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SUMMARY
I i  —

Asymptotic expans ions of the distr ibut ions of some classificat ion

stati stics and associate d probabilities of misclassification are con-

sidered for a two populatio n classification pr oblem when the population

distributions follow a stationary Gaussian process. Special cases have

been considered when the population distributions follow a first order

autoregressive process and , in particular , the probabilities of mis-

classification is studied as a function of the measure of dependence

-
‘ between the two populations.
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1. Introduction: Let be an experimental unit which is a random

outcome from a population 17. It is known that IT is identical to one

of the two specified populations 
~~ 

and 
~2’ where iT

1 
and denote the

same population TT* at two different points of t ime t1 and t2, respectively.

Let — X(w0) be a pXl vector of measurement on the unit w0. The problem

is to identify iT with one of iT~~ and based on X0 and the knowledge of

the distributions of X0 in 17
1 

and iT2, which are not completely known.

Information about these distributions is obtained from a samp le of N

units w1,. . . ,u~ (called training samp le) from 17* with as the

X-observation on the unit observed at t ime t~ , a—l , . .. , N; i—l ,2.

Let denote the X-observation at time t. We shall assume that

- - 

(1.1) X~ — m~ +

where U~ follows a stationary Gaussian process, and in particular ,

(1.2) (:::) ~~
N2p [~~ O

)~~( T ~)]‘

~hr e  E is a nonsingular matrix and T is a pXp sy~~~tric matrix (see

Anderson (1971)). Then (Xj~X~~), (~—l,...,N) are i.i.d. and

(1.3) (
X~~
) ~~

N2P [~~~ ’)~(

where

(1.4) — m~~ , i l ,2.

____________________________________________________________________________________________________ • ~ - .-- - -‘~s~~~ r - ________
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A special case of (1.2) will also be treated when follows a first order

autoregressiv e process, i.e.,

(1.5) Ut — XU~_ 1 + a
~

, t—O ,±l,±2, ”

where lx i  < 1. and 
~~~~ 

are i.i.d. N ( O ,A). Then we can take (sea Anderson

(1971))

(1.6) T — pE, ipi  < 1.

• Let Hi denote the hypothesis that is from TT~ (i”1,2). When 
~l’ ~2

• 

• 

and E are known the form of a likelihood-ratio rule (see Anderson (1958))

is given by the following: Accept H1 if f

(1.7) Wk 
~~ ((X0-i’2;E)) - ((X0-tL 1;E)) > k,

where k is a constant , and for a pxl vector Y and a pXp nonsingular

matrix B

(1.8) ((Y ;B)) — Y’B~~T.

When some of the parameter s 
~l’ ~2 and E in (1.7) are unknown we rep lace

$ 
them by their respective estimates, chosen suitably, based on the samples

(X~~X~~), ~—1,. . . ,N. Such rules will be called plug-in likelihood-ratio

(PLR ) rules. The notion of PLR. rules was first introduced by Wald (1944).

In this paper we assume that &l and 
~2 

are not known and we consider 
• I

several cases depending on the available knowledge about E and T.

— —The estimates of 
~l 

and will be taken , respectively, as X1 and X2,

where ~~~
-

:1

• - 

-
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-
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N
(1.9) 

~i 
— E X~~, i—1,2.

Define

(1.10) S~~ — ~~~~~~~~~~~~~~~~~ L,j1,2.

The plug-in version of Wk is given in general, by

(1.11) ~r4~ — (~1—~2
)’B~~(X0 

-

where the matrix B is defined below.

Case (a): B — E , when E is known.

/

• Case (b) : When E and T are unknown,

(1.12) B — (S11+S22)/ (2N—2 ) .

Case (c): When £ is unknown and T — pE with known p,

(1.13) B — (811—pS12—pS21+S22)/(1—p
2)(2N-2).

Case (d): When E is unknown and T — pE with unknown p ,

(1.14) B — (S11+822)/(2N—2).

- - - Note that in each of the above cases B is an unbiased consistent
* 

-

estimate of E. In sass (b) and (c) , B is an asymptotically efficient

estimate of Z; however, an asymptotically efficient estimate of £ in

• case Cd) is difficult to obtain (when p> 1). The limiting distribution of

t as N -‘• is normal with varianc, a and mean if is from IT
1 

and mean

- ~cr if 10 is from IT2, where

~~~~~~~~~~ —~~ ——-— -- ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ ~~~: ~~~~~~~~~~~~~~
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(1.15) a — ((~ 1—~&2 ;E)).

