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ABSTRACT

• To conserve personnel and to make more precise comparisons among
experimental treatments in human factors engineering experiments, subjects
are often tested sequentially on a series of experimental conditions. As a
result, sequence effects are created which, if improperly or inadequately
handled, can distort the re sult s obtained from the study in a way that will
cause erroneous conclusions to be drawn from the da ta .

Sequence ef f ec t s are conventionally handled in behavioral research by
introducing “randomization” or “counterbalancing” into the experimental
design. However, unless the design is carefully selected and more important,,
unless the effec t s ar tificia lly introduced by design sequence itself are re-
m oved , procedures may actually increa se the bia s in the data and the chances
of drawing incorrect conclusions. Special procedures and experimental

• de signs are described in this report for handling the different types of sequence
effect s commonly found in human factors engineering research using “within
subjects” designs.

There are designs tha t permit the measure and i solation of “carr y-over”
effects. These are the residual effects from a previous treatment that carry
over to affect performance on the treatment that follows, or to affe c t the per-
formance of the treatment two trials away. To m eas ure this effec t , some
design s requir e a number of subjec t s (often a lar ge number) fo r a few trials ,

• while others require only a single subject tested ove r a larger number of
trials.

There are de signs for ordering a series of experimental treatments in a
way that linear and quadratic trends running through the experiment can be
i solated from experimental effects. In training studies , these trend effects

.
5 may be of as much interest as the experimental conditions . In many equipment

design studies, they are often artificial and unwanted.

There are designs that show how to seq uence a series of t rea tm ents in a
way that the number of times a factor-level must be changed can be minimized.
This can do m uch to reduce the work required to run equi pment desi gn experi-
ments. Certain designs with the above properties can also be planned so that
the seq uences will be robust to trend effects.

A limited discussion of the methods and problem s of measuring the effects
- p of presentation order is provided. Thi s is a particularly important  problem in

devising optimized training schedule s and one tha t has not been adequately
• • developed.

The report attempts to introduce the reader to a wide range of
~i~~~~

S’
. practical techniq ue s for handling seq uence effects often found in appliedI.- ‘~• behavioral research. It identifies them and shows how designs for different

purpose s can be constructed when it’ s easy to do, or supplies finished de signs
when construction is difficult. Emphasis is on design and not on analysis.

Future needs are discussed .
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• • FOREWORD

The techniques for handling sequence effects presented in thi s report are

intended to be used with the economical multifactor experimental desi gns
described in an earlier report (Simon , 1973). In order to study a large cx-

• perimental space with a minimum number of observa tions, it is important

that each mea surement be as error  free as possible. When a subject is tested
on set of different experimental conditions ove r a series of trials, measure-
m ents of the effects of experimental variables can become confounded with

• spurious effects associated with the sequencing. The presence of such phe-
nom ena as learning and transfer can introduce biase s into the data. The

• recognition that such dangers are inherent in these “within subjects” designs

• has not diminished their popularity among those conduc ting human factors
engineering research. If such effects are not to be avoided, then they must
be dealt with.

To find methods of handling these sequence effects, I went through a great
many statistical journals published during the past thirty years in search of
techniques that have been successfully employed for that purpose in agricul-
tural , chemistry, engineering, and biological research. Those me thods that
I believed would be par ticula rly applicable in the de sign of human factors* ex~

S perirnents and preferably those with which most psychologists were likely to be
unfamiliar were included in thi s report. In addition , certain technique s tha t

- commonly appeared in popular statistics textbook s were included when they
appeared useful yet seldom or never used in human factors experiments. From
the m ultitude of specific experimental designs associated with these techniques ,
I selected for inclusion those that require relatively few subjects and relatively
few total observations whi’~ at the same tim e are capable of estimating the
various effects with the highest efficiency possible. I also sought the most

- ~~.. * Emphasis on human factors should not be construed to mean tha t the se
techniques would not be useful in other fields of psychology. I am sure
in many cases they would be.
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up-to-date versions of the different. classes of de signs, although It became

apparent that certain designs were still relatively primative when applied to

problem s involving human performance. Thi s is probably because the

physical science research for which they were developed seldom faced the
complexities - - which relate to the assumptions required to use a design - -
that often occur in psychological research. Som e of these less well-developed
designs however were also included in the report for the sake of completeness
and to encourage their further development should the need be established.

My emphasi s in preparing thi s report , therefore, was to bring together
under a single cover as many different but potentially useful techniques for
handling sequence effects as I could find. If nothing more , a consolidated and
organized report would hopefully alert the reader to the reality of these types
of effects and make him aware tha t som e relatively simple ways of reducing

,and measuring their effects are available. This emphasis on breadth of cov-
erage however , given the normal restrictions on time and funding in preparing
this repor t, reduced the degree to which certain techniq ue s were covered in
depth.

In place of a complete and detailed discussion on each and every techniq ue
presented here, particularly ~ince all were neither equal in importance nor
development, the basic information supplied in thi s report was supplemented
by referencing the reader to pertinent sections of the ori ginal papers and
occasionally secondary references. When a techniq ue for constructing a
design was easy to explain, this was done in the report , often in a form tha t
was clearer than had been the case in the original presentation. However if
understanding a construction technique required a knowledge of advanced
mathematics, only the completed designs were given in the report. The

• reader who wi shes to learn how to construct these designs is referred to the
original paper . Similarly, discussions of the mathematical bases of these

• desi gns are found only in the original papers. A major omission however is
the details on how to analyze the da ta once it ha. been collected. Reference
is made instead to those papers tha t described both the general method of
analysi s and provided an arithmetrlc example.
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While the interweaving of thi s report with other sources results in a less

convenient document than mi ght be de sired, the decision to do so was based

on certain practical considerati ons. The report was already larger than had

been originally planned, and including material tha t essentially would have

been copied verbatim could not be justified . The report can stand alone as

an introduction to the design and interpretation of this general class of experi-

ment, and the reader who seeks more information has the option of pursuing

the recommended references. Because of the amount of culling and filtering

and simplification that has gone into the report , using it as a guide can save

the serious experimenter , literally hundreds of hour s searching for , selecting

from ,and understanding ori ginal papers on handling sequence effects. There
is also the hope that by inter-relating thi s secondary source with the primary

ones , the tendency among some psychologists to apply experimental desi gns
in “cookbook” fashion will be reduced .

These technique s have proven useful when employed in the research from
other di sciplines and they can be useful for research involving human per-
fo rmance. Before the full impact can be assessed however we must gain
more experience using them .

I welcom e comme nts and criticisms from any reader . I would appreciate
being notif ied whenever errors are discovered. I am most willing to discuss
how these techniques might be applied to specific problem s.

Charle s W . Simon
1974
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TERMINOLOGy

Occasionally throughout the text, different phrases have been used to
imply the same thing. This is not necessarily a tribute to the richness of
the English language; instea d it reflects a certain laxity on the part of the
author, and a degree of propinq uity with the original papers from which the

• information was taken.

For example, to indicate that subjects and experimenta l conditions have
gotten together , different phrases were used at different times. It was said
that “ subjects were given a different treatment” , “run under different experi-
mental conditions , ” “tested on different conditions, “ or “the treatments were
applied. . . “. Each reflects the diverse backgrounds of those who devised the
experimental de sign or conducted the experiments. When one “give s” or
“applies” treatm ents, there is generally a medical, biological, or chem ical
background involved. When one speaks of “running” subjects through an
experiment , once upon a time that individua l ran rats through a maze.
Similarly, to talk of “testing ” subjects suggests the residual of an earlier
evaluation and measurement background. However , in spite of direct interest
in applying these de signs to human factor engineering problem s, at no time
was the phrase used: “the subjects operate unde r the different conditions ”
(where operate means to work , not to dissect). However, in spite of the fact that
many designs originated for agricultural research, about the only term tha t
survived was “periods ”. While certa in statistic s books speak of “plots” (and
“split-plots” were mentioned in passing here too), the terni “blocks” was
always used here. In writing this report, I used the phrase tha t came naturally
at the moment. In certain cases, the same symbol - -in different parts of the
report -- was used to mean different things, in orde r to agree with the
terminology used In the original pape r . It is unlikely that these variations will
be too disturbing to an Involved reade r . However , som e of the more frequently
occurring ones are listed below:

xix
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Equivalents

- treatments, experimental conditions, conditions, factor levels, t

- periods, trials, run s, E
• - residua l, carry-over , r

- number of subjects, total units , total sequences, n

- trend, trend effect

- factor , variable

- total number of observations, N

- te sted on, tested under , run on, applied, given (different experimental
experim ental conditions)

- error , remainder , what’ s-left-over e residual

Ineq uivalents

- “order ” may refer to the specific positions of a set of treatments in a
sequence, or to the highest power in a polynomial equation, or to
the number of treatments in a serially balanced sequence.

- “r ” for residual is not the same as the r in (t = Zr), (Zr + 2), (r + 1),
• and so forth where the latte r r ’s Fefe r to any number and is used

in these values because it was so used in the ori ginal papers.

• - “m ” can be the number of reatment replication, in a seq uence, or the
• number of sequence s used in balancing for trend effects .

- “k” can be the number of units in a block of a change-over design or
the number of complete sequences in SBS and trend designs.

- “balance” will diffe r as to exactly what factors of an experiment has
S been balanced, depending on the parti cular design.

“residual” will generally refer to the effect that has carried over
from a previous treatment when a series of treatments are
tested on the sam e subject; occasionally it will be the name
of the error term In an analysi s of variance table , being what
was left over after all other sources of variance had been
isolated.
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CHAPTER 1.
L- INTRODUCTION

To conserve subjects and to make more precise comparisons among
treatments , a common procedure in human factor engineering experiments is
to test the same subject sequentially on a series of different experimental
conditions. In practice, however , intended advantage s of this type of design
may be outweighed by effects artificially create d by the sequential pre.entation
itself. Responses to a condition on one trial may be influenced by the conditions

!- 1 tha t have preceded it. 1

Sequence effects, whethe r they are trends tha t run through the data or short
term transfer effects from trial to trial, if undetected or allowed to remain
confounded with the remainder of the experimental data can seriously distor t
the effects of primary interest. While trend and transfe r effects may not be as
unwanted or irrelevant in training research as they usually are in equipment
design studies, they still can distort the information obtained unless precautions
are taken ahead of time to handle them . Although several rituals of experi-
me ntal design are commonly employed by behavioral scientists who recognize
that sequence effects can occur , they have not always been effective nor
appropriate.

How to properly handle sequence effects is one of the least understood facets
of human factors experimentation. While the danger of failing to optimize exper-

~~ 

•~~ imental designs in othe r ways is usually obvious, the consequences of improperly
ordering experimental condit ions pre se nted sequentiall y are generally les s visible
to the uninformed. As a result, thi s source of error is all the more insidious .
having the potential of being confounded with every other source of variance in the
experiment and thereby distorting the results in undetectable ways.

In thi s report, various procedures, experimental desi gns, and statistical
techniq ue s to minimize, adjust for , or isolate sequence effects will be described ,
along with a di scussion of the circumstances in which they are most useful .

_ _ _ _ _ _ _ _ _ _ _ _ _  _  
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TRADITIONA L METHODS OF HANDLING SEQ UENCE EFFECTS

A survey of 239 experiments appearing in 118 papers publi shed in the journal,
Human Factors, between 1958 and 1972 revealed that more tha n 77% used a data
collection plan in which a series of different experimental condition~i were admin-
istered sequentially to the same subject (Sim on, 1974). Listed below are the
various method s reported in these studie s for handling sequence effects that
might occur in the data:

1. The method of handling seq uencing was never mentioned in the
- 

- desc ription of the experimental procedure.

— 2. If the sequence was determine d by the nature of the task rather than
by the experimente r (e q., , in a reconnaissance task , the targets were
embedded in the rada r imagery and for a moving-scene presentation,
the order wa s fixed by their positions on the film), a reversed order
was sometime but not always possible.

3. Some investigators’ described how they handled sequence effects by —

simply stating they “jugg led” , “varied” , or “ semirandom ized” their
presentati on.

4. When the set of experimental conditions was repeated in the same study,
som e investigators “randomized” the sequence of treatment presenta-
tions on the first trial and:

a. Repeated that order on subsequent trials; or -:

b. Reversed tha t order on a subsequent trial; or

• c. Used a different randomization on subsequent trials.

5. When more than one subject was tested under the same set of experi-

mental conditions, some investigators “randomized” the sequence in
which the treatments were presented, and

*
‘ a. Maintained the same “ randomized” orde r for all subjects , or

b. Used a different “randomized” order for each subject , or

c. Used a different “randomized” order for group s of subjects.

6. Some investigators acknowledged tha t they used “ restricted randomiza-
tion” to dete rmine their order of presentation. This meant tha t after

2
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som e pre sentation order had been determined essentially by chance,
treatments tha t occurred in a sequence of position s which the inve stigator
believed might create unwanted effects were rearranged.

7. Som e Investigators preferred more systematic methods of determining
order of presentation. The concept of “counterbalancing” is frequently
referred to by this group. Counterbalancing in these studie s took several
form s, such as:

a. Seeing tha t each condition occurred an equal number of times in each
position of a sequence of trials.

b. Seeing tha t each condition occurred an equal number of times in
every trial position and for every subject and (with the exception of
the treatments at each end of the series) appeared once before and
after every other condition.

Familia r experimental de signs used to handle the se systematic methods of
counterbalancing were in the form of Latin square and Graeco-Latin square
designs. There was insufficient information in most cases to determine
whether the same or different Latin squares were employed within the same

- 

- 
experiment.

8. Systematic and random ordering were both used in some studies.

-

- Experimenters provided essentially no justification for selecting the particular
• 

- 
method they used to handle sequence effects . Fur thermore, of those experimenters
concerned enough to do something about the sequence effects (as shown by the way

S he planned his experiment) , only a very small proportion actually analyzed their
data to remove these effects from treatment and error estimates. Those that did
looked at the following effects:

1. Differences am ong mean performances for trials. -

2. Differences among the mean performance for different presentation
- ‘ orders totally confounded with differences among subjects.

... 3. Differences among mean performance for different presentation orders .

4. Trend effects.

5. Interactions between treatments and trial s and subjects and trials.
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In only a very few cases were these analyses of sequence effects mentioned or
interpreted during a discussion of the experimental results.

TYPES OF SEQ UENCE EFFECTS

The design in Figure 1 is typical of those commonly used in human factors
engineering experiments. Basically it is built around a Latin square arrange-
ment in which a series of t reatment s are pre sented in diff erent order s to a se t
of homogeneous subjects. Treatments are presented in a different order to
each pair of subjects. The entire desi gn is repeated on a second day. An
expe riment that follows this data collec tion plan will contain a varie ty of -

se quence ef f ec ts, which , if ignored, can bias treatment and/or error  estimates.
Sequence effe ct s that can be examined in this design are:

Period ( trial) effects

Block (day) effects

Tr end effec t s

Residual (carryover) effects

• Presenta tion order effects

The se are not necessarily mutually exclusive effects. In some cases they re-
present different way s of analyzing the same data -- an examination of mean dif-
ferences or of fi~inctions formed by a series of means. Each represents the answe r
to a differ ent kind of question an experimenter can ask of his data. The detection

- 
• of an effe c t may be a ma tter of grea t practical interest or may be merely an

indication tha t the artifact must be isolated to purif y the data. Wha teve r the case ,
seq uence effects must  be identified , measured, and removed from the remaining
da ta.

- 
~ S Trial (Period) Effects *
•5

When subjects are tested repeatedly In the same experiment, performance may
vary from trial to trial as a result of e ffects not due to the particular experimental

-
. 

* In the body of this report , trials will be referred to more often as periods, in
line with the terminology used in most of the papers being reviewed.

-3
4

-5-

~~~~~~~~~~~~~~~ ~~ ~~~



~~ir 
- 

• S~*~~SSSS•5~~S - 5 —_,_,- ~~~~~~~~~~~~~~~~ ~~~Sr,~~~ .5r - *. SSS SS_! • • ~~~~~~~~~~~~~~~~~~~~~~

DA Y ONE DAY TWO
TRIALS - TRIALS

Presentation
Orders Subjects 1 2 3 4 5 6 7 8 1 2 3 4

I a A B H C G D F E A B Experimentalb T reatmen ts

II 
_ _ _  

(2~ )

III C D B E H C

N D E C F B G / H D E C F~~~~

V E F D G C H B A E F D G>
_ _ _ _ _  

J 
- - -— -/  

— 
- 

VI F G E H D A C B C E H

VII G H F A  E B D C d H F A

VIII H A G B  F C E D H A G B

Figure 1. Typical within-subject experimental desi gn

- 

- 
conditions being tested. In some experiments, either th e same experimental

• conditions or different experimental conditions may be tested sequentially from
‘ trial to trial. The interpretation of trial effects in these two cases would differ.

-~ 
- This report will be concerned with trial effects that result when different experi-

mental conditions are tested sequentiall y.
€

-~~ An experimenter may hav e an interest in determining the presence of trial
- effects . But even if he has not, he should plan his experiment so that trial

t ~ effects can be partitioned from other effect s of interest. For example,
a typical design -- a simplified versions of the one in Figure  1 and one com-
monly employed in human factors research -- is: 

S 
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Trials
• 1 2 3 4  

-

1 a b d c  -
2 b c~~~~~~ ......—Treatments -

Subjects 
~ c d b a
4 d a c b  -

with which the degrees of freedom can be partitioned as follows:

Trials 3
Subjects 3
Trea tments 3
Remainder 6.

As long as all subjects are tested on each experimental condition , and all condi-
tions are tested with equal frequency in each period (1. e. on each trial), the effects
of trials may be isolated from the effects due to conditions and subjects. If in the
analysis trial effects are not removed, the effects of subjects and treatments would
not be distorted; however the trial effects would be hidden in the residual, thereby
distorting - any test of significance that is made .

Problem s in interpreting trial effects. Although trial effects are the sequence
effects most  commonly tested in human factor research, knowledge of trial dif-

S ferences~~~~~se ordinarily provide rela tively little information of practical value.
This is because of the problems tha t exist in the interpretat ion of trial mean
difference s.

For one thing, what may appear to be a trial effect may not ac tuall y be one.
In designs built around Latin squares, trial effects are confounded with the

• subject-by-treatment interaction*. Presumably these designs are to be used
only when an investi gator believe s that such an interaction doe s not exist; however,
in practice the matter is often ignored even though with human expe rimentation
the possibility of large subject-by-treatment interactions is high. As a

* Campbell and Stanley (1963) discuss this in their section on “Counter-balanceddesigns”, as do most authors of statistical texts tha t discuss the Latin squaredesign. Campbell and Stanley’s book however is a par ticularly excellent one inthat it relates a great many experimenta l (and quasi-experimental) designs to a 
*series of factors tha t can jeopa rdize the internal and external validity of theresearch data .

6
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re,ul t, even if the re is care in min imi zing these interactions, interpreting the
-

• 
meaning of statistically significant trial differe nces must be done cautiously.

— H owever , as the number of experimental conditions increase (1. e. the larger the
Latin square), the more comp letely the in teraction effect will tend to cancel out
in the comparison of the main effects  - - tr ea tme nt s, subjects, and trials
(Linquist, 1953 , pp. 261-264) .

Then too, results of tests of the statistical signi ficance of m ean differences

• only show with some pr obability that a rel iable diff erence exist s among t rial

means. Thi s doesn ’t say tha t an observed diff erence will be repeated (were

the study repeated), only that it has a certain probability of being so. But even
more important, tests of statistical signi ficance result in ambiguous informa-

- tion about trial differences that must be interpreted subjectively by the

experim enter. For example, the mean performance of five trials might be:

Trial 1 2 3 4 5

Mean 3 5 1 2 4 (Pattern A)

or it mi ght be:

— Trial 1 2 3 4 5
— 

Mean 1 2 3 4 5 (Pattern B)

In both ca ses , the variability among trials is the sam e and the results of a test of
- - sta tis tical sign ifica nce would be the same . However , the interpretations of the

- ‘ two sets of da ta would be conside rably different. In the f irs t  example , the
presence of a stat ist ically si gnificant  i r regular  pattern of means across tr ials

4 -
~~ , would be difficult to explain in a human factors experiment assuming tha t dif-

fere nces of this ma gn itude are of prac tical importance. If the effect is significant,
I.

- one might suspect the presence of some unknown, unwanted , and undesirable con-
comittant event tha t is disrupting the measurements  of interest . An examination
of the raw da ta may or ma y not reveal the cause. Since the Latin square desi gn
is to be u sed only when the investigator feels assured that there are no inter-
acti on s af fects am ong trea tm ents , subject s, and trials, an i r r e gular tr ial pa ttern
may suggest tha t thi s was not the case .

I
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In the second examp le, the presence of a statistically significant regular
patter n probably would be interpreted as evidence that learning had taken place.
To discover the existence of such regular patterns is generally the reason why
the signi ficance of trial effects is tested. In vigilance studies, the interest

• would lie mainly in discovering whether the pattern is downward, indicating per-
formance decrement. The point that is being emphasized here is that the
interest is in the pattern rather than in whether trial means differ.

Block Effects

When an experimental design includes more trials than can be run during
a single session, it is of ten necessary to divide the experimental conditions
into blocks. In Figure 1, separating the total experiment into two days is an
example of blocking. In this examp le, all of the treatm ent s to be studied are
found in each block. It is also possible to have “incom plete block desi gns”
(Simon, 1970 a & b; Cochran and Cox, 1957) with onl y some of the total num-
ber of treatments in each block. The advantage of prope rly blocked designs is
that the comparisons of performances amon g treatments within blocks will not
be affected by average performance differences between blocks. If the average
performance increased, for any reason, between day s in the example, this

change would not affect the comparison of treatments within the blocks. Fur-
thermore, if our example were extended to include a series of days (blocks),
the average per formances of block s could be examined in the same way
average performances of trials are examined — to look for differences, or to

- - 
- see if there is a general performance trend ove r days (blocks).

Trend Effects
55

An experimenter can be inte r ested in the presence and nature  of t rends in his
-
~~ data for at least two reasons, One, in learning and vigilance experim ents, he may

wi sh to know whether progressive changes in performance are taking place. Two,
in equi pment design studies in which a subject is tested on dif fere nt experimental
condi tions sequentially, he may wish to assure  himself that observed differences
are due to the treatments and not to som e ar tificially induced t rend running throu gh
the experiment. In the second case , there are me thods (to be described later in
this report) of ordering the treatment presentation sequence so that the existence

8
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of sim ple trends will not affect  the comparisons among treatments. In both cases,
however , trend effects (over trials) should be partitioned from the effects of other

— 

sources of variance including the error variance .

Trend effects can be determined from the analysis of the trial means. Thus,
given Patter n B above , it is possible to parti tion the four de grees of fr eedom
as sociated with five t rial mea n s as follow s:

Trials 4
Linear tr end 1

• Quadratic I
Cubic 1

- Quartic - 1

N- 1 trend components with one degree of freedom each can be determined for
N trials. Ordinarily, only linear , quadra tic , and occa sionally cubic components
are parti tioned; all higher-order effects are combined since they are generally
negli gible anyway. With this form of ana lysis , the existence of each trend corn-
ponent can be tested sta tistically. Although interpreting trend components of the
trial means still suffers from the same problems of data purity as the analysis of —

trials in the Latin square design, at lea st , it is the pr eferred one fo r the kind of
interpretations tha t are usually being made. The presence of a pattern rather
than a point (mean) difference itself indica tes a regularity to the data that inspires

• confidence.

The trend effects traditionally analyzed in human factors experiments using
Latin square des igns have generally been based on the trial means across all
subjects and conditions . This is an overall or group trend. In Latin square
desi gns where subjects are tested sequentially on different conditions , if a trend
is observed -- for exam ple , an upwa i- d trend -- the interpretation that learning is
taking place is different from a learning trend foun d when a subject is tested
repeatedly on the same condi tion. In the former  case , it is a “learning-to-learn”
phenom enon , reflecting the learning (and transfer)  tha t might occur from learning
general procedures or possibly f rom developing manipulation skills. The presence
of a trend here mi ght also reflect a change taking place in the environment.

- 
When expe rimental designs can be divided into a series of orthogonal blocks,

mean performances of blocks can also be examined for trend effects in the sam e
way that trial means can be examined.

9
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When only overall trial mea ns are examined, there is an Implicit assump tion
that individual performances as a function of trials (Individual trend effects) will
correspond to group trend effects . When Latin square desi gns are used , this 1.
the same as assuming there are no subject-by-trial interaction effects. Unless
special care is taken, however , individual curve s will not necessarily correspond
to the group curve . Therefore , particularly in training experiments, an examina-
tion of individual trends and the differences among them becom e a proper source
of variance worthy of special inve stigation. With proper experimental designs,
both of these sequence effects can be examined. Desi gns that mea sure trend
effects are discussed in Chapters V and VI.

Carry-Over (Residual) Effects

When subjects are tested on different experimental conditions (i . e. treatments) -

seq uentia lly ove r time, the performance on any pa r ticular condition may be a
function of not only the direct effect of that treatment alone but also of residual
effects  carried over from the immediately precedin g treatments. In training

studies , such carry-ove r e ffects may be considered a relevant source of variance,
sometimes re fe r red  to as “transfe r effects ”. In most human factors experiments
on eq uipment de sign , however , these ef fec ts  are generally ir relevan t and unwanted.
Poulton (1969, p. 686) goe s so far as to say: “If it is worth running an experi-
mental trial to compare alternative desi gns of equipment , it is worth using a
separate group de sign . A balanced trea tmen t design can bia s experimental results,
and give an incorrect orde r of diffi cul ty. . .  There is often no way of detecting
thi s except by repeating the trial using a separate group design. ” However , this
recommendation doe s not consider the alternative of designing the experiment so
tha t these carry-ove r e ffects  can be measured independently of the direct treat-
ment  effects and adjusting for them in the analysis. In general, psychological
experiments that have employed within- subjects de signs have ignored this class

of sequen tial ef fects .

Ordinarily residual effects  are short- lived . For all prac tical purposes
per formance on a condition is influenced mainly by the condition tha t immediately
preceded it (First  residual). Less frequently, circum stances ma y exist in which
a residual effect may have carried over from a condition two conditions ea rlier
(Second residual).

10
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Residual effects may be either simple or complex. An effect is simple when

the magnitude of the residual Is Independent of the treatments that follow it.

The effect is complex when the treatment is not independent of the treatment tha t

follows it, that is, the residual of Treatment A is different depending on whether

Treatment A is followed by Treatment B or C. This lack of independence may

appea r in several forms. For example, the residual effect of the previous

treatment may be proportional to the magnitude of the direct effect of the treat-

ment being measured, or it may include the effect of an interaction between the

preceeding and immediate treatment.

Designs that mea sure residual (or carry-over) effects are discussed in
Chapters III (when several subjects are required) and IV (when only one subject

is used but for a larger number of observations).

Orde r of Presentation Effects

Up to this point, the discussion has centered around sequence effects that
occur from condition to condition in a series of treatments. There can also be
interest in the sequence (or order of presentation) itself . For example, in train-
ing st-.idie s, it may be important to discover in which order a set of lesson s
should be presented so as to maximize the final performance level.

Orde r effects exist in many human factor s experiments (particularly those
using the Latin square desi gn) because the experimenter has put them there.
Therefore , even when there is no real interest in orde r effects per se, it is still
desirable to isolate thi s artificially induced source of variance from experimental

- — ‘ error when the data is analyzed. However , when there is an interest in the effects
of different orders on per formance, the conventional method of analyz ing their

effects (i . e. removing the order effect in the analysis of variance) leaves much
to be de sired. This is so because the test of significance of the order effect only
indicate s whether or not a reliable difference probably exists between the average

-
~ performance on all conditions that make up the complete sequence for each order..

In most situations, there will be little concern as to whether or not the average
performance of one order or the other is hi gher . Of more practical interest,

- 
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for e~~ mple to establish a preferred training schedule, would be in finding the

order that results In the fastest rate of learning and terminates at the highest -.5..

performance level. Thus, an analysis of the performance curves (trends) of

different presentation orders will ordinarily yield more useful information than

a comparison of mean orde r effects .

Designs for studying the effects of presentation orders are discussed in

Chapter VII.

RANDOM VERSUS SYSTEMATIC TREATMENT PRESENTATION ORDERS

In this report, a number of techniques will be proposed for systematically
presenting a serie s of treatments to subjects in a way that will minimize , measure,
or Isolate sequence effects that could distort the effects of primary interest.
However , Fisher ( 1949, p. 63) has had thi s to say about systematic pre sentation
orders: “The results of using arrangements which diffe r from random arrange-
ments in either direction are thus in one way or the other unde sirable.” He
proposed instead that when faced with a decision of how to design any a spect of
an experiment wherein uncontrolled systematic bia ses may occur - - whether
they be known or unknown - - the order should be determine by chance , e. g. by
the roll of a die, the flip of a coin, or the drawing of numbers from a hat.
Traditionally both of the se basic techniques -- systematic versus randomized
presentation orders - - have been employed in human factors research. Wha t

then are  the advantages and disadvantages of each method and to what degree can
the differences of opinion regarding the two approaches be recomciled ?

Randomized Arrangements

Fisher introduced the concept of random iza tion into the de sign of experiments
as a means of offsetting irrelevant sources of systematic variance tha t could not

~~ • be controlled by the experimenter and which would possibly distort the results of
primary interest. He reasoned that with randomization the systematic effects
would be broken up and scattered throughout the experiment am ong the treatments
of interest. If the experiment was therefore repeated enough times, the ran- -

domlzed elements would be averaged out while the treatments still systematically
varied could be estimated with a great deal of accuracy.

12 
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Fisher believed tha t a still more important reason for randomization was to
preserve a valid estimate of the error term. Thi s was critical because without it,
no valid test of statistical significance could be made. Fisher (1949, p. 62)
argued as follows:

“The effect of a systematic arrangement on the test of sig-
nifi cance may be seen by imagining it carried out on an area
under uniform treatment, so that the actual yields are not
at all affected by the reallocation of plots. In the analysis
of variance, therefore, the total sum of squares is un-
changed, as is the portion ascribable to blocks. If , there-
fore , the agronomist’s ingenui ty has been successful in
diminishing the differences in fe r tility between treatments,
the diminution of the sum of squares in that line of the table
will have been exactly counterbalanced by an increa se in

- - - the sum of squares upon which the estimate of error is
ba sed. The effect of the rearrangement will have been to• dimini sh the real error s of the experiment, but at the
expense of increa sing the e stimate of error; so that, although
the comparisons have really been improved in precision
they will appear to have been less accurate than before , and
less reliance will be placed on the result. In the opposite
case, likewi se, if by bad luck or bad judgment the systematic
arrangement adopted has increased rather than lessened the
real errors  of the experiment, then the estimate of error
will be even diminished, and will be , for both rea sons, an
under-estimate of the errors  actually incurred.”

Thus Fisher concluded that either way systematic arrangements affected the
error estimate, it was “rendered unreliable for the purpose for which it was
made. ”

Psychologists, even before Fisher ’s time, were sensitive to unwanted
systematic biases that could affect experimental results. Psychophyvicists,
concerned with psychological thresholds of physical stimuli, were critical of
Wundt ’s m ethod of minimal change, for he used serial presentation orders that

-
‘ 

- 
increa sed or decreased systematically. They were aware tha t thi s method “with
complete knowledge” introduced constant errors  of habituation and expectation. 

—

.~~ - (Guilford , 1936 , p. l l6~, Randomization therefore has proved use ful In those4. studies, as well as in more recent research on clinical drugs, as a means of
from the subject what treatment is to be applied on a particular trial

(Cox, 1958, p. 79).

~
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Most statistic al tests zeq uire that each observa ti on In an experiment be

Indepe ndent of one another, yet In fact , te sting the same subject on a series of

treatments seq uentially can often lead to corre lated responses. One of the

earliest meth ods of overcoming these trend effects was to randomize the treat-

ment orde r a Ia Fishe r and to repeat the stud y enough times so that these

“nui sance” factor s (Hays, 1963 , p. 449) would be neutralized . Cox (1958 ,

Chapter 5) provide s a short but interesting discussion on the use of random ization

in experimental de signs.

Disadvantages and limitations. When enough replIcations are taken, random-

iza tion will ordinarily yield reasonably accurate estimates of the treatment

effects and can supply a valid estimate of error with which a test of statistical

significance can be made. But there are problems.

First, the number of replica tions required to neutralize an uncontr olled
systematic effect when the treatmenti are presented In a random order can be
quite large. One problem with this approach therefore is that it can be expensive
in time and money.

Second, in some cases, randomiza tion and replication have been used more

for the purpose of escaping re sponsibilities than because they repr esented the

best method of obtaining the desired information. Simon (1973 , pp 19-32) dis-
cusse s circumstances in which replica tion is used unnecessarily. This approach

has been most commonly employed in field expe riments where one can expect to
have a grea t many uncontrolled factors affecting the performance of interest.
For example, in flight tests to compare the effe ctiveness of several instrument
configurations, varia tions in the weather , the equipment, the personnel and othe r

- - fli ght conditions can introduce bia se s into the measures. To overcom e thi s, an

assumption is made that from fli ght to fli ght the se unwanted conditions will vary
p ‘ at random and their effect eliminated from the comparison among instruments if

enough fli ghts are made. An alte r r.~tkve and preferred approach would be to
measure the unwanted conditions if they can’t be controlled and to introduce them
Into the experiment as a variable if they can. The result of this latter approach
will be to reduce the magnitude of the effort  and to increase the precision of the

I
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Information. More important, the information relating instrument differences
with other conditions in the real world would be more generalizable.

Third, while ordering a series of experimental conditions randomally can
neutralize the effects of an unwanted systematic effect occurring concomittantly,
there are times when we may want to mea sure the effect (e. g. learning in a
training study). A~ttempting to do this with fully ra ndomize d desi gns would be
the less efficient procedure to use to isola te these sources of variance .

- Fourth, in any single experiment Involving a small number of conditions ,
randomization can often lead to unsuitable arrangements. By chance, it is
possible to obtain what appears not to be a random pre sentation orde r but a very
meanin gful one . When this occur s, several approaches can be or have been
employed . Representing one point of view , the strict statistician mi ght say that
the arrangement that was obtained should be used since it is the result of a ran-
dom selection process and tha t in the long run over many experiments it will
satisfy the criteria for randomne ss. However , Youden (1958 , p. 16) note s “the
difficult position of the statistician who rule s against such systematic sequences
when advanced on the grounds of convenience and insists on it when it pop s out of
a hat. ” Later (p. 19), he adds: “Surely statisticians have a responsibility to
evolve a philosophy that does not elevate the statistical state at the expense of the
individual experiment” . Of course, the beha viorial scientist has an equal responsi-
bility not to blindly employ experimental technique s that will not serve his purpose
nor re sult in valid da ta. Y ouden and others have proposed a form of “restricted”

• 

- 

randomization tha t would reduce the possibility of un suitable arrangements.

p I -

Systematic Arrangements

- 
-
~ When systematic presentation orders are emp loyed they will ordinarily result

in a more precise estimate of the treatment effects. Furthermore, this precision
-- - ‘ ena ble s effects to be detected more economically than with a randomized design.

-

~~~~ 

When experiments are very small, a systematic arrangement is the only practical
way of minimizing sequence effects.

~~ 

I 
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Fisher ’s (1949) position on the danger of using a systematic desi gn has
already been quoted. He noted tha t while real errors  may be dimini shed by such
systematic arrangements, the apparent magnitude of the error is increa sed.
Thi s cause s less reliance to be placed on the results of primary Inte rest although
the experimenter has successfully been able to exclude large unwanted compo-
nents of error from the comparison. But Fisher (1949, p. 77) goes on to say:
“It should be note d that this unfor tunate consequence only ensues when a meth od
of dimini shing a real error is adopted , unaccompanied by their elimination in the
stati stical ana lysi s. ” Fisher thus was not adv erse to systematic desi gns p~er se,
for he advocate d the use of blocking and Latin square de signs , but to the misuse
of such desi gns. He was concern ed with those experimenters - - and human
factor s specialists have been among the more delinquent in thi s regard -- who
counterbalance or otherwise systematize their pre sentation orders but fail to
remove the order effect from the error te rm . His point is tha t to make a valid
test of statistical significance, if one introduces systematic presentation orders
into a design to obtain a more precise comparison among treatments, these
effects must be Isolated statistically during the da ta ana lysis.

Among applied statisticians there is essentially no real di sagreement a s to
whether or not a randomized or systematic arrangement should be used. Daniel
and Wilcoxon ( 1966, p. 259) discuss the history of randomization since Fisher ,
pointing out tha t many factorial experiments using systematized presentation

• orders have produced useful, even valid, re sults. They said: “Following Fisher
every text on the planning of experiments Insists tha t the allocation of ‘treatments ’
to ‘experimental units ’ be in som e degree random . But almost as soon as it is
urged, sometimes dogmati cally, the demand is modified and for obvious reasons.
Full randomization would in many situa tions guarantee results which while
entirely valid, would not detect any effects. ”

Cox (1958 , p. 77) expressed thi s opinion : “I f we have good knowledge of the
form of the uncontrolled variation and if a systematic arrangement Is much easier
to work with, it may be right not to randomize. . . .  What is important, however ,
is to randomize except where there is a very good reason not to, to understand
that the conclusions from nonrandomized experiments depend on the correctness

16
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of what is assumed about the uncontrolled variation and to state thi s explicitly in
reporting the experiment . ”

Daniel and Wilcoxon (1966. p. 260) placed the empha sis the other way when
they wrote: “Randomization is used , then, afte r we have exhausted our knowledge
of the behavior of the system under study and have taken serious steps to control
what can be controlled. It is done to make the odd s as high as possible that we
do not deceive our selves by identifying unknown and unforseeable shifts In

F response as the results of the treatments we apply. ”

Cochran and Cox (1957 , p. 7) wrote: “The occa sions on which randomization
is required vary with the type of experiment and must be left to the jud gment of
the experimenter . ” This of cour se assumes that the experimenter is fully aware
of the alternatives and their consequences.

Thus, it would seem that for most human factors engineering research
designed to acquire generalizable, quantitative, multifactor da ta systematic

L 
arrangements would be preferred over randomized presentation orders , with
randomization being used only as a last resort. This conclusion is reached
since for this class of research the following condi tions are gene rally true :

1. Precise estimates of treatment e ffects will be more important than
valid tests of statistical signifi cance (Simon, 1971; 1973).

2. The ability to predict from experimental data will depend on how well
all critical source s of variance affe cting behavior -- including those
artifically introduced in the experiment - - are identified and
isolated.

3 . Sequence effects in the se studies can usually be anticipated and with
some exploratory effort , their na ture fairly well defined.

~
1

*11
4. Economy of da ta collection is an important consideration.

5. An investigator may have a primary interest in the sequence effects.

Balance and orthogonality. Systematic designs are planned in a way tha t
r will permit  certain effects to be isolated and measured and not to be confounded

1 7 .



- - 
~~~~~~~~~~~ 

55555 55 55~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- 
~~~~~~

::--
~ 

-
~ - - - - - --~5 5 , -

with other less interesting effects. Stated In another way, systematization tends
to seek balanced plans tha t orthogonalize effects. Since the terms “balance” and
“orthogonality” do represent the primary characteristics and goals of the majority
of the experiments to be discusaed in this report and will -be referred to freq uently,
it is appropriate to explain in a som ewhat over-simplified fa shion just what they
mean. A de sign is balanced when certain specified conditions occur equally
often in regard to other specified condi tions, for example, each treatment pre-
cedes every other treatment equally often. When thi s is so, the residual effect
of every treatment could carry over equally often to the direct effect of every
other treatment, but not to the treatment itself . Thi s distinguishes a balanced
condition from an orthogonal one , for direct and residual effects would not be
orthogonal until residuals from every treatment carried over to direct effects
of every treatment. Orthogonality is found only when every condi i3i~ of one
factor or effect appears eq ually ofte n in conjunction with every condition of
another factor or effect . For example, when every subject is tested equally
often on eve ry treatment the effect of subjects and treatments are orthogonal.
Thus the “equal freq uency” requirement can lead to designs that are only par ti-
ally balanced across a set of conditions, i. e. balanced in one regard but not
anothe r . On the othe r hand , for two effects to be orthogonal (i . e. statistically
independent) the balance must be complete between factors. 

-

WHEN RANDOMIZATION SHOUL D BE USED

Although most of the technique s for handling sequence effects de scribed in
thi s report involve systematic designs, there still is a place for randomization.
Whenever the experimenter has a choice , pa r ticularly in the selection and

-

~~ 
assignment of subjects , treatments, and even the Latin squares of an experimental
design , and there is no known or rational basis for choosing one or the other , then
the selection and/or a ssignment should be done in some random manner .

