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nwnher in wiif o rmi in f low f o r  compari son with experimental results i f  available.

I. INTRODUCTION of the CR system .
The development of this pa ir of surface in—

The combination of two coun terro tating pro— tegra l equations is based on a linearized unstead y
pel lers on fast  sh ips has been shown to offer l ifting surface theory as adapted to the marine
considerable improvement in pr opu lsive effici ency propeller case. Their kerne l functions are derived
when compared with a single screw HJ. Further- by means of the acceleration potential method and
riore , s i n c e  the total required power is  divided the surface integrals are reduced to line integrals
between two Dropellers , this results in a reduc— by emp loy ing the mode approach in conjunction with i t
tion of blade loadings and hence the inception of the “generalized lif t  operator ” technique [4 .1. Then
cavitation is delayed. These are the main ad-jan— by the collocation method the line integral equa—
tages of th is  propulsive system ; i t s  princ ipal t ions are reduced to two simultaneous sets  of a l—
disadvantage l i es  in the mechanical compl ica t ions gebraic equations. Fina ll y, the so lut ion of these
in t ransmi t t in g  power through a coaxial  counter— is obtained by an i t e r a t i v e  procedure , assuming at
rotating shaft , f i r s t  that the ef fec t of the af ter  propeller on the

The CR (counterrotating) propuls ive system is forward prope ller , except for the ve loc i t y  f ie ld
also expected to have more favorable v ibra t iona l due to the t hickness of its blades . may be neg—
behavior. From tests of a 4—0—5 CR system (4.. lected .
bladed forward and 5—bladed after propeller ) in the The computation procedure adapted to a hi gh—
wake of a mode l of a fast cargo liner L2J , it ap— speed di g ital computer (CDC—6600 or 7600> wi l l  be
pears that the ratios of amplitudes of excitation util ized if experimental i nformation wi l l  be avail-
to mean thrust are comparable to those of a sing le able.
screw providing the same power. However in these
tests the nonuniform wake is by far the dom i nating NOMENCLATURE
cause of vibration . The effects of the interaction
of both propellers are small in comparison and the A subscri pt index of after propeller
hi gher frequency excitations cannot be determined a C~r /Uat all accurately. 0

A better understanding of the mechanism of F subscri pt i ndex of forward propeller
the interaction can be obtained by cons i dering the forces in axial , hor i zont al and vert i cal
CR system under open—water conditions (uniform in— x ,y,z 

directions
flow f ield) so that wake harmonics are not present
to mask the interaction phe nomenon . i (x) defined in Equation (7a)

The calculation procedure is  based on the I (v) mod i fied Bessel function of order manal ysis of Reference 3 for the cases of CR ~~~~~~~ 
m

tees of equal and unequal blade number, operating i subscri pt index of contro l point
at equal ,or unequal RPM in un i form and nonuniform j subscri pt index of loading point
inflow fie lds . In that reference the true geom—
etry of the he lico id al blades was taken into ac— K~

(V) modi fled Bessel function of order m
count wit h the except i on that blade thickness was K .’ kerne l function of integral equation
assumed negl i g ible. 

—
In the present paper , CR sys tems of equ a l  and K~~.Kji 

modified kernels , af ter chordwise-
unequal number of blades wi l l  be considered operat— integrations
i n g  at equal RPM in a un i form inflow field. The L(r) spanw i se loading distr ibution , lb/ft
blade thickness effects w tl l  also be considered , as —

add itional velocity perturbations on the LH (left— L~
’
~~(P) spanwise loadin g components (coefficients

hand) sides of the two surface integral equations of chordwise distribution ) , lb/ft
which state the kinematic conditi ons on both un It s Lk integer multiple

-
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VIII 32

m order of lift operator II , LINEARIZED UNSTEADY LIFTING SURFACE THEORY

index of sunviiation Two counterrotating propellers are operatin g
i n the flow of an ideal i ncompressible fluid. Thenumber of blades of forward and after pro— propeller arrangement and the coordinate system arepe l l ers shown in Fi gure I.

order of chordwise mode The basic relation of the interaction phenoin-
enon is that the negative velocities induced by the

n blade index propulsion system on each propeller lifting surface
P perturbation pressure should be balanced by the downwash vel ocity distri-

bution at that surface , thus expressing the requ i re-moments about x— , ‘i— and z—axes ment of an impermeable boundary . The kinematic
order of blade harmonic boundary conditions on both lifting surfaces are

r radial coordinate of control point 
expressed as two simultaneous surface integral e—
quat ions :

r superscript i ndex of control point

rAO after propeller radius 
W
F(x F

,rF,W F;t) ,jj’ APF(~ F.PF.
e
F ;t)

SF
rFo forwa rd propeller radius

lifting surface ‘

t time

U uniform veloc i ty + .IS ~~~~~~~~~~~~~
S
Au variable of integration

V
~
(r) Fourier coefficients of velocity normal to 

KAF (x F,rF ,(QF ;~~ ,9A .OA ;t)dS.
,
~

the blade (I)

W 1(x.r,Cp;t) i nduced velocity at control point W
A (xA

,rA ,iQA ;t) ,~‘J AP~ (g~ ,P~ ,$1~;t)

x .x ’ long itudinal coordinate of control point 
SF

x(x’),r,cp cylindrical coordinate system of control ‘ K FA (x,~.
rA .~PA

;
~ F,PF

.eF
;t)dS

Fpoints

y horizontal Cartes i an coordinate + 
~
j AP~,(~~ ,P~,,B~ ;t)

z vertical Cartesian coordinate 
SA 

-

B hydrodynamic p i tch ang le

e distance between the two propeller p lanes (2)
where

~
(
~

) chordw i se mode x (x’),r,p and ~(~ ‘),p, 6: cy l indrical coor-

angular coordinate of loading point d in a tes of con t rol and load in g
points , respectively

angular chordwise location of loading point
F and A: subscripts indicating forward and

0bF’0bA projected sem i chord length , in radians , of af ter p rope l l e r
forward and after propellers

t :  time , sec

~~~~-l)(n , n~ l , ... N. SF.SA . forward and after propeller sur—jn N’ 
faces , ft5

~ (r) geometric p itch ang le
p WF~

WA : ve l ocity distributions norma l to

A~’~~(x) defined in Equation (7b) forward and af ter propel lers ,ft/sec

positive integer multi ple ~
PF.~

PA
: unknown load i ngs; pressure jumps
across the lifting surfaces ,lb/ft 2,

~~~~~~~ lo ng itudinal coordinate of loading point i .e., A P P _ —P4 pressure difference

points face (pressure side)~(~‘),P,O cylindrical coordinate system of loading between back (suction side) and

p radial coordinate of loading point K..: kernel function representing the in-
duced ve l ocity on an element i of

p superscr i pt i ndex of loading point a blade due to unit amplitude load .
loc ated at each and every element J ,mass dens i ty of f l u i d  
ft’/lb—sec

o angular measure of skewness

•(~) generalized lift operator The second term on the RH (rig ht—hand side)
of Eq.(l) and the firs t term on the RH of Eq.(2)

angular coord i nate of contro l point are the interaction effects. The remainin g terms
are the self—induced velocities by the individualp~