We shall assume a> 0.

In this paper we derive asymptotic expansions of the distributions

of (
~ - ~%)/%

l/2 and (ISi + ~%)/c3~l/2 when ex0 — and ex0 —
respectively, in powers of 1/N , where

(1.16) (Z.~ ((i1—~ 2 ;B)) .

Anderson (1973) obtained the asymptotic expansions of these distri-

butions when T — 0 and B is given by (1.11). We shall closely follow

Anderson’s method ; however we have to modify and extend Anderson’s results

because a~d are correlated and the presence of T leads to a different

estimate of £.

We shall also derive asymptotic expansions of the distributions of

(W~ - .~a)Ict
lh’2 and (W~ + ~a) Ia1’2 when ex0 — ~l and — 1 2~ 

respectively .

This would extend the results of Okamoto (1963) who derived these

asymptotic distributions when T — 0 and the usual estimate is taken for E.

For deriving these results we shall again follow Anderson’s method which is

much simp ler than Okamoto ’s method .

Finally , asymptotic expansions for P (W~ < 0) will be obtained under

both the hypotheses H1 and H2.

• In classification theory, usually the training samples from IT
1 and 112

- . 

-
~~

- are drawn independently , i.e., on different sets of units. This is the

first paper where the classification problem is treated with a dependent

training sample which occurs quite often in practice. The results in this

paper also reveal the influence of the covariance matrix T on the distri-

butions and the probabilities of misclassification.

*1~~~~.

—•—~~~~~
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-
~~‘~
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2. Asymptotic Expansions of the Distributions of Studenti$~4 ‘Si
There exists a nonsingular pXp matrix L such that

La’ — I
(2.1) 

p
L1L’ — D — diag(p 1,...,P ~ ).

It can be seen that W.,~ and ~~ (in all the cases (a)-(d)) are invariant

under the transformations

-. L(X
0

-I &
1
)

— ~ L(X1-~1~)
(2.2)

~ L(X~-IJ 1)

S~~~ -. LS
i~

L ’ ; i,j 1, 2.

Hence , without loss of generality , we shall assume that

E — I , T — D diag(p , . . .,p ),
2 3  p 1 p

where

$ • (2.4) 6’6 — a.

As in Anderson (1973), we define Y , Z and V as follows.

- — 6 + Y/n 112 , X1 —

• B — I~~+ V/n , n — 2 ( N - l ) .

