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ABSTRACT

Coding under a fidelity criteria of a class of sources which
emit randomly occurring messages is investigated. This class of sources
models information carrying processes entering into communication net-
works. Messages emitted by computer terminals, teletypes, vocoders,
and other such devices serve as actual examples. For this class of
sources the rate distortion function is derived, and source coding and
converse souce coding theorems are proven. Employing these theorems,
an operational definition of the rate distortion function in terms of
message queueing delay, and transmission delay is presented. This
definition relates the rate distortion function with the message net-
work delay which is an important measure of performance of a communica-
tion network.

Also, for such a class of sources, which emit randomly occurring
messages, an adaptive data compression scheme is investigated. This
scheme utilizes observations of the network congestion to determine the
amount of compression a message receives, with the object of minimiz~- :
ing the message delay for a given distortion level. Using results from
Markov decision theory for the case of a nondenumerable ;;;te ;;;;;7;nd
an unbounded cost function, the delay distortio; relationship is examined
for a tandem channel network which utilizes this adaptive data compression
scheme. This relationship represents the trade-off between message
delay and fidelity of the reproduction of the source. Using a queueing

analysis of the communication system under consideration, numerical results

for the delay distortion relationship are provided. Applications of
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adaptive data compression to analog signals, such as voice of'telenetry

waveforms transmitted through a radio or satellite channel, are cited

as examples.
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CHAPTER I

INTRODUCTION

Results in information theory which pertain to the coding of
sources under a fidelity criteria are normally applied to sources
which emit signal functions on a regular temporal basis. When
considering an information-theoretic approach to the coding of sources
found in communication network applications, the existing source
models are inadequate. In this dissertation, a source model is
considered which more accurately models the information processes
conveyed by communication networks. For this source, the corresponding
rate distortion function is shown to have an operational meaning in
terms of message queueing delays and transmission delays, and an

adaptive data compression scheme is developed and optimized.

1.1 Problem Statement

A model of a communication system for the conveyance of informa-
tion from a set of sources to a set of users is depicted in Figure 1.1.
This block diagram represents the situation found in communication
network applications such as computer and satellite communication
networks. Information is generated at the sources by a certain
random mechanism., At the source encoder, the messages are processed
by a data compressor which generates approximations to the
messages. The channel encoder adds redundant information to the

latter message approximations to insure reliable transmission through
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the communication network. The communication network assu-es the
responsibility of transmitting the messages from the source to the
destination. The network consists of an interconnection of communi-
cation channels and buffers., The buffers are used to regulate the
bit rate through the channels to insure acceptable message queueing
delays. Finally, the channel decoder and source decoder decipher
the information transmitted through the network and provide a repro-
duction of the original message to the users.

The sources are assumed to generate the messages at random
instants in time. Examples of such sources are timesharing terminals,
stock quotation terminals, vocoders, and others. This randomness
in timing is the essential element that differentiates this source
from the normal information theoretical model of sources., Thus, the
source encoder, as well as other elements of the communication system,
must be able to accommodate the resulting temporal randomness. This
gives rise to associated queueing delays in the communication system,
which along with transmission delays account for the source to user
message delays.

The intent of the described communication system is to deliver
the messages from the sources to the users as rapidly and reliably
as possible. One trade-off, between rapid delivery of the messages
and their accurate reproduction, originates in the source encoder
and the data compression scheme, As the amount of compressed informa-
tion in a message is increased, the resulting message delay is reduced.
This trade-off between delay and distortion is characterized by the de-

lay distortion relationship. This relationship describes the minimum

Py s




average message delay as a function of the average distortion
level attainable for a given system configuration and a given
class of data compression schemes.

A method of improving the delay distortion relationship is to
permit the class of data compression schemes considered in the
calculation of this relationship to include schemes which have an
element of adaptivity. This allows for alteration of parameters
of the data compression scheme as the congestion of the communication
network changes, and thereby reducing message delay.

A parameter of interest associated with the delay distortion
relationship is the minimum distortion level which achieves a
prescribed finite value of the average message delay. This quantity
represents the optimal theoretically attainable accuracy of repro-
duction of the source. It is described by the rate distortion
function, an information-theoretic concept. This function yields
the idealized relationship between the average rate of tranmission
of information in the network, and the associated average distortion.

In this dissertation, a model of sources found in communication
networks is presented. Using this source model, the rate distortion
function is evaluated, and given an operational definition in terms
of message delay. This interpretation is a natural extension of the
usual information-theoretic operational definition. Incorporating
this source model, a communication system with an adaptive data
compression scheme is analyzed. Using Markov decision theory,
the structure of the adaptive compression scheme which yields the

optimal delay distortion relationship is determined. For network




configurations consisting of a single channel and channels in
tandem, the delay distortion relationship is computed through a
queueing analysis yielding the average delay of a message in the

communication system.

1.2 Historical Background

The problem of encoding sources under a fidelity criteria
forms a well studied area (rate distortion theory) of information
theory. The evaluation of the performance of the encoding schemes
in terms of the rate distortion function was introduced by Shannon [1],
[2]. This function represents the optimal theoretically attainable
rate for a given distortion level. Results incorporating the rate
distortion function, see Gallager [3], and Berger [4], are normally
applied to source models which have temporal regularity. A typical
example of such a source is the discrete time source. This source
is assumed to produce each unit of time a letter which is a realization
of the underlying stochastic process., As defined, the rate distortion
function is independent of delays accrued due to encoding and trans-
mission, An element of coding delay was added to the rate distortion
function by Krich and Berger [5]. This was done by introducing a
fidelity criteria which depends upon both coding time delays, and
the accuracy of the reproduction,

Considering the transmission of information, communication
networks designed for the transmission of information in a digital
format are of great current interest, The major motivation for this

interest is the application of such networks to computer communications




(for example, see the recent books and collections of papers by
Davies and Barber [6], Abramson and Kuo [7], Green and Lucky [8],
and Chu [9]). In these applications, a network is established to
allow subscribers to share resources efficiently. A major operational
requirement for such networks is that messages from subscribers bpe
transmitted as reliably and as rapidly as possible. The message proces-
ses from the various subscribers enter the network at any specific node
At a node, the processes can be modelled as a single message process
generated by a source which emits messages at random instants of
time (see, for example Kleinrock [10]). The analysis of the resulting
message queueing and transmission delays for such networks can be
found, for example, in Kleinrock [10], [11] and Rubin [12]., The
analysis of the accuracy of the reproduction of the messages in the
network under a fidelity criteria was introduced by Rubin [13].
In that paper, the delay distortion relationship was introduced to
display the relationship between the delay of a message in the
network, and the amount of distortion accrued by a message when data
compressed., The data compression schemes which were considered
in [13], only included data compression schemes that do not have
any element of adaptivity or decision making capability associated
with them.

The analysis of communication networks which contain decision
making schemes to control the network can frequently be performed
by first modelling the state processes involved by Markov decision
processes. Then the network is considered to be a queueing system

with a controller and the results of Markov decision theory are used
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to analyze the system and optimize it. Results for Markov decision
processes with respect to an infinite horizon deal with describing
under what conditions a stationary decision policy achieves the minimum
discounted cost or the minimum average cost. Studies of such problems
can be found, for example, in Blackwell [14], Howard [15], Derman [16],
[17], Ross [18], [19], Lippman [20], [21], Reed [22], Harrison [23],
and Awate [24]. Only in the papers of Lippman [20], [21], Reed [22],
Harrison [23] and Awate [24] are Markov decision processes with
unbounded cost functions considered. Furthermore, only Lippman [21]
considers such processes with non-denumerable state spaces and
unbounded cost functions.

Applications of the results of Markov decision theory to the
optimal control of queueing systems are quite extensive. The review
articles of Crabill, Gross, and Magaine [25], Sobel [26], and
Stidham and Prabhu [27] outline some of the applications to queueing
systems. In general, problems dealing with the optimal control of
queueing systems consider the state of the system to be the queue
size or some other related denumerable state space. Shaw [28]
considered a nondenumerable state space, the waiting time, in
working with the control of a M/M/1 queueing system with variable
service rate. The technique used to solve this latter problem does

not, however, rely on the results of Markov decision theory.

1.3 Outline of Dissertation
The main results of this dissertation relate to the coding

under a fidelity criteria of a class of network sources. This class




of sources are found in communication network applications and the
sources do not have an inherent temporal regularity.

In Chapter II, the optimal theoretically attainable performance
of a source encoding scheme for such a source is studied. The model
of the sources is described in Section 2.1, and the appropriate rate
distortion functions for this model are derived in Section 2.2.

In Section 2.3, a source coding and a converse source coding theorem
are proved, and in Section 2.4, an information transmission theorem
and its converse are proved. These theorems establish a natural
operational definition of the rate distortion function in terms of
source codes which achieve a finite average message delay.

