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SUMMARY

Asymptotic expansions of the distributions of some classification
statistics and associated probabilities of misclassification are con-

sidered for a two population classification problem when the population

distributions follow a stationary Gaussian process. Special cases have

been considered when the population distributions follow a first order
autoregressive process and, in particular, the probabilities of mis-
classification is studied as a function of the measure of dependence

between the two populations.
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1. Introduction: Let Wy be an experimental unit which is a random
outcome from a population T. It is known that T is identical to one

of the two specified populations "1 and My where ﬂl and ﬂz denote the
same population ™ at two different points of time £ and tz, respectively.

Let X A = x(wo) be a pxl vector of measurement on the unit Wy- The problem

0
is to identify T wit.h one of ™ and "2 based on xo and the knowledge of
the distributions of xo in ™ and 112, which are not completely known.
Information about these distributions is obtained from a sample of N
units Wysee0sWy (called training sample) from ™ with xm as the
X-observation on the unit W, observed at time ti’ o=l,...,N; i=1,2,

Let xt denote the X-observation at time t. We shall assume that
(1.1) x: =m + Ut.
where Ut follows a stationary Gaussian process, and in particular,

U
t -0 LT
1 r 1
(102) ~N [}
U 2p L( 0> ( r T )J .
t
2
vhere I is a nonsingular matrix and T is a pXp symmetric matrix (see

Anderson (1971)). Then (x'wxia), (o=1l,...,N) are i.i.d. and

Xm - By l/il Tex
o IR O S
where
(1.4) by =m, i=1,2,
i




A special case of (1.2) will also be treated when Uc follows a first order

autoregressive process, i.e.,

(1.5) Ut = Mlc_l + € t=0,+1,42,+°* ,

t’

where |k| <1 and st's are 1.1.d. NP(O,A). Then we can take (see Anderson

(1971))
(1.6) r=p2, |po|<1.

Let Hi. denote the hypothesis that Wo is from m, (i=1,2). When Bys By

and I are known the form of a likelihood-ratio rule (see Anderson (1958))

is given by the following: Accept nl iff
(1.7) WS ((Xg8y3E)) = ((Xg=bp3E)) > K,

where k 1is a constant, and for a pxl vector Y and a pxp nonsingular

matrix B
(1.8) ((¥;B)) = ¥'3" Y.

When some of the parameters Bys Wy and I in (1.7) are unknown we replace
them by their respective estimates, chosen suitably, based on the samples
(x'mxia), o=l,...,N. Such rules will be called plug-in likelihood-ratio
(PLR) rules. The notion of PLR rules was first introduced by Wald (1944).
In this paper we assume that by and b, are not known and we consider
several cases depending on the available knowledge about ¥ and T.
The estimates of i, and W, will be taken, respectively, as 1-(1 and 'xz,

where
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(1.9) X, = X i=1,2. |
1 g @ ) i

Define 1

N -— s
= - - ', =

(1.10) 844 021(x‘°’ xi)(xja xj) 3 i,j=1,2, :
]

The plug-in version of W* is given in general, by
(1.11) - & %)X, - 2FA4X,)) :
. W = &%, 0 = 2(¥1+%y))» :
where the matrix B 1is defined below.
Case (a): B =X, when £ 1is known.

Ve

Case (b): When I and T are unknown,

(1.12) B = (5;,+5,,)/(:-2).
Case (c): When I 4is unknown and T = pI with known ¢,

(1.13) B= (Sll-pslz-p321+szz)/(l-pz)(2N-2).

Case (d): When I 1is unknown and T = pZ with unknown p,
(1.14) B= (su-l-szz)/(ZN-Z).

Note that in each of the above cases B is an unbiased consistent
estimate of IZ. In csses (b) and (c), B 1is an asymptotically efficient
estimate of I; however, an asymptotically efficient estimate of I in

case (d) is difficult to obtain (when p > 1). The limiting distribution of

Huul!-'.umlvtthnruncc o anduan-;-‘atfxo is fromﬂ‘lnndnnn




(1'15) Q= ((I-"l'liz;z))-

We shall assume a > 0.