Then

(2.6) 
~~~ 

) N2p [ c :~ ~~
— - _ r~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~
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Let Y — 
~
TI’•••’Tp~

’’ Z — ~~~~~~~~~~ V — EV~~J .  Let be the

subset of the samp le space defined by

(2.7) — CI Y ~I < 4(log ~) l12 , ~z~I < 2(log

- Iv~ l<  2 log n;

The proof of the following le~~~ is given in the appendix.

L e a  2.1: P ( J ~)  — I — o(n 2).

Now

(2.8) — ( (54~f/ 112 I~+V/nt”2)).

and let

(2.9) — (~~Y/n U2 ) I ( I~+VInU2 ) 1(Z/ n hI’2 ) ,

• (2.10) — ((6+Y/n~
’2 ; (I~+V/nU2)2)).

- Assume now ex0 — 0 (i.e., under H1). Then

-

~~ 

(2.11) P(~~ < u) — eI((~~ 1’2~~~)G~~ 1’2J ,

where I is the c.d.f. of N(0 ,l). Nov

IeeE (t ’24G1~) IG~,
’’2 ]x (J~)

(2.12) — 

:11 (
~~

4
~1/244 )/Q l/2 J I

,~~ C x(J~1 ) o(n ),

where X stands for the indicator function of a set .

p- - 4 .

________________________________________________________________________
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Following Anderson (1973) , it can be shown, for sufficiently large

n and !, Z,V in Jn, that

— 1(u) +
(2.13)

+ n 1ç(u)(D(Y ,Z ,V) - (u/2)C 2(Z,V)J + ~~

where ~(u) — dI(u)/du,

(2.14) C(Z,V) — (u/2A 2)6’V8 + (6’Z)/A ,

(2.15) D(!,Z,V) — A~~(y’Z-6’VZ)

+ A 2u(6’W 6’V26)

— A~
3(6 ’Y6 ’z— 6 ’z6 ’v6 )

+

and

A — all2

Rn is the sum of three terms Rjn~ R2n and R3n~ where R1~ is a homogeneous

polynomial (not depending on n) of degree 3 in Y, Z and V multiplied by

R2~ is a homogeneous polynomial (not depending on n) of degree 4 in Y, Z and V

multiplied by n 2, and R3~ is O((log

Next, we follow Anderson ’s method , although we clarify his results

and fill in some gaps . First note that the expectation of a polynomial in

Y~ ’s and Z ‘a is 0(1) , andJ

(2.16) ~~~~~~ — O(n4’
~
2), CV~J

2k 
— 0(1)

p.-

- - - --——~~~~~~~~~~~~~~~~~~~ ——- —.———-——--
~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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for any positive integer k. We shall now obtain the expectation of

— the right-hand side of (2.13) multiplied by X(Jn)•

C(6 ’Zx(J~
)] — 0 since Cz — 0 and J is symmetric about 0 in and

the density of is symmetric about 0. Moreover, C[6’V6X(Jn)] — 0(n 3
~
’2),

since C V — 0 ,

— I 6 1~~ X(~l 
C
)51,

and -

(2.17) e(IV ijIx (IV jjI > 2 log n)]
~ 

~~~~~~~~~~~~~~~~ 2 log n)] o(fl 3/2)

by taking k — 3 in (A. 3). Thus 
- 

-

-

• (2.18) C(c(Z ,v)X(J )J - O(n 312) .

Next , by Cauchy-Schwarz’ inequality

IC(D(Y,Z,V)-(ul2)C2(z,V)1 - C(D(Y,Z,V)-(u/2)C2(z,V)Jx(J )i
(2.19)

• 
- < [C(D(Y~Z~V)_ (u/2)C2(Z~V)}2]U2(p(Jn

C)] LI2 
— o(n~~).

Similarly

(2.20) ICR]J.~
_CR

1flXI~Jfl)I — 0(n 2).

Since the third-order moments of the elements of Y , Z and V are either 0

or O(n~~
’2), CRln — O(n~~

”2). Note now

(2.21) ICR~ X(Jn) I 
~~~ 

e~R2~ — 0(1) ,

~ -
~~~,

- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- - -~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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(2.22) IE.R3 X(J)l — O((log n)5/n
5
~
2) — o(n 2).

Combining the above results, we get

Cl(
(2.23)

— 1(u) + n~~cp (u)C[D(Y,Z,V)— (u/2)C
2(Z ,V)] + O(n2).

The following theorem is thus proved .

Theorem 2.1: When H1 obtains

- J%)/~~ l/2 
~~~~

— 1(u) + n~~cp (u)C(D(Y,Z,V)-(u/2)C
2(Z,V)I + 0(n

2).

Note now

P t  (~ - 1%)/~~~l/2 <u]
(2.24)

— 

~
‘2~~~N +~~ N)l%

U2 > -u],

where P~ denotes the probability under H~ 1 1—1,2. Thus we get the follow-

ing corollary .

.4 Corollary 2.1.1: When H2 obtains

2 2
— 1(u) — n~ cp(u)C(D(Y,Z,V)—(u/2)C (Z,V)] + O(n ).

The above two results are similar to those of Anderson ’s (1973) except

that we needed a modified proof to treat our case. The presence of ¶ now

- —~~~~~~~~~~ -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

__
~~~~i~~~ —~~~~~~-_--~~ 

~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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leads to new problems regarding the evaluation of £D(Y ,Z,V) and CC2(Z,V).