In Chapter III, the relationship between the delay of a message
in a network and the distortion accrued from data compression is
studied. The delay distortion relationship is introduced in Section
3.1. 2n adaptive data compression scheme is described in Section 3.2.
In Section 3.3, Markov decision processes are introduced and relevant
results from Markov decision theory are reviewed. Also, an extension
of the results of Markov decision theory to the case of nondenumerable
state space and unbounded cost functions is derived in this section.
In Section 3.4, the results of Section 3.3 on HarkoQ decision
processes are applied to the study of an adaptive data compression scheme
for a network consisting of a single channel. The optimal structure
of the scheme which achieves the delay distortion relationship is
determined.

Considering an adaptive data compression scheme, the delay

distortion relationship for a network consisting of a single channel

8
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is further studied in Chapter IV, In Section 4.1, the results of
Chapter III are used to specify the delay distortion relationship
in terms of an optimizatiocn of an appropriate functional.
The major properties of this relationship are examined in Section 4.2.
In Section 4.3, the functional to be optimized is described
in terms of an integral equation. In Section 4.4, a more mathemati-
cally tractable method for evaluating the functional, utilizing
results from Markov chain theory, is discussed. Numerical results
for the delay distortion relationship are presented in Section 4.5.
In Chapter V, a tandem channel communication network is con-
sidered and the results of Chapters III and IV on adaptive data
compression schemes are extended to this network. The tandem channel
network is an accurate model of a satellite communication channel
or a radio relay channel. The delay distortion relationship for this
network is determined in Section 5.1. The functional form of this
relationship is shown to be similar to the functional form of the
delay distortion relationship for the single channel network studied
in Section 4.1. In Section 5.2, the major properties of this
relationship are presented. In Section 5.3, numerical results for
the delay distortion relationship of the tandem channel network
are presented.
A summary, conclusions, and suggestions for future research

are found in Chapter VI,




CHAPTER II

SOURCE MODEL AND RATE DISTORTION THEORY
FOR COMMUNICATION NETWORKS

The class of sources usually considered in communication network
applications generate messages at random instants in time. Examples
of such sources are timeshare terminals, stock quotation terminals,
and vocoders. In this chapter, a model of these sources is developed,
and an information theoretic approach is applied to the coding of
these sources. Specifically, the idea of message delay is introduced
into the operational definition of the rate distortion function.

In Section 2.1, the model of the sources is described, and
measures of fidelity are discussed, The rate distortion function,
R(D), for this model is derived and is shown to have a second
interpretation in Section 2.2. Source coding, and converse source
coding theorems are proved in Section 2.3. These theorems estalish
a natural operation definition of R(D) in terms of source codes
which insure a finite message delay. Information transmission

theorems are established in Section 2.4.

2.1 Source Model

Consider the communication system depicted in Figure 1.1.
The source model which is considered represents sources that generate
messages or letter at random instants of time. This source model

is representative of information sources which generate information

10
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in a bursty manner, such as timeshare terminals, stock quotation
terminals, and vocoders. Furthermore, many times it 1s required
that scientific instruments make measurements of phenomenons that occur
irregularly. Hence, the data coll;cted from the instruments can be
modelled as a source that generates messages at random instants in
time,

For such sources which generate messages randomly in time,
the usual models of sources found in information theory, (see
Gallager [3] and Berger [4]) are inadequate to describe the sources.
To account for this inadequacy, a model for the superposition of
the arrival processes of the messages from the various sources to the
source encoder needs to be specified.

The superposition of the arrival processes is assumed to form
a renewal point process, where the interarrival times are independent
and identically distributed. Let {Tn, n=1, 2, 3, ...} describe
the message interarrival times where {Tn} is a sequence of non-
negative independent random variables with a common distribution

function Fr(.) and a common expected value, A-l, given by

k'l - r td FT(T) < L (2.1)
0

Then the sequence of arrival times {tn, n=0,1, 2, ...} of the
renewal process is given by
n
. - JZO T, ; n=0,1, 2, ... (2.2)

Furthermore, define N(T) as the number of messages arriving in the

11




interval [0, T], T > 0. Thus, N(T) is given by
N(T) = sup{n > 0: t <T} ' £2.3)

Messages arriving at different instants of time are drawn from an
abstract space, X. Each message, x ¢ X, 1s considered a letter and
the letters are assumed to be independent identically distributed
random variables which are statistically independent of the arrival
process. The reproduction of x ¢ X is a letter y € Y where Y is the
-abstract reproduction space. Subsequently, an amount of distortion is
accrued when x € X 18 reproduced by y € Y which 1s represented by
p(x,y). The function p(+,*) is a distortion measure and p(x,y) is
the cost of reproducing x with y.

It is assumed that the users are not concerned with the exact
time of arrival of a message. This is reflected by the distortion mea-
sure not being a function of the arrival time of the message
(occurrence times which need to be transmitted are considered as part
of the message). However, users are concerned with the message delay
which is an important performance criteria for communication networks.
Therefore, the message delay is considered as a separate performance
measure, instead of combining the accuracy of signal reproduction and

message delay in a single performance criteria as in Kritch and Berger

[5] .

2.2 Rate Distortion Function

The rate distortion function R(D) for sources emitting randomly

occurring messages as described in Section 2.1 is now derived. For

12
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these sources, the number of messages arriving in a given time period
is random, in contrast to sources which emit messages at regular
intervals of time. Using the properties of renewal point processes,
it is shown that the rate distortion function for sources emitting
randomly occurring messages can be defined in an alternative manner to
the definition used for the rate distortion function for sources with
temporal regularity.

The computation of R(D) requires that the sample function of the

source over the interval [0, T], be represent by
xp = [x }, (e}, N(D] (2.4)
where the sequence of messages is given by
{xn} - {xn eX,n=0,1,2, cse5 D} , (2.5)
the sequence of arrival times is given by
{tn} - {tn, w02, e REEYY (2.6)

and N(T) is the number of messages generated in the interval [0, T].
Similarly, the sample function of the reproduction of the source is

represented by
p = [y b (£}, R(D)] (2.7)
where the sequence of reproductions of the messages is given by
{y}={y,eY,n=0,1,2, ..., D}, (2.8)

the sequence of reproductions of the arrival times is given by

13




{En} ={t,n=0,1, 2 ..., D)} (2.9)

and f(T) is the number of messages reproduced. Furthermore, let iT
be the conditional probability measure generating the underlying joint
probability measure between :‘t,r and )'v,r.

Using this notation, the average mutual information between the
source ir, and the reproduction i‘r.r over the interval [0, T], with
respect to d.r, is denoted by IqT(iT; )7,1.). The distortion accrued when
the sample function %, is reproduced by y, is denoted pT(iT. 7T).

Thus, from Berger [4], the rate distortion function R(D) is defined by

-1

R(D) = 1im inf S s (iT; yT) {2.10)
T qTeQT(D) qT
where
Q(D) = {3,: qu[pT(iT. ¥p)1 < D} . (2.11)

The distortion measure pT(-,') which is employed, is the time
average of the per-message distortion measure p(+,*), given in
Section 2.,1. So, averaging p(xn, yn) over time, the distortion measure

to be employed, which is denoted p;(iT, iT), is given by

- N§T> .

T o(xn.)'n) s 1f N(T) 2 "(T)
t n=1
PR sFo) = &
Vo D4 ¢ - N{T)

TR TR Ry - R(m)de,,Js 1 R(T) < N(T)

(2.12)

14
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where

Prax = 10f E(p(x,y)|y) + ¢ (2.13)
yeY

and € > 0. The quantity P is assumed to be finite, which in general
is the case for most distortion measures. The term (N(T) - ﬁ(‘l‘))pmax
in (2.12) 1s included to insure that the measure is honest in the sense
that providing no information about a group of messages is suitably
penalized. This honesty is required in the following proposition which
establishes an alternative expression for the rate distortion function
Rt(D)' The latter is defined by incorporating the time average per-

message fidelity criteria (2.12) in (2.10) - (2.11) as follows

-1
R (D) = 1im  in T & I, (%.; §.) (2.14)
s Too qTeQ,f,(D) B *. 7R
where
Q) = {ay: B, log(rys 371 <D (2.15)
T

Before stating the proposition, the average conditional mutual

information must be defined. Let the notation
AULRIRURERUATRCRINLC)

represent the average conditional mutual information between [{xn}.{tn}]
and [{yn},{En}] conditioned on N(T) with respect to the marginals gen-
erated by qT. Other forms of the average conditional mutual informa-

tion which are used later have similar means.
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Proposition 2.1

The rate distortion function Rt(D) defined by (2.14) is given

by
R(D) = lim dnf T I, (1x )3 {y_}|N(T)) (2.16)
T>= ,.6Q1.(D) "
where
- t - =
GO = Byt By (g (291 <D, Ey [THD) = HT)] = 1) (2.17)
and

1, 1if N(T) = f(T)
I(N(T) = f(m) = , (2.18)
0 , 1if N(T) # N(T)

is the indicator function.

