elements of Yl’Ye’Y3’ and V plus m 2 times in a homo-

geneous polynomial of degree 4 plus a remainder term which is

s

o(m>/2) for fixed Y).¥,,¥,, and V (and O(log n)°/a?/2)  for

YI.YQ,Y3, and V in Jm).

[R——
L l

The denominator of G, in (1.18) is

I J

= &2 >
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(1.27) (N,+ —H(-2NVI, -2 (¥,-7,)]
m

%
+ SISV (0, )2, -2)) (V¥ Doy (¥,,%,,V) 1)

=3+ dmir,-x, v, 17632
aﬂ m® -

+ UMV, (L, )+(,Y, ) (¥, -¥, ) 1/263/2
43013 (2,-¥, 41V, 127207 2, (v, ¥, 0),

; where yém(Yl’Yé’V)’ Y3m(Y1,Yé,V) have the same properties as

Ylm(Yl,Yz,V). The notation ij(Yl,YQ,Y3,V) will be used fre-

quently, which will have the same properties as those of

Yia unless mentioned otherwise,

Combining (1.26) and (1.27), we get
(1.28) G, = a+c/mé+D/m~Yhm(Y1,Y2,v),
where
o 3
(1.29) ¢ né(wzewl)/za .
D= [-ne'vznamnéwﬁ(yaﬂvl) y (Y2-Y1) ]/ha%

+L(ngVn, )2-knivm,niY, <A (v, +3%, )(¥,-¥, )"0, ] ng3'2-

The numerator of b in (1.19) is % times

1
1. 0 [- . n - $ - ’
(1.30) e + 3 (My#0,) 'v(n,-n.)-2(n)¥,-n2v.)]
+ 3l (N #03) V2 (M Mg 42 (MGVE, - VY )4 (Y ) ' (¥, ) ]

+ Yo (¥p,¥,09).

et iad
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The denominator of b in (1.19) is
1 1 ' '
(1.31) 5 + —5(M,1,)" (1,-Y)4(1,-0;) V(0,0 Vo
+ gl=0300,0,) VA, ) +(Y,x, ) (1,1,
4 (M,-13) 'v(¥,-¥,) /203
310, 15) (1, -¥,)+(N,-0,) 'V (0, -05) 12/26%)
w&(va .Y3 V).
Combining (1.30) and (1.31), we get
(1.32) b, = p+r/m*+c/m+y7m(ve,y3.v),
where
(1.33) F = -[(M30,) V(-0 1+2(N3¥Y - 3¥.) /2o
+el(Ny=1,)/(¥,-¥)+(M,-1,) 'V(n,-,) )20
C= -els(ne-n3) 'va(ne-n3)+('12-r3)'(12-Y3)
+(05-1,) 'V(Y,-¥,) Mo +3e(n,-0,) (x,-,)
+{Np-1) 'V (1,-1,) 12+ [ (#0) 'V3(n,-n,)
+2('név12-'r| 5vr3)+(12+¥3) : (Y2 -Y3) 1120

[ 1) V0,0 )+(0,70,) * (¥,-0,) T (M,#n,) 'V (-0, )
+2(N,Y,-1,.) /253

The numerator of r_ in (1.20) is
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“gs L
(1.34) £ + -;[-n V(Ny-M3) M5 (¥,-¥,)-(M3-0,) ' (¥,-, )]

+ SLIV (N, )42V (Y- 30+2(M,-1,) ' (x,-Y,)

(Y- ) (YY) I+ g, (Y, ,7,,¥,,7).
Combining (1.34), (1.27), and (1.31), we get
(1.35) r, = p+H/m%+K/m-Pv9m(Y1,Y ,Y V),

where

(1.36) B = -[21V(N,0,)-NA(Y,-¥,)-(0,-1.) " (v,-¥) ) Ve
+EMA(Y, -1, enivn, /632
+EL(M, 1) " (%,-¥,)4(n,-1,) 'v(n,-n.) 1/
K = -£[3(Ny-M5) 'VE(M,-M)+(X,-¥,) ' (¥,-¥.)
(1,-1,) "v(¥,-¥,) 2a%
+360(MyN) " (X,-X)4(,0,) 'V (1,-0,) 12 eahe’
+HMV2 (M, =M +2naV (Y=Y ) 42(M,-0,) 'V (¥,-Y, )

#(0,-4,) " (%,-Y,) Vabo

~£[ VAN (Y,-, ) ' (Y=Y, el (Y, -Yl)llac3lao

+3f [TL: (Y, --Y1 )+1‘évn2 12 /205/ 2°

+E5 (Y=Y, 14V, J1(0,-1,) ' (¥, -Y,)
+(1,-1,)'V(n,-n,) /6>

|
|




- 16 -

 S—

H2MV(M,-1 )43 (¥, )+(M,-0,) " (¥ -rl)l X

HFREY

(1) (T, )40, 1) 'V(n,-n) /s
| | 2V (M) MY (Y=Y )+ (1, -1,)  (%,1, )]
; (3 (x,-, )4, 1/63 2.
; f We assume that |p| 4 1. This means that byr Wpr By are e

linearly related.

Then a Taylor series expansion of Y(Gh.bm;rm) over J for

sufficiently large m (see appendix for detailed derivation)

gives,

(1.37) ¥(Gobysr,)
= ¥Y(o,B ;p)wl(a)ll(ciqlar)[-clm'lf'm*calum-nlm]

+9,(8)9, (£/207) [ P2 /imy-F /n*-G/m]

Z-——u——4

9, (a)vl(-a”iqlaf)(c;’a/ ©)[-£c2/2uGEcr /omGbecH hm?)
49 (8)0, (-8/207)(6Ro/ 1) (- 72 /2nGPo4cr fomsgoqF B /ime?)
s, (@.8:0) (8/nsk/mt (Go/22) [ /6P 4G ag/ur2 02

+(G e /s 7 )cH/mt (Gao/l v2)FH/m) + Y10 (¥):%50750) Ja3/2

+ 711 (,l'! .Y3'V)+ Yla-(YIOY IY3iv))

vhere §,(x) -,.f:vl(y)dy: and

’l"’ being the pdf of the standard normal distribution; and

Y10 (!1.! .!3,1) is a homogeneous polyncnial (not depending on

B M e s
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m) of degree 3 in the elements of YI’YE’Y3’ and V;

Y11 (Yl,Ya,Y3,V) is a polynomial of degree L4, and

Ylem(Yl’Ya’vi) is a remainder term, which is o(m'5/2) fow

fixed Yl,YQ,Y3, and V in Jm.

Since Jm is by definition symmetric in Yl’Y , and Y3,
C has the expectation zero over Jm' Let h be a function of

YI,Y2,Y3, and V having finite second moment. Then

(1.38) |en-enx(3 )]

lenx (3,1

IA

len?| 3| ex(a )2

= O(m-l) .

Consequently, the differences between €D/m, &G/m, €K/m, €c2/m,
er2/m, ei2/m, €CF/m, €CH/m, €FH/m, &40 (Yl,Ya,Y3,V)/m3/ 2 and
the corresponding expectations over J_ are o(m™2). Moreover,

for any positive integer t,

(1.39) & 2t-1 = o Fo@™®) = o(u™)

3

Hence

(1.40) |ep/u’-erx(3 )/n|
= |&'x(J_°)/mbl
< (1t a3 3)ex(s 0))2/3
= (1/ad)|o(n"H))V 3(0(u2))2/3

= o(m™2),

F——
i

[ i
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i Similarly,
E |ﬂi/m%-€lix(3m)/m%l < o(m™2),
F; Note also that €F = 0O, @H = O, Since the fourth-order absolute
; , moments of YI’YE’Y3’ and V exist and are bounded, so is
: B €413 (Y20 Y000y (I, ). Hence (L@ )ev, (3,7, 9)%(3,)=0(n2).
1 '; Finally, in J, each element of YI’YE’Y3’ and V divided by
: m% is less than a constant times 1log m/m%, therefore
e
L] (1.41) Elylam(Yl,Ya,Y3,V)x(Jm)l = O(m-slelogsm) = o(m"2),
’H (1.42) ev(q,,b5r,)x(3,) = Y(a,asp)+Q/m+ev10(Y1,Y2,Y3.v)/m3’2
I@ +0(m 2), .
L ' \f
D where ;
A |
U (1.43) @ = qal(a)Ql(a*q/aT)e[a*cglh-nlwl(a)§1(glear)e[er’-/ha-cl
+q1(a)ql(-a'-l?qla-r)(a'}o/-r)e[-fcalea%»crla-ai‘gculhf-?]
B
] +91 (8)ey (-8/207) (6% )2 /ooscr /2van ru/le2
S +¢2(a.e ip )E(R+Go/273[ f/t.t"é-c;é‘qgllw2 ]112+<1'}gcn/lvr2
s +GoqFH/472)
¢
!
4 Since the third moments of Yl. 2,! » and V are either 1
; ['} gero or O(n'%). combining (1.24) and (1.42), we have a
& v []
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(1.44) Py = ¥(a,B3p)+Q/mi0(m2).
Finally we have (see Appendix for details),

(1.45) P, = ¥(,Bsp)

R T T I e e A, T =S

- -}lgq’l (a)ﬁl(G%q/Q'r) ((2p+1 )G%/s"'3(?'1 ) /QG%]

19, (8)2, (e/207) (e/ko) [(p-1)/b+(T2+3(Grb)+6(p-1) ) /o®

ooi pt i ol s Rl 28

-3(a-b)2/20"1-(3/8)0, (), () (£-a)/

+9; (B, (-8/207) (1/ 102) [ -2£(12-3¢7/202)+(1/8) (-96°

+80q+5b°+4d2) T, (2,830 ) ((1/6%) [3(p-1)-3(p-1)a/a
-3(p-1)£/cP-2£+£3(3+2£) /Go? 1+2 /86253

+q(116+5b-4d) /867 3+(1/a72) (£/GEGEqz =] [-1£2

=3f-3£2/G-3£2/0%+ 302+ 3G+2Go>

-2£3(3+2£)/Go2]) | +0(m™2).

s

The asymptotic expansi on of the PMC P31 can be obtained by

interchanging the subscripts 2 and 3 in (1.45).

1.2 The asymptotic expansions of estimated PMC's.

We estimate P21

up(il,s). Then, in terms of Y's and V, Pal(Yl,Ya,Y3.V) is

by considering X distributed as

=3

SR Lol Al

(1."6) ;21(Y1,Y2.Y3,V) ad Y(‘%'Sﬂl;;‘)’.

where

:
E




e \W

e
(1.47) &, = BU-,+(8,-Y ) /uP] (1ov/m®) ™ [ ey ¥, ) D),
(1.48) Gm = %[-(n2+n3)+<Y2+Y3-2Y1)/m'b]'(1+v/m%)'1[-(n2+n3)
+(12+Y3-2Y1)lm'75]/ { [’(”2'“ 3)+(Y2-Y3)/m%] k (I+V/m%)-1x
[-(M,-M )Y, -, ) /a1 3,
(1.49) Em = [-n2+(Y2-Y1)/m‘b]'(1+vlm%)'1[-(1\2-n 3)+(Y2-Y3)/m%]/
(N0, 4) ] (1) 2 (2%, ) 1 (- (g n,)
+0,¥,) uf) (10 /a®) - (1, ) () TR,

As before, over Jm for sufficiently large m, Taylor series

expansions give:
(1.50) &m cdrc i le . y13m(Y1,Y2,V),
where
(1.51) € = -[Vn42n)(¥,-¥,) MnaP.

n* = [név2ﬂ2+21]éV(Y2-Y1)+(Y2-Y1) : (Y2-Y1) ]/b,a%

- (VM +2nA(¥,-Y, ) 12/1663/2,
(1.52) b =8 + F'/u? 46"/m + V(Y1 ¥pr ¥30¥),
where
(1.53) F" = [-NQVIn30M-2n" (2,1, Jseni(¥,-¥, ) V2o
+el(My=1,)"W(M,-N,)42(n,-n,) * (¥,-¥,) /o3,

T RN




g

8 = =ei (112-113) 'Vz('ﬂe-‘ﬂ3)+2 (Tle-n3) 'V(YQ-Y3)+(Y2-Y 3) '
(Y2-Y3)}/ha3
+3e[(MyNy) 'V(N,1)42(M,-0,) ' (2,-¥,) 12/1607

[NV VN -2 (Y, -Y) )42 3 (Y,-¥,) ] x

' ' 3
[(n,-15) 'v(n,-N,)42(ny-15) ! (x,-¥ ) V2o,
(1'5h) ;m =p + H*/m% +_K*/m + Ylsm(Yl;YzaY39V)9

where

(1.55) H' = £[nivneni(¥,-Y,) 17263 20+(-n§vn2+n§vn3

"Tlé(Yz'Yl )+’ﬂé (Y3'Y1)+T]§(Y2'Yl) ]/G%O'
+£[ (nz-n3)'V(n2-n3)+e(n2-n3)'(YE-Y3)1/20%03
K=[7 év2(?]2—'ﬂ3)+21'léV(Y2-Y1)-‘néV(Y3-Y1)-T]§(Y2-Y1)
#(2,-15) ' (1,1 )= (¥,-1, ) ' (Y-¥)) Vet
-£[ (TIE-TIB) 'vz(ne-n3)+e(n2-n3) 'V(YE-Y3)+(Y2-Y3) , (Y2-Y3)]/

26534310, -1) 'V (-, )21, 1) V(¥ -¥,) 12/

3

&

o
£y
P
] o
P
5%
'RE

3
o
L) B
i1
i e
4 -
| 3
i 3
s
.
% .
\ §
4 3
o
1 1
I )N
™ 3
}
*1
]
3

862°-¢ MV, +aNZV (¥, -Yy )+ (¥,-Y, ) ' (Y-, ) 1/263/%5

+3EMVIIRN(Y,-, ) 12/867 Bore L (ny-n,) WL, -1, )+

2(1,-N3)* (%,-¥,) 1INV 4204 (%, Y, ) /23 263
ALV, 0,)-2) (-1, (Y%, ) (2,-))] X

[(ny=n,) V(1,1 142 (ny-N,) " (¥,-¥.)1/26%>

o R 2D

1 4 ,!‘}
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+[=0v(n,-M3)-2M3 (¥, -¥, )} (¥5-, )4 3(Y,-¥, )] x

(A +2nA(x,-v; ) /2632,

By going through exactly the same arguments as in Section
1.1, if lp] <1, we have
(1.56) b 01(¥y:%p:Y5 V)
= ¥(a,B3p)
+ 2 Wl(a)il(G%qla-r)[Gy 2 130-(p-1)63/4-3(p-1) /263]
+p, (8)%, (8/207) (e/lo) [ (2p+1)/2+(e2+872+48(G+b-d )
+48(p-1))/Bo%-3¢2/20* 1, (a)o; (-GFa/2m) (1/7)
[3£(q/8+3/2)+(2(G2-a? ) +12f+ef(£+6)/02) /16
-(a(£+6)g/167%) (1-£2/a0®) J+ep, (8 )op, (-5/207) (1/7) x
(~(£/2) [ (e2+872+48(G+q) ) /8o?-3e2/203 ]+ [2(G2-42)
+12(G+£ ) +ef (£+6) /02]/16+(Gq/ 1672 ) [ -G2+Gd+3Gb+bd
-4d2+6(G+3b)+2df (d+6)/G-12e1 /02
+ef2(£+6)/Go® 11+, (@,B3p ) ([-12-3(p-1)£/0®
-(3(p-1)£+64)/G+£2(£46) /05 1/6 %o
+(1/270) (£/cErctae/ur? 1[-£246(b+d) -602/
-6f2/oz+f2(f46)1052]+(a% /167%)(1-£/Go2)
+(a% /16776 ) [ ~G2+Gd+3Gb+bd-Ld2+6(G+3b)

+2d£(d+6)/G-12ef/c°+e£2(£16)/Go2]) }+0(m™2).
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Interchanging the subscripts 2 and 3 in (1.56) gives

the expansion for 8P31(Y1,Yé,Y3,V).
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CHAPTER 2

ASYMPTOTIC PMC'S OF NEAREST NEIGHBOR RULES BASED ON RANKS

2.0 Introduction

The nearest neighbor (NN) rule for classifying an observa-
tion Z into one of two given populations ﬂl and ﬂé was first
introduced and studied by Fix and Hodges (1951). The rule can be

described as follows: Let (X,, eeo, X. ) and (Y,, eces Y ) be
1 n, 1 n2

random training samples from ﬂl and ﬁé, respectively. Using a
distance function d, rank the distance of all the observations
from Z, and classify 2Z into ﬂi if the nearest observation to
Z comes from ﬂi. This rule was also studied by Cover and Hart
(1967), Cover (1968), who generally considered sampling from a
population which is a mixture of ﬂl and ﬂé.