~~

In many of the papers cited in thi s report, the writers suggest how to include
randomization along with their systematic plans. In thi s regard , only general
sugge stions will be made here . An investigator who uses the plans for handling
sequence effects presented in this report should not take the matter of random i-
zation lightly, when it can be applied. When no better method is known,

~: •
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randomization still represents the best method, the best insurance , the be st
precaution against unknown, uncontrolled bia ses.

Randomization ought to be employed in conjunction with the systematic
designs in thi s report to: 

—

1. Select the samp le of experimental subjects from the larger homogeneous
popula tion .

2. Selec t the levels of experimenta l factors (except where fixe d levels
are to be used, the more com mon case in human fac tors engineering
resear ch).

3. Allocate the subjects to the sequences of the experimental desi gn.

4. Allocate group s of subjects to the different blocks of an experimental
design. However , within blocks , subjects should be selected to be
as hom ogeneous as possible (See Finney, 1956 , p. 60; Luca s, 1957 ,
p. 229) .

5. Select an initial sequence or particular overall pattern of the experi-
mental de sign. ( Desi gn s can generally be perm uted into other designs

• of equal quality . Experimenters should not get into habit of using the
same pattern over many experiments. )

6. A llocate the treatments to the treatment symbols in the completely
balanced experimental desi gns.

- 

- 
7. Decide which com parisons will be of equa l precision when partially-

balanced incomplete block design s are involved, or which treatments
will not appear in the same block or sequence. (Note: Practical con-
siderations may make it more de sirable not to leave this decision to
chance.)

19 
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CHAPTER II
PROCEDURES THAT HELP TO AVOID OR MINIMIZE SEQ UENCE EFFECTS

Through experience gained from previous research and observations made
during the preliminary phase of the particular experimental program , an
experimenter should be able to identif y what conditions are most likely to create
sequence effec t s and the nature of these effects . If the investigator is not in-
terested in such effects and doe s not want them to bia s the experimental estimate s
of iAlteres t, he can prepare for and conduct the data collection phase of his

experiment in a way that will enable them to be avoided or minimized. Six not
necessarily mutuall y exclusive procedures for thi s purpose are described here .

e~~ ~G DIFFERENT SUBJECTS ON EACH EXPERIMENTAL CONDITION

Poulton (1973 , p. 119), long an advocate of d i f ferent-subjec ts - for -d i f ferent-
condition s, stated: “ The day should come when no reputable psychologist will use
a within-subjects design , except for special purposes , without combining it with
a separa te-group design.” If different  group s of subjects are run on each experi-
men tal condition , then many of the sequence effects  associated with within-
subjects designs would be eliminated. Certain short term condition-to-condition
transfe r effects and long term trend effects such as learning and fatigue would
have no opportunity to occur .

But even so, this approach does not com pletely guarantee tha t certain seq uence
effects will not be present. For examp le, while tre nd effects associated with
subjects may be eliminated by thi s approach, trend effects associated with the
equipment and the environment are not . If there are change s in the equi pment
th roughout the day, as ne~ ‘nthtions (with new subjects) are being tested , a
trend can run through the u that can bias the effects of interest . Experimental
designs to be described later in thi s report mi ght still be appropriate to use . At

r the same tim e, the experimenter must monitor and maintain equi pment adjust -
men ts and eliminate or measure environmental variation s that mi ght affec t
operator performance .

r
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Certain practical considerations may prevent the use of di fferent subject-

groups in all experiments. First of all, it may not be feasible because of the J -

limited number of available subjects. Thi s is particularly the case if truly
m ulti-multivariate studies are to be performed . Second of all, the nature of the
experiment may not justif y the increased costs arising from the additional
measurements generally associated with separate-group designs. Particularly
early in an experimental program , within-subject designs (properly planned and
analyzed) can provide more good data more economically. In line with Poulton’ s
suggestion, within-subject designs could be used initially to obtain enough infor-
ma tion about a great many condition s to make intelligent decisions concerning
follow-up studies of more m odest size using separate-group designs.

ALLOWING ADEQ UATE REST PERIODS BETWEEN TRIALS 
-

When trial-to-trial transfer is likely to occur , and when each trial is par-
ticularly fati guing for the operator , sequence effec t s can ofte n be reduc ed by
introducing adequate res t periods betwee n trials . The assumption is often made
that for certain ta sks, these transfe r effects or residuals that carry over from - -

the previous treatment will be inverse ly p ropor tional to the tim e between each -

pair of treatments.

One disadvantage of this approach , however , is tha t it increases the temporal
dema nds on the individual subjects as well as the data collection tim e of the corn-
plete experiment. Fur thermore , in certain cases, new problems may arise
depending on what the subject does during his rest periods. If the rest periodi 

-

are too long, subjec t s may grow bored and a portion of eac1~ :rial must be spent

- 

- - ‘ adjusting during a new warm -up period .

For certain type s of carry-over effects , rest period s may be totally ineffec-
tive. For example, in certain target acq uisition studies, once a subject has learned

~~ 
-
~~ the location of a target under one level of illumination , any reasonable interval

between trials is not likely to cause him to forget-that  location when a sked to find
-

- 
- the target again under another illumination level.

22 
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INTRODUCING A STANDARD “DUMMY ” CONDITION BETWEEN EXPERIMENTAL
CONDITIONS

An experimenter mi ght expec t to absorb f irs t r esidual effec t s by intr oducing
in to his experimental de sign a standard “neutral” ( dummy) condition between
each of the experimental conditions of interest. In using thi s procedure of
course it is assum ed that either there will be no residual effects fr om the dummy
conditions, or if ther e is , the effe c t s will not differ as a func tion of the trea t-
men t tha t follows.

One disadvantage of using dummy treatments between experimental condi-
tior~ - that they increase the size of the experiment. This extends the total
work period and increases the chances tha t an observer may become fati gued
before the sequence is com pleted. If the experimental conditions are levels
of a quantita tive var~~ble, the dummy treatment will be more simila r to som e
levels than others and may affect  performance on subsequent experimental
conditions as a function of their proximi ty on the scale . Other “ scale” effects
such as those sugges ted by Poulton (1973) mi ght also occur since the one standard
(dummy) treatm ent occurs t times to each single tim e the other t treatments
occur . When the experimental  conditions are qualitatively different , then there
is always the special problem of decidi ng wha t the standard , dummy treatment
should be.

R UNNING EXTRA TRIALS AND DR OPPING SOME IN THE ANALYSIS

If each experimental condition is tested seq uentially several times before
- - 

— ‘ changing to a new experimental condition and only the results of the last trial are
-) included in the analy sis, then residual effects of one period duration (or there

about ) will be absorbed during the first trial (or so) of each serie s. Theoretically
then the final trial of these short series will be uncontaminated from such seq uence

-

, 
- ‘ effects . This technique at lea st avoids the pr oblem s of deciding what to m ake a

dum my t rea tment or what to do during a res t period.

~~~~~4• -
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The major disadvantage of this procedure Is tha t the length of the experiment
increases with each replication. This may introduce long term trend effects such

as fati gue .

USING HIGHLY PRACTICED SUBJECTS

With highly practiced subjects tha t are thoroughly familiar with the experi-
mental procedures as well as the specific task involved, sequence effects such
as learning trends may be reduced or eliminated. However , pra ctice is more
likely to reduce long term trend effects than it is to reduce short term transfe r
effe cts. -‘

In certain circum stances, if the practice has been obtained using one of the
tasks to be compared In the experiment, then this mi ght negatively distort the
performance on one or more of the new tasks. A common example of thi s is in
the com parison of pilot fli ght performance using old and new instrument de signs,
when his many thousands of hours of experience has been built up using the old
instrument de sign. The problem is similar to tha t described when using a dummy

• experimental condition, except that in this case , the over-training on one condition
occurred before instead of during the experiment.

Another -problem in using highly practiced subjects is tha t they are more
difficult to obtain. Thi s of course is not an acceptable excuse for failing to do do,
pa rticularly if using them will minimize certain sequence effects and if the re-

t sults of the experiment are to be applied to situations involving hi ghly experienced j
personnel. Conversely, if the experimental results (for example, of a training
study) are to be applied to novices, da ta collected on experienced subjects may
be misleading.

ISSUING EFFECTIVE INSTRUCTIONS TO THE SUBJECT

Clear instructions to the subjects can help reduce residual effects and even
som e trend effects. Properly executed, instructions can serve as a form of
verbal, rather than m otor , practice and thereby minimize undesirable change s

~~
-. ; in the way a subject attacks a problem when he finally realize s the purpose of

3
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the task part way throug h the sequence . Approp riate instructions can also be
- used to motivate a maximum performance effort , which may partially reduce both

transfer and trend effects, aithough not necessarily eliminating them .

PRECAUTIONS TO CONSIDER WHEN PROCEDURAL TECHNIQ UES ARE USE D

All of the above procedures should be constdere4 in any experiment where

sequence effects might occur . Howeve r , when using the procedures , the follow-

ing precautions should be observed:

1. Certain procedure s do not minimize all type s of sequence effects with

equal effectiveness.

2. Certain procedure s while minimizing one type of sequence effect may

actually increase another .

3. The effectiveness of certain procedures can only be ass um ed and is

not capable of being mea sured.

In practice, procedural methods of minimizing sequence effects are most effective

in combina tion with the design and analytic technique s to be describe d in the

chapters tha t follow.

,
I

0.

I
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CHAPTER III
DESIGNS FOR HANDLING SHORT-TERM RESIDUAL EFFECTS

USIN G A GROUP OF SUBJECTS

Change-over designs , as thi s class will be called , are used to improve the
es timate of the direct  effects of a treatment when it is suspected that residual
effect s from prior t reatment s may have been carried over to affect the per-
formance at the time of measurement .  The desi gns in this chapter are built
on the assum ption that residual effects  persist  for one or two trials.

— Provisions for separating dir ect and residual effects are made in these

change-over desi gn by balancing the frequency and order in which treatments
are applied in successive periods. This balance can be achieved by testing
a single subject on an extended series of treatments arranged in all possible
orders. These serially balanced sequence designs will be described in the
next chapter. The balance can also be achieved by using more subjects and
limiting the amount of testing per individual subject , while balancing the various
treatment sequences among the subjects. These change -over desi gns , when

pr operly designed and analyzed , provide the data required to enabLe direct and
residual effects to be separated.

-

-

There are a number of different  kinds of change-over designs f rom which
the investigator must select the type that best meets his needs. Change-over
designs can be classified according to the nature of the residual effects and their
assumed r elationship with the direct  effects. These include such considerations
as:

-: 1. The number of periods over which the residual effects persist.

2. The nature of the relationshi p between direct and residual effects.

3. The degree to which direct and residual effects can be isolated. 

_ _  
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- Change-over desi gns in this repor t are divided into the foll owing types:

- - 1. Those assuming that direct and residual effects are  additive.

a. When the residual persists for one period onl y ( FIRST

- RESIDUAL)
- 

- When direct and residual effects are not completely
isolated (SINGLY- BALANCED DESIGNS)

- When direct and residual effects are completely isolated
(EXTRA-PERIOD BALANCED DESIGNS)

- 

- b. When the residual persis ts  for two periods (DOUBLY-
BALA NCED DESIGNS)

2. Those assuming that the residual is proportional to the direct
- 

- 
effect.

3. Those assuming that there is an interaction between direct and
residual ef f e c t s .

H
- Each of these types will be treated in the sections that follow.

t
-
~1L -

- ADJUSTiNG DiREC T EFFECTS FOR FI RST RESIDUAL EFFECTS

In certain exp eriments , the experimenter is interested primarily in the
- direct treatm ent effects , and any residual ef fects that might exist are nuisances , -

an ar t ifact of the experimental design that ought to be minimized procedurally
( Chapter II) and/ or  statistically. This could be the case in certain equipment

- 
t - design studies in which it is highl y unlik ely that the sequencing that occurs in the

experimental design would be found in the operational situation. In that case ,
since precise knowledge on residuals would be unnecessary,  change-over de-
signs can be u sed that giv e more p recise es t imates of the direct and less precise

estimates of the residual  effects. In these designs , direct and residual effects
remain partiall y confounded and direct effects estimates must be statistically
adjusted for the residual  effects .  However as the number of treatments being
investigated increases , the relative loss in precision in the residual effects to

-
‘ the direct effects decreases and these desi gns will be adequ ate for es timating

both direct and residual effects .

-- 1
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H
When these designs are used, the investi gator assumes that:

1. Direct and residual effects combine in an additive fashion.

2. Residual effects carry over for onl y one trial (fir st residual).

These designs , referred to as sI~g~y-balanced change-over designs, result in

the following model :

TRIA L PERIOD: I U III IV V

TREATMENT APPLIED: A B C B A

MEASURED EFFECT: A B + A C + B B + C A + Bd d r d r d r d r
wher e d  and r stand for direct and residual effects respectively. The effect of
a residual from the treatment in the previous period is added to the direct

effect of the treatment app lied in a current period, irrespective of what that

current t rea tment might be.

Singly- Balanced Change- ov&r Designs

Papers by Cochran , Au trey, and Cannon (1941), Williams (1949), Patterson

(1950, 1951, 1952), Finney (1956), Davis and Hall (1969), and Patterson and

Lucas (1962) and statistic s textbooks by Cochran and Cox (1957), Li (1964), and

Federer (1955) are among those that discuss methods of constructing and
analyzing sing ly-balanced change-over desi gns. In some cases, for the sake of

economy, the de signs are only partially balanced, a fact that reduces their
efficiency. *

Onl y some of all available designs are presented in this paper , selec ted on

— - 5 the basis of the criteria set forth in the Foreworct. At least one singly-balanced
chan ge-over design is prov ided fo r studying from four to sixteen tre atments in-
clusively. Additional designs are included when the number of factor s to be
studied are high in order to permit the user to ~rade-off the efficiency with

*Efficiency factors are the ratios of the variances per period per unit (subject)
of complete Latin Square desi gns to the variances per period per unit (subject)
of the change-over desi gns . (See Patterson and Lucas, 1962 , pp 18-19.)

29 - 
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which the effects can be estimated against the nuither of subjects and total

observations required to do the study. The almost total lack of experience with ~—

this clasi of design in human fa ctors engineering research makes it difficult to
guess at this time the relative importance of these alternatives.

Characteristics of the designs to be found in Appendix I-A of this r eport are
lis ted in Table 1. The columns in that table are identified as follows:

t = number of different treatments ( experimental conditions)

p = number of periods (trials)

b = nu mber or blocks (Latin squares and rec tangles)

k = number of unit s ( subjects/sequences) within a block

- n = bk = total number of un its ( subjec ts )

N = pn = total number of observations in complete design

E = efficiency factor for the estimated treatment (Et) effects

(ignoring residuals), adjusted direct (Ed) effects , and

adjusted residual (E r ) effects ¶5.5.555

Source = the reference from which the design was taken , along

with the design number found In that reference

Type- an identity related to the construction and analysis
characterist ics of the design -

When efficiency factors are not given in this or any other table in this
report , it was because they had not been calculated. However , the reader may

* be assured that they will be as hi gh or higher as alternate plans of the same
type for the same number of treatments.

Examples. Examples of the four types of singly-balanced change-over
designs listed in Table 1 are shown in Figure 2.

A stud y of these four designs reveals the various balances and imbalances
F - that exist. In the Latin square plan , the number of treatments equals the num-

ber of periods and therefore each subject is tested on every treatment. Since ç

this is not the case in the remaining designs, they are referred to as

“incomp lete block” desi gns.

_ _ _ _ _ _  
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- Table 1. Singly-balanced change-over designs to be found in Appendix I-A
- ________ _______________________________________

- - Type of
t p k b n N Et Ed Er Source* Change_ over **

4 4 4 1 4 16 100 9-1 62 - LS
- 

5 5 5 2 10 50 100 95 72 P-L 10 LS

6 6 6 1 6 36 100 97 78 P-L 14 LS

7 4 7 2 14 56 88 80 57 P-L 19 BIB

8 8 8 1 8 64 100 - LS

9 9 9 2 18 162 100 - - LS

9’ 5 9 1 9 45 90 76 - 56 D-H 34 CCO

10 10 10 1 10 100 100 - LS

10’ 5 10 1 10 50 89 74 57 D-H 35 CCO

11 6 11 2 22 132 92 89 72 P-L 26 BIB

11’ 5 11 1 11 55 88 67 52 D-H 36 CCO

12 12 12 1 12 144 100 - LS

12’ 5 12 1 12 60 87 71 55 D-H 37 - CCO

13’ 5 13 1 13 65 86 71 56 D-H 38 CCC
-

- 14 14 14 1 14 196 100 - LS

14’ 5 14 1 14 70 86 71 55 D-H 39 CCC

15’ 5 15 1 15 75 85 68 51 D-H 40 CCO

r - 16 16 16 1 16 256 100 - LS

16’ 4 4 8 32 128 71 65 45 P-L 129 PB
- 

16” 5 16 1 16 80 85 68 53 D-H 41 CCO
I ’  I _____ ______________  _________  _______________

* P-L Patterson and Lucas (1962) ** LS Latin square
- i- D-H Davis and Hall (1969) - BIB Balanced incomp lete block

‘5 
- Classical LS-CO design CCO Cyclic cha nge-over

The number s are the one s they PB Partiall y ba lanced incomp lete

-1 ~- - used in their reports. block

.5.
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L.attn square ( IS)  change-over design (t — 4)

Subjects (Sequences)
Periods 1 2 3 4 -

I 1 2 3 4 Direct tre atment

II 21 ~~ 
43 14

III 4~ 1 3 24 3~~~ ____—Re sid ua l from
pr eviou* treatment

IV 34 ~ i 1 2 2 3 
-

Balanced incomp lete-block (BI B) change -over desi gn (t—7)

Subject s (Sequences)
Per iods 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

_______________________________ Direct

I 0 1 2 3 4 5 6 0 1 2 3 4 5 6 0 1 2 3 4 5 6 — trea t ment s

II 5 6 0 1 2 3 4 3 4 5  6 0 1 2 6 0 1 2 3 4 5

III 6 0 1 2 3 4 5 5 6 0 1 2 3 4 3 4 5 6 0 1 2

Block 1 Block 2 Block 3

“Cyclic chan ge-over ” (CC O) desi gns * (t= 6)

Subjects (Sequ ences)
- 

I P eriods 1 2 3 4 5 6 7 8 9 10 11 12

1 2 3 4 5 6  1 2 3 4  ~ 6 Direc t
___ — trea t ments

II 4 5 6  1 2 3  6 1 2 3  4 5 - ~

III 5 6  1 2 3 4  2 3 4 5  6 1

Block 1 Block 2

Partiall y balanced (PB) change -over desi gns (t—6)

Subjects (Sequences)
• I Periods I 2 3 4 5 6 7 8 9 10 11 12

I 1 4 Z 5 2 5 3 6 3 6 1 4 Assoc iation
I Scheme

II 4 5 1 2  5 6 2 3  6 4  3 1
I 1, 4

Ill 2 1 5 4  3 2 6 5  1 3  4 6 I 2. 5
I 3 , 6

IV 5 2 4 1  6 3 5 2  4 1  6 3

Block 1 Block 2 - Block 3 -

‘.5
- Figure 2 . Examp les of the four types of singl y- balanced change -over desi gns liste d in Teble 1

h i .
*Davi s and Ha ll (1969) numbe r their t treatments from Oto t - I .  To promote con a istancy

• amon g the designs in this section , ~ CO pla ns wil l be written with I treatmen ts being
- 

- 
nu mbered f rom I to t -

~~

+

-,

- -

- -
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In the Latin square plan and in the balanced incomplete block plan s, each
treatment is preceded an equal number of tinB s by each other treatment.
Although no treatment precedes itself , these designs are still referred to as
being balanced.

With “cyclic change-over ” (CCO)* designs and partially balanced incomplete
block designs , each treatment is not preceded equally often by each other treat-
ment. This leads to the designation , “partiall y balanced. ” For example , in

the CCO design (Fi gure 2), treatment 3 is never preceded by treatment 5, nor
treatment 5 by treatment 1. In the Partially Balanced Change-Over design, cer- -

tam treatments are preceded more frequently by some treatments than others.
For example, treatment 1 is preceded twice by treatment 4 (and vice versa)

- - but only once by the other treatments. Similarly, treatment 2 is preceded
twice by treatment 5 (and vice versa) but onl y once by the remaining treatments. -

A similar relationship would be found between treatments 3 and 6. These”
particular combinations are noted in the Association Scheme (also supplied
along with the appropriate designs in Appendix I and used in the analys is of the
data). Obviously firs t associates (with the mos t frequ ent comparisons) provide
more precise es timates of eff ec t s than second associate s (with the least fr e-
quent or absent comparisons).

The four types of change-ovel~ designs represent plans that diff er in regard
to the complexity of the anal ysis and the ease with which results can be inter-
pre ted. The size of the plan affects the degree of imbalance in the design. If
an investigator pref ers to make fewer observa t ions or u se f ewer subjects over
a shorter time period, he must pay fo r this with increased imbalance among the
direc t, residual, and other effec t s and a corresponding increase in ambiguity in
the results. The practical consequences of these trade-offs will not be known

- , until more experience has been gained using these plans in human factors
engineering experiments. One might expect ,- however , that as the number of
treatments increase , the less serious the imbalance will be when estimating the

• 
- various effects.

*“Cyclic change-over ” is a name given to this class of designs by Davis and
Hall (1969). While n~~ny change-over designs are cyclic in construction , thedesignation , CCO, will be used to refer specifically to this group of desi gns.

‘
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‘ The one partially balanced change- over plan and the eight CCO plans are Jincluded in Table 1 because of their marked economy as compared to the other
designs. The investigato r who is tempted to use one however should wei gh the
extra problems of anal ysis when these designs are used against the additional
data collection effort when other designs are used. The little extra effort
during the data collection ~tage will g enerally be wo rth it when faced with the
problem of interpreting the results.

Construction

All possible methods of constructing change- over designs will not be de-
scribed her e; only the methods required for the types selected for this repo rt
will be discussed and these should be adequate for most prac tical purposes.
The reader who is interested in knowing abou t other methods will find
Patterson ’s ( 1952) and Patterson and Lucas ’ ( 1962) papers excellent ones with
which to begin.

The most difficult task in constructing the plans listed in Table 1 is to de-
tern ’iine the initial sequence (referred to as the “generating ” sequence) of each
block of the design. The actual method used to Construct these generating se-
quences will be described in thi s report for only the Latin square plans. How-
ever to aid the reader who intends to use these designs , the generating sequence - 

-

of every plan will be given in Appendix I, and in a few cases , the complete
design will be given.

Methods of completing a design once the generating sequence is known will
also be described here for all of the desi~ns listed in Table 1. The cyclic solu-

- . 
- tion is the most frequentl y used for the Latin square , balanced incomplete block ,

and CCO desi gns. Another solution, also described, is needed to complete the
partially balanced incomplete block designs. The reader will have to use these
methods in conjunction with the data supplied in Appendix I-A when a comp lete
design is not supp lied.

Constructing the generating sequence of a Latin square plan. Onl y one
block and therefore one generating sequence is req uired for a singl y-balanced

5~~~
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change-over design of the Latin square type when t (the number of treatments)
is even. Two blocks are required when t is odd.

To construct the generating sequence of a LS plan when Lis even, the
numbers 1 through t are arranged in the following order to represent the
sequence of t periods for the first subject:

Period: I I I  III . . . .
Treatment: 1, 2, t, 3, ( t— 1), 4, ( t— 2) . . . . . . (t+2)/ 2 .

Each of the! numbers representing the different treatments will be used once.
This sequence, when t is ev en, is cons truct ed by writing down the firs t two
numbers in their normal sequence, and to con tinue writing the remaining num-
bers in a normal sequence but skipping every other period until the t th period

-- 
- has been filled. At that point , the normal sequ ence of nu mbering is continued

in the reverse direc tion, fil ling in the prev iously vacant periods. The following

-
- - may help to visualize the process when t 8:

1, 2, 
—, 3, , 4, 

—, 5~~j
8, 7, 6,4—’~

or

1, 2, 8, 3, 7, 4, 6, 5,

To construct the generating sequence of a LS plan when t is od4, the treat-
ment numbers from 1 to t are ordered as follows:

• 1, 2, t, 3, (t 1), 4, (t 2) . ( t+3) / 2

Thus for! = 7, the sequence in which treatments should be presented to the f i r s t
subjec t in the firs t block is:

Subject 1: 1, 2, 7, 3, 6, 4, 5.

Since! is odd, however , a second Latin square , or block is requ ired for
complete balance. The sequences of the second block o f !  more subjects are

— obtained by writing the sequences in the first  block in reverse. For example,
the sequence in which the treatments would be presented to subject number

_______ ~ ~~~~~~~ -2k: :*, ~~~~~~~ 
- -
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eight would be the reverse of the sequenc e presented to subj ect number one ,

thus: 
-

Subj ect 8: 5, 4, 6, 3, 7, 2, 1.

Obtaining the generating sequence of BIB change-over and CCC designs.

The generating sequence for all blocks of the BIB and CCC designs listed in

Table 1 are given in Appendix I-A. If the reader wishes to develop additional

plans , he can refer to the paper s by Patterson (1952) and by Davis and Hall

(1969) to find out how these sequences were constructed.

Completing the remaining sequences of the LS, BIB, and CCO designs.

For the balanced designs described in Appendix I-A, onc e the generating se-

quence for each block has been determined , the remaining (t-l) sequences can
— in most cases be created by using a cyclic solution. The one exception is the

design for t = 4 , which is formed by a multi plication process. * Cyclic solutions ,

of cour se , are far from being the only ones that can be used to complete singly

balanced change-over designs , but will be the only type described here. Refer- 
—

ences already cited can be referred to if the reader is interested in learning of ‘

other techniques.

Using the cyclic solution to complete these designs , each new sequence is

obtained by adding +1 (modulo t) to the treatment numbers of each preceding

sequence. Thus , if the first (generating) sequence of the Latin square (t =8)

were:

‘ 1  1, 2, 8, 3, 7, 4, 6, 5

the sequence of treatments for the second subject would be: 
- - 

-

2, 3, 1, 4, 8, 5, 7, 6,

and for the third subject:

3, 4, 2, 5, 1, 6, 8, 7. -

I.

*This multiplication method is described in the footnote in the next section ,
“Constructing partially balanced change-over designs” .
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Note that when +1 is added to 8 is this example, it did not become 9; instead
~ i it becomes 1. “Modulo t” means that t (in thi s example, 8) is larg est number

possible, after which the count starts over again. Thia can be visualized by
thinking of a series of numbers (modulo 8, for example) in a circle:

~~~~~~~~~~~~~

H ?ED
~~~~~~~ 5

— 
-

5 /

Moving clockwise arou nd the circle and adding 2 to 3 (modulo 8), g ives 5.
Adding 3 to 7 (module 8), gives 2. This could also be thought of as 3 + 7
(rnodulo 8) 10 - 8 = 2.

The successive sequences are obtained in the same way, i. e., addin g- +1
(modulo 8) to the preceding sequence. This is continued’ until there is a dif-

- ferent sequence of the! treatm ents for each o f t  subjects. The comp lete de-
sign .wpuld be for t = 8:

Periods (Trials)
I II III IV V VI VII VIII

1 1 2 8 3 7 4 6 5
2 2 3 1 4 8 5 7 6
3 3 4 2 5 1 6 8 7

Subjects 4 4 5 3 6 2 7 1 8
(Sequences) 5 5 6 4 7 3 8 2 1

-
~~~ 6 6 7 5 8 4 1 3 2

7 7 8 6 1 5 2 4 3
8 8 1 7 2 6 3 5 4~a- -

- 
I Treatments

.5
- - ’

t 
I-’ -
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In this text , in the appendices , and in the original papers , the experimental

designs are not always formatted the same and they are not always labelled.

It is important that the r eader ascertain for each design whether columns or

rows represent sequences or periods. In some cases, an arrow has been drawn
near the design to show the direction of the sequences across periode.

An examination of the already completed examples of BIB and CCC desi gns
(Figure 2) will show how the cyclic solution was used. As in the case of the LS
designs , each value in a new sequence is +1 ( rnodulo t) more than the preceding
value.

Constructin,g pa rtially balanced change-over designs. Patterson and Luce

• (1962 , p. 33) construct PB-CO designs by using partially balanced incomplete
block designs developed by Bose , Clatworthy, and Shrinkhande (1954) to provide
the ini tial generating sequences for each block , and a method employed in the
construction of simpler change- over designs to complete the blocks. In their
tables , Patterson and Lucas (1962), p. 49) indicate which Bose design and which
chan ge-over design should be used to cons truc t each part ially balanced change-
over designs. Let u s now see how this information was used to construct the

example of the partially balanced change-over design for t=6 given in Figure 2.

Patterson and Lucas indicate that Design Si in Bose~~~ a1 (1954) is to be
used to produce the initial generating sequences for each block and Design 5 in
their own report would be a model of how the PB-CO is to be completed.

From Bose ’s report , we find that Design SI separates six treatments
- ,  

- 

- replicated twice into three incomplete blocks of four treatments each , thus:

( 1) 1 4 2 5
Blocks (2) 2 5 3 6

(3) 3 6 1 4

The sequences of treatments in each of these three blocks are to be used as the
first generating sequences of three new blocks that will make up the partially
balanced change-over design.

~~
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-
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Each of these blocks are to be completed using the same technique that
Patterson and Lucas employed to construct their model, Design 5~ * Design 5
is a t = 4 Latin square design , the f i rs t  one found in A ppendix I of this repo rt
and reproduced here:

Patterson & Lucas’ Design 5 for t = 4:

1 2 . 3  -4~~e .
2 4 1 3
3 1 4 2
4 3  2 1

However with incomplete blocks , the method is complicated because we are
forced to work with incomplete blocks , that is , blocks in which all of the treat-

- 

- ments are not present. The following substitution technique is easier when the
model design (in this case , Design 5) is known.

The method of treatment symbol substitution is used to change the model
design (in this case , Desi gn 5) into a design developed from the generating Se-
quence supp lied by Bose’s PBIB Design Si. Thus we take the first sequence

from Bose ’s design , i. e. 1, 4, 2, 5, and subs titute it for th e firs t sequence of
the model design , i. e. 1, 2, 3, 4, by putting a 1 in place of 1, 4 in place of 2,
2 in place of 3, and 5 in place of 4. These same substitutions would then be
made throughout the model design to crea te the firs t block of the par tially
balanced change-over design shown in Figure 2 , thus :

Sequences
— 

- in Block 1 (k)
1 4 2 5

Period ~ ) 4 5 1 2 (B lock obtained by substituting
-

- 
‘~~ 2 1 5 4 sequence 1425 into Design 5)

5 2 4 1

.5.

*The LS-CO desi gn for t = 4 shown in Appendix I-A was not created by a cyclic
solution. Instead it was comp leted using a multiplication process that wo rks

• --
‘ when (t+ i)  is a prime number. Once the generating sequence has been de-

• termined—in this example, it was simply the treatment values written seriall y
from one to four—each subsequent sequence is formed by multi plying this f irst
sequence by 2, then 3, 4, ... up to ! (modulo t+ 1) . Thus the third sequence in
the example would be obtained by multi plying: 1x3=3 (modulo 5)=3;
2x3 6(modulo 5) l; 3x3=9(modulo 5) 4; 4x3 12(modulo 5 ) 2 , or 3, 1, 4 , 2.

-~ ~~~~~~~~ Williams (1949) shows how thi s LS can be made equivalent to one derived with
- ~~

- a cyclic solution (p. 152).
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The remaining two blocks of the PB-CO as shown in Figure 2 would be con-

structed in the same way, but by substituting the other two sequences from

Bose Si design into Design 5. A total of 12 subjects would be needed for all

sequences of the three block design.

Analysis

In all of the singly-balanced change-over designs , essentially the same

sources of variance are examined. The typical partitioning of the degrees of
freedom is shown in Tabl e 2. Modifications of this general form must be made

to meet special requirem ents. For example, when 
I 
is even, Latin square

plans require only one block for a balanced design. Thus b = 1, and all sources

pertaining to blocks are eliminated.

The most unique feature in the anal ysis of this sing ly- balanced design is the
dual partitioning of the treatments effect (as indicated by the letters A and B in

— Table 2). This is done because the direct and residual effects are correlated
with one another (i. e. are non-orthogonal). In order to evaluate the direct
effects, they must be adjusted for the entangled residual effects . The same
holds true if one wishes to examine th e residual effec ts ; they mus t be adjus t ed

for direct effects.

The rationale for thi s adjustment may be clear er if the situat ion is seen

- 
- gr aphically as in Figure 3. The two circles represent the sums of squares for

- 

- 
the direct and residual effects which are correlated as indicated by the degree
of overlap. If residual effects are partialled out first , then the adjusted dir ect

‘
~~ effects are what’s left over. If the direct effects are partialled out , then the

adjusted residual effects are what’s lef t over. The adjusted values are used
in the F-tests of significance.

How this analysis would be performed will not be discussed in any detail in
this report, In Table 3 however , references are given in which the method and
numerical examples of the anal ysis of these singly-balanced designs can be -

found.
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Table 2. Sources of variation and partitioned degrees of freedom in
the analysis of variance of sing ly-balanced change-over
designs.

Sources of variance Degrees of freedom

Blocks b— 1

Periods P —  1

Blocks x periods ( b —  1) ( p —  1)

Units within blocks b(k — 1)

Treatments (direct and
residual effec ts) 2(t — l)~~~~~ -. ., _,

- - - 
Error 

- 

(n — b) (p — 1) — 2(t  —

Total n p — i

- --Alternate methods of partitioning the Treatments degrees of freedom- -

( 
Direct effects
(eliminating residual effects) t — 1

A Residual effects
(ignoring direct effects) t — 1

Total Z(t — 1)

or ________________________________ _________________________

( 
Direct effects
(ignoring residual effects) t — 1

B I Residual effects
(eliminating direct effects) t — 1

Total 2 ( t —  1)
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ANALYSIS A or ANALYSIS B

Remove

va~ ?a!ble ‘®
Leaves

Correlated f l  adjusted
Treatment D value of -‘ R
Effects second

- variable

Figure 3. Illustrating the partitioning of correlated effects

- 
Table 3. References on how to -anal yze singly-balanced change-over designs

Arithmetic Numerical Type of
- Source Method Example ~~~~~~

Cochran, Autrey, & Cannon (1941) pp 946-949 Latin square

Cochran and Cox (1957) pp 135-139 Latin square

Davis and Hall (1969) pp 289 pp 290- 29 1 CCO*

t 
- Federer (1955) pp 446- 449 pp 449-452 Latin square

- 
Patterson (1950) pp 375’ 377

“T. Patterson (1951) pp 258- 263 Latin square
pp 268-270 PB

_ f - -S
Patterson & Lucas (1962) pp 7-10 pp 26- 29 Latin square

pp 11-13 pp 34-38 -PB

j
~

. Williams (1949) pp 161- 165 pp 165-168 Latin square

*Davis & Hall (1969) wrote: “A program (Fortran for CDC 3200 computer)
- 

•
- has been written which analyzes any CCC design and enables suitable designs 

)

to be chosen for any given set of parametric values. Copies may be obtained
from the authors on request. ” (p. 289)
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ISOLATING DIRECT AND RESIDUAL EFFECTS

In the previous designs , tr eatments were presented in a balanced order so

that each treatment preceded every other treatment equall y often but never pre-

ceded itself. As a res ult, residual effects were not completely balanced with

direct effects . In the designs to be described in this section, a clas s ref erred

to as extra-period change-over designs , treatments are repeated in an extra

period in such a way that within each design each treatment now follows itself
as often as it follows each other treatment.

These designs would be used when the investigator assumes that:

1. Direct and residual effects are additive. That is to say, the
residual ef fec t for any tr eatment will be the same no matter
with which direct effect it may be combined.

2. The residual effec t will persist for only one period.

3. There is an interest in both direct and residual effects.

The same additive model operates with these designs as they did with the

singly balanced change-over designs. The primary dif ference between two
types of desi gn s lies in the degree of precision with which the residuals can be
estimated when compared to estimates of the direct effects and in the fac t that
direc t and residual effec ts can be completely isolated from one another . Both
are orthogonal to periods , but in thi s design , residual rather than direct eff ec t s

are orthogonal to subjects (sequences).

‘ 1

- -
~~ Constructing Extra- Period Change-Over Designs

Lucas (1957) suggested adding an extra-period at the end of the Latin square
change-over desi gn in which the treatment of the previous period in each se-

:‘ quence would be repeated. This resulted in each treatment following every other
treatment an equal number of times including itself, thus completing the balance
between direct and residual effects. Patterson and Lucas (1959) (1962) have
extended this approach to incomplete Latin squares and incomplete block change-

~~ 

-~~

‘
- over designs which are not considered here.

- 
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Using a t = 4 basic change -over desi gn as an examp le, we add the extra-

period to obtain the following plan: )_

Subjects (Sequences)
1 2 3 4

I 1 2 3 4

II 2~ ~~ 
43 14 _,

~_,~__ Direct treatment effect
Periods

TTT A 1 2 i ~~~~ .._ .Residual effect
W 

~‘2 3 4 1~~~ (subscripts)

W 34 ~~ 
12 23 

-

Extra-period V 33 44 l~ 2~

An inspection of this extra-period design reveals that:

-~ 
- 1. One-period residual effects are orthogonal to the direct effects.

2. Residual effects are orthogonal to sequences (subjects).

3. Direct effects are non-orthogonal to subj ects , but Lucas (1957 ,
p. 227) says that “the degree of non-orthogonality is not great” .

4. The amount of replication of the residual effects relative to the
direct effects is a little greater than in the Latin squares.

— 
-~~ - The same results could hav e been obtained if instead of the extra period

being added at the end of the sequenc e it were introduc ed at the beginning with
the first  treatment being the one that was repeated. Sinc e this extra treatment
may not be included in the analysis (although its residual effect combined with
the second occurrence of the same tre atment is included), there can be an

- 

~~
- advantage in having it first rather than last, for in first position it can serve as

a warm- up trial.

- ,,-; Recommended extra-period designs are described in Table 4. All of these
can be constructed by adding an extra period with treatment to corresponding
singly-balanced change-over designs listed in Table 1 and given in Appendix I-A.
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Table 4. Characteristics of recommended extra- period designs

Parent Plan
t p k b n N Et Ed Er from Table 1**

~~ 
,
~~ 1 4 20 96 96 80 LS 4

— 5 6 5 2 10 60 97 97 83 LS 5

6 7 6 1 6 42 L S6

7 5 7 2 14 70 84 84 72 BIB 7

8 9 8 1 8 72 LS8

9 10 9 2 10 180 LS9

10 11 10 1 10 110 - LS 10

11 12 ii 2 22 254 LS 11

12 13 12 1 12 156 LS 12

13* - 
-

14 15 14 1 14 210 LS 14

15*

16 17 16 1 16 272 LS 16

16’ 5 4 8 32 160 69 69 59 PB 16’

*No extra-period designs have been supplied for t = 13 and 15. Such designs
can be found in Patterson and Lucas (1962). The “best” designs available

( however are P-L design #53 for t = 13, requiring 39 subjects and 234
observations, and P-L design #150 for t = 15, requiring 60 subjects and
300 observations .

**LS, Latin square; BIB , balanced incomplete block; PB, partially balanced
incomplete block

?-

‘V .
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Extra-period cyclic change-over designs. None of the extra-period deSi gns -
listed In Table 4 were constructed by adding an extra period with treatment to
the Davis and Hall (1969) cyclic change-over (CCO) designs. This does not -~~~

mean that CCO’s could not be used if it were necessary to reduce the size of
the experimental effort.

Davi s and Hall (1969, p. 289) had this to say regarding the adding of an
extra-period to their CCO designs :

“CCO designs may be analyzed after any number of periods, and
further periods may be added in such a way as to maximize Edor Er, these features adding great flexibility to the experimental
situation. As in the designs of Patterson & Lucas, repetition of
the final period increases Er at the expense of Ed. However , -

orthogonality of direct and residual effects is not achieved by
this means as in their designs. ”

They compare the efficiencies of the treatment , direct, and residual effects
when the extra-period is and is not used in the CCO design (t=6) shown in
Table 1. The percent efficiencies were:

E E E
- t d r

Basic CCO design 79 58 34

Extra period CCO design 74 72 61

Berenbiut ’s alternative. Berenblut (1964) proposed a change-over desi gn
that would keep the residual and direct effects unconfounded, and do so without
confounding direct treatment effects with sequences and subjects as is the case - 

—

with the Lucas ’ extra-period designs. Thi s was done by adding more extra-
-
‘ periods. An example of a Bernebiut design for t 3 is as follows: 

- 
-

I.