Proof
Making repeated use of an equality from information theory,
the mutual information function can be expressed as the sum of

various average conditional mutual information quantities as follows,

(N(T); [{y }, {En}llﬁ(r))

b

+ IqT([{xn}, {:n}l; 9TIN(T)) (2.19)

I, (.:9.) =1, (N(T); R(T)) + 1
A < Ty

Since mutual information measures are positive,

IqT(*r"r)-l IqT(l{xnl. {t 5 9,iN(T)) (2.20)
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Now let 9* be given by

9-} - “Y;‘Q n=0,1, 2, ..., N(T)}n {E:" n=20,1, 2yieevs “(T)}’ N(T) ]

(2.21)
where for n = 0, 1, 2, ..., N(T)
y if n > (1)
aale . (2.22)
Yo otherwise
and
; t if n > R(T)
.t' L = . (2.23)
P t otherwise

The quantity 7o & Y is selected such that E(p(x,yc)lx) < P and
tc is an arbitrary constant. Since y% contains less information
about the original sequences {xn}, and {tn} than does the original

reproduction 9T, then it is clear that

(Lx Y, (€ }]; §.|N(T)

o

>1

(Lix 3, (£ 115 [yh}, (E1HIINCD) (2.24)

R

Furthermore, from (2,12), (2.22) and the definition of Yer it is

clear that

Eq,r("'r("r'y'r” x E'qT(p.r(iT.y.p) . (2.25)

Suppose qT € QT(D) is generated by iT and 9T, then from (2.21) y; is
QT measurable and from (2.25), Eqr(!T,y%) < D. So, ir and y* generate
a conditional probability measure q; € Q&(D). Hence letting g, and
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4’ be as above
T 9

I, (Hx Y, {35 [{y}}, (E1}1|NCT)

I

= Igp(iixds (e )15 [Or)s (er}1|N(m)

= Ly (lx }, {t M5 [y}, (€ 1[N (2.26)

O

where the last equality is a result of {yn} = {y;} wep.1l and
{tn} = {t;} w.p.l under the conditional probability measure d%.
Thus, for every QT € Q;(D) there exists a d% € Q%(D) such that
(2.26) is valid. So, taking the infinimum of (2.26) results in
inf I, ([{x_}, {t_}1; [y }, (E'}}N(T))
Lol W

= inf

Iy
a e @ %

(Itx_}, (e M5 Wy}, (€ 1IN(D).(2.27)

Subsequently taking the infimum of (2.20) and using (2.24) and (2.28),

results in
-1 ~
R (D) > 14m dnf T =~ I, ([{x },{t }];[{y_},{t_}1|N(T)) (2.28)
t T QTeQ%(D) qT n n n n

An upper bound to Rt(D) is given by

R(D) <lim inf T IqT(xT;yT) ; (2.29)

T-eo QTE.Q,;:(D)

since Q%(D) is a subset of 6T(D). From (2.19), if qT € Q*(D) then

ta_r(x,;srr) - Iqtm(r);ﬁm) + 1, ([x 3, (e 50y b {E NIN(T)  (2.30)

b

An upper bound to I. (N(T); N(T)), as shown by Rubin (7], is the

%

entropy of a geometric distribution of mean E[N(T)]. Therefore,

18



%(mmjaniznw+méii¥ﬂuo+nmn1mu+z*mun).
T
(2.31)
Since for a renewal point processes
11n £(2D) = ) ; (2.32)
T
as given by the Elementary Renewal Theorem (Smith [30]), then
m T 1 I, (N(T); N(T)) =0 . (2.33)
Tow 4y -
Thus, using (2.30) and (2.33) in (2.29) and taking the limit,
R(D) < Lim  dnf T 0 I, (Hx },{t )0y HaE MIINeD) . (2.34)

T g cQi(D) a1

Hence, from (2.28), Rt(D) is upper and lower bounded by the same

quantity which results in the equality

<1 a
R (D) = lim inf T & I, ([{x },{t });[{y },{E }]1|N(T)) . (2.35)
t oo § eQ%(D) aT n n n n

To get the final result, repeated use of an equality frcm

information theory is made to get for qT € Q%(D)

(Hx 3, (e 350y b, {E 1IN = I, ({x Vidy, }|N(T)

I

" b
+1%«%h&gman{%n+1%u%hwgwun{%n
+ IqT({tn);{En}IN(T), x by, ) . (2.36)

Since the sequences {tn} and {En} do not influence the distortion

measure, for every qT € Q*(D) there clearly exists a q* € Q}(D) such
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that {tn) and {Eu} are statistically independent and statistically

independent of (xn} and {yn) under d.;. and
Iy (s {y }IN(m) = Tgp(ixhs {rp}INem) (2.37)
Then from the independence and (2.36)
ERULRBUHIEARCNLID) 3-1qT(f*n}“’n}|“‘T’)
= IQ%({xn};{yn}IN(T))

3 %([{xn}'{tn}];[{yn}’{tn}llN(T))
(2.38)

Substituting (2.38) into (2.35), taking the infimum over q; € Qé(n),
and not’ng that for every qT € Q'(D) there exists a q%(n) € Q%(D)

that satisfies (2.38), the final result (2.14) is achieved.

Q.E.D

Let the rate distortion function, r(D), for a single letter

be defined by
r(D) = inf I (X3Y) ’ 0<D<D <p (2.39)
q¢ Q(D) q max max
where
Q= {q: Eq(o(x.y) <D} . (2.40)

Then, the rate distortion function of a source emitting randomly
occurring messages is obtained in Proposition 2.2 in terms of r(D).

First note that from information theory r(D) is convex and that
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r(D) is assumed continuous.

Proposition 2,2

The rate distortion function Rt(D) of a source emitting randomly
occurring messages with intensity A (as described in Section 2.1)

under a time averaged per-message distortion measure is given by
Rt(D) = ) r(D/1) (2.41)

where r(D) is given by (2.39).

Proof
Let qg be the conditional probability measure generating the

underlying joint probability measure between iT and ,T conditioned

on the event N(T) = N occurring. Furthermore, let qu({xn};{yn}lN(T))

denote the average mutual information between {xn} and {yn} given

N(T) = N with respect to qg.

Now define for all N > 0
Q.';(D) = {qu Bq!;["r“"n}'{yn})'“m =N] <D and
B l1ND) = A(T) |N(T) = N] = 1} (2.42)
and
0, = {(by 2 0, N = 0,1,2,00a} Eyqy) < 1] (2.43)

where E(DN(T)) is the expected value of the random varieble “h(r)'

For any qT € Q;(D) it 18 clear that the sequence
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B - EqT[pT({xn},{yn})IN(T) = N] Ne® 3, 2. oue (2.44)

satisfies {DN} € DT(D)° Furthermore, §,_, can be decomposed in the

T
following manner:

4= oy INMD =W (2.45)
N=0
where for all N > O, q¥ € Qg(DN) and Dy satisfy (2.44).
In a similar manner, if {DN} € DT(D) and q,}: € Qz(DN) for all
N > 0, then §, is given by (2.45) and q, € Q}(D). Hence, it 1is easily
shown that
inf I, ({x };{y_}|N(T))
ey ¥ "0

= inf E{1 Ux_};{y_}|N(T))} (2.46)
{Dy} € D (D) RM 0" n

N

q-r € Q:(Du)o Nlo

So, applying Fatou's Lemma (see Rudin [31]) to (2.46), the following
bound is obtained,
inf I, ({x_};{y_}|N(T))

ey & *0

> inf E( inf I ner)({x };{y _}|N(T))}

~ {D,} ¢ D_(D) N(T) __N(T) U S A

w B ap el (®y(r)’ (2.47)

Now let ¢ be an arbitrary positive number. Now for every D and N

there exists a a: € Qg(n) such that

€
Tg((x )3 (y Hmm) - S rquxn}.{yn)lmrn'r; (2.48)
9y € Qqp(D)
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and a sequence {5N} € DT(D) such that

E{ inf I N(m) (x Y3y _}N(D)}
a Yy N(T)
- inf E{ inf ¥ Ux_};{y HN()} + €/2
{0} € D.(D)  N(T) N(T) Gg(T)" " m
N T p € (DN(T))

(2.49)

Hence, using {6N} that satisfies (2.49) and a: € Q:(DN) that satisfies

(2.48), equation (2.45) determines qT € Q%(D) that satisfies
Ty ((x,)3ty,) IND)