We shall consider this now for different cases.

Case (a): B — I~,• In this case V — 0 and lv~ I < 2 log n for all

i,j trivially holds.

CD(Y,Z,V) — A~~C(Y ’Z) - A 3e(6 ’Y6’z)
(2.25)

— A~~(n/N) E ( l— p 1) — A 3(n/N)6’(I —D)6.
-
~~~~~~ i—I p

In terms of the original parameters ,

CD (Y ,Z ,V) — A4(n/N)tr(I -E~~r)
(2.26)

- 

-

For the special case T —

(2.27) CD(Y ,Z ,V) — A4(n/N)(p—l)(l—p).

Next

• (2.28) &C2(Z ,V) — A 2C(S’z) 2 
— (n/N).

For what follows, (n/N)- is replaced by 2. Theorem 2.1 now yields the

following: J

- - Theorem 2.2: When B — E and H., obtains
1~

P((WN - 
.~%),c~

1/2 
~ ui — 1(u) + n~~p(u)(2A

’(p-l) - 2A~~tr (E~~T)

+ 2A 3(P 1-4A 2)’E TE4O~1-$.I2) - U] + 0(n 2),

p.- -

c: ~~. -
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which reduces to

1(u) + n~~cp(u)(2A4(p— l)( 1— P ) — u] + O(n 2),

when T pE.

Case (b):~ B — (S11+S22)/ (2N—2) .

Note that

C(D(Y ,Z ,V)-(u/2)C2(Z ,V) 1

— 2A4tr(I~-D) - 2A 36’(I~-D)6 - u - uA 2C(S ’V26)

(2.29) + [ (7/8)UA 4— (u 3/8A4)]C(6 ’V6 )2 + O(n~~).

• In this case

(2.30) V — (4n) ”2EB1+B2_2flI~]~

where

- . 

- 

(2.31) B1 — S11 + S22 + ~l2 
+ 
~2l ~- W ~12(1~+D).uu/21~

(2.32) — 

~ll 
+ 
~22 

— — s21 — W~(2(I ~—D)~n/2]~

and 
~1 and B2 are indep endent ly distributed . Hence

(2.33) CV2 
— (4n)4[C(114B1)

2 +

(2.34) C(6’V6)
2 
— (4n)~~iVar(6’B16) + Var(6’B26)].

We shal l reduce the above expressions using the following l ..

~~~~~~~~~~~~ ! ~~~~~~~~~~
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Lemma 2.2: Let A be a pxp random matrix distributed as W (A,m), where A

is a nonsingular diagonal matrix. Then

(a) C(A-CA) 2 
— in( A2 + A(tr A)] ,

and for any vector 6 ~ 0

(b) Var(6’Aô ) — 2in(6 ’A6)2.

The proof of this lemma is omitted.

• Thus

— (4nY 1[4(I +D) 2+4(I +D)[tr(I +D)3

+ 4(I~_D) 2 + 4(I -D)(tr(I -D)) ] (n/2)

(2.35 ) — ( (p4.1)1 + (tr D)D + D2J ,

(2.36) C(6 ’V26) — (pl-l)A2 + 6’D26 + 6’D6(tr D),

(2.37) C(6’V6)2 
— 2(A4 + (6’D6) 2].

From Theorem 2.1 and th. above results we get the following theorem.

