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ABSTRACT

The purpose of this work was to identify and study pulse
compression techniques useful in LPI (i.e., Low Proabability of
Intercept) applications. More specifically, the technique pro-
posed should be capable of compression ratios of from 128 to
1024 or higher, and integrated sidelobes of -35 to -30 db
throughout the compression range; furthermore, it should be easy
to mechanize, and should result in minimal S/N loss. It was
concluded that nonlinear FM is the pulse-compression scheme
capable of satisfying all these requirements, and existing

technologies make its mechanization feasible.
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J, INTRODUCTION ;
" The probability of detection of a radar signal in the presence of white

Gaussian noise js maximizéd if the receiver is a matched filter to the siﬁﬁh]
[1]. 1In this case the receiver response become§ the signal autocorrelation
function. In certain.radar applications, it is aiso necessary that the |

' transmitted wayefbrm be rectangular and have as low an amplitude as péssible
bdt alvays consistent with the requirements for range~reso]ution and pfob- :
-ability of detection}. These signal design constrainis are best §at1sfied by : §
usihg pulse compression techniques_which,w111 result in the minimal possible

signa]-to-noise power loss.

‘Nonlinear FM signals have relatively low time sidelobes and result in no loss
in signal-to-noisc ratio for as long as the receiver is matched to the trans-

 mitted nonlinear FM waveform. The compressed pulse, however, is highly sensi-

~tive to frequéncy variations, and becomes extremely distorted and develops high -

sidelobes as the doppler frequency is 1ncre§sed.

Since nonlinear FM suffers no signal-to-noise ratio loss under perfect match
conditions, it becomes a serious candidate for use in a pulse compression sys-

tem. In the sequel, a digital pulse-compression system is proposed based on

nonlinear FM and capable of operating over an arbitrarily wide band of dqppler
frequencies without violating the requirements of specified sidelobe level and

signal-to-noise ratio degradation.




: I1. NONLINEAR FM PULSE COMPRESSION SIGNALS

Consider a narrow band signal s(t) centered at a carrier frequency fc with

an envelope a(t), and a phase modulation given by ¢(t). That is,

o s(t) = .a(t)cos';[Zuf t + 6(t)], -i'/2 <t<T/2

=0, elsewhere : : ' (1)

where‘l’ is the pulse length. The equivalent complex representation of the

, modulation is given by

At) = alt) explis(t)] L 1

and its corresponding Fourier transform is expressed as

A(f) = jc a(t) explito(t) - 2aft}ldt
= A(f) exp[jo(f)] (3)
where A(f) denotes the modulus of A(f). In a similar manner, one may also

. write

a(t) = ['A(F) explio(f) + 2eftlar

: = 'a(t) exp[je(t)] - (3a)
where a(t) is the modulus of 3(t).

The moduli a(t) and A(f) are related via Parseval's theorem which is

analytica'l ly expressed by

J' z(t)dt . J Az(f)df - 2% | : 4 @)

where E is the energy in the real signal.

The signal autocorrelation function, z(t), which appears at the output of the

matched filter receiver, is given by

z(t) "J.'i'(t) Ax(t+y) dr | e -

4

o2




where a*(t) is the complex conjugate of a(t). Using the Fourier transform

of a(t), one may rewrite Eq. (5) as

2(t) = fAz(f) explj2eft]df (6)
or : o :

=g 1/2
A(f)==l z(t) exp[-szft]dt} : (7)

The genera]_probIem which includes the nonlinear FM case as a special case
may be stated as follows: : ‘
"Given the two moduli a(t) and A(f), is it possible to obtain a pair of phase
functions ¢(t) and e(f) such that equation (3) (or 3a) is satisfied?f

With the exception of very few well-known cases, the general exact solution
to this problem for arbitrary functions a(t) and A(f) is not known. This
stems from the fact that Fourier theory does not provide a general set of
necessary and sufficient conditions which must be satisfied by the moduli of
a potential Fourier transform pair, that is, by a(t) and A(f) in this case.
(Note,.once again, that the reference here is to a(t) and A(f) and not to
3(t) and A(f).) Nevertheless, one may still fnsist on an approximate solu-
tion and accept it or reject it depending on how well it satisfies expressions
(3) and (3a). Such approximate solutions may be pursued by making use of the
stationary phase method of approximate intégration [2]. This method may be
applied either to expression (3) or (3a).