- inf E{ inf Iq“(T)({xn};{Yn}lﬂ(T))} +e

{DN} £ DT(D) q:(T)e N(T)

Qp " (Py(qy) (2.50)

Since ¢ is arbitrary, taking the infimum of (2.50) over qT € Q%(DL

the reverse inequality of (2.47) is produced, and

inf IqT({*n}‘{yn}|N(T))

4y € Q(D)
=  dnf E{ inf I geryix by HIN(T)Y  (2.51)
q n n
{Dg} € 0(D) qg(r) . :‘T)‘Dn)
Now inf T y({x }i{y }IN(T)) 1s equal to the N*" extension of

q: € Qg(D)
the rate distortion function, with respect to a per-letter distortion
measure p(*,*), of a source with letters {xn eX,n=0, 1, 2, ,ee, N}

vhich are independent and identically distributed. So, it is clear

that
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inf I_nUx };{y }|N(T)) = N r(DT/N) (2.52)
N__N q¥ A
qp € Qp(D)

Using the result from Proposition 2.1, and substituting (2.51)

and (2.52) into (2.16), it is concluded that

Rt(D) = lim inf E{((N(T)/T) r(D

T/N(T))} (2.53)
T {DN) € DT(D) "™

Since r(D) is a convex function of D, Jensen's inequality gives
E((N(T)/T) ©(Dy gy T/N(D)} 2 ELN(T/T) e/ (T7IN(T))} (2.54)

which is valid for all {DN} 3 DT(D) and all T > O, Hence, from (2.52)

the sequence {D“} given by
Dy -D/E(r'ln('r)) bR E0 152 e

is an element of DT(D). and achieves the infimum in (2.51) for all

T > 0. This implies that
R, (D) = lim E(N(T)/T) £ (D/E(T"1N(T)) (2.55)
To

Finally, using (2.31) and noting the continuity of r(D), the required

result (2.41) is achieved.

+E.D

In evaluating the rate distortion function (2.14) a limit is
taken with respect to the time period T. In an analogous manner
a rate distortion relationship, lt(n). can be defined by taking a

limit with respect to the number of messages. For that purpose,

R —.




define, in an analogous manner to iT and iT, iN and 9N by

Ry = [x by (e 1) (2.56)
and

9 = Uy dg (€ 0 (2.57)

where {xn}N, {yn}N, {tn}N and {tn}N are sequences representing the first
N messages, reproductions, times of arrivals of messages and reproduc= .
tions of the times of arrivals, respectively. Then, let p§ *,*) be the
distortion measure given by
N-1
ofx, 30 =2 7 etx, y) (2.58)
N iN' N N 1 el T ;
n=0
which is the analogous to the distortion measure given by (2.12).
Now ﬁt(D) is defined, with respect to the distortion measure p; ),
by

R (D) = 1im inf (A/N) I (%.; ¥.) (2.59)
F e gy e quD) G W

where q“ is a conditional probability measure and
N-1
Qq = {3y Eqn 1(0¥2))) nzl p(x » y )] <D} . (2.60)

The following proposition asserts that taking the limit with
respect to time (T + =), according to (2.14), or taking the limit
with respect to the number of messages (N -+ =), according to (2.58),

the same rate distortion relationship is achieved.

25




Proposition 2.3

The rate distortion relationship ﬁt(D) defined by (2.59) is
equivalent to the rate distortion function Rt(D) defined by (2.14)
for sources emitting randomly occurring messages described in

Section 2,1. Thus, for all D >0

ﬁt(n) - Rt(D) : (2.61)

Proof
Using a result similar to (2.38), ﬁt(D) is given by

R (D) = 1im  1nf /N 1_ ({x_}.; {y }) (2.62)
t Noreo qN 3 QN(D) qk n'N n'N

Now 1inf I, ({x 1.5 {y }.) is given by the N® extension

& e (D) qN n' N n'N

N € O
of the rate distortion function of a source with letters x, € X which
are independent and identically distributed. Hence, in a manner similar
to (2.52)

inf I ({x_}.; {y }.) = N r(D/)) (2.63)
qN . qu(n) 9y 0 N n'N

R, (D) = 2 r(d/2)
- nt(n) (2.64)

by Proposition 2.2.
g.E.D
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Another distortion measure, that is of a similar form to

o;(iT. 9T). is the per-message distortion measure given by

1 MO
N(T) plx , ¥ ) ,» 1€ N(T) < R(T)
=1 n n
pp Xy ) =
-1 N(T) o
N(T) [nzl p(x_,y )+(N(D)-N(T))p 1, 1f N(T) > f(T)

(2.65)

The rate distortion function, Rm(D), under this distortion measure

is defined as

R (D) = 1im inf I, (%5 9.) (2.66)
» Toreo q,re?zg(n) a4 At

where
m m
U® = (i Ey (plRys Ip) <D} (2.67)

In a similar manner to the definition of Rt(D), a rate distortion

relationship ﬁh(D) can be defined as

R (D) = 1im inf (A/N) T, (s ) (2.68)
n N
it qN € Q:(D) qN
where
- -1 N-1
Qu(D) = (Q:E, (N ) p(x s y,)) <D} . (2.69)

qN n=0

Proposition 2.4 shows the equivalence between R (D) and ﬁi(D).
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Proposition 2.4

For sources emitting randomly occurring messages which are
described in Section 2.1, the rate distortion functionm, Rm(D), defined
by (2.66) and the rate distortion relationship, ﬁm(D), defined by

(2.68) are given by
Rm(D) = Rm(D) = A r(D) (2.70)
where r(D) is given by (2.39).
Proof
First, ﬁt(D) as defined in (2.59) is related to ﬁm(D) by
Rm=Ron . (2.71)
So, from Proposition 2.2 and 2.3
ﬁm(n) =1 r(D) (2.72)

Now using the same reasoning which is used to develop (2.53),

Rh(D) is expressed as

R (D) = 1im inf E{N(T)/T x(D
- Ts=  {D }eD (D)

N(T))} (2.73)

vhere DT(D) is given by (2.43). To evaluate (2.73) define the set

Aur(e)o € >0, by
(e) = {N: N 1is a positive integer, |!-- Al < €}, (2.74)
Ar T

and the indicator function IAT(C)(.) by
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L )

1 if N e AT(C)

I (N) = (2.75)
(e)
AT 0 otherwise
Letting PT(E) be given by
PT(E) = Pr(N(T) ¢ AT(E)) ’ (2.76)

the following upper and lower bounds are generated when € is chosen

such that PT(e) < D/Dma:=

inf E{(N(T)/T) r(D )I (N(T)) }
(0} € D (D) N(T) " Ap(e)
< inf E{(N(T)/T) r(D )}
(g} € O (D) b
< inf E{ (N(T)/T) r(D )1 (N(T))}
S N(T) (e)
(D} € Do(D-D___ P, (c)) N

+ r(Dmax) PI(AT(E)) . (2.77)
Since for N(T) ¢ AT(e), it is easily established that
(A=) cND/TL A +e) . (2.78)

So, substituting (2.78) (2.77) and using Jensen's inequality,

it is easily seen that

-

(=€) (1 = P(e)) (D) < inf E{(N(T)/T) r(Dy(qy)}

{DN} € DT(D)
< (Me) (1 - Pr(c)) r(D - D-.‘ Pr(e)) + r(Dn.x) Pr(e) (2.79)

Using a result from renewal theory (see Smith [30])
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1im N(T)/T = A Wepel, (2.80)

T
it is easy to show 1lim PT(e) = 0 for all ¢ > 0, Hence, the limit

T

with respect to T of (2.79) is given by
(A - ¢€) r(D) E.Rm(n).i (A +¢€) x(d . (2.81)

Since € is an arbitrary positive number, equation (2.70) is obtained.

Q.E.D

Thus, the limiting procedure used in the definition of the rate

distortion function can be applied in terms of time (1lim) or number
T-boo
of messages (lim). The coding theorems in Section 2.3 establish the
N>

- importance of this result. They establish that source coding proce- )

dures can be used to encode blocks composed of a fixed number of

messages, rather than encode blocks of fixed time durations.