The NN rule can't be applied if the observations are avail-
able only in terms of their ranks (or relative orders). In this
chapter a rule is suggested which uses the basic idea of the NN
rule but it is expressed only in terms of the ranks of the obser-
vations. The rule is given below and it is termed as the Modified
Nearest Neighbor (MNN) rule.

Pool all the observations 2, X 's, and Y

i 3

their relative orders (or ranks). Let U and V be the nearest

's, and note

observations to Z from the left and from the right, respec-
tively, in the pooled training sample., When either U or V is

not defined we define it to be 2. The MNN rule can now be
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described as follows:

(i) If z is the smallest observation, then classify it to "1
(or "2) when V is an X (or Y) observationm.

(ii) If Zz 1is the largest observation, classify it to m (or
ﬂa) when U is an X (or Y) observation.

(iii) If both U and V are X (or Y) observations, classify 2
into "1 (or ﬂg).

(iv) If U and V are not from the same population, classify 2
into T, and T, with probability 4 and %, respectively.
The basic idea of this rule is taken from Anderson (1966) where
he discusses classification rules based on tolérance regions.,

In Section 2.1 we have derived the asymptotic (as nys B,
- ®) PMC of the M\N rule. It turns out that the asymptotic PMC
of our rule is the same as the respective asymptotic PMC of the
NN rule as derived by Fix and Hodges (1951).

Moreover, to reduce randomization in the MNN rule, we may
modify the rule in the following way. If the left nearest neigh-
bor Ul and the right nearest neighbor V1 are not from the same
population, consider the next smaller and the next larger observa-
tions and denote the new left neighbor by Ué and the new right
neighbor by V,. Then classify z into T, (or "2) if both

2

U, and v, are X (or Y) observations; if U, and V2 are

not from the same population, classify 2 into ﬂl and ﬂé with
probability % and %, respectively. This will be called the

two-stage MNN rule. When 02 and V2 are not from the same

X
R R S e e ,ﬂzmd
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population, we may consider the next smaller and the next larger
observations and classify according to the new left and right
neighbors U3 and V3 as above. This defines the three-stage
MNN rule. We shall derive the asymptotic PMC's of the two-
stage, and the three-stage MNN rﬁles. When training samples are
drawn from a population which is a mixture of M, and T, we
derive the asymptotic risks of the two-stage and the three-stage
MNN rules and extend this to obtain the asymptotic risk of the
K-stage MNN rule. It is shown that this multi-stage MNN

rule reduces not only the probability of randomization but also
the asymptotic risk.

In section 2.4 we d€fine the rank-analogue of the K -nearest
neighbor (Kn-NN) rule, The K -NN rule was first introduced and
studied by Fix and Hodges (1951), and later modified by Cover
(1968). The modified rule can be described as follows. Let
Mhi be the number of observations in the pooled training sample
from the population "i that belong to the kn nearest neighbors
(with respect to some distance measure) of Z. Then the K -NN
rule decides Z as ni. if Mn1 .j:ifzuhj. We propose a
"Modified K -Nearest Neighbor" (MKn-NN) rule, which uses the

basic idea of the Kn-NN rule but it is expressed only in terms of

the ranks of the observations. The rule is given below.

e AP
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Let U, be the kn jth nearest observation to Z from the
i ;

left and V ” be the kn th nearest observation to Z from the
»

2
right in the pooled training sample. When U (or Vn) is not
defined as described above, we define it to be the smallest (or
the larges ) observation in the pooled sample (including 2).
Then the MKn-NN rule is defined as follows:

(i) If there are more X (or Y) observations in the closed
interval [U , Vn], classify Z into T, (or ‘n'2).

(11) If there are equal numbers of X observations and Y
observations in [Un, Vo], classify Z into M, and "2 with
probability % and %, respectively.

We shall derive the asymptotic PMC of the MK“-NN rule when
Kn,i"' and kn.iln-lo as 0 = min(n;,n, ). When training sam-
ples are drawn from a population which is a mixture of 111 and
ﬂa, the asymptotic risk of the MKn-NN rule turns out to be
exactly the Bayes risk.

The Kn-lm rule was obtained using the Kn-NN estimates of
the density functions as suggested by Fix and Hodges (1951) and
Loftsgaarden and Quesenberry (1965). However, it may be noted

that the density functions can't be estimated using the ranked

observations only.
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2.1 Asymptotic values of the conditional PMC of the MNN rule.

Let the c.d.f.'s of X, and Yj be F, and F,, respec-

2 are the Podofo‘.

corresponding to Pl and ?2, respectively, with respect to
Lebesgue measure. Denote by X <X < «ese <X ’
(1) < *(2) (n,)

Y(l) < Y(2) < eee < Y(na) the order statistics of (Xl, ines an)

and (Yl, eees Y_ ), respectively.
"
Let P (z) and Q (z) be the conditional probabili-
n,,n, n, .0,

ties that the MNN rule classifies the observation 2Z into ﬂ'1

l'na(:) is
the conditional PCC and in % (z) 1is the conditional PMC when
;]
2

2 -Pl, given Z = z, We can write

and ﬂa, respectively, given Z = z. Note that Pn

L
. z) = 4P
it l"‘1"‘2( : 1=l “1’“2'1(1)

where

(2.2) P“l’“a’l(z) = Pr(z < X(p < Y(1)|z = z},
N3] T ERE S K Yo it = W,

(2.4) (z) = Pr[x(i) <z< x(1+1) for some 1;1,...,n1-1;

P
n1’n2,3

Y(j) t[x(i).x(“l)] for every j-l.....nalb-:].
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(2.5) "1"‘2"‘(.) = pz(x(t) <z< Y(4)» for sowe 1 and j but no

other observations fall in [x(l). !(j)llz-:} +

*"'[Y(j) £z< X(i) for some i and j but no other observa-

tions fall in (Y(,), x(_i)].lz.z}.

Similarly, we can write

4
06 = 2 Z)
(2.6) Q (=) Q (2)

=1 B0l

where Q 1(z) is obtezined from P
£ ]

1°"2 e B -

changing X and Y. Note that Q (z) = P (z).
nl,na,h nl.na,k .

1(:) by inter-
?

i
To obtain asymptotic expressions, we shall assume that L

0 < A\ <=, where

(2.7) A = lim nalnl.

2 ——y
H

The cases A =0 and A =® can be handled easily. We shall now

obtain the limiting values of P (z) and Q
nl,na,i

fro——
| -
pty

“1"‘2"(‘).

e

Lemma 2.1. (i) Either Fl(z)>0 or ?2(z)>0 implies

P (z) »0 and q (z) 0 as n,,n 2=,
n1!n2'1 nl’na’l 1’ 2

(11) Either Fl(z)<1 or Fe(z)<1 implies

(z) >0 and in,n ’2(2) 20 as n,n, *¥e

Pnl ,n2 .2 2




Proof, It is sufficient to prove the result only for

P (z) since the other results follow along the similar
ﬁonzsl

line.

(2.8) P"l’“z'l(') = Pr(z < x(l)_< t(l)lz-::]

- [ Qe x0) 2, (17, (x)) ar, ()

n n
< (1-?2(5)) 2(1-!'1(2) 140 o n 0, =,

Remark. The above assumptions hold a.e. if either 2-F, or

1
z—ra.
Next we shall derive the limiting value of P (z).
nl.n203
Note that
(2‘9) P‘l’n2'3(z) -

- -2
I 0,008,600 2y (g 1) 11, ()1, GO

dF, (y)dF, (x)
For fixed z and O0<F,(z) <1, o< F(2) <1 define
(2.10) H,(y-2) = (F)(y)-F)(2))/(1-F,(2)) for y >,
(2.11) H(zx) = (F,(2)-F;(x))/F,(2) for x <,

(2.12) K, (y-2) = (F,(y)-F (2))/(1-F (2)) for y >z,

ol i loite o M r e L ok iy, Vo sk il
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(2013) ‘2("*) = (12(')"2(3))”2(3) for x S Ze
Let u=y-z and vw=z-x for x <z <y. Then we may write

@) B, o(8) = [ (-0, ()2, ()-(r, (a2, (0 2 x

n, -2

nl(nl"l)[1'(F1(Y)'F1(z))‘(FI(Z)’FI(X))] 1 d?l(y)dtl(x)
- jjf 2(1"(14‘2(2))1(1(}'-2)-Fa(z)l(e(z_x)]n2nl(n1_1) .

n, -2
[1-(1—Fl(z)Hl(y-z)-Fl(z)He(z-x)] 1 drl(y)drl(x)
g IOI:[L'(I"FQ(Z))Kl(u)-Fa(z)Ka(V))nanl(nl-l) X

-2
(1'(141(2))Hl(ﬂ)-Fl(z)ﬂa(v)]n]' (I-Pl(g))rl(g)dnl(u)dnz(v)‘

Let
(2.15) 0 = £,(2)/¢,(2).

We shall show that

(2.16) P

“1"'2'3(2)

s P:ln“2!3(:)

3

i e sl K S




1
| SOR——

-3 -
f;r:{l-eﬂl(u)(l-rl(z))-Gﬂa(v)Fl(z)]nznl(nl-l)(1-(1-!1(1))x

- n, -2
By (0)F ()8, (v)) 1 (10 (), (2)ahy (u)ait(v) 16 0 < 1

Iofotl-(l-ra(z))x1(u)-ra(z)xa(v))nznl(nl-l)t1-(1/e) X

n,-2
(1-8,5(2) )%, ()-(1/0)F (), (v)} © (1-F () ) (2)dK, (u)
dlg(v) if 6>1

Next we shall show that

: -2
p* -
01.02’3(2) (1+10)
For the above results we need to assume that 2z is a contiauous
point of both £, and £, and fl(z)>0, fa(z)>0. Note that

(z) 1is obtained from P 3(z) after replacing Kl(u)

P:r“a’3 By oMy
and Ré(v) in the integrand by e(l-Fl(z))Hl(u)/(l-Fa(z)) and
GFl(z)HE(v)/Fa(z), respectively, when 6 < 1. When § > 1,

b P
P:l’n2’3(z) is obtained from a0,

lll(u) and ﬂa(v) in the integrand by (1/9)(1-F2(z))K1(u)/(1-F1(z))
and (1/6)?2(2)K2(v)/F1(z), respectively.

3(z) after replacing

11
We shall prove that each of Pnl’n2’3(z) and P:I’n2’3(2)

is asymptotically equivalent to the corresponding integral when

the domain of integration [0,») x [0,) 1is replaced by [0,8] X

[0,8] for sufficiently small & > O, Moreover, in this domain
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K, (u)/8, (u) = 8(1-F,(2))/(1-F,(2))

‘2(“)/H2(“) erl(z)/F2(z).

Let us now prove the results described above.

Lemma 2.2. If 2z 1is a continuous point of both £, and f2

1
and fl(z) >0, fa(z) > 0, then for sufficiently small & > O
we have

(2.17) 1lim [Pn

nl ’“2"’ 1!“2)3

&P
ny(ag-1) (1-(1F; ()R ()7, (2D, (v)) (18 ()P, (o)

LK) n
(2)-f J (-7 (2))K; ()-F (2, (v)) P

dﬂl(u)allz(v)] = 0,

Proof, Since Hl and H2 are non-decreasing functions in u

and v we have

§ o n
[ f 01-0F (2K (), (20K, () P () -1) (1-(1-F (=) x

n, =2
By (u)F) (2)Hy (V)] 1 (1F (2))F, (2)a, (u)an (v)
-2
< ny(ay-1)1-(8, G () Y 20 as

"O’

1
because 1-(1-F1(z))H1(6) <1 for sufficiently small & > O.
0 § ¢
The other two integrals f I and f ! can be similarly proved
6 0 68

to be asymptotically zero, and the proof is complete.
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Remark. Note that only n

-3]‘..

1 - o is required to obtain the

desired result.

Before commencing the next lemma, we need to develop some
useful facts.

Using the definition of a density at its point of continuity,

we get

(2.18) ‘];il(t)l Kl(u)/u = ‘llf’g((Fe(z-l-u)-Fe(z))/u]/(l-—Fe(z))
= £,(2)/(1¥,(2)),

(2.19) iiﬁ i, (u)/u = iig ((Fl(z+u)-F1(z))/u}/(l-Fl(z))
= £,(2)/(1-F,(2))

provided fl(z) >0 and fe(z) > 0.

(2.18) and (2.19) entail

(2.20) Lim Ky (u)/ity () = 818 ())/ (1, (2)) .

Similarly,

(2.21) \1:)8 K2(v)/l{2(v) = GFl(z)/Fz(z)

If we write

(2.22) K;(u) = 0(1F, (2))H; ()/(1-F ,(2)) + R (w)/(1-F (),

ot stutal G T nd ik
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(2.23) KQ(V) = GFl(z)He(v)/Fa(z) + Ra(v)/Fe(z) zj

Then Rl(u) and Re(v) have the following property: ,

lim R, (u)/H, (u) = lim R_(v)/H _(v) = O, I
u-:(l)l X 3 u-0 e 2 :

B O

[Re————Y

which is equivalent to that for every ¢ > O, there exists a

8 > 0 such that

; (2.24) [Ry(w)] < elj(u), [R (V)] < e (v) whenever |u| <38,

vl <s. "

Leuma 2.3, Suppose 2z is a continuous point of both £, and .