According to the principle of stationary phase, the major contribution to the
“integral of a rapidly oscillating function will result from regions over which
the phase of the 1nte§rand functions is “stationary“i that is, from regions

over which the derivative of the phase function is zero.
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Applying thfs technique to expression (3), one has

e Lo(t) - 2nft] = 0
or o ¢'(t) = an . G . Leage (8)

'Expression (8) 1np11es that the points in time, t, at which the total phase

becomes "stationary" will depend on the frequenqy £

One obtains a similar relatiohship using expression (3d). That is,
4 To(f) + 20ft] =
a?' 'II't]:O_ ‘
i o' (f) = - 25t Sk ' ‘- : (9)

Expression (9) implies that the frequencies, f, at which the total phase

becomes “stationary” will depeﬁd on the time, t.

It becomes apparent that in order to obtain #(t), it is necessary that we

detemmine the functional dependence of f on t, or

faglll - 0 e L gy
Use of (9a) in (8) and'subsequent integration will provide the phase ¢(t).

Similar]y, one may use the inverse of (9a), that is, :
o e ol S e e

and expression (9) to determine o(f).

Determining the functional dependence expressed by (9a) or (9b) is the ulti-
mate objective of the stationary phase approximation method. This is i1lu-~
strated by considering expressien (3a) and expanding its phase function in

a 3-term Taylor's series about the sfationary_point, say, f = ¢,and performing
the indicated operations. Key et al. [3] have shown that this yields the

approximate expression




e i o

?(t-)g 2r -e-&(-:’-z—ex_])[.ﬂz'rret‘ + o(e) + n/4}] ] (10)

whefe (+) is associated with "(e) > 0 and (~) with 6"(c) < 0. Expression

(10) for a(t) may be separated into the modulys and phase functions as follows:

Slope oy SOCE e Dl
#o(t) = 2nft + o(f) + n/4 | il s ’(1'2)

where ¢, denoting the stationary point in frequency, has been replaced by f

for clarity and in being consistent with expressions (8) aﬁd (9).

Differéntiation of expression (9) and subsequent substitdtion in (11) yields

a%(t) dt = A2(f) df ’ hEs 13)
ﬁhich in a sense establishes in differntial form thé dependence of f on t or
vice versa. Furthermore, expreésidn (13) prescribes the manne} in which the

moduli a(t) and A(7) enter in this dependence.

According to Parseval's theorem (see expresSioh (4)), Eq. (13) must yield

J' a2(t) dt =J° W3(5) df : ke (18)

Bdt more importantly, given time t (or frequency f) we want to know the corre-

sponding frequency f (or time t) such that

t

' J a%(y)dy
or equally valid

t '
.J az(y)dy = loAz(x)dx ; : (16)

J A2 (x)dx (15)
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Equations (15) and (16) provide.two possible solutions regarding the de-

pendence of f on t, or vice versa, given two moduli functionsa(y) and A(x).
If the integration§ implied by (15) and (16) are not tractable analytically, |
one may employ computational techniqués to obtain the dependence of f on f

or vice versa.

One speciél case of interest is the one in which the signal envelope or

modulus a(t) is given by

a(t)

1, =T/2 <t <T/2

_ 0, elsewhere B _

" and the spectral function or modulus A(f) is such that when processed by the
matched filter receiver results in the prescribed response. The choice df
A(f) for a specified sidelobe level and compressed pulse shape can be made

from any of several well-known families of spectral functions [3,4].

Appendix-1 provides the computer program used to compute numerically fhe re-
quired phase function &(t) given az(x) =1, -T/2 < t g_T/Z, and arbitrary
spectral functions for Az(f). In the prpgrém, use of expression (15) is made
to compute the value of f corresponding to a given t; and this informatfon

is subsequently utilized in Eq. (8) to evaluate the derivative ¢'(t) at that
ppint.in time. From the numerically established behavior of the'derivative,.
the program proceeﬁs a&d evaluates ¢(t) which is the phase to be aésigned to

- the transmitted signal.