Theorem 2.3: ~~i ’ ~ (311~~22) I (m-2)  and H1 obtains

- ~%)/%
l/2 < u] — l(u) + n ~(u)[2A

4tr(I -E~~T) - u

- 

~~~~~~~~~~~~~~~~~~~~ 
- u(pI.1)

-

p.

— - •,~ - • •—~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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- u~~
2(~ 1-~ 2)’Z ’TE (~1-~ 2)tr(TZ 1) + ((l/4)u - u3/4)

+ ( (7/4)uA 4 
- (u3/4 A4)1((~1-~2)’E~~rE~~(i&1-i&2)]

2 + O(n 2),

- which reduces to

-
• 

- 
• 1(u) + n~~~(u)((2/A)(p—l)(1—p) — u(p + 1/4 + (p—3/4)p 2

~

• 

- 

- (u3/4)(l+p2)] + 0(n2),

when T pE.

Case (c): B — (S11—p S 12-pS21+S22)/ ( l—p 2) (2N-2) , and D — PI
E
.

In this case 2(N-l)B W ( I ,n), and

v — n’~
’2 [B-C (B)].

Hence , from Lemma 2.2

(2.38) e(S ’v26) — (p+l)A 2
,

- - 

- 

(2.39) C(6’V6 )2 
— 2A4.

Theorem 2 • 1 now yields the following.

- 
-: Theorem 2.4: When T — pE , B — (S11—p S 12—p S21+822)/(l-p 2)(2N-2) and H1 obtains

P E (W
~ ~~~)/c41

1
~
2 <u ]

— 1(u) + n~~9(u) [2A. 1( 1—p)(p — l) — u(p+-l/4) — u3/4] + 0(n 2).

j
_ J

~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- 

~~ - .. - -~~~~~~~~~~ - - ________
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3. Asymptotic Expansions of the Distributions of Normalized W~.

First note that under H1

(3.1) PI(W~ — 4rir)/riS’2 < u] — Cl[(w + . G 3~)G~~~l’2],

where

(3.2) ~~ — ~~~~ +

(3.3) G
3 

— (i 14i~2) ’B~
1(i~1—i~2) ,  

-

and La given by (2.10) . Define U — (U1~... U~)’ by

(3.4) - 

~~~~~ 
— u/nU2 

- 6 ,

and Y and V by (2.5). Then

(3.5) (
Y
) ~ N2~ ~ ~ 

(
2(n/N)(I D) 

2(nm)(I+D)

Redefine J~ by 3 ,  vl~~~~~ 
-

— CI Y ~I < 4(log fl)l/2 
~V~1 < 4(log n)L’2,

(3.6)

Iv~1l < 2 log n; i,j’.l,...,p3.

Then it can be shown as in Lemma 2.1 that
4

(3.7) 
- 

P(3 ) — 1 —

Replacing J ~ by 3 and proceeding as in Section 2 it can be shown that

under H1

—



-—— -‘ 
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P[ (WN
_ .

~cr)/or
hhl2 <u ]

- .  

- 
(3.8) — 1(u) + n 1

~(u)C[D*(Y,U,V) - (u/2)C*
2(Y,U,V)J + 0(n

2),

where

D*(Y,U,V) — (2A )4(U’Y+6 ‘VY-6 ‘V26—U’V6 ]

— (2A 3)4[(6’Y 6’V6)(U’6+6’V6 6’T)]

(3.9) -u( (2A2)4(36’V26+Y’Y-46’VY) - 3(2A4)4(6’Y-S’v6)2J,

- - (3.10) C*(Y ,U,V) — (2A) 1(U’6+6’V6—ô ’y) —

~~~

. Now, in terms of the original parameters

C
~~
(Y,U,V) — C(6’V6 )2(( 2A3)4 + 3u(2A4)~~ J

— C(6’V26) [(2A )4+3u(2A2) 1]

- + (2/A 3)(p1-i&2) 
‘

$ - - (2u/A2)tr(I —E4r)

- (3.11) + (6u/A4)(I&1—,J2)’(E
4—E 1TE4)(I~1—IJ2) + 0(1/n),

fC*2(!,U,v)~~ 2 + 4(u2/A44 i/A3)(,&1-,J2)’(E -E rE~~)(1j1—ij2)

(3.12) + ((1/2A )2 + (u2/A4) + (u/A 3)]&(S’V6)2 + 0(1/n).

Case (a): 3 — I s,.

jw!~~ 
Here V • 0 and we get the following theorem from (3.8) to (3.12) .



- ~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Theorem 3.1: When E is kaown, B — E, and H1 obtains

P [ ( ~ç - .~~)/al/2 ~~ u] — 1(u) +

- u - 2uA 2tr(I -E4r)

-2(u3c4~~
2A 3)(1&1-1~2) 

‘ (E4-E 1TE~~) 
~~~~~~

+ 6uh. 4(ii 1
..~2)’ ~ 

l~~. ~TE I) 
~~l

l&2~ 
+ 0(n 2),

which reduces to

1(u) +

— 2(l.p)(u3A 24u2A ’)] + 0(n 2),

when r— p E.