1

£, and fl(z) >0, f2(z) >0. If 0<\A<w, then i1

B

lim (P 3(2)—-1’:

3 =0
F nl’na_m nl,ne, 3(2)]

1°"2?

Proof. We shall only prove for § <1 since for the case 6> 1

can be similarly proved just by switching the roles of Hl(u),

frameimy

| S

Ha(v) with l(l(u), Kg(v), respectively,

Obviously Lemma 2.2 is also true for P* (z). There-
nl,n2,3

=
R

fore we need only to prove that for sufficiently small & >0

e
e

b 6 n
nlfz:-”[fo‘fo(l-(l-Fe(z))Kl(u)-Fa(z)Ke(v)] %n, (n,-1) (1-(1-F,

n, -2
(2))ty (u)-Fy (2)8,(v)) © (1-F, (2))F, (2)an, (u)ab (v)-

68 n
IOI0[1'9(1-F1(2))H1(U)~9F1(z)ll2(v)} %n, (n, 1),

IR
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,_ !z

: n, -2
} (1=(LF; (2D, (0)-Fy (2D, (V)Y 1 (1F, (2)) 7y (2)x

' )x dﬁl(u)de(v)]]= 0.

i : Now using (2.22) and (2.23), we can write
! . 6 & n
L (225) § | (1018, ()0 ()-8, (0,021 2y (g -1 1107, ()

n, -2
B (0)-F; (2, (1)) T (1R (2))F, (=)l ()t (v)

6 & n,
= fofo(l-[e(l“Fl(z))Hl (u)"’Rl(u) ]'f@Fl(z)He(v)-!Ra(v) J} X

-2
ny(y=2) (1=(1-F, (2 )ty ()-8 (D, (01 F (108, (=) it ()

aue(v)

From the mean-value theorem, then for some O <y 1 < 3

i 0<y, <1, (2.25) is
' 58 L
(2.26) fdfoil-e(l-Fl(Z))Hl(u)-SFl(z)HE(V)}nenl(nl-l)(1-(1-F1(z))x

-2 5.8
Hl(u)—Fl(z)ﬂe(v)}nl (1.F1(z))Fl(z)dnl(u)dkle(v)-fofo

L ———
Beriae [ e
T | S

n_-1
R, (v)n, (1-8(1-Fy (2) ), (0)-6F (2)H, (v)-v,R, ()] Z x

b S

n, =2
nl(nl-l)(l-(l-Fl(Z))Hl(\s)—Fl(Z)Hg(V)) ’ (1-F, (2))F, (2)x

5 6
dHl(u )dlle(v)-fofoRl(u)ne(1-9(1-F1(z) )Hl(u)-lel (u)-eFl(z)x

n,-1
H,y(v) R, (v)} 2 nl(nl-l){1—(1—F1(z))nl(u)-Fl(z)Hp_(v)}nl X

ey
|

(1-1=1(z))Fl(z)dﬂl(u)due(v)

N —— B e
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The lemma is proved if we can show that in (2.26) the second term
and the third are asymptotically zero. Denote the second term by

(z), then

Ak (z) and the third by boar

3202 152
6 6
Ianl,ne(z)l I J 1R (onyn n)-1)(2-(18, (2) ) Cv)-

n, =2
Pyl (o)) T (1o (2))F (2)am (w)an, (v)

From (2.24) for every e > 0, we can choose sufficiently small

8§ > 0 such that
8 6
(2.27) lanl’“e(Z)I <e fdfoﬂe(v)nanl(nl-l){1-(1-F1(z)H1(u)

.Fl(z)Ha(v)}nl-g(l—Fl(z))Fl(z)dﬂl(u)dﬂe(v) <e j:f:ue(v)x

-2
any (1) (1-(1-F | (28 (w)F (2B, (1)] * (1-8 (2))F, (o)

dHl(u)dHQ(v)

- ¢ [ ooy -0 0y ey (I om0
dxdy

Considering the following transformation
s = (1-F,(2))x + Fy(2)y

t = Fl(Z)Y

then we have

pr— PRS-
| SRR O
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ls
[

g, ()15 ¢ [ J* o0 (-1 1- " e (2) Jacas

00

1 n1-2
- (e/2F1(z)) Ionanl(nl-l)sz(l—s) ds
= (e/2F1(z) ) (n2/(n1+1))

Since € 1is arbitrary and A\ < o, la (Z)I -2 0 1is proved.
2 Kk

Similarly Ibnl’na(z)l - 0.

Lemma 2.4, Under the assumptions of Lemma 2.3, we have

(2.28) 1im B .(z) = 1/(1+h8)*

nl’na—m 1, 2’

Proof. From Lemma 2.3, it is sufficient to show that

i ’3(z) = 1/(1+\g)3.

lim P*
nl’ 2

Let
s = (1-F,(2))H, (u)+F;(2)H,(v)
t = F,(z)1,(v)

Then

1 n n, -
(z) = ‘rof:(l-es) 2nl(nl-l)(l--s) 4 2c:lt:ds

P*
nl,n2,3

1 n, n, -2
= J my(my-1)s(1-8) E(1-s) ' as
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Case I. A0 < 1.

(2)

1 n2 n n, =2
2 k k 1
P_r)ell,n‘?,3 J'onl(nl-l)s { R}:_:IO( k)('e) s }(1-s) ds

n2 n? k ' 1 (]
nl(nl-l) kE‘,O( ) (-6) (k+1).(n2-1)./(n1+k).
b
= £ ny o (1) 70 (m ) (-0)"

2 k
B 2 (-1) vk
k=0 ’n2

This is an alternating series, and

"k+1,n2/"k,n2 = ((ny-k)/(n,+k+1) )((k+2)/(k+1) )8

< (ny/n) ) ((k+2)/(k+1))0

Since 28 <1, we can choose n, and k sufficiently large such

that vk,ne is decreasing in k. Moreover, Vk,na.’o as k-»,

Therefore

1im P¥ (z) = ;.:J (k+1)(-ma)k = 1/(1+)\0)23.
1 ged k=0

Case II. 1A > 1.

1 2
%1’“2’3(2) =J' nl(nl-l)s(l-es)na(l-s)nl 2ds

(o

e n, n1-2
= [ n,(n -1)(y/0)(1-y) “(1-y/8) * (1/0)dy

o




g— r—
Sy Reipeening

= Ot D

- koo

6 i n, -2
= (/) oy (m-1y(iey) 20 L ) ev/0)

1-2
= (1/6?) 1(n -1)( lk (- 1/9)““(1-3') k+1dy

n, -2
Let R%  (2) =(1/92)2n1(n San e 1/9)1 (1) 2000y,

1! /~’_c
1~2
= (1/6%) T [, n, ! (ier1)/ (m -k-2)  (mn prkcr) 1 T €0/0) K
k=0 i

Since 1/A9 <1, by going through the same argument as in Case I,

we have

lim RX Az) = (1h3e? )Z(kn\( 1/a3) = 1/(1928)2,
T lprd k=0

To complete the proof of this case, it suffices to show that

1im (P* (z)-R¥ (z)) = o.

1!n Dj nl n 3

To see this, let

2
Dnl,n2,3(z) =0 (P:l’n2’3(z) -R¥ 1,n2 (z)).
Then
M n, =2 1 n
Innl,n2,3(z)| < kgonl(nl-l)( lk )(1/0)"] e(l-y) 2yt lay
e G n. -2 1 n
+ Enl(nl-l)( 2k )(1/e)kj' (1-y) 2y**lay
k=M 0
n =2 n_ -2 1 n
Since 2 n,(n,-1)( ° )(lle)ﬁf (1-y) 2yk+1dy converges, we can
keo 11 % 0 -

R T TN
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choose M sufficiently large so that for every given e > O, the
second term of right side of the above incquality is dominated by

¢. Hence for every ¢ > 0O, there exists M such that

%{3 n, -2 kol n,
lim IDnl,n2,3(Z)" < limk=0n1(nl~1)(  )(1/8) fe(l-y) X

M n -2 n+1
Py v e < 1im 2 n, (n,-1)( lk )(1/)€(1-0) 2 4e = e

k=0

Thus lim D 3(z) =0 since e is arbitrary.

1!“29
Case III. A8 =1,

-]

We have 1lim P: & (z) = E(ki-l)(-l)k
1°%23 k=0

Then by the method of Abel of summability (see Widder (1961),

P. 309-313), we get

Um P* _(z) = lim_ 2 (k1) (=x)"
mM03 T e k=0

= lm_ 1/(14x)2 = 1/4 = 1/(14)8)2
o1

Now the proof of Lemma 2.4 is complete.

Lemma 2.5. Under the assumptions of Lemma 2.3, we have

(2.29) 1lim P. h(z) = \8/(1+)g)23.

n
nl,ne-m s A




e T

Proof, Going through the same arguments as we did for

P (z) (Lemma 2.2 through Lemma 2.4), we have
n13n213

z n_-1
Pnl’ne’h(Z) = i'\[“fznlnzfl‘(l"a()’)-l"a(x))] e [1-(F1(y)

n -1
F )] (@ (y)ar, (x)4daF, (y)aF, (x))

© oo -1
= 4] [ nn, (1017, (2R, ()P (DR, (1) 2
n,-1
{1-(1-F1(z)H1(u)-F1(z)Hz(v)] X
[(I-Fa(z))Fl(z)dKl(u)de(v)+(1-F1(z))Fa(z)x
dHl(u)dKQ(v)]
2 e(na/n1+1))‘r:I:(n1+1)nl[l-e(l-Fl(z))Hl(u)-
n_-1
0Fy (=), (v)) % (1-(1-F, (2))K, (u)-F, (2) «
n,-1
Hy(v)) © (1-F) (2))F, (2)an, (u)an, (v)
- A (1/(1420)2) = A0/(1408)2 as 0,0, >,

Combining all the previous results, we have the following

theorem.

Theorem 2.1, Suppose 2z is a continuous point of both f1

f, and fl(z) >0, fe(z) >0, If 0<\ <o, then

and
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(2.30) 1lim Pnl,na(z) = fl(z)/(fl(z)+k£2(z)). and

nyn
nl];:.l:_”in ’ne(z) = Xfa (z)/(fl(z)-l-)\fz(z ))e

Proof, From Lemma 2.1, Lemma 2.4, and Lemma 2.5, we have

L
lim l’n (z) = lim P #

(2)
1'% i=1 Mot

= 1/(1420)2 + A0/(1428)2 = 1/(1+20)

= £,(2)/(£,(2)hE(2))

Let T and T be the PMC as Z coming from

“1’“2’1 nl’n2’2
m, or 112, respectively. If Pr[fi(z) >0, fi is continuous at

zlﬂ j) =1, i=1,2,, j=1,2., the the followings are immediate com-
sequences of Theorem 2.1.
(2.31) 1im T it Je (2)/(g, (2)40 e (2) )£, (2)ea

n, ,na-h o |

= [, (2)£,(2)/ (£, (2) £ (2)) Jaz

and
(2.32) 1im ﬂ“1'“2’2 -‘r[fl(z)fa(z)/(fl(z)+kf2(z))]d:
e g 208

Suppose the training samples are drawn from a population which is

E
i
!;

b
b




AT

a mixture of ﬂl and ﬂé in the proportion g and §2. Then

A= gelgl, and the asymptotic risk of the MNN rule (assuming cost

from misclassification is 1) is

(2.33) R = g, (€, /g, )£, (2)£,(2)/ (£, (2)+(8 /e, )£, (2)) Jaz
+ € [ 15, (2)€,(2) /(£ (2)+(5 /€, )£, (2)) Jaz
= 2f(g,8,,(2)£,(2)/(5, £, (2)+2, (2)) Jaz
< aj‘min(glfl(z), §2f2(z))dz

= 2R*,

where R¥  is the Bayes risk with respect to to prior probabili-

ties gl and gz; namely, the asymptotic probability of error of
\'~

the MNN rule is bounded above by twice of the Bayes probability

of error.

2.2 An alternative approach to obtain the asymptotic conditional
PMC of the MNN rule.

Let U be the left nearest neighbor of Z and V the right
nearest neighbor of 2, Then the conditional probability of

classifying 2 into "1’ given Z =2, U=u, V=yv, is

(2.34) Pnl’na(za“ov) = A(n1.n2)/3(n1,n2),

where
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A(nl.na) = Cl(nl.n2)+c3(n1,n2)+c5(n1,n2)+%c7(n1,na),

B(ny,n,) = iulci("l’“a)

nl-l n,
Cy(nysny) = my(1-Fy(v)] © [1-F,(v)] “f,(v)
n2-1 o,
Cy(nysn,) = 0 [1-F,(v)] & [1-F,(v)] £,(v)
nl-l n,
C3(n1,n2) = nI[Fl(u)] [Fz(u)] fl(u)

n2-1 n,
&, (npomp) = 0 (F (w)] ° [Fy(u)) “e (u)

s Y o
Cs(nlvna) - nl(nl'l)ll‘(rl(v)'Fl(u))] [1-(F2(v)-F2(u))] X

£, (u)E, (v)

3
o ke
E

1§
[
H
g
H

n_ -2
Cg(nysn,) = ny(ny-1)[1-(F,(v)-F,(u))] : [1-(F1(V)-F1(u))]n1x

fe(u)fa(v)
nl-l n2-1
07(!\1,112) =m0, (1-(F (v)-F (u))] © [1~(F (v)-F (u))] &

[£, ()£ (u)ef; (e, ()],

here cl(“l’“Q)’ Ca(nl.ne), c3(n1.n2), ch(nl,na), cs(nl,nz),
CG(nl,na), and c7(n1,n2) divided by the conditional joint density

of U and V given Z = z are the conditional probabilities

=




ke

of the events (Z < X(l) < Y(l)]’ (z < Y(l) < X(l)],
{z 2 X(nl) > Y(na)}, [z Z Y(na) > x(nl)}, [X(i) _<_ Z _<_ X(i+1), for

some i--:l,...,nl-l; and no Yj's fall in [x(i), X(i+1)]],

= -1: '
[Y(j) fzg Y(j+1)- for some j=l,...,n_ -1; and no X;'s fall in

2
[Y(j)’ Y(j+1)]}’ {x(i) 25 Y(j)’ for some i and j and no other

e

i ; observations fall in [X(i). Y(j)]; or Y(j) <z< X(i) for

[
L IO |

some i and j and no other observations fall in [Y(j)’ X(i)]],
respectively, given Z =2, U=u, and V = v.

We begin with the following lemma.

Lemma 2.6 Either £, is continuous at z and fl(z)>0 or f2

is continuous at z and fe(z) >0 implies that ,U and V con-

verge to z 1in probability as n),n, - o,

o—y

Proof. By symmetry, it suffices to show that U converges to z
in probability.