’ angular chordwise location of control point 
propellers.

angular veloc ity of propeller (absolu te The unknown load i ngs and the Onset velocity
value) distributions are cyclic in nature. Then for a

CR system with ri ght—ha nd aft propeller and left—
hand forward propeller rotating at equa l RPM

_ _  _ _



.- 
~~~~~~~~~~~~~~~

VII I .33

_ iX
k~

t
APF(~ F.PF,bF

;t) Re LJL
~
PF (

~ F.PF.$F)e Here i~~~(p~) and L,~
’
~~

(DA) are the unknown
norma l ‘oading components of the ~ chordwise mode
for each blade in lb/ft of span , NF and NA are the

— 
(X~) t A

k~~
t blade number of forward and after propellers , and

AP
A (~~

,DA .OA ;t)
~
Re 2. APA (

~A .PA ,
8
A)e Lk is inte ger. The bars and superscripts ~ and

~ indicate that the quantities have been inte-
grated along the chord.

— 
(qf~ — i q~~t The values of Xk and mk shown in (5) and

(6) are arrived at by equating the time—dependenceWF
(xF.rF.CPF; t) Re L, W

F (x
F
,r
F
,ii.
F) on L H and RH s i des so t ha t

— 
(q~> ~~~~~~ ~~~~~ —i~~1C1t

C e for the first term of theW (x i r c ;t)~ Re � WA (x
~
,rA ,i

~
.
A )e first integral equationA A ’ A ’ A

(4) ~iq~82t i~~~2—2m 2)~~te — e for the second term of that
where q; desi gnates the order of shaft frequency equation

or order of harmonic of the inflow field , kk that iq~clt —i (X
3
—2m

3
)~lt

for the first term of theof the load i ng di stribution to be determined by e

the analysis , and .s is the absolute value of the second integral equation

angular velocity of each prope ller ,(q~ and kk ar e ~~~ ~~14~1t

both positive integers. ) The known downwash veloc- e e for the second term of that

ities and the unknown loadings are expressed in equation

complex conjugate form in (3) and (Li), where finall y and from the summation over all blade s of a pro—
the real part is taken. pel ler which is represented by

The velocities W 1 are caused by flow d is — —
turbances such as those due I) to wake , 2) to in— N 

~
i(mk

_X
k)9n rN for mk

_ L
k

L
kN,

2
k
.O,*l ,

cident flow ang le which is the difference between ~ •i C tO otherwisen Ithe geometr ic p i t ch  ang le ep of the propeller
blade and the hydrody namic p i tch ang le ~=tan ”1U4~r where 9n 2~T(n_l)/N
where U is forward speed and r is the radial The respective kernels are derived in Refer—
location of the correspondin g helix , 3) to blade ence 3 for RH forward propeller and LH after pro—

• camber , 4) to “non—p lanar ” blade thickness , and 5) peller. For LH forward and RH after propeller ,
to the effects of the thickness of the blades of they are given in the fbl lowing section in final form,
each propeller on the velocity field of the other.
Within the lim i t s  of the linear theory, the effects I I I .  THE KERNEL FUNCTIONS
of the flow disturbances can be obtained separately The Kernels and 

~AA4 and then simply added together.
Althoug h the analysis app lies to both non— These functions describe the self—induced

uniform and uniform inflow , as mentioned earlier , ve l ocity at a point on a propeller blade due to
• the solution by an iterative procedure w i l l  be re— unit amplitude load at various locations on all

stricted to the un i form inflow case (no wake) . the blades of the same propeller. The development
Furthermore , the disturbance due to the so—called for a rig ht—hand propeller is g iven in Reference 6
“non—p lanar ” thickness (since a propeller blade and yields
lies on a he licoidal surface of variable p itch , its
thickness affects its own veloc i ty field) w i l l  be
i gnored as neg li g ibly small L5J. ~ 

m .~~(m,,q+LN),j 
-N } r

After the chordwise integrations are per- m — ~ 
LL+ITPfU

2r0 as(J+a r~2~ S

formed by means of the mode approach and the
I ’ generalized lift operator technique , the pair of -

surface integral equations (1) and (2) are reduced �. ‘j,g(O)
_ r g(u)—g(—u) du,} (7)U,) Uto the following set of line integral equations ~~~~LN o

for given q~ , order of shaft frequency, given i , wher e -

order of lift operator , and ~ , or der of chordwl se  - l~ ’A a
mode shapes , for the case of equa l RPM : g(u) — (lK)m B t(u)e 

a

~ ~~~~~~~~~~~
lK )m-

~
j . ( r~)~~ LF ~~~ 

•E ~~~~~~~~~~~~~~~~ ( I m (I u4aLN l p)Km (I u+aLNIr) for P < r

~F m~~-~ 
l’I m (1u4’aLNlr) Km (I u+aLNIP) for r < p

(
~~

2
~
q
F

2L 2N A .~~
)

+J 2; 2; LA ~~~ 
B’ (u )  çau + a5LN +

~F A 2=O m~~O

AF tma q~
_L5N~)dP~ (5 )  ‘~ au+a2LN+ ;)i

(m)t,~(q ~)e~)A
>
~ (q— ~~e )

—(q ~
) Pf = fluid mass dens i ty, s lu g s /f t3

A
( r )~~~

’ 2;V A 
~~ x.~~o m3 O F 

r0 propeller radius , ft

d i f f ere nce be twee n skew ness of the
~~~~~~~~~~~~~~~~~~~~~ blade at the control point r andFA skewness a t a load in g point p, rad i ans

~~~~~
~ 

2;
A m4 —~ AA m4_q~+L4N~)dP~ (6) a ~l r0/U and P and r are also non—

dimensiona lized by r0

I . .

~~~~~~~~~~ ~
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FA n q ~ +13N,�O)u( ~
Nr ), rA e

_ 2
~~

_a
~— subtended ang le of projected semichord

b of blade at r, at p , rad i ans 1441’TPfU rFO a ,Jj7?
Im ( ) modified Bessel function of first kind

Km ( ) modified Bessel funr.tion of second kind 
_ i~ A

(c
F
_o
A
_ae)

( ~
‘LC(u)D(u)—C(-u)r*’u))-~~-} (9)‘C

2 O~ ~l , ~2, ..
In this equation the cliordwise integration is repre— where
sented by

(~~~)I (x) = 
~ ~ 

I(~)e’ °5 ~~dp0 (7a) 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ for  PF~

rA
C(i~~0 l m3(~~~~~~a à  

(Ju+am3 
(m3_ q ~ )IP ~ ) for

where ~(M) is the lift operator function and

IT m3 11 m31(
~

) I — iyc o s~~t• (y) = 
~ 

j ~(~ )e sin e~de~ (7b) D(u)= [au + a2 (m3_q~)+ ‘
~~~~~ L~”~ 

a2 (m3_q~) —— TJ
0

where ~
(
~

) is the chordwise mode shape selected . _iu (a
F
_o

A
_ae)/a

(See References 3,4,5,6.) e I (m~(,(q~ —

In Eq.(6) the kerne l function

= 
‘ A~~~~(-2m3 + - 

~~°bF)L ~(ffi ,~ )
m4 —~ AA

is g iven by Eq.(7) with 
~~~~~~~ 