2.3 Source Coding Theorems

The source coding theorems established in information theory
(see, for example, Gallager [3], Berger [4]) provide an
operational definition of the rate distortion function, R(D). For
a wide class of sources, such theorems establish the existence of a
block code, used for encoding the source, whose rate is R(D) + €.
Furthermore, this code yields a distortion level less than D + ¢

vhere ¢ is an arbitrary positive number. Converse coding theorems

establish that no block code, used for source encoding, exists that 3
30
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has a rate less than R(D) and yields a distortion level not larger
than D. When considering sources that emit randomly occurring mess-
ages, which are described in Section 2,1, the above type of source
coding theorems for rate distortion functions Rt(D) defined by (2.14)
and Rm(D) defined by (2.66) can be proved. These theorems do not
make use of the nature of the communication network involved. 1In
this section, another operational definition of the rate distortion
function for sources emitting randomly occurring messages is shown
to exist by proving a different set of source coding theorems which
use concepts relevent to the operation of communication networks,
First, consider the normal scheme of encoding blocks of duration
T of the source described in Section 2.1 with a block code. For the
implementation of such a coding scheme define a set N(T) consisting

of values of the number of arrivals, N(T), in a duration T such that
P (N(T) ¢ N(T)) < ¢ (2.82)

where € > 0., For each N(T) ¢ N(T) a different block code is used

to encode the messages, and also, N(T) must be encoded in a distortion

free manner. Then, a source coding theorem can be derived in the

usual manner by letting the block length T become arbitrarily large.
The disadvantages of such an encoding scheme are that an extremely

large code book is required which adds complexity, and overhead

information must be included to encode N(T). Therefore, it would

be advantageous to be able to encode in a block a constant number of

messages N, and thus, reduce the size of the code book and remove

the requirement of encoding N(T). Then the question of how to define
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the rate of such a message must be answered.

This question is answered by observing that in any communication
network buffers are placed at various positions in the network. The
purpose of the buffers is to smooth the flow of data by storing
the randomly arriving data streams prior to transmission. Making use
of a buffer which follows the source encoding procedure, the encoded
version of the source is assumed to be placed in a buffer. The
information stored in the buffer is further assumed to be released
or transmitted from the buffer at a constant rate, r, when the buffer
is not empty. So, two measures of the performance of such a block
encoding scheme, which encodes a source using a fixed number of
messages, are r and the average distortion level the code yields.

A third element of the performance of such a message block
encoding scheme is the average message delay, y, of a message due to
source encoding. The quantity y represents the average time it takes
a message after being encoded to leave the buffer which follows the
source encoder relative to the time of arrival of the message. The
three components of y are the delay introduced in collecting a fixed
block of messages, the queueing delay in the buffer, and the time to
transmit the encoded message out of the buffer. It is clear that Y
must be finite to insure the realizability of the encoding scheme.
Since without this restriction, the rate r could be arbitrarily
small, and the code would still yield a distortion level D, but
information would be accumulating in the buffer causing the limiting

average message delay to be unbounded.
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Using this concept of delay, Theorem 2.1 and Theorem 2.2
establishes an operational definition of the rate distortion function
Rt(D) or Rm(D). This definition states that Rt(D) or Rm(D) is the
smallest rate of transmission out of the buffer such that the limiting
average message delay, Yy, is finite and the code used yields a dis-

tortion level not exceeding D.

Theorem 2.1 (Source Coding Theorem for Network Message Sources)

Consider the network message source described in Section 2.1
with finite first and second moments of the interarrival time. Let
p(*,*) be a given single letter distortion measure.

Let Rm(') of equation (2.66) denote the rate distortion function
of the source with respect to the average message distortion measure
(2.65). Then given any € > 0 and any D > O, there exists a (D + ¢)
admissible message block code and a rate of transmission r < R(D) + ¢

which guarantees a finite limiting average message delay.

Proof

Consider (n, m) message block coding schemes which code n
messages using a code containing g code words. From the source
coding theorem for sources from abstract alphabets in Berger [4],
it is shown that for any ¢ > O, and any D > O there exists m and n

such that a (n, m) coding scheme is (D + ¢) admissible and
m < nfr(D) + 3] (2.83)

where r(D) is given by (2.39).
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Using a (n, m) coding scheme, the buffer which receives the
code words behaves as the queue in a GI/D/1 queueing system whose
interarrival times are the corresponding sum of the arrival times
of n messages, and whose service times are equal to m/r. Fixing

€ >0, and D > 0, and letting
r = Rm(D) +e=2r(D) +¢, (2.84)

for some message block coding scheme, (n, m), which is (D + ¢)
admissible, the ratio p of the mean service time, m/r, to the mean

interarrival time, nA-l, is bounded using (2.83), and (2.84) by

Mo A[x(D) +e/A]
r/m Ar(D) + ¢

S (2.85)

Since p < 1, the result of Kingman [32] for a GI/G/1 queue can be
used to bound the limiting average queueing delay, ﬁ, of a message
in the buffer by

n02+02

ﬁ i—-—!__l__s_— . (2.86) -
2nA “(1-p)

The quantity o . is the variance of the message interarrival time

T
and the quantity asz is the variance of the service time which is
equal to zero for the case under consideration since the service
time is deterministic. This implies that W is finite since the
first two moments of the message interarrival time are finite. ’
Furthermore, for any (n, m) coding scheme and r > 0, the transmission

delay and the delay associated with collecting n messages are finite.

Consequently, a message block code can be found whose limiting average }

S
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delay y, which is the sum of the three delay components, is finite,

Q.E.D.

The corresponding converse of the theorem is stated in

Theorem 2,2.

Theorem 2.2 (Converse Source Coding Theorem for Network Message Sources)
Under the conditions of Theorem 2.1, there exists no D-admissible
message block code with an associated transmission rate, r g_nh(n)

which guarantees a finite limiting average message delay.

Proof

As in the proof of Theorem 2.1, consider a message block coding
scheme which codes n messages using a;code containing 2" code words.
From the converse to the source coding theorem for sources from
abstract alphabets in Berger [4], it is established that there exists
no D-admissible (n, m) block code encoding n messages into m bits

with
m < n r(D) (2.87)
Now assume that there exists a D-admissible (n, m) code with
m>nr() . (2.88)

The buffer that follows the encoder behaves as a queue in a GI/D/1

queueing system with mean interarrival time nx-l and with mean service

time m/r. Letting »
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r<RO , (2.89)

the ratio p of the mean service time to the mean interarrival time is

bounded using (2.88) and (2.89) by

m/r _ A r(D
p = 2 > Tm((% (2.90)

Consequently, substituting the value of Rm(D) from (2.70), p > 1 1is
obtained. From Lindley's theorem, Lindley [33], for p > 1, the limit~

ing average queueing delay is infinite. Therefore, y is infinite.

Q.E.D

Thesewiegplts extend readily to the time average per-message
distortion measure and the associated rate distortion function Rt(D)
defined in (2.41). Corollary 2.1 establishes the source coding

theorem and its converse for this case.

Corollary 2.1

If in Theorems 2.1 and 2.2 the rate distortion function is
replaced with the rate distortion functionm, Rt(D)’ defined with
respect to the time average per-message distortion measure (2.12),

then the theorems remain valid.

Proof

Since Theorems 2,1 and 2,2 are valid for all values of distortionm,
they must be valid for all distortion values of the form D/) where

D > 0. Now a D/A-admissible message block code is a time average
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D-admissible message block code. So, by Propositions 2.2 and 2.4
Rt(D) - Rm(D/X) (2.91)

and the result follows.

.E.D

From the proofs of the theorems a number of observations can
be made. As the excess distortion approaches zero (¢ » 0), the limit
of the average message delay becomes arbitrarily large. Furthermore,
as € > 0, the percentage of time the buffer is empty becomes arbitr-
arily small, and idle periods in transmission occur infrequently.
Hence, information is being transmitted from the buffer at a uniform

rate, ¥ = R(D) + ¢ almost all the time.

2.4 Information Transmission Theorems

The source coding theorem and its converse stated in Section 2.3
establish bounds on the performance of source encoders. These theorems
together with the noisy-channel coding theorem, Gallager [3] and its
converse, establish bounds on the performance of a communication
system. The communication system to be considered is depicted in
Figure 2.1 where the system is restricted to a single source-user
pair and the communication network consists of a single discrete
memoryless channel with channel capacity, C. The information trans-
mission theorem and its converse theorem which follows, specifies
for the communication system and a source emitting randomly occurring

messages, the theoretical limit of the fidelity of the source
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reproduction at the user,

Theorem 2.3 (Information Transmission Theorem for Network Message

Sources)
Let the single lettered distortion measure p(*,*) be bounded by
P. Then for all £ > 0, for the source of Theorem 2.1 and for any
discrete memoryless channel of capacity C, if C > Rm(D) + ¢, there
exists a message block code which can reproduce the source with
fidelity (D + €) at the output of the channel and can guarantee

a finite limiting average message delay.

Proof

Assume the discrete memoryless channel can transmit one of a
finite number of channel symbols and the rate of transmission is
r[channel symbols/sec]. Now consider the coding scheme which first
uses a message block code to encode the source, and then the resulting
code words are channel encoded using a block code and sent to a
buffer to await transmission. Certainly, the result of the two
coding operations is a message block code.