For every sufficiently small ¢ > 0

Pr(z-U > ¢|z=2} = Pr(U < z-¢|2z=z)

= (1-(F1(z)-F1(z-e))]nl(l-(Fe(z)-Fe(z-e))]ne =0

as n;,n, »® since either 1-(F1(z)-F1(z-c)) <1 or

1-(F2(z)-F2(z—e ) <1,

An alternative proof of Theorem 2.1:

e e e

First we can easily see that Cl(nl,na), Ca(nl,ne), C3(n1,n2)
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and Ch(nl,n2) converge to zero in probability as n,,n, - ©
since 0 < Fl(z) [ S W Fe(z) <1, Uand V converge to z
in probability (Lemma 2.6), and the density functions are contin-

uous ,

Thus
plim(A(nl,ﬂa)/B(nl:na))
= plim(cs(nl,na)-l-%c,r(nl,na))/[Cs(nl,na)-lc6(n1,n2)
+07(n1,n2)].
We can write
-2
(2:35) Cylny o) (g n,) = 02[1-(F (v)F) ()] L (1-(E, (v)-
n2-2 :
Fo(u))1 = (((ny-1)/n) ) [1-(F,(v)-F,(u)) J2£, (u)£, (v)
Alng/ny)(1-(F) (v)-F; (u))] [1-(F(v)-F () I0£, (v)Ep(u)

+£; (u)£,(v)])
and

n -2
(2.36) Cg(nymy)4Cq(ny 10, )4C (n;1n,) = nZ(1-(F, (v)F, (u)]

n_ -2
[1-(Fy(v)F(u)] 2 (((a)-1)/m) D1 (Fy(v)F o (u)) I2E, (u) x
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l £ (V) (n,-1) /o) [1-(F (v)-F, (0)) 1€, (), (v)(n, /ny) X

[1(Fy (v) 54 () H2=(F, (v)F,, ()1 £, (v) £, (), (), () )

Hence, by the same reasons as we stated above, we have

(2.37) plim(A(nl,ng)/B(nl,ne)) = (fi(z)+kf1(z)f2(z))/(fi(z)+

\2e2(z)ehg, (2)£,(2)) = £,(2)/ (£, (2)AE(2))s
namely, ‘

(2.38) plim P“l'“e(z’u’V) = £,(2)/(£,(2)£,(2))

Therefore, by the Lebesgue dominated convergence theorem, we

obtain

lim Pnl’na(z) = lim &P '“e(z’U'V)

1 .

= € lim Pnl’ na(z,u,v)

= e[fl(z)'l(fl(z)+xfe(z)]

= £1(z)/(f1(z)+kf2(8))- 2

Also,
lim in,,,a(z) = nm(l-r“r“a(z)) = A, (2)/ (£ (2)4hE(2))0

The proof is now complete.
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2.3 The asymptotic conditional PMC of the multi-stage MNN rule.

The following lemma leads us to assume without loss of gener-
ality (with probability one) that the k left nearest meighbors
Ups U2’ Ay 1’ VQ’
voes Vk are well-defined in the K-stage MNN rule, Let

Uk and the k right nearest neighbors V

(2.39) n = min{n,,n,].

Lemma 2.7. If k/n 50 as n -5 », then
(i) Pr{There are at least k observations to the right
of z for sufficiently large n} =1,
(i1) Pr{There are at least k observations to the left

of z for sufficiently large n} = 1.

Proof. We shall prove (i). Since continuity of distribution
functions is assumed and it is known that either 2 -F1 or

Z ~F it is then true with probability one that either

2’
0< Fl(z) <1 ot 00X Fg(z) < 1. Suppose O < Fl(z) <1, and
define
M= X e B el .
Then 6(w1) = 1-F1(z) > 0. By the strong law of large
numbers, we have

N

Pr{(l/nl)izlwi - C(Wl) >0 as n

2w} =1,

1

Now since k/nl -0 a8 n, +® and e(wl) > 0, there exists an

integer N such that

i I eSS

SR IO
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>
k/n, < de(w,) for n, > N.
Consequently,
o
Pr{ Z)w 2k for n sufficiently large) =
i=1

which coﬁpletes the proof.

Let P(l? (z;u UpseeosUsVisean,vy ) (or Q( ) (z, Upseenslly s

vl,...,vk)) be the conditional probability of the K-stage MNN
rule classifying Z into "1 (or ﬂé), given Z=z, U, 1Yo

Vg for =1, ek ket P () (or ) (2)) be che
g o i
conditional probability of the K-stage MNN rule classifying 2

into "1 (or ﬂé), given 7Z=z. The limiting value of P‘k) (z)
s o

is obtained through the limiting value of ( )n ( ),ul,...,uk;
; LR

vl,...,vk) by using the following lemma,

Lemma 2.8. Suppose either fl is continuous at 2z with fl(z)>0
or f, is continuous at z with f2(2)>0. If k/n0 as n»,

then Ujaz, Vjaz in probability as ns for j=l,...,k.

Proof. We shall only prove that Ukaz in probability. Suppose

f1 is continuous at z and fl(z)>0, then for every suffi-

ciently small . > O,

Pr(z-y, > e |z=2)

< Pr{There are at most (k-1) observations lying in the

ek i e




e

interval (z-¢,z).)

k-1 n n, -i
Bl gt
=0

! = Pr[wnllnl < k/nllzzz]

where W~ is the number of X observations lying in the
1

interval (z-¢,z).
Since by the law of large numbers, 4

: AeSe
F W /n, - Fl(z)-Fl(z-e)>O and

k/n1 - 0, we immediately have
Pr(z-U, >¢|2=2} 50 as now

i for every sufficiently small ¢ > O, which completes the proof.

. . Two-stage MNN rule,

Define
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(2.40) Dl(nl'n2)

s R L N T e Ty R~
T

: n, I

i = 0y (ny-1)(n;2) (0 -3) (1-(F 1 (v,)F, (u)] 1 [1-(F(v,)

.Fa(ua))]nefl(ul)fl(vl)fl(uz)fl(v2)+n1(nl~1)(nl-e)n2 X
1

n, -3 g
(18 (v,) %y (u )] L T-(F (v ) F, ()1 2

[fl(ul)fl(vl)fl(ue)fz(vz)+f1(u1)f1(v1)f2(u2)f1(v2)+

E I £, (u) )E,(vy )£y (u) )£, (v, )+€ (uy )E, (v )E) (u))E, (v,) I+
1 s
& my (-1 (1) (1= (B () By (0,0) 1 [1-(E ()
i L -2
% e
; i "Fl(ue))] fl(ul)fl(vl)fE(uZ)fE(VQ)’

(2.41) Da(nl,na)

= 0y (n,-1)(n-2) (n,-3) (1= (F, (v,) 2 (,)) ] 2(2-(2 5 (v,)

n -k
- Fy(u))] B £ (u))E, (v )5, (u))E (v, )4m n (my-1 ) (n-2)
n,-1 n,-3
[fa(ul)fa(vl)fa(uz)fl(Vé)+f2(u1)f2(v1)fl(ua)fz(v2)+
£,(u; )£y (v )£, (0D, (v, )+ (uy )£, (v D (0, ) E (v ) 3+

=2
By (y1) () iy =) [1CF ()T (0,1 F F1-( ()

n.-1
.pa(ua))] e fe(ul)fa(vl)fl(ue)fl(v2)'

B —— B —— I —— B - B BN B
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(2.42) n3(n1.n2)

-2
o (g Ly 1y (v )F, 0,)00 (3-8 ()
n_ -2
F ()1 2 L8, (uy)E vy ), (0))E, (v )+, (g )E (v DE ()
£ ()4 (g g vy D (), (v, )45, () )6 (v DB (0 ) (o)1,

where Dl(nl,na), Da(nl,ne), D3(n1,n2) are respectively propor-
tional to the conditional probabilities of classifying Z into
"1’ classifying Z into 1'(2, and randomization, given 2=z,
Ui-ui, Viavi, i =1, 2. And the configuraticns are

{XXZXX, or XXZXY, or YXZXX, or XXZ¥X, or xfzxx, or YXzXY},
(YYZYY, or YYZYX, or XYZYY, or YYZXY, or ¥XZYY, or
XYZYX}, and (XX2YY, or YXZYX, or XYZXY, or YYZXX],
respectively. Then using Lemma 2.7, we have

(2°h 3) Pl(lizna(z;ul’ua 5V13V2)

2 (Dl(nl.n2)+ib3(n1.n2))/(Dl(nl,n2)+02(n1.n2)+03(n1.na))
Qe8¢

In the same manner as in section 2.2, we get
(2.44) plim ?;(\QZn (z;ul.ua,vl,va)
ns® 1’2

= (£4(2)NE3(2)E,(2)N2E2(2)E2(2) 42022 () £2(2) ) /(€ (2)
ANEI(2)E, (2)N2E2(2) £2(2) M g (2) 403, (2)£3(2)

+x2ff(z)f;(z)+hx2ff(z)f§(z))
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= £2(2)(£, (2)+30E, (2)) (£, (2)4E,(2))/ (£, (2)1he (2))"
; ] - = £3(2) (£, (D438, () (£, (2)90£, (2))
PE Thus, by the dominated convergence theorem, we get

: (2.45) lim p(®) ()
iip n- nl,n2 ;

= i x g h o od

| = £2(2) (£, (2)+308,(2) /(£ (2)0£ ()3

and

: | (2.46) 1im @) (2)
E: e 1772

I = £2(2)(£,(2)+322¢, (2))/ (£, (2)he (2))3

Similarly, the asymptotic conditional probability of randomization

[ S—

(or tie), given 2=z is

| (2.47) 1lim Tie)n (2)
o 1772
; = A2£2(2)£2(2) /(€ (2)ne(2))"

which is exactly the square of the asymptotic conditional proba-

bility of randomization of the MNN rule. (Recall that the asymp-

totic conditional probability of randomization of the MNN rule

(see 2.29) is um(pn

oo TR ,h(z)+Qn1,n ,h(z) T limePn

e 1’“3'“(2) E

onf, (2)£,(2)/(£, (2)4hE,(2))2,)

When the training samples are drawn from a population which
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is a mixture of T; and T, with prior probabilities g, and
g, then )\ = galgl. if Pr{fl(z) >0, f, is continuous at
z]ﬂj) =1, 1, J=1,2,  then the asymptotic risk of this rule
is

¢2.18) r(2)
= [le 5, ()55 (2) (5 (2)+30e,(2))/ (£, (2) £ (2))31az
418, (2)£3(2) (£,(2)+3025, (2))/ (£, ()08, (2)) 31z
= Jlgy8,8, (2)E,(2)/ (g, £ (2)4e 6, (2)) 1 (e3E5 () 462 2 £ (2)
£,(2)0+e3563(2))/ (g £, (2)4€,,£,(2))* 1z
= Jley8,8, (2),(2) (£ (2)48,6 ()] (142l2g e, (2)

£,(2)/(g £, (2)+8,£,(2))? )dz

Comparing R(2) with the asymptotic risk R (2.33) of the MNN

rule, we have

(2.49) ® - r(?)
= 181858, (2)e, (2)/ (e, £, (2)eef, (2)) Mo (e3E3(a) 68, 6,8, (2)
x£5(2)+83£,(2))/ (g, £, (2)48,,£,(2))? 1dz
= Jlgyg,fy (e)e (2)/ (e £y (2)0e,8,(2))]  [(g, 8, (2) g, 8,(2))F

(g, £, (2)4e,£,(2) Plaz > 0.

Namely, the asymptotic risk of the two-stage MNN rule is improved 7

over that of the MNN rule unless €,f,(2) = Eafe(z) a.e.

i RS

)
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Three-stage MNN rule.

We shall omit the details. Proceeding as before, we get

(2.50) 1im P£3)n (z)
n» 1’2

= (£5(2)+60E3(2) £, (2)+ 102 (2)£2(2)+1003e3(2) £3(2)

AR e(2))/ (2 (2)hey (),

(2.51) lim Q£3)n (2)
o 172

i (xéfg(z)+6x5f1(z)fg(z)+12+x"f§(z)f‘a‘(z)+;ox3f§(z)fg(z)

2.k 2 6
3£, (2)£5(2))/ (£, (2)0£,(2))",
and the asymptotic conditional probability of randomization is

(2.52) 1im 7(3)

lin T, ’“a(z)

= 8363(2)e3(2)/ (£, (2)h2(2))°,

which is the cube of the corresponding probability of the MNN rule.

The asymptotic risk of the three-stage MNN rule is

(2.53) »(3)

= Jlgye 8, (2)E,(2) /(8 8, (2)08,6,(2)) 1L (€5 (2)s6e ke €1 (2 )x
£, (2 )1k 36263 (2) £2(2 ) 10e3e 62 (2 ) E3(2) v, £, (2) £ (2)

+E3(2)46¢, E0f, (2) €5 (2 )41 Se 62 (2) €3(e)

et A e d i ki A____,_.m.-.“.u.j
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+10836263(2)£2(2)+e e, £ (2D, (2))/ (8, £, (229, () Jae

= e85, ()E,(2)/ (e, 8, (2)46,8,(2)) N (53 €3 () +Te e £ (2)
£, (2 )42k 36263 (2) £2( ool 2 (2) £3(2) 47 €1t (2)En( )

| +262(2))/ (g, £, (2)+2,£,(2))°]

| ‘ - Jley8, 4 ()5, (=) (e £, () 2, ()] (1eL2,8, , ()€, (=)

l (€, £, (2)48,£,(2)) 1 [€3 63 (2 )+ Te2e , £2(2 )¢, (2)+7e, E2F, ()
£2(2)+€3£3(2) 1)z

= flglzafl(z.)fz(z)/(glfl(z)+§2f2(z))] (1+[2g,8 £, (2)£,(2)/

(8,51 (2)+8,E,(2))7 1 (g, £, (2)48,£,(2)) b € 8, ()£, (2) x

(§1f1(2)+§2f2(z))]dz

- I[glgafl(z)fa(z)/(glfl(z)+g2f2(z)) ][1+2§1§2£1(z)f2(z)l F

(§1f1(3)+52f2(z))2+2[2§1§2f1(z)fa(z)/(§1f1(3)+

€f,(2))2FF)e

 we T visese

and

gl

= [ley8 8 (2)E (2)/(x, £, (2)48, 5, (2)) Jog, o8, (2)E (2)/ [
(§1f1(8)+§252(!))2'2[2§1§2f1(z)£2(!)/(Qlfl(l)
+5,£,(2)) Plaz : E
= J' [§1§2f1(a)f2(:)/ (§1f1(z)*§2f2(-))][2§1§2f1(l)£2(z)/
%
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(g, £, (2)42,£,(2))2] [(x, £, ()-8 8,(2))3/ (e, £, (2)
+£,£,(2))%1az > o.

We have computed the asymptotic risk for k = 4 and studied
the results for different k. It appears that the asymptotic risk

of the K-stage MNN rule is
(2.55) r(¥)
= [lg,8,) (2)E,(2)/ (g £, (2) 42,8, (2)] {:§[2§1§2f1(z)f2(z)/
(g, 5y (2)4e,£, ()21 valon g (2)E, (2) (8, £, (2)
15,6,(2)21 11z
and
(2.56) n(") - R("'l)
= Jlgy8,8,(2)E,(2)/ (e 8, (2)48,5,(2))) (28,68, (2)8,(2)/
(83, (2)46,8,(2))21°2 (g, £, (2)€,£,(2))2/ (e, £, (2)
+,£,(2))*Jz 2 0.