III. NONLINEAR FM SIGNALS IN THE PRESENCE OF DOPPLER SHIFT

The compressed pulse'resulting from nonlinear FM pulre-compression systems
is highly sensitive to frequency shifts due to dopp]er. This is due to a
1 resulting phase mismatch condition which.is responsible for causing severe
- distortions in the receiver respénse both in terms of degradation in the

main lobe and the Tevel -of the range sidelobes.
The received spectrum 1s'given by

S(w) = A (u+wd) exp[je(m+wd)] R e LGB ¢ v i
where wy = Z”fﬂ' the dopp]er frequency shift in rad/sec. The matched-filter

transfer function is given by

H(w) = A(w) exp[-jo(u)] - TR e ey
and the ou.pat of the matched filter by v _
G(w) = A(m+md) Alw) exp[J{e(u+ud) -8(w)}] : : (19)

The function 6(w) is obtained using procedures deveToped in the preceding

.section. e e

In order to overcome.the detriméntai effects of phase mismatch due to doppler -
frequency shifts, it is propdsed that a bank of filters be designed which are
'perfectly matched in phase tb signals received at equally spaced frequencies
spanning the entire interval of doppler frequencie§ of interest (i.e.,

Mcx
The center frequencies of the matched filters used in adjacent doppler
channels are so spaced that the resulting deterioration in range sidelobe

levels is kept within prespecified bounds.

The design of matched filters for processing nonlinear FM signals is a very

difficult technical un&ertaking, and the task becomes even more complex if

e




the filters are required to process a wide variety of spectral functions,
A(f). Such a need may arise either from technical or from tactical con-
siderations, and it is best satisfied by implementing the matched filters
and associated signal processing numerically. Such an approach requires
that we design the matched-filter transfer function in a way which accounts
for phase distortions due to doppler frequency shifts. Knowledge of the
dependence of A(w) on w facilitates accounting of the doppler effects on
the signal and its subsequent processing. In order to obtain the filter
characteristics for perfect match in the presence of a doppler frequency
shift equal to wy, one must obtain 8(w) from the moduli a(t) and A(m+md).

The modulus a(t) being the envelope of the transmitted signal is assumed

to remain fixed, but A(w) is adjusted to reflect the frequency shift due

to doppler.

The required spacing between the center frequencies of adjacent doppler
filters for a specified sidelobe or signal-to-noise ratio deterioration
is determined via numerical techniques utilizing the program given in
Appendix-1. In the case of a square-root Taylor frequency spectrum,
adjacent doppler channels with their center frequencies placed at points
corresponding to a target velocity of 1.76 of MACH-1 result in a signal-
to-noise ratio deterioration of less than -0.22 db; the corresponding
distortion in the time response yields -18.1 db sidelobe level instead
of the design value of -33.2 db.

Figure 1 offers a processing scheme for non-linear FM signal waveforms.
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IV. DESIGN CONSIDERATIONS FOR THE NON-LINEAR FM PULSE COMPRESSION SYSTEM
In order to accommodate information rates and signal waveforms compatible
with modern radar system requirements, the design of the nonlinear FM
pulse compression system must display

a/ flexibility in the choice of transfer function, and

b/ bandwidth capability of the order of many megahertzs.

The issue of system flexibility is easily settled by assuming digital imple-
mentation of the processor. This choice usually puts extra pressure on the
system designer to develop FFT (Fast-Fourier Transform) units capable of
coping with large bandwidths. In the entire system shown in Fig. 1, the FFT

units are the only design challenges, and with present-day technology and

existing FFT algorithms [5-12] their implementation has become both economically

and technically feasible. The factors which determine the size of the FFT
unit, and thus its cost, are the time-bandwidth product, speed and precision

requirements of the system.

At this point in time, the design of FFT processors has reached sufficient
maturity to satisfy most of the signal processing needs encountered in
modern radar systems. The analysis and error sensitivity of various FFT
algorithms have been well documented [13-20], and there is no need for their
duplication here. It should be pointed out, however, that new advances in
the area -of parallel computational structures [21-25] point to more cost-
effective FFT processor designs in the future, and thus to more economical

and flexible signal processina systems.