Case (b): E m d  T are uniniown, and B is given by (1.11).

In this case, P((W ~ - 
~~~)/ ~~1~ 2 <u] under H1 can be obtained from (3.8),

(3.11), (3.12), (2.36) and (2.37); due to its lengthy form the explicit cx—

pression is omitted .

Case (c): E is unknovn, T — P E  with~~~own p, and B is giveu by (1.12
~~~~1

From (3.8) , (3.11) , (3.12) , (2.38) and (2.39) we get the following.
4

Theorem 3.2: When H1 obtains and B is given by (1.12)

P( ( ~~ ~a)/a1’2 ~ uJ - 1(u) + n 1
~(u)(2( 1-p)A~~-u(3p..1)/2

- £(p—1)/2 - 2(p~3)(1—p)uà.2 — 2(1—p)(u3A ’24u2A4)

+ u2+u~)] + 0Cm
’2).

~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Similar results can be obtained when H2 obtains using the following

relation:

(3.13) 
~l~~’Si 

— .1~
)/a”2 <u] — P2((W.~ + 4or)/a’1~’2 > ..u],

where P~ is the probability under Hi (i— 1.,2).

4. ~~ymptotic Expansions of Probabilities of Misclassification.

Let us consider the rule which classifies into 11
1 
iff

(4.1) W.~> 0,

where W~ is given by (1.11). Then the probability of the misclassification

(PMC) for this rule under H1 is given by

- 
(4.2) P~f (I4~ 1c0/a11’2 < —A/2] ,

- 

and its asymptotic expansion can be obtained from (3.8) with u — A/2. It
- 

- - 
follows from (3.13) that the PNC for this rule under H2 is the same as (4.2).

- Using results in Section 3 we shall now state the asymptotic expansions of

$ - (4.2) for different cases under consideration.

When E is~~~own and B is taken as E, (4.2) reduces to

— 

l(—A/2) + n”
~cp(A/2) [A/2 + A4tr(I~—Z 1 T)

(4.3)

• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ + 0(n 2).

In particular , when ‘1 — PE, (4.3) reduces to

(4.4) l(-8/2) + n ’qi(A/2)[A(l+p)/4 + 64(p—l)(l—p)) + 0(a 2).

p.’