Now we see that the asymptotic risk is reduced at every stage
unless glfl(z) = gefa(z). a.e., and the rate is decreasing, and
the asymptotic conditional probability of randomization at the

kth stage is




(2.57) lim rf“‘) (2)
w ?

1'%

= [2nf) (2),(2)/ (£ (2) e, (2))2 1
= [28,e,F, (2)5,(2)/ (g, £, (2)48,,,(2))2 1,

Suppose we are trying to eliminate randomizatian at all, then

the asymptotic risk is found from (2.55) to be'

(2.58) ()

= [le et (2)E,(2)/ (g, £, (2)48,£,(2)) IxI (g, £, (=)
+8,£,(2))?/ (e5£5(2)+e5£,(2)) Jdz

= [(l(e33(2)) £ £, (2)+ (636,(2))g, £, (2) 1/ (eFER(2)
ﬂZfZ(z))}dz

The multi-stage MNN rule can reduce (or eliminate) randomi-

zation and reduce the asymptotic risk, but unfortunately the

Bayes risk can not be attained by the rule asymptotically.

2.4 The asymptotic conditional PMC of the MK -NN rule.

We shall obtain the asymptotic conditional PMC when

k, 1’" +0 as n o, According to Lemma 2.7, we can assume
]

without loss of generality (with probability one) that Ull (the j

k,, 1th left nearest meighbor of z2) and v, (the ky, ot

right nearest neighbor of 2z) are well defined. To avoid e

|
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randomization, we set kn,l + kn g akn-a-l.

Define
(2.59) b, (1;n)

n,-2 n,
=ay(a) 00§ My 30 (0)F, ()
n

-2-j K iy
OO L O P

-2k _+14]
(-T2 g ()t (v),

(2.60) n,(3;n)
. nlne("‘f)(ak:ﬂf PIAGENRY
1y w)ry DT (P (v)-F,(u) 1P~
(1 ()2, 6N 2 2 15, (e (oo, (oD, ()1,
(2.61) h3(j;n)
= 2o D02 i, (),
[1-(1'1(\7)-1'1(u))]ul.j[i'a(\r)--l’a(u)]2““.1.J
()2, 27 e (e (0,
and
2k“-1
@) g p= B wyisim
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2kn-1
2-61}) = 2 h (jan)9
( "n.3 jok_+13
k
n
bn,3 5 j£ h3(j’n)’

where 2,1 (or bn,l)’ 25,2 (or bn,2)’ 2,3 (or bn,3) are
respectively proportional to the conditional probabilities of
classifying 2z into T, (or 7,) when both U and V_  are

X observations, when only one of Un and Vn is an X obser-
vation, when both lIn and Vn are Y observations, given 2=z,
U n-u, Vnsv.

Let P na(z;u,v) (or in,n X (z;u,v)) be the condi-

44 2’ n
tional probability that HKn-NN rule classifies the observation

Z 1into "1 (or “2)' given Z=z, Unax, vn-v. Then
(2.65) P (z3u,v)
nl’nQ’kn

‘j .(ln. 1*%0,5%%, 3)/ (an’ 1*8,, 58 3*00 1%5,,0*0, 3)
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“1”‘ * (z5u,v) = 1-Pn1,n2,kn(z;u.V).

As before, we let A = lim naln1 and g = fa(z)/fl(z).

Lemma 2.9. Suppose that 2z 1is a continuous point of both f1

and f, with fl(z)>0, f2(z)>o. If k - and

knln-)o as noo, and 0< )\ <w, then

0 if N> 1

(0:00) Pk A iy = T telia,a. i

o if Ap<1

Proof. We shall prove for i =1, and A9 <1 since others
are of the same type and can be similarly proved. Let

Yn = kn"l ’ and

(2 ‘67) a(u ’V)

Fy(u)-F,(u)  1-(F (v)-F, (u))

then
2y, +1
L2 0D 8 )
n,1 'Y
bn,l 'Y -1

Y Ny 2. 0)




-63-

¥ +1
(Y +j)(V 412 j)a (U.V)

5 l_jx ) (u,v)

j=1 Y, Ya +1+}

Y‘;;l(av +1 (n o 18 ) 3 (n -y -1)!

Jgo V +3 ’(n "'2-Y j) (n ”Y -1+j)—' @ (u’V)
V p :
n 2y +1 (n 2=y ): (n -y -1)!
" ).(__0_ 2 'n -j
j{)l Yn‘j 01-2'Yn+j . !na-yn-]_-jj! o (usV)

By Lemma 2.8, ar(u,v)--be-1 as n and kn/n» 0 as n - ®,

e e e e

Suppose afu,v) _’9-1 as n»», If 2g<1l, considering u,v as

non-stochastic, there exists a constant c(l < c¢ < 1/%g) and a
positive integer N such that for all n >N, we have

(2.68) (n;-2-y )! (n -y -1)! :
(ny-2-Y, =)k [C -v TT O Y) =01, (y4)

2 ([ 1¥,-3)/(n,Y_-1+1)Ja(u,v))

> ([(ny-2-2Y, )/, Ja(u,v) )
>c

Similarly,

(n 2-?) (n e -1):
(2 69) (n -Q-Y +j) -(-Y -1_71' Q (U’V) jﬂlaooO)Y“c

< (Ung-2-v,#3)/ (n -y, -1)] a(u,v)) ™

"r.v",l
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< ([(ny-2)/(n -2y )] alu,v)) ™

<c
Hence for n > N » Wwe have
Yo +1
2y +1
e/ -3
2,,1/%,1 2 Z(Y+j 1231( )°
Moreover,
2y +1
2Y+1 =Y. n - 2y +1
( fade ™ B0 !
=0 Yo" =y, 3
n
2y+1 2v +1-j
: -y 2y _+1 2y +1 ] n
=c M) " z:(“ Y )(1
i
2¥n
> ()] ™ (L) /2,
since c/l+c > % and
& ay +1 ' ey
z( B >c’<2( 5&(2) Ve

i=1

Therefore for n > N

2y
(2.70)a, 1/b, ; = [(1+e)/a/e] "[(14c)/2] 2 [(ee)2fE] ™

The expression in the right hand side of (2.70) tends to ® as n-w.
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Hence when A9 <1

f:;"‘ ay.1/%,,1 = @

The proof is complete.

Theorem 2.2, Under the assumptions of Lemma 2.9, we have

(2.71) 1im P (z) = lim(1-Q ik (2))
T RN ne 01T,
L.1f <.}
0O if \pg>1
P . 1lim P 3
roof Ip;’mm nl’n ’kn(z.u.v)

plim (an’l-i-an’ otay 3)/ (an’1+an’ o*ay 3+bn,1+bn, 2+bn.3

)

n»°
- pml;“‘ 1%1[“ a,,170n, 1) 1l(a, j+b )/ (s, , 11,073, 5
+bn’ 1P, ’ 2+bﬁ, 3 )]

From Lemma 2.9, we have

n ) 1 if g <1

plim a a_ .+b = i=1,2,3.
oS n,i ‘*“n,i n,i 0 if A0 >1 ity
Therefore,

—

e
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1:3f8 <1

plim P ok (z3u,v) =

n» 12720 0 if g > 1.

Thus, bythe Lebesque dominated convergence theorem, we get
1 if p<1

plim P o,k (z) =

e 1% % 0 if Ap> 1.

In order to apply the result we need to assume that
194: 1 a.e. Furthermore, if the training samples are drawn from

a population which is a mixture of n’l and TT2 in the propor-

tion g) and ¢, (= galgl) then the asymptotic risk of the

MKn-NN rule is

£

g.£.(2)dz+ g.£.(z)dz
Bt > nn) I[';zfa <gf) " "

=[ min(g, £, (2), nga(z)]dz = R¥, the Bayes risk.

PRSI A
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CHAPTER 3

ASYMPTOTIC PMC WITH RATE OF SOME SPECIFIC

RULES BASED ON U~STATISTICS
3.0 Introduction

Consider a random variable X which is distributed as F i

in the population ﬂi(i=0,1,2). The problem is to decide between

FosFl and FO=F2 when it is known that F

different.

1 and F2 are

Let X, =(X01, cees Xop ) be n, independent observations

0 (o}

on X from the population T X

"1“ =(x11, seey xln ) be nl

t
0 1 1

independent observations on X from the population T and

1'

Xon -(xal, ees X ) be n_ independent observations on X

2 2 =
from the population ﬁa.

Define a function C as

1 if u>0
(3.1) c(u) =
0 4if u<O
The Wilcoxon statistics "01’ woe, w12 are then defined as

follows:




R R T TR Y e R ST

Das Gupta (196:) considers a classification rule which

decides =M, (i=1,2) if I“of'“" j:in2|woj-§|. Under clight
]

restriction on the distribution functions that fFldFa> %,
Hudimoto (1964) also proposes a rule which is equivalent to

if (w

classifying T, into T 01+w02-1) < 0. (By symmetry, if

1
Il?adl?l > 4% 1s assumed, decide rr°=1r2 when ("01*"02
When it is not certain that whether fFldFa >% or J'!'adrl > 3,

-1) < 0).

Chanda and Lee (1975), modifying Hudimoto's rule, suggest a rule
vwhich decides T =M, 1if (wle—'b)(wmwoe-l) >0,

In this chapter, the asymptotic probabilities of misclassi-
fication of the three rules mentioned above are obtained together
with the rate of convergence when n, and n2 approach infinity
with n, fixed, Also Hudimoto's idea is applied to general

classification problems., An example of a two-sided classification

problem which utilizes the Lehmann statistic (Lehmann, 1951) is

e S0 s I o B s 1

funten .. ey

o
ol B ol ek /ol st o A e R4
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given. The asymptotic PMC and an upper bound of PMC are shown

for this specific example as well.

3.1 Preliminaries.

Suppose we have a U-statistic (see Fraser (1957), pp. 223-

224) defined by

(3.3) U=U(X_ $X,_ ;X. )
-010 ~1n1 -2n2

IS e z
- — X, seeeiX ;
("8)(:?(“2) ST s W . €
e # Y R e
18, ...<Bm1311 18, 1%1
IS‘YI<¢ . -<Ym25ne x2Y1 o0 ’x2'Yn )
‘ 2
vith m <n, 1=0,1,2,

Define

(3.4) h(xlﬁl’""xlﬂm ;xml,...,xay Igon)
1 ¥

m, (o}
n -1
= ( o) E f(x ,...,X 3X ...-,X H
.0 1Q1<00 <o <n ml mm 131 lp. S
- ny— (o] 0 1
XQYI’ see ’xavma)

Then U can be written as

(3.5) U= (02t z h(x Y.
i T RO 1Ba,

15'Y <.oo<Y <n X seee X lx )

1 =2 Yoy, 2¥a, 0%

s SR

PR B P S e
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which is also a U-statistic in Elnl and ge“b considering

Xon 88 fixed. We define a function Bt (xll,...,x

o 1°% le,’

1

XopseeerXy, lgon ) by taking the conditional expectation of
g

h(x ,ooogx ;x ,oo.,x lX ) given X eese X ’
11 lm1 21 2@2 -Ono 11° > lcl'

x21’" o,x2c2=

(3’6) h (x l.'; X 4 seee X )
€125 11 . 1c1 21 2c2

= C{h(xll sece ’xlc ’xlcl"’l’. e ’xlml ;xal 2000 pxac 3

1l 2
sasak lx. )3
xaca-c-l’ 2 2m2 ~0n.0

for ci-o’l’...’mi; 191.20

In particular, define

(3.1 ¥lEg ) =€l 5 g, )

Let

(3.8) c (x ) = Vat[h (X sseerX ;x sese X X
€)2¢, ~Om, €0y 11 1c, 2l ? 2c2|~0no)]

and

(3:9) o%(Xgq ) = (m‘;’/nl)cl,o(go,,o)+(m§/n2)co.1(§mo)

a
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which can be expressed as
: 1 : ,
ai‘(;t%) = ﬁ(("‘f“/nl)Cl’o(’f%o)*(ﬂlgﬂ/na)%’qu‘o)]
where
(3.10) N = min[nl,nel

Therefore if 1lim N/“i exists, az(gon ) can asymptotically be
0

written as

(3.11) "2(’.‘%) = lluzwa(:_zono). M = N

here 6% (Xep ) = 1im 1/((adN/n, )¢, o%on J+(eEN/n, )c, 1(:50,0)1
nl-n . .

n_-m
2

is a function of h not depending on N,
(o}

Using the notation introduced above, we now give the follow-

ing propositionm.

Proposition 3.1 If 1lim l/l‘ exists ad assume that with
probability one

(3.12) e[n( lzo.o)l'“

and

(3.13) lur‘(gmo) >0 a Now

S T




PR
Then

)=0) as N » =

(3.14) Pr(v<01-'rrtv(x )<01+§r:(1(:_:0n°

Proof. Conditioning on xc » asymptotic normality theorems

(Hoeffding (1948), Lehmann (1951)) for U-statistics state that

(3.15) ’=(“<°|’£onol = a(-¥(x no)/c(x )) as Now

Combining with (3.11), we have

(3-16) Ee(UDlxy, ) & (ko Jolx,, ) as How

-Dno

Hence

(3417) Pr(U<0)} = €Pr(UO|X,

~Pr (¥ (X no)cp( )<o]+érr[v(§°n°)¢(:_co%) =0] asNow

=Pe(Y(Xoq J<OIHRE(Y (K, ) = O)

since cp(l_golb) is positive with probability one.

Proposition 3.2 If 1lim N/nt exists and assume that

(3.18) e|g|3 <=,

'2!'

(3.19) &]£]" <= for a positive r




{
i

!

i }
{ 2 |
‘Z ,.' -’
{

|

e
‘ |
}

ke

(3.20) for sufficiently small ¢ > O, Pr[l?(l(on )lf e} = Ofe)
0

and

(3.21) Naz(;t_mo) >a>0 as Now

Then

j -r/(2r+1)
(3.22) Pr{U<0} = rr[v(gmo)<o]+o(n ) as No»w

Proof. Conditioning on X,  and following the proof of
0

Theorem 3.1 of Grams and Serfling (1973) with (3.21) we have
-r/(2r+1)
(3.23) rr{u<o|x~mol - i(—Y(g%)/o(goﬂo))m K(X,, )
(0]
as N+
-r/(2r+1)

- ’("“’(’-‘ono)"’(’-‘ono))*“ x(:.c%) as Now

where K(X,, ) 4s a function (independent of N) depending on
0

!m through the 3rd and 2rth absolute moments of
0

Boati it AR )G 1) md Gy ol %o, )

-Y(x_ro..o)).