In this paper we derive asymptotic expansions of the distributions |

of (W, - 38)/a.12 ana (w, + J8)/a, 1/ s

respectively, in powers of 1/N, where §

when 6X0 il and €X

(1.16) a, = ((il-'iz;n)).

Anderson (1973) obtained the asymptotic expansions of these distri-
butions when T = 0 and B 1is given by (1.11). We shall closely follow
Anderson's method; however we have to modify and extend Anderscon's results
because'il and'iz are correlated and the presence of T leads to a different
estimate of Z.

We shall also derive asymptotic expansions of the distributions of
1/2 1/2

(4 - 300/a? ana u, + Jo) /e

This would extend the results of Okamoto (1963) who derived these

when 8X0 Y and 3x0 =y respectively.

asymptotic distributions when T = 0 and the usual estimate is taken for Z.
For deriving these results we shall again follow Anderson's method which is
much simpler than Okamoto's method.

Finally, asymptotic expansions for P (WN'S 0) will be obtained under
and H,.

1 2
In classification theory, usually the training samples from “1 and T,

both the hypotheses H

are drawn independently, i.e., on different sets of units. This is the
first paper where the classification problem is treated with a dependent
training sample which occurs quite often in practice. The results in this
paper also reveal the influence of the covariance matrix T on the distri-

butions and the probabilities of misclassification.
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2. Asymptotic Expansions of the Distributions of Studentized HN

There exists a nonsingular pxp matrix L such that

L'=1I,
(2.1) P
LTL' =D = dhg(pl,...,pp).

It can be seen that w“ and (J.R (in all the cases (a)-(d)) are invariant

under the transformations

Xy = L(Xy=#y)
X, = L(X;~H,)
) e
X, = L(X,=4)

= Ls L'; 1,j-1,20

Si3 1

Hence, without loss of generality, we shall assume that

Z=1I, T =D = diag(Pys-++sP_)>
(2.3) P 1 P

“1 - o’ “2 s '6)
where
- (2.4) §'8 = a.

g - As in Anderson (1973), we define Y, Z and V as follows.

ks - - /2 = 1/2
Rs s X, - X, =6 +7%Y/ s X, =2 A
i @.5) 3§59 i o . S
> B=I +V/n""% n = 2(N-1).
3 Then
\ e 0 ,2(n/N)(1-D) (n/N)(I_-D)\ -
F‘, a8y >~NZPL<0/,< P A

(n/N)( IP-D) (n/N )Ip

p
N

-

S -- ’, -’-‘ﬂ‘"
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Let ¥ = (Yl....,Yp)', Z= (Zl.....zp)', V= [v’.jlo Let Jn be th

subset of the sample space defined by

1/2 1/2

(2.7) 3, = {ly,] <4(og 0)™'%, |z,| < 2(10g n)™'%,
|Vij| < 2 108 n; 1.]‘1.2,....1’}.

The proof of the following lemma is given in the appendix.

3

Lemma 2.1: P(J) =1- o(n'z). j

Now b
(2.8) ay = (Sr/n'l?; 1 vty
and let
(2.9) Gy = (+1/2Y2y (1 p+V/nu 2y-12/0t/2y,
(2.10) G = ((&+1/a2; (1 4v/ml%?y).

P
Assume now Gxo = 0 (i.e., under nl). Then
(2.11) P(W, < ) = ed((uq, M 26, 06,72,
where & 1is the c.d.f. of N(0,1). Now
leat ua, %40, 0 /6,5, 2103
1/2 1/2

(2.12) - 8 (w46 /6 7|

< %@ = o™,

where X stands for the indicator function of a set.
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Following Anderson (1973), it can be shown, for sufficiently large

n and ¥, 2, V in Jn’ that

1/ -1/2

8,246,016, /%1 = 2(w) + 2 M Zprez, v
(2.13)

+ 2 o D(x,2,V) - (w/2)cA(Z,M] + R,
where @(u) = d¥(u)/du,

(2.14) C(Z,V) = (u/202)6'V6 + (6'2)/A,

(2.15) D(Y,Z,V) = A~ L(y'z-6'vz)
+ A"2u(8'VY-6'v26)
- A"3(6'¥6'2-8"26"v6)