To evaluate the performance of such a scheme, the source coding
theorem and the noisy channel coding theorem are used. Assume € > 0
and D > 0., Using Berger's [4] result for coding of sources with
abstract alphabets, there exists a (D + ¢/2)-admissible message
block code, (n, m), which encodes n messages and has 2™ code words

where

m < n[r(D) + ¢/21) --;l (R (D) + %1. (2.92)
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Since the sequence of arriving messages are independent and identically
distributed, the sequence of code words are independent and identically
distributed. Thus, the noisy-channel coding theorem, Gallager [3],

for a discrete memoryless channel applies., It states that a block
code, (N, M), can be found that encodes N code words in a distortion

free manner into M channel synbols such that

€ meN
C—2<Tor (2.93)
and
Pr(block error at the receiver) < ¢/2P (2.94)

when the channel symbols are transmitted at rate r. Therefore, the
scheme utilized is (D + c¢)-admissible, since the sum of the distortion
due to source encoding and due to channel errors is less than D + €.
Now the channel and buffer represent a GI/D/1 queueing system where

a channel code word is the commodity to be serviced. The inter-
arrival time of channel code words is the sum of nN message inter-
arrival periods. Thus, for this system the service time is Mr-l (a
deterministic value), the mean interarrival time is nNA-l, and the

ratio p of these quantities is bounded using (2.93) by

=1 R (D) +¢/2

Mr
p = € —— (2.95)
nnl-l C - ¢/2
Since
R-(D) +e<C , (2.96)

p < 1 is obtained. As in Theorem 2.', cthe condition that the second
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moment of the message interarrival is finite implies that the limiting

average message delay is finite for a message block code.

+E.D

Similarly, the converse theorem states the following.

Theorem 2.4 (Converse Information Transmission Theorem for Network
Message Sources)

It is impossible to reproduce the source of Theorem 2.2 with
fidelity D at the receiving end of any discrete memoryless channel
of capacity C g.Rm(D) using a message block code which achieves a

finite limiting average message delay.

Proof

As in Theorem 2.3, assume the discrete memoryless channel can
transmit one of a finite number of channel symbols and the rate of
transmission is r[channel symbols/sec]. Now consider a block code

which codes n messages using a code containing ZN code words where

each code word is represented by M channel symbols. From the converse

to the source coding theorem for sources from abstract alphabets

(Berger [4]), for the block code to be D-admissible, it must satisfy

N>nr(D) =3 R (D) (2.97)

Now the buffer and channel form a GI/D/1 queueing system with the
transmission time of a code word being equal to the service time of

the queueing system. For this system, the service time is Hr-l,
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the mean interarrival time is nA-l, and the ratio p of these quanti-

ties is given by

p=—x . (2.98)

There are two cases to be considered. First, the case p > 1,

which implies
Mr = > n) £ (2.99)

By Lindley's Theorem (Lindley [33]), the limiting average message
queueing delay is infinite, which implies the limiting average message

delay is infinite. In the second case, p < 1 which implies

Bremt . (2.100)

Now the amount of information transmitted per unit time is, R, given

by
2 R (D)
R=1 B (2.101)
Mr
and by (2.100)
R>R (D) . (2.102)
m

But for Rh(D) > C, R > C and therefore from the Converse Information
Transmission Theorem (Berger [4]) the block code does not yield a

distortion level less than D.

Q.E.D
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As in Section 2.3, the results extend to the time average
per-message distortion measure and the associated distortion function
defined in (2.14). Corollary 2,2 establishes the information trans-

mission theorem and its converse for this case.

Corollary 2.2

Theorems 2.3 and 2.4 remain valid, if the rate distortion function
is replaced with the rate distortion function, Rt(D), incorporating

the time average per-message distortion measure (2.12).

Proof

Same technique as Corollary 2.1.

Q.E.D

The rate distortion function Rm(D) is given an operational defini-
tion in terms of a communication system by Theorems 2.3 and 2.4. The
theorems show that transmission of information using a message block
code with a fidelity constraint D and with a finite average message
delay constraint over a channel of capacity C is possible if
c> Rh(D) and is impossible 1if Rm(D) 6. 1 Rh(D) > C, then trans-

mission can be achieved if one of the two constraints is removed.

2,5 Conclusions
This chapter discussed the performance bounds of source encoding
under a fidelity criteria for sources found in communication net-

works. The source model of network message sources was presented.
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The rate distortion function for this source was calculated and was
shown to be equal to another rate distortion relationship. Source
coding and converse source coding theorems were proved. These
theorems provided an operational definition of the rate distortion
function in terms of the existence of message block codes which
satisfy the distortion criteria, and have a finite limiting average
message delay associated with them. This chapter concluded with a
discussion of the information transmission theorems for network

message sources.

ot

b4

I T 1




)

o

CHAPTER III

DELAY DISTORTION RELATIONSHIPS AND ADAPTIVE DATA COMPRESSION

The proofs of the info;mation transmission theorems in Chapter II
have indicated how to construct coding theorems which approach the
performance predicted by the rate distortion function. These schemes
have an arbitrary large message delay associated with them. Large
message delays imply a structurally complex communication system
(large buffer sizes required), and degraded service to the subscribers
to the network. Therefore, for the design of actual networks, a more
meaningful performance measure than the rate distortion function
is the delay-rate-distortion relationship. The latter gives the
minimum average message delay when constraints are placed on both
the rate of transnission, and the fidelity of the reproduction of the
source. For a given network configuration with a fixed rate of
transmission, this relationship reduces to the delay distortion
relationship which this chapter discusses. The network configuration
and the delay distortion relationship, y(D), are introduced in
Section 3.1. 1In Section 3.2, an adaptive data compression scheme is
presented. This scheme utilizes a decision policy to minimize the
average message delay for a given distortion level D, resulting in
the delay distortion relationship YA(D)' The techniques from Markov
decision theory that pertain to the analysis of the adaptive data
compression scheme are presented in Section 3.3, Finally, using

these techniques the structure of the optimum decision policy for a
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single channel network is determined in Section 3.4. This network

is an adequate model of a satellite channel or a radio relay channel.
The technique developed here to determine the optimum policy can also
be applied in the optimization of controls in a variety of other

queueing and flow control problems found in networks.

3.1 The Delay Distortion Relationship and the System Model

In a communication network, messages which are transmitted to
distant users accrue time delays. As the information contents of the
messages increases, the demands on the network are heightened and the
uessage delays are increased. For many message sources, such as analog
vaveforms (speech signal, telemetry waveform), to achieve an acceptable
level of message delay for the transmission of a message through an
existing network, the messages must be approximate prior to trans-
mission., The messages are approximated by other messages, termed
compressed messages, whose information contents are smaller than the
information contents of the original messages. Since the compressed
messages are approximations to the original messages, the fidelity
of the reproduction of the messages is degraded. However, at the
same time, the message delay has been reduced. As an example, consider
the transmission of voice or other random analog waveforms through a
packet-switching store-and-forward communications network, such as
a computer communication network described in Kleinrock [10], or
through a TDMA system such as a satellite communication network
described in Abramson and Kuo [7]. From information theory, the

entropy rate of such a source is unbounded, resulting in unbounded




message delays for any network realization 1if the messages are

not approximated. Hence, an appropriate method of approximating or
data compressing the messages is required, to ?nsure that tolerable
levels of message delay and fidelity are achieved.

To study the trade-off between delay and distortion, Rubin [13]
introduced the delay distortion relationship, y(D). For a given
source model, network, and routing procedure associated with the
network, this relationship specifies the minimum message delay achieved
when choosing a scheme among all data compression schemes belonging
to some class of data compression procedures which achieve a fixed
distortion level. In order to define y(D), let T(dc) be the message
delay for the given models, and for a data compression scheme dc.
Furthermore, let DC be a class of data compression schemes. Then the
delay distortion relationship is given by

y(D) = dinf T(dc) (3.1)
dceDC(D)
where
DC(D) = {dc ¢ DC: average distortion level associated with dc j_D}.

(3.2)

The source model considered in the etudy of y(D) is the model
described in Section 2.1 which emits randomly occurring messages.
The renewal process which describes the message arrivals is assumed
to be a Poisson process. Thus, the interarrival distribution function

is given by

F (D) =1- P ot LTS t>0 . (3.3)
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where A-l is the mean interarrival time. This model of the message
arrival process is used extensively in the analysis of communication
networks and queueing systems. Further justification for the Poisson
assumption are the limit theorems in Khinchine [34]. These theorems
provide, under certain regularity conditions, that if the arrival
processes of various sources are independent, then the superposition
of the arrival processes approaches (as the number of processes
increases and the individual process rate decreases) a Poisson process.