Hence (3.18), (3.19), and (3.23) imply

:
:
;
|




O

-r/(2r+1)
(3.24) Pr{u<o} = ei(-na?(:.tqlo)v(isq‘()))w(n ) as Now

Since &(M) = O(H.k) for any positive k as M = ® we have

for every ¢ >0, as N - o,

_“-ljl»e M-l+c
(3.25) Pr(u0) = [ | #(a¥o)dp(¥e)+ [ _,  8(-uyp)dp(¥e)
i M

o -r/(2r+1)
+f  3(nvp)ap(¥e)+o(N e )

M'l+

-r/(2r+l)

--1+e:]+0(N )

= Pr(¥p < -M

I -r/(2r+1)
= Pr{Yp<O)}-Pr{-M < Yo < 0}+0(N

-r/
= Pr(¥(X., )<o]+o((n'1*‘) )+0(N soihe
0

-r/(2r+1)
= Pr{Y¥ (gmo)<o]+o(u )

because € 1is arbitrary.

Corollary 3.2 Assume that £ has finite moments of all orders.
1f (3.20) and (3.21) hold, then for every € > 0

(3:26) Pr(00) = Pe(¥(kgq J0)007H) a0 W

3.2 Asymptotic PMC's

Let PN(D), PN(H), PN(G) be the probabilities of classify-
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ing 1!0 into IT1 for Das Gupta's rule, Hudimoto's rule, and
Chanda and Leg's rule, respectively. Note that 1-PN(0) is the

PMC if ’Eono""’l and Pu(’) is the PMC if :_gmo—-—re. There-

fore, to study PMC, it is sufficient to study PN(')'

If the conditions (3.20), (3.21) are assumed to be satisfied,
and since the functions are all bounded (in fact between -1 and 1)
the moments of all orders are finite. Moreover, the product of

U-statistics is again a U-statistic. Then from Corollary 3.2

we have, for every ¢ > 0,

(3.29) Ry(p) = Pr(|w, -&|<|w ,-3])

= P"“"of"oa)("of""oa'l )<0)

S i
= Prilg 121(F1(x01)-r2(x01))][;5 121(F1(x01)+

ra(xm)-1)1<o] + o(n'l’“) a8 Now

(3.30) Py(H) = Pr (W, +Ho,-1 < 0]
o :
= Prt;% 1231(’1("01)"2("01”‘“"3 w(u'**‘) as N aw g

(3:31) By(C) = Pr{(W),-4) (W) +W,,-1) >0)

Sk it asat e




16
Pr{-> X -
r{no 1}31(171(x01)+r'2(x01))-1<o}+o(u )
if jrlaa > 3
Pr{a-:-; 1lé:(rl(xm)+F2(x01)-1>0]+o(n’i“'€)
if fFldFQ <3

as N o

3.3 A general rule based on U-statistics and an example.

We shall generally describe Hudimoto's idea. Suppose we
have U-statistics Vl and V2 defined by
1
(3.32) Vy=V, (X, 3Xyp )= = z
VI Qo)1) 1 <.. o, Sy
o g
191<ooo$m15%

fl(xw seeesXy ;xml,...,xu5 )

. %o iy

e S >
(®0)("2) 1<,<...<a <
g L ke i

(3.33) vaava(gmo;xana)-

1SY,<..<y_ <n

fl(xml,...,xm ;xavl,...,xay )

"o "2

such that for some 01 < 92 we have

e O

=3 £

i
[

BB

TETEA
sl
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(3.34) """1"&»0 em) =9, ¢a(v2|:50no «M) =g

and

(3.35) 5("1"50:.0 ef,) =6, 8("2|l‘ono eT,) =0,

; f Then the rule will be the one that classifies TTO as "1 if
'[E k Vl < V2 and ﬂa if Vl 2 Va.
L Let
(3.36) A = 8,61 n = m:l.n[no,nl,na} *
; s { (3.37) f(xol, . ...x%;xn. .xhl;xal, vi .,xana)
9 : : = fl(xolgoo.’x ;xll"coo.xl )'fl(x ,...,X H ‘
- % ny (6] § Ono 4
B )
i seee .X
| X1 2m, '
1
i |
and i
»: i . . -’{
(3.38) U, = U,,(gmo. 4,,1,:52,,2) =V,
z ]
g - then E
Z (3.39) U, = s z f(xm seeesX H ]
U Y QOGD(R) 19,<. . < 1 Y, :
: -o nl .2 nO 0 xlp LA R ] sxla H ]
B 159,<.. <8 1 m k
5 my x2Y1 seee 'xa‘( ) z
] 154y .. -<Yn2$‘ 2 - §
il
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and

(3.40) "“"J’-‘o“o e ) = -, e(unl)g% ef,) =8

Consequently, the rule is simply classifying ﬂb into "1 if
Ua <0 and ﬂ2 if U >0. Also U is again a U-statistic.

Regarding the asymptotic probabilities of misclassification
as the sizes of the training samples tend to infinity, we shall
refer to Proposition 3.1, Proposition 3.2, or Corollary 3.2.

We now give applications of the above results to a specific
example based on the Lehmann statistic (Lehmann (1951)). This
example is constructed for general two-sided classification prob-
lems., Only continuity and distinctness of the distribution

functions are assumed.

We define the measure of discrepancy between two distribution

and F as

functions Fl o

5 F1+F2
(3.41) A(FI,FQ) = I(FI-FQ) d mael
Lehmann (1951) proves the following:

Lemma 3.1 F, =F, iff A(Fl,Fe) =0

Let xl. x2 be independent random variables with distribu-

tion function Fl’ and let Yl’ Yé be independent random vari-

ables with distribution function F2. We designate max(xl.xa)

as X,VX,, and min(xl,xa) as X, . When (xl,xa) and

S e L e e i e
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(Yl,Yé)‘ are independent, Lehmann (1951) proves:

Lemma 3.2

(3.42) Pr{X,VX, < Y;AY, or T vy, < X,Ax,) = 1/3 + 2A(F1,F2)

From (3.42) we see immediately that

(3.43) 0 < A(Fy,F,) < 1/3

Consider the statistics V1 and V2

1
(3.44) v e glX - k. ¥ oox
1 (o)( 1) 10, <0, Cat, ? 0o’ 718, 18,
1B,<8,<n,
1
(3.45) v, = —— LS T TR ¢
2~ (GOMG2) Mg sn . M Mp 24 2,
12¥, N,
where
1 if X,VX, < Y,AY,
(3.4€) g(xl,x Y),Y,) = or XM, >Y,V,
0 otherwise

Define

)

)




(3.47) U = v,V

1
AR T z X X 5% %X ) -
(30)(31)(2) 191@25%(8( e L e

129, <B,5n; glty x. iy ))

X
3
1Sy, <v,Sn, Tl

i %
EBXe X X N3
(GO)QL)(%e) 1< <ny 1 M 18,716
<
16,B <y Loy )
<y, <y <
1_-\(1 Y2__n2 1 2

Then from Lemma 3.1 and Lemma 3.2 we have

(3.48) 8(Un|_1§0no e TTl) = -2, e(Unl)_(Ono P TT2) = oA

Therefore, the rule is to classify rro into Tfl or n'2
according to Un <0 or Un 2 0. Note that -1 < f<1l. And

for given xOl’ X02, we have

= Pr( < X,.AX > X 4VK

X010 < XXy, or Xgy Mo, > Xy VX (X0, 5]

- <
Pr{X01vx02 )(211\x22 or XOIAX > X VX

oz > X215 1X01 1%0p)
& 2. 2 iyl -
= [1 rl(xmvxoe)] +F ) (x01m02) (1 Fa(xmvxoe)]2

2
1?2(xo1 Axoe)

Y W

ETP TR

T 3 TE BT R
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Thus PN’ the probability of classifying "0 into "1’ is found

from Corollary 3.2, to be

3.50) P = Pr(— (% (X VK ))24F2(X  aX. )-
( N r[(go) 150 %, 10m, ou, 10w, Vou,
(l-ra(xmlvxma))Z-Fg(xwllxxma)]

<0} + o(u"}*‘)

for every € >0 a8 N-+ow

3.4 Closing Remark

Sen (1960), Hoeffding (1961), and Berk (1966) have the

following lemma on the convergence of U-statistics.

Lemma 3,3 As n = =, Un converges almost surely to the para-

meter it estimates unbiasedly.

The strong consistency of the rules mentioned above is then
an immediate consequence.

Utilizing Hoeffding's inequality for bounded U-statistics
(Hoeffding (1963), p. 25), we obtain an upper bound of PMC of the

rule, which is based on the Lehmann statistic.

(3.51) P, < e2lnf2la® - L, o

where the subscript j indicates that the probability is calcula-

ted under the assumption that "0 = TTj, and [x] denotes the

largest integer less than or equal to x.
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CHAPTER 4
SEQUENTIAL RULES

4.0 Introduction

In the first part of this éhaptet we shall consider sequen-
tial classification rules based on U-statistics with bounded
kernels so that the sampling will terminate with probability ome
and the PMC's can be made smaller than any preassigned arbitrary
positive constant. We have extracted the basic idea from the work
by Hoeffding and Wolfowitz (1958) on distinguishability of sets of
distributions. Later the notion of distinguishability was used by
Das Gupta and Kinderman (1974) in the set-up for the classifica-
tion problems. Hoeffding and Wolfowitz (1958) introduced the
oinimum distance test procedure and studied the properties of
this test using the available probability bounds on sample dis-
tance function. We shall introduce the minimum-U sequential rules
and prove some properties of these rules by using the available
probability inequality for U-statistics.

In the second part of this chapter we shall consider some
sequential rules when F, = Np("’l’ £) and F,= Np(p,z, £). Fol-
lowing the idea of Chow and Robbins (1965) and Simons (1968),
Srivastava (1973) proposed some sequential rules for the follow-
ing two cases: (i) y-u, = & known but 2 is unknown. (ii) Both
8 and 2 are unknown. For the case (1) Srivastava (1973) pro-

RN s b i s Sl A A

Er) D T T
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posed a sequential rule based on observations from "O and ﬂl
and, given o he showed that the PMC's of this rule tend to
values less than o as 0% -16 = 0. Furthermore he modified
his rule so that the prescribed errors can actually be achieved.
He also proved the asymptotic efficiency of his rule. However
Srivastava's proof is incomplete and suffers from a technical
error. We shall present a more rigorous analysis of his rule
(not the modified one). Srivastava also proved that for his rule
in case (ii) the errors can be controlled arbitrarily as

8% “14:5:0. ' However His proof is entirely wrong and here we
shall indicate his error. Unfortunately such aﬁ optimal result

is not true in this case.

k.1 Minimum-U sequential rules.

As in Chapter 3, we want to decide between Foarl and

FO-F2, and samples EOnO’ Kln : gén are available from the
1 2

populations ﬂb, "1’ ﬂ2, respectively.
We shall study the problem in the following set-up.

Consider U-statistics defined by

[Pt
et

-1 -1

v, svl(x ,xln ) = ( vy ( 1) Eh(xm ....,xm :

el

HREST Sl

(4.1) i 151 I E
Yo" va(}*{"“o”-EEng) 7 (mo) (ml) Eh(xm "”’xo:x y tj
Xoiinvensko ') :

2Y1 2¥n

| S
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for m<n; n= mi.n[no, n, na}, where the summation is over all

possible combinations. Furthermore, assume that

eV, 1Xy, ¢ Ty) = 6. BV, x5, ¢ ™)) = 6,48

(4.2) " -
e(vllgo“oc "2) = 8,+0, 8("2l’£0n0° “2) =9,

where 0 > 0. It is also assume that h is bounded; namely,

there exist d, and da(-ﬂ <idiw d2 < ®) guch that

1
d; Sh<d,. Then d

1

P SN, Sd

To illustrate the above set-up, consider (Hudimoto, 1964) i‘

(4.3) By = (Ungny) Zo(xy, %)

P, = (1/non2) Ec(xak-xm)

where c{x) =1 x>0
(o} x<O0

Hudimoto (1964) showed that

e(rIx, €M) =3, E(B I, €M) = 34T
(1) “1 o ‘2 B
&Py [Xgp oy = B8, &(B,lKpy o) = &,

where A = fFldF2-§,>O (assuming F, and F, are distinct and

continuous).

For another illustration, consider
-1 -1

bs) B =00 CY Taxe X X )
sl Bk & & ou, Koy g, °

X
lﬂa




i ok

v
R |

E, =02 () Dy, %y i

SR
1 o Y A,

where g is defined in (3.46). Then from Lemma 3.1 and Lemma

3.2, we get
e C(Plli_{_OnoeTfl) = 1/3, 8(1’2[)50“0911’1) = 1/3+2p

E(Fll’-fono‘"a) = /342, C(Fall‘o;zo‘"g) =1/3

i F.+F _
4 F )2l 2
where A -f(Fl F2) d——=.

As before, we write Un as

(4.7) U, =Y,V

o) - o : ) .
sl L ) & f(xoal,...,xwm.xlal,...,xmm,
xeyl,...,xavm),

V‘Ere f(x01 g0ece ’xm;xll AL N ’xlm;xel’ LN J ,xam) = h(x01 9000 ’x ;

xll g0 ’xlm) -h(xol 9 %00 ’xm;x21 9000 ’xam)

Note that -a < f<a; a= dy-d, > 0.

In Chapter 3, we have considered the rule which classifies
"0 into ﬂl if U‘ < 0 and into "2 if Un 2 O. From
Hoeffding's inequality (1963, p. 25) for bounded U-statistics,
we obtain an upper bound of PMC, which is given by

73 )

|
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(4.8) exp(-[n/m]6/2a2), 9>0.

We shall consider two cases: (i) 8, 1is known but ¢ is
unknown. (ii) Both 6, and @ are unknown,

T T T e N L
] '

4.1.1 Minimum-U sequential rule I: 91 known.

Often 91 in (4.2) is a known constant as we have seen in
(.4) and (4.6) where 6, =% and 8, = 1/3, respectively.
: : Without loss of generality we shall assume 61 = 0, Then we
| L L define a sequential rule as follows:

First we choose a sequence {an] of positive constants such
that

(4.9) Za, < p
i=1

| S

: and a sequence (C,) of positive numbers such that

| S—

(4.10) UnC =0, and 0<C <d, for all n>1.

n-» e

[ S—

and a strictly increasing sequence [m:l] of positive integers

such that

RN T R T T
-
me-}

(L.11) exp(-[m’_/n]cflaaa) Sa, foralli>1 and ™ >m,

.y
N |

Put

(4.12) &, = ""‘Wl(l‘o..i‘ 4,,1). va(gtmt;:ge%))

Take successive independent samples of sizes n), m-m,




MWy eeee Continue sampling as long as 61 < Ci.

as soon as 61 2C and apply the t;erminal rule

i’

2 oH Vl(’lmi;’hmi) <Vé(’~‘0m1"-52m1)
(h.13) ¢ =

0O otherwise

We classify Tfo into Tfl or TT2 according to ¢ =

Hence the sample size is

(h.lh) N = mt,

Stop sampling

1 or O.

where t 1is the first integer i for which 61 2¢.

We shall denote this rule by (N, ¢). Following the argt:-

ment of Hoeffding and Wolfowitz (1958), we get the following

results.

Proposition 4.1, The rule (N, ¢) terminates with probability

one.

Proof. It suffices to show that Pr(N <=|N .} = 1 since

Pr(N < ulﬂo-wal can be similarly proved.