+ a2 (7/8) (6'v8)2-5'¥6v8],

Rn is the sum of three terms Rln’ Rzn and R3n’ where Rln is a homogeneous

polynomial (not depending on n) of degree 3 in Y, Z and V multiplied by n'3/2,

R - is a homogeneous polynomial (not depending on n) of degree 4 in Y, Z and V

2
muiltiplied by n2, and R, is O((log ) /3%y,

Next, we follow Anderson's method, although we clarify his results
and fill in some gaps. First note that the expectation of a polynomial in

Yi's and Zj's is 0(1l), and

2k-1 1/2

(2.16) ev, 2 = o(a” o

), evy,H = o)




for any positive integer k. We shall now obtain the expectation of

the right-hand side of (2.13) multiplied by x(Jn).

C[G'Zx(Jn)] = 0 gince €Z = 0 and Jn is symmetric about 0 in zi and

-3/2

the density of zZ, is symmetric about 0. Moreover, &[6'v6x(Jn)] = O(n ),

since &V = 0,

lecs verxea| = |6evxc Ssl,

(2.17) el |V1_1|X(|V1j| > 2 log n)]

2

Y2p1x(|vy4| > 2 108 ] = 0(a™3/2)
by taking k = 3 in (A.3). Thus

(2.18) erc(z,Mx(I )] = oa™/?).

Next, by Cauchy-Schwarz' inequality

lerncx,z,m)- (w/2)c* (2,01 - e[D(¥,2,0)-(w/2)c2 (2, M) Ix(I,) |

(2.19)
1/2 1/2

< 1e(p(2,2,m)-w/2)c* 2,021 2 (2(3 6112 = 0 a7},

Similarly
; -2
(2.20) Ienln-enlnx(.:n)l = 0(n"%).

Since the third-order moments of the elements of Y, Z and V are either 0

1/ 1/2

or O(n” 2), 8R1n = 0(n"'“). Note now

(2.21) IcRan(Jn)l <elr, | = o),

! Pt o |
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Theorem 2.1: When H, obtains

5/2

(2.22) ler, x(3)| = 0((1og 0)°/n>'2) = o(n”?).

Combining the above results, we get

1/2 -1/2]

e[ (uly

= (u) + n‘lep(u)e[n(y,z,V)-(u/Z)cz(z,V)1 + 0(a").

(2.23)

The following theorem is thus proved.

1

rrcy - a2 <

= 8(u) + 0~ Yo(u)E[D(Y,2Z,V)-(u/2)C2(Z,V)] + 0(n~2). s

Note now

1/2
2yl 0ky - /%% <
= 2,0 (4 + 300/

where P1 denotes the probability under Hi’ i=1,2. Thus we get the follow-

ing corollary.

(2.24)
1/2

Corollary 2.1.1: When H, obtains

2
1/2

PL (W + 3%)/Q

= 8(u) - n" Yp(u)e[D(Y,Z,V)-(u/2)c2(Z,7)] + 0(n"2).

The above two results are similar to those of Anderson's (1973) except

that we needed a modified proof to treat our case. The presence of T now
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leads to new problems regarding the evaluation of €D(Y,Z,V) and &cz(z,V).

We shall consider this now for different cases.

Case (a): B = Ip. In this case V = 0 and lvij‘ < 2 log n for all

i,jJ trivially holds.

en(Y,z,v) = A" leqy'z) - a™3e(s'v8'2)
(2.25)

=8 Y/ £ (1-p,) - A™3(n/N)8" (1_-D)6.
=] P

P
In terms of the original parameters,
-1 -1

en(Y,Z,V) = A (n/N)tr(Ip-E T)

(2.26)
- -1 -1
- 873 @m % (b ) B HE T )]

For the special case T = pZ,
(2.27)  ED(Y,Z,V) = A" L(a/N)(p-1)(1-p).
Next

(2.28) ec2(z,v) = a~%(8'2)2 = (a/N).

For what follows, (n/N) is replaced by 2. Theorem 2.1 now yields the

following:

Theorem 2.2: When B = £ and Hl obtains

PLCH, - 38/6, % < ul = 8(w) + 0 pew)i2a p-1) - 287 ler (@ Iy

+ 2873 1) T ) - ul + 07D,




which reduces to

8u) + 0" Yo (28" (p-1)(1-p) - ul + 02,

when T = pZ.