N=NA , r_rA 
and 

~~~A ’ 
The kernels have been programmed with proper

However, r =r the radius of the forward propel ler. consideration being g iven to evaluatin g the finite
0 FO contributions of the Cauchy—type singularities in

In Eq.(5) the kernel function the u—integrations at u O  and of the Hadamard—

j~ — (~~,~ ) type hi gher order singularities in the p—i ntegra—
K (m~= _ q ~+L1 N~) tions when p - r .m1 —’ FE

i s a l s o  g iven by Eq.(7) but with 
~~~~~~~ 

N=NF, r r F IV , THE NORMA L VELOCITIES
and 

~~~~ 
I n both Eqs.(5) and (6), the radial

positions r and P and the inverse advance The LH sides of the integra l equations repre—
ratio a are non—dimens i onalized by forward pro— sent the norma l components of the velocity pertur —
pe ller rad i us rFO bations above that producing zero l oad i ng (lift )

which corresponds to a rotatin g th in plate ly ing on
The Ker ne l s  and K FA the he l icoidal surface of p i tch ang le (i .e., hydro-

dynamic p i tch ang ie)

These are the kernels of the cross—co upling -l U
~~~~tan —terms of Eqs.(5) and (6). Let the distance be—

tween the propel ler planes of the two un i ts  of the
CR system be € ( i n  terms of rFO ). Then for a RH -ihere U = forward speed , r — radial location of
after propeller at a distance € from a LH for— the corresponding helix . The perturbations con—
ward propeller operating at the same RPM , the de— sidered are those due to hull wake (non—un i form in—
rivat ions of Reference 3 can be reduced to the flow field) , blade camber , incident flow ang le , and
following fina l forms : also due to the thickness of the blades which

mainly affect the velocity field around both pro-
(1ff,~ ) ~

NA } rF e
im2 1

~~ pe llers of the CR system . The eff ect of “nonplanar ”
thickness which contributes to the loadin g of both

KAF (m 2 q ~+~~N~ 4ITPf~
isrFO a~~l+a

ar2 units is neg lected as being small L 5J. The effects
of each of these imposed flows on the blade arei q~

e 
( _

~~~
a
~~{A(O)B(O) _~~~LA (u)8(u).AE.u)B(_u)]~~} 

calculated separately and simp ly added together as
allowed by the linearity of the theory,

0 
The left—hand sides of the integral equations

(8) due to the wake contribution can be harmonically
where analyzed and written in the form

r ’m2 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ for  PA~
r
F W (r,-a) 

—
Vn (r) — iq ~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ for r
F<PA

where  .~ can be expressed in terms of the movin g
coordinator System attached to each propeller by

m2’l ~ m5 ] bOF —~2~t and 
~A 

= “
~OA’~ 

QAt fo r the case of
Lau_a (m 2_q~)+ 

~
5 the fo rward  and af te r propel l e r , respectively, as
A shown in Fi gure  I . The normal wake ve loc i ti es

V n(r) can be determined from the harmonic analysis

‘ e~
U(0

J~~~((_ q _ , ~)e ) 
of the wake measurement s , as shown in Reference 5.
After the tri gonometric transfo rmation

~0 
= ~ — BbC05~ct- - ;)e~~) a nd app lication of the “lif t operator” of order

TI
and 

-~ S ~~~)W(r ,~ )d80
0

- ~~~ • - .-~~• • • • •~~-- • • , ~~~~~~~~~~~~~~~~ ~~~.- . ,~~~~•—  __________
• •. • • • • -—--—-~• --~~~ ~ •.,—~~~~ ._________
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the follow inq expression s result for the left — hand been shown to he a good .ippro %iuII ,T t ion for dei,~r-sides of the pair of integral equat ions relat i n g mini n g  velocity and p ress- ri’ LB ,9J on a point in
the unknown loadings with the g iven “downwash° at the nei ghborhood of an operating propeller as long
each propeller: as it is not a point on its blade and particu lar l-j

near the lead i ng edge. It should also be recalled

W
A (rA) VA 

A)(r) _ i q~ J~ (ti) 
that the velocity and pressure fields generated by

_________ ________ 
an operatin g propeller even in a uniform inflowe I 

A
ebA) y ields stead y and unsteady components of the re—U 

— 
U

for the after propeller . and (10) spective field . Thus althoug h i t  is i ndependent
of time , the blade thickness produces both steady

~~~~~ (~ F)( —
. 

- — 

and unsteady components of the velocity field .
W
F 

(r
E
) V

E 
r F ‘~~~

TI
1 ~~ 

Followin g the same procedure as in Reference
conj~, U 

e I ( q~ Ei~~)j 8, it can be shown that the dimensionl ess ve l ocity
normal to the blades of the forward propeller in-
duced by the after propeller thickness, with inaxi—

for the forward propeller . It should he noted mum thickness—chord ratio t0/c , is g iv en for
that the factor exp i q.~t has been omitted from q~~~

O by
the above expressions .

The velocities i nduced by the incident flow (0,~ )anq le and camber effects are i ndependent of tim e W
E 

(r F) Lia i rFNA ~ ~A~~/ 
tobecause the blades are considered ri g id so that ( )~~~

= - 
_ _ _______ 

k-a 
~A C~~~A~• only the steady—state loadings w i l l  be affected .

For the flow ang le (f) effects , the diiii en- 
rrS.Jl+a

2
r; 0A bA

sionless perturbation velocities after the appli — .iu(O
A
_O
F
+ae)/a —

cation of the lif t  operator become : .,ju(IK) F(u,PA)R.P.[e a bF)~
dL
~~ A (13)

0

W (r ) 
L
u
pF (r F

)_
~F

(r
F) J ( 0) 

where 
- I (up )K (u

F F 
)-s- l+a r2

0 A r
F
) for p

A < rFU f F
(IK) 0 =~ (ur )K (uP A

) for r
E 
<

and (II) 0 F 0

(O . i ) u
~bA 

ue
bA u

~bA ,W (rA) s in — — — cost—)
¼ U 

)_ ~/l+a
2r~ [epA (r A

)_
~ \(r

A ) I
~~
)(o) F(u ,PA) 

a a ‘ a
u

for the forward and after propellers , respectively, I ( ) and K ( ) are modified Bessel functions
0 0where is the blade pitch angle and ~ is the o~ first and second kind of

4 - hydrodynainic p itch ang le of the reference he li coi — order zero
dal surface (i .e.. of zero loading ) .

For the camber (c) effec t of the forward and for ~~~ZL N~ where .t~ l ,2 ... , by
• prope l ler , the dimensionless veloc i ty ra t io  a f te r

the application of the lift operator becomes

(O ,M) 
(

WE (rF) . 
i a r

FNA 
_ i L N

A (20F
.a€)

________ 
eWE 

( r
F) ~/1+a

2r~ ~1 ~ f ( r  ,s
_______ _______ 

F F~ dç~ (l~ 
~ ~A 

- 

n l+a r
F

5 2

~ b BSF P ____

where . j —~-- ‘/i+a~p~ ~
2. 