I.
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Subjects (Sequences)
1 2 3 4 5 6 7 8 9

I 1 2 3 1 2 3 1 . 2  3

II 3 1 2 2 3 1 1 2 3

Periods III ~ 3 1 2 3 1 2 3 1

IV 2 3 1 1 2 3 3 1 2

V 3 1 2 3 1 2 3 1 2

VI 1 2 3 3 1 2 2 3 1

Each condition fo llows eve ry other condition including itself an equ al nu mber of
times - - in this example, five times. Direct and residual effects are orthogonal.

However , whereas Lucas ’ designs required t(t+ i) observations and t or Zt
subjec ts for a complete design, Berenbiut’s designs required 2t 3 observations
and t 2 subjects. Namboodiri (1972 , pp. 58-60) discusses the r elative merits
of these two desi gns and indicates that Lucas ’ des igns are better for estimating
first residuals. Because of its extra size and limited advantag e, no further
discussion of Berenbiut’s design will be made here. General methods of con-
struction and analysis can be found in the original article.

Analysis

- 

- A typical par titioning of the degrees of freedom in an extra-period, singly
balanc ed, change-over design is shown in Table 5. Some modifications may be
required to meet special requirements , but the essential difference between this
analysis and that of the basic singly balanced design (Table 2) without the extra
period lies in the handling of the treatment variance. Since direct and residual
effects are orthogonal to one another in this extra-period design , no alternate
analyses are required.

- How this analysis is performed will not be discussed in any detail in this
report. In Table 6, however , references are given in which the method and
numerical examples of the anal ysis of these extra-period change-over designs
can be found.

t:
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Table 5. Sources of variation and partitioned degrees of freedom
in the analysis of variance of extra-period desi gns 

p

Variation 
- 

Degrees of freedom

Blocks b —  1

Periods p — 1

Blocks x periods ( b —  1) ( p —  1)

Units within blocks b(k — 1)

Direct effects t — 1

Residual effects - t — 1

Error (n — b) ( p —  I ) —  2 (t—1 ) —

Total np— 1

Table 6. References on how to anal yze extra-period desi gns

General Numerical
Source Method Example Special features

Lucas (1957) pp. 230- 233 pp. 234-237 Extra-period design
Blocking
Missing data

Patterson & Lucas pp. 122-127 pp. 127-128 Extra-period des ign(1959) ANOVAs including and
omitting first period

r Patterson & Lucas pp. 11-12 pp. 30-32 Extra-period design(1962)
pp. 13-14 pp. 34-38 Partially-balanced -

- p extra-period
design

L 4 8
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Basic Change-Over Versus Extra-Period Designs

Extra-period designs improve the quality of information on residual effects.
If there is a special int eres t in r esidual (trans fer) effects , as there might be in
training situations, then the use of extra-period designs should be given special
consideration. If the cross-over effects however are artifacts of the exper-
imental design and are unlikely to be found in the field - - as in the case when

Latin square designs are used in the comparison of several types of equi p-
ment -- then the basic change-over design should suffice. However residual
effects might be of special interest in an equipment design stud y when its pur-
pose is to compare performance levels between old and new devices, when the

latter is to be subs titu ted for the one cur r ently being used.

Patterson and Lucas (1959) discuss certain biases in the estimates of error
that occur in extra period and standard change-over designs, sugg esting that

with extra-period designs the biases will be somewhat greater. They indicate
that a better estimate of the error of residual effects (which is overestimated
if there is a linear trend in the sequence of measurements) can be obtained
with an analysis of variance that omits the first period in the calculations.
However they add: “The calculation of this estimate is sometimes difficult
and will not normally be worthwhile unless a crit ical tes t of r esidual effects is
required. ‘~ (p~ 125) The reader should pay particular attention to the word ,
“cri tical”, for in the t ypical human f acto r s  research, the result of an F- test
alone should never be critical; it mu s t be tempered considerably by the inter-

- 
- preter ’s judgement (See Simon, 1971, Obj ective Two).

Lucas (1957 , p. 228) wrote: “The advantages of the extra-period desi gns
• 

- over the regu lar Latin square designs decreases as the number of treatments
is incr eased. In fact, when the nu mber of t reatments is six or more , the in-

-
‘ complete Latin squares likely would be ch osen , simply to avoid using too many

~.- ~ periods ”. However , it should be remembered that Lucas wrote in the context
of dairy farming and the same considerations may not apply when one is using
hu man subjects in equipment design and training research. For cows , the
extra period may not fit their lactation schedules , but in many human fac tors
studies , including an extra-period may be the easiest part of the experimental
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effort. Certainly it is worth it if it simplifies the analysis and the interpretation
of the data .

ADJUSTING DIREC T TREATMENT EFFECTS FOR RESIDUALS TH AT
LAST FOR TWO PERIODS

In the previous sections , designs were balanced for residual effects that
persisted for only one period. There are times however when an experimenter

— may believe that this limit is too severe and that it may be necessary to
balance the experimental conditions for effects that persist for two periods.
The “doubly-balanced change-over designs ” described here can be used when:

1. Residual effects affecting a particular treatment carry over
- not only from the preceding treatment (first residual) but also

- 
from the treatment two periods before it (second residual).

2. The magnitude of the residual effect from any treatments
is not dependent upon the particular treatment in the period in
which the residuals are being measured.

- The effec ts of these two condition s can be illus tr ated as foll ows:

- Trial
Period I II III - IV V

Treatment
- 

- 
A pplied A B C B A

- 

- Measured

-~ -

~~ Effect (Ad) 
~~d +A r l ) (Cd +B l +A 2) (Bd +C rl + B 2) (Ad +Brl +C 2)

-- where subscript d stands for a direct effect and subscripts rl and r2 stand
respec tively for a residual from the treatment in the preceding period and a

p residual from the tr eatment two periods back. The size of the first residual of
Treatment B is the same in periods III and V whether it combines additively to

- ‘
~~~ the direct effects of C or A respectively.

50 -
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Characteristics of Doubly-Balanced Change-Over Designs

E.J. Williams (1949; 1950) is generally credited with having published the
first description of doubl y-balanced change-over designs. In order for direct
effects to be balanced with respect to each of the two residual effects and for
the first and second residual effects to balanced with respect to each other ,
the following conditions must hold:

1. Every treatment immediately precedes every other treatment
equally often. -

1:- 2. Every treatment precedes every other tr eatment by two
positions equally often.

3. Every pair of treatments immediately precedes every other
treatment equally often.

This third condition will also hold when each ordered trios (e. g. 123 , 231 , 312,
132, 321, 213) of treatment occur equally often , or when each ordered pair of
treatm ent s occur s equ ally often at the end of the row (sequence) of an other-
wise balanced design. When these conditions hold, the designs are also
balanced for the residual of the interactions of the two preceding treatments
on the third, although this effec t will not be examin ed in the analysis. For this
balanc e, t( t-l)  sequences o f t  treatments are needed. Thus for eight treat-
ments, 56 sequences (or subjects) are required.

Williams (1949 , p. 151) notes that these designs are also balanced for the
effect of subsequent treatments as well as for previous treatments stating:

1’ “Such a possibility is not so academic as at f irst  appears. For examp le, in
-‘ 

- 
carr ying out an examination on school children, the result obtained in one test
may well be infl uenced by the anticipation of the subsequent tests, to a g reater
extent , than the actual result of previous tests. ”

- : Construction -

F r
-• There are a number of different methods of constructing doubl y-balanced

change-over designs , none of which are suitable for all values of t (number
of treatments). Some are easy to use , some require advanced mathematical

- 
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knowledge, and some can be developed from data given in other sources for
other purposes. Only designs for handling from four to ten treatments will be

• considered here; beyond that number , the number of subjects and observations
required for complete balance is excessive. -

Methods of constructing doubly-balanced designs can be found in the
foll owing reference s:

1. When t equals an odd prime value, e. g. 5, 7, 11, 13, anä so forth,
William s ’ (1949 , pp. 156-159) method can be used. It is easy to
unders tand, but was incompletely described in that paper. Nair
(1967 , p. 215) points out that Williams ’ algorithm is good onl y when

- 
the odd pr ime equals 2r - 1, where r is odd. Another algorithm is
required, which Nair supplies , when the odd prime equals Zr - 1,

- 

wher e r  is even. —

2. When t equals a power of a prime, e. g. 4, 8, 9, 16, and so for th,
William s’ (1949 , pp. 159-161) method can be used but r equires a
knowledge of advanced mathematics -- Galois fields -- even to com-

- 
l plete the design s after he supplies basic information needed to start j

them.

- 3. Complete sets ( t- l)  of orthogonal Latin squares , when they exis t, are
doubly-balanced change-over designs. Fisher and Yates (1963) supply 

j

them for t = 4 , 5 . 7 , 8 , and 9, and these have been used for the designs
in Appendix I-B of this report. Stevens (1939) describes how to con-

- 

- 

a truct complet ely or thogonalized Latin squ ares. I
-, 4. Williams (1950 , pp. 353 and 355) states that Dudeney ’s* “Round Table

Solutions” can be used to construct doubly-balanced change-over
- - 

design. The t = 6 design in Appendix I-B is based on a Dudeney
solution. Dudeney (1943) supplies round table solutions for all value s
of 

~ , up to 12.

Less efficient estimates of second and higher-order residual effects can be
made with partially balanced incomplete block designs. Of these type s ,

*Dudeney ’s R~iind Table Solutions are given in Appendix II-E.
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of singly-balanced designs discussed earlier in this report , the analysis of
second residual effects was considered in the following cases:

1. Patterson and Lucas (1962) supply designs for t = 4 to 10, and also 13
that can be analyz ed for multiple residual effects. Many but not all of
these designs were derived from complete sets of orthogonalized Latin —

squares (designated with a -0 in their Table 5. 0, pp. 39 43). In their
designs , they did not ordinarily use all rows of the orthogonal Latin
squares , thus achieving an economy in data collection at the increased
cost of a lowered efficiency in estimating the effects. Efficiency falls
off rapidly with these designs as treatment, direct, first residual,
and second residual effects are calculated in that order. They also
point out (p. 21) that given the property of the orthogonalized Latin
squares , after three periods have been te sted, an analysis can be
made at the end of any period, a feature that “is useful if reports are
required on the progress of an experiment or if an experiment is pre-
naturel y terminated through misfortune or for some other reason. ”
For balanced designs, t ( t - l )  subj ect are r equired. They also supply
some par tiall y balanced designs requiring fewer subjects and fewer
observations, but result in a g reater ineff icienc y of estimating the

effects.

2. The cyclic chang e-over (CCO) designs proposed by Davis and Hall
(1969, see Appendix I-A) can also be anal yzed for higher-than-first
order residual effects. The drop in efficiency when estimating higher-

- - order residual effects is considerable.

Designs
—.5’ - - -

In Appendix I-B, doubly-balanced change-over designs for from four to
nine treatments are supplied complete. With the exception of the t = 6 design
supp lied by Williams (1950) the remainder are the complete sets of orthogonal
Latin squares given by Fisher and Yate s (1963).

- ~~
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Analysis -

Williams (1950 , pp. 355-360) explains how doubly-balanced change-over
designs are analyzed and provides a numerical example of the analysis. In
thi s he does not consider the interactions among pairs of residuals, which in
fact becomes part of the error variance. In these designs , the attribute of
balan ce does not necessarily imply orthogonality among the factors. Thus ,
position ( trial) effec t s will be or thogonal to all other effec t s . Subject (and
sequ ence) effects will be or thogonal to direc t t rea tment effec ts , but not to
residual effects. Direct effects are not orthogonal to residual effects and first
and second residual effects are not orthogonal to each other . —

The non-orthogonality of the direct and residual effects in these designs ,
as in the case of the singly-balanced designs , require that adjustments be made
in the analysis. Since estimations of correlated variables depend upon the order
in which the estimates are made (i. e. which are adjusted for which first),
several alternative analyses are possible. With the sing ly- balanced designs,
with only direc t and residual eff ec t s , two order s fo r analysis were possible.
Wi th doubly-balanced designs , with direct and first and sec ond residual ef fects ,
there are six possible orders for analysis. However , Williams (1950 , p. 359)
proposes onl y fo ur of these as being of any practical value.

To estimate the three treatment effects (D, R 1, and R 2) aft er they hav e
been adjusted for the other two, the t reatment sums of squares would be
par tit ioned in the fo llowing ways :

1. Direc t effec ts , adjust ed for firs t and sec ond residual effects
Firs t residual eff ec t s , adjusted for second residual effects
Second residual effec t s, unadjusted —

2. First residual effects , adjusted for direct and second
residual ef f ec ts

~ -j Second residual effects , adju sted for direc t ef f ec ts
Direct effects , unadjusted -

3. Second residual effects , adju s ted for direc t and f irs t
residual effects

Direct ef fec ts, adjusted for first residual effects
_
~~~~~
, 

First residual effects , unadjusted
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He also prop oses that the third partition above be made along with :

Second residual effects , adjusted for direct and
first residual effects

First residual effects, adjusted for direct effects
Direct effects, unadjusted

would be needed to test the significance of direct and first residual effects if
sec ond re siduals are to be ignored. In the actual calculation s, of course, the

unadjusted term is removed first, followed by the remaining terms in order as
more and more adjustments are required.

Patterson and Lucas (1962 , p. 15-16) also provide the calculations re-
quired to analyze multiple residual effects in their designs including some
with and without extra periods. They describe how with designs derived from
complete sets of orthogonal Latin squares (p. 21) the standard analysis can be
modified as follows:

1. The results can be analyzed at any stage after all subjects
— have run more than two periods, using the standard method

appropriat e to a design with the reduced number of periods.
Thi s feature is useful if reports are required on the progress
of an experiment or if an experiment is prematurely
terminated. -

— 
2. If there are signs that there are “warm up ” eff ects during the

f i rs t  few periods of the completed design , a neat analysis can
- - still be carried out by ignoring the results of these treatments.

- ,  - 3. Each of any se t of contr asts between the periods can be analyzed
separately and the results later combined in any desired manner.
This can be used as Patterson (1950; 1951) did to allow for
trends.

I
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Considerations
5—.

Lack of experienc e with these doubl y-balanced change-over des igns for 
-

behavioral research makes it difficult to anticipate their usefulness. *
Certainly they become costly in the requirements for subj ects and total

observations for ev en a few treatments. Ev en then the efficienc y with which
second residuals can be estimated is low. At present it is difficult to estimate
how larg e sec ond residuals will be, but it is almost a certainty that they will be
considerably lower than first residual effects and probably negli gible unless
first residual effects are large. The designs are included here primary for
completeness , to let the reader know that such techniques exist and to provide

- 
- him with references should be desire to learn more about them. Without good

reason for suspecting that residual effects will carry-over for two periods in
any practical magnitude, the added size and complexity of the design and the

analysis should discourage the use of these designs. If , on the other hand, ex-
perience tells us that these effects cannot be ignored, one may want to look into

the use of par tially-balanced incomplete block designs that will enable first and

second residual effects to be estimated at less cost.

ADJUSTING FOR FIRST RESIDUALS THAT ARE PROPORTIONA L
TO DIREC T EFFECTS

- - Patterson and Lucas (1962) provide a means of anal yzing certain change-
ove r designs to handle the case when the fir s t residual effec t of a treatment is
proportional to the magnitude of the treatm ent effect in the same period as the
re sidual.

~ :-~: They write: “The following methods can be used to investigate a possible
linea r relationship between direct effects and first residual effects when second ,
third, ... , residual effects can be assumed to be zero. The relationship will

~ — be of the following type:

I period
r. = O t .  t = t reatment  -

t 1 1 r residual

_ _ _ _ _ _ _ _  

S

*Namboodiri (1972 , p. 58) suggests that “in clinical trials and psychological
experiments, two-period change- over designs are likely -to be very useful. ”

~~~ 
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for all treatments, wher e 0 may be known or unknown. This anal ysis...
is only worth making if the earlier analysis has revealed substantial dif-

ferences between direct effects and between residual effects. ” (p. 16- 17)

Because of their unique syrnbology and the need to understand this method
in the context of the rest of their report, it will not be discussed any further
here. The interested reader should refer to Patterson and Lucas’( 1962) paper.

In it, they include a method of testing to see if residuals are proportional to
treatments in the same period in the conventional balanced change-over design
(p. 17), partially balanc ed change-over designs (p. 18), and extra-period
designs, balanced or partially balanced (p. 18) .

Finney (1956) discusses briefly some of the theoretical consideration in
this and other change-over designs. When the residual is proportional to the
immediate treatme-nt , this is a special case of his Model III in which all

residuals are proportional in dif f er ent degr ees to the immediate treatment

(Model III. 1) and when only the first  residual is proportional (Model III. 2).
He illustrates the differences between thi s model of a change-over desi gn
and othe r type s (Table 1, p. 46) and mentions proportional designs briefly
on p. 47. He states that the proportion “will usually be positive and
less than unity, and in the mor e general case wher e a pr opor tion is attached

to first , second, third , etc . order residuals , they would almost certainly
be a descending series. ”

-. It should not be overlooked that while Patterson and Lucas were describing
designs in a g eneral sense , they had applied them in the context of argicultural
and dairy experimentation. Finney wondered whether they would be equally
applicable for biological assays. Some analysis and better still some pre-
liminary effort should be devoted to discovering whether the additive or
probabilistic models of change-over designs fit the specific tasks to be in-
vestigated. To what extent does this probabalistic model of a change-over
design realistically fit the behavior found in human factors problems?-
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ADJUSTING FOR RESIDUALS WHEN DIRECT AND RESIDUAL
EFFECTS INTERACT

In -learning and transfer experiments , situations can be found in which the

carry-over effect from one treatment is not always constant. Instead, it ’s

magnitude will vary depending on which tre atm ent follows. Statistically, this

implies that there is an interaction between the residual of treatment A and

the direct effect of treatment B. Unfortunatel y, only a few papers have dealt

with the creation of balanced change-over designs for thi s class of sequence

effect , and then onl y within a limited scope. The major difficulty lies in the

size of the design necessary for balance. The designs are discussed here,

albeit briefl y, primarily to let the r eader know that such designs exist and

could be developed should such an effort be warranted.

The designs being discussed here can be used when:

1. The residual effect from a treatment is expected to carry-over only

to a treatm ent in the next period (first r esidual);

2. The magnitude of the residual effect will depend upon the treatment 
- 

(

to which it carries over (D X R interaction);

3. Only the linear direct-by-linear residual interactions need be

estimated. -

Two set~ of designs will be described. One set was developed by

Patterson (1973) for handling from five to 16 treatme nts. The other set in-

cludes three specific designs develop ed by Ma son and H inkelmann ( 19 71) for

simple factorial designs of two and three factors. The data required to con-

struct the design or the complete designs are given in Appendix I-C for all

-
~~ conditions listed in Table 7.

Estimating Direct-by-Residual Interactions in One-Way Designs

Bereblut (1968) describes methods of construc ting and analyzing change-

..‘. over designs with four or five treatments , so that linear residual-by- linear

direct effects could be estimated. The siiigle degree of freedom for that inter-

action and those of the residual effect are orthogonal. The design was proposed

_ -

~~~

_
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Table 7. Designs found in Appendix I-C that adjust for carry-over
effects when direct and residual effects interact

Number of No. of treatments No. of No. of Tota l No.
Factor per factor Periods Subjects Observations

1* 5 10 25 250

6 12 36 432

7 14 49 686

8 16 64 1024
-

~~~~~~ 9 18 81 1458

10 20 100 2000

12 - 24 144 3456

16 32 256 8192

2 4 8 32

3 6 18 128

3** 2 6 24 144

*Froxyi Patterson (1973). Data needed to construct the design is
provided.

**From Mason and Hinkelmann (1971) . Complete design is provided.

p
mainly to test whether or not direct and residual effects were additive rather
than to estimate the effect of the interaction.

Patterson (1970) discusses tests of nonadditivity in change-over designs
limited to a sing le quantitative factor at four levels. He also discusses how
these designs could be used to handle the factorial case. Patterson shows
(pp. 541-543) how to construct these designs and suggests that they are better
than Berenblut’s for estimating direct-by-residual interaction effects. The
designs can estimate the linear direct-by-linear residual interaction in any
period after the first one but with decreasing efficiency. Patter son shows how

-
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up to one-third of the information on the interaction effect could be lost by an )
unsuitable choice of the generating sequenc e for the design. Sequences for a
four treatment design are supplied (p. 544).

In a subsequent paper , Patterson (1973) extends some of Quenouille ’s
(1953) change-over designs for a limited number of conditions to handle any
number of treatments and to estimate direct-by-residual interaction effects .
On pages 41-42, he supplies the mathematical basis and general rules for con-
structing change-over designs involving a linear interaction model derived from —

cyclic permutation matrices . With! tr eatments, each design requires t sub-
- jects who are tested for 2t periods each. He explains how the difference

values are obtained with which the first row of the design can be constructed,
- and then how to complete the remainder of the design. This method is described

-

- here; althoug h the description is taken directly from Patterson ’s explanation ,
— it is presented in a form that minimizes mathematical symbology.

Determining the difference values. Patterson denotes three kinds of 
- -

- “difference values ” by the symbols M m’ ~‘m’ and ii r . For simplicity here, ~,

we will refer to them as X, Y, and Z respectively . Without further discussion , 5- - -

- the method of arriving at these values will be described below.

For a design o f t  treatments, it is first  necessary to arrange according to
- Patterson ’s rules all of the integers from 0 to ( t- l)  into a difference matrix that

looks like this example for ! = 5:

- 
r l r2 r3

X 0 3 2

Each matrix has two rows, X and Y, and r columns , where r = t /2  wh en t is
‘ even and r = (t + 1)/2 when t is odd. When t is odd, there will be no value in the
-: Y row of the r th column. The single value in X/r 3 in this case will be desig-

nated Z .

By trial and error (and ordinarily without much difficulty) , the matrix is
constructed by using each of the integers from 0 to (t-1) once in locations that

60
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nake the sum of the X and Y values in each column coprime with t .  For one
— number to be coprime with another, no number that is a factor of one can be a

factor of the other ( except of course the number 1). For example, the numbers
2 and 5 are both coprime with number 13, but only 2 is coprime with 15 (since
15 = 3 x 5), and neither are coprime with 20 (since 20 = 2 x 2 x 5).

It can be seen how the sample matrix for t = 5 satisfies all of the require-
ments cited above. Sinc e t = 5 is an odd number , there are (t+ 1)/2 or
(5 + 1)/2 = 3 column s in the matrix, and the last column has no Y value. The
sums of the columns for this t 5 matrix are 1, 7, and 2, all of which are
coprirn e with 5.

Difference matrices for t = 5 through 16 are given in Appendix I-C from
which these designs can be constructed.

Writing the initial row of the design. From each complete (i. e . ,  both an
X and Y value) column in the difference matrix, 2t values of the first  row wi ll
be determined. With only an X value, as is the case when! is odd, only~~
values will be determined. Thus for t = 5 in which there are two complete
columns and one half-column, there will be 2t + Zt + t = 5t = 5x5 = 25 =
values assigned to the first row of the design. Patterson refers to each set
from a column as a treatment cycle; -these are strung together to create the
entire f i rs t  row. This f irst  row when completed will provide the treatments
of the fir st per iod for each of the t 2 subjects. -

j
For t = 5, the first column of the difference matrix is 0 and 1. To de-

P - termine the ~~ values of the first tr eatment cycle, f i rs t  the number 0 is written
• -- down , and then 0 and 1 are added alternatingly to the previous number in the

series , thus :

Write down 0
Add 0 and get o -

- f ~ Add 1 and get 1
Add 0 and get 1

Add 1 and get 2
Add 0 and get 2

~~~

- 

~
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and this procedure is continued until Zt = 10 (in this example) number s have
been determined. The entire series for the first treatment cycle in this
example would be:

0 0 1 1 2 2 3 3 4 4

This is repeated to get the s econd treatment cycle using the numbers 3 and 4 in
the next column. Thus:

Write down 0
Add 3 and get 3

Add 4 and get 7
Add 3 and get lo -

Add 4 and get l4
Add 3 and get 17

and this is continued until 2t = 10 (in this example) number s hav e been de-
termined. This entire series for the second treatment cycle would be:

0 3 7 10 14 17 21 24 28 31

However, since for five treatments the treatment values only run from 0 throug h
4, thi s series must be changed by rewriting the series modulo t (in thi s case
modulo 5). Thus:

0 3 2 0 4 2 1 4 3 1

which lists each treatment twice. The total series now with the two treat-
meat cycles combined is:

0 0 1 1 2 2 3 3 4 4 0 3 2 0 4 2 1 4 3 1

-

~~ 

- 

There are still t more values to be added to this series to be derived

J 
- from the one differenc e value in the third column. It alone is used as the dif-

ference between each successive number starting with zero , and the values are
written modulo t as before. Thus ,

fl 62
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-‘p. Write down 0
Add 2 to get 2

Add 2 to get 4 -
Add 2 to get 6 (modulo 5) = 1

Add 2 to get 3.

The last t =  5 values of the total series therefore are 0 2 4 1 3 , which are
to be added at the end of the two treatment cycles combined above . Altogether
thi s become s the entire first  row for the complete desi gn. The values
represent the treatments in the first  period for each of the t

2 subjects (columns).
Thi s complete series for t = 5 is:

0 0 1 1 2 2 3 3 4 4 0 3 2 0 4 2 1 4 3 1 0 2 4 1 3 .

Completing the design. The ;emaining rows of the design are constructed
from the first generating row by the cyclic permutation (modulo t )  that ‘vas
described earlier in this report. In each desi gn there will be a total of Zt rows
(representing periods) that are constructed by cyclically shifting each value to
the next one within its own treatment cycle. In order to obtain ~~ rows from the
last tr eatm ent c ycle of designs where 

! 
is odd for which Only ! values were

supplied, the cycle is repeated an extra time. This best be illustrated by
- 

- 
continuing with the example for t = 5.

The entir e fir st row for t = 5 is:

0 0 1 1 2 2 3 3 4 4 0 3 2 0 4 2 1 4 3 1 0 2 4 1 3 .

Each treatment cycle is underlined. Under the first 0, all of the remaining
numbers in that treatment cycle are written in a column thus

1

:1;: 
-

2
3,.~~ 3
4
4

- 
‘
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to supply the sequenc e of treatment values in all Zt = 10 periods for subject

— number 1. Under the second 0, all of the remaining numbers in that treatment
cycle are written down, and upon reaching the end at the (2t - 1) period, the

— -‘ final treatment value is obtained by cycling back to the beginning. This pro-
cedure is continued with the remaining values in the first treatment cycle.
Thus the first ten columns would be:

Subj ects/Sequences

0 0 1 1 2 .. . 4
0 1 1 2 2  0
1 1 2 2 3  0

e l  2 2 3 3  1 -

2 2 3 3 4 . . .  1
~~~~~~~~~2 3 3 4 4  2
~~~ 3 3 4 4 0  2

3 4 4 0 0  3
4 4 0 0 1  3
4 0 0 1 1 . . .  4

The next ten , howev er, permute according to the series of values in their
own treatment cycle. Thus the first three sequences within thi s treatment cyc~e

• (or sequences for subj ects 11, 12, and 13 within the total design) would be:

0 3 2 0 4 . . .  1
3 2 0  -

2 0 4
0 4 2
4 2 1
2 1 4
1 4 3
4 3 1

- . 3 1 0
1 0 3

And as an example of how the last (third) treatmen t cycle would be permuted
p. when t is odd , the first  and second sequences of Zt treatments (for subjects

21 and 22 within the total design) would be: -

64
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3 0
0 2
2 4
4 1

- 1 3

0 2
2 4
4 1
1 3

where the five values are permuted twice. When! is even, then the last treat-
inent cycle will have 2t treatments sequenced in it and the doubl e permutation
is unnecessary.

Patterson (1970 , p. 545; 1973, p. 44) shows how these designs can be used
with factorial problems and both qualitative and quantitative factors. In those
circumstances as well as the cases when certain interactive effects are con-
sider ed more important than others , it is necessary to select a design that
least conf ounds the effects of gre atest interest and that providea the greatest
possible efficiency of estimation.

Analysis. Patterson (1973, p. 43) writes that the above designs and others
that he describe are sui table when Berenblut ’s (1964) analysis is appropriate.
They can he analyzed by fi tting addi tive cons tant s in a polynomial for

direct effects
first residual effects
subjects
periods
linear direct X linear residual effects.

However , he points out both in this and his 1970 paper that certain designs may
be more preferabl e than others. This will depend upon which elements of the

- 

- design are independent and which are not.
I It is outside the scope of this report to discuss the analysis of the papers.

As is the policy throughout this report, the reader is referred to the original
document. In this particular case, analysis is only treated sparsely, and if it
is to be pursued, it is likely that the aid of a competant statistician will be
required. When the potential value of this class of change-over design is
determined to be valid for a particular problem, the additional effort is

- 
~~ justified.
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Estimating Direct-by-Residual Interactions in Factorial Designs

Mason and Hinkelmann (1971) suggest how certain designs originally intro- ~~
duced by Berenblut (1967; 1968) could be extended to study the linear-by-linear
interaction between direct and first  residual effects. Their designs require
2(v~) subjects and ~~ periods , where v is the number of quantitative levels per
fac tor and I is the number of factors. 

-

In these designs , direct linear main effects of each factor (e. g . ,  A and B)

are orthogonal to all other effects. Residual linear main effects are non-
or thogonal only to subjects. The two factor direct interaction effects are also
non-o rthogonal to the two factor residual interactions effects. The direct-by-
residual interactions - - e. g. Ad x Br and A r x Bd - - are non-orthogonal to
subjects and to one another.

Designs. Mason and Hinkelmann (1971) supply three complete change-over
designs that enable linear residual-by-linear direct interaction effects to be
estimated in 2 2, 2~ , and 32 fac torial des igns. They are reproduced in full in
Appendix I-C. They state that these designs had been found by trial and error.
They added that although it might have been possible to discover a mathematical
formulation, they did not believe it worthwhile to try and do so since they be-
li eved that with more factors and/or levels “the designs become rather large
and hence less value for practical purposes ” (p. 435). Of course, these design
require considerably fewer subjects than do Patterson’s (1973).

Analysis. The sources of variances into which these designs can be

• partitioned are shown in Table 8. The degrees of freedom associa ted with each 
-

source are shown for the two factor, two levels per fac tor design only. The
complete design , with 32 observat ions , is shown in Appendix I-C. Since all
three designs have the same orthogonality properties, the analyses for any of
them would follow this same partitioning pattern.

As was the case for the singly-balanced change-over designs where direct
and r .sldual effects are not orthogonal, several alternative analyses are pos-

• bl. du. to the overlap of effects . In the analysis in Table 8, sums of squares
i,. t~~~ pair s of sources of varianc e can be calculated in this fashion. Either

:,
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Table 8. Partitioning Mason and Hinkclmann ’s ~2 change-over design

- 
Degrees of

Source Freedom

Subjects (unadjusted) 7

Periods 3

Direct effects 3

Factor Ad 1

Factor Bd 1

Interaction A
d 

X B
d 

Adjusted - Unadjusted 1

- 
- - 

kesidual effects 5- 3

Factor Ar 1
or

Factor Br 1

Interaction Ar X Br Unadjusted Adjusted 1

Interacting direct X residual effects 2

Ad X B r (adj usted) 1

Ar X Bd (unadj ust ed) 1

or

- 

- - 

Ar X Bd ( adjusted) 1

- - Ad X Br (unadjusted) 1

Error 13

Total 31

[3 67

~~i -
~ —~~~~~ —-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

55~~~~~~ — ~~~~~~~~~~~~~~~~ :~~~.
- -~~ — ~~~ • ;~~~~



- 5- - - 
~~~

___ 5 55 - i •~~~~~~~~ ‘ - ?  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ 5-
~~~ !’~~ ’ ’ 5 -’~~

5- 
~~~~~~~~~~~~~ ~~~~~~~~~~~~~ -- ~~~~5-”'

- you can leave the sum of squares for the interaction among residual effects
unadjusted and adjust the sum of squares for the interaction among direct
effec ts, or vice versa. Also either you can adjust the sum of squares for the

- 
interaction between a direct effect of factor A and the residual effect of factor B

- and leav e unadjusted the sum of squares of the interaction between the residual
effect of facto r A and the direct effect of factor B, or vice versa.

The equations needed to perform thi s analysis are given in Mason and
Hinkelmann ’s (1971 , pp. 432-434) paper. No numerical example is given.

F- ,  -
-
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CHAPTER IV
DESIGNS FOR HANDLING SHORT-TERM RESIDUAL EFFECTS

USING A SINGLE SUBJECT

When experimental subjects are hard to find but can be tested for extended
periods of t ime , the designs in this section can be ex t rem ely usef ul. The fr e-
quency with which a par t icular  t reatment  precedes or follows other tr eatments,

-
- or in certain cases , pairs of t reatments , is balanced in such a way that direct

effects  of t r ea tments  can be estimated separatel y from the re sidual effects that
persis t  for one or two periods. These desi gns will be referred to as ~erially
balanced sequence designs (SBSD). They differ Iron-i the desi gns disc u ssed in

- the previous chapter primari l y by the wa y in whi ch t r ea tment-order  balance is
achieved. With SBSD, ba lance is achieved within a sequence run by a sing le
subject rather  than amon g several shorter runs  by a group of subjects.  The
extended length of these sequences can allow the t reatments  to be presented in
blocks , a fea ture that can be used to reduce t ime-rela ted trend effects that
might run through the data. Usefu l variat ions on the basic plans are possible.

TYPES AND PROPERTIES OF SERIALLY BALANCED SEQUENCE DESIGNS

-
~ The following properties of seriall y balanced se quence desi gns allow them 

-
:

to be classif ied accordin g to their construction and the nature  of the information
that can be extracted from them.

Number of treatments and blocking

- - ~~
• - The “order t” of a se q uence refers to the num ber of t rea tm ent s that are to

- 
_,~ be studied in that sequence .  The number of t rea tments , whether odd or even ,

and if even , whether divisible by fou r (modulo 4 = 0) or not (rnodulo 4 ~ 0),
af fect the ru les by which certain designs are constructed.

- 

Ser ially balanced seq u ences have in general the poten tial of be ing blocked
into segments , each containing t different  t rea tments . Blocking can be used
to partiall y el iminate t r end effects.  In certain desi gns , blocks can be permuted
to for m new sequences without destroy ing the serial balance of the sequence.

- -~~
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Persj stance of Residual Effects

A majority of the designs considered in this paper have treatments arranged
in sequences that balance direc t effects with first  residuals , i. e. , those per-
sis ting from the t r ea tment app lied in the immedia t ely preceding period . These
are singl y- balanced sequences  ( r= l ) .  It is also possible to balance direct ef-

— fec t s wi th firs t an d seco nd residuals , the latter being those that have carried
over from the t reatment  app lied two periods previousl y. These are doubly-
balanced sequences ( r=Z) .  In sing ly-balanced desi gns , it is necessary that at
leas t all ordered pairs of diff er ent trea tmen t s occur equally often in the se—
quence .  In doubl y- balanced desi gns , it is necessary  that all ordered triplets
of different  trea tments occur  equall y often in the sequence.

There exis t doubly-balanced sequences that cannot be blocked and those
that can be blocked. Onl y the latter , called “standard ” sequence~~ will be
considered in thi s paper. The advantages and disadvantages of sing ly- and

- dou bly- ba lanced sequences are essentiall y the same as they were in the case
of the basic change-over desi gns. The user  must  weigh the added size and
complexity of the doubl y-balance sequence against the potential importance of
information concernin g the second residual effects. Ordinarily thes e de~signs
would be used onl y if second residual effects are expected to be quite large and
the inves tigator wishes to improve the es timates of the direc t eff ec t s by adjust-
in g for both first  and second residuals.

F . 
~ çgree of Balance Between Direct and Residual Effects and Blocks

As in the case of the basic chan ge-over desi gns , each treatment may be
balanced in regard to all other tr eatments or in regard to all treatments in-
cluding itself.  Tjrpe I sequences are those in which each treatment precedes
every trea tment including itself an equal number of times. A8 a consequence,

;- direct  and residual effects are orthogonal . Direct effects are also orthogonal
to blocks , but residuals are not . Some residuals occur twice in some blocks and
none in others .  

-

Typ e II sequences are those in which t reatment  precedes every other
trea tmen t equally o ften bu t no t itself, resulting in some degree of entanglement

70
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- in the estimates of direct and residual effects. With Type II designs, both Idirect and residual effects are orthogonal to blocks in completely reversible
-
? designs when all blocks end with the same treatment. hi other Type II designs -

- when blocks do not end with the same treatment, residuals are not orthogonal
- to direct effects or blocks.

Number of Sequences 
-

The “index k” indicates the number of sequences in the final design. Dc- -

sign s discussed in this repor t include only one or two sequences in the final
F design. These limits were set by the developer s of the designs “since a value

of k grea ter than 3 or 4 will u sually imply excessive replication ” ( Finney &
Outhwaite , 1956 , p. 495) and “are of li ttle use as experim ental designs, as

-

- 

- 
they would require the application to one subject of an impracticably large
number of successive tr ea tmen t s . . .  t~ (Samp ford, 1957 , p. 288) . However , for -

some equi pme n t design and training research, these generalizations may not
apply and an investigator may wish to consider sequences with an index k of
more than 2. -

Extent and Nature of Sequence Symmetry -
-

Some sequences hav e the property of being “palindr omic ” and others , -

-~ “completely rever sible ”. Certain Type I, k = 2, sequences are palindromic,
-
~ which means that with the exception of the conditioning treatment at the be- 

-

ginning of the sequence , the sequence reads the same forward and backward. -

- 

- 
For example, the sent ence , “MADAM I’M ADAM” is palindromic. An extra -

-

- feature of palindrom ic se quences is the independenc e between es timat es of
di rect treatment effects and linear trend effects. Thi s will be discussed more
full y in the chapter on trends.

~~ 

-

~: Certain Type II, k = 1, sequences are completely reversible including the

- 
conditioning treatment. This does not mean that they read the same backwards
and forwards, but that when reversed they maintain their balance and othe r -

~~~~~~ 

- properties. In these designs , each block of treatments ends (or begins) with 
-

the same treatment which is also the same as the conditioning treatment, an
- extra treatment added to the beginning of the sequence. When the entire -

-n - 
—
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sequence is written in reverse order and redivided into a new preliminary
treatment and sets of blocks of t treatments each, the resulting new sequence
is also serially balanced. Furthermore, when each block ends with the same
treatment, block effects are independent of direct and residual effects.

Variations on Basic Sequence Plans

Two variations may be practical to consider. One is to expand the length
of the basic sequenc e (i. e. k > 2 ) by adding new sequences. The othe r is to
split the basic sequenc e into shorter subsets on which different subjects would
be tested in order to fu lfill the desired balance.

In Table 9 are listed the serially balanced sequences provided in Appendix II
in completed form or in a form which a user can complete easily with the data
supplied.

EXAMPLES OF SERIALLY BALANCED SEQUENCES
- 

)

Examples of each major type of serially balanced sequence listed in
Tabl e 9 are shown in Figure 4. The letters in the brackets to the ri ght of each
sequence refers  to the column in Table 9 exemplified by that sequence. The
classification notations are consistent with those used in other tables.

-~ 

.
~ A t the beginning of each se quence is a sing le let ter in parentheses; this is

ref erred to as the “conditioning” treatment. This preliminary tr eatment sup-
plies a residual for the first treatment of the first  block of treatments. The

r ~~~~~~, parenthesis is used here to remind the user that if the sequence is repeated, the

last treatment of the original sequ ence would serve as the condition er for the
new sequence, and this preliminary treatment -- being the same as the last --
would be deleted .

‘-~~ A block of treatments is the! treatments in a sequence located between a
pair of semicolons. In some desi gns the treatments are not written out in one
long sequence; instead they are piled up in levels which are still read from left
to ri ght and top to bottom as a sequence. In these designs , each level is a
block and the conditioning treatment is the one located at the top of the pile.
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• Table 9. Characteristics of serially balanced sequences to be
found in Appendix II or easily constructed from the

- instructions provided in the text.