Case (b): B = (Su+szz)/(2N-2).

Note that
G[D(Y,Z,V)-(u/Z)Cz(Z,V)]
= 287 ex(2,-D) - 2A'36'(IP-D)6 - u - ur"Ze(s'v%5)
(2.29) + [7/8)ud~%-u3/88%)1e(8'v8)% + 0a™hy.

In this case

-1/2

(2.30) V = (4n) [nlaz-zup],
where
(2.31) Bl = Su + 822 + 312 + 821 ~ Vp[Z(Ip+D) ,n/2],

and By and Bz are independently distributed. Hence
2 -1 2 2
(2.33) &v” = (4n) [&(31-631) + 5(32-882) 1.

(2.3)  €(8'v8)% = (4n)"{var(8's,8) + Var(s's,8)].

We shall reduce the above expressions using the following lemma.

et




Lemma 2.2: Let A be a pXp random matrix distributed as wp(A,n), where A

is a nonsingular diagonal matrix. Then

(@) eca-ea)? = ofA? + Actr M)],

and for any vector 8 # O

(b)  Var(8'A8) = 2m(8'A8)2.

The proof of this lemma is omitted.

Thus

ev? = (4n)"lla@x p+D)2+4(Ip+D){tr(IP+D)}

+ 4(xp-n)2 + 41 -D){tx(T_-D)}1 (n/2)

(2.35) = [(PH)I, + (tx DD + 0?1,

(2.36) e(6'v%6) = (p+1)a2 + §'D%6 + 8'Dé(tr D),

(2.37) e(8've)? = 21a% + (6'08)2.

From Theorem 2.1 and the above results we get the following theorem.

Theorem 2.3: VWhen B = (su-'-szz)/ (2N-2) and H1 obtains

PL(W, - %ﬁ.ﬂ%"’ Sul = ¥u) + n"ep(u)[zA":rap-z"f) -u

- 2730 @My 0y y) - u(ph)

- M'z(ul-uz) '2'178'11'2'1(»1-;&2)
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- w72y oy) 'R G e (i) + (760 - w0
+ 1™ - @a 8H 1168 T w1 + 07D,
which reduces to
#(u) + 0" Tp(u)[ (2/8) (p-1)(1-p) - ulp + 1/4 + (p-3/4)p%}
- 8 (4H] + 0™,
when T = pI,
Case (c): B = (s11 pslz-ps2 22)/(l-p )(2N-2), and D = pI
In this case 2(N-1)B ~ Wp(Ip,n), and
v = o/ 2[3-2(8)].
Hence, from Lemma 2.2
(2.38) e(6'v26) = (pr1)a2,
(2.39) e(6'v8)2 = 282, i

Theorem 2.1 now yields the following.

obtains

L = = 2
Theorem 2.4: When T = pE, B = (S,-PS,,=PS, +5,,)/(1-p*)(2N-2) and B,

LG, - 394010 % < u) |

= 3(u) + 0" lpu) (28”1 (1-p) (p-1) - u(ptl/a) - uw3/4] + O(n”2).

s i &

I g g b 1~ T

R LB g

-
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3. Asymptotic Expansions of the Distributions of Normalized wn.

First note that under H

1
BRI - g0/t < 6l = ert + Jo,00, R,
where
(3.2) v =u + 8%/2,
(3.3) G, = &%) '8 X, Ky,
and G, 1s given by (2.10). Define U= (Uj,...,U )" by
GaGs . &%) = v/al/? - s,

and Y and V by (2.5). Then

Y Y (n/N)(I_-D) (] S
s Cyenl@ 0 e e

2(n/N)(Iﬁ+D)

Redefine Ju by J:, where

1/2 /2

3% = {1y, < 4(108 "2, |y | < 4(108 m*

(3.6)

|vij| < 2 log n; i,j-l,...,p}.