~~~f(r
F
,sF) camber line ordinates as fraction ~ 

ef,~ A c

of expanded chord length , measured
f rom the f a ce p i tch line

,J F(u .PA)LG(
u)_G(_u)]dudP

A 
(14)

= (l—cos p~)/2, chordwise location 0

non—dimensional ized on the basis where
of cho rd le ng th

For the after propeller , the same expression G(u) [au+LNA (
a_ .!

~~~
I LN (Iu4.a LNA IpA)KLN (I u+a2NA Ir F)is val id and onl y the subscript F must be re—

•~ placed by A
The eva luat ion of the integral  of (12) is iu (QA

_ o
F+ac) /a

e I’
~~

(
~
(2

~
NA+ 

~ )e bF )g i ven in Reference 7 for arbitrary camber shape.

V. THE EFFECTS OF BLADE THICKNESS OF EACH PRO— for 
~A~

rF. ~ p~ > r f~. these fac to rs  are inter—
PELLER ON THE VELOCITY FIELD OF THE OTHER changed in the modified Bessel functions

The veloc i ty normal to the blades of the
In addition to the disturbances of the after propeller i nduced by the forward propeller

ve loc i t y  f i e ld about each propeller due to wake , thickness is  for
it s f l o w  ang le and camber , the disturbances con-
sidered are those due to the effects of the thick-
ness of the blades of one propeller on the velocity (0 ,Th)
incident on the other. These normal velocities on i~~A 

(r A) _4a3rA
N
F 

•
~ ~~~~~~~~~~~~ ~~~~~

the LH side of the integral equations have been 
u “

~tF ~~ ‘l+a5 r~ ~~~~deve loped on the bas is  of “thin” body approxima—
tions L8 ]. Furthermore , it is assumed that the
thickness distr ibution is approx i mated by a (15)
lent icular cross—section , an assumption wh i ch has 
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Equation (6) becomes for each ~ and F~,.J
’u(IK ) F(u ,PF

)R.P. Le I for q~~~~O° (15)
where

I (up )K (ur ) for 
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. . . f dp~
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u

and for = 2LN
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L 1 , 2 , . . . and for 2N~
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dudp

F (16) ~A
o where

where R’ =
FE L~ KFF

u) Lau+LNF¼a
S_._

~.)J
I LN (I u+aLN

F IP F) K Lw (l u’i-a LN
F
Ir
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AA ~ K~~
_ i u ( C

A
_ci

F+ae)/a m 4 =—=
e I (m) ((2LN

F
+~ )ebA) (Th e hi gher frequencies are assumed neg li g ible. )

Even in this simp li fied prob l em , a d irect so-for 
~F

< rA . If > rA , these factors are inter— lution of the equations is impracticable; therefore4 changed in the modified Bessel functions , an iteration procedure must be devised. It is
assumed at first that the effect of the after pro—

VI. SOLUT ION OF THE PAIR OF INTEGRA L EQUATIONS peller on the forward propeller (except for the
thickness effect) i~ small and hence the second

It is seen from Eqs.(5) and (6) that the terms on the RH of Eqs. (17a)and (l7b) may be 0—
loading on each propeller of the CR system is af— mitt ed ,
fected by all the harmonics of the inflow field. The iteration procedure is g iven below for
Here , howeve r , the solution w i l l  be limited to the two cases : for a CR system with equal number of
uniform inflow case , i .e., to the steady—state blad es (i .e., NF NA N) and for one with unequal
normal ve l ocities due to camber (c) and to m ci— number (i .e., NF ’NA), and neither one is an integer
dent plow ang le (f) , and to the steady and unsteady multi ple of the other.
effects of the interaction (i .e., cross— coup ling
terms ) between the propellers and to their respec— Case #1: NF

=N
A
=N

t i ve  thicknesses . 0 — i t e r a t i o n  ( f i r s t )
for q~

E
=~~

ation (5) becomes for each ~ and ~~.
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and so on , until values of loadings are s t a b i l i z e d . 
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—— ---~~~---~~~~~~~~-- ~~~~- - •
~“- - ..•—~~rn ~~ — --.--. “- —~~~~~~----.



-, • — --—— 

~
‘ “

~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ •

S ill ii4

N ,. ,, i q(.~t+U )
f t s to be noted th at , in coo t rast to t l~~’ .~F = L~ 

~ k~~) ( r)e ~ cosh ( r)~ r
case of equal nun he r of blade s for the two propel— X P

lers of the CR s~ c t e m , when tin prope l lers i~ .iv’~
an unequal number of blades , NA ~ N1 , the ser ies N Iq (Idt+6 ) 

—
representing the cross—coup l i n g te ns due to the AF — 2; ~~~~1 (r)~~ 

n s inO (r)cos(r~t+e )Arintera c t i o n  e f f e c t s  are m o r e  l i m i t e d .  As ~‘ n l  P n

~ iI I  be shown la t~ r , for th i s case there is no —

u n s t e a d y  l o a d i n g  L1 on th e  f o r w a r d  
LiE 

~ (q)
i~~(c1t+C~) 

(r)smn (cit+~ )Lr (20)propeller at frequency 2N 1~ and no unsteady load— 2 n— I P n
i r ~q LA on the after prope fler at frequency 2NA .
it should be kept in mind that the iteration scheme where €~~(r) is the geometric p i tch ang l e at ra—
has been restricted to the lowest poss ible frequen— dius r and ~n”2n (n—l)/N ,n l ,2,. .. N. The ele—
cies of the interact ing CR system . It w i l l  be mentary moments wi l l  be g iven by

• easily general ized by means of Eqs. (5) and (6) by
vary ing parameters ~~~, 

L~~, £~~, 24 (all integers ) to N i q(cit+~~)
other values than those already used (0, ±1). ~~x n ~ l i

~ 
q (r)e Sin C~(r)Ar

V I I .  PROPELLER LOADING AND RESULTING HYDRODYNAM IC N i q(Ut+~
FORCES A ND MOM E NTS t iQ = rL ~~( r ) e  n cos9 ( r ) c o s ( c ~t+~ )~iry n l  n

Propeller Loading N , ,, iq(Qt+~ )
1 —

‘ ~~ ~~~~~~~~~ 

n cos& p (r)sin(cit+e n)Ar (21) -

Once the values of 1~~ .
n l (~ ) the spanwise 2 n— 

-

loading components , or coefficients of the chord—
wise distribution , are obtained , the spanwi se load— The su,wnation over all the blades of a pro—
ing distribution ~(~ )(r) is determ i ned as L5, 6J: pe l ler i nvolves

1) for thrust and torque
‘I nmax —

~ ~~~~~~~~~~~~~~~~~~ (19) N i qe N when q=nN,n 0 ,l ,2
o~~~l 2; e ={  (22 )

n~’l 0 for all other q
whe re ~

(
~) = chordwise modes. Because the inter— 2) for transverse forces and bendin g moments

action phenomenon introduces an ang le of attack
even in the s tead y— stat ’ case -(n) is taken as the ., 

~~~ —N i~ q / n N when q n N ~ l ,n O , l ,2
cor p lete B,mbaur i series which has the proper lead— 2; e =

~ (23)
ing edge singularity and satisfies the Kutta con— n l  Lu for all other q
d i ti o n at the trailing edge. In th is case it can
be shown that It is thus evident that in the steady—state