Classif ying Characteristics
SINGLY- BALANCED (r 1) DOUBLY

Number of TYPE I TYPE II BALANCED

Treatments k = 1  k = 2  k = l  I k = 2  — l
~~ 

— I 
k —

A B C D

5 .  X P * x

6 X * p * x
— 7 X X P * X

8 X X * p * X

9 X * p *
10 X * x P *

- -  
11 X * * *

- 12 * * * *
- 13 * * *

14 X * - * *
- 15 * * *

- 
- 16 * * *

-~~~~ 17 * * *
~~~~

- -- -~~ ~- - 18 * * *H -

- - 

- - 

19 * * *
20 * * *

I 
-

— - REFERENCES: Sampford - Nairt (1957) (1967)

Notations:
A , B, C, D Sections in Appendix II where desi gn will be found.

4 Palindromic designs. Completely reversibl e des igns.
~~
. ~ X Complete design provided. P Partial data supplied to finish design.

* Design easy to construct from instructions supplied in text

- -

:;  - 
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SEQU ENCES BALANCED FOR FIRST RESIDUAL (SINGLY-BALANCED):
• 1~~_ s~

Type I, k 1, t = 6, p = 37 , b = 6* [A] **
( . . .A;)  A F B E  C D ;  D F C E  A B; B A C F D E;

E B  F A  D C ;  C B  D A E  F; F E  D B  C A;

Type I, k = 2, t = 5, p = 51, b = 10 (Palindromic) CBJ

( . . .A; )  A B E C D ; D E C A B ; B C A D E ; E A D B C ;
C D B E A , A E D D C ; C B D A E ; E D A C B ;
B A C E D ; D C E B A ;

Type II, k = 1, t = 5, p = 21, b = 4 [C]

( . . .E ; )  A B D C E ; B C A D E ; C D B A E ; D A C B E ;

Type II, k = 2, t = 5, p = 41, b = 8 (Reversible) [C]

• ( .. . E ; )  A B D C E; C A D B E; B C A D E; D CB A E;  
- 

- 

H-A B  C ID E; D A  G B  E; B D A C  E~ C D B A  E

SEQUENCES BALANCED FOR- FIRST AND SECOND RESIDUALS(D~ iJBLY..BALANCED) :

Type ll, k = 1 , t = 5 , p = 3 7 , b = 6  CD]

( . . . E A ; ) B D E C A ;D C E B A ; E D C B A ; C E D B A ;
D E B  C A; E B  D C  A; B E C  D A ;  C B  E D A ;
E C B D A ; B C D E A ; C D B E A ; D B C E A ;

Figure 4 Examples of seriall , balanced sequences described in table 9

*Not 5, Type l, k = 1  sequence exists.
**The letter in the brackets refers to the column in Table 9 and theirlocation in Appendix II.
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Except for the Type I, k = 1 sequenc e for which none exist for five treat-

~
- ments, the examples in Tabl e 9 enable the reader to visually compare relative

- lengths of the different types of sequences.

- CONSTRUCTION OF SEQUENCES WHEN RESIDUALS PERSIST FOR
- ONE PERIOD

Some methods of constructing serially balanced sequences will be provided.
The reader should refer to the original paper s if they desir e more detail or

- 
the mathematical bases of these designs. Finney and Outhwaite (1955; 1956)

- are credited as being the original proponents of serially balanced sequences.
However , the paper by Saxnp for d( 1957) provides a descripton of the construc-
tion technique s more completely and was used as the basis for the material in
this section. 

-

While each type of design shown in Table 9 will be discussed, construction
details will be provided only if they are easy to explain and to use. When con-
str uc tion techniques are pr ov ided, enough infor mation will be g iven in
Appendix II to enable the user to complete the design himself. When no con-

• struction technique is provided, the completed design will be given in Appendix
II. Certain serially balanced sequences diff er somewhat in their mode of

— construction depending on whether the treatments are odd or even.

Type I, Single Sequence (k=l)~ r=l

- Sampford (l957) states that ther e are no general methods of construction
-P ‘ known for these seriall y balanc ed sequences. He supplies , however , the corn-

plete sequences indicated in Table 9, Column A. These sequences for t = 6
through 11 are reproduced in Appendix Il-A . Sanford also describes (p. 297) a
method of constructing Type I, k = 1 when t 2r and r is odd , provided a se-
quen ce is already known for t r . He constructs one for t = 14, which is also

-
- -:  included complete in Appendix Il-A. Since there are Type I, k = 1, sequ ences

I ~ for t = 9 and 11, the reader could if desired construct sequences for t = 18 and
22 according to the method described in Sampford’ s article, pages 297-298.
All of these Type 1, k=l, sequences for a single subject have p=t2+1 periods
and all only consider the effects of the first  residual.
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~~~~ I, Doubl e Sequence (k 2), r=l

How these serially balanced sequences are constructed will depend upon
whether the number of treatments is odd or even. In both cases, the result is
a palindromlc design consisting of 2t2 + 1 periods with only the effects of the

- - 
first residual being considered.

— Odd t. When there are an odd number of treatments, the following steps
- 

- 
should be performed to create the Type I, k = 2, r = 1 sequences listed in
Column B, Table 9:

1. Write out a sequence using the same
technique employed in creating the in-
itial sequence of a Latin square change-
over design when an odd number of
treatments is to be studied. Thus , if
t 7 , then:

a. Put down t spaces

b. Fill in the numbers from 1 to t in 1 2 
— 

3 4 
—

- numerical order , starting with 1 7 ~ 5
• and 2 in the first two consecutiv e

spaces, skipping the next spac e and or
locating the remaining numbers in
alternate spaces until no longer 1 2 7 3 6 4 5
possible; then folding back to fill
in the spaces.

2. Complete the square (adding t- 1 more 1 2 7 3 6 4 5
rows) using the cyclical solution. This 2 3 1 4 7 5 6

-~ ie the same as adding +l (mod t)to each 3 4 2 5  1 67
value in the preceding row . The row s 4 5 3 6 2 7 1

• -. ; will eventually be ordered consecutively 5 6 4 7 3 1 2
- to form a single, complete sequence . 6 7 5 1 4 2 3

7 1 6 2 5 3 4

~~~~ 
-
~~~ 3. Begin the sequence with 

~~~ one of the
- - ! values - - an additional trial - - and

~~ 
- -
~~

- then follow that by the row beginning 3; 3 4 2 5 1 6 7;
with that treatment.

~E 7 6  
_
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4. Continue the sequence by selecting the 3; 3 4 2 5 1 6 7; 7 1 6
next row which starts with the treatment 2 5 3 4; 4 5 3 6 2 7 1;
ending the previous row, and continue in 1 2 7 3 6 4 5; 5 6 4 7
this way until all rows are used. The 3 1 2; 2 3 1 4 7 5 6;
sequenc e will end with the same treat- 6 7 5 1 4 2 3;
ment that it started.

5. Complete the sequence by writing in 3; 3 4 2 5 1 6 7;
reverse the sequence that has already 7 1 6 2 5 3 4;
been constructed, eliminating the extra 4 5 3 6 2 7 1;
beginning treatment. 1 2 7 3 6 4 5;

5 6 4 7 3 1 2 ;
The sequence progresses downward 2 3 1 4 7 5 6;
from row to row, each row being 6 7 5 1 4 2 3;
one block.

55 3 2 4 1 5 7 6 ;
6 5 7 4 1 3 2 ;
2 1 3 7 4 6 5 ;

- 5 4 6 3 - 7 2 1 ;  -.
- 1 7 2 6 3 5 4 ;

4 3 5 2 6 1 7 ;
7 6 1 5 2 4 3

-The above example provided a Type I, k 2 , r l  sequence for t = 7. In
Appendix Il-B, the only sequenc e with an odd number of tr eatments given corn-

• pletely is for t = 5. However the other odd- treatment sequences of this type
are simple to construct.

Even t. When there are an even number of treatments, the following steps

should be performed to create a Type I, k = 2, r = 1 sequenc e, listed in
Column B, Table 9. 55

Example: t 4

1. Prepare a serially balanced Latin square 1 2 4 3
change-over design with rows as se- 2 3 1 4 Square
quences (subjects) columns as periods. 3 4 2 1 1
Use a square constructed wi th a 4 1 3 2
cyclical solution.

‘4
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2. Prepare a second serially balanced Latin
square design constructed from the first
in the following manner:

a. Write down the every different pair (1 3)
of treatm ents that begin and end each (2 4)
row (irregardless of order) , Ther e

— will be t/ 2 pairs. -

b. Arbitrarily sel ect one treatment 3 and 4
from each pair.

c. Permute cyclically these selected 1 2 3 4
treatments in each row of the first -2 4 1 3 Square

-: square to construct the second square. 4 3 2 1 2
In this example, this would mean putting 3 1 4 2

- 
- - 3 in the second square whe re 4 w as in

- 
- 

the first square and 4 where 3 was.

In the case of a larger square, e. g.
with 8 treatments, four pairs would
be obtained. One treatment is se-
lec ted from each pair and all are put

F into numerical order. For examp le,
if the values 1 2, 4, and 7, had been

55 chosen, then to permute them
- -  cyclically, 2 would always be sub-

stituted for 1, 4 for 2, 7 for 4, and
-

- 1 for 7 in each row.

- 

3. Arbitrarily start with any row from either
square, and selec t the next row from the 2 3 1 4 (2nd row , Square 1)

- 
other square that begins with the treatment 4 3 2 1 ( 3rd row, Square 2)
at the end of the previous row.

4. Continue this way, alternating between Rows selected from
-- squares until t rows are ordered

2 3 1  4 ’ S q u a r e l

~~~~ ~~

- - 4 3 2 1 - Square 2
1 2 4 3 Square 1
3 1 4 2 Square 2

I
78

—55—-. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-
~~ _~- ‘- - ---

~~~~~~~~~~
-- ;—~~~~~~~~~~



T T ~~~i~~~~~~

5. Continue the s equence by selecting 2 3 1 4
from the r emaining rows the one that 4 3 2 1
begin s with the same treatment as the 1 2 4 3
first row of the s equence. 3 1 4 2
Complete the sequenc e according to 2 4 1 3
s t e p s 3 & 4 .  3 4 2  1

1 2 3 4
Note that thi s complete design reads 4 1 3 2
the same backwards and forwards.

6. Add an extra condition at the beginning 2
of the series the treatment that is the 2 3 1 4
same as the tre atment at the end of the 4 3 2 1
sequence. 1 2 4 3

3 1 4 2
The sequenc e progresses downward from - 2 4 1 3
row to row, each row being one block. 3 4 2 1 *

1 2 3 4
4 1 3 2

The above example provided a Type I, k = 2, r = 1 sequence for t = 4. In
Appendix Il-B, the onl y sequence with an even number of treatment s given corn-
pletely is for t = 8. However , other even- treatment sequences of this type are
easy to construct. -

Type II, Single Sequence (k= l), r = 1

How this class of serially balanc ed sequences is cons truc ted depends upon
whether the number of treatm ents are even or odd and whether or not the even
numbers can be evenly divisible by 4. All serially balanced sequences of this
class with an odd number of treatments can be made comp letel y reversible and
palindromic, including the extra conditioning treatment. A special construction
technique is required to develop a limited number of completely revers ible
serially balanced sequences when there is an even number of treatments.

Let us consider each of these various sub-types one at a time:

- odd number of treatments, completel y reversible

- even number of treatments, completely rever sible

- even number of tr eatments, not completel y reversible

— -——~—- — 
~~~~~~ LN4~~

- -
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Odd t, reversible. To construct a serially balanced sequence (Type U,
• k = 1, r = 1) when there are an odd number of treatments as listed in Column C,

Table 9, the following steps should be performed:

Example: t 7, k = I

1. Write down the first row of a serially 1 2 6 3 5 4
balanc ed Latin square change-over
design for ( t -l)  conditions.

2. Add (t - 2) new rows using a cyclical 1 2 6 3 5 4
solution , i. e. by adding +1 (mod t -l )  to 2 3 1 4 6 5
each number in the preceding row. 3 4 2 5 1 6
Each row is now a complete block of 4 5 3 6 2 1
treatments to be read from left to right. 5 6 4 1 3 2

6 1 5 2 4 3

3. Place one additional tth treatm ent at a) 7 +
the beginning of the sequence as m di- b) 1 2 6 3 5 4 7
cated by the + in the example. c) 2 3 1 4 6 5 7

d ) 3 4 2 5 1 6  7
e ) 4 5 3 6 2 1  7

Add the tth treatment at the end of each f )  5 6 4 1 3 2 7
row. g ) 6 l 5 2 4 3  7

I
Each row exc ept the first one, a, is a complete block containing all of the
treatments. The serially balanced sequence containing all combina tions of
t (t-1) ordered pairs (Type II design s) can be r ead by starting at the top and
reading cyclically through the square. Although there is a second possible
location for the tth condition (as shown in the designs provided in Appendix Il-C),
locating it at the end of each block creates a sequence with a particularly de-
sirable property when the blocks are properly reorganized, i. e. it can be made
in to a completely reversible sequence.

When the number of treatments are odd in Type II, k = 1, sequences , it is
possible to reorganize the blocks (when the tth treatm ent is the last in each
block) so that the sequence remains serially balanced and will read the same

I.• forward and backwards. For example, the t 7, k = 1 squar e just  constructed
would provide the sequence:

80
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7 ; l , 2, 6, 3, 5, 4, 7 ; 2 , 3, ... 2, 4, 3, 7

which would not read the same forward and backwards. A rearrangement of
the blocks is required.

The rearrangement is made as follows:

1. Write down the first row or block (a) with the single treatment.

2. Follow this with the first hal of the remaining rows (block.)
arranged so that the first treatment values of each row are
ordered from lowest to highest (b, c, d).

3. Complete the sequence by ordering the remaining rows (blocks)
according to the first treatment value in each row in reverse order ,
from highest to lowest (g, f, e).

For the t 7  case, the new sequence, with the rows (blocks) now rearranged as

a, b, c, d, g, f, e

would be:

7
1 2 6 3 5 4 7
2 3 1 4 6 5 7
3 4 2 5 1 6 7
6 1 5 2 4 3 7
5 6 4 1 3 2 7
4 5 3 6 2 1 7

It can be seen that the treatment values starting at the top and working cyclically
down:

7; !, 2, 6, 3, 5, 4, 7 ; 2 , 3, 1 . . .
or from the bottom and working cyclically up:

7, 1, 2, 6, 3, 5, 4; 7, 2, 3, 1 .

are in the same sequential order.
Thi s completely reversible, aerially balanced sequence, in addition to

permitting certain residual, change-over effects to be isolated from treatment

81
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effects, also keeps the treatment effects isolated from any linear trend effects
that might also be affecting performance (See Chapter V). With the tth treat-
ment at the end of the block, residual effects are orthogonal to blocks which
simplifies the analysis.

Even t, reversible. With the Type II, k = 1 sequences balanced for a single
residual, completely reversible serially balanced sequences can be constructed
when the number of treatm ents are even if a Type I, k = 1 sequenc e exists with
an odd number (t-1) treatments. In Column A of Table 9, the only Type I de-
signs available in this report of this type with an odd number of treatments are
for 7, 9 and 11 treatments; this means that the Type II, k = 1, even number of
treatment sequences can be made completely reversible for 8, 10, and 1 2
treatments (Column C, Table 9).

The proc edure is a simple one: completely reversible Type II, k = 1, even

treatments (sometimes designated as t = Zr) sequences can be constructed from
a Type I, k = 1, design with (t- 1) treatments by adding the tth treatm ent at the
end of each block.

Even t, not reversible. Two other procedures are available for construct-
ing Type II, k 1, serially balanced sequences when there are an even number
of treatments, although without the completely reversible property (Table 9,
Column D). One of these is used when t = 4r + 4, where r is any integer; this is
essentially the same as saying when t is ev enly divisible for four (e. g. 8, 12,
16). The other is used when t = 4r + 2 or when t is even but cannot be divided

L evenly by four (e. g. 6, 10, 14) . To select the appropriate design procedure,
therefore, it is necessary to determine whether t = 4r + 2 or t = 4r + 4.

~~

‘.. ~~

‘ Although the following sequences are constructed in a rectangular
(or square) form, they still represent a single sequence for a single subject

that is to be read cyclically from the top row on down with each row being
read from left to right.

?.-

82

I

—‘-~-~~~~



When t is even but not evenly Example; t =  10
divisible by 4 then:

1. If t 4r + 2, then calculate r , r = 2;(r + 1) = 3; (Zr +2) = 6
(r+l) , and (Zr+2) .

2. To build the first row (block) of the
square:

a. Write down the numbers 1 and 2 1 2
and follow this with a space.

• b. Follow this with a 3 and another 1 2 
— 

3 4 
— 

5 
— 
6

spac e, 4 and another space, and so
on until you reach treatment number -

( Zr + 2) which is equal to one-half
of ( t + 2 ) .

c. Go back to the space that irn - 1 2 _ 3 14 _ 5 _ 6
mediately follows (r + 1) and put

• a “T” in that spac e

d. Starting at the right of the row, 1 2 9 3 T 4 8 5 7 6
• continue to the left to (111 in the

remaining spaces with the re-
maining t rea tm ent valu es in
numberical order.

3. Complete the remaining (t- 2) rows or 1 2 9 3 T 4 8 5 7 6
blocks of the sequence using a cyclical 2 3 1 4 T 5 9 6 8 7
solution (building each row by adding 3 4 2 5 T 6 1 7 9 8
+ 1 (mod t- 1) to each treatment value 4 5 3 6 T 7 2 8 1 9

- - 
- 

in the row above it. Repeat the letter 5 6 4 7 T 8 3 9 2 1
T in the same column for all rows. 6 7 5 8 T 9 4 1 3 2

7 8 6 9 T 1 5 2 4 3
8 9 7 1  T 2 6 3 5 4
9 1  8 2 T 3 7 4 6 5

4. Put a conditioning treatment at the 5
- I. •

-
~ 

beginning of the sequence that is the 1 2 9 3 1 0 4 8 5 7 6
same as the last in the sequence. - 2 3 1 4 10 5 9 6 8 7

3 4 2 5 1 0 6 1 7 9 8
Substitute t for T etc

- 83
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When t is even and can be evenly Example: t a 8
divided by 4. then: L.

1. If t = 4r + 4, then calculate r , r a 1; (r+Z) a 3; (Zr + 3) a 5
(r+2), and (Zr + 3)

2. To build the first row of the square:

a. Write down the numbers 1 and 2 - 1 2 
—

and follow by a space

b. Follow this by 3 and another 1 2 
— 

3 
— 

4 
— 

5
• space, 4 and another spac e, and

so on until you reach tr eatment
number (Zr +3).

- c. Go back to the space that 1 2 
— 

3 1 ‘~ — 
5

immediately follows (r+2) and
put a “T” in that space.

d. Starting at the right of the row 1 2 7 3 T 4 6 5
fill the remaining spaces from

• right to left with the remaining • -

treatment number s in numerical
order.

3. Put a conditioning treatment at the 4
beginning of the sequence that is the 1 2 7 3 8 4 6 5
same as the last in the sequence. 2 3 1 4 8 5 7 6

3 4 2 5 8 6 1 7
4 5 3 6 8 7 2 1

4. Complete the remaining (t- 2) blocks 5 6 4 7 8 1 3 2
~~ of the sequence using a cyclical 6 7 5 1 8 2 4 3

- - - solution for the numbered por tions 7 1 6 2 8 3 5 4
-* and continuing to fill in a column of

• Vs (as in Step 3 in the previous
- - explanation). Then substitute ~ = T.

~~ 
-~~ Splitting a Sequence Among More than One Subj ect

- ~~~~~

‘
- If one sequence requires more of a single subject’s time than he can afford

- 
-
~~~~~. and if there are not enough subjects to employ the basic change-ove r

• de signs described in the previous sections, a sequence can be split between two
or more subjects by breaking it between blocks. The test for the second subject

84
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:

• 
- 

would begin with an extra conditioning treatment identical to the last one for the
first subject. Finney and Outhwaite (1956, p. 505) in proposing this modifica-
tion to serially balanc ed sequence designs write:

• “Th e conditions of balance on residuals would be
maintained, and, after omitting results from the
first response on each subj ect, the standard
pattern of analysis could be adopted. It is not
even necessary that the parts should be of equal
length, and the extreme case of one block only
(plus initial dose) per subject is permissible.”

What they have iden tified here is the application of blocking as in an incomplete
block design, where blocks equal subjects (See Simon, 1970; Cochran and Cox,
1957). As in the case of all blocked designs, - treatment effects are independent

‘of differences among blocks (or subjects) only as long as there are no inter-
actions between treatments and blocks (subjects). The more homogeneous the
subjec t s , the less likely that undesirable interactions will occur.

• Forming Multiple Sequences

Sequences of k multiples of the basic design can be formed by writing, con-
secutively two or more sequences that begin (and therefore end) with the same
treatment, but omitting all extra conditioning treatments exc ept at the beg inning
of the first sequence.

Quite obviously then, completely reversible Type II, k=2 sequences balanced
- • for a single residual can be written for any number of treatments (Column C,

t ‘ Table 9) as long as a Type U, k=l , r = 1 serially balanced sequence exists. The
construction simply requires that the first sequence be repeated in reverse.
These designs are also palindromic.

CONSTRUCTION OF SEQUENCES WH EN RESIDUALS PERSIST FOR TWO
• P RIODS

~~~~~

‘ 
-

~~~ ~ Nair (1967) provides sequences for a single subject that are balanc ed fo r
pairs of residual effects (SBS2). These effects have carried over to the treat—
ment effect being measured from the treatment in the period immediately pre-

• -
~~~ ceding it (1st residual) and from the treatment two periods before ( 2nd

residual). 
-
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He defines a SBSZ of order t (number of treatments) and index m (number L )
:

1 
of times the sequence is replicated)* as; “. . . a sequence involving t distinct
letters such that (i) any three adjacent positions are occupied by letters which
are all distinct, and (ii) each of the t(t-l)(t—2) ordered triplets of letters occurs
serially exactly m times. ” (p. 205)

As a consequence of this definition , these SBS2 designs will have the
following characteristics:

1. Length of sequence: rut (t-1)(t- 2) + 2

2. Initial and final pairs of treatments are the same

3. The initial pair of treatments occur rn (t- 2) + 1 times and
each of the other pairs occurs rn (t- 2) times.

The standard type of SBSZ is one in which the sequence, after the ini tial pair of
-
, - treatments, can be broke n int o sets of t treat ments such that each set (or block)

contains all of the treatments once.

Construction

Nair explains in considerable detail the theory and methods of constructing
• these SBSZ designs. Two of his simplest methods will be described here.

For designs where t equals any odd prime plus one (e. g. 4, 6, 8, 12),
SBS2 designs can be constructed using Williams ’ (1950) designs as a base.
However sinc e complete sets of orthogonal Latin squares are equivalent to
Williams’ designs and are given in Appendix I-B, they will be ueed in thi s
example. The steps given by Nair (1967, pp. 215-2 16) for constructing this
design are as follows:

*J ~ the discussion of the other seriall y balanced sequence designs , k rather
than rn was used to designa te the number of sequenc es involved .
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Example: t = 6

1. Write down the complete doubly- Set of 5x5 orthogonal Latin squares
balanced change-over design for ( t - l )
equals an odd prime value as de- 12345 13524 14253 15432
scribed in Chapter UI. 23451 24135 25314 21543

34512 35241 31425 32154
(Note: The columns in Appendix [-C 45123 41352 42531 43215
are written as rows in this example. ) 51234 52413 53142 54321

e.g.
2. Identify each of the t(t-l) rows by R11 = 12345 R 12 = 23451

where i identifies the block (or
Latin square) and j  identifies the R 21 = 13524 R24 = 41352
row in the block. There are (t-1)
blocks and t rows. R32 = 25314 R45 54321

3. Put the t th treatment value at the end 12345 6; 2345 1 6; 34512 6;
of each row, and write out the rows in 45123 6; 51234 6; 13524 6;
sequence: R11, R12, ... R45. 24135 6; 35241 6; ...54321 6

4. Add at the beginning of the sequence .... 16)( 123456)(2345 16). . . (543216)
• the two treatment values at the end of

the sequenc e.

The row of periods in the middle of a sequence means that some of the sequence
has been omitted to save space. The row of periods before the first two nurn-
bers reminds the user that wer e sequences to be strung together , the first two
would be omitted after the first  sequence since they are present at the end of
each sequence. Numbers inside parentheses represent a complete block.

• 
~

• Given Dudeney’s (194 3) “round table solutions ”, Nair shows how SBS2 de-
- - signs can be constructed for ~~ y nu mber of treatments. This is based on

Dudeney ’s unsupported claim that “round table solutions ” exist for all 
~~‘~

;
however, he only supplies solutions for t = 4 through 12, which are given in

• Appendix II- E. Nair ’s (1967 , pp. 2 16-217) method of constructing SBSZ from
Dudeney ’s solutions is as follows:

• 87
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Example:
t = 4

1. From Appendix Il-F, obtain a 1 2 3 4
Dudeney round table solution 1 3 4 2
for t treatrr~~nts. 1 4 2 3

2. Rearrange by cycling each of the 1 2 3 4
(t41)(t— 2)/2 rows so that all 2 1 3 4
would end in the same number. 2 3 1 4
It can be selected at random.

3. Write down each of the rows in 3 2 1 4
#2 in reverse order , excludi flg 3 1 2 4
t!~ last treatment which is 1 3 2 4
retained in the last position.

First treatment number
4. Divide both of the above sets of Group Lowest to Highest

rows (#2 and #3) into ( t- l)  groups
of (t—2) rows each, with all rows I (14) 2 3 1 4 3 2 1 4

• in a group ending in the same II (24) 1 3 2 4 3 1 2 4
pair of treatments. III (34) 1 2 3 4 2 1 3 4

5. Identif y each row as R where R(l , 1) 2314 R(l , 2) = 3214
i refer s to the group and j R’3 2’ — 2134- - - refers to the position within a ~~~ ‘ ‘ ‘ —

group when ordered on the
value of the first treatment
number.

6. Order the rows into the
following sequence:

— R(2 , 1);R( l, 2);R( 1, 3);... ;R( 1, t—2 ) ;R( l , 1);R( 2, 2); . . .  ;R(2 , t— 2);

. . ;R(t— 1, 1) ;R(t— 1, 2); ... ;R(t— 1, 1— 2)

• and add at the beginning of the sequence the same pair of treatrre nts as
• -

~ the last pair, i. e. R(t- 1, t— 2).

The completed serially balance sequence for t = 4 is therefore:

3 4; 1 3 2 4 ;  3 2 1 4; 2 3 1 4; 3 1 2 4; 1 2 3 4; 2 1 3 4.

The semi-colons identif y complete blocks.

fl
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Designs

Nair supplied a number of complete serially balanced sequences for pairs of
residuals that have been reproduced in full in Appendix II-D. These are for the
following:

Number of Treatments: 4 5 6 7 8

Number of Observations: 26 62 122 212 338

Analyzing Serially Balanced Sequences

No detailed discussion of how to analyze these serially balanced sequence
designs will be given in thi s paper . Listed in Table 10 however are references
in which the general method and numerical examples of these analyses can be

found. It should be noted that the mathematical sophistication needed to under-
stand these analyses is con siderably more than in the case of the analyses of the
basic change-over designs.

• 

- 

‘Table 10. References on how to analyze serially balanced sequences

T YPE OF DESIGN SOURCE ANALYSIS

Singly Balanced:

Type I Sequences Sampford (1957) pp. 300-302 General Method

• - Palindromic Sampford (1957) pp. 301-302 General Method

Type II Sequence

Completely reversible Sampford (1957) pp. 302-303 General Metl~~d
-t

Other Type II Sampford (1957) pp. 303 Comments

Doubly Balanced:

Nair (1967) pp. 218-221 General Method

Nair (1967) pp. 22 1-223 Numerical
Example

4,
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Nair (1967) has the following to say concerning the analysis of serially
balanced sequenc e designs:

“Despite the symmetry inherent in the sequences,
no very simple analysis of variance can be formed,
because all the r esidual effec ts are not orthogonal
with blocks. In general, each sequence must be
handled individually by setting up and solving the
normal equations. The most satisfactory proce-
dure is to isolate contrasts of importance by direct
calculation as some of the useful contrasts may
not be mutually orthogonal. ” (p. 218)

He does supply the general method (pp. 2 18-221) and a numerical example
(pp. 221-223) of formall y analyzing these sequences and estimating residual
effects if the information concerning the latter is wanted. These are onl y

- ‘ applicabl e however for sequence generated from Williams ’ des igns and from the
round table solutions.

The analysis assumes that the effects of blocks , direct effects , first
residual eff ec ts, second residual effect s , and error are additive. Although the
sequences are balanc ed again s t interac tions between direc t, and fir st and seco nd
residual, these effects are not included in the anal ysis in line ‘with the model
employed by Sampford (1957) and Williams (1950). It must be remembered that
no estimate need be made of the residual effects if they are not of direct interest.
In that case, they are determined only to correct the bias to the treatment effects.

-
~
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CHAPTER V 
- 

-

DESIGNS FOR ESTIMATING TREATMENT EFFECTS IN THE
PRESENC E OF TRENDS

When subjec t s are tested se qu entiall y on a great many experimental condi-
tions , it is common to find a trend or gradual shift in performance over the
entire run that cannot be associated with changes in the experimental factors.
If these are not isolated from the other sources of variance, estimates of the
treatment effects and error may be distor ted. If the interest is primarily in
es timating equipment parameters , the inves tigator may wish to eliminate these
trend effects. If the tre nd effects themselves are of interest, as they might be
in training research, the investigator may want to obtain separate estimates of
the trend eff ec ts and the equipment effects. In both situations, it is a poor ex-
per imental design that allows these two sources of variance to remain confounded.

EXAMPLES OF SITUATIONS IN WHICH TREND EFFECTS MIGHT OCCUR

In human factors research, tr end effects can appear in situations such as
these:

1. In experienced subjects are used to determine which of four display-
- 

- control relationships is the mos t effective in the performance of a
complex tracking task. As each subject is tested serially on the four

- - confi gurations , his performanc e improves . This improvement does not
- - appear to be due to the particular display-control configurations and it

is suspected that it occurs because he is learning the general procedures
- 

- needed to perform the task well.

2. As the day progresses, the temperature in the experimental laboratory
rises in the morning and then lowers as evening approaches. Electronic
components in the experimental simulator are affected by these temper-
ature changes enough to alter critical parameters affecting operator

F performance. Changes made by the investigator in the experimental
variables ar e made on the assumption that equi pment parameters are
othe rwise stable. Adjusting the equipment for the unwanted trend
effects is difficult to do.
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In both examples, the question faced by the investi gator is how to separate the

effects of trends from those due to experimental variables in order to study the

la tter.

Techniques for Handling Trend Effects

Behavioral scientists have employed “randomization” or “counterbalancing”
to determine in what order a series of experimental variables would be pre
sented to a subject to minimiz.~ trend effects that might occur. The pros and

cons on these methods were discussed in Chapter I. In spite of this concern

during the desi gn and data collection phase of an experimenter , relatively few

of these same investigators bothe red to analyze their data in a way that would

isolate trend and experimental effects from one another. It would almost make

one suspect that such a technique as counterbalancin g was introduced into the

experimental desi gn more ritualistically than done as a part of a well-thought

ou t plan.

In this chapter a number of different methods of handling trend effec ts will

be consider ed. These are shown in Table 11. They differ in four critica l ways:

• 1. Whether the presentation order must be preplanned or not
before the experiment begin s

2. The degree to which the effects of trends are isolated from
the experimental effects

3. Whether single or multiple experimental factors can be handled

4. The complexity of the regression component of the trend under
consideration

V ariations on the basic descriptions in the table are sometimes possible for
certain methods.

~~~~ 

-; 
‘-
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ADJUSTING TREATMENTS FOR TPEND EFFECTS WHEN NO —

PRESENTATION ORDER WAS PLANNED

There are circumstances when it is not possible for an experimenter to plan
in advance the order in which the subject is tested on each experimental treat-
ment. In field studies , this is part icularly the case. Similarly, in field studies

- as well as some laboratory experimen ts , concommi ttant variables that affect
perfor manc e independently of the experimental effects cannot be controlled. As
a result, trends may run through an experiment and be confounded with the
treatment effects.

If the experimenter cannot design the experiment to reduce the effects of
trends (to be discussed later in this section) or control concommittant effects that
produce the trends , then he must find ways of statistically adjusting the treatment
effects for these intrusions after the experiment has been completed. At least
two methods of analysis exist that he can consider for this purpose:

1. If he can identify the source of the trend and is able to

measure it at the same time he is measuring operator
performance, adjustment s can be made to the tr eatmen t data -

for the trend data.

2. If he cannot identif y the source of the t rend, but recognizes that
it is correlated with the time flow of the experiment , he can
remove the effect of trials, leaving the treatment effects ready
for their own analysis. Trial s can be examined for the presence
of trend effects.

In this unstructured and uncontrolled situation it is unlikely that treatment —

and trend effects are orthogonal , i .e. completely independent of one another,
‘5

and for the technique described in this section, it is not assumed that they are.

But adjustments are possible , and if the treatments are presented in a random
order , then the results after adjustments can be reasonably valid . As in all
case s when a randomized presentation order is employed , a great deal more

-~ 

-
~~~~~~ data must be collected to be assured that the order is truly randomized.

-1 - ’~,y
94

I 
~

_
5 

— ~~~~~~~~
—-_~~~~ 

———— - —_~~~~~~~~ ‘ ~~;:_ _ — - — .—-S_t~~~~~~~—t—



- ~~
— -

~
——-—-. - -- ‘ -- - 

~~~~~~~~~ ~~~ ‘~~~~~~ 5 - ’ - s f l5 - T  - -  -..---- - ,. -- --..-

Various situations external to the experiment itself may become the source

of a trend effect running through the experiment that serves-only to mask the

effects of primary interest. Typical conditions that can create unwanted trend

effects in human performance field studies or laboratory experiments are:

• shifting weather conditions

• changes in illumination

• changes in temperature

• varia tions in information- flow rate

• drifting electronic equipment

• changes in the demands of a secondary task

• time on the job

Measurement with subsequent anal ysis is always an appropriate method of
handling any critical variable that cannot otherwise be controlled. With suf-
ficient preplanning, all of the example s cited above can be measured at the same
time performance measures are being taken. Given the pair of measurements - -

• one of operator performance and one of the concommitant variable (r eferred to
as the “covariant”) - - an analysis of covariance can be used to statistically ad-
just treatment effects for unwanted trend effects created by these typical sour ces .

Analysis of Covariance -

t There are many good references on how to do an anlaysis of covariance.

The entire September 1957 issue of Biometrics is devoted to articles by Coch ran

(1 957) and others on this technique. Both the g eneral method of calculation and

a numerica l example are given in many textbooks on experimental design such
Z as the ones written by Myers (1972), Winer (1971), Cochran and Cox ( 1957), and
• Edwards (1950), to name only a few. A discussion of the technique in detail in

thi s report is not justified.

An extremely simple example is given below however, to allow the reader to
see how and why anal ysis of covariance can be used to adjust treatment effects
for possible bias due to trend effects. The problem is imaginary and the numbers
used were adapted from data presented by Myers (1972, pp. 338-341).
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The experiment might have been something like this. There was an interest
in knowing which of three devices, A , B, and C, is designed so that an individual - 

-

will perform the best. Since there was no reason to suspect any condition-by-

subject interaction, only one subject was tested. However , this subject was

tested six times on each of the three devicçs. The order in which the subject
was tested on the devices was randomized. That randomized sequence over
18 trials is shown in Table 12 along with the operator ’s performance score (Y)

on each trail. It had been noticed that the equipment tended to drift , that is a
certain critical voltage that could indirectly influence operator performance
tended to increase over the time the experiment was run. Therefore, a measu re

of this voltage was taken at the beginning of each trail and these (X) are also

included in Table 12.

Table 12. Experimental data required for an analysis of covariance

TRIALS 1 2 3 4 5 6 7 8 \~9 10 11 12 13 14 15 16 17 18

Devices - B C C A C A B A B ’ B A B A C A C C B

Voltag
~
es (X)  6 6 7 7 9 10 10 11 11 11 12 12 12 13 14 15 15 18

-

‘ 
Performance (Y) 20 23 28 20 30 22 29 26 31 32 26 31 28 35 34 44 41 41

Scores

Given the data in Table 12, an analysis of covariance can be performed that 
-

‘

will adjust the performar.~c.e ‘data (in row Y) for a linear trend effect that might be

evident from the measurements in row X. To perform an analysis of covariance,

• - analyses of variance are perforrr~~d on three se t s of data: the X data, the Y data ,
and data derived from the cross-produce between X and Y. From this, a table

- 
- of sums of squares and sums of products is formed, thus:

a.
4

Source of 2 2 Degrees of
Variation ~ x ~ xy 

____ 
Freedom

Total 184.94 335.94 838.94 17

Between Devices • 77 -2 . 23 
- 

172.11 2

Within Devices 184. 17 338. 17 666. 83 15
(error)
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From these values , an adjusted tota l variability is calculated, from which an
adjusted error (within devices) variability is subtracted. The variance that re-
mains is the adjusted variability associated with treatment (between devices)
effects. An F-test of the ratio of the Adjusted Between Devices variance divided
by the Adjusted Within Devices varianc e can be made.

The adjusted values are:

Sum of squares df Mean Squares F

Adj. Total 228.71 16

Adj . within Devices 47. 89 14 3. 42

Adj. Between Devices 180. 82 2 90.41 26. 43 < .001

The probability (p) of < .001 that a ratio as large as 90. 41 wi th 2 and 14 de-
grees of freedom could occur purel y by chance can be interpreted to mean that
the performance differences among devices A, B, and C are quite reliable. Had
no adjustment for trend been made, howev er , an analysis of variance on the
Y values alone would have resulted in an F-value of 1. 92 for the test of the sig-
nificance of the difference among experimental conditions A, B, and C. This
wou ld have been int erpr eted to mean that no reliable differ ences in per fo rmance
occ urred among th e three devices which, from the covariance anal ysis, is known
to be an invalid interpretation of the data. The true differences were masked by
the trend.

Treating trials as the covariant. When a lii,ear trend is suspected to exist
in data collected se quentially but the source is not identified, adjustments can be
made to the performance scores with analysis of covariance by using the trial

: . number representing “time ” as a covariant. Implicit in this approach is the
assumption that the trials were spac ed at approximately equal time intervals and
that the true covariant is highly correlated with equal increments of time.

Analysis of covaraince versus multiple regreslion analysis. The equivalence
should be noted between adjustments made with the analysis of covariance and
those in Chapter III when the direct effects were adjusted for residual carry-over
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effects. In both cases, the unwanted effects are partialled out in order to test
the significance of the remaining effect.

For quantitatively scaled variablee , analyses of variance and covariance
models provide at best limited information ( Simon, 1971) (Bakan, 1966) and
should be used mainly as a back- up test in the evaluation of experimental data.
If the experimental variables are quantitative - - that is, with levels defined on a
continuous numerical scale - - then much more information can be obtained by

- 
performing some form of regression analysis on the data (Draper and Smith,
1968). This too is mathematically related to the techniques already mentioned,
but the information from the regression model will generall y be considerally
more useful. With the widespread use of computers for statistical analysis,

* multiple regression analysis is no longer a difficult task . Instead of one
concomittant variable, any reasonable number can be examined. Instead of one
experimental variable, any reasonable number can be included. Whereas,
ordinarily the analysis of covariance assumes a linear relationship between the
experimental and concomittant variables, in the regres sion analysis it is easy
to include non- linear terms as well, thereby increasing the information from the

• anal ysis. An alternative of course would be to transform the data to a scale that-
minimizes the non-linear relationships . In the case of non-orthogonal variables,
sone variation on a straight-forward multiple regression analysis is required.
This may be a sten- wise regression (Draper and Smith, 1968) or better still a
ridge-regression analysis (Hoerl and ICennard, 1970).

-

, RESTRICTED PRESENTATION ORDERS FOR ISOLA TING TREA T MENT
AND TREND EFFECTS

-5 The two methods of isolating trends in this section both randomize to some
a. 

,,, extent the order in which a series of treatments are presented to subj ects. As
‘

- ,  ~ with the previous method, adjustment for possible trend effects are made after
the data has been collected. These approaches to trend isolation differ in the
following ways from the covariance technique described previously:

1. The source of the trend need not be identified nor measured
during the data collection phase.
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2. Some preexperimental planning regarding the presentation 
-

order is required, restricting to some extent the randomization
process.

3. Within the limitations of the analysis , the designs keep estimates
of trend and treatment effects independent. 

-
- 

-

4. The analyses not only determines the presence of trend effects ,
but also identifies and measures it regression components
(i. e. whether it ’s a linear, quadratic , or cubic trend) as well .

In the first design, randomization of treatment order is restricted to the
extent that all treatments must be tested before any treatment can be retested.
Each complete replication therefore represents a block containing every treat-
ment presented once in a randomized order. This is the classical “randomized
block” design. One possible variation would be to have the treatments arranged
within blocks in a sys tema tically varied presentation order. Another variation
would be to use “inco mplete blocking ”, in which fewer than the total number of
treatments are placed in each block but balanced among blocks in such a way to
make the treatment effects orthogonal to block effects. This latter condition

• represents the primary value of any blocked design , namely, any average change
in performanc e from block to block will not affect the comparisons among treat-
ments within blocks. This design is suitable when studying qualitative or
qu antitativ e variables and can be u sed with sing le dimension or combined with
muttifactor , factorial designs.

In the second design, the random presentation order must be completely

:~ 
- determined before the experiment is started. Through a process called ‘~~~& L

-5 ’ randomization ”, the presentation order is related to and help determin e the levels -

of a single factor that will be used in the experiment. Thi s design presupposes a
4. quantitative factor and the ability to set as an experimental condition any factor

value along a continuous scale. Some involved calculations are required to
determine the values required to keep linear and non-linear trend effects
independent of treatment effects.

With both designs , orthogonal polynomials are used to identif y and meas u re
the regression components of any trend that might be present , either from block
to block in the first  case, or from trial to trial in the second.
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Isolating trend effects with blocked designs

If the exact order in which experimental conditions are to be tested cannot
be controlled, some improved efficiency in design can be achieved if the treat-
ments at least can be grouped together in blocks, allowing the randomization to
exist only within blocks (Davies, 1967; Cochran and Cox, 1957; Simon, 1970,
and many others). These blocks may be complete, having all treatments ap-
pearing onc e within each block, or incomplete, having onl y some of the treat-
ments within a block but assigned in such a way that comparisons among
treatments will not be confounded with differences within blocks. In these
designs , treatment effects are kept independent of block effects and the differ-
ences in average performanc e from block to block can be used to determine the
presence and nature of a tr end effect running through the complete sequence.

A simple example will be used to illustrate what happen s when a randomized,
compl ete block design is used versus when an unrestricted randomized sequence
is employed. Let us assume there are five treatments (A , B, C, D, and E) on
which a subject is to be tested four times each. A completely randomized order —

of presentat ion for this case might be:

A B D D C A B D E C E A C E A B B D C E

If over these 20 trials, the subject continued to learn how to perform the task,
treatment effects would be confounded with this trend effect. The 19 degrees of
freedom could be partitioned as follows:

Sources Dif.

Between treatments 4
Within treatments (error) 15

The error varianc e would be inflated and the treatments effects would be biased
due to the learning trend effects that could not be isolated. Applying a covariance
anal ysis In thi s case with trials as the covariant would be inadequate since there
is no assurance that learning trend would be linear. - —
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If however every treatment were run each time before another replication
occ urred, for example,

B D C A E / B E A C D / D A B E C / A C E B D

the comparison of performances among treatments within blocks would be more
precise since they can now be measured independently of average performance
differences among blocks. With this design , dif ferences among blocks can be
used to estimate the effect and the nature of any trend running through the data.
This is visually illus tr ated in Figure 5. .

LT#
~~. .TI] ~~~HH~TT •

Large variation due to trend Reduced variation due to trend Trend among
in unblocked data within blocks blo.~k averages

Figure 5. The advantage of blocking in the presence of trend.

In the figure it can be seen that although a major trend is running through all of
the data , when the data is blocked , the amount of variations within each block
associated with the trend is reduced. Treatments would only be compared
with treatments within the same block and their effects would be average over
blocks. The assumption in a blocked desi gn is that there are no int erac tions
between treatments and blocks.

The analysis of this randomized block design for five tr eatm ents rep licated
four time s with all five tr eatments in each of four blocks would be:

Between tr eatments 4
Between blocks 3
Remainder (error 12

While the error term in this example has lost some degrees of freedom, the
variance also has been considerabl y reduced since block differences have been
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removed. If upon t es ting these block differences , no significant effect was
discovered then the degrees of freedom associated with blocks could be recovered
by recombining block and remainder sources of variance.

To es tim ate the nature of any tren d effec t in the data the three deg rees of

freedom and variance associa ted with blocks can be par tition ed as fo llows:

Blocks 3
Linear component 1
Quadratic component 1
Cubic component 1

Just  how these component effects are isolated using orthogonal polynomials will

be described in the next section. In longer experiments involving more blocks ,
for B blocks , trend components up to and including the ( B_ l ) th order can be
estimated. Ordinaril y in human factors experiments, compon ent t rends effects

greater than cubic are unlikel y to be important and could probably be combined

with the error term.

Within the blocks in th4~s example, the order is randomized. Blocking in this

fas hion therefo re only elimjnates a part of the trend , for it is still present (in
• 

- 
reduced strength) within th~\locks. Obviously, therefore, the steeper the trend
and the more conditions within a block , the less ef fective randomized blocking
will be in eliminating trend from treatment effects within blocks.

When all treatments are tested with equal frequency within blocks and are
conditions of a factorial design , all main and interaction effects among factors
can all be estimated independentl y of block effects. If incomplete blocks a r e  used

(in which fewer than the entire set of treatments are within a block), the within

block variations may be reduced; howeve r , this advantage may be paid for by the
inability to estimate certain interactions within blocks.a.

t . Even when systematic designs are employed, if the treatment s are re plicated
a number of tim es and it is possible to associate each repli cation of all t reatments
with a different block , the trend effect reflected by the differences among blocks
can be isolated in the same way it was in a randomized block design.

102

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ -~



F- — .r- ~~~~~~~~~~ ~~-‘~-5— -“-5’--- —-5-’ ~~~~wrfl ~~~~ p—  ~~ —r--—--’--’-’~~~~”~’-5 - - ‘ ~~~~~~~‘ ‘—- -- - 
~~~~~~~~~~~~~~~~~~~~~~ 