The fidelity of the reproduction of the source at the user is
measured via the average per-message distortion measure given by

<9 N
D=1limsup N = ) d (3.4)
N n=0 "

where dn is the average distortion associated with the nth message.

So, dn is given by
e E[o(xn. yn)] (3.5)

where p(*,*) 1s the per-message distortion measure described in
Section 2.1, x € X is the nth message, and Xy & Y is the nth repro-
duction.

The network considered is an isolated path in a communication
network which operates in a store-and-forward manner depicted in
Figure 3.1. The path consists of M channels connected by nodes which
store messages received in an incoming channel until the corresponding
outgoing channel is free to retransmit the message. The messages are

then transmitted on a first received, first transmitted basis. Each

channel or branch, bn’ is assumed to transmit information bits about

-
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the source at a rate Cm‘ where C- is assumed to be less than the
capacity of the nth channel. The channel model is assumed to incor-
porate the appropriate channel and decoding procedures which allow
the channels to be regarded as noiseless. Thus, C;]‘[sec/bit] is the
transmission delay in the nth channel.

The class of data compression schemes considered utilizes data
compressore which operate on each message independently of the other
messages. These data compressors are assumed to satisfy a rate
distortion relationship T (D)[bits/message] where D is the average
distortion accrued per-message after compression. Thus, the trans-
mission time in the nth channel of a message compressed by a data
compressor, with an associated distortion level D, is

£(D) 0;1[ sec/mess].

3.2 Adaptive Data Compression

For the source and network model described in Section 3.1,
there are many classes of data compression schemes that warrant
consideration. These schemes vary from deterministic processing
schemes to schemes which dynamically adapt to the sources, and the
state of the network. The delay distortion relationship, defined in
Section 3.1, is a means by which the relative performance of various
classes of schemes can be evaluated.

First, consider a deterministic scheme which uses a single data
compressor with distortion level D. Assume the data compressor is

selected from the class of fixed length data compressors which yield

R
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a per-message rate distortion relationship r(D) where r(D) is
described in Section 3.1. Then clearly, the message queueing delay
is equivalent to the queueing delay of a customer in a M/D/1 tandem
queueing system with Poisson arrivals of rate A, and message service
times in the m'" channel, m = 1, 2, ..., M, equal to £(D) C;l. From
Rubin [12] the limiting average message delay, TI(D)’ associated
with this data compression scheme is given by the sum of the trans-

mission delay and the queueing delay, and so,

a -1
M r(D)C A
A a=1 min A r(D
mzl e W e s T, - VRD DD, 00
'rl(D) - (3.6)
w » £D <D (A)
where
Cpyn = min Co (3.7)
me(l,2,...,M]
and
D, ) =tlc. N . (3.8)
min min

The delay distortion relationship, YT(D)’ for such a scheme
which uses a single data compressor is given by minimizing the limit-
ing average message delay over all data compressors in the class of
data compressors which yield a distortion level of D or less. So,
from (3.1)

M
(D) = inf T. (D) ' (3.9)
N1 fep 1
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Then assuming r(D) to be a strictly decreasing function of D and

using (3.6), the delay distortion relationship reduces to

Yy (D) = T,(D)

Moo o
M r(D) C a
- -1 min A (D)
- » 1£D<D ()
(3.10)

which is easily evaluated.

The scheme using a single data compressor can be extended by the
introduction of K-1 additional fixed length data compressors. So,
a message arriving proceeds immediately to one of the K data com-
pressors. Following its compression, the message enters a buffer
and awvaits transamission in the network. The decision policy v which
directs the messages to the various data compressors is an element
of a wide class of decision policies Il which is specified later. The
policy can be random or deterministic, stationary or time varying,
dependent or independent of the past history. The major restriction
placed upon this policy is that it be causal. Thus, it can not be
dependent upon explicit knowledge of future events. Such a scheme
is depicted in Figure 3.2,

For such a scheme to operate it is imperative that the decoder
and user be informed which data compressor was used to operate on
a given message. Without this knowledge, the performance of all but
the simplest deterministic policies are considerably degraded. To
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provide this information, protocol information needs to be transmitted
through the network. The protocol information used to inform the
decoder is modelled as a fixed bit length segment Px which is
attached to the bit length of the compressed messages. Hence, the
total bit length of a message following compression by a compressor
with associated distortion level D is (D) + Py

Observe that the limiting average message delay and the average
distortion level for a scheme using K data compressors may not exist
for all policies under consideration. So, in order to determine the
delay distortion relationship, let wn’m be the waiting time of the :
nth message in the buffer associated with the mth channel, and let

dn be the average distortion level associated with the data com-~

pressor that compresses the nth message. Then the average delay as

a function of the policy m and the collection of average distortion
levels {Dk’ k=1, 2, ..., K} associated with the K data compressors

is expressed by

X
X o N1 M : A
(D)) = 1im sup N nZO x"{mzl ["n,n + (E(d) + piC "1} (3.11)

where all the buffers are initially assumed to be empty. This expres-
sion assumes that the total message arrives at the instant of arrival
and that no delay is accrued from the compressing procedure itself.
In a similar manner, the average distortion is given by
Dy({D,)) = lim sup ' Nfl E () . (3.12)
" Moo pe0 " O
Then, the delay distortion relationship for schemes which use

K data compressors is given by




M
YD) = inf ™D, 1) (3.13)
K men(D;{D, }) Tk

(0,>0,k=t,2,...,K}

where
nm; (0} = {r ¢ N: pX({D,}) <D} .

Taking the minimum of y:(D) over all possible values of K, the delay

distortion relationship yﬁ(n) for adaptive schemes is expressed by
Ao = ata o) . (3.14)

Kell;2,...]

There must be a finite K attaining the minimum in (3.14). This is

due to the protocol information, Pg» being an increasing function of

K and so, eventually, as K increases, the message delay in the network

will be unbounded due to the excessive amount of protocol information.

Thus, the optimal adaptive scheme uses a finite number of data

compressors,

In order to compute yﬁ(D), the problem of finding Yg(D) must be
considered first. Once yg(D) is determined, yﬁ(D) is the lower
envelope of the curves yg(D), K=1, 2, ... . To evaluate yz(D),
introduce the Lagrange multiplier y > O and define the function

K
X, 1) by
~ LD = Th({D, D) + u DD D) (3.15)

So, if the infimum operation in (3.13) can be replaced with
the corresponding minimum operation (which is shown later to be

valid), the expression for y:(n) reduces to
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y:(D*) = { min min Lﬁ({Dk})} - uD* (3.16)
[Dk_>_0, } mell
k=1,2,...K

where
D* = DK ({D*}) (3.17)
wkt Tk :

and {D} > 0} and 7* ¢ Il minimize L:({Dk}). Hence, (3.16) and (3.17)
describe parameterically the delay distortion relationship as a
function of the Lagrange multiplier u.
To determine when (3.16) is valid, it is necessary to investigate
LK({Dk}). given by
Ko b = e LD, (3.18)
well

and ascertain if there exists a n* € I which satisfies
K K
L ({Dk}) - L"*((Dk}) g (3.19)

This investigation cszn be achieved by corsidering the following problem,
vwhere the network is restricted to a single channel with transmission

rate C. The tandem channel case is treated in Chapter V.

Single Channel Adaptive Data Compression Problem (SCADCP)

Consider a data compression system, as described in this section,
which uses K data compressors whose associated distortion levels are
Dk' k=1, 2, ..., K. The communication network is a single channel
of transmission rate C. The state of the system is observed at times

of arrivals of messages. When a message arrives it must be assigned

56




e e

to one of the K possible data compressors for compression. Let the
state of the communication system at the instant of the nth message
arrival, n =0, 1, 2, ..., be defined as LI The state X, is defined
as the vector whose components are the waiting time, Voo of the nth

message, and the interarrival time, T between the n-1 message and the

nth message arrival times. Thus,

=
x (vh, rn)

and the state space is given by X = ([0, =) x [0, »)). The decision

th

at the n arrival is a € (1, 2, ..., K], where a indicates the

th

compressor that operates on the n~ message. The history Hn of the

communication system up to the nth arrival is given by

Hn - (xo. 80s Xyp 815 coey Xy an) . (3.20)

Clearly, Hn is a sufficient exhaustive description of the history of
the communication system, since the communication system can be consi-
dered to be a single server queueing system, and the past history of
such & queueing system is specified by the past interarrival times

and the past service times. From the recurrence relationship for

the waiting time of a queueing system, Vol is given by

w

b > -.x('n + t. = Toel? 0) (3.21)

n
where the transmission time, tk’ assoclated with a message compressed

by the kth data compressor is given by, k ¢ (1, 2, ..., K],

t, = (x(p) + p‘)c’1 . (3.22)
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So, using (3.19) a version of the transition probability distribution,

Pr(wn+1 < W, Tl S Tllln), is given by

Pr(w <mtmliﬂ%)-hwﬁlim1 <ﬂwwrg,%)

nt+l — nt+l —
F_(T) yif W2 w o+ t“n
= Fr (T) - FT (wn+tan—W) P b i z_wn+tan-w>0
0 » otherwise
(3.23)

A policy n for controlling the system is described by a set of
functions {Q:(Hn_l, xn), k=1, 2, ..., K, n > 0}. The functions
Q:(') are measurable with respect to the sigma algebra generated by

Hn—l and x and the functions satisfy for k = 1, 2, ..., K

q@ ,.x)20 v.p.1 (3.24)
and

£ n

)) Q@ _,, x)=1 w.p.l . (3.25)

k=1

These functions represent the probabilities of choosing the various
data compressors given the past history and the present state. Thus,
Q:(Hn_l, xn) is the probability of operating on the nth message with
the kth data compressor given history uh-l and state X . Denote by
I the set of all such policies.