1) 1 (q 2) case (q 0) thrust and torque from each propellerq (r) = L 
q, (r) + L ‘ (r) (19a) will  be present (see Eq. 22), whereas , since the

condition under consideration is that of unifor m
Hydrodyna m ic Forces and Moments inflow into the forward propeller , there wi l l  be no

tranSverse forces and bending moments (see Eq .23).
The princ i pal components of these forces and This w i l l  be so whether the propellers are-of equal

moments which are evaluated for each member of the or unequal number of blades .
CR system are listed below and shown in Fi gure 2 As has been shown the interaction phenomenon
for a RH propeller with the si gn convention adopted , i nduces unsteady loadings on both units of the CR

system. In the case of egu~ l blade number , those on
Forces : Fx thru st (x—direction) the forward propeller are L~

2
~~
)(rF), on the after

F and F2=horizonta l and vertical com— (22w)
ponents , respectively, of propeller , LA (r

A
). As seen from Eqs.(22) and

the bearing forces (23) both propellers generate thrust and torque at
Moments: Q~=torque about the x—axis f requencies q = 22N ,2=l ,2 , .., , wh i ch corresponds

Q and Qz be~~
i 1
~9 

moments about the to blade—blade crossing frequency for such propel-
y— and 2—axis , respectively lers , and no unsteady transverse bearing forces

(Subscri pts F and A added to these symbols wil l  and moiments,since no combination of integers £ and
des ignate forward and a f ter  prope ller cases.)  n can satisf y the relation (22—n) N= l .

The elementary forces and moments can be de— In the case of unequal blade number , NA~NF,termined by resolving the chordwise load ings , act— the unsteady loadings on the forward propeller are
ing 3n ar. elementary radial stri p, norma l to the at frequencies q~~2L!N~ and 212NF and on th~
st ri p and taking the corresponding moments about after propeller at q~=2L3N~ and 224NA . The
any axis as in Reference 5. However , for  s imp l i — criterion for thrust and torque , Eq.(22), y ields

• fication of the discussion which follows , the
assumption will be made, as in Reference 10 , that = 2LI NA 

= nI NFthe spanwise loading L(~ )(r) acts at the mid — 
= 22 N n N

chord. This is exactly the case as far as thrust a F F
and torque are concerned and a good approx i mation = 22 3N F 

=
for the transverse bearing forces and bending mo— 

= 22 N = n N 122a
ments if the blades are not wide , which is the case ~ A ~ A
with counterrotatinq propellers .

Thus the elementary forces acting at rad i us and the criterion for transverse forces and bending
• r of an N—b l aded propeller will be g i ven by moments , Eq.(23), yields 



____3~~~~
_ _ _ _ _

~~
_ _ _  - — 

—~~~

V I I  1— 39

~~~ : :;i~ ; ~ ~~x~F 
_N

r
ro
4ek(it ,iL~

a) (r F
)sin0

P
(r
r
)r F

dr
F

? 1 pj “ , I
— ~ n 1N~ 

l (23a) 
~~~~ 

_ N
A ro

2 e~~
Ch1 

$L~~~
(r A ) s i n O p(r

A )r A dr A

lii,’ c - I  t i-i s of ( 12a) for t lirus t and torque are (ZIib)
. 1  ~~~~~~~ ‘ - i  i - lied for frequency q=~1=q~ 

by choos—
i i ~~i I~~ ~~~~‘ 

itJ ~~, 1a~
’ 2 ,— ellA . n i l ,2 so t h.~t where q’O for s te ady  s t a t e , and the lowest frequency

.e. • the co— c. ,iI li i [ - l ade—b la de c ross— of the j I ternl lt ing t hrust and torque 5

i
~~ 

r.~~~-~- i rj I ral i n u lt i pli ’ s tbi-ro n l . iquat lon ( 72 a)
i i  - 1 - a  I -  c , i t i s f c ’ l  at lower frc’quencies (I) if q 2kN

~ 
when NA kN F. k’ l ,2 ,
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~~ 

, ~ rig a-i i nte’ler , in wi cli Case chop s i og
1 , ~‘ 1 4 y i ( ! ld S a = ‘.uiikN r. ,ind (2) If q WA NE 
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mnd both are even
• 1,~ I i  I .ii ’~ o t t i  i-s-en Irill i f ie rs , In wh i ch cas e hers

• n ’ •
- . 

~ 
.~ lii t I l i t  ter two ca s es  the condit ions q 2W II for a I 1 other N ~N -

‘if (2 1 • - - r ra is v -  rs e forces and bending moments A F A F
,irr- c- ’ -d - n -Jsl y ci t s at i sfied .

~~~~-.- 4 1 aird ~nd are not both 2) for transverse F-e arl ncj forces and bending mo—
‘vi- il . I ‘ , ti- i ’ CR syStem c,’ .- - ’ ra tes th rus t  and men t s , w hen NA~~

kfJ
F 

and NA and N r are not

I” o i l y it q 2ri
~A HF 

(blade—b l ade crossIng bpth even numbers ,
fr i i c i  -

• I i i - ’  c:c - d l t i o r i s  01 (2 3a ) are s a t i s f i e d  for IF I (q~~l)c)t I (~~
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determining the frequencIes z A Y A

• f ir ii - c- rii , t n-I fnr~.es and m(cnents is to w r i t e  out
• t i c  c o i c - - of eri the rs wh 1 cli are integer multi p ies N~ I (q~~l) Qt I, 

~~~• ~ f tc- ,i e the bla ~I,  i s - b e r .  For exa mp le , for 3 and (Q~
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V-c fr-quc- iclrs for s i d e  forces w i l l  be the mean of 0
an’~ pal r ~f he rs In the two seq iencc ’c ,-jh i .h di Ifer
b1 2 , i ’  t i ’ . cas,’ II , 19 . ,, . The frequencies (Q )

~~ 
±i (Q 

~A 
(25h)

for t hr ics t -- -I torque w i II be the n-can of any paIr z Y
of n-~rnb~ i’ w i  cli ,ire a ii e , in th is  case 30 ,60.
tor 6 ,ii,I l 1~~ ~- - s  • tin ’ two lowest frequencies will where the upper si ‘JnS (at q~q1— l q ~+l) arc’ used
be 26 an-i 1i~ I or thru st and torque. (There Is no when NA > and t h e  lower s ig ns (a t  q”q 1+l= q~— I )
s id~ forc e -r t i s case .) ar e  used when NA Hr. and q~~2Ls NA and

A no ther d ’ri va ti oi of the frequenci es of the where )~ and 23 must s a t i s f y the condi t ion
al tern,’I . I c r -s i~eve Iopi’cI by i n t e r a c t  ions he— 2 t1 NA ”2 L~N 1 t2
tw’ri-n a r i  r of c -n i i n te r ro l a t i nc l  prope l le rs in a It is to be noted t hat  r0 1  

forw,ird pro—
• .