I

If from the analysis of variance , block effect s are found to be significant, an
examination of the m ean performanc e scores per block (as in Figure 5) ~~~uld
sugg es t the presence of a trend (learning ?). The act of removing the block ef-
fects in the analysis leaves the treatment effects uncontaminated from differences
among blocks (but not within blocks). However , when there is an interest in the
tr end effec t itself, as in a training experiment, the characteristics of the trend
should be determined by some more precise method than subjective inspection.

This can be accomplished with the aid of or thogonal polynomialS.

Orthogonal Polynomials

If polynomials of the form Y a 1 + b1X + c 1X2 and of the form Y = a1 +
b1X + c 1X2 + d 1X3 are both fitted to the san~ data , the valu es of the coefficients, —

a1, b1, and c1, for the two equations will not be the same. This is to say that
af ter fitting, an equation of the second order , the procedure of fitting an equation
of the third order is not merely a matt er of adding a term in X3 and coefficient
to the original equation. It is nOt possible to fit in successive stages, testing the
goodness of fit as we proceed, un less simultan eous equations are solved at each
stage. This means that a new regression equation must be derived for each in-
crease in the order of the equat ion. From this , the proportion of variance
accounted for by the regression of each equation would be calculated and the dif -
ferences between steps would represent the proportion accounted for as each
additional higher-order non-linear component is added . This can be translated
into sums of squares that can be used to test the signficance of the component .
While the procedur e need not be cos tly with computers and appropriate programs
so readily available today, the same kind of trend analysis can be done using
ready made coefficient s of orthogonal polynomials and a manually operated calcu-
lator. Sums of squares of each trend component can be calculated directly and
tested in a conventional analysis of variance. Additional steps are required to
write an equation if it were desired .

Two assumptions must be met when this method of curve fitting is employed:

I ~~ 1) that there are equal interval s of time btween trials; 2) that each treatment has
I~ been measured the same number of times. It should also be noted that the sum

of squares of each component merely represents the additional amount due to
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the particular component in excess of any contribution of lower order 5-

components. Let us now look at some actual examples and work through a
-. 

trend analysis to show how they can be used .

First , what are coefficients of orthogonal polynomial s? Given a series of
mean response values , coefficients of orthogonal polynomials are used to weight
them in a way that will indicate the presence of only one possible order of a
trend relationship . Coefficients of orthogonal polynomials for 8 and for 16
measurements are reproduced in Table 13. These coefficients are independent
of one another (i.e. the sum of their cross-products equal zero) . They are
standardized so as to be sym metrical, about zero and to have the sum of the
coefficients equal zero. For any number of response values, N , there are N
different sets of coefficient s with N coefficients each . With these the sum of
squares for the mean and up to the N~ lth order regression component of n
responses can be estimated.

Table 13. Examples of tables of coefficients of orthogonal
polynomials from DeLury (1950)

1’O ~~l ~- 2  1’~ 1~7

~~~~~~~ 

~

‘ 

~~ 

I

S.S . 8 168 168 264 616 2184 264 3432
I +7 0 -8.16667 0 -14. 83611 0 -16. 34306 . 0

- J 8 0 0. 66667 0 7. 33611 0 29. 26716 0

~
‘0 ~~1 ~~2 ~~3 I 4 1~6 1~7

- 1~ 
r i~j +1 +1 -21 -63 +189 +45 .75 -175

+ 1 +3 -19 -179 +129 +1 15 -25 -375

• ~~
- +1 +5 -15 -265 +23 + 131 +45 -235

+1 +7 -9 -301 -101 +77 +87 +157
+ 1 +9 -1 -267 -20 1 -33 +59 +423
+ 1 + 1 1  +9 -143 -221 -143 .39 +143
+1 + 13 +2 1 +91 .91 -143 - 1 1 7  -533

- ..~; +1 + 1 5  +35 +455 +273 +143 465 +195
$ 8 .  16 1360 57 12 1007760 470288 201552 77520 1 545232

*~ 1 +~ 5 0 -37. 5 0 -358. 125 0 - 137.  27679 0
3 16 0 1 . 3 3 3 3 3  0 57. 33889 0 70. 872 82 0

‘Coeff1c1.~ t. up to are aI. o avalta bI. (D. L.ury. 1950)
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The two examples shown in Table 13 are for n = 8 and n 16, which may be
particularly useful sets to have if trend anal yses are  applied to screening cx-
per iments (see Simon, 1973). Each ~ column supp lies the coeffici ent s needed to -

estimate each unique trend component, with 
~~ 

designating which ith component
it is. The f irst  is for the linear (or f irst  order component), the second for
the quadratic , and so for th. The S. S. row in the table represents the sum of the
values squared for each column. In some published tables , as ill u stra ted here
with the n = 16 table, onl y one-half of the coefficients are given. The other half
is obtained by folding over the given half , maintainin g the same sign for
even-ordered coef ficients (in 

~~~~~~
, 

~~ 
etc . )  and using the opposite signs for

odd-ordered coefficient s (in 
~l’ ~~ 

et c . ) .

Second , where do we find the coeff icients of orthogonal polynomials?
They are in prepare4 tables in the format shown in Table 13. While certain
textbooks (e.g., Hayes, 1963; Davies, 1967; Beyer, 1966;) have tables that
supply some coefficient s , more complete set s can be found in Fisher and
Yates (1970). They supply tables of coefficient s useful for isolating up to
5th order regression component effects for 75 or fewer respons e values.
Anderson and Houseman (1942) extend the Fisher and Yates ’ tables to handle
up to and including 104 observations , and DeLury (1950) provides the coeffi -
cients needed for all regression components up to the (N - fl th order for up
to and including n 26 response values. Beye r (1966) reproduces Fisher &
Yates ’ table up to and including the polynomials for n = 50.

Third , how do we use these polynomials to analyze trend component effects?
— 

- 
Let us imag ine that we hav e the means f rom six trials , e. g. M1, M2, M6,
(or blocks, for that matter) that represent an ordered sequence. From a table,
we wou ld get the linear coefficients (~~ ) of a polynomial for n = 6, which are
-5, -3, -1, +1, +3, +5. Each coefficient would be multiplied by the corre spond-
ing tr ial mean in the se quence , thus:

4: - ;
(M 1)(—5) + (M2)(-3) + (M3)(— 1) + (M4)(+l) + (M5)(+ 3) + (M6)(+5)

and the sum of these would be the sum of squares representing the linear effect .
Similar steps would be performed with sets of coefficient s for the non-linear
components. In Table 14, three numerical examples are worked out to illustrate
how these trend component sums of squares would be calculated .
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In Table 14) the mean performance of six trials are given at the upper left
— (a) for three imaginary studies, designated A , B, and C. These means are

- ordered in a sequence from top to bottom in accordance with the trial numbers . *
The results of these three imaginar y studies are also shown gr aphically in
Figure 6.

From a subjectiv e examination of these figures , it wou ld appear that there
is no performance t rend in Study A , a pronounced linear relationship in

- 
Study B, and possibly a linear relationship in Study C, although with so few

data points and such a spread in the perfo rmance scores , it is difficult to say.
A component analysis of the regression using orthogonal polynomials could
quantif y to what ext ent the func tion contains a li near , quadratic , cubic , and up
to a fifth order component. The operations employed in this analyses can be

-: - followed using the information supplied in Table 14.

In the upper ri ght hand corner of this table (b), parallel to the corre spond-
ing means of each trial (fo r all three studies), are th e coefficients of orthogonal
polynomials for n = 6, up to and including fifth order components . These were
obtained from Fisher and Yates ’ (1963) tables. The sum of the coefficients
s qu ared are given in the ro w (c) below each vertical set of coefficients.

To obtain the Sum of the Inner Products (d), each mean is multiplied by the
coefficient in its corresponding trial position. Thus , to determine the sum of
the inner product for the linear component of the m eans of stud y A , each mean is

1- - - 
-
~ multiplied by the corresponding coefficient in column LIN. and these cross-

- 

- 
products are added, thus:

4(- 5) + 2(-3) + 6 ( - l)  + l(+l) + 3(+3) + 5(+5) 3

45 
-

- S -

- 

- 

*It does not matter whether we are referring to the means of trials or blocks ,
- or for that matter , experimental levels of a single factor. Exactl y the same

~~ 

‘.‘
. procedure is used to isolate and estimate the effects of the regression

components of a trend running through the sequential data.
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Table 14. Numerical calculations involving trend analysis
with orthogonal polynomials.

MEAN PERFORMANC E (n 6)
BY TRIA L FOR ORTHOGONA L POL YNOMiA L

STUDIES COEFFICIENTS
TRIAL A B C LIN. QUAD. CUB. QUART. QU INT.

1 4 1 4 -5 +5 -5 +1 - l
2 2 3 1 -3 -1 +7 -3 +5
3 6 2 2 -1 -4 +4 +2 -10
4 1 4 6 +1 -4 -4 +2 +10
5 3 6 3 +3 -l  -7 -3 -5
6 5 5 5 +5 +5 +5 +1 +1

SUM OF THE COEF- -

FICIENTS SQUARED = 70 84 180 28 252

SUM OF THE INNER (~~ 3 12 18 8 54
PRODUCTS FOR THE~ B 31 -3 -9 -9 9
THREE STUDIES i_ C 15 9 -25 13 31

SUM OF SQUARES
(1 d.f. each)

• Tota l across each ( A  .1 1.7 1.8 2 .3  11.6
study equals 17.5 *~ B 13. 7 .1 .4 2.9 .3

i_ C  3.2 1.0 3.4 6.0 3.8

LIN. QUAD. CUB. QUART. QUINT.

STUDY A B C

6 . .
LU 5 .
C-,
Z A— w . . .

- 4 5
-5 

~~~Cf l •~ 
C . .

ow
u.~~~ 2 . .

• ~~o - --5 
~~~~~~~ 1

~~
, ‘. ~~~U) 

-

0
1 2 3 4 5 6  1 2 3 4 5 6 1 2 3 4 5 6

- - TRIALS

Figure 6. Performance plots of the results from three imaginary studies
in Table 14

107~~~

_________ 
-:



-. —5-  - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _
~~

---5-.-5--5---w

To obtain the SUM OF SQUARES at the bottom of the table (e) with one degree
of freedom for each component, the SUM OF THE INNER PRODUCTS is squared
and then div ided by the corresponding SUM OF THE COEFFICIENTS SQUARED.
In the same study (Study A, linear component), the sum of squares would equal:

SUM OF INNER PRODUCTS. QUANTITY SQUARED 
- 

32 
13 1SUM OF COEFFICIENTS SOUARED - . (or . )

It can be seen that the total sum of the sum of squares across linear through
quintic components of each study (A , B, and C) all equal 17.5 (within the

I accuracy of rounding). Since in each study, each regression component sum of

squares is independent of the other, they can be used to:

1. estimate the proportion of total performance variability
attributable to each trend component; and

2. make F-tests of the significance of the trend components.

With only the six values (and a total of five degrees of freedom), effects grea ter
than the cubic component can probably be attributed to r andom error. Par-
ticularly in human factors experiments, higher- than cubic-order effects are

- 
probably negli gible (see Simon, 1973; 1974). Thus , the sum of squ ares for the
fourth and fifth order trend components could be pooled and considered to be

- 
(with 2 degrees of freedom) an estimate of the error variance needed for a not

- 
too powerful F-test .

If we examine the relative size of the different trend components in the three
• 

- 

- studies, it can be seen how these numerical results r eflect what otherwise were

- 

only subjective feelings. In stud y A, the largest component is the fi fth order one.
Since that is the highest order possible when n 6, the sum of squares (and . - -

variance, since the d. f. = 1) actuall y represents what’s left over aft er the other
-5 effects have been removed and to consider it other than random error without4. -

- 
other solid supporting reasons would be unrealistic and naive. In study B, the

:‘ major component is the linear component. The slightly lar ger quar t ic effect
(wh ich can hardly be taken as a serious effect were this real human factors data)
is actuall y visible in the mean plots , as it would be the wav y line tha t would re-
suit were the mean values conn ec ted by a line.

~
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In study C, the one that was most difficult to interpret subjectively, it can
be seen that the linear component accounts for relatively little of the observed
variability and that if one discounts the validity (and reliability) of the higher
order effects, it must be assumed either random error is high or some other
unknown factor is operating.

While not specific to th e discussion on trends (or sequ ence eff ec ts in
general), it should be noted that although the effects due to trials are orthogonal
to those due to subjects and to treatments when Latin square types of balanced
design s are used, trial eff ec ts will be obtained only if there are no interactions
among subjects, treatments, and trials. When data is variable and cannot be
explained with one of these designs, it is not unreasonable to assume that these

interactions effects are not negligible. In the case of the means representing the

trials, in fac t, they are a composite effect of the effects due to subject- by-
treatment interactions and trials , and will represent trials alone only when the
SxT interaction is negli gible.

Orthogonal polynomial s were used here to estimate trend effects in a series
- - of trial or block means . As shall be shown later , they can also be used to de-

termine the sequence for experimental conditions that is comp letely or reasonably
orthogonal to some trend components. They can also be used to evaluate the
robustness of designs to trend effects.

Isolating Trend Effects with “Angular Randomization” Designs

- I 
When different levels of a quantitative variable are presented sequentiall y to

the same subject in a randomized order, the possibility of a trend effect entering
- . the data is considerable. While orthogonal polynomials can be used to examine

the trend of any set of data taken over many trials, unless th e order has been
truly randomized (which generally require many measures to be adequate), the
degree of independence between treatment and trend effects may not be sufficient.
G. E. P. Box (1952) proposed a technique called “angular randomization” for
selecting the presentation order and the factor levels to orthogonalize these
effects in such an experiment. This technique will insure that the experimental
effects are orthogonal to third- order time trends , that the polynomial coefficients

- 

~: 109

— ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



—• ---~~~~ ——

are as reliable as possible, and that the error term sati sfies the requirements
for randomization.

With any set of N trial means, it is mathematically possible to fit the data
exactl y with a polynomial of order (N - 1). Box however proposes that if the
trend can be approximated by a third-order polynomial, then any remaining
degrees of freedom could be used to estimate the coefficients of a first order
model (main effects) of the experimental factors and what remains could be used
to estimate the error variance.

Box and Hunter (1958, pp. 155-162) describe very clearly how angular
randomization is used to construct an experimental design. It would be m ap-
propirate in this report to merely reproduce their example; the interested
reader should refer to the original paper. However an explanation of the steps
that they go through will be given here to hel p the reader with a limited math-
ematical background to understand and follow their example.

To illustrate angular randomization , they posed the following problem:

• “Let us see how an expirement requiring N = 12 runs is planned in
order to measure the first  order effects of k = 2 continuous independent
variables x1 and x2 upon some r esponse y, using the coil-heated reactor

• mentioned above. Our object then is to construct an optimum first
order design having random orientation, yet still providing estimates
that are orthogonal to 

~~
y time trend which can be represented by a

polynomial of third order. Since four of the original 12 degrees of
freedom will be used up in estimating a third order trend, we begin

-. - by constructing a first order design from among the eight degrees of
freedom that will remain after the cubic trend is eliminated. ” (p. 158)

To determine the factor levels of the experimental conditions the following
steps are to be used. They will best be understood while reading the steps of the

L 
- original article.1.-. ~-;
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Step 1. Obtain a table of rando m normal devia tes. These can be found
in Wold (1948), Dixon and Massey (1957), and Beyer (1966)
to name a few sources. Random normal deviates are merely
tables of random numbers with a mean of zero and a standard
deviation of one.

Step 2. For each factor , select from the tabl e of random normal deviates
the same number of values* as there are degrees of freedom left

• after three have been used to estimate the components of a third
order trend. (In the published example, in a 12 “run ” design,

— i.e. one with 12 observations, there are a total of 11 degrees of
freedom . When three are used to estimate the linear , qua-
dratic and cubic trend effects , 8 are left to estimate the main
effects and error. Therefore for each factor , eight value s are
selected from the table of random normal deviates. These are
shown on pag e 159 in Box and Hunter ’s (1958) article as columns
Z 1 and Z2.)

Step 3. Although step 2 provides sets of numbers (vector), on e for each
1 - factor , that are randomly oriented, they are still not orthogom 1

to one another . They are made so by partialling out from the
- 

values of each succeeding set of values the effects of the pre-
- ceeding set .

SteD 4, The vectors for each factor are now standardized by dividing each
element in a vector by the sum of squares of the elements corn -

• 

- 

- pricing the vector. (In the example on page 160 of Box and
Hunter ’s (1958) article the results of steps 3 and 4 are shown in

- - - Columns U1 and U2...1.)
p - 

Step 5. To guarantee that the estimates provided by the design are orthogonal
to any cubic trend, the actual factor levels to be used in the cx-
periment are constructed from a linear combination of the
orthogonal polynomials for N equal to the total number of

I ‘~‘~ observations in the design (in this example, twelve), starting

*A set of values for each factor is referred to as a “vector”.

- 
•
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with the 4th order polynomial (I . e. one more than the degree
- of trend being isolated , in this example up to and including the

cubic trend) and continuing to the (N- 1)th .

a) The orthogonal polynomials are standardized so that
the sum of the coefficients squared equal N ~ 12.

b) The orthogonal polynomials from the 4th to the 11th
(in this example) are linearl y combined using the
elements of the itandardized orthogonal vectors as
coefficients.

(In the example , thi s process is illustrated quite clearl y.
However , to help the reader identif y-the numbers on page
161 of the Box and Hunter (1958) article note that

E~Ez~~ o~~ 38(3 8r ;Zor~~~~~~)

• 7 ioot~~T~~~~~.N ~~7öperati ons required to sta ndardize ~~\( squared f 4 ) Lo~ thogonal polynomial (Step Sa) 
~~
)

• \~~degree po1ynomia~~../

(In the example , the results of Step 5 are shown on page 161
of Box and Hunter ’s (1958) article as columns x1 and x2,
which represent the actual facto r levels used during each
obs ervation) .

Thus on the first trial (e. g. Time order 1), factor 1 was set at 0. 4 and

-: factor 2 was set at -0. 5. The performance , y, obtained on that trial was 100. 3.

From this data , following the method of analyzing time trend data using
orthogonal polynomials described earlier , it Is possibl e to:

1. Write a polynomial that fits the linear , quadrati c, and cubic trend
components in the data;

2. Isolate the trend data , the main effects of the factors, and an
estimate of error , all orthogonal to one another .
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Thus we have been able to evaluate multiple main effects in the presence of
a sizeable Lrend effect. When this trend effect is artificially created by cx—
perimental conditions, it must be isolated. When tests of significance are made,
a failure to isolate the trend effect from the estimate of error can seriously
jeopardize the validity of such hypothesis testing. For man y human factors
problems, however this technique of angular randomization has a number of
limitations. For example:

1. Although many of the factors studied in human factors experi-
ments are quantitative (i. e. capable of being measured on an
ordered, continuous scale), it is not always convenient to
select from 

~~y part of the entire scale as the technique
demands. Quite often, equipment constraints enable onl y a
few fixed values out of the entire scale. Hill (1960) deals
indirectly with this problem when he shows how Box ’s
randomally oriented designs can be combined with Cox’s
(1951; 1952) systematic designs for quantitative and qualita-
tive variables.

2. Although the effects of multiple factor s can be studied, trend
free, with designs developed with this technique, the assumption
is made that interaction effects are neg ligible. In these “first
order ” designs , only main effects can be estimated. This may

- prove untenable in many human factors problems. *

3. The calculations required to determine which facto r levels are
to be used depend upon having the sequence (albeit randomized)

• completely determined first , limiting a primary value of
• randomized sequences - - their sponteneity.

ORDERING TREATMENTS IN SEQUENCES ROBUST AGAINST TREND EFFECTS

If the experimenter can control the order in which experimental conditions
- 

- 

-
~~ are to be presented to a subject (who is to be tested on a series of conditions),

5However with quantitative variables, extrinsic interactions may be eliminated byselecting the proper scale of measurement for each factor.

5 )
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— he can select a sequence that will enable trend and trea tment effects to be es-
sentia lly unconfounded. Certain trends can run throu gh the data without 5.-. -

materiall y affecting estimates of treatment effects. Both trend and treatmen t
effects can be estimated in the same experiment.

The techniques that are available differ in the degree of orthogonality
- 

- 

(independence) that can be obtained between treatment and trend effects. They
also differ in regard to the number of experimental factors (I. e. one or more
than one) and the order of the trend (I. e. linear , quadratic, or higher) that can
be isolated. The designs in this section are of two major types , I. e.:

1. One way sequences that are balanced for linear and/or quadratic
trends. (Phillips , 1968)

~ ~~~~ factorial plans sequenced in a way that is robu st* against
linear and quadratic ti ends. (Daniels & Wilcoxon, 1966)

One- Way Sequences that are Balanced for Linear Trend

In order to create a sequence that is balanced for a trend effect , each condi-
tion must be tested more than once. In the designs considered here, it is always
assumed that the number of replications, in, is the same for all conditions.
Phillips (1968) also specifies other conditions that must exist for a sequence to
be balanced agains t a linear treqd. These are:

1. The number of replications, j~, must be even, or the number of
replications, in, and the number of trea tments , t , both must be odd .

2. Each sum of the integers representing the trial position associated
with each experimental condition must equal

mlmt + lj
2

-r 
_ _ _ _ _ _ _ _

*The term “robust” is used here as it was in the original paper. It means that
with thes e sequences any estimates of treatment effects will be neg ligibly
distorted by the presence of selected trends.
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For examp le , her e are three treatments , A, B, and C, replicated twice and p~.t
into a six trial sequence:

Trial number 1 2 3 4 5 6
Exper . Con-d. A B C C B A

This sequenc e is orthogonal to any linear trend effec t that might be running
through the six observations. This is the case since:

A =  1 + 6 ; B =  2 + 5 ; C = 3 + 4

which are all equal to each other and to:

2 ( 2 x 3 + l )  
—

2

Sequences balanced for linear trends are constructed differently, depending
on whether the number of replications , in, equal 2 , 3, or more than 3. The
construction procedures supp lied by Phillips (1968) are explained below.

• Construction when m = 2. When only two replications are to be used , the
simplest way to balance a sequence for linear trend is to write the treatments --
even or odd number - - onc e in some random order and then to repeat that orde r
a second time in reverse.

- Construction when m = 3. When there are to be three replications, accord-
• - 

ing to the condition cited earlier , the number of treatment must be odd. Prepara-
I

tiori of a sequence balanced for linear trend in this case is slightly more
complica ted. Phillips (1968 , p. 163) supplies the following method, which shall
be illustrated here for the case of in = 3 and t 5. The following steps are to3. ~

- , 
- be followed to construct the sequence when in is odd:

0-

I.
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1. Write down the treatments C A E D B
in a random order.

2. Write down in consecutive
order the ‘rial numbers -
beneath each treatment so 1 2 3 4 5 ) R epl. 1
that each has a number
associated with it once.
That’s replication one.

3. For the second replication,
write down the next set of
trial numbers con-
secutively, beginning with 6 7
the condition just to the ~, Repi. 2
right of center. Write - 8 9 10 )
clockwise and upon reach- -
ing the end, cycle again
from the beginning.

4. Start the third replication 11 
— 

12
at the middle condition,
and write down the next set - 13 

— 
14 

— 
RepI . 3

of trial number s cyclically,
skipping every other condi- 15
tion until all receive a
third replication number.

If the three replicates of the five treatments are now written out serially ordered

according to the trial position values assigned to each, the sequence would be: 
-

Trial No. 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Treatment C A E D B D B C A E E B A D C

According to the rule, for a sequenc e to be orthogonal to a linear trend , the
sum of the trial integers for each experimental condition must all be equal (in
this example) to:

3 (3x5 + lI - 2 42 . 
-

• A check of the numbers in the example shows that this is the case.

Construction when in > 3. With more than three replications per treatment,

~~~~~~~
- then the number would hav e to be divided randomally into sets of two if rn is even ,

or sets of two and three, if in is odd. Once this is done, then the appropriate
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technique Lor constructing sequences for two or three replications would be used
to balance each subset and then combined to balance the treatments in the coin-
plete sequenc e for linear trend.

One Way Sequences Balanced for Linear and Quadratic Trends

Additional observation s are needed to balance a sequ ence for quadratic as
well as linear trends. The conditions necessary for this balan ce are:

1. The number of replications, rn, mus t be equal to two times the
number of experimental treatments, t .

2. Both in and t must be divisible by 3 or both must be prime to 3.
Prime to three means that neither can be divided evenly by 3. 

-

3. The sum of the trial numbers squared for each experimental
condition mus t equal

in (mt + 1) (2 mt + 1)
6

4. The sum of the trial numbers for each experimental condition must
equal

m ( m t + l )
2

To satisf y these conditions , Phillips (1968) provides a method of constructing
~~~

. .~ these sequences.

Construction. To construct a sequence balanc ed for both linear and quadratic
trend requires 2t 2 observations. To illustrate how this is done, a balanced
sequence will be constructed for three treatment s, A, B, and C, replicated six
times. The sequence will be 18 trials long. With in = 6, and t = 3, the first two
of the above conditions are sati sfield. The following steps must be performed to
achiev e conditions 3 and 4:

I

t
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1. Divide- the total number of A B ~~~~~~~~~~~~ = 3 treatment
2t 2 trials into t sections each - 1 2 3containing Zt consecutive nurn - L. A
bers. The~~umber s within ~ t sections, each
each section must be paired with Zt consecu-
so that the sum of every pair 13 14 ~~~ 

tive numbers
within (but not between 8cc- 1 i~ 16tions) is equal. Thi s can be 8
accomplished by numbering 2t 2 trialsfrom left to right and then
folding back as shown in the
example.

2. Next the order of the pairs A B C
are to be rearranged by 1 Z 3 1st section
cyclically shif ting the 6 5 4 remains fixed
pairs within each section , 8 9 7 2nd sectionone pair at a time after 11 10 12 cycles one to leftthe first

15 13 14 ~3rd section
16 18 17 (cycles two to left

The sequenc e thus obtained is:

Trial Nos. : 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

Treatments: A B C C B A C A B B A C B C A A C B

with treatments effects being orthogonal to both linear and quadratic trends.
This can be proven by determining if the sums of the trial numbers and the sums

L 
• 

of the trial numbers squared are each equal for the three treatments, A, B and C.
They are, with the sums of each being 57 and the sums of the integers squared
each being 703.

Analysis. The analysis is rather straight forward when treatment and tren d
• - -

• effects are orthogonal. Thus if eight conditions had been balanced for a linear
I. trend, the 16 observations id provide 15 degrees of freedom that could be

partitioned:

Linear trend component 1

Treatment effects 7

Residual 7

118
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If the treatment conditions were in fact a factorial, then factor and interaction

effects could be partitioned from the 7 degrees of freedom. Each trend corn-
ponent represents one degree of freedom.

In selec ting a design , an implicit assumption is usuall y made that some
higher-order trend components will not be present in the data. In practice, for
the data on treatments to be unbiased, the assumption must be valid. The
question can arise as to whether any test of the presenc e of a higher trend coin-

— ponent should be made and what to do about it after the data has been collected.
As to the latter , it is the experimenter ’s responsibility not to take the easy way

out before the experimental data has been collected; if he has doubts about the
presence of a sign ificantly large higher-order trend component, he should not
use a design that ignores that possibility. Still the most sincere intentions can
go astray. Rather than merely accept a prior assumption, the investigator should

at least inspect his data for highe r-order trend components. To aid a visual
inspec tion, he can even remove from mean values the effects of those trend
components that are orthogonal to the remainder of the data in the design. If a
higher-order trend can be observed that’ s much larger than the treatment effec t s ,
even though it had not been planned for , the experimenter may wish to partial
out (orthogonal polynomials) the effect before analyzing the treatments. On the
other hand, if the higher-order trend , although visible, appears small relative
to the treatment effec ts , it might be ignored. In either case , some bias will
occur. Inspection however at least enables the experimenter to make a better
interpretation of his data. This approach of questioning the data should be used
whenever as sumptions have been made in selecting a design.

Factorial Designs from One- Way Designs Balanced for Trend Effects

Phillips (1968) points out that factorial designs may be constructed as special
cases of one-way designs. This is done merely by treating each experimental
condition , i. e. each combination of facto r levels, as if it were a level of a sing le
variable and have the set of conditions obey the same requirements set forth for
the one-way case. Thus to balance a 2 x 3 factorial desi gn for linear trend , the

~~~ ~- six experimental conditions are ordered according to the rules for a one-way
balance for linear trend: first , that there must be an equal number of
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observations per cell, and second, that either this number of observations per
cell must be even, or both it and the total number of cells must be odd. Thus:

Conditions: A 1B 1 A2B2 A 1B3 AZB 1 A 1B2 A3B3

Periods: 4 2 1 6 3 5
9 11 12 7 10 8

Note that the experimental conditions are assigned at random to the trial periods
for the first replication in each cell, and that each second observation is fixed
to meet the requirement that the sum of the periods should be equal.

When “screening ” designs are employed (Simon, 1973), a block of 8 can be
made robust to linear and quadratic trends with 128 observations, arid to linear
only, with 16 observations. A block of sixteen can be made robust to linear and
quadratic tr ends wi th 512 observations , and to linear only, with 32 observations.
Here again the experimenter is faced with the trade-off between higher cos ts and
better control. The factorial 2t-q described in the next section may be a bett er
alternative because they require fewer observations.

Phillips (1964; 1968) also shows-how “magic squares ” and “magic rectang les ”
can be u sed as t-~o-way designs to balance li near and sometimes quadratic tr end
effects for experimented main effects and some lower-order interactions. A
magic square is a nn  X n  array of all the integers from 1 to n 2 such that the sum
of the integers in every row, in every column , and in the two principal diagonals

- 

- is the same , i. e. equal to n(n 2+ l ) / 2 . With magic rectangles, the sum of integers
in all rows are equal and the sum of integers in all columns are equal. Sources
and uses of these devices are explained in the two articles. More than one facto r
may be handled by either of the two dimension s of the figures in the same way that
several factors are handled in the one-way designs. This permits them to be used
for multifactor experiments. At this time, the advantages of using these two-way
designs for human factors experiments over one-way designs is not immediately
apparent.

~~

.

- -
-
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- Factorial 1t-q Plans Robust Against Linear and Quadratic Trends

I

Daniel and Wilcoxon (1966) provide plans for sequencing the experimental

conditions of two-level factorial and fractional factorial designs so that the

treatment effects are robust against trend effects. These sequences differ in

two important ways from those proposed by Phillips in the previous section:

1. These designs will require fewer observations.

2. The independence betw een treatment and tr ends in these designs
will not be as complete.

Sequences for 2t q  designs are of par ticular interest since they can be used for

screening large numbers of factors economically (Simon, 1973).

Construction. A pr eferred sequence is determined empirically by examining
the sequences of signs in a conventionally ordered sign matrix* that are prepared -

for Zt designs and finding the on es with orders that are least correlated with

trend effects. As Daniel and Wilcoxon (1966 , p. 261) explain: “. . .certain of the

ordered contrasts appearing in the zP systems are orthogonal to linear and to
quadratic tr ends . Some other contrasts are nearly orthogonal and some are

rather heavil y correlated with first  and second order trend. The design problem
is, then, to choose those sets of ordered contrasts that provide efficient estima-
tion of all desired effects and interactions. “ ( p. 261) The emphasis here is on

— the word “efficient” , which emphasizes the fact that some trade-off between the
total nu mber of obse rv ations and degr ee of or thogonalization is acce ptable in
practice. For example, with Philli ps ’ one- wa y designs that are completely
or thogonal to linear and qu adratic trends , 51 2 observations ar e n eeded to stu dy
the 16 treatments of a 2~ design. With the designs of Daniel and Wilcoxon , a

•
*5- I

-
~~~~

*Those readers who are unfamiliar with the construction and use of sign matrices
of ~t-q designs should refer to such references as Davies (1967 , p. 262),Cochran
and Cox (1957, p. 154),Simon (1973, p. 64), and almost any text that discusses
the design and analysis of two- level factorial and fractional factorial designs.
The signs of the tables are the “contrasts ”. A sign matrix is also referred to
as a transformation matrix.

- 121

- ~~
- •

______ - —-~ 5—5-_~~~~~- ~~~~~~~~~~~~ ~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



r ‘~~
••

~ - --fl---— - - :,,‘—t.-5—— -.--5---•--fl~~~~-’ -5. -5-5.•• •~-5-5-’•-5-5• ‘ — .--. .5. - .-- - _ ,~~.-- —- • - 5-r -- ’  •

sequence for a ~~ design can be written that is reasonably balanced for linear
and quadratic trends with only 16 observations and the assumption there are no
three-factor interaction effe cts .

An example provided by Daniel and Wilcoxon (1966) will be used to illustrate
• how a particular sequence is selected . First a 2~ factorial design sign (trani-

formation) matrix is constructed that has the same number of independent
observations as the number to be sequenced robust to linear and quadratic
trend effects . Since they wished to order the experimental conditions of a
replicated 22 factorial (written 22f 1) requiring eight observations , they began
by writing down the conventional sign matrix for a 2~ factorial with eight
independent observations capable of estimating a mean and seven independent
effects . This is shown in Table 15. The experimental conditions have been
arranged in the “standard order ” proposed by Yates (see Davies , 1967 , p. 261).
Although the matrix is made up of plus and minus signs , it should be remembered
that these are actually coefficients of plus and minus ones, with the digit being
dropped for convenience. To the right of the matrix are the linear and quadratic

3 .Table 15. 2 sign matrix tested for trend effects

Expt . Cond . Oztho g .Trial In Standard Sign (Transformation ) Matrix Polynom.No. Order Coefficient.

M A  B A B C  AC BC ABC - 
La Q

1 (1)  + — — + — + + — —7 +7

2 a p + — — — — + + —5 +1

3 b + — + — — + — 1- —3 —3

4 ab + + + + — — — — —1 —5

5 c + — — + + — — + +1 —5

6 ac + + —
- — + + — — +3 —3 - 

-

7 bc ÷ — + — + — + — • 
+5 +1

-
‘ 

8 abc + + + + + - + + + +7 +7

inner (LX 0 8 16 0 32 0 - 0 0 168
~r - —“ Products QX 0 0 0 8 0 16 ‘ 32 0 168

Design 21p 2(L. X) 1 4 0 16 0 0 0
Coefficients 21p2(Q, X) 0 0 1 0 4 16 0
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coefficients of a set of orthogonal polynomials for N 8 (obtained from the
published tables by Fisher and Yates, 1970).

‘5 —

The next step is to find out which effect ( column) or effe cts are the least
correlated ~i. e., most robust) with the linear and quadratic coefficients . To
illustrate how this is done , let us determine the correlation between the column
of coefficients *1 of Main Effect B and the coefficients of the linear polynomial
in column L.