-10-
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APPENDIX-1

The program given in this Appendix uses square-root Taylor weighting in

the frequency domain for -40 db sidelobe level. The input quantities DEL1
and DELTA ( ) specify the doppler frequency shift we wish to center the
matched filter under design at, and the sequence of doppler frequencies for
use in testing the performance of the matched filter, respectively. Note
that DELTA or DEL1 are normalized quantities corresponding to the parameter,

§ = (2 u/c)(fc/Af)
where v = target radial velocity; ¢ = velocity of light; fc = carrier

frequency; and Af = signal bandwidth. Furthermore, many of the parameters

are assigned values within the program and not thru a READ statement.

ND = Number of doppler frequencies to be investigated
N = Number of sample points to be processed ; M=N/16.
NSTAGE = A positive integer such that N = 2 ** (NSTAGE). It denotes the
number of FFT stages.
AF( ) = Coefficients determining the polynomial signal taper employed. The

illustrative values used in the program represent a -40 db sidelobe
square-root Taylor weighting. AF( ) is DIMENSIONED to accommodate
up to ten polynomial coefficients (see p. 20-18 of RADAR HANDBOOK
by Skolnik.)

D = Compression ratio. The compression ratio is set equal to (N/4 - 0.25)
which indicates four samples per cycle with the first sample at
time t = 0, and the 'ast sample omitted. (Also, D = COMPR)

MF = N/4

13-
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MPSI = Number of Fourier coefficients wanted for approximating the signal
phase function PSI( ) in the time domain.
DEL1 = Center-frequency at which the nonlinear filter is tuned. It is 1
given in normalized form and has been defined earlier in the ]
Appendix. ]
DELTA( ) = Doppler frequencies expressed in normalized form and in a manner

similar to DEL1.

Discussion of subroutines and functions

1. SUBROUTINE EVLPSI (NSTAGE, N, NN, D). It evaluates the Fourier co-

efficients B( ) for the approximation of the real signal phase function |
PSI(t). 3

.i 2. SUBROUTINE EVFLTR (NSTAGE, N, NN, D, FACTOR, DEL1). It evaluates the
| transfer function of the nonlinear filter tuned at DEL1. The parameter
FACTOR is only defined and computed within the subroutine for latter

use by other subroutines.

ff‘j 3. SUBROUTINE RESPNS (NSTAGE, N, NN, D, DEL, FACTOR, XMAX). It evaluates
the response of the nonlinear filter due to a unit-amplitude rectangular

pulse of real phase PSI(t).

SUBROUTINE TSOPLT (MM). It provides a quick "line-printer" plot of the 1

filter response (or of any function computed within the program).

4 ,;A.n-.«;.v.v‘?j. o
-

5. SUBROUTINE SAMPLE (NF, SIGN, D, DEL, NSTAGE). It samples the signal
exp(JPSI(t)) 3

: i gyl N
o Ladidadh T o -

Stk g% R,
y- i+ .0-_.‘?‘-;'3*”_,‘ y

=
L
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6.

10.

1.

12.

13.

14.

SUBROUTINE FFT(NSTAGE, SIGN). It evaluates the discrete Fourier

transform of a set of sample points.

SUBROUTINE TMPROC (NF, D, DEL, NSTAGE). It is used in conjunction with
SUBROUTINE RESPNS( )

SUBROUTINE SELECT (NF, VARBLE, OUTPUT). It selects between the
functions SGNL( ) and TAPER( ) depending on the value NF.

SUBROUTINE . INVERT (NF, XTOL, FTOL, NTOL, Y). It determines the root(s)

of a function using Newton's method.

SUBROUTINE AMPLE  (THIGH, N, NN). It samples the derivative function of
PSI(t).

SUBROUTINE INTGRN(NF, C, E, N1, NMAX, STOL, S). It integrates either
function SGNL or TAPER depending on the value of NF.

FUNCTION PSI (D, DEL, SIGN, T). It provides the real phase of the

rectangularly shaped signal assuming square-root Taylor weighting.

FUNCTION TAPER (PHI). It provides the spectral function of the signal
which will resylt in the desired compressed pulse. In this case, use

is made of square-root Taylor weighting.

FUNCTION SGNL(T). It provides a constant, unit-amplitude taper.

-15-
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