~ un i form nI l~w ~S r i ven by Ri’ lcrt ’ nce II , w i t h  the pcI Icr ra d ius and r
A 

and r1 ar ~.’ (tact inns of
sam,’ i’.- ’ , T ts . r1 , and that  f i n a l l y the real parts of the forces

On ~~~ h,isi~ of tine j r e cc d inq discussion , the and moments are to ice taken .
to ta l  for ces and no;iicnt s ~‘re oH a i red  1rpm (20) and
(21) as; Blade Uend ,j~j~s o n L
I) for th rigs t ,,nd torque

Follow in g l~eIi~ri -nice 6, the 1)1 ade he idi ng no—
I , nient about tI e face p i [cli l i ne  at any radiu s r.

~~x~F ~L r e  ~~ ~‘ l.
~~

-) (r F)co5O p (r F
)dr F 

of a hlide of the forward or after prop ell er i
a calculated f rom the spanwis e loading L(~)(r) at any

s h a f t  frequency q as

x~A 
PIA roc~~~

t J’ L~~~(rA)cosO p ( r
A )drA 

M~~~=r~ e
i
~~

t
S L ( r)coS[Op(r)_O p (r j

)3 (r_r
j
)dr (26)

(2I e.r) J

The ins tantaneous blade bending moment distribution

— -. —~~--———— ___ . ____ _  — —-‘- ---—-- - -- •-‘ ‘— - __s ___, 
~~~~~~ ~~~~~~~~~~~~~~



— 
‘ ‘~~~~~—~~~~~- ‘ 

— — - ~~~~~~~~~~~~~~~~~~~~~

V I I I - L4o

as thr blades sw i ng around the shaft Is IndIcate s that the r.ijr nber of iterations need not he
- greater than ID , a l t~- -- n ’i h the execution time of cii

H ~~~ ‘~~~(a) I q(lt (27) addit ional iteration is mInima l ,
b q The l4_O Ii CR system is composed of the David

Here 
~~~~~~~ 

for thp forward prop e ller and for Taylor TISROC p ropeller 3686 forward and p ropeller

pl~e af ter prc’p. ’ller . 3687—A af t , and the ~*—O—5 set of propeller 3686
forward and propel ler 38149 aft [$33. Propeller

VII I. NUMERIC AL RESULTS c h a r a c t e r i s t i c s  a n T  flow conditions are g iven in
the foll ow ing table ,

On the P-as l ~ cf the theoretical procedures
Out Ii n~ ’i in p i e  re .”d i ci g sect i on, , a nuincr I ccl ap— TABI,E 2
pro rcIr h.ic h’- - n .  - s  t.rh Ii siren inn-I ad.,ptcd to the
CiC . (, ,OI) or 7 , 1 1 1  h i-ib— spe ed di g i t a ! computer, The Propeller Propeller Prop eller

ping ’. sn f o rnr i - ~, - in the cas” of uni form I nf low to 3686 3687—A 38149
th’.- fc)rwarcl prop ’ l Ia r , a) the s t ea d y and time—d c— —

p’~~ b- nit  hI cdi- l , n , I i  nqs , ii) the corresponding hyd ro— NumI,er of Blades , N 14 Ii 5
dyr m i c i, - r i d l en Ient s • ,irrd r) t ire i l  -ide bend—

• in -~ n i  “f t • i I c , ~ t i , ,  fa r i ’— p iii:ii ine at an y radius. EAR 0.303 0.322 0.379
The n- n,’ ’ ‘Ions to’ tii ~ -~~r ic ’ l  f unc t i ons

q i v -nn by Ii  . - ( 1 — 9 ) , tho~~ for the riurmcii ‘,elod ties P/fl at 0.7R 1.291 1.320 I .2~ 7
on t i~~ l e f t  - ‘ c - i d  -,ldr ’s of the inte q r al equat ions
eiien by E n i , . (1’ — l(,). an-I tire pair of integral e— Diameter , D, in 12.017 11 .776 11.785
-~ r it no - is ( I/ a , Tr ,~-nd ISo , b) , con  t I tu te the dc’s I red .- - *wor k i n g  fi n -c , ~~e’ ccnrnput n ’r pro-jrann prepares a ll Rotation L.H. R.H. R.ti .
t Ire r,ecc~ ~

,,.‘y iii n > i nn i at  ion for the esecut ion oF the
sii- .gq- ~- .t cd  t e e . - ’  on procedure. It i 5 a lengthy n, rps 12 12 12
cnn o/ r-rn ii , I r ‘I ion dependi rig on tIre number of
bl,,drs ~~t ‘ c i  Lcnn.- tcone nt of the CR system , on tire Speed , ft/sec 13.22 13.22 13 .22
n i - n cr  of c . ’ Ic- : t ,’ii c ho rc iwi  ia nodes , ar-d t Ire number .-

of f rnc~c cn -nnr c-c f r  win i ch i nform ,it ion w i l l  be do— Advance rate , J I , I 
,e,c 

I , 1 -- i . -

sired .
mn e s t~~bi Ish the accuracy an’ usefulnes’; of ~‘i .ii . rotation Is ccw looking forward

t he  c-~’~~~ j at i i - n i l  p roc e -Ji c re , a co r re l a t i on  w i t h  R .11 . rotation is cw looking forward
Vt St n i l  V ,  [ -c r 1 n-re in  t in I results mij’. t bc mad,’ , Ca l Cu—
I,n~ ions hi~ -~ i,,’,’n p,- rfo ,mcd for two CR coni i gura— ~“J based on dIam eter of forward prope l 1cr 36k-b
t i n - i s  for w h i c i  d.rt ,i are a v a i l a b l e  f rom t e s t s  at
O ;i- , id T ,ny ior PJSRI )C [ I ? , 1 3 1 . The da(,~ are for the The thcoretlc~ l predictions wit h and witho ’..t
two l’ .~ie’. t fri ’-Inc ’ic:ies , ~~~ and ~ j ” i , arid the earn— thickness effects and t Ire exper imenta l  r esu l t s  are
put at i n - i - - ‘a-in ’ ne- i I m u  ted to thcsc ’ frequencie t- . summarized in the following table.

i n , - y , c a t  I vi procedure starts after a I 1 the
reilu i ri ci I nfci rrna t I~) has been coinput ed ,nnd stored TABLC 3
prcre i• r ’ -, - iFe n- ic c-e r sa ry  kernel func:t ions and In—
ver’,” c roc I f u nc t i o n S are c a lc u l a t e d  for both a CORRELATION OF PREDICTED AND MEASURED VALUES

‘g-O- ” cii i a I i_ O_ 5 CR s ys tem f i r  values of m and q 14 —0— 14 CR SYSTEM
as ind ic , rt n-d in the table beIo-~. Forward Propeller 3686

TAIILE I 
A lter Propeller 3687—A

AxIal Spacing “ 0.28 forward propeller radius
t i — O— t i C~ Sys ten, • 6— 0—5 CR Sys te rn J l  -