Step 1. Obtain the sum of the cross products between the coefficients in
Column B and the coefficients in Column L. This number is
called the “inner product” and the results are shown in the row
marked (LX) below the appropriate column of the sign matrix.
For LB, the inner product is lb and was obtained as follows:

LB = (—1 )(—7)  + (—l)(—5) + (+l)(—3) + (+1)(—l)

+ (—l)(+l) + (—l)(+3) + (+1)(+5) + (+l)(+7) =

+7 +5 3 -l  -l 3 +5 +7 = +16.

Note that for this operation , the digit 1 associated with each sign
~~

‘ in Column B is introduced into the multiplication to show what is
ac tually happening.

Step 2. Determine the sum of the coefficients squared in Column L.
This also is given in Table 15. It is 168.

Step 3. Determine the sum of the coefficients squared in effects Column B.
Sinc e all of the numbers in any of the columns of the transforma-
tion matrix are either +1 or -1, which equal +1 when squared , the
sum of the numbers of the eight observations squared will be 8
(in thi s example) . -

Step 4. Use the numbers obtained in the preceding steps to complete the
following equation for the correlation squared:

2 
= (Inner product for coefficient and column)2

~LX Sum of coefficients X Sum of effects column -

squared coefficients squared
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In this example, the correlation squared between Column B and
the Linear trend is:

2 162 256 
— 1

~~~~LB (l68)(8) — 1344 — . 905

The correlation between Column B and the linear trend would be
the square root of that number , or . 436.

The squared correlations , which the authors call the “design coefficients ”,
- 

I are calculated for all of the relationships between the linear and quadratic coef-
ficients and each of the columns of the transformation matrix. For this example,
these are given in the last two rows of Table 15, designated 21p2 (L, X) and (Q, X).
The 21 in this example, is used as a multiplier to the correlation squared to
avoid awkward fractions and decimals. Sinc e the numbers are used only com-
paratively, thi s modification suffices. (In the case of Column B and the linear
polynomials, the correlation squared was)

256 4.1905 = 1344 = 
)

The number 4 therefore is used to represent the design coefficient for Zlp2 (L, B),
rather than 4/21 or . 1905 for p2 (L, B) . The same modifier applies to all of the

• design coefficients in that Table. When a design coefficients is 0 or absent, it
means that the two elements are uncorrelated and that that sequenc e is corn-
pletely orthogonal to the particular trend.

Next let us take a very simple example to show how the design coefficients
can be used to determine a sequence robust against trends . Upon examining
the design coefficients in Table 15, the presence of a 0 show s that effects AB,

~‘ AC, BC, and ABC are all ordered orthogonally to the linear trend and effects
A , B , C, and ABC are all ordered orthogonal to the quadratic trend . If we
wished to order the experimental conditions of a 2 1+2 designs -- that’s a
single factor at two levels , replicated four times -- then we must sele ct

r
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one column (for one fac tor) that will be robust to linear and quadratic trends.
In this case, effect ABC would be selected since its sequence is the onl y one
riot correlated with either trend. This sequence of eight conditions is used to
order the hig h and low levels of the sing le fac tor of the 21+2 design by making
the + the high leve l, a, and - the low leve l, ( I ) .  This sequence would be:

Trial Nos. : 1 2 3 4 5 6 7 8
T rea tment s: ( 1) a a ( 1) a ( 1) ( 1) a

-

‘ 
j For a 2 2+1 ( two-factor~ at two lev els , rep licated twice) design , which also

re quires eight observations , the order that will elimi nate or minimize linear an d
quadra tic trend effects is more difficult to dete rmine and will in fa~t require some
com promise on complete orthogonality . The basic procedure howeve r is the same.
In Table 15 , we mus t find two columns to represent  each of the two factors that.
correla te little or none with both the L or Q coefficient. Fu-~thermore, when
these two columns are multi plied togethe r (representing an interaction) this must.
result in a third column in the table that also correlate s little or none with the
L and Q coefficients. If we select Column ABC for one and AB for the othe r
(bo th of which are acceptable columns with low design coefficients), we wou ld be
forced to use Column C for the third , which has a very high linear component and
would not be acceptable. If we chose Columns ABC and A , both acce ptable , we
would be forced to use BC for the third , which has no linear comp onent but has
too hig h a quadratic component to be acceptable. Columns ABC and AC are not
too bad, and the resultant third column B is also not too bad. The sum of all
three desi gn coefficients in Columns ABC , AC , and B is 8/2 1.

Daniel and Wilcoxori (1966) note that a slight ly lower sum fo r th ree design
• 

- 
coefficien ts can be achieved if Columns A, B and AB are used. This overall
estimate of design efficiency would be 6/2 1. For the 22+1 design , they named
the two factors , Factors F and G, assi gning Factor F to Column A and Fac-
tor G to Column AB , in order to keep the main effects the one s least correlated
with L and/or Q effects. In addition , they reversed the signs of column AB so

F *The reader could check this sequence for treatment independence from linear
and quadra t ic t rend effec t s by using the test described by Philli ps in the previous
sec t ion. Linear sum s of trial numbers for both conditions are 18 and Quadratic
sum s of trial numbers squared for both are 102.

3
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that the first condition in the sequence could be composed of the low levels of

both factors. This caused column B with its si gn reversed to become inter-
action FO of the new design. Reversal of signs of an entire column does not
change the estimate s of the factor effects nor thei r correlation with the trends.
The results of these steps can be seen by comparing the appropriate columns
in Table s 15 and 16 , and the complete Z 24.1 design is shown in the desired order
in Table 16.

From the signs now in the new F and G columns (originally A and -AB
respectively) , the experimental conditions are renamed and ordered as shown
in Tabl e 16.

Table 16. Revised sign mat r ix of a ~~~~ des ign optimally ordered for trend

Trial Ori ginal : A -AB -B Experimental
No. Current : F G FG Conditions

1 - - + (1)

2 + 1- + f g

3 - + - g

4 + - - f

I ~ 5 - - + (1)

6 + ‘1- + fg

- ÷ - g

8 + — — f

The experimen tal conditions are in the best se quen ce for minimizing the degr ee
of overall nonorthogonality between main and interaction effects and linear and
quadratic trends. The absolute correlations among the effects and the trend s are:

F C FG
L . 2 2  0 .44
Q 0 . 22 0

126

— —t ~~~~~~
. r Tir —-i. — ~~~~~~~~~~~~~~~~~~~ 

•_•_— - .- - -• - - ~-Crr .~~ -_s ~~~~~



r —5 5-~~’•’” ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - 5’ — 
— - - • — ~~~--~~

~~~~~~~~ Sequences prepared by Daniel and Wilcoxon (1966) for the following

— -
- designs can be found in Appendix III:

• 2+1 4 6-2 5 14— 9Design 2 2 2 2 2

No. Obs. 8 16 16 32 32

Of particular interest are the 2~ and 2~ designs since these can be used in con-

- junction with economical designs for the scr eening of up to 15 or 31 factors
(Simon, 1973).

If the reader is interested in other designs, the construction technique just
described can be used for that prupose. The reader is encouraged to r ead the
original paper; the material presented here should facilitate the understanding
of that material.

Analysis. Given the specific sequenc e selected by the technique described
above and the performance data associated with each experimental condition,
Yates ’ analysis of variance algorithm ( Yates , 1937; Davies , 1967 , p. 263) can be

- 
- used to estimate the effects. A number of examples illustrating this technique

have been worked out by Daniels and Wilcoxon; one numerical example worked out
for the order determined in Table 16 of this paper is shown here in Table 17.

Table 17. Numerical example of analysis by Daniel & Wilcoxon

-

~~~~~~~~~~~ 
- 

Regr.
• Run øpec. “data” -60 1 2 3 Nams +8 Corr. Coal. 8ymbo~

‘5 ’ 1. (1) 63 3 6 1 6  0
-

- - 2. /g 63 3 10 — 16 —48 (1’) —6 —L — +i —5 p

3. • 73 13 6 —16 —24 —(P0) +3 at — —2 +1 —~~~~~
4. / 57 —3 —22 —32 —32 —(0) +4 0 - — i  +3 —~~~

5. (1) 67 7 0  4—32 —32L —1 / ,
~ fg 59 — 1 —16 —28 —16 (ACWI

- 

- - —1 0
7. , 61 1 —8 — 16 —32 (BC). ’J -

.

& / 37 —22 —24 —18 0 .rTor 0
5’ 

_____________________________________________________________________

32L——32 ;L—— 1 .
- - 

q.. 800 — (AC). + 2(BC), — —16 — 2  X 32 — —80 ; Q — —1.

.3
4 :  
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In the first -column of Table 17 the trial number (position or period) for each
of the experimental conditions in the second column is shown. These conditions
are in the correct sequenc e to be robust against linear and quadratic trends
starting from the top. In the third column, the “data ” or performance scores cor-
responding to the corresponding experimental conditions are giv en. In the fourth
column, the same scores are repeated after being reduced by subtracting 60
from every score to simplif y the calculations.

In the next three columns (headed by the numbers 1, 2, and 3), the numbers
are given as they are derived by using Yate ’s algorithm to estimate main and
interaction effects • Since this is based on order of experimental conditions in
the table that is not the “standard” order , a reidentification of the effects must
be made . This correct identification of the effe cts is given in the “Names ”

• column, which equates F, FO, and C in the new design with A , B , and AB respec-
tively of the original design. Similarly, it relates 32L , AC , and B C ,  and
error , with C, AC, BC, and ABC respectively. However, because there is
some correlation between the main and interaction effects and the linear and
quadratic trend components, a correction must be made. This is shown in the
“Corr. “ doubl e column, adjusting the effects from the previous column (which
were the results of taking the values from Yates ’ third column and dividing by N).
How these corrections were obtained is shown on page 266 of Daniels and
Wilcoxon ’s (1966) paper. Sinc e each effect is associated with a single degree of
freedom, we have obtained the regression coefficient for each by the above

- 
•- process. Thi s is the weight to be assigned to these terms were they written in

multiple regression form. The final column shows the symbol for the corrected
values , namely for the two main effects , one interaction effect, linear and
quadratic trend effects , and error . The reader may understand this process
by referring to Daniel and Wilcoxon’s paper for a more complete explanation.
Yates ’ algorithm for systematically analyzing a Zn design is described in
Davies (1967 , 263-265) .

I

4.
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• • CHAPTER VI
‘-~~ SEQUENC ES THAT R EDUCE THE WORK REQUIRED TO RUN

AN EXPERIMENT -

In running a human factors engineering experiment, it may be difficult,
disruptive, or time consuming to change the level of one or more factors every
few trials. Some situations in which this might be so are when:

1. Complex electro-rnechanical connections make it diffi cult to

• change the hand-control in an aircraft  simulator.

2. Many dials have to be adjusted each time the factor level is
changed, an action tha t is not only time consuming but also
can increase the opportunity for erroneous settings.

3. Time consuming verification measurements have to
be made at the face of a display each time display
resolution is changed.

4. An electronic device requires considerable time to return
to a steady state after each parametric change.

5. T ime must elapse to permit the observe r ’s eye s to dark
adapt after each change in the illumination - particularly
downward.

In some circum stances, these problem s can be handled by employing
“hierarchical” , “nested”, or “split-plot” experimental designs (Cochran and
Cox, 1957 ; Myers, 1972 ; Winer , 1971) that presents expe rimental condition.s

-

, 

in groups that don ’t require certain factors to be changed except after large
blocks have been run. In other circum stances, when such blocked designs are
not desirable, it becomes necessary to order experimental conditions in such
a way that the number of factor-level changes required from trial to trial is

~~ -
‘ m inimized.

-~ - The problem of selecting the best sequence of experimental conditions can
• be com plicated however, by the possible presence of time trends. In that case
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experimental conditions should be presented in a sequence tha t requires as
few factor-level changes as possible while remaining as robust as possible
against temporally-related trend effects.

Two methods are given here for sequencing experimental conditions in
2’~~P designs to minimize the num ber of factor-level changes. The two
methods develop sequences that: -

1. Restrict the number of factor-levels that must be changed in
adjacent trials.

2. Restrict the total number of factor-level changes to be made in- 

the complete experiment while keeping the treatment effects
robust-against linear trend effects.

Standardized sequences for 8, 16, and 32 observations are provided in
Appendix IV. These were obtained from computer programs that examined a
great many alternatives to find those meeting the constraints imposed.
Dickerson (1974, p. 33) provides a simplified flow diagram for the search
algorithm he used in his program should the reade r wish to develop his own )-

. sequences.

LIMITING THE NUM BER OF FACTOR-LE VEL CHANGES BETWEEN
ADJACEN T TRIALS

Tiahrt and Weeks (1970) proposed a method of “constrained randomization ”
• for ordering experimental conditions of a Zn_p 

factorial design tha t would
restrict the num ber of factor-level changes between adjacent treatments. Thi s

- 

- method meets the requirements for a statistical analysis based on the randomi-
zation m odel when the usual technique of full randomization of orde r cannot be
carried out. The method results in unbiased estimate s of treatment effects
and of experimental error

• Sequence Plans
t 5’

~~

In Appendix IV-A, standardized sequences that meet the above criteria aregiven for desi gning experiments involving 8, 16, or 32 experimental conditions.

— -p- ~~~~~~~~~~~~~a~~~~~~~~~
-n—•- ~~~~~~~~~~~ - - __________ _____________________________
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All are for two-level factorial or fractional factorial designs that would re-
0 strict the number of factor-level changes between adjacent conditions to from

one to four . The de signs for which sequences are given in the appendix are
shown in Table 18.

An example of one of the sequences in Appendix IV-A is:

TG( 26 2 ,~~~ < 3), I = ABCD = CDEF

1, 7, 4, 3, 6, 8, 2, 5, 13, 15, 9, 11, 14, 10, 12, 16

Thi s would be used to create a one-fourth fractional factorial de sign for six
— 

- 
factors (26_2

) and would restrict the num ber of factor level changes between
adjacent trials to three or less ( ~~~ ~ 3). -

-: The (I = ABCD = CDEF) is vhe defining generator of the z6 2  fractional
factorial. This identifies the 16 experimental conditions out of the total 64
conditions in the complete z6 factorial that are to be ordered according to the

above sequence. How defining generators are used to develop the conditions
of fractional factorial designs will not be discu ssed here since they are trea ted
thoroughly in numerous other documents (e. g.,  Sim on, 1973 ; Davies, 1967 ;
Cochran and Cox, 1957).

Construction

The following steps are used to tra nsf orm the sequence of nume r ical
‘ - value s given in Appendix IV-A into a sequence of actua l experimenta l conditions

having som e degree of ra ndomi zation and providing the prescribed constraint
on the num ber of factor level changes between adjacent trials. The 26_2 , ~~<3
fractional factorial sequence just presented will be used to illustrate the

• me thod.

Step 1. Using the defining generator , specif y the experirrl’ental
conditions that are to be included in the design. Use the
conventional symbology to designate each condition, 1. e.

~ 
-

i

:- by using a lower case letter when the hi gh level of a factor
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Tabl e 18. Sequences given in Appendix IV-A that
limit the number of factor-level changes
(~ ) between adjac ent trials

Number of
1 2 3 conditions

X X

x x

I 

X 

16
•
~ ~6-2 x X

X X

2~~~~- X X

X 32

7—22 X

X sequence is available

~0~~~- -

1-
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• is used and no letter when the low level of a factor is used.
- -

~ If the design is a factorial , no special p~~ b3em should be
encountered in listing the experimental cb~ditions. It it is
a fractional factorial, then it is necessary to generate
from the defining contra sts supplied with ~rach plan the

a
experimental conditions in the principa l block (e . i., the
one that contains the condition made up of the low level
for all factors). An alternative method would be to find

these condi tions already listed in some publication on
Z’~~~ frac tional factorials (e . g., Simon, 1973; Statistical
Engineering Lab, 1957 ; Beyer , 1966).

The exper imental condition s for the z 6 .2  de sign
(I = ABCD CDEF) are listed in colum n I of Table 19.

Step 2. Rewrite the condition s of the experimental de sign in
numerical term s in the conventional way by desLgnating
the low level of each factor as zero and the high level
as 1, ordered from left to ri ght for fa ctor 1 through n

respe ctively. This m ethod of de signating experimental
condi tions is descr ibed by Davies (1967), Cochran and
Cox (1957), Simon (1973), and others.

The numerical representation of the experimental
6-2condition s in the 2 design are found in colum n II,

Table 19.

• - Step 3. A~rr~ x1ge the experimental conditions in the “standard”
oraer’as used with the Yates’ algorithm for systemati-

p cally computing factorial effects in Z~ desi gns (see
Davies, 1967 , p. 261; Cochran and Cox, 1957 , p. 158;
and others). Thi s order starts with the experimental

- condi tion in which all factors are at their lowest level
and develop s progressively as follows:

(1) / a / b, ab / c, ac, bc, abc / d, ad , Bd...
When the design is a ~~ fac torial , this order ing is ea sy
to do.

- 
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Tabl e 19. Transformation and ordering of the conditions in a z6 2  design
-5-

I II III IV V
Numerical

Representation Digital
Experimental Equivalents of Standard Order New Order When

Conditions A B C D E F Binary Values Po.sition Values ~i < 3

(1) . 0 0 0 0 0 0  0 1 1 (1)
ab 1 1 0 0 0 0  3 2 7 ade

cd 0 0 1 1 0 0 12 3 4 abcd

abcd 1 1 1 1 0 0  15 4 3 cd

ace 1 0 1 0 1 0 20 5 8 bde
bce 0 1 1 0 1 0 22 6 5 ace
ade 1 0 0 1 1 0  25 7 2 ab
bde 0 1 0 1 1 0 26 8 6 bce .

acf 1 0 1 0 0 1 . 37 - 9 11 adf
bcf 0 1 1 0 0 1 38 10 14 abef
adf 1 0 0 1 0 1 41 11 12 bdf
bdi 0 1 0 1 0 1 42 12 15 cdef

ef 0 0 0 0 1 1  48 13 9 acf -
~~~~

abef 1 1 0 0 1 1 51 14 13 ef

cdef 0 0 1 1 1 1 60 15 10 bcfI.
abcdef 1 1 1 1 1 1 63 16 16 abcdef

• 0~U —
bO

-.4 0 0 .... “~~ 4) 0 C.) ‘~~~~
>~‘ 

0~~ ., ...i—. ...4 O~~O

~~~~~~~~~
••4 •4•4 4)

0 I4I~~~~~ ~~‘4 .— .— ..‘ — — .—
• Q4~~~~ ~~~~~~ ~~~~ ~~~~~~~~~~~~~

5 , U~~ 
‘4.’

‘~~~- 4) 4)~~~~~~~O U ~ O~~4) 4 ) • ~~~~’ m _ 4 , •k) $4
•J 4) 4) C.) 4)~~~~~~~~~o 0

~~~~E~~~~~O E  o~~~’ ~~
‘4. •~ i’ .E ’~ 4 .~~~II 1zdz4

• ~~‘°~~~~ ‘~ ~~~~~~~~°‘4 4 .~~ bO ~~~o o
• . ..., ~~~~~~S.I C) 

~~~~~~~~ 
..4~~~I~~ J 4 ) 4)
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~ . b O~~ ~~~4 ) 4 ) 4 ) 0  4)~~~~O~~~C.) ~~~~~~~~ ~~~0~~~~~O E u ~~~~ 
S

• ~4 O ~~~~°’ ‘~~~
‘‘
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- When the design is a frac tional factorial, it may be._ easier to derive the digital equivalent of the numerical
representation of the experimental condition to assist

with the ordering. This is accom plished by writing the
numerical representation (column U, Table 19) in reverse
order and reading the resulting binary number as a di gi tal
number. Thus, the numerical representation of experi-
mental condition ade is 100110, which reversed is 011001,
which -is the binary number for 25.

These digital value s are arranged in an increasing
ser ies . Thi s arrangement is shown in column III, Table 19.

Step 4. Each digital equivalent is assigned the number of its
posi tion in the standard orde r and these standard order
position values (column IV, Table 19) are the one s
referred to in the sequences presented in Appendix IV -A.

Step 5. Rearrange the experimental conditions according to the
new sequence order of “ standard order ” position values.
For examp le, the sequence for the z6_ 2 

de sign began
— 

- with 1, 7, 4, 3, 6, and so for th. These num bers are
found in column IV, Table 19, and are associated wi th the
experimental conditions in colum n I, thus: (1), ade, abcd,
cd, bce, ... respectively. Tha t order is indicated in
column V, Table 19.

- - 
- Step 6. If the numerical representations are also listed in the same

order, e.g.,

A B C D E F
0 0 0 0 0 0 (1)
1 0 0 1 1 0 ade
1 1 1 1 0 0 abcd
0 0 1 1 0 0 cd
0 1 1 0 1 0 bce

etc.
a check will show tha t the delta constraint is met , tha t there
are never more and possibly less than three factor-level
changes between adjacent trials.
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To review the steps up to this point let us look at only one experimental
condition that would be tested in a z6 .2  fractional factorial , condition ab
(column I, Table 19). Its binary representation would be 110000 (column 2),
which means that the condition would be a composite of the high levels of
factors A and B and the low levels of factors C, D, E , and F. When thos~
numbers are reversed, they becom e the binary number , 00001 1, equal to the
digital number , 3. (column 3). This is second condition from the top of the
list, and assigned the standard position value, 2 , when the conditions of the
z 6 2  design are put in a standard order (column 4). This second condition
Cab) is placed in the 7th position (column 5) of the new sequencelhat limits
factor-level changes between adjacent conditions to three or less.

Constrained randomization. But the procedure does not stop here. While
a sequence has been developed that restricts the number of level changes
between adjacent trials to a prescribed number , randomization has not yet
been introduced. The process is therefore continued in order to introduce a
condition o.f “constrained randomization” into the sequence derived above in
Step 6.

Step 7. To introduce randomization into this constrained sequence,
the names of the factors are randomally reassigned to the
columns. Instead of the conventional order of factors A, B,
C, D, E, F, for the respective columns, a random reas-
signment might, for example, produce C, F, A , B, E , D.
The names of experimental conditions would now be changed
to:

C F A B E D
• . o o 0 0 0 0 (1)Digital Experimental

• equivalents 1 0 0 1 1 0 cbe conditions
arranged ~~~~ - 

- 

rewritten
t e order according to
given in 0 0 1 1 0 0 ab factor
column V 0 1 1 0 1 0 fae 

- 

reassignment

etc .
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Step 8. - The columns would now be rearranged so that the Factor

designations are in alphabetical order . This in turn re-

arrange s the letter desi gnations of the experimental

conditions alphabetically as well, thus:

A B C D E F
0 0 0 0 0 0 (1)

0 1 1 0 1 0 bce

1 1 1 0 0 1 abcf

1 1 0 0 0 0 ab

1 0 0 0 1 1 aef

etc.

Step 9. Further randomization is introduced by selecting at

random one of the conditions in the new sequence and

“multiplying ” every condition in the series by it , thereby

creating a new sequence made up of the same experimental

condi tions. For example, if we had randomally selected

the condition bce of the series created in Step 8 and

multiplied every condition by it , we would get the new and
• final sequence, bce , ( 1), aef , ace , abc f , and so forth .

The method of m ultiplication is a simple one; for

example, multiplying abcf by bce would result in:
2 2a.b c ef = aef .

This follows the usual rules for algebraic multiplication,

except tha t in thi, case any squared term equals one , meaning

when other terms are present it is cancelled out. Thus

bce X bce = b2c2e2 = 1 x 1 x 1 = (1)

2bce X aef = abce f = abcf
•- -

and so forth .

The restraint of delta equal, three or fewe r changes will

continue to hold with the new sequence . The colum n change s

(Steps 7 and 8) and multiplication process (Step 9) introduce

som e randomization into an otherwise highly constrained sequence .

p
4 
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Thi s procedure of constrained randomization should be used to construct
aU of the sequences shown in Appendix IV-A .

Multiple Subject Designs.

When more than one subject is to be tested in an experiment , different sub-
jects are usually presented with the experimental conditions in different orders.

- Given one of the sequences generated here , the sequences for the othe r subjects
may be generated by the multiplication process used in Step 9, using a different
condition to create a new sequence for each different subject. The de sign thus
created for t conditions and t subjects would represent a balanced square in
which each sequence has the prescribed delta constraint on the maximum

• number of level changes between adjacent trials.

Balancing for Linear Trend Effects.

Tiahrt and Weeks did not select their sequences so tha t they would be hal-
anced for trend ef ects. It is worth noting however that if an investigator can
afford the time, if the same experimental conditions are run by the same sub-
ject a second time, but in the reversed sequence, the combined sequences pro-
vide a replication of data on which an error estimate can be made and the entire
sequence is now completely balanced for a linear trend effect. This can be

• 

- 

isolated from treatment effects in the manner described in Chapter V.

SEQUENCES ROBUST AGAINST LINEAR TRENDS THAT LIMIT 
-

FACTOR-LEVEL CHANGES

1’ Drape r and Stoneman (1968) and Dickinson (1974) provide standardized
sequences for eight , sixteen and thirty-two experimental conditions of factorial
and fractional two-level designs that will keep the total number of factor-level
changes small and the estimate s of main effects free or nearly free of a linear
time trend. The se plans diffe r in the following ways from the previous plans by —

- ;  

‘ Tiahrt and Weeks (1970): 1) wherea s the TW plans limited factor-level changes
between adjacent trials to a fixed maximum , these DS& D plans minimize the
total number of factor-level changes In the entire sequence; 2) a single sequence
of the TW plans is not optimized for linear trend , while those of the DS&D plans
are as well as possible within the factor-change constraints. The DS&D designs

— 

‘, 1-38
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when used as intended are limited however in two ways: 1) they are robust only

- against linear time trends and 2) thi s robustness is only for main effects and
not for the interaction effects. Some ways of modif ying these constraints will
be described later.

Sequence Selection Crite r ia.

— The sequences included in thi s section are intended to: 1) limit the number
of factor level change s and 2) minimize the correlations (“time count”) between

L main effects and linear time trends. The discussion below supplies the criteria
for selecting a reasonable number of factor-level changes and for measuring

- 

- the overall time count for any par ticular presentation order .

Factor-level change s. The minimum number of factor-level changes
possible for any sequence consisting of N distinct experimental conditions
is N - 1. Thi s would be achieved by changing just one factor at a time between
adjacent conditions starting with the second trial. However , the expected
number of factor level changes for a 2’~ factorial design * in a randomized
sequence will be

n-l
• n2

Thus for a design, the minimum number of factor-level change s would be 15,
- : but the number expected from a random sequence would be 32. Efficient designs

from the standpoint of few factor-level changes should lie between these two
values, and the designs offered here do.

Time count. An experimental design tha t is least affecte d by a linea r tim e
trend running through the experiment is one that minimize s the correlation
between aU experimental effects and the presentation order.. Instead of calcu-
lating the correlation between each effect and the presentation orde r however a
reduced calculation called a “time count” is ordi narIly sufficient to select the
presentation order tha t is be st.
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When a Z~ factorial or ~~~~ fractional factorial design is expressed in the
form of a “ sign matrix”, e. g.

FACTOR S ONE POSSIBLE OR DER
A B AB OF PRESENTATION

~~( l )  — — + 1 1
CONDITIONS 

I ~ 
: 

J ~rix
ab + + + 4

the sum of the cross-products between any main effect and the num bers re-
presenting the position of each condition in the presentation order is referred

• to as the time count. By way of illustration, let us determine the tim e count
for Factor A and the presentation order in the above exam ple . That order ,
of course, is only one of 24 possible orders for presenting four conditions.
To obtain the tim e count we would obtain the sum of the cross-products in the
following manner:

FACTOR A PRESENTATION ORDER CROSS~PRODUCT *
— 1 — 1
+ 2 +2

• 
- 3 -3
+ 4 +4

Sum of cross-products +2 “time count”

Time counts can also be made for the interaction effects as well.
I • Dickerson, upon calculating in several desi gns the time count between a linear

trend and the two-factor interactions, concluded: “In all cases, these time

*It should be remembered that whereas for convenience we only show a
sign that represents the high (+) or low (-) level of each factor , there is

- -s actually the number one associated with each sign. Thus, we ar e -

actuatly multiplying -1 times 1 = -1, +1 times 2 = +2 and so forth.
The time count for any effect in a two-level factorial de sign can be

- -~ converted to a correla tion coefficient by dividing it by

N [(N
2 

- 1)/12]h1
4’Z

where N is the number of experimental condition s in the design. This
denominator is 18. 32 , 73. 76, and 295.68 respectively for 2~ , z4 , and Z~factorial designs or fractional factorial with the same number of experi-
mental conditions.
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counts [ for two-factor interactions] were large. Thus none of the run orders
listed in [Dickinson ’s tables) is capable of providing estimates of the two-
factor interactions which are not seriously biased by a linear time trend. The
correspondin g experimental designs should be used only as main-effect plans ”
(p. 34).

In the and 2~ designs, Dickinson not only gives the maximum time-count

and the factor-level change for each desi gn but also R , the squared multiple
correlation between the four main effects and a linear time trend . This quantity
was not used as a criterion in ranking the generated order runs but was com-
puted sepa rately. For the 2~ sequences, Dickinson (1974) write s: “.. . the
magnitude s of the squared multiple correlations are all small enough so that,
for pra ctical purposes , the five main effects  are nearly orthogonal to linear
t ime trend.” (p. 35)

Sequences for Designs Containing 8, 16, or 32 Treatments -

In Appendix IV-B, sequences for ei ght-run de signs by Drape r and Stoneman
and sixteen and thirty-two run s by Dickinson are given. With all of these
sequences, main effects are robust to linear trend effects and the total number
of f actor-level change s are limited. Cha racteri stics of these sequences are

• lis ted in Table 20.

Here is an example of the kind of informa tion supplied in the appendix.
For an 8-observation , 2~ design , the following four kinds of informa tion would
be supplied:

I II m iv
14865732 3 4 2 -2 0 0

I is the sequence robust to linear trends while minimizing the factor level
changes; the integers refer to the positions of the experimental conditions of
a 2~ design when they are arranged in the Standard order (see Davies , 1967,
p. 26 1). II shows the number of changes in factor levels for variables A, B,
and C respectively during 8 observations. III is the total number of factor

f level changes, i. e . ,  the sum of II. IV gives the time count for variables A,
B, and C respectively, which in this example, shows that only the first factor

- - 
— 

is correlated at all with the linear trend. The -2 time count when divided by
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Table 20. Characteristics of sequences for 8, 16, or 32 tre atments
minimizing facto r level changes to be found in
Appendix IV-B

Total Number
Number of Number of of Factor- Level Maximum Tim e Countt

Design Main Effects Conditions Changes 
— 

for any Main Effect

3 8 9 t o l l  - - Ot o 6

4 8 l4 to l8 Ot o 6

z5 2  5 8 l6 to Zl O t o 8

26 3  6 8 21 to 27 
- 

8 to 8

7 8 28 Ot o l6

4 16 15 l6 to 28

2~ 5 32 31 36 to 44

— 
)

the 18. 32 value indicated earlier would yield a correlation of - . 11, which is not
too great. Based on the number of level change s and the time counts, the
experimenter would select the sequence that best meets his needs.

Using These Sequences

The design sequences for a particular factorial or fractional factorial can
be selected on the basis of the maximum time count and total number of factor-
level change s for any main effect. However , in practice , when an investigato r
can make valid assumptions about how importan t these criteria might be for the
individual effects , he may employ the designs somewhat differently in order to

~ : increase their usefulness. Some of the alternatives ways of using the sequences

-
. 

-
~ in the appendix are discussed below.

- 

. 

- 

I. If an investigator can anticipate which few interaction effects are most
likely to be important in a factorial design, he may use a fractional
factorial that handles more main effects than he intends to study to

P 1
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find a sequence that is robust against linear trend effects for both
main effects and selected interactions of a factorial design. The
extra main effects would be redesignated interactions.

This can best be illustrated with an example. If in a three factor
factorial design only one two-factor interaction is expected to be
important, an optimized sequence for a 2 -l fractional factorial can
be used to optimize for uil main effects and the single inter-
action. Since the fourth factor of a design has actually been con-
founded with an interaction of a 2~ de sign, factor names can be
assigned to the Z~ 

1 design in such a way tha t what ’migh t have been
the fourth factor main effect in the z4 . 1  design (fo r which the seq uence

was optimized) becomes the suspected inte raction effect of the
design (for which the sequence is now also optimized). *

2. If the investigator expects to have trouble changing the factor-levels
of only one of several factors , then the criteria used to select a
sequence may be changed. Instead of selecting a sequence on the basis
of the maximum number of factor level changes over all factors , it
could be selected on the basis of the smalle st numbe r for a single

-
‘ factor.

By way of example, he re are two sequence s and their characteris-
tics taken from Appendix IV-B.

Sequences for Changes in Tota l Time Count for
H 3a 2 Design Each Factor Changes each Factor

- A B C A B C
1) 14865732 2 4 2 9 -2 0 0

II) 14856732 5 4 2 11 0 0 0
4

-
~ Sequence II, on the whole, requires a few more factor level change s

than Sequence I. In Sequence II , none of the main effects are affe cted

it’
~~ 

by the linear time trend , while in Sequence I Factor A and the linear

* The se relationships between factorial and fractional factorial effects are
explained in Simon (1973) and Davie s (1967) among others.
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time trend are correlated slightl y. To obta in the slight advantage in
regard to the time trend , Sequence II might be selected If changing
the factor levels is difficult for onl y one factor. If that one facto r
were Factor C in Sequence II, only two changes would be required,
which is the same as for Sequence I.

Dickerson (1974, p. 36) proposes that when the cost of making a
factor level change is not the same for all factors the experimenter

— might assign a specific cost for changing the levels of each factor ,
and developing sequences so weighted. This is essentially a refinement
of the point made in the previous paragraph.

There are other alternative s open to the inve stigator who can use the
-

• sequencing concepts proposed in this chapter but is unable to find a de sign in
- the appendix tha t fits his particular needs. For example:

1. Dickinson mentions that a run order exists for a experiment in
which all four main effects and six two-factor interactions are corn -
pletely uncorrelated with a linear tim e trend, but that it requires a
total of 33 factor level changes. He did not indica te however how

- : these are distributed among the main ef f e c t s .  Furthermore as has
already been noted, if there i s only one factor that is difficult to
change, a design that distribute s total factor-level changes in such a
way to have few change s for one or two factors and many for the
other s would be acceptable.

• An investi ga tor mi ght find sequences robust to trend effects by
- - using the designs proposed by Daniel and Wilcoxin (discussed in the

chapter on trends) as a basis. These de signs are robust for linear 
•

F and quadratic trends on main and inte raction effects , but no informa-
- 

-
~~ tion is supplied on the number of factor-level changes. An interested

investigator could calculate these him self for selected designs.

2. An Investigator might develop a compute r program tha t will find those
sequences tha t are optimum for linear and quadratic trends on main
and critical inte raction effects, and require minimum factor-level
changes. In all probability, these sequences would have to be for
longer run s (e . g.. , 2~ perhaps). Dickerson( 1974) supplies som e
clues as to how such a program could be developed .
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Extending the Sequences

If blocks or replications of a design are to be run consecutively, Tiahrt
and Weeks (1970 , pp 479-480) explain how to order the sequence of experi-
mental conditions in a factor ial so tha t the number of factor level change s
between adjacent treatments are restricted to a specified number .

Tiahrt and Weeks (1970) also point out that the sequences restricting the
number of adjacent factor-level changes for two-level factorials can be im-
mediately extended to symmetrical factorials with more than two levels per
factor “provided any change of a factor is counted as one change even though
the factor may be varied by more than just one level” (p. 480).

The eight run seq uence for the fractional fac torial design proposed
by Draper and Stoneman ( 1968), and reproduced in Appendix IV-B can be used
for ordering the experimental conditions in a seven factor “screening” experi-
m ent (see Sim on, 1973 ; Box and Hunter , 1961). In tha t exper imenta l  de sign ,
only eight conditions are needed to estimate seven main effects (each being
confounded with separate sets of interaction effects), which Box and Hunter
suggest should be presented in a randomized order . The use of Drape r and
Stoneman’s sequence, however, might be better for it would not only reduce
the number of factor-level change s required in the experiment but would also
make the main effe cts robust to any linear trends. If main effects are to be
isolated from two-factor interaction s in this screening designs, it is necessary
to run eight additional conditions (composed of levels exactly opposite of those

-
‘ found in the ori ginal set). The sequence in which the second set of condi tions
* 

- are run can be the same as tha t in which the first  set were run since both maxi-
mum tim e count and number of factor level changes are invariant with respect
to a reversal of signs of all elements in any or all effects columns.

Analysis

The method of constrained randomization proposed by Tiahrt and Weeks
(1970 , 475-479) provides a basis for a statistical analysis utilizing a random -
ization model , tha t results in unbiased estimate s of main and interaction effects

1~~~. 
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and of experimental error. The reader must refer to the original paper for
this exposition. If an experimenter can assume that the errors are distributed - 

)
normally and independently as in the randomization model rather than being

correlated, then the usual routine analysis of a factorial experiment may be
done. If these assumptions are wrong, then estimates of main and inte raction
effects may not be the best linear estimates and estimates of the variances
will be incorrect. These statements however are not unique to these designs,
but are true for all human factors experiments in which the treatments are
applied sequentially.

For the designs that limit factor-level changes and are robust to linea r
trends, Dickerson ( 1974) write s that “significance testing can be carried out by

-
. 

- pooling all of the interactions to form an error term providing there are no
appreciable errors in setting the levels of the factors” (p. 36). Any reader
who believes there would be errors  in setting the levels of his factors should
read Dickerson’s discussion on how this would affect the ana lysis. He does
point out the fact that even when standard significance tests are not strictly
valid -- a situation that Simon ( 1971) suggests might be common in human
factors engineering experiments - - the experiment may still serve to indicate
the directions and magnitudes of the principal effects.

I. 9 
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CHAPTER VII
DESIGNS FOR COM PARING DIFFERENT PRESENTATION ORDERS

When treatments are presented in different orders to different group s of
subjects , tho se dif ferences among orders become a source of va riance that

must  be considered in interpreting the experimental data. In certain instances,
when sequences are artificially created for purpose s of the experimental
de sign without representation in the real world , the experim enters  may merely
wish to isolate any order effects from the effects of his experimental variables
and his error estimate . There are times, however , ( for example in training
research)  when there may be as m uch interest in the order in which treatments
are to be presented to a trainee as there is in differences am ong the treatments
them selves. In fact , when the treatm ents represen t dif ferent  courses in a
study program , the order of presentation may be all im portant. Then it be-
comes important to know which order will result in the highest performance
level when the sequence of study is completed. In addition to presentation orde r ,
other aspec ts of scheduling may al so aff ec t tr aining effe ctiveness.

The reader should be warned tha t the development of systematic and
economical ways of determi ning optimi zed orders and schedule s tha t would
meet  the needs of applied training research has been totally inadeq uate . The
various considerations ca n make the problem an enormously large and com plex
one . This section therefore is a limi ted attem pt to define som e of the problem s
and suggest some possible approaches. It is not within the scope of thi s report
to develop new methods although the potential is apparent .

Three types of designs will be considered in thi s chapter . In the f i rs t
sec tion , a design i s descr ibed tha t can isolate the average effec t of presenta-

• tion orde r s f rom trea tme nt eff ects. In the second section , a desi gn is described
that might be used when there i s an inter es t in the effe ct s of d i f fe ren t  presenta-
tion orders but not in the effects of the different treatments. In the third sec-
tion , de signs are di scu ssed that mi ght be used to evaluate the effect on perform-
ance of different ways of scheduling differe nt treatments.
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DESIGNS THAT ISOLATE ORDER EFFECTS FROM TREATMENTS AND

SUBJECTS

The following Latin square exemplifies an experimental desi gn in whi ch

subjects are tested seq uentially on the experimental conditions:

Periods
1 2 3 4 Treatments

a ) A  B D C

b) B C A ii)

Orders c) C D B . A iii) Subjects

d ) D  A C B iv)

• If thi s desi gn were ana lyzed , the ~5 degrees of freedom could be partitioned
as f ollows (without considering residual c ross-over  e f fec t s ) :

Periods (columns) 3

Orders/ Subjects  ( rows)  3

Tr eatment s ( le t ters)  3

E r r o r  6

The us e of the Latin square design presupposes that there are no interactions
between Treatments and Periods , Treatments  and Subjects (or Orders) ,  and
Periods and Subjects (or Orders).  If in fact there are  any such inte ractions,

then the results will be distorted since the effects of these interactions will not
be isolated from main eff ects or e r r o r  e stimates.

But more  germane to the present pape r , in the above desi gn , subjec t and
- ! ~ orde r effects are totally confounded because each subject is given the treat-

-~~ ments  in a different order .

If subjec t s and orders are to be i sola ted , it is necessary to use the same
presentation orde r with more than one subject . Preferably the sam e num be r of
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subjects should be used with each order , and each of these matched on charac-
4’ teristics critical for the task. For example, testing two subjects on each order~

— the design would appear as:

Periods
1 2 3 4 Treatments

a) A B D C  1)

b) B C A D iii)
Presentation iv)

Orders Subjects
- c) C D B v)

vi)

— d) D A C B vii)
viii)

and the total 31 degrees of freedom could be partitioned as follows:

Source of Variance dif.

Between subjec ts 7

Between orders 
- 

3

Between subjec ts wi th 4
the sa m e order (E l)

- - Within subjects 24

Between trials 3
~- 

.
, -

Between treatments 3

Error (E2) 18

,
This de sign and its analysis are treated fully in most  advanced textbook s on
statistics (e .g. Cochran and Cox , 1957; Davies, 1967: Winer , 1971).
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The following shortcoming s of these design should be noted:

1. The assum ption of no interactions between subject, trials,

and treatments still holds. In human factors research,

unless considerable care has gone into the planning to

minimize such effects , they will frequently occur (pa r ticu-

la rly between subjects and some of the other parameters) .

2. Lati n square desi gns compare only a few sequences out of

the total numbe r possible , that Is, they compare only t

sequences out of a possible t! , where t is the num ber of

treatments being examined. In the above example, only

four out of a possible 24 were considered . Therefore ,

as the num be r of treatments increa se, the fraction of

possible sequences being studied in a Litin square design

will decrea se rapidly, as well as the probability that the

be et sequence has been included .

3. In so far as the above analysis is concerned , the only

comparison being made is in the average performance

achieved with each sequence. If sequences do have dif-

ferent effects , this could be reflected in different

starting and ending points and a different rate of per-

- ‘ 

- formance growth; the average could conceivably remain

constant. While inspection of the raw data should confirm

-- 

.~ the actual situation , this analysis per se doe s not provide

a quantitative description or comparison of learning rate s

as a function of presentation order .

DESIGNS THAT STUDY ORDER EFFECTS WHEN TREATMENT EFFECTS ARE

NEGLIGIBLE

How might we study what effect presenting a series of training lessons in

different orders will have on the rate and extent of learning? Actually a m odi-

fied ve r sion of the previous desi gn can be used and ana lyzed to provide this

information. Here is a modified version of the desi gn:

-
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Periods
1 2 3 4 Training Lessons

A through D
1) X AX BX DX CX

11

2) X BX C AX D iii
Presentation lv Subjects
Orders 3) X CX DX B AX v

vi

4) X DX AX CX BX vii
viii

Thi s time, the capital letters, A, B, C, and D, represent four different lessons
of a training program that precede a constant test of performance, X. It is the
performance on the constant test following the training session that will be 

-

analyzed. The First “X” condi tion in the design indicates that a performance
test will al so be made before any t raining begins . Thus, one can conceptualize
thi s as an experiment in which a group of subjects are tested repeatedly on the -

same performance task. Sub-groups have all been given the same lessons, =
pre sented in di ff erent orders to each group. The data can be analy zed to
answer the following questions:

1. Do different presentation orders result in different average perform-
ance levels ?

2. What sort of per formance change is there, if any, f rom period to
period when the da ta among the dif ferent groups are combined ?

3. What differences are there, if any, in the rate of change in perform-
ance among the groups given different presentation orders?

4. Which presentation order results in the highest -final performance
level ?

;‘ - -~.

To answer these questions , the 31 degrees of freedom associated with the
foregoing experimental design will be partitioned as shown in Column B in
Table 21. To show how this partitioning compares with that used in the ana lysis
described on page 149, the earlier partitioning is repeated in Column A.

151

i~~~~~~~~~~
__ 
—~~~~~~~



r — —-- — —-5- 
~~~~~~~~~~~~~~~~~~~~~~ -

In spite of the slightly different labels, both “Between subjects” analyses

are partitioned into the same sources of variance. Both separate out the effects

of different treatment presentation orders, leaving the remainder to serve as an

error  term with which the significance of the orde r effects can be tested.