Then it can be shown as in Lemma 2.1 that

(3.7 R = 107D,

Replacing J % by J: and proceeding as in Section 2 it can be shown that

under H

1

14




PL(Y - F0/at2 <l

(3.8) = #(u) + 0" lp(u)E[D*(Y,U,V) - (u/2)C*3(Y,U,V)] + O(n"2),

vhere ;
D*(Y,U,V) = (28)" L [U'v+s ' vy-8'v28-0ve] |
- 2831 (8'7-6'v8) (U646 'V6-8'Y) ] |

(3.9) -uf (28%)" 138 v2s4u'v-48'vY) - 3(20%)"L(6'v-5'v8)2,

(3.10)  C*(Y,U,V) = (28)"1(U'6+8'v8-8'Y) - ur"2/8'¥-5'V8).
Now, in terms of the original parameters

eD*(Y,u,v) = e¢8'v8)2[ (283! + 3u2a®™Y

1
- e8'v28)[(28) L3uad) Y «
+ @80 yp) @2y by
. (2u/A2)tr(Ip-8'11')

(3.11) + (6u/b*) () @2y ony) + 0(L/R),

ecr?(v,0,7) = 2 + 4u?/8%a/0%) @ on,) " @ 12T Y (o)

(3.12) + [(1/28)% + (u2/8% + (u/a?)1e¢8'v8)? + oC1/n).

Case ‘a): B= IP'

Here V = 0 and we get the following theorem from (3.8) to (3.12).
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Theorem 3.1: When I is known, B = I, and nl obtains

1/2

PL(H, - Se)/a < ul = 80w + 07287 ) s My )

E ot 2uA'2tr(Ip-2'1'r)
28”4287 ) @ s M Y o)

+ 608"y @27y ()] + 067D,

g

which reduces to

#(u) + 0" Tp(u)[2(1-p)a" Lou-2(p-3) (1-p)ur~2

- 2(1-p) (u3r"24u28"1y] + 0(a72y,

wvhen T = pZ,

Case (b): Z and T are unknown, and B is given by (1.11).

In this case, P[ (WN - %’a)/allz < u] under Hl can be obtained from (3.8),

(3.11), (3.12), (2.36) and (2.37); due to its lengthy form the explicit ex-

pression is omitted.

L {is unknown, T = pT with known

Case sc}:
From (3.8), (3.11), (3.12), (2.38) and (2.39) we get the following.

Theorem 3.2: When nl obtains and B 1is given by (1.12)

1/2

Pl - 300/0M2 < u) = Bw) + 2 Yp(ua12¢1-p)0" Reu(3p-1)/2

- A(p-1)/2 - 2(p-3)(1-p)ud"2 - 2(1-p)(ud"L4ulr"1)

cu(8?/4 + vZub)] + 0(n"2).
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Similar results can be obtained when nz obtains using the following ‘?

relation:

1/2 1/2

(3.13) P LW - -%a)/a Sul =P[R + -;a)/a > ~u],

where Pi is the probability under ni (i=1,2).

4. Asymptotic Expansions of Probabilities of Misclassification.

Let us consider the rule which classifies xo into "1 iff

4.1) We 2 o,
where “N is given by (1.11). Then the probability of the misclassification
(PMC) for this rule under H, is given by

1/2

(4.2) P LW ~ J0)/at? < a2,

and its asymptotic expansion can be obtained from (3.8) with u = A/2. It

follows from (3.13) that the PMC for this rule under a2 is the same as (4.2).
Using results in Section 3 we shall now state the asymptotic expansions of

(4.2) for different cases under consideration.

When I 1is known and B is taken as I, (4.2) reduces to
8(-8/2) + o~} -1 -1
% 9(8/2)[8/2 + A7 lex(z -2 ')
(4.3)
-y ' €2 MYy - ) (872 040) Y] # 07Dy,

In particular, wvhen T = pZ, (4.3) reduces to

(4.4) 8(-0/2) + n'lv(AIZ)[A(l-l-p)/lo + A-l(p-l)(l.-p)] + o(n'z).