I nve rse  Inverse Q 0 , Steady State
• Matrix Matrix an q Matri ~ MatrIx ci q

— THEORY EX PER I MENT
K 0 0 K o 0 - 

‘
~~ithou t wTilr

AF A F Th ickness Thickness
I 0 

-
KFF 0 KEF 0 Forward (KT)F 

0.l2&’ O,l639
r
~ 0.125

K 14 8 K 5 ,~ 
Forward (K

Q
) F 0.O295 ’~ 0.0 373 ” 0.03 15

KAF 8 8 
AF 

A f t e r  (K T) A 0. 1145* 0 .1335 * 0.150

K EF ~8 K IF —10 After (KQ)A 0.033&~ 0.0308* 0.0315

KFA 0 0 K~~ 0 0 . 
Q — 2 N 8

K 14 0FA 
K 

Forward ~~~ 0.01485 0,07147 0.0285
AA KM 

0 
—

Forward (K
~
)r 

0.0101 0.01514 0.0058
14 8 K 14 8PA 
8 8 

IA After (l(T)A 
0.1156 O,l52~i 0.0095

KAA 8 KAA 8 A f t e r  (K Q)A 
0.02142 0.0312 0.0022

A workable program has been establIshed which incl u ding f r i ct i on 
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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- TA R I.E 1, when the propellers of the CR system have equa l
number of blades , only the steady and Unsteady

CORRELATION OF PREDICTED ATID MEASURED VALUES thrust and torque wi l l  be generated on each pro—14—0—5 CR SYSTEM poller of tine CIt system , at zero and b lade—b lad e
Forward Propel ler 3686 crossing frequencies or mu l ti p les thereof (q—2LN,
Af ter Prope ller 38149 L~ I ,2,3 ... and N-’common number of blades ). When

- - - Axia l Spacing O.28 forward prope ller radius the CR system is made up of propellers with Un—
J— 1 .1 equal nunnber of blade s , i .e., HF/NA , there is an

easy way of determining the f requencies of al—

~~~~~ Steady State ternat ing (unsteady) forces and n-iomnonts.
The numerical work has b~’en limited. TheTHEORY EXPERIMENT calculations without thickness effect have shown

Without Wit h a reverse trend to that of experiment for the on—Thic kness Thickness steady forces and mom ents generated on thc after
Forward 

~~~~ 
0.087* 0.1060* 0.130 propeller. The numerical calculations have shown

much hi gher va l ues for the forcc~ and moments ox—
Forward (~Q)~ 

0.020 1* 0.02 146 0.030 crIed on the after pro peller than t hose on the
forward propel ler . It i’ d if f i c u l t  to exp la i n

Af ter 
- (K T)A 0. 161* 0.1093 0 .130 the discrepancy until more detailed and exhaustive

numerical calculation s are performed (inc lmi di n cj
After (K

Q)A 
0.0361* 0.0255* 0.028 thickness effect), Furthermore , ,rci d it inn al ex—

perlmen tal stork ~FnouId also bc conniun:ted.

Some remarks arc in order on the di sr.rc in—
7t4~~ l 9  

-‘ anc ies between theory and experiment.
I) A few years aqu -in attempt w as rrad.- to cc i—forward ~~~~ 0.00 79 0 .0239 0.0075 cu fa t e  unstead y thrust  and torque’ of a

count e r ro ta t ing  prope l ler syste m by a ‘- t r i p—Forward 
~~~~~ 

0.0079 0.02 39 0.007 14 wise rniethorl following the Kemp and Sin-irs
approach for the mutual interferenc e of blades

forward 
~
‘
~QFI~F 

0.0062 0.0053 0.00140 in cascade due to relative mot ion of ‘cuccc -n—
sive hl .i-io ron-es . Results of this stud y have- Forward (KQV)F 

0.0062 0.0053 0.00141 shown that the unsteady thrust of th~ ai t c ’r
propeller is mcccli hi gher than that of (In,.

2N 1+l~ 9 forward propeller , when the bound v ort it ity
and the vor t e -  wake shed b~ the fo rward pro—

After . (K FI I)A 0,023 1 0.0275 0.0057 pd Icr are taken into account , e i ther  w i t h
flat plate inodcs or with an e l l i p t i c  dis t r i —

Af ter 0.0231 0.0275 0.00146 button .
2 ) lurthermore , obsc’ rvat ion ref Dr . We reI d~mna ’ r,

A f t e r  - 
~~QII~A 0.0 159 0 .0 18 1 0.0023 experimental results (althoug h there are for

nc,n—uni for m inf low cond it ions ) ,  esp e c ia ll y of
A f ter  (I(

QV
)A 0.0 159 0 .0 181 0.0023 the tinn i’ records of the horizontal and vert I—

* c~ l blade bending moments , show (m at c cc p ’; r—
Inc luding frictIon imposed on tIne f l uc tua t ion s  du~ to the wake

at blade frequency , are the f luct uct io n~ clue
IX , CONC%.US I ONS to blad e interference at blade—bI o nic cr r n s ci r n g

freque ncy. It c nn be seen that thes e I I uc t u—
LInearIze d unsteady l i f t i n g — s u r f - i c e  theory at lons due to Iotc r fe r ’nnce are iniucir l.rr-jer

has been appl ied In tine study of two In teract ing for the a f te r  propel ler th,in for the forwa rd .
propellers of a counterrotat lng system , when both
units operate In a spatiall y non—uniform inflow . The questIon of the discrepancies thus cannot be
A mathematical mode l is introduced taking Into consIdered a closed subject , but requires fur the r
account the exact geometry of the propuls ive sys— Invest I gatIon both theoret ical ~nd experImental.
tern as ’well as tin e three—dimensional spatia ll y
vory ing .in flow . The propeller blades are con— REFERENCES
sid ered -to be of finite thickness and l y ing on a

- 
- helicolda l surface of vary ing p itch. The blades 1. Hadler , J.B., Morgan , W.8. and Mi,’yenrs . LA.,

1
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• APPEND IX A

Effec t of Blade Thickness of Each Propeller
on the Velocity Field of the Other

I. The thickness distribution of a blade section is represented by a

source—s ink distr ibut ion assume d to be smeared over a proj ection of the
sect ion in the propeller plane. The velocity potential due to blade thick-
ness of the afte r p rop eller at a point (x F,rF,cp

F
) on the forward propefler

is then g iven by

(~F
(xF,rF,~ F;t)~ 

= - 
~ bA 

$ M(
~ A,

PA,eAO) ~~~~~ 2 p2 
PAdPA dOAO (A-I)

tA n=I _ e
M ~A RAP a pA

2U~f(~~ ,p ,e )
where M(

~A,PA,
e
AO) = — source strength density determ i ned

in accordance wi th the “th in body nt approach,

= thickness distr ibution over one side of the blade
Section at radial distance in the propeller plane

( 2 - 1/2
RAF = - F ~~A~ 

+ r~ + - 2r
FPA coS[eAO+pFO

_2c
~
t+eAfl]}

= 
~FO/a = (aF - 8

bF coscç~~/a

= OAQ/a + € = (aA - 0bA cosO~)/a + c

~An = (211/NA) (n- I), n =

Since ‘~~~~~~‘ 
= BbA Si

~~~ ~~~

Eq. (A—i) can be reduced to

~ 

NA 
~ ~~ ~A’ ~~ 

‘J1+a2p2
= - E ,J~ ,f 

~~~O R 
A 

~~~ ~~~ (A-2)
tA n=1 

° ~A 

A-I 

AF
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1889

The thickness distribution f(PA, 9~) wi l l be approximated by a
lenticular section, i.e.,

‘ A)
f(  

~A’ 
e~) 