(4.15) Pr(N > “j'"o’"ﬂ = Pr(p, <C,

< Pr(s, < cjlﬂo-nl}

= P"(Va(l‘o;nj ;X~Emj) < €ylmg=my)

= Pr (- +e(V, [Ty, > eV, [Moetr, )=, [ge; )
= Pr(-V,+0 > g-C jlrro-rrll

B

-

for 1S4 < §img=m,)

.,.._ﬂ
i
TP

28 N e
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Since C, >0 and 0 >0 we have' g-C, >C, for } suffi-
ciently large, f0d then, by Hdeffding'a inequality for |
U-statistics, the right side of (L.15) is _<pxp(-[mj/m]0§/2aa)§aj

(see (4.11)). By (4.9), @20 as Joe. Thus rr[mj}—:o

AR Re, which completes the proof.

Proposition L.2. Each of the PMC's of the rule (N, ) 1is less

than p.
Proof. Since (N, :p) terminates we can write
me, = e(plmy=m,)

for §J<i, 8 >C v 5"2'"0‘"2)

1’

= Err(5j<c s

gl J

S DEe(V, 2 ¢ |g,)

<Xz exp(-[nilmlcfl 2a2) by Hoeffding's inequality

S E ai S p & \ \
i=1 '

Similarly,
ne, = e(1-p|mym,) < ».

Furthermore, if we choose the sequence (""i.] suitably, the

moment generating function of N will exist.

Proposition 4.3. If the sequence (m,} is so chosen that (in
addition to (L.11))




Al
-1
(4.16) 1::’ inf i (2m[mi/m]-m1 +1) >0,

then for every @ > 0, there is a positive constant t(8) such

that e(exp(tN)|M=m, ) <= for t < t(e), i=1,2.

Proof. We shall only prove that C(exp(tN)Iﬂoa‘ﬁl) <w, Since

C,”0 as j—=>®® and @~ O, there exists a positive integer J

3

such that 6-C, > §/2 for j > J. Therefore, for all j > J,

i
due to (4.15) and Hoeffding's inequality, we have

P (4.17) Pr(N > m [Tary) < exP(-[nij'/m;)(ela)a/aaZ)
= exp(-[mj/m]62/8a2)'
Now for any real  t,

&(exp(tN) | M=, )= Elexp(m ; )Pr (N=m ; [my=,)

TR e

< exp(tm1 )+ jg)lexp(tm

ja1) BEON > mfTg=my)

Thus, from (k.17), E€(exp(tN)|My=,) <@ 1if the series

2 exp(tm
j-lex §+1

is a positive integer, let t(8) = ¢/16ma® >0. If ¢ < t(8),

)exp(-[mj/m]ealeaz) converges. Since 6> 0 and m

then

-[lllJ/m]e"’IBa2 < -(eallémaa)(e(mj/m]-mj )

s i+l +1

A Mmool B B N N Nl

(- -]
80 that the series X exp(tm
jal j+1

to (4.16). The proof is complete.

)exp(-[mj/mlezl&z) converges due

|
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Remark. If, for a given p > 0, we choose aj = plej,

C, = dj-%, here 0<d < d2, then

3

m, = 2m(a®/d®)(j%log2+jlog(1/p)). Therefore the conditions (L4.11)
and (%.16) hold, so the moment generating function of N exis.ts.

4.1.2 Minimum-U sequential rule II: 8, unknown.,

’

Define the sequences {ail, (Ci], {mi] as before and put
(4.18) 8, = |V (Xoy, 3%y )V, (Xey, 5Xpp ]
i i i i
- S ]
Take samples of sizes m,, m2 m, , m3 m2, eeey Where m, s are
defined as in (4.11) Continue sampling as long as A, < c,.
Stop sampling as soon as Ai. 2 Ci and apply the terminal rule ¢

(see (4.13)). The sample size is given by

(lh19) N' = mt’

where t is the first integer for which Ai > ci. We denote this

rule by (N', o).

Proposition 4.1' The rule (N', ) terminates with probability

Proof. We shall only show Pr(N <e|f<T,} = 1.




L
(%.20) Pr(N > “‘j|"o=“13 =Pr{A, >C, for 1<1i< jlﬂodn’ll
S Prag < cj|n0=rr1}
= P‘”"l(-’fo:nj ;’fz.mj)"’a(’fomj "iemj)l < ¢y My=;)
= Pr(V,-V,<C,, v1>v2|rro=rrl}+Pr[v2-v1<c T v2>v1|rro=rrl)
< Pr(v,-v, > o|rro=n1]+Pr(v1-v2 >-C jlﬂo--ﬂl}
= Pr(V,-V_+0 > e|n0=rr1}+Pr(v1-v2+e > g-C j|rro==111]
< 2Pr[V1-V2+9 > Cj)
for j auificiéntly large. By following the exactly same argy-

ment as in Proposition L4.l, the right side of (4.20) tends to

zero as j = ©, The proof is complete.

Proposition 4.2' Each of the PMC's of the rule (N', @) 1is

f. less than P .

Proof. Since (N', ¢) terminates we can write

] Pm2 = C(¢|"olﬂ2)

_ = Zrr(s, <c

for J<1i,8, 2¢€, V, SV, |T,=M)
i=1

3
< Dee(vyv, 2c (msm)
= Pr(V,-Vy+o > eo-cilﬂo-ﬂe]

= ZLPr(V,-v,+0 >C, M=)

IA

z exp(-[milm]cflaaa) < 2‘3«1 <p.

e B —

.

mn

P
-

]

[

]
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Similarly,
me, = e(1-p|m =) <p.

In exactly the same way, we can prove that the moment
generating function of N' exists, if the sequence {mi] is

chosen suitably.

4.2. Sequential rules for classification into one of two

multivariate normal populations.

For convenience, we shall follow Srivastava's notations. The
problem is to classify Np(p,o, 2) into one of Np(p.l, T) and
Np("'z’ ). When all the parameters are known and a sample of
size n is taken from TTO the minimax rule is to classify

"0 into "1 or 172 according as

(%.21) B 2 "My ) -Hugu) ' T Mg oug) 2 05

where -fo is the sample mean. The two PMC's given by e, and

ey» are equal and their common value is given by

(4.22) e), = e, = 1-§(h%).
where 8(x) = [ (21 Fexp(-y)ay,

=00

-1
2 ' - -

To contm 1 probabilities of misclassification, Srivastava

(1973) proposed sequential rules in the following two cases:
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Case I. & is known but 7. is unknown.

In this case we need to sample only from one of two popula-
tions, Tfl and TT2, which, without loss of generality, may be

taken to be "1' Given «, let &(a) = 1<¢x. Define 8!

b e

(4.23) X, = Ex 1=0,1. |
g=1 1
é 2 2o, A0, we o)
= X X ’ nm=2 n"l Py " ;
(4.24) ms 10 =1 13" 1 ij 1 1R J
| §
where (X, j] is a sequence of mutually independent random n 1

p-vector from Np(“'i’ £), i=0,1. Then a stopping variable N ol |

is defined by

[ —

(4.25) N = the smallest integer n(> no) such that |

n > &2/6'8-15,
e m

3l vt e il okt

where 2no 2 p+2. When sampling is stopped at N=n, classify

n'o into "1 or Tr2 according as
(4.26) (X, X, +38)'s"%s 2 ]

Define

Ll

(¥.27) Y =E"bxu, n?m- Ey

=1 i) I..}
nS¥ = Z‘ E(Y !i )(YiJ ta) =2 'i(msm) ot :

i=0 j=1




w

Then

(4.28) 8's71s = ' ( 3P 52 Th)1y ‘%}F:

L

= Gf’ka)'s:'l(‘a’%s) = 6*'53'16*,

where &% =2 tb. Note that ms: is distributed as Wp(m,I).
Now we shall obtain some asymptotic properties of this

3eqﬁent1a1 rule as D = 0 (or 6% - 0). From.(h.ES) and (4.28),

N = N(b%) = the smallest n>n

o such that

n > 8a2/t%'s Lo
or

(4.29) (1/m)8%'6%/6%" (usx) " ox < nox'4x/8a2

L] ' -1 —e
Since for &% £ 0, &%'o%/4*' (ms¥) ™ o% ~x o

(%.30) (1/m)6*'6*/6*'(msz)-16* 21 a.s. as n -

From (4.29) and Lemma 1. of Chow and Robbins (1965), we have the

following.

Lemma 4.1, (1) No® a,s., as &% =0,

(11) N/(8a2/6%'6%) > 1 a.s. as 0% = 0,

Note that the rule is now studied in terms of Y, j'l and

the a.s. convergence as &% - 0 1is meaningful (contr@ry to

Srivastava's development).




Proof. It is enough to show that (N&*'§%) 85!

N
Lemma 4.2, (Asymptotic efficiency) 1im eN/(8a2/8%'6%) = 1
T e $%0

o* >0 18

uniformly integrable. According to a result of Bickel and

Yahav (Lemma 3.2, 1968), it is sufficient to prove that

3] Sup Pr{N6*'6* > k) <o for some ¢ > 0. Now, for

k=l O<&%'6%<e

O< %' < ¢

Pr{N&*'8% > k) = Pr{N > k/&*'8%)
< Pr(N > k(8%)), where k(&%) = [k/6%'s%]

< Pr{k(s*) < 8.2/5*'s¥'16*), vhere £ = 2(k(5%)-1)
= Pr(b%'&e/o%' (£5%) Lo% > %" buic(8%)/8a)

< (B AR2(H) (84 80)2)0x2_, )2/ 62

< (B /(1-b%"0%)2) o (£-pr1)(£-ps3) /€2

< 64a"/(k-¢)?

for ¢ sufficiently small.

Hence
o2
Z Sup  Pr(N&*'&* > k) <w,
kml O<8%'8%<e

which completes the proof.
Let oy Pr{classifying Tfo into Trlefo-ﬂil. Then

Theorem 4,1. 1lim e, . = lime = o,
T o 12 g @




-9% .
Proof. We shall only prove for ejor Let M= 2(N-1), we have
‘%: (4.31) o), = rr[(nla)i(i'w-i' )'s'la < -i(u/a)*s's;‘lslﬂodr
i-_ - pr{(ula)i(im-x ) s'lbl(a s'IZ‘ Sy 1%
| - < -i(u/a)*a's’ 8/(8's, T s'15) 1,1, )
j = l-col(nls)ia*'s* 6*/(6*'8*'26*)'}]
E L = 1-e8(a-(N/8a2/6% 5%))2. (%'5x Lon/bx " bw) o ]
i1 (a*'a*/s*sg;'aa*)él
i
; iﬁ. Now for any orthogonal matrix L we can write 1

(4.32) 6%'sx726% = 8*L ls*"'L'Ls* L'Lo* a

= (L6%)'A” A (Lex), A =1se7lLe,
m

If we choose L with first row as 6*'/(6*'6*)5, then

s R T A ST ST AT
Cimed N e » ) “
® L] 4 ) L} . [

(4.33) 6*'8;{26* = 8%'8%(first row of A"1)(first column of A™Y)

Therefore,

4n'SH"28%/0%"' 4% o (first column of A-l)(f:lrst column of
Al

Since M~WP(H,I), A-OIP a.s. as 0% =20

Hence

6*'35'26*/6*'6* +1 a.s., as * =20,




- g7-
Also we have seen from (4.30) and Lemma 4.1 that
N/(8a2/8%'8%) > 1 and 6*'S§-16*l6*'6* »1a.s. as &% -0,

By the dominated convergence theorem, from (4.31) we have

lim e
8%0

12 = I-Q(&) = 0,

Case II. Both 8 and 2 are unknown.

Now sampling is carried out sequentially from 172 as well.

Let

n
\ P, -\ 5 _— (] b B
(h.34) ew, éo jt:l(xij Xin) Xy yXig)'s € = 3(n-1),

n
where nX_ = EX

on P 24 Then the sampling rule is

(4.35) N' = the smallest integer n(> no) such that

-1
2/ ! 2
n > 6a2/8 wtb,

v L}
where an = xh Xen. When the sampling is stopped at N' = n,

classify ﬂo into T, or 1T2 according as
e PSS e |
(4.36) (X, -B(X, +X, )1'W "8 _ O. ,\ i

Let
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(l"'37) zij - Zrt(xij 'ui) ’ nzin = jglzij ’

7, ) =T ¥ew,) TF,

tw’é's % }%(z

-z, )z
L0 fa1 2 T

o =%y T, = THR, K, )Ty o,) = T e
Then .
(4.38) a;wzlan = (5:+5*)'w§‘1(5:+6*)

= (n/2)(6%+6%)" (ew#) ™ (8%+6%) (£/(n/2))

= (U/V)(t/(n/2)),

where U and V are mutually independent and
1] ~x§((n/2)6*'6*), v ~x§_p+l (see Anderson Theorem 5.2.2,
;! po 1%8 1958)'

Note that U/V 1is stochastically larger than )(:/V. There-

fore, 1f we define

Ll ¥* = the first n(>nj) such that

e i - il

i a 2 6a2/((CN)(c/(al2))],

| [ then N* is stochastically larger than N', and N* is inde-

pendent of &%, It is clear that there is positive probability ;

that N* is finite., Hence it is not true that
m N' = » a,s8,,

which is the error in Srivastava's argument.
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APPENDIX

DERIVATIONS TO OBTAIN A TAYLOR SERIES EXPANSION OF THE
FUNCTION &y( )

Let

f 10 (A1) gy(xyir) = (1/2m) (1-02) e HE2myiy?)/(12) |1

(A.2) ¥(u,v;ir) = f~f~¢2(x.y;r)dxdy.
vu

Then
(a.3) ¥/ = -J‘:(llzn) (1.1.2)-§¢,-’Z9(txa'-avuy+>"2)/(1-::2)dy .