When T = pT with known p but unknown £, and B 1is given by
(1.13), (4.2) becomes L

(4.5) §(-0/2) + n'1¢(A/2)[A(p-1)/4 + ACl+p) /4 + (p-l)(l-p)A-I] + O(n'z). I
When T = pZ with both p and I unknown, and B is given by (1.15),

(4.2) reduces to

(4.6)

1
#(-0/2) + 0" lp(8/2)[AQ140) /4 + A(1+02) (p-1)/4 : j
:
:

+ (-1 (-0 + 0”2,

Remarks:

(1) Assume p > 1. Then the PMC of the rule given by (4.1) can be
studied as a function of p, to the order of approximations indicated, ' 4

when T = pZ. It follows from (4.4) and (4.5) that the PMC's in these two :
i
2 {

cases increase (or decrease) with p when A® > (or <) 4(p~1). It follows

from (4.6) that the PMC in this case 1ﬁcreases (or decreases) with p

according as p > (or <) [ZA'2 - (2p-2)'1].

(i1) When p = 1, the PMC's in all the cases are increasing functions ;

of p. However, it is shown in Bandyopadhyay (1974) that the exact PMC

decreases as p decreases when A 1is large and it increases as p decreases

when A 1is small.

(1i1) When T = 0, the results in Section 2 yield Anderson's results

(1973) and the results in Sections 3 and 4 yield Okamoto's results (1963).




APPENDIX

Proof of Lemma 2.1:

- 2
| pLly,| > 4tog /2 = GHU2 [ L2,
t

n
‘ where
£ = 4Clog m 21260y (102172,
% By Mill's ratio inequality
2
pLlY,| > 4(10g )12 < &H1/2 U2y )
{ Now
2
E i e-cn /zt-l
g n
-8 log n/(n-N)(1l-p,)
- [4(10g n) /2 2(a/m) (1-p 3} /271
8N/n(1-p,) 2
- [n Y (108 m Y21 20140,y (1 M2 (1/8)

< [n%(10g )21 (2)"12 & a2y,

B
-
; V" 3

[ Hence
B (A.1) PLIY, | > 4C1og 0)V/?) < o(a™D).

’F Similarly
B 14

k
ﬁ (A.2) Pllz,| > 2(108 ;)2 < o(n”?).
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From (1.12) and (1.13) it follows that B = Bl + Bz.
(N-I)Bk ~ wp[Ip,N-I], (k=1,2) but Bl and Bz are not necessarily

independent. Let B, = ((Bi.jk))’ Now

V1>2108n

i

® (-/n/Z)[Blu +By, - 2]>21ogn
® (0/2)(By,, +B,,,1> 2/n log n + n.

Hence, for 6> 0

P[Vu > 2 log n] < ."("‘ log n + n/2)

(0/2)(B,,, +B,,,)(N-1)
B e
& ‘-0(/11 log n + n/2)

o(N-1)B O(N-1)B,,, .-
‘Ele L L, 2 101/2)

- e 9(/n log 0+ 0/2) ) o00-n/b o o1/,

Let
(A.3) @ =k//n.

Fix k and let n be sufficiently large such that k//n= @ < 1/2. Then

r[vu > 2 logn] < .-k/'nlz.-k log B(1-2k//n )-n/l..

But, since n/4 = (/0/2k)k/n /2, we have




i e et b

21
P[V,; > 2 log n] < Constant scRlogn Lok “
Similarly
P[-V,. > 2 log n] < O(n-k). ]
ii -
3
Hence
E
@a.6)  Prlv,| > 2 log n] < 0(x”%).
Now let i # j.
vij > 2 logn ,
® (n/l&)(Bnj + BZij) > /n log n. ,
Hence q
(n/4)e(B + B,.,)
P[V;;> 2 log nl < e O/nlogn 143 ~ "21§
(n/2)6B (n/2)6B A
t i 4 e 232
- e OB logng 290/b 4 g <y,

Again, for fixed k and for © as in (A.3) and for sufficiently large n

such that @ = k//n < 1/2, we have

-k log n -n/4

= 0(a"%).

P[V (1-k2/ n)

Y

i.j>210gn]53

Similarly,

;

#

-

L
ﬁ_‘; s 4 P['vij > 2 logn] < O(n'k).
r“;.

;




(A.5) p[lvy,| > 2 log nl < o™%).

Lemma 2.1 follows from (A.l), (A.2), (A.4) and (A.5) for k> 2.
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