~ 2 s~~n
2 e~

t

~ T~~A~ ~A 
ebA sin2O~ (A—3)

where T is maximu m thickness in the projected plane, tjc is ratio of

maxim um thickness to chord of the expanded section, and pA ebA is projected

semichord. In addition , the reciprocal of the Descartes distance R~~ is
expanded as

i(x -~ ‘)k.~L = .~~ E emm a r (1K) e F A 
dk (A-l~)

where ~ — 9A0 + - 2~ t + eAfl

and (IK)m = l (IkIP A) Km(lkl rp) for 
~A 

< r~

I (l k I rF) K( Ik I PA) for ~A 
>

NA im 8
With E e An 

= N
A 

if m = £NA, £ = 0, tI, t2,...
n= I

0 otherwise

t
and 

~~~~~~~~ 2 r (PA) pA
ebA s in8~ ~~~

the velocity potential (A-.2) becomes

~ ~~~~~~ e
im F0~~A~

—im8 cosO t _______

e bA 
~ sin9~ cose~PA

ebA ~~~~~~ ~
/J +a2p2A

°

i(x _ Fa,~)LS (1K ) e F dk dPA dOe, (A—5)

A-2
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The velocity norma l to the forward propel ler blade due to the

thickness of the after propeller , which is an additional perturbation

on the L.H. of the first integ ra l equation ,is derived as

(w - - - 

r
F 

(a ~ 1 
___

~~~ 

(~ 
‘

~

tA 
— 

F tA 
- 

A/~+ a r
2
~ 

aX~ 
- 

~~ 
‘~ 

~
1
tA

Therefore,

(W F(rF)) = 

ir
FNA 

~ e
_i2mQt 

e

lm 1~
÷cY~) 

e

_ 1M
~~~ 

cos cp~

U tA 1l2.Jl+a2r2 m=-~F

~ -imO cos8 t _______

$ $ e bA 
~ sine~ cose~ PA GbA -

~~~~ ~~~~~~~~~~~~
0P A

1K m e
i _ a

~~~~ ~ak - e~~ 
~~~~~~~~~~~~~~~~~

(A-6)

The 8~-integ ra l i nvolves

IT i(k/a_m)8bAcos8~e sine~~cos8~~de~
0 11 ,

i (u/a) 8bAt05 e~
= S e sin O~ cos8~ d$~ (letting u=k—am)

= J.~ F(u,pA) (A—7)

r sln (uebda) - (uO bA/a) cos (uObA/a).lwhere F(u ,PA ) = 
.

After substituting (A—7’) and u=(k—am) in (A-6) and applying the
generalized l i f t  operator (see Eq. 7a), the velocity become s , for each
lift operator mode r~ ,

A-3
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(~~~~)\ 2a2r
F
N
A 

-i2m~t im(2a~-ac)
_ _ _  E e eu 1tA 

= - 

ii2.Jii-~~
2r2p ~~~~~

~A 
t(PA) ~Jl+a

2c~

~!‘ ~~A
C

i(aF
_a

A_a€)u/a 2 m~~$ I (Iu+amlP A) K( IU+amlrF)e (au+a m— —)
: ‘ —~~ r~

2

I
(m)((~ u_2am)ebF/a) F(u,pA) du dPA (A-8)

for 
~A 

< r~, otherwise 
~A and r~ are  in terchanged in the modif ied Bessel

functions. On changing the doubly infinite u— integra l to an integra l

from 0 to +~ , (A-8) can be written as

________  

2a2r
F
N
A 

~ ei2m~
t e

m (2
~~~~~

___________________

U 4~ 
= - 

Tl2~
fl+a2r~ ~~~~~~

m= £NA

r ~A 
to 2 2  r‘ ‘
~ 

(PA) ~~~~~ ~A F(u,PA)
0

- i(a
F
_ a

A
_ac)u/a

• I (lu— aml p ) K (Iu— amIr ~) e- rn A m

(au_a 2m+ 4) I~
m)((_u +2am)ebF/a)rF

i ( c F
_ C

A_ ae ) u/ a
+ I (I u+aml 

~~ 
K( I u+aml rF) 

em

(au+a2m— .~.-)1 (m)( (u+2am)ObF/a)
} dudPA (A—9)

2rF

where the si gn of rn is also cha nged, which Is pe rm i ssible since the m series

Is doubly inf inite. The Integrand of (A-9 ) Is zero when u=0 since

A-h

‘-
~

- _ _______--___________ - --~-~~~~ —- .-
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F 
[sin (uO bA/a)  - (uSbA/a) cos(uebA/a )1

F(O,PA) = 

~~~~~~~ u2 j = 0

In the steady-state condition , m=i=0, the velocity on the forward
propeller due to the blade thickness of the after propeller ,

/~ (o~~) \) , cart be shown to be as g iven in Eq. (13) of the text. The
\ U ‘tA

unsteady velocity components are at frequencies 2rnf~ = 22NA
Q, w i t h  L =

and are given by

(
~~F~~

’
~~
) 

(QF~~~~~~

’

~~
) 

e~
2 1L1

~~~
t

/_ 
( _ l 2 I N ~ , ) \

I WF ) _ i2I L I NA
c1t

/
1(~F

( I2 INA,
~ \ (Q

(_ ILIN A)~~~ 1 i2ILI N AQt
= 11 1 4- COflJ I / e$ U /tA \ 

U /tAJ
/ (ILIN ,~)\A 

~ i2121N C~t
= 2~ ~ ) e A (A- b )

\ U
/_ (i2,N ~,i~)\1w M

Here~ 
F j is the coefficient of exp( i2m~t) in (A-9)

/tA

with m = ILINA and is half the veloci ty at 2ILIN
A 

times the shaft frequency.

This velocity is des i gnated as

I,. (22t~l ,~)
1w A (r)F F and is g iven by Eq. (lIi ) of the text.
“ tA

A- 5 
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I I .  The velocity potential due to the blade thickness of the forwa rd

prop e ller at a point (xA, rA ,cA ) 
onthe after propeller is g iven by

(cf. (A-I) and (A-2))

N IT 

~
( 8 )  .Jl+2 p2

(~A
(xA,rA,~ A

;t)
~ 

- E $ ~ F 
R

a 
F dPF ~~~ (A-Il)

tF n — l o P e FA

r 2 2 2 -

where RFA = ~(x ~-~~ ) + A + - 2r
A PF

cos[_e
Fo

_cp
Fo
+2c

~
t+OFn Jj

xA
_ c p

AO/ a ÷ e = (c r A
_ 8~~~cos~3~)/a + €

= - 8bF coseda

and again approx i mating the thickness distribution by a lenticu lar section

2 -
~~
- 

~~~ ~F 
0bF s in8~ cos 80

The velocity norma l to the blades of the afte r propeller due to this veloc i ty

potent ial i s

(WA) = - 

~~~~~ 

(
~~

)
~ = - 

~~~~~2~ 2 
(~~~~~~~~~ 

- (A-l2)

If the procedure of the preceding section is followed, it can be

easily shown that the veloc i ty norma l to the blades of the after propefler

induced by the forwa rd propeller thickness is in the steady—state g iven by

Eq. (15) of the text and in the unsteady case at frequencies equa l to

2ILIN
F 

times the shaft frequency given by Eq. ( 16).
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