2
o % Py 2iu2( ] -n2 <
v -f (1/am) (l-rZH) 2 (y-2ruy+ur24u2(1-¢2)) /(1 r?y
v

2

o < (em(12)) Ao/ (10 (TR
v

- <y (W14 ((vur)/(1-22)))
where

(ab) o,(s) = (m) B B°
u
(a.5) .1(“) - I vl(x)dx

Similarly,
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(4.6) A/ov = =y (V)(1-8 ((u-ve)/(1-2)P)]
and for o< |r| <1

(A.7) ¥/or = I“Iua/ar(%(x,y;r))dxdy
vu :
% Ivfuazla‘W(‘PQ(x ,yir) )dxdy

= g, (u,v;r)
(A.8) 23/3u® = 3/du(p; (u)[1-8, ((v-ur)/(1-c2))))
= (1-!1((v-ux:)7(1-r2)é))cpl(u)u-'(pl(u)qal((v-ur)./

(1-c2)) (/1))

= 0, ()19, ((v-ur)/ (1-r®)Eu(1-8 ((v-ur) /(1e2) D)) ]
(a.9) 3¥/2v2 = g, (v)[=p, ((u-ve)/ (1-e2)2) /(1-62)Eiv(1-8, ((u-ve)/

(1%)))]

(A.10) *¥/x2 = a/ar(q)a(u.V:r)) = aa/avau(cpe(v,u;r))
= 3/dv(-p,(u,vir)(u-ve)/(1-12))

= @, (v,v; r) [r+(u-vr)(v-us)/(1-r2) )/ (1-r2)




g pom—y €y [—
[ A | S— b aed [

|y M e 0

= 101-
(A.11) 2P¥/3vdu = oy (u)p, ((v-ur)/(1-e2)R)/ (1r2)%
(812) P¥/32u = gy (w9, ((v-ur)/(1-2)8) (curue )/(1-¢2)3/2
(A.13) 3*Y/3udv = q;l(v)q;l((u-vr)/(l-r?)ﬁ)/(l-ra)é
(A.14) 33¥/3rdv = g, (W), ((u-ve)/(1-2)8) (cutve )/ (1-¢2) 372
(A.15) ¥*¥/3u3r = -g,(u,vir )(u-vr)/(1¢3)
(A.16) 3*¥/3var = ﬁa(u.vir)(v‘ur))(l'rz)

Then (as Taylor Series expansion) for real a, b, and lp] <1

we have

(A.17) ¥(u,v5r) = Y(a.b;p)+[-<p1(a)(1-01[(b-ap)/(l-p"‘)%))](u-a)
+1-9y (6) (18, [ (a-b0)/(1-62)2)) J(w-b) a0 (a,bi0 )x
(:r-»)*%lpl(-)[-cpl((b-w)/(1-92)'&)9/(1-92)'k

+a(1-4; ((b-20)/(1-02)8)) I (u-a )24y, (b)x

[-vl((a-bp)/(l-pz)é)p/(l-p")hb(l-ll((a-hp)/
(1-62)8)) 1(v-6)2+4p, (8,530 ) [+ a-bp Xb-ap )/

(1-62)1(x )2/ (1-52)+h(w, (a)o, ((b-20 )/ (162)})
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0 (b)9; ((a-b9)/(152)1)] (u-a) (v-5)/(1-p2)
+4lo; (a)oy ((b-20)/(1-p2)2) (~avbp) /(1-p2)3/2..
@p(a:bip) (a-50)/(1-02) 1(u-a) (x-p )43l (b)

@ ((a-b0)/(1-9%)2) (~bvap )/ (1-02)3/2p, (a,b30)x

(b-ap)/(1-p2) J(v-b)(r-p)+R
where R 1is a remainder term. Simplifying (A.17) we have

(A.18) ¥(u,vie) = ¥(a,bip )4, (a)[1-8, ((b-ap)/(1-p2)%] [Ba(u-p)2-
(u-a) gy (b) [1-8; ((a-bp ) /(1-p2)2] [ (v-b)>-
(v-b) T+, (a)ep; ((b-ap)/ (l-pé)é) (%0 (u-a)Z+4(u-a)x
(v-b)+4(a-bp ) (u-a) (x-p )/(1-02) 1/(1-p2) 4, (b)x
9y ((a-b9)/(102)%) [dp (v-b)2+}(u-a) (v-b)-
i(b—ap)(v-b)(r-p)/(l-pe)ll(l-pz)éwa(a,b;p)x

[(r-p)+&(r-p)2(p+(a-bp)(b-ap)/(1-p2))/{1-p2)
H(a-5p(u-a)(x-p)/ (16%)-h(b-20) (w8 -p)/

(1-p2) 4R
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For a=di . b= ) e oo 0,
p = (& ppt pa)/(e (o 0 20 23)# o e

we have

(8.19) (b-ap)/(1-02)% = ded (0 poo L /(o o 02, 0

(4.20) (a-bp)/(1-02)% = (20 0 337 22% 237 3 p3)/
e PRI IR

(a.21) (1-92)'& = “éea(" oot )il(a o 33—0223)% :

(A.22) p/(1-p2)% = le s )/(a 2% 33 a223)'b

(8.23) (b-2)/(19%) = B (@ pve oo ¥ o )/

2
(@ oo 339%3)

(a.2k) (a-bp)/(1-p2) = da (2x )

22% 337 20% 537 33% o3
2
(o 22 33% o3 )

(8.25) (a-bp)(b-20)/(10%) = (1/M)a? (o oy )2 0

AP IO - )/(d.aa*"

22 23 7 33" 23 33

ea23)*( 2% 33953
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H __~2u )%/

(8.26) (p+(a-bp)(b-20)/(1-9%)) = [ o ppiar 2w .

%
(o s 33-a223)] [( oo 23)/c:t 22+(1/l+)a%22

)(aot )/

(o 5 22% 33°% po¥ 53 339 o4

(o -az)]

22% 33

Next we are going to compute some expectations.

Consider the matrix V defined by

(0.27) (Unlh = T5(1/uD)T, where A ~ ¥ (T,m)

and for fixed ﬂe, ﬂ3 we define

' ' ey
Lemma A.1 &v2 = (p+1)I
Proof. By definition of V,
V = mé((llm)A-I)
= (1/6%) (A-n1)
2 = (1/m)(A2-2mA+m31)
m
We can write A as A = leizi, where Zis are identically

i=l

independently distributed as Np(O,I).

Then

-

¢

-

2 = | e
-




| 1
[Ee—)

| B e =, =

-1%-

‘ .
‘ L} ] ]
— 2,212 20+ b2 2,2z

m m 3
2 E 1 2 £y '
. (1-12"2‘)(1-12121) L=l iy + A4

A2 = m(p+2)I+m(m-1)I = m(m+p+l)i
eve = (1/m)(m(m+p+1)1-2m2_1+m21)
= (p+1)1

Lemma 4.2 (1) &(MVM,)2 = 2(N30,)2 = 2,
L] 2L ¢
(11) e(n3vn3) 2«"’33

Proof. By definition,

v = (1/ad)(a-u1)
(NAV1,)2 = (1/m)(M3AT, -uTi, )2
= (1/m)(130,)2(M AN, /1,7, -m) 2
Since T AT, /)T, ~%x°m we have
e(nyvm,)? = (1/m)(M0,)22m = 2(N0,)% = 202,
Lemma A3 ENQVINIVI, = 2(140,)2 = 207,

Proof. We can express T|3 as

1|3 = kﬂgﬂ

e o ulentiaaiii

TH R R
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where k’ﬂ2 is the orthogonal projection of n3 on :p['ﬂe], the
space generated by T12, and e 1is the perpendicular of T]3 with
respect to cp['ﬂa]. The coefficient k is known as 1]2'1]3/T]é o

Then
(a.29) MV NV, = VT, (KT +e) ' (KN, ve)
= ka(né‘me )2+2k1]2'V1]2T| éVe+T] év‘nee 'Ve

Now V = (1/m5)(A-m1), A ~Wp(1,m).
Since 1]2 and e are mutually orthogonal we can choose an or-
thogonal matrix L with first row as T]é/(ﬂa"'ﬂa')é, second row
as e'/(e'e)é, and define A¥* as

A* = LAL', A* is again distributed as WP(I,m). Then the

(1,1)th, (1,2)th, (2,2)th elements of A* are
(A.30) afy = RAL/(N,), af, = Nae/ (NN e'elE,
a%, = e'Ae/(e'e)

af; and aX, are independent because A% ~wp(I,m). Therefore

névne and e'Ve. Consequently,
Cné 2e ‘Ve = 0 .
Furthermore, we can write

m m
a¥, = 122 ,a¥ = L2z, .2, , where 2,.'s are
0 S et SR 1y
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identically independently distributed as N(0,1), 1 = l,0ee, m

Jomil o
m 5 m m 3
afaf, = ( Elzu)(iglznzie) ” Elzuzie*iszﬁzuzje
&flafa = 0, which entails BT[e'AﬂeTle'Ae = 0., Hence
(&.31) NV, Mave = en)((1/ad)(a-u1))M 3 ((1/ad) (amn) De
= (Um)EAT M peos 0, 10he)
=0

because A =1, and 'ﬂe'e = 0. Thus from (A.29), we have

VNIV = KPE(VL)2 = &2 2(121,)° = (RN, /2N, )2

200,02 = 2(1}1,)° = 202,

Lemma Ak (1) emivmnivn, = 2(0'N.)(N'0.) = 20 &
2" lalla"l3 T, 2'3 22" 23

(14) enévn3n;vn3 = 2(n§n3)(n§n3) =20 o

Proof. As in Lemma A.3 we can write

\

MAVIIVI, = VI,V (N he) = k(LW )240270, v

WILNAVI, = ke2(N2,)240 = (NIN./N.) 2(1'1.)2
e‘Il2v‘"2 2 '3 2"2 2'3 112 2 2112
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= 2(0,) (0 = 20 o
Lemma 4.5 €(N3V1.)% = (AN (NYN,) = o2, var o o
Proof.  (VN.)2 = [MV(K+e) 12 = (kMW 410 ve)?
= k2(NV1, ) 2+2kN V0 M Ve+ (M ve)®
T]'Ve = m-é’né(A-mI)e = m-é'fléAe
cot oy et (see a.30)
= wE(nin R e)? <2 Zuzi;% 2,y ~N(0.1)

and
e'e = (N3-1,)' (N,-KN,) = IN_-(n3-n)2/min,,
Hence

e(mgve)® = (L/m)MIn, (N3N NN /20, )€ szlzi’2

fz 11%12%31%40)

= T3N3, (AN)2/AN,) = Tn e, -0, )2

Thus




o
[ S————

BMIVN,)? = KPe(NVT, )2+e(nive)?
= (NN /1N,)2 20030, )20 0,0, ~(n2n, )@
- Tléﬂz'ﬂé“f('ﬂé%? e a223*°’ 2% 33

1,Y2,Y3, and V

are independent and Y, ~Np(0,(m/n)1) i=1,2, 3..., & = 0.

From the above lemmas and the fact that Y

Then for sufficiently large m, n and m/n = 3, we are now
able to compute the expectations of the functions defined in

Chapter One.

(a.32) &(y,,Y,,V) = 4@-1)(@*22@'32)

(a.33) €6(¥¥¥) = -H(p-1)(w oo 3 )(e i g )Ry

(#3/(a 0o 520 0))
(A3 EK(Y,.Y,,¥,,0) = (@ @ gt oooar ) B(3(p-2)-3(p-1
(¢ o 23)/a oo-3(p-1) (e o 23)1

-2 23)-2(a )+

(@ ot 5q 227 23

(o pp p3)2(342(0 o 5300/

(o poler o4t oq-20r 53))]
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(a.35) ec3(v,,v,) = 3/2

(A.36) aa(Yl,Ya,V) = [(« oo 337 '23)2+3(a P 33)]/

(x oot -@:23)-(3/2)@ D )2/

33 33

= 2
(@ ot i5m20 53)

(a.37) ma(yl,ye,y3,v) = 2[-b(a 224223)-3@ 200 23)

-3(er oo™ 23)_2101 22-3(a o _23)2/

-2a )

(o oot 33-201 23)+3(or o 337 53

o -2 )

It a2

-2(a o 53)3(32(w )/

227 23

(o ppl ppta g2 D))/ (e o,

(«. 2ot 3372 23))

(a.38) ec(y,, ¥ )F(Yy,¥,,V) = (3/8)[2x o-(a -« )/

227 330 5 3

(o oot -20.23)]/[«: v

33

RY
(PR 3372 23)]




SRR | w-ﬂ

= 3%
(A.39) EC(Y,, X, )H(¥),7,,,,0) = (3/2)(a oo 1102, )/
o pplar ot 5572 55) g

(A.40) &F (¥,, Y, VIH(Y, ,Y,,Y,,V) |

= o 0 oo )Ml s b )/ [0302(a 0

33 22” .33

- 23)2’]

(A1) Ep%(¥,,Y,) = (1/8)(epridaf +3(p-1)/2a?,,

(a.b2) ec*(y,, 2,1r3.v) = (o = _33)[-(2p+1)/8-(3/2)(p-1)/

(o 1 337 '23) 1/ (a 2% 337 .23)*

(a.43) ek*(Y,,Y,,¥,,V) = [a -0 23)]'*[-12-3(;:-1) X

(22'33

(@ g o)/ (@ 4 o p-20 .23)'

(3(p-1) (o pp-ar pg)+6r 5 ) /e ¢
(o 23)2(01 o= 23+6)/[d e

(@ gp¥ g3-2 ,0)]]

(A.Lb) e[Cc*(Y,,Y,,V)]* = &, /843/2
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(a.b5) e[r*(y;,Y,,V)1% = [(o - ) 248(a. 20% 333

+48(o .22+a._33-a:23)]/8(a 2™ 33-20_ 23)

x 2 5 2
3 33) /2(a 22 33 2a'..23)

(A.46) E[H¥(Y),Y,,Y, V)] = [-(@ - ‘23)24-6(« 35* 23)-@223/

@ go6(¥ o )% le i -2 )
Har g 5303 (e o 5#6)/ (o o, X
(o 20" 33720 23))]Io:v 22(0: oot _.33
-2a. 23)
(A.47) ecx(¥,,¥,,VIF*(Y),Y,,Y,,V)
- -[2(a.222-a223)+12(2a oo~ .23)+(a e .33)(0 20 _23)
(@ g o g#6)(@ ppiar gooow V(B0 (0 0er
-2 23#]

(A.1B) EcH(¥y,Y, ,VIHW(Y),Y,,Y,,V)

= (o 20~ 23-0-6)[1-(0 P 23)zlc:vr 22(« oot 33-aa 23)]/

e

“TT"? T

P 7 e Ty, s —
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3
(4 (o 2% 33-ar 23) ]

(A.49) EF¥(Y), ¥, Y5,V HX(Y, ,Y,,¥.,V)

2
= [op™ oo 23" oo 53* 3 oy %56 e )
2ar 5a(e o ,0) (e 23*6) e #l2(e - L) . 23)I

(« oot .33-2a 23)+(a o _33)(01 oo~ 23)"’(or P 234-6)/

(o @ ot 3372 )V at (o 00 3372 291
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three distinct multivariate normal distributions with a common covari-
ance matrix. A plug-in rule is obtained by replacing the unknown para-

‘ meters bz their estimates in the ogtimal claggigigggion rule, mumJ
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20- ’ cont...

T. W. Anderson, we obtain the asymptotic expansions of the PMC's and the
estimated PMC's of this plug-in rule.

In the second chapter, we consider the problem of classifying one
unit to one of two distinct populations with completely unknown distri-
bution functions. The usual nearest neighbor (NN) rules can't be applied
if the observations are available only in their relative orders or ranks.
Using the basic ideas of NN rules, we propose some rules expressed in
terms of their ranks and derive the asymptotic PMC's of the rules.

In the third chapter, rules based on U-statistics are suggested and
the asymptotic PMC of the rules are obtained together with the rate of
convergence as the sizes of the training samples approach infinity.

Finally, we consider sequential rules based on U-statistics in
order to control the PMC uniformly and arbitrarily. The moment generating
function is shown to exist. The proof of asymptotic properties of the
sequential rules suggested by Srivastava for the classification into one
of two multivariate normal distributions is rigorized and corrected.
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