• 
,
~~~~~~ 

- - - —_.-•--
~- ._—-- - - — r.r -~~~~~- - ~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~ - - — , -~~~~:~~~~~~~~~~ --—

Whe nT— p E with known p but unknown E, and B is given by

(1.13) , (4.2) becomes

(4.5) l(—A/2) + n~~cp(A/2) [A(p— 1)/4 + S(l+p)14 + (p— l)( l—p) A ’’J + 0(n 2).

When ‘r — pE with both p and E unknown, and B is given by (1.15),

(4.2) reduces to

l(—A/2) + n4,(A/2)[A(l+p)/4 + A (l+p2)(p—l)/4 -

(4.6)

+ (p—l )( l—p) A~~] + 0(n’2).

Remarks:

(i) Assume p >  1. Then the PNC of the rule given by (4.1) can be

studied as a function of p , to the order of approximations indicated,

when r — pE. It follows from (4.4) and (4.5) that the PMC’s in these two
2cases increase (or decrease) with p when A > (or <) 4(p-l). It follows

from (4.6) that the PMC in this case increases (or decreases) with p

— according as p >  (or <) (2A 2 
- (2p-2)4].

$ 

(ii) When p — 1, the PMC’s in all the cases are increasing functions

of p. However, it is shown in Bandyopadhyay (1974) that the exact PMC

• decreases as p decreases when A is large and it increases as p decreases

when A is small.

(iii) When T — 0, the results in Section 2 yield Anderson’s results

- ? -
. (1973) and the results in Sections 3 and 4 yield Okamoto ’s results (1963) .

L L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —
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APPENDIX

Proof of Lemma 2.1:

PE ITiI> 4(log n) 112] — (~)l/2 r e
_l/2x2

d

where

t11 — 4(log n) I
~

2E2(nm)(l ..pi)]
_ l 14 2

.

By Mill’s ratio inequality

P i i~i~ > te~~og n) l/2] < (2)1/2 e~~~2tn
2
t
_ 1

Now

—t 2/2n
n

—8 log n/(n—N)(l— p~) 1/2 1/2 1— e (4(log n) - C2(n /N)(l-P~)1

• 8N/n(l_pi) 1/2 1 1/2— En (log n) ] (2(l—P i) (n/N)] (1/4)

~ [n2(log n) h/2
1 (2)~~~ 2 

— o(n 2).

Hence

(A.1) PE IY j I > 4(log ~)l/2] < o(n’2).

Similarly
-I

(A.2) P [I Z~I > 2(log ~) l~2J ~~~ o(n 2).

k

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ .-.I--,.-•~~~~- -
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Prom (1.12) and (1.13) it follows that B — B1 + B2,
(N_l)B

k — W [ I ,N-1], (k.l,2) but B1 and B2 are not necessarily

independent . Let Bk — ((B
ilk)). Now

V~~ > 2 l o g n

* (.fn/2) [B11~ + B2j i - 2] > 2 log n

~ 

(n/2)[B1~1 + 12ii1 > 2..1~ log n + n.

Hence , f o r 9 > 0

PEV j j >2 log n]~~~e~~~~~
l0 1 flIf h92)

- 

(e/2)(31~~ 
+ B2ii)(N

~
l) 

I

<~ - (1n log n + n/2)

r a(N-1)B e(N-1)B -

~
- . E Le + e J(l/2)

Let 

— ~~~~~~ 
log n + n/2)(1.,.20)_n/4, 0 <~ < ~~~~~~~~

(A.3) Q k//n .

Fix k and let n be sufficient ly large such that k/ /n — 0 < 1/2. Then

t P(VLi > 2 log nJ ~ e~~~~ /2  •~~ log ~(1-2k//n )~~~
4
•

But , sincs n/4 — (v4i/2k)k/n/2 , we have 

=-—-~~‘--~~~~ m-~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ - -~‘
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P [V~1 > 2 log n] < Constant ~~~ 
log n 

—

Similarly

2 log n] < O(n~~).

Hence

(A.4) P[IV~~I > 2 log n] < O(n~~).

Now let i #  J .

V~1
> 2 l ogn

~ (n/4) (B1~1 + B2~1) >~~tlog n.

- 
- Hence

- 

-

. 

- 

P(Vij > 2 log n] < e~~~~’ 
log n E ~~~~~~~~~~~ + B2~1

)

< e’
~~
4
~ 
log ~ E [e~~

hf2)0Bhu3 + e
( 2)0B

2ij l(l/2)

— ~~~~ 
log n(1_92)n/4, 0 <~~ < ~~~~.

Again, for fixed k and for 9 as in (A.3) and for sufficiently large n

such that 0 — k//n < 1/2, we have

P[ V~1 > 2 log n] < 
~~ log n(l.,.k2,n)_n/4 O(n~~).

Similar ly , 
-

‘I-

Pt -V~ 1
> 2 log nJ ~ 0(n45.

Hence,

- ~~_~~1~ ~~~~~~~~~~~~~~~~~ ~~~~~~~ ~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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(A.5) P(~V~11 > 2 log n] < 0(n’15.

-
~ Lemma 2.1 follows from (A.l), (A.2), (A.4) and (A.5) for k> 2.

I.

IA

—— ——- - -~~~~~i~~--~ ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
;~~~~~~~~~~~ x: ‘~~
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