Actually, this “error” term is the composite variability among subjects that

received the same presentation order.

In the “Within subjects” analyses in the two columns, “Between periods”
and the “Overall trend” sources are the same in the sens e that they both

exam ine what is happening to the trial means across all subjects and treat-

ments (lessons). They diffe r however in the kind of information that is being

extracted. In Column A, the typical analysis of variance merely indicates
whether or not there is a reliable difference among the trial means. In

Column B, using the orthogonal polynomials technique described in Chapter V,
the trial (period) means are further analyzed to determine what overall trend
components are present, if any, across all subjects and conditions. For P

periods, (P - 1) trend components of one degree of freedom each can be
estimated, although the presence of higher-than-cubic trends in significant
amounts should be a signal to question the quality of the data .

The primary difference between these two analyses is in the partitioning
of the final 21 degrees of freedom of the “Within subjects” variance. In a
design of the Latin square type, one may either isolate the effects due to treat-
ments or the eff ects of the interactions between periods and presentation order

- 

- 
(when this order has been isolated from subjects). The differences between

analyses A and B therefore occur because in A, treatm ent effects (3 degrees of
freedom ) were isolated while in B, a form of the periods-by-order interaction
(9 degrees of freedom) is isolated. In the case of the B analy sis, there is no
iAte rest in treatment differences (since they were considered to be diffe rent
lessons of a complete course of study) and the question to be answered is whether
or not there is a difference in how trial means change depending on the order
in which the lessons are presented. Referring to thi s interaction as “Between

order trend” indicates the intention of examining the trend characteristics exhibited
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Table 21. Two ways of pa rti tioning training data in a replicated
Latin square design.

(A) (B)
Source of Variance d. f. Source of Va r iance d. f.

Between subjects 7 Between subjects 7

Between orders 3 Between orders 3 =
(means)

Between Ss in the same Between individual
orde r (Eb ) 4 

- 

m eans (Eb )

— Within Subjects 24 Within Subjects 24

Between periods 3 Overall trend 3

Linear 1
Quadratic I
Cubi c 1

Between treatments 3 - Between order 9 -

trends

Linear 3
Quadratic 3
Cubic 3

Residual ( E )  18 Residual (E m ) 12

TOTAL 31 TOTAL 31

- 

- 

- by each presentation order . Orthogonal polynomials are used to determine the
- .~~ 

-
~

- linear , quadratic, and cubic trend components for each order of pre sentation
group. Then each trend component is compared among orders to see if they

:1 
• diffe r .

Since in all likelihood, it will be the linear component that is the largest,
what we are essentially doing is comparing the slope s of the four sequences ,
that is, the rate of learning as a function of the order in which the lesson s are
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presented. The remaining com ponents, quadratic and cubic , are com paring
differences in non-linearity among the curves of the four sequences. If these
diffe r significantly, it could indicate tha t with the lessons ordered in certain
sequences performance will increase quickly in som e cases and more slowly
in others. While inspection of the raw data can give hints to all these results,
the desi gn and analysis presented here permit a test of the significance
(reliability ) of the observations.

In both analyses, what’s left over afte r all other sources of variance have
been removed is referred to as a residua l and is used as the error estimate
( E )  to te st all of the Within Subject sources of va r iance.

Thi s type of multiple trend analysi s was suggested by Alexander (1946)
and later elaborated upon by Grant (1956). The main difference between those
two papers is tha t in Alexander’s, only trends were partitioned into their “ slope”
(linear component) and “deviations from linearity ” (a combination of all higher-
order trend components), while Grant isolated ev’ery trend component as was
done in the above example. Although there were more groups (orders) and
subjects in Grant’s design, the pattern of the analysi s is identical to the example

• presented here. Both Alexander and Grant provide numerical exam ples and
explanation s of the com plete analysis of these desi gns, as does Winer (1971 ,
p. 590) who uses Grant’ s da ta for thi s purpose .

Additional questions could be asked of the design analyzed in Column B.
An analysis of variance could be applied only to the final performance test
results to determine which presentation order resulted in the highest final
performance level. An analysis could also have been made on the pre-

- : - - 
- 

training performance measures (which would not have been used in the analysis
in Column B) to see if the presentation order groups started at the same per-
formance level. If not, the original performance test scores could be used

- ~ as the covariant in a test of the final performance scores using the analysis
- 

- - of covariance described in Chapter V.

/

154

~ 4d.~i -~ — --~~ - -~ 
—
~~~~~~~~ ... .~ —-

~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- - 
~~ - -



— - —  -~~~~~~
.-,—- - - — — -5— -— — — ----- —— -‘ .‘ — ————--‘- ----—------ —----—-‘-‘—-— — - - ~-~~- - - ~~ - .~- — -~ --- --~ -, ---—---- - --—-~~~~~.—~~~~~~~~ ——-— —-- 5 - _~~, - _ - -

Considerations in the use of this design

Thi s design was never intended to study the trends of different  orders when
the lessons have significantly diffe rent effects on performance. To study
order-by-trials interactions (which is what the order trends are), a s propo sed

ori ginally, treatment effects must be negligible. In fact , if d iffere nt lessons

do have greatly different  impacts on performance, then no study need be done

to know what the trend would be for different presentation orders . Pe r formance
could be expected to rise fastest when the lessons having the greatest impact
are presented f i rs t , and least when they are presented last. Of course, if the
effe ct s are addi tive, then in the end after all lessons had-been presented, the

-

- 

- final level in both cases would be the same .

But in spite of som e rather predictable differences in the rate of learning
when lessons have different effects , a study of the e ffect of order on trends
mi ght still be made on the premise that an entire order of presentation may
have an effect tha t is greater than the sum of its parts. Even with non-neg li gible
differences am ong the treatments, an examination of som e trend effects  appears
rea sonable . Certainly an examination of the slopes (linear trend) associated
with the di fferent orders is a realistic test to make, and possibly, if there are
enough treatments involved, a quadratic trend test mi ght al so provide valid

• information. All hi gher-order trend effects could be considered as irrelevant
variences that should be isolatated from those of interest, and being artificially
introduced into the design, should not be combined with an estimate of error.

DESIGNS FOR STUDYING THE EFFECTIVENESS OF VARYING SCHEDULING
PLANS

In the development of a training program , proper scheduling of the 1e~ sons
tha t make up the com plete course may be as important  as the content of the
specifi c le ssons. Deciding how thi s best be done may require the aid of a
sys tematic research plan .
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Components of Scheduling

Several parameters must be selected in orde r to optimize the scheduling
of training lessons. The more important ones are discussed below along with
some preliminary conside rations for the de sign of experiments suitable for
a~nswering the question s raised. The components of scheduling considered here
include: orde r of presentation, lesson content selection, length of lessons, and

repetition patterns.

Order of presentation. Which order of lessons A, B, and C will result In
the best ultimate performance in the test “T” situation ?

Seq . 1: A B C T
Seq . 2: B C A  T
Seq . 3: C A B  T

Quite obviously, the three sequences do not cover all of the possible orders and
it is apparent tha t as the number of lessons increase, the number of sequences
required to cover all alternatives is (t!) . As was discussed in the previous
section, some counterbalanced design might be employed to reduce the number .
Studying carry-ove r effects from trial-to-trial in a preliminary order study
mi ght give enough information about the relative transfe r power of different
lessons, that along with practical and rational consideration, a few nearly
optimized orders could be proposed and tested for the final selection.

Lesson content selection. What lesson s (A, B, C, or D) should be included
in certain phases of the training session to optimize eventual test (T) results ?

t Examples of possible comparisons mi ght be:

Seq . 1 A B C T 1 T2
Seq . 2 A C D  T 1 T2
Seq . 3 B D  T , T

£

Seq . 4 A T 1 T2 -

In pilot training, for exam ple, certain lessons in the simulator may not con-
tribute very much to eventual pilot skill in the air and need not be included.
Evaluating effective content may require two evaluation tests, In the simulator
(T 1 ) and in the air (T 2).

‘ 1
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Once again the total number of possible alternatives becomes excessive ,
~~~~~~~ namely (2 t), as soon as the number of lessons get very large . The quick and

dir ty use of “coactive” designs (DeGray, 1968) and multiple re gression anal yses

(H oerl and Kennard, 1970) may help to quickly identif y the lessons and combina-

tions of lessons (independent of order) tha t might be most profitable to investi-

gate more carefully.

- Length of lessons. While related to requirements set by the content, the

length of time to be devoted to pa r ticula r lessons may also be a sequencing

question when all lessons are to be given, and when they are known to vary in

the strength of their effect on the final tests. It may be de sirable tha t those

ma terials that result in greater transfe r be practiced for longer times than
others. Examples of possible comparisons among treatments A and B for
different unit lengths are:

Seq. 1 AAAA T
Seq. 2 AAA T
Seq. 3 AA T =
Seq. 4 AABB T

- Seq. 5 ABBB T
Seq. 6 AAA B T -

Once again, the potential number of alternatives that might possibly be tested,
- - would be too great a task to seriously consider doing them all.

Length of sequence components mi ght also take into conside ration of what
combination of practice time - - in a simulator(S) and in flight (F) - - would
bring a pilot to a desired level of training a) the quickest, b) the cheapest , or

c) some optimum combination of both of these. Examples of possible sequences

mi ght be:

Seq . 1 SSSSF
Seq. 2 SSSFF
Seq . 3 SSFFF
Seq. 4 SFFFF =

f’ ~ Seq. 5 FFFFF

Repetition patterns. The sequences discussed up to this poi n t presen ted

each treatment only once , albeit for shorter or longer periods . There may be

scheduling advantages in repeating a lesson afte r som e other lesson has intervened
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Thus a study of the repeti tion pattern may be a parameter of some importance,
Sequences of the following type s might be investigated:

Seq . 1 A B C B T
Seq. 2 A B C A B C T
Seq. 3 A T A B T A B C T

Innumerable combinations are of course possible.

Combination s. Order , content selection, lesson length, and repeti tion
patterns are all scheduling variables which, when optimized, might enhance the
ra te of learning, if an experiment were planned tha t included all of these con-
siderations, the possible alternatives to be studied in any unsystematic effort
could q uickl.y become astronomical.

Behavioral scientists facing this class of problem have failed to develop
me thods of approaching these problem s sy stematica lly and econ omica lly. While
analogous problems have been found in other discipline s, the methods and
experimental designs employed by them have neve r been applied direc tly to
psychological research. In pa r ticula r , the rotation experiments for agricultural =

- 

- 
research appear particularly applicable,

Rotation Experiments

Thi s class of experimental desi gns was first  emp loyed to study the long-term
effects of different agricultural crop rotations. Different crops and different

• 

- 

- chemicals were systematically applied to differe nt plots of ground in various
orders for a num ber of years in order to compare the effect of different rota-
tions on yield. While a primary function of rotation experiments has been to
di scover the order of chemical application tha t produces the highest yield, they
can also be employed to investigate direct and residual sequential effects as well
as cumuIat’~ e effects (from the repeated application of the same treatment) and
limiting effects (when a cumulative effect begins to stabilize).

It is beyond the scope of this paper to show how these marginally related
~ 

•. rotation de signs employed in agriculture mi ght be applied to human training
research, For an introduction to this class of de sign, the reader is referred to
papers by Cochran (1939), Yate s (1963), and Petterson (1964; 1965). )
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- CHAPTER VIII
- FUTUR E NEEDS

Three important step s are required next to optimize the usefulness of this
report. These have to do with

1. Integrating into a single multi -purpose plan the de signs
descr ibed in this report tha t handle different sequence
effects.

2. Integrating the designs in this report with economical
multi-factor designs (Sim on, 1973).

3. Developing a more uniform techniq ue of ana lysis for the
different plans.

INTE GRATING THE DESIGNS IN THIS REPORT

Designs have been presented in this report tha t were intended to isolate
trends, measure residual effe cts, and examine the effects of differen t pre-
senta tions orders . While there are similari tie s among the se de signs,
ordinarily only one or the other sequence effe ct would be examined. Ideally,
these plans should be combined into a single de sign to handle several seq ue nce
effects within the same experiment. How thi s can best be accomplished need s
to be exam ined. 

-

INTEGRATING THESE DESIGNS WITH THOSE USED TO SELECT
- 

- 

- ‘ EXPERIMENTAL DATA POINTS

De signs tha t can be used to examine large multi factor experimental space s
-

~~~~ 

. by the economical selection of a relatively few data points (Simon, 1973) do not
consider the sequence in which each subject will be te sted on each exper imental

• condition. The designs in this report however supply the sequences. Since
economical multi fa ctor r esea r ch is developed around the use of fra cti ona l
factorial desi gns made up of 8 and 16 (and higher if desired) experimental
conditions , many of the plans di scussed in this report could be us ed to

- 159

it~
l 

- -  -- --—--5—

~~~
. :~

—-5— ———~~~~~~_ m~~ ~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- -~~-‘~~W~~-•



- - —--5.— - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ 

- -5—— --— -

handle sequence effects during the data collection phase. Just how this should
best be done and how it can best be accomplished without totally destroying the
economy of data collection must be examined.

Integrating these two groups of designs is even more important when there
is an in terest both in treatment and sequence effects , as might be the case when
equipment desi gn and training research are combined. Desi gns that serve both
purposes must be worked out in more detail.

• DEVELOPING A MORE UNIVERSAL TECHNIQUE OF ANALYSIS

Methods of analyzing the results of the de signs pre sented in thi s report
have been dealt with sparing ly, and in m ost ca se s, the only di scus sion can be
found by referring back to the original documents. There , in som e ca ses, clear

• explanations plus completely worked out examples have been provided . In other
case s, only the theoretical basis for the analysis has been supplied . The aid
of a statistician will be required.

The similarities among de signs, along with the problems of non-orthogonal -
- 

=
• sources of variance, suggest that a general purpose comput -~r program could

- 
- 

be developed at moderate expense that would be suitable for con. ~nientl y ana ly-
zing all (or most) of the desi gns proposed. That thi s has not been done is pri-
man ly due to the fact that each innovator of a new technique was primarily
concerned with ways of analyzing his particular technique. Also since the use

- - 
of a general purpose analysis model would only be practical in conjunction with
a computer facility, it should be noted that many of these techniques were
developed before computers were as readily available as they are today.

The steps for developing a general purpose mode of ana lysis for these
problem s are as follows:

- : 1. Examine each class of experimental de signs to determine
which designated sources of variance are independent and

which are not, and in the latter case, the degree of non-
orthogonality . Designated sources of va riance Include the
more common item s such as: Periods, Subjects , Treatments,
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Direct (first and second), Residual (first  and second),
-
~ Linear Direct X Linear Residual, Order , and possibly

- some other interactions. A matrix of independence would
- be determined.

2. A multiple regression model would be developed to analyze
each of these designs. Computer program s already in

- existence for handling correlated variables could be used
(e .g. stepwise regression program s with the capability

-

- 

- of specif ying the order in which the term s are pa r tialled
out). Multiple analyses would be made, by permutat ing

- the order of designated correlated variables. (This is- 

what was done in the analysis of the change-over design
- shown in Table 2 for example).

- 

3. Sums of squares of each term would be recorded, so that
appropriate terms of the regression equation (each with one
degree of freedom) can be combined to permit tests of sta-
tistical significance.

- 
There is very little new in the above procedure . If an investigator can

- 
identify those sources of variance tha t are independent of one another and those
that are not, and can establish the rationale for ordering the partialling out of
the correla ted term s, a program such as BMD Biomedical Compute r Program
#BMDOZR (Dixon , 1973) could be used immediately for the analysi s.

—— — —  —— — —  
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A P P E N D I C E S

- I.  CHANGE-OVER DESIGNS (Chapter Ifl)

A. SINGLY-BALANCED

B. DOUBLY-BALANCED

C. DIRECT-BY-RESIDUAL (LINEAR)

II. SERIALLY-BALANCED SEQUENCES (Chapter IV)

A. TYPE I, k 1, r = 1

B. TYPE I, k 2, r 1 
-

C. TYPE II, k = 1, r 1

D. TYPE II, k = 1, r = 2

E. DUDENEY’S ROUND TABLE SOLUTIONS

III. SEQUENCING 2t q  FACTORIALS TO BE ROBUST AGAINST TREN D
EFFECTS (Chapter V)

IV. SEQUENCES THAT MINIMIZE THE NUMBER OF FACTOR-LEVEL
CHANGES 

-

A. BETWEEN ADJACENT TRIALS -

B. IN THE TOTAL EXPERIMENT WHILE ROBUST AGAINST
LINEAR TREND EFFECTS -

For each design , the reader should ascertain
whether the rows or columns are periods or
sequences. In some cases , an arrow will be
used at the beg inning to indicate the direction
of the sequenc e over periods.

L 
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APPENDIX I - A

SINGLY-BALANCED CHANGE- OVER DESIGNS*

Either a complete design or the first  sequences are provided. With all com-
pleted designs , the rows are the periods and the columns are the sequences and
subjec ts. When only f irst  sequences are provided, multisequences are given
when multi ple blocks are req uired to complete the balance. The addi tional
information needed to construct PBIB change-over designs is also supplied.
Type of design and characteristics are given with each plan. Total number of
observations is N = pb. Construction techniques are described in Chapter III.

t = k 4, p = 4, b = 1, n = 4 (Completed LS-CO design)*

1 2 3 4 *Thi s desi gn was not obtained using
2 4 1 3 a cyc lic solution. See footnote on
3 1 4 2 page
4 3 2 1

t = k = 5. p = 5, b = 2, n = 10 (Completed LS-CO design)

1 2 3 4 5  1 2 3 4 5
2 3 4 5 1 5 1 2 3 4
5 1 2 3 4  2 3 4 5 1
3 4 5 1 2  4 5 1 2 3
4 5 1 2 3  3 4 5 1 2

t k =  6, p =  6, b =  1, n = 10 (Completed LS-CO design)

1 2 3 4 5 6
2 3 4 5 6 1
6 1 2 3 4 5
3 4 5 6 1 2
5 6 1 2 3 4
4 5 6 1 2 3

t = k = 7, p 4, b 2, n = 14 (First sequences BIB-CO design, cyclic solution)

Block 1: 1 Block 2: 1F :  2 7

7 2 -
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(Appendix I-A. singly-balanced change-over designs, continued)

t = k = 8~ p = 8, b = 1, n = 8 (First sequenc e LS-CO design. ~yclic solution)

I
2
8
3
7
4
6
5

t = k = 9 , p=9, b 2 , n a l 8  ta- k .-9, p a S , b a l , n a 9
• (Fj r~ t sequences LS-CO. cyclic) (First sequence CCO design , cyclic)

1 6 1
2 5 2

Block 1 9 Block 2 7 4
3 4 3
8 8 6
4 3
7 9
5 2
6 1

t = k = l O , p = l 0 , b a l , n l 0  t = k = l O , p = 5 , h a l , n e l O
(First sequence LS-CO, cyclic) (First sequence CCO , cyclic)

1 1
P 2 4

10 2
3 9
9 8
4

• 8
5
7
6

0. 
-
~

~

t = k = l l , p = 6 , b a 2 , n = 2 2  t = k = l l , p a 5 , b = l , n a i l
LFirst sequences BIB-GO, cyclic) (First sequence CCO, cyclic)

1 1 1
2 I l  5

r ~
- Block 1 4 Block 2 9 8

7 6 2
11 2 3
5 8

172-r,
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(Appendix I-A, singly-balanc ed change-over designs, continued)

‘p

t = k = 12, p = 12, b = 1, n = 12 t = k = 12, p = 5, b = 1, n = 12
(~~irst sequence LS-CO. cyclici (First sequence CCO. cyclic)

1 1
2 2

12 6
3 5

11 8
4

10
5

- - -
- I 9

6
8
7

t = k = 13. p a 5, b a 1. n = 13 (First sequence CCO design, cyclic)

1
3
4
8
5

t a k a 14, p a 14, b a 1, n a 14 a k a 14, p a 5, b = 1, n = 14
(Firs t sequence LS-CO. cyclic) LFirst sequence CCC. cyclic)

1 1
2 4

14 5
—

-
.

4 - 3 12
O 13 6
0 • 4

12
- -5 5

i i
0. 6
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(Appendix I-A, singly-balanced change-over designs, continued)

t k = 15, p = 5, b a 1. n a 15 (First sequence CCC, cycLic~

1
2
6

- 5
8

t = k = 1 6 , p = l 6 , b = l , n = l 6  t = k = 1 6 , p = 5 , b = l , n a l 6
(First sequence LS-CO, cyclic) (First sequence CCO cyclic)

1 1
2 - 9

16 6
3 7

15 2
4

14
5

13
6

12 
—

7
11
8

F 10
9

t = 16, p = 4, k = 4, b = 8, n = 32 JBIB and model designs, PBCO)

BIB design * Model design **
1 2 3 4 1 1 2 3 4
5 6 7 8 1 2 4 1 3

p 9 10 11 12 ~ 3 1 4 2
13 14 15 16 *4 3 2 1

(Eight blocks are obtained by using each row and each
column of the BIB design to substitute in the first sequence
(column) of the model design to form the first  sequence of
eight blocks of the new design. Each block is completed

- - - by treatment symbol substitution. )

*Bose et al Design 129
**Patterson and Lucas Des ign 5

(Sources from which the designs in Appendix I-A
came are shown in Table 1 of the main text. )
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APPENDIX I - B
DOU BL ’~-BALANCED CHANGE-OVER DESIGNS*

With these completed designs, rows represent periods and columns are
sequences and subjects. t = 5 - - -

I II
t = 4  1 3 3 4 5  1 2 3 4 5

- 
- 2 3 4 5 1  3 4 5 1 2

I II III 3 4 5 1 2 5 1 2 3 4

2 2 3 4  2 2 3 4  2 2 3 4  4 5 1 2 3  2 3 4 5 1

2 2 4 3  3 4 2 2  4 3 2 2  5 1 2 3 4  4 5 1 2 3

3 4 1 2  4 3 2 2  2 2 4 3

4 3 2 2  2 1 4 3  3 4 2 2  IV
1 2 3 4 , 5  2 2 3 4 5

4 5 1 2 3  5 1 2 3 4

- 2 3 4 5 2 4 5 1 2 3

5 1 2 3 4  3 4 5 2 2

3 4 5 1 2  2 3 4 5 1

t = 6
I]: III

1 2 3 4 5 6  1 2 3 4 5 6  1 2 3 4 5 6
2 3 1 4 5 6 1  3 4 5 6 1 2  1 4 5 6 1 2 3
3 4 5 6 12  4 5 6 1 2 3  5 6 1 2 3 4
6 1 2 3 4 5  6 1 2 3 4 5  3 4 5 6 1 2
4 5 6 1 23  5 6 1 2 3 4  2 3 4 5 6 1

- 

- ‘ 5 6 1 23 4  23~~~56 1 6 1 2 3 1 4 5

iv v
— 

1 2 3 4 5 6  1 2 3 4 5 6
• 5 6 1 2 3 1 4  6 1 2 3 4 5

3 1 4 5 6 1 2  2 3 1 4 5 6 1
-

- 6 1 2 3 4 5  5 6 1 2 3 4
2 3 4 5 6 1 4 5 6 1 2 3

• 4 5 6 1 2 3  3 4 5 6 1 2

t = 7
-
~~ I II III

1 3 3 4 5 6 7  1 2 3 4 5 6 7  1 2 3 4 5 6 7
- . 2 3 4 5 6 7 1  3 4 5 6 7 1 2  4 5 6 7 2 2 3

-~~~~~~~ 3 4 5 6 7 1 2  5 6 7 1 2 3 4  7 2 2 3 4 5 6
4 5 6 7 2 2 3  7 1 2 3 4 5 6  3 4 5 6 7 1 3
5 6 7 1 2 3 4  3 3 4 5 6 7 2  6 7 2 2 3 4 5

- . -
~~ 6 7 1 2 3 4 5  4 5 6 7 1 2 3  2 3 4 5 6 7 1

7 1 2 3 4 5 6  6 7 1 2 3 4 5  5 6 7 1 2 3 4

-1~
.
~ lv V VI

1 2 3 4 5 6 7 1 2 3 4 5 6 7 * 2 3 4 5 6 7
5 6 7 2 2 3 4  6 7 1 3 3 4 5  7 1 2 3 4 5 6
2 3 4 ~ 6 7 1 4 5 6 7 2 2 3 6 7 1 2 3 4 5.
6 7 2 2 3 4 $  2 3 4 5 6 7 *  5 6 7 * 3 3 4
3 4 5 6 7 1 2 7 * 2 3 4 5 6  4 5 6 7 * 2 ;
7 2 2 3 4 5 6  5 6 7 * 2 3 4  3 4 5 6 7 1 2
4 5 6 7 * 2 3  3 4 5 6 7 1 2  2 3 4 5 6 7 2
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(Appendix I - B, Doubly-balanced change- over designs , cont inued)

t 8  Si
I H HI IV

1 2 3 4 5 ( 0 7 8  * 2 3 4 5 6 7 *  1 2 3 4 5 . 6 7 *  1 1 3 4 5 6 7 *

2 1 4 3 6  5 * 7  5 6 7 8 * 2 3 4  7 8 5 6 3 4 2 3  8 7 6 5 4 3 3 2
3 4 1 2 7 * 5 6 2 * 4 3 6 5 8 7  5 6 7 8 * 3 3 4  7 8 5 6 .34, 2

— 
4 3 3 1 * 7 6 5  6 5 * 7 2 2 4 3  3 4 1 2 7 8 5 6  3 1 4 3 6 5 8 7

S 6 7 8 * 3 3 4  - 7 8 5 6 3 4 1 3  8 7 6 5 4 3 3 1 - . 4 3 3 2 8 7 6 5
6 5 8 7 2  7 4 3  3 4 1  2 7 8 5 6  2 1 4 3 6 5 8 7  5 6 7 8 1  2 3 4

7 8 5 6 3 4 1 3  8 7 6 5 4 3 3 1 4 3 2 1 8 7 6 5  6 5 8 7 2 2 4 3

8 7 6 5 4 3 3 * 4 3 2 2 8 7 6 5  6 5 8 7 2 1 4 3  3 4 2 2 7 8 5 6

L v vi vu
* 2 3 4 5 6 7 8  1 2 3 4 5 6 7 8  2 3 3 4 5 6 7 8

4 3 2 * 8 7 6 5  6 5 8 7 3 1 4 3  - 3 4 2 3 7 8 5 6
8 7 6 5 4 3 2 *  4 3 2 1 * 7 6 5  6 5 8 7 2 2 4 3
5 6 7 8 1 2 3 4  7 8 5 6 3 4 1 2  * 7 6 5 4 3 3 1

4 6 5 8 7 2 1 4 3  3 4 1 2 7 8 5 6  2 1 4 3 6 5 * 7

7 8 5 6 3 4 * 2  
- 

8 7 6 5 4 3 2 1  4 3 2 2 8 7 6 5

3 4 1 2 7 8 5 6  2 1 4 3 6 5 8 7  5 6 7 8 * 2 3 4

2 1 4 3 6 5 8 7  5 6 7 8 1 3 3 4  7 8 5 6 3 4 1 2

I U 
t -

* 2 3 4 5 6 7 8 9  1 2 3 4 5 6 7 * 9  2 2 3 4 5 6 7 8 9  1 2 3 4 5 6 7 8 9
2 3 1 5 6 4 8 9 7  7 8 9 1 2 3 4 5 6  9 7 8 3 1 2 6 4 5  8 9 7 2 3  I 5 6 4
3 1 3 6 4 5 9 7 8  4 5 6 7 8 9 1 2 3  5 6 4 8 9 7 2 3 1  6 4 5 9 7 8 , 3 1 2

4 5 6 7 8 9 * 2 3  2 3 1 5 6 4 8 9 7  6 4 5 9 7 8 ~~; z a  9 7 8 3 1 2 6 4 5
5 6 4 8 9 7 2 3 1  8 9 7 2 3 2 5 6 4  2 3 1 5 6 4 8 9 7  4 5 6 7 8 9 * 2 3
6 4 5 9 7 8 3 1 2  5 6 4 8 9 7 2 3 1  7 8 9 2 3 3 4 5 6  2 3 2 5 6 4 8 9 7
7 8 9 1 2 3 4 5 6  3 1 2 6 4 5 9 7 8  8 9 7 2 3 1 5 6 4  5 6 4 8 9 7 2 3 1  —

8 9 7 2 , 3 1 5 6 4  9 7 8 3 2 2 6 4 5  4 5 6 7 8 9 1 2 3  3 1 2 6 4 5 9 7 8

9 7 8 3 1 2 6 4 5 6 ~ 5 9 7 8 3 1 2 3 I 2 6 4 5 9  7 8 7 8 ~ * 2 3 4 ~ 6

-p

VI VU VIII
1 2 3 4 5 6 7 8 9 2 2 3 4 5 6 7 8 9  1 2 3 4 5 6 7 8 9  1 2 3 4 5 6 7 8 9
3 1 2 6 4 5 9 7 8  4 5 6 7 8 9 1 2 3  5 6 4 8 9 7 2 3 1  6 4 5 9 7 8 3 1 2
2 3 1 5 6 4 8 9 7  7 8 9 1 2 3 4 5 6  9 7 8 3 1 2 6 4 5  8 9 7 2 3 1 5 6 4
7 8 9 1 2 3 4 5 6  3 1 3 6 4 5 9 7 8  8 9 7 3 3 1 5 6 4  5 6 4 8 9 7 2 3 1
9 7 8 3 1 2 6 4 5  6 4 5 9 7 8 3 1 2  3 1 2 6 4 5 9 7 8  7 8 9 1 2 3 4 5 6  —

8 9 7 2 3 * 5 6 4  9 7 8 3 1 3 6 4 5  4 5 6 7 8 9 2 2 3  3 2 3 6 4 5 9 7 8
4 5 6 7 8 9 1 3 3  2 3 1 5 6 4 8 9 7  6 4 5 9 7 8 3 1 3  9 7 8 3 1 2 6 4 $
6 4 5 9 7 8 3 i a ~ 6 4 8 9 7 2 3 1 7 8 9 1 3 3 4 ~ 6 - a 3 1 ~ 6 ~ 8 9 7
5 6 4 8 9 7 2 3 1 8 9 7 1 3 1 5 6 4  3 3 1 5 6 4 8 9 7  4 5 6 7 8 9 2 3 3

~~

. 
,j~ 

*Desi gns for t = 4, 5, 7, 8, and 9 are complete sets of orthogona l katin squares
from Fisher and Yate s (1963). Design for t = 6 was from Williams (1950, - 

-

p. 354), which is isomorp hic with solution given by Dudeney (1943)..

- -
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APPEN)JX I - C

D~~ ECT-BY-RESIDUAL fl~JTERACT1ON CRA~NGE-OVER DESIGNS

- 
- i. Values of (X, Y) giving difference solutions fr om which designs can be

constructed. Solutions for t = 5 through 10 were taken from Patterson
(1973), while the others were derived using his method. Construction
techniques are described in Chapter III.

t = 5  t = 6

X 0 3 2 X 0 2 3

Y l 4  Y l 5 4

t = 7  t = 8

X 0 2 4 6  - X 0 2 4 6

Y 1 3 5  Y 1 3 5 7

t = 9  t = l 0

X 0 2 4 5 ?  X 0 2 3 6 8

Y l 3 6 8  Y 1 5 4 7 9

t = 1 l  t = 12

• X 0 2 4 6 8 l 0  X 0 2 4 5 6 9

Y 1 3 5 7 9 Y 1 3 7 8 11 10

r t = 1 3  - - 

t = l 4

X 0 2 4 6 7 1 0 12 X 0 2 4 6 8 l 0 l2

Y 1 3 5 8 9 11 Y 1 3 5 7 9 11 13

t =  15 t =  16

X 0 1 4 5 8 1 0 11 l4 X 0 2 4 6 8 1 0 l2 l4

Y 2 3 7 6 9 1 3 l2 Y 1 3 5 7 9 l 1 13 l5

177
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(Append~ix I - C, Direct-By-Residual Interaction Change-Over Designs continued)

ii. Completed designs for two and three factors provided by Mason and
Hinkslmaim (1971) that handle the D&R Interaction residuals. Rows
are periods and sequence. and subjects are columns.

DIIISION POI~ Two ?11~ ATN5NT PAOTftI* s~ctt A? TWO L~V~ IM 

~•~=— -- - -~:.‘=-~ - -  -•-‘ ‘ - .
~ - - . ~- •

H*iI,j*wil.
I IL ill IV V VI VII VIII

period I A , A, A, A, h i Is, It, n,
2 It, 11, 13, II, 4, 4, A, A,
3 A, A, A~ A, 11, 13. l’s It, -

4 13, h3~ 11, 11, A, A, A, A,

— 
DESIGN FOR TWO TREATMENT FACTORS EACH AT THREE LEVELS

Subject
I II III IV V VI VII VW IX X XI XII XIII X1V XV XVI XVII XVIII

1 Li Li A1 A~~~A2 AZ A3 A3 A3 B1 ~~ 
B1 B2 B2 B2 B3 B3 B3

2 B1 B2 B3 B2 B3 ~ 1 B3 B1 B2 A1 A2 A3 A2 A3 A1 A3 A1 A2

Period ~ A3 A3 A3 A1 A1 A1 A2 A2 A2 32 B2 B2 B3 B3 B3 B1 U1 Ui
4 B

2
B
3 

B
1 

B
3 

B
1 

B
2 ~~ 1 ~~2 

B
3

A
2

A
3

A
1 

A
3 

A
1

A
2

A
1 

A
2 

A
3

5 A
2 

A
2 

A
2 

A
3 

A
3 

A
3 

A
1 

A
1 

A
1 

B
3 

B
3 

B
3 

B
1 

B
1 

B
1 

B
2 

B
2 

B
2

6 B
3

B
1

B
2

B
1

B
2

B
3

B
2

B
3

B
1

A
3

A
1

A
2

A
1 

A
2

A
3

A
2 

A
3 

A
1

D~ io~. FO~ TIILZ t~ZLTXV~T ~~CTOM ILOI A? TWO L$V$I$

- 
- - I U III IV V VI VU VIII D~ X XI XII XIII XIV XV XVI XVII XVIII XIX XX XXI XXII XXIII XXIV

0.

1 A, A, A, A, A, A, A, A, 3,3 1, 1, 1, 1, 1.1, C, C, C, C, C, C, C, C,
31, 1,C, C,3, 1, C, C, A, A, C, C, A, A, C, C, A, A, 1, B, A, A, 1, 1.

P w o d 3 C , C, 3, 1.C, C, 3, B, C, C,A, A, C, C, A,A s 1 1, 4, A, 1. 1, A, A,
43. 1, C, C, 1.1, C, C, 4,A, C, C, A, A, C, C, 4, A, , a, a, A, A, I, 1,s a , c a, a, c, c, a, 3, C,C, A, A, C, C, A, A, 1, 1, A, .4, 3, 1, A, A,
I A , 4. 4, A, A, A, 4, 4,1.1.1,1. 9, 1, 1, 9, C, C, C, C, C, C, C, C,
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APPENDIX I l -A

SERIALLY BALAICED SEQUENCES (T YPE I.. k = 1. r = 1)

Rows should be read in order as blocks. Blocks follow sequentially after one
another. Each design is the sequence for a single subject. All of the design.

•1 were taken from Saxnpford (1957).

t = 6  t a 7
( . . A;) ( . . A;)
A F B E C D ;  A G B D E F C ;
D F C I ~~A B ;  C A B F D G E ;
D A C F D E ;  E B A C D P G ;

• E B F A D C;  O F E A D C R ;
C B D A E F ;  B O C F A E D ;
F E D B CA ;  D I C E G A F ;

F B E C G D A ;

t = 8  t 9
( . . A;) ( . .A H B G C F D E A l  E D F C H G R ’
E C G D F H A B;  B G F H D E I  A C ~B A C H DG E F ;  C l  F E G H B A D •F B E G A D H C ;  D H F GI  B C A E!C B D A E H F G ;  E H I  G C D D A FG B H E A F C D ;  F l  H C D B E A GD C E B F A GH ;  0 0 1 C E B F A HH G F E D S C A;  H E F DC O A R  l~I D G E C F B H A ;

t~~~1o t = l l
C A;)A J  f l i  ( I I fl ( , I t . ; A K E O F D H C J  I N ;I i  ( . 1  D h l t~~(.A ft; B !  G D J  F H E K A C ;N A ( . J 1) 1 k l l I? (i; C K G H I  E F J  B A DU l ) B J E I A I 1 II C; D I H F O J K B C A E• ( I ! D A E J  F l  OH; ~ I U ( v v  (~~~f l I~~~ A

I ; & I 1 Fl ~~ # I~ ~~ A LI.4 I fl • r% I LI • ~~ ~~
i; Fl ~ 

LI r H K i  E D C  F B G A  I;
I I  U f l f ’ g l ? r .  I F K D E C O B H A  I;

p ‘ “~~~~~~~“ J G E H D F C I  A I K ;
K F E I D G C HB J A ;

t = 14
(..E;) A H B  I C J  D K E L F M G N ; N L J  I K M ) J E J ) 8 ( J A ( F

B 3 C K D L E M FN G H A  I ;  I I I L N Mk J  F E B C D A G
C L D ME N F H 0 I A 3 B K ;  K N 3 H M I L 0 E C D F A
D N E H F  1 0 3  A K B L C M ;  M L I  3 K H N A D E F CG R
E I F J G K A L BM C N D N.  I I K L M I N  I B A E G F D C
F K G L A M B N C H D I E  3~~ 3 L H I M N K C E A R F G r )
0 M A N B H C I D 3 E K F L ; L K 1 N II 3 M 1) 0 C A F B EI.
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APPENDIX I I-  B

SERIALLY BALANCED SEQUENCES (TYPE I, k = 2, r 1)

Rows should be read in order as blocks, Blocks follow sequentially af ter  one

another. Each design is the sequence for a single subject. All of the designs

were taken from Sampford (1957).

t = 4

(See page 77 in Chapter IV of main text. )

t = 5

(See Design B, Figure 4, Chapter IV in main text. )

t = 7

• 
I 

(See page 76 in Chapter IV of main text. )

t = 8

)
5; 5 6 4 7  3 8 2  1; 1 8 6  2 5  4 7  3; 3 4 2 5  1 6 8  7; 7 5 3 6 4  1 28 ;

8 1  7 2 6 3 5 4 ; 4 3 2 7 8 5  1 6 ; 6 7 5 8 4 1  3 2 ; 2 4 8 3  1 7 6 5;
5 6 7 1  384 2 ;2 3 1 4 8 5 76 ; 6 1 5 8 72 3 4 ; 4 5 3 62 7 1 8 ;
8 2 1 4 6 3 5 7; 7 8 6 1 5 2 4 3; 3 7 4 5  2 6 8 1; 1 2 8 3 7 4 6 5;

1”
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APPENDIX I I -  C

SERIALLY BALANCED SEQUENC ES (TYPE II. k s 1 r 1)

Generating sequences are provided for this type of design. Two alternatives are
given for each t values. To complete the design, remaining blocks in order are
obtained by keeping fixed the position of the letter with the asterisk and permuting
cyclically, in alphabetical order , the remaining (t - 1) letters. Example of this
is shown in text, Chapter IV.

t = 5  (i) A B D E* C
(ii) A B D C E* .

t = 6  (i) A F* B C E D
(ii) A B F* C E D

t = 7  (1) A B G* F C E D
(ii) A B F C E D G*

t = 8  (i) A H* B G C D F E
(ii) A B G C H* D F E

t = 9  (i) A B H C C 1* D E E
(ii) A B H C C D F E 1*

t = 1 O  (i) A J* B I C D H E C F
(ii) A B I C J* D H E G F

Those sequences with the asterisk on the letter at the end of the block will all
yield completely reversible designs. Other kinds of Type II, k = 1 designs are
described in the text, Chapter IV . These designs came from Sampford (1957).

I.

F~
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APPENDIX I I -  D

SERIALLY BALANCED SEQU ENCES (T YPE II, k 1, r = 2)

• Rows are to be read in order as blocks. Blocks follow sequentially after one
another. Each design is a sequence for a single subject. All of the designs
were taken from Nair (1967).

( 1) 1— 4
4 I; 2 4  3 1; 4 3 2 1; 3 4 2 1; 4 2 3 I; 2 3 4 I; 3 2 4 I;

(2) e Si
51 ; 2 4 5 3  I; 4 3 5 2  I; 5 4 3 2 1 ;  3 5 4 2 1 ;  4 5 2 3 1 ;

52431 ; 2534 1 ; 32541; 53241 ; 23 461 ;

34251; 4 23 5 1 ;

~3 ) l — 6
61; 2 45031 ; 453021; 54032 1 ; 634521;

305421; 42653 1; 56423 1; 65243 1;

2 6 3 5 4 1; 3 5 02 4 1 ;  532641; 6 2 5 3 41 ;

236451; 324651; 462351; 643251;

254361; 342561; 4352 61; 523461;

(4) 1 — 7
71; 2 745631; 4637521; 5743621; 0754321 ;

7356421; 3 6 5 4 7 2 1 ;4 7 62 5 3 1 ;  546723 1 ;

6524731; 7562431; 2573641; 3526741;

5673241; 6275341; 7032541; 2634751;

3 2 7 0 4 5 1 ;  4 2 3 7 6 5 1 ;  6 4 3 7 2 5 1 ;  7 4 6 2 3 5 1 ;
2 3 4 5 7 6 1 ;  3 7 4 2 5 6 1 ;  4 3 5 7 2 6 1 ;  5 2 7 3 4 6 1 ;
7 2 4 5 3 6 1 ;  2 4 6 5 3 7 1 ;  3 4 2 6 5 7 1 ;  4 5 2 3 6 7 1 ;
5 3 2 6 4 7 1 ;  6 3 5 4 2 7 1 ;

(6)1—8

• 81; 24765831; 47835621 ; 56473821; -

65748321; 74386521; 83654721;
38567421; 42678531; 58246731;
07584231; 76852431; 85427631 ;
20538741; 35870241 ; 53782641;

p 62357841; 78 625341; 87263541;
28374651; 37642851; 46287351;

r 64823751; 73408251; 82736451;
2 3 8 4 7 5 6  1; 3 2 4 8 5 7 6  1; 4 8 7 5 3 2 6  1;
57328461; 75234861; 84572361;

2668 347 1; 8425807 1; 4362687 1;

52864371; 08432571; 80345271 ;
27450381; 3 6724581; 45362781;
5463728 1; 0 3 2 7 5 4 8 1 ;  7254368 I;

tLLe 
.
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APPENDIX I I -  E

DUDENEY’S ROUND TABLE SOLUTIONS

The following material was taken from Dudeney ’s (1943, pp. 205- 206)
• - ‘ Amusements in Mathematics”. They are the solutions to a permutation prob-

1cm of finding the ways of arrang ing ri people - - “Kni ghts of the Round Table ” - -
in a ring so that no one has the same two neighbors more than once but has each
neighbor an equal number of times. These solutions have been used by Williams
(1950) to form doubly-balanced change-over designs and Nair (1967) to form

- I serially balanced sequences for pairs of residuals.

Three kinds of information will be provided for each number of treatments:

1) The first row of each block
2) Each t-value that is a repeater
3) The sets of numbers that are cycled

For example, for t = 4, there is onl y one block. The first row is

1 2 3 4

and 1 is the repeater and 2, 3, and 4 are cycled down the columns, thus:

- . 1 2 3 4
1 3 4 2
1 4 2 3

p
-
~~~~‘. The three rows each represent circles or arrangements in which four persons

can be seated so that no one has the same two partners on either side twice.
In some solutions, there will be more than one block, or one repeater , or one
cycle.

For t = 5 to 12, the f irst  row of each block, each repeater , and each cycle
will be given here:

• 

1

8 7:
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(A ppendix II-E, Dudeney’s round table solutions - Continued)

t First row of blocks Repeaters çy~cles

5 12345 1,2 (3,4,5)
13254

6 123645 1 (2,3,4,5,6)
124563

7 1234576
1627534 (2,3,4)
1352674 1 and
1574362 • (5,6,7)
1527346

8 18634527
18457236 1 (2,3,4,5,6,7,8)
18273645

9 219745638
295168347 i a  A & £. ~ a
293184756 a , ~~~~ 

-w, ~~, ~~ 
q~~ ~~,

291564783

10 1X83654729
1X65297438 1 ~~~~~~~~~~~~~~~1X29386574 ‘ ‘

~~~~
‘ ‘ “  ‘ “ v ’ 7

1X74832956

(X= lO)

11 2E94765 183X
21E763X8549
2EX39485176 1, 2 (3,4,5,6,7,8,9, 10, 11)
2E5813X6794
2E1X3496758

(E= 1l,• X=l0)
• .p I~

12 123T4E5X6978
124E6987X5T3
125X87E43T69 1 (2,3,4,5,6,7,8,9, 10, 11, 12)

~~ 
• .~~ 1269X53T78E4

1278T369E45X

(T= 12,
• E= 11 ,

X = l O )
Since each row does represent a circle, the solution Is not changed If the row

• Is cycled; thus 2134 could be written 1342 or 3421 or 4213.
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APPENDIX III

• U SEQUENCING 2t-q FACTORIALS TO BE ROBUST AGAINST TREND EFFECTS

• Sequences developed by Daniel and Wilcoxin (1966) are reproduced below
for specified ~t q  factorial designs involvIng 8, 16, or 32 experimental con-
ditions All are robust against linear and quadratic trend effects. The con-
struction and -analysis of these designs are discussed in Chapter V.

Columnar headings In these tables are defined as follows:

Run: These are the trial numbers for the corresponding experimental
conditions, erdered robust against the trend effects.

• Spec. : These are the experimental conditions. In accordance with
standard practice, the peesence of a letter means that the high

• level of a two-level factor I s  need to make up the experimental
condition; the absence of a letter means that the low level of the
missing facto r is used.

Alternative Specification: The same experimental design with a
• different set of letters assigned to each factor.

Ordered Contrasts: These identify the main and interaction effects that
would be estimated were the factorial solved using Yates’
algorithm for systematically analyzing Zn deaigns (Davies, p. 263).

Aliases: These indicate the effects that are confounded for the particular
fractional factorial design and cannot be isolated within that design.

Correction for Trend s: These are the values needed in the analysis to
• - adjust an experimenta l eff ect for linear and quadratic trend

effects, as explained in the text in Chapter V.
Effici encies: This refers to the relative loss of information when an• effect must be corrected for trends; information refers to the

• confidence in the data when compared with effects requiring no
• 

• correction. The highest possible of course is 1; none are less
th5fl .70.

• Summary for the ordered 22F1

S Run. Spec. Ordered Contrasts Corrections Efficiencies Names

1. (1) Total
2. fg (F) -~~~ 16/17
3. g -(FG) +2 F 4/5 FG #

~~

- 
•~ 4. f -(C) 20/21

5. (1) (C)0 = 32t 16/21
6. fg (AC)0*i 20/21 6-
7. g (BC)0*ç
8. f (ABC)0 = error 1

*80Q = (AC)0 + 2(BC)0
4

189



(Appendix Ill, sequencing 2t-q factorials to be robust against tre nd
effects, continued)

3giisaserp /ar IA. Ordered ~4

Corrections
for Trends

Ordered Mtsrriatks
Iltin Spec. Contrects L 0 Emae*~a. Ipecille.atlss

1. (1) (1).

2. fgj —(IIJ) +1” 64/Si aW
3. I~ —(OJ)  +2 16/17 acd
4. +(GI1) -1 336/337 be
5 gbj —(P.1 ) +4 4/5 bc4~~
6. +(P11) —2 64/55 cc
7. - 

+(PG) —4 21/33 05
s. —( H r nJ )
9. f~bJ +(PG1I’ — last st/is ~~~

In. —(P0.1) ’ a
11. —(P11.1) ’ 6
12. /i +0’) 1 ad
13. / —(011.1)’
14. -143) 1 Sd
IL kJ +(11) 1 cd
15 /?. —(.1) 1 iS.

• Thrss.factor Interactions aumnnsd ecro
• 1344Q — —(P0.1) — 2 (PH J) — 4(011.1) 16/17

— —(AD). — 2(1W). — 4(CD).~
“Thz: ~~ - (H.1~ 16 + L; ~~ - (0.1)/iS + 2t... 

S

Bvmasarp f o r  IA. Ordrred 29 AU Threc.Pselar InS.raclinsa Z.re

• 1 Co
- • Ordered for Trend.

Cnntraati,
4. 

Run Spec and Alhusrs L 0 Ellciendes

5 1. (1)
2. .th.’M —(Al + CD) —1 64/65
3. ncv~f —(Al + lI D) —2” 16/17
4. br*i (RC I- Zl) -1 156/357
5 bed —(AD +al+CP) —4 4/5 0

- 6. ace (AC + Dl) -3 6/50
5 7. .61 (All + DI) —4 16/17

& del — (RP +C1) I
0. ethedef (ABC) .. iISL .4/8500
10. c/ —(1) —4 16/17
11. 6. —(1) —s 4/50
13. ad (A) 1
13. aef —(IJ CD) - -2560 156/35700
14. 64/ (11) 1
15 ad. (C) I
IS. abc —(D) 1

•Con1oendleapsIlsr.:1+AlD 1+A~DP+ BC1P
~ Thns: Y~. (Al + ID) — (Al + ID)/ 16 + 2L (41 + ID)/1$ + (AIC)f6& )

190
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(Appendix III, sequencing 2t.q factorial s to be robust against trend
effects , continued)

Sumis.erp for IA. Ordard a~

• fnr Tiend.
Ordered EMci.ney - k/(k + 1)Rim Spec. Contrasts £ 0 a

1. (1)
2. abe —(Cl) . +1 320
3. cci —(BK) +3 80
4. be +(DC) —1 5606

5 bcd. —(AZ) +4 20
6. cad +(AC) —2 1424
7. aM .-f-(AR) • —4 356

• 8. d. —(AIS CI)
• 6. d —(J3CDZ)” -• io. abda +(BD) —4 356
• 11. cad. +(CD ) —i 88

12. bed —(Dl)
13 be. +(~4BCD) -

14. cc —(ABDI)
15. sib —(ACDI)
16. . +(AD)
17. abcds +(ABC) ” —

I 18. ad —(ABE)”’ —

10. Sd —(ACE) ” -

20. ad. +(A)
• 21. a —(BCE) ”’ —

-
. • , 22. 6. +(B) *

-~ ~ 23. a. +(C) •

24. abc —(I)

23. abc. -(ADE) ’”
a +(ACD)

5 27. 6 +(ABD)
- 

28. a. —(ABCDI)
20. ad +(D) •

.
30. Sd. —(CDI)

• 31. ad. —(BDI)
32. abed 4-(DCD)

S These contrasts bars efficiency I
tt ~ 

1280L-—(BCDZ)+2(ABC) - (D).+2(E),;EaL.s20/341
S “217604-—(AD1)— 2(ACI) - 4(BCEJ—8 (A DE)

- (AE%+2(Il).+4(Cl).+e(Dl).~Et0-$20/ i 4l
Zero subieript. tiler to cu4 1o 1 enasas of contrasts.

5 

‘9’
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S (Appendix £11, sequencing 2t-q factorials to be robust against trend
effects, continued)

Suiisasarv ~ IA. Op’dcrsd 3I~~ , All TAre.-Paet.r 1aI.radiese Awsusd I..

• Cnnethorm
for Tieswls ESI.~~

• 5 1 (5 + 1)
ibm Spec. Ordered Contrasts and Misses £ 0

- 

- 1. (1)
2. abdegjlm —(AN + 110 + Cl) +10+11.1+ XL) +1 256
3. acdfgttn —(AM + III) + CO + KG + IlK + IL) +2 64

5 
4. beefjknu. +(BC + DO + IF + IlL +1K + MN) -i

. 5. bcdbjkl. — ( A D + I J M + C N + E J +P K + G L )  +4 16
6. aceghbs. +(AC + DR + Eli + FL + OK + MO) —3 1024
7. abfghJn, + (AI1 + DM + EL + III +01 4. NO) —4 256

• & dcl trn,so —(AO + BN + CM + EK + I’! + OH)
9. efghjkl —(AG + B.! + CK + DL + EM + IN + HO) +1 40

- 10. abdJkki,. +(AP + 1111 + CL + DK + ON + JO) -4 256 -
•

11. acdeAjns +(A l + DL + CII + DJ + GM + KO) -$ 04
• 12. bcgAb~ui —(Bk + C.! + DII + SN + FM + LO) ‘

13. bade/go +(AL + BE + CI + DO + .1M + KR) —10 16
14. ecijlmo - ( AK + C O + D P + EO -f HM + NL)
15. abe/dna - (AJ + B G +D E + I O + H N + L M)
16. dgjLmno + (AH+ BP + Cl + G O + J N + K M )  ‘

• 17. abcd.fg~jfrhi. . a’L ‘.0
18. allAn. —(M) 

- 
—$

19. baA/as. —(N) —iS 16
-

• 20. adgM, +(A) e

21. aef paso —(0) —56 .0
• 22. bd/jbs +(B)

23. ada!.. +(C) - *
24. abcgjk —( D) S

25. akdas,.o 21$Q “.0
26. eq/b.. +(E)
27. b/pAlm. + (l) •
2& adcijk. -(0) ‘

24. ahftlmn +(H) S 
*

• 30. bdegAkro —(I)
- 31. cdl ph/rn —(K)

33. ak4lil +(L) *

V 

‘The.seITeet.have efficiency l.
“2’L — (E).~ Li. standard contrast (I). £8. £ — 256/341

-- 

S 
“‘2U0 - (Dl),, 1.. .tandm,d contrast (Dl)~ El. 0-4006/5797

1~~Ttban . 90
##Eff. between .70 and .80 I -

All others higher than .90 •1
192 
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APPENDIX IV - A
& -~~ 

SEQUENCES THAT MINIMIZE THE NU MBER OF FACTOR-LEVEL CHANGES
BETWEEN AD3ACENT TRIALS

The following tables present transformation generators for particular
2

11...
~~ factorials and for particular compatibility conditions, i. e., values

of A .  The number in parentheses identifies a transformation generator
and the sequence 1, 2, ... , N is equivalent to corresponding treat-
nient combinations In the particular set under consideration. The order
of the set of treatment combinations is the u~ua1 increasing order of
base 2 numbers. Thus, for example, in a 2’ factorial 1 = 00, 2 = 01,
3 = 10, 4 = 11. All of the sequences were taken from Tiahrt and
Weeks (1970). Construction techniques are described in Chapter VI.

TAILI I TAILs II ~~~~~~~ III

a — 1); To(23, a — 1); 
- 

~0(2~, A ~ 2)~

!0(2~~1, a - 2), 1 - ADcD;
TG(2 2 A . 2 ), X . A J . c D  7O(2”~~, a . 2) . I . A 3 — C D . u
__________________________ ________________________________ (1) 1, 2, 8, 3, 7, 8, 5. 6

(1) 1, 2, 4, 3 4 ~~~~~~~~ ~~~~~~ ~~ ~~~ (2) 1, 2, 3, ~s, 7, 6, 8, ~
(1) 1, 2, 14, 3, 7, 5, 6, 8 (~) 1, 2, 8, 7, 8, 6, 5, 3
(2) 1, 2, 8, 3, 7, 8, 6, ~ 

(14) 1, 4, 2, 6, 
~ , 7, 3, 8

(3) 1,2,14,8,6,5, 7, 3

T.u~i IV T.*s V T.aa VI

T0(25 2 1 6 — 2 ) , I — A 3 .c0C ~~(25
~
21a~~~3 ) I — A ac — Anr TO(t 3, A . 3 ) x — A ac~~~ctiE.ADr

(1) 1,4,3, 2,6 ,8,5,7 (1) 1,3, 4,2,5, 7, 8,6 (1) 1,2,8,3, 5, 6,8,7
• 

- 
(2) 1,3, 7, 8,4,2,6,5 (2) 1,2,8,6,3, 4,5, 7 (2) 1,3, 5, 2, 8, 6, 4,7

• (3) 1,3, 2, 6,7 ,  5, 8,14 (3) 1,5, 6, 2,4,8,3, 7 (3) 1,7, 8, 2,8, 3. 5, 6

Ta.a VII T~aa VUI

• 10(2’, a — 1) 
- 

re (2 , a ~ 2);
• TG(2°~~, a — 2 ),  I — ABC — Dl? co(a5 ’ , a — 2), I —S 10(2~’~, A — 2), I — — — APO (1) 1, 8, 2, 3. 5, 8, 6, 7, 11, 10, 12, 9, 13, 1~, 16, 15

(1) i, a, 4, 8, 6, 5, 7, 3, ii, 9, 10, 12, 16, 14, 13, 15 (2) 1, 2, 8, 5, 3, 8, 6, 7, 11, 16, 13, 10, 18, 9, 12, 15
(2) 1, 2, 8, 8, 6, 5, 7, 3, 11, 9, 10, 14, 13, 15, 16, 12 (3) 1, 10, 16, 114, ~~, 8, 12, p, a, 6, 13, 11, 7. 15, 3, 14

V (3) 1, 2, 4, 8, 6, 14, 10, 12, 16, 15, U, 9, 13, 5. 7, 3 (8) 1, 4, 11, 15, 5, 7, 13, 10, 1, 12. 9, 3, 8, 18, 6, 16
(8) 1, 2, 8, 8, 36, 12, 10, 14, 6, 5, 13, 15, 7, 3, 21, 9

p

Tiaa IX 1ssa X

a ~ 3), I — ADCD — ccu ~~~~~ a — 3), 1 — Lab — *cro - ecu
(1) 1, 7, 8, 3, 6, 8, 2, 5, 13, 15, 9, 11, 214, 10, 12, 26 (1) 1, 7, 8, 2, 8, 6, 5, 3, 10, 16, 11, 9, 14, 13, 15, 12 -

(2) 2,12, 8,2,7, 26,5, 3, 11,23, 6,14, 9, 4,10,15 (2) 1, 9, 5, 13, 8, 2,10,16,18, 7, 4,3, 11,12,15, 6(3) 1, 12, 15, 5, 7, 13, 9, 2, 4, 11, 3.4, 36, 6, 8, 3. 10 
~~ 1, 13, 10, 2, 8, 12, 15, 6, 8, 16, 11, 3. 5, 9, 114, 7

Tics XI

IQ(2’,a~~ 3)

a ~ 4), I — • ACPQ — ecu

(1) 1, 8, 5, 4, 2, 7, 3, 6, 12, 15, 10, 13, 9, ~6, 11, 114
(2) 1, 6, 9, 13, 8,8,10, 3, 7, 12, 2, 5, 36,14,11,13
(3) 1,12,7, 4,3, 6,13, 16, 1, 5, 10,15, 6,11,18, 9

5
..  (8) 1,15, 16,9 , 7, 2, 3, 10, 4, 18,12, 5, 6,13,12, 6

193
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(Appendix IV - A, Sequences that minimize factor-level changes between
adjacent trials, continued)

Tics XII T..,a XIII Tau.a XIV - Tics XV

a — 1) 7o(2~, a ~ 2); 
_______________ 

To(~~, A ~ 4

(1) (2) (3) 12(201, a — 2), I • A3C~~7 (1) (2) (3) !0(26’~
1, a ~ 8), I — LJCE~~

1 1 1 TQ(2T
~~,a~~~3), I -A3CD 0bO 1 1 1

2 2 1? _____________________ 3 20 10 ,o(27 2 , a �s), I .Aecab —~~~~o
4 4 2 5  _ _ _ _ _ _ _ _ _ _ _ _ _

3 8 9 (1) (2) (3) 5 27 30 ____________________________

17
7 16 13 1 1 1 13 (3) (2) (3)

~ 11 31 2 12 22 6 8
5 22 29 8 2 2 4 12 15 1 1

8 3 23 3 15 29 2 8 18 1~
16 7 7 7 9 i~ 16 10 22 32 20
14 ‘ 15 9 18 28 7 21 15
13 6 11 213 12 22 32
15 1* 27 8 1 8 10 10 21 28 

2 7 1 6 17
32 25 4

13 10 19 12 10 28 13 9 12
9 9 3 10 6 10 11 29 6 ~~ ~ 8

9 2
10 13 $ 9 5 13 18 31 12 16

22 1012 15 2 11 1) 20 15 2* 1
28 31 18 - 15 1 0 32 19 5 3 1  2~ 19 26
27 32 20 13 ii 15 21 13 20 31 20 21

30 28 14 13 14 24 30 18 28 30 11
26 8 16 7 6 1~ 

~3 1* 6 2 14
30 18 16 32 31 21 1 2 3~ 3
32 17 1* 29 19 18 23 3 25 30 29
31 25 6 30 20 25 20 2 2 9  25 10 7
29 29 5 31 28 30 22 17 12 7 2 7
21 21 21 28 26 33. 28 7 16 28 30
23 23 22 27 32 27 30 16 18 29 32
2J4 19 30 25 214 11 25 32 11 17 18
22 27 32
18 28 28 

26 18 12 32 26 27 13 14 ~22 21 31 6 ii - 19
20 20 26 24 30 29 23 23 20
19 2* 10 23 25 17 21 19 21 29 26 2~17 2 2 1 2  21 17 5 2 6 1 1  9 23 8 2 5

17 27 2 13 31
20 23 3 31 10
18 29 7 10 2* 12

2 7 2219 22 3

• Tics XVI Tics XVII Tics XVIII

70(20, a • 1) 70(20, a ~ 2) T2(2’, a ~ 3)

(1) (2) (3) 
— 

10(2( 1,6~~~2), 1 —  A2C0~~0 (1) (2) (3)
1 1 11 1 1 - (1) (2) (3) 

~~ 23 817 ~~ 5
25 89 6 1 1 1 27 22

• - 9 ‘ 17 ‘• 14 “ 2 41 • 52 •“
13 35 25 61 13 13 8 34 i4 *1 20 17 5? 6
29 3ó 9 45 29 20 16 • 2 “ 42 * 12 83 30 59 28 3
31 52 41 37 6i 28 2~4 45 l32 19 57 23 4 60 63 15 *8 89
23 56 57 53 53 12 7 39 58 31 17 21 8 59 89 ~1 15 60

10 30 55 38 35 567 64 58 21 37 16 31 40 26 55 2 7
15 60 82 5 45 48 28 64 50 52 50 87 18 36 31 2 11 31
11 59 10 13 347 46 18 c8 18 349 58 46 22 50 1* 19 1* 26
27 63 26 15 15 62 10 4i 20 59 18 613 21 56 22 50 62 12

V 19 55 i8 *7 ~i 58 6 37 12 2’ 24 30 9 63 5 60 55 2*
3 39 50 63 ~~ ~7 34 38 60 2~ 40 29 29 61 25 36 43 63

-. ~3 ~47 3* 55 9 20 46 51 11 39 31 31 11 9
2 45 2 51 32 50 27 61 53 9 51 27 2*

V 
• 18 37 6 19 24 18 5~4 23 3 oO 59 5 3~ 1~ 13

• 20 33 18 20 8 2 1 39 17 20 19 13 511 ~6 80 2
24 41 46 28 *0 3 22 15 57 12 35 30 ~8 21 40 50 36
8 42 38 12 56 35 32 59 32 33 8 33 25 68 2* 33 19 48

16 34 54 ~~ 55 33 12 52 348 345 16 349 28 46 39 10 25 85
14 38 22 43 39 ~1 3 ~~ 64 52 3 *2 333 16 41 29

— 
6 40 30 59 7 82 19 60 63 13 2 52 58 29 39 59

• • .
~~ 5 138 62 60 23 3* 25 48 27 1* 56 10 17 55 146 53 54 20

21 86 64 52 21 38 11 47 43 29 55 25 7 140 37 51 30 7
r - 

- 22 62 32 36 17 54 15 35 44 62 37 61 16 ‘8 26 7 32 16

~ 4. 30 61 16 35 25 22 29 33 16 56 41 62 32 46 4 1’ 21 38
*8 39 27 30 30 50 10 e 11 18 26 62 82 64 63. 53

• - • 40 19 26 21 53 6 36 *3 6 6 *9 61 62 82 2~
5 26 50 56 51 10 13 F49 30 4 3 22 23 51 57 *5 3* 64

- 12 53 23 3 11 23 51 13 40 13 11 ~7 27 26 5~, 10
1o 5* 2* 4~~~~~ 9 555 14624 5 513 19 35 1 80 1 8 27

I. *3 51 29 27 36 59 26 313 5* 7 15 58 *7 37 3
413 49 3111 134 *3 17 36 6147 45 52 12 47 33
to $0 tO 57 42 2235 63 tO to tO... o2 83 21 37 53 28 ‘ ‘ ‘••

to to to. .. ...
(From Tiahrt & Weeks, 1970)194 V
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• APPENDIX IV B
SEQUENCES THAT MINIMIZE THE NUMBER OF FACTOR -LEVEL CHANGES

- IN THE TOTAL EXPERIMENT WHILE ROBUST AGAINST TREND EFFECTS
Alternate arrangements (sequences) are given for ordering the experi-
mental conditions in 8, ib, and 32 run design.. Each number in the
sequence repr.s.nt s the position of each experimental condition when
ordered In the “standard order”. Thes. sequences are discussed In
Chapter VL
AU of the 8 run sequences were taken from L aper and Stoneinan,

• (1968) while all of the 16 and 32 run sequence were taken from
Dickerson (1974). All sequences are robust to linear trends only.

Eight experimental conditions

V 
AIWI.t s .rnnwm.nt. of run, o f .  2~ dSilIn AI%s n.~O .,,sn,..r,i.nhs of itO ruils of .  24 1 d.s~pn

— 

TIID. c~~~ 
Chnn~~i in Time Count for 

—

in for Variable Variable
- Variable Variable

_________________________ Order of Rune 1 2 3 7 Total 1 2 3 7
Order of RUM 1 2 3 Total 1 2 3 

~~~~~ 3 3 4 4 14 4 4 4 —4
12837564 3 3 4 4 14 4 4 6 —6

14805732 3 4 2 9 —2 0 0 12783504 5 3 4 4 10 6 4 4 —2
12873504 3 3 4 10 ~ ~ J2837654 6 3 4 4 16 2 4 6 —4 -

14856237 4 3 3 10 —~~ ~ 12873546 3 4 5 4 16 4 2 6 —4
V 12837.,64 3 3 4 10 4 4 6 18237564 3 5 4 4 16 4 2 4 —6

1480.5237 4 3 3 10 —8 4 ~ *2873654 5 3 4 8 18 2 4 4 —2
148.56732 6 4 2 ii 0 0 0 ~8337~t,54 5 5 4 4 J~ 2 2 4 —4

• 14087532 3 6 2 11 —2 0 0 1827:;.i64 3 8 6 4 18 4 2 2 —4
14685732 3 8 2 11 —2 2 0 12873015 4 4 5 8 18 0 2 6 0
1486a372 3 4 4 11 —2 0 2 1823-or 6 —

- 14 7532 3 2 11 —2 —2 0
V 0 0 •1 0 — —

/ W1W’Oa £L à U —s 12783.546 5 4 5 4 18 6 2 6 —2
• 

14687353 3 .4  4 11 —2 —2 2 12738634 5 3 4 6 18 6 4 8 0
12836734 5 5 4 4 18 0 8 6 —4
18236574 6 5 4 4 18 0 6 4 —s

- 
- - 

18237546 3 6 5 4 18 4 0 6 —S
r

Aftsrn ts wru,Iscnsnts of ~ i. run. o t s  2~~ dusign
4- V

• Cbaitges in Time Count for
Vafiebli

Order of Rune 1 2 3 4 5 Tote) 
- 

1 2 3 4 V 5
1- ~~~~S -

• 12480573 2 3 2 5 4  18 — 8 8 8 — 8  0
-, 13726845 2 4 5 2 . 3 16 8 0 8 8 —8

13207584 3 5 2 2 6  17 8 8 8  8 — 8
127386 54 6 3 4 4 3  19 8 4 6  6 — 4
17248653 2 5 4 5 4  20 0 2 4 — 2  4
12784.563 6 3 4 3 4  20 0 4 4 — 4  4
17248635 2 8 6 4 3  20 0 0 6  0 2
12748.563 8 3 4 3 4  20 0 4 6 — 4  6
12748653 4 3 4 5 4  20 — 2 4 6 — 2  4
17248.563 4 5 4 3 4  20 2 2 4 — 4  8
12783634 7 3 4 4 3  21 4 4 4  4 — 4
12784538 5 4 6 3 4  21 2 2 6 — 4  4

- 1
• 195
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(Appendix IV-B, Sequences that minimize the number of factor-level changes In
the total experiment while robust against linear trends,
continued)

AtOrIIUSS 1...... ,$...a..*s of dii rune of i 2~~ design

Changes In VarIable This Count for ~~ I J ~)g

OrderofRune 1 2 3 4 5 6  Total 1 2 3 4  6 6

124.37863 4 5 2 5 2 3  21 0 8 8 — 8  5 — 8
14268753 2 5 2 5 4 6  23 — 8 6 8 — 6  0 — 8
12468753 2 5 2 7 4 3  23 — 8 8 8 — 4  0 — 8
14268573 2 5 2 3 4 7  23 — 8 8 8 — s  0 — 4
12367854 7 5 2 2 5 3  24 4 8 8  s — s —s
146278.53 4 6 4 3 8 3  25 — 8 8 6 — 4  0 — 4

-: 14627538 3 6 5 4 4 4  25 _ 2 8 8 _ 2  2 0
14257683 4 5 2 5 2 7  25 0 8 8 — 5  8 — 4
14627383 4 5 4 3 4 5  25 — 4 8 8 — 4  2 — 2
14627835 4 4 5 4 5 3  25 — 6 4 8 — 2 —2 —4
14267583 4 5 2 3 4 7  25 — 4 8 8 — 4  4 — 4

• 14628735 2 4 6 4 7 3  25 — 8 4 8 — 4 —4 —4
142678.13 4 5 2 3 8 5  25 — 8 6 8 — 4  2 — 6
14628753 2 5 4 5 8 3  25 — 8 6 6 — 6 —2 —4
12467853 4 5 2 5 8 3  26 — 8 8 8 — 2  2 — 8
14872853 4 7 4 3 6 3  27 — 4 4 4 — 4  0 — 4

AItar.isss .rvazi sn~...t. of di run. of . ~~~ design

Changes ii VaiI.bls Tim. Count for Varleb).

Order of Rune 1 2 3 4 6 S 7 Total 1 3 $ 4 1 8 7

12358764 6 5 2 4 7 3 2  28 8 8 *  0 — 4 —8 —5
12357648 3 5 3 4 5 4 $  28 10 10 10 4 O — 4 —2
12357840 3 4 3 5 $ ~~~~ 4 28 10 8 10 0 0 — 8 —4

V 123.58674 6 5 3 4 1 1 2  28 6 1 0 8 0 — 6 —8 —5
12357684 3 5 3 4 6 5 4  28 10 10 8 4 — 2 —5 —4
12358647 4 5 3 5 5 4 2  28 4 1 0 10 —2 —6 —4 —5
12357864 8 6 2 6 6 3 4  28 1 0 8 8  2 — 2 —8 —8
12358746 .5 4 3 5 5 3 2 28 8 8 10 —2 —2 —$ —s
12350487 4 3 3 5 7 2 4  25 4 1 2 12 0 — 4  0 — 4
12350478 1 3 3 6 8 2 3  28 612 12 2— 2  0— 2

- 
- 

12356847 4 3 3 5 5 4~~4 28 4 12 10 0 —8 —2 —s• 12357488 3 4 3 5 4 8 4  28 10 8 12 0 2 — 6 —4
12356748 6 3 3 4 6 4 3 28 8 1 2 10 4 — 2 —2 —2
123.57468 3 5 3 8 4 4 3  28 10 8 12 2 2 — 4 —2

p - 12356784 5 3 2 4 7 3 4  28 8 1 2 8 4 — 4 —4 —4
12358407 4 8 3 3 7 4 2 28 4 812 —4 —4 —4 —5
123541874 5 3 2 6 5 3 4 28 8 1 2 8 2 — 6 —4 —6
123.58476 6 4 8 3 8 8 2 28 6 6 1 2 -4 —2 —8 —5
12354678 5 5 3 4 8 2 3  28 6 1 0 14 0 0 0 — 2
12354087 4 5 3 5 1 2 4  28 4 1 0 14 —2 —2 0 — 4
12354768 6 5 3 4 4 4 3  28 8 8 1 4  0 2 — 2 —2
12354876 5 4 3 3 8 3 4 2 8  5 5 1 4 —4 0 — 4 —5
12354786 6 4 3 5 4 3 4  28 8 5 1 4 —2 2 — 4 —4
12354867 4 8 3 3 6 4 4  2 8 -  4 8 1 4 —4 —3 —2 —5
12345678 7 3 1 4 8 2 5 2 8  4 8 1 6 0 0 0 0
12345768 6 5 1 4 4 4 6  28 6 8 1 6  0 2 — 2  0
123456*7 6 3 1 5 6 2 6  28 2 8 1 8 —2 —2 0 — 2ri V
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(Appendix IV-B, Sequences that nsinlnlize the number of factor-level changes in
- 

the total experiment while robust against linear trends,
V 

•~ continued)

Sixteen experimental conditions

-~ AIt.rnat. Rim Ordnaf iw 1’ Dea.gne Requiring 11 P.4er Le,d

ks00 Cu~~I a’ Iii Orør
£ 5 .00 ~ t$i ii i5I~~ ?~~~ *1 3 p i e 5 3 i~~,
a. ~s .iii i c e s  i 5 i~ ~ ~ i C C  5)) ,u )a
C a~ .ift * ? 5 i i 15 )5 U 3 i S ? 5 ) j ~~~ to ia
C $ iii i a a ) e )s 23u ,~~~5)) ,3~~~ i s  V

-
• 

$ li’ 2 1 e s 9 ) 5) S U U  S ) j S 5  5) )  5
- 

- p 25 fl ) a ) o )5~5~~~~1~ t ) s e a
• ~I .ius ~~~~~~~~~~~~~~ ~ S I ,~~ )~~,

V 
~~~ -~~~~

‘

Thirty-two experimental conditions

Aitu.new Run ~~~~~~ I’ D.~sw L,..lri..g SI Ps~pr L~~ Cbngis

20- ?tos
- :- .j~~~ c.~ s a Sisi ors.r

a 36 .03 6)2 1 8 2 0 2 8 3 23 115 11 3 7 5 62 2 21 29 30 36 10 9 13 18 16 12 8 828 23 19 27 25 17
p 36 .0*0 1128 30 a8 31 31 15 11 3 7 5 622 21 29 30 26 10 91) 18 16 12 8 8 2 8 23 19 17 25 27

• e 36 . 6 8 5 1 2 18 20 28 31 )1 15 11 3 7 5 6 2 2 3 0 29 25 2G b 9 13 18 16 12 5 82 8 23 21 17 19 2?
0 36 .oC51?18 30 a0 3 2 3 1  15 1) 3 7 5 6 2 2 3 0 26 25 29 13 910 18 16 1i a 8 2 8 23 21 17 19 27
g 80 . 0 3 12 ) 8 3 0 2 6 32 )1 15 16 )8 6 2 2 2 8 2) 19 27 1 1 3 7 5 1 3 92 5 17 21 29 3026 10 1 2 8 8
p 88 .026 1218 30 28 32 31 15 11 3 7 52 1 29 13 910 26 30 22 6 1 8 16 12 8 82 8 23 19 27 25 17
5 8* .03012 15 20 26 32 31 15 11 3 7 5 2 1 29 13 9 10 26 30 2~e 61 8 16 12 8 82 8 23 19 17 25 27
• *8 . 0 3 3 ) 1 1 $ 3 0 2 53 2 31 15 11 3 7 5 2 1 29 30 26 10 9 13 18 16 1 2 8 8 6 2 2 28 23 19 17 25 27

-$ V 
8* . 0331216 20 2S )2 31 15 11 3 7 521 29 ,0 26 10 9 1 3 18 16 12 8 8 622 28 23 19 27 25 17
*5 . 2 8 2 1 2 1 5 3 0 2 6 3 331 )5 11 3 7 5 6 2 2 3 0 29 1) 9 25 26101* 16 12 5 82 5 2) 21 17 19 27

• -
~~~ *8 .o5~~ 12 1 8 - iO *S 32 3i 15 16 . 8 3 ?  513  925 17 21 *9 30 36 10 18 622 28 2) 19 27 11 12

*8 .0531218,0 18 32 31 15 16 1a * 3 7  313 29 21 2230 *6 25 2 7 119 1 0 1 * 6 8 2 8 23 19 17
• *8 .0661211 10 1S 30 31 15 11 3 7 5 622 30 26 10 915 29 13 1* 16 12 8 8 2 8 13 21 17 19 27

p *8 .067111550 2S )2 31 )5 )612 * 3 7 3 2 1 2 3 3 0 29 13 9 11 17 25 26 10 1* 6 8 2 8 2 3 19 17
8* .0?01118 10 1S )1)1 15- 16 1* 13 19 15 17 19 ~ 7 5 6 5  8 12 11 910 16 30 22 2* 2) 21 17

- 

‘97 :
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