To measure the effectiveness of a rule 7 ¢ II, a cost structure
is introduced. If the system is in state x ¢ X at the nth arrival

and action & ¢ [1, 2, ..., K] 1is taken, a cost c(x, a) is incurred.
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This cost is given by
c(x,a) = w + t, + uD‘ (3.26)

where x = (w, ). Thus, the average cost ¢(x, ) under rule v ¢ I,

when the system is initially in state x € X, is expressed by

-1 N-1
o(x,m) = 11;.:\1;) N nZO E"{c(xn,an)lxo = x} . - (3.27)
and
o(x) = inf O(x, ) . (3.28)
well

Clearly from (3.11), (3.12) and (3.15)
K
Ln({Dk}) = ¢((0,0), ) (3.29)

where li((nk}) is computed assuming the system is originally free

of messages, and then from (3.18)
(o, h) = 0((0,0) . (3.30)

The problem is to determine when a policy n* ¢ Il exists such that

for all x ¢ X
o(x) = ¥(x, %) (3.31)

The existence of such a policy is established in Section 3.4 by
noting that the process {(xn. an). n=0,1, 2, ...} is a Markov
decision process as described in Section 3.3. From (3.29) and
(3.30) the determination of a 7n* that satisfies (3.31) implies,

the existence of a 7* which satisfies (3.19). The structure of the
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policy w* that satisfies (3.19) is determined in Section 3.4.

3.3 Markov Decision Processes

In this section Markov decision processes are studied with the
emphasis of solving the average cost criteria problem for the case
of unbounded cost functions and nondenumerable state spaces. A
Markov decision process, (see, for example Ross [19]) is specified
by four quantities: A state space, an action space, a law of motionm,
and a reward or cost function. Assume that the state space X is a
complete separable metric space and that the action space is a finite
set A, At timen =0, 1, 2, .,., the state of the process under
consideration is x, € X and action a € A is selected. Then the
history Bn of the process is denoted by the sequence of states

and actioms,
un - {xo. 800 X5 815 eeey X, an} . (3.32)

To specify the law of motion let B be the o-algebra of Borel
subsets of X. Then assume that for every x € X and a € A, there is
a known probability measure Pr(:|x,a) on B such that, for some

version of the measure,
Pr(x ,, € len -x,a =a, ﬂn-l) = Pr(B|x, a) (3.33)

for every B ¢ B and all histories nn-l'
The actions are selected according to some conditional
probability distribution
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n
Pr(a“ - al“n-l’ xn) = Qa(un-l’ xn) . (3.34)

The functions Q:(Hn_l, xn) are measurable with respect to the
o-algebra generated by the random variables Hn—l and X These

functions satisfy
Q:(Hn_l, x) 20 wp.l (3.35)
and
) Q"M ., x)=1 w.p.l . (3.36)
acA 2 n-1’ “n
Denoted by I the set of all such policies which generate actions

in this manner. A policy m ¢ Nl is said to be stationary if for

allaeAand n >0

(

Q (B _1»x) = Q (x) w.p.l (3.37)

and stationary deterministic 1if Qa(xn) equals 0 or 1 w.p.1 for all
acAand n>0,

The reward function is specified by the cost function c(x,a)
which is the cost incurred when the process is observed in state
x € X and action a € A is taken. The cost function is assumed to
be finite, but not necessarily bounded.

The process {(xn, an), n=0,1, 2, ...} 18 termed a Markov
decision process. Two possible measures of performance of a policy
m ¢ 11 that governs the process are the expected total a~discounted

cost, Va(x,w), given for a ¢ (0,1) by
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n
Va(x,w) = 11;*:up ngo a E"{c(xn.an)lxo = x} (3.38)

and the average cost, ¢(x,7), given by

-1 N=-1
o(x,m) = 11:*:up N nzo E“{c(xn,an)]xo = x} . (3.39)

Minimizing over m ¢ M in (3.38) and (3.39), let

V (x) = inf V (x,7) (3.40)
. well g
and
®(x) = inf ®(x,n) 5 (3.41)
well

Results pertaining to Markov decision processes deal with
establishing when a stationary deterministic policy 7* ¢ Il minimizes
Vc(x,w) or minimizes ¢(x,n). The development that follows discusses
the results for the average cost criteria for processes with unbound
cost functions and nondenumerable state spaces. The results are an
extension of Lippman's [21] results.

To determine when a stationary deterministic optimal rule
exists for the average cost criteria, the usual technique is to find
the limit of the policies which solve the a-discounted cost problem
as a approaches 1. Then ascertain if this limit is the optimal
stationary deterministic policy for the average cost problem.

First, an assumption needs to be made to insure that Va(x,u) exists

and is finite for each a ¢ (0,1), x ¢ X, and = ¢ 1.
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Assumption 3.1

There exists an integer m > 1, a real valued function g(°)

on X with g(x) > 1 for all x € X and a real number b > 0 such that

L = sup {|max c(x,a)|g(x)""} < = A (3.42)
xeX aeA
and for all x e X and forn=1, 2, ..., m,
max I g(x)" P(dx|x,a) < (g(x) + b)" (3.43)
aeA ‘X

Using Assumption 3.1, Lippman [21] proves a theorem which
guarantees the existence of an optimal stationary deterministic
policy for the a-discounted cost problem. The relevent results of
this theorem that are required for the development of the solution

to the average cost problem are stated in the following theorem.

Theorem 3.1

For a Markov decision process, suppose Assumption 3.1 holds,
then an optimal stationary deterministic policy w: exists for the
a-discounted cost problem, a ¢ (0,1), and Va(x,w:) is the unique
solution to

Vu(x,u:) = min {c(x,a) + a I Vu(i,w:) Pr(dx|x,a)} , (3.44)

acA X

the functional equation of dynamic programming. In addition, w: is the
policy which selects an action minimizing the right side of (3.44)

for each x € X.
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Proof

See Lippman [21] for proof.

g.B.D

A consequence of the proof of the theorem is a policy improvement

algorithm for finding Va(x,ﬂ:), which 1s stated in a corollary.

Corollary 3.1

Suppose Assumption 3.1 is valid, and let a ¢ (0,1). Let

Uo u(x) = 0 for all x ¢ X and

Un+1,c(x) = min {c(x,a) + a J Un'u(i) Pr(dx|x,a)} , (3.45)
aeA X
then
Va(x,w;) - i:: Un,a(x) (3.46)
Proof

A consequence of the proof of Theorem 1 in Lippman [21].

Q.E.D

Before proceeding to the average cost problem, a lemma is
presented which is needed to show the relationship between the limit
of the a-discounted cost and the average cost for a policy v ¢ I,

This lemma is an extension of an Abelian theorem in Widder [35].
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Lemma 3.1

Suppose Assumption 3.1 is valid, then

¢®(x,m) > 1im sup (1 - a) Vu(x,n)
atl

for all x ¢ X and 7 ¢ 1.

Proof

Let a € (0,1), and let

N-1 n
n
W (x,m) = lim sup E“{nzo a jzo c(xj,aj)lx0 x}

(3.47)

a
= liz-:up E{l ) s c(xn,an) - — L c(xn,an)]lxo = x}

(3.48)

for all x ¢ X, and v ¢ I, But from Assumption 3.1 for all x ¢ X and

acA
c(x,a) < L g(x)"

and from (3.43) for all m e I, n > 0, and x ¢ X, the bound

E {e(x ,a )|x) = x] < (8(x) + (a-1)b)"

is obtained. Thus, one obtains

o Xl l )
1lim sup E ce(x 3a )ix,. = x) =0 .
N l-=a 7 n=0 n’ n’'70

So, substituting (3.38) and (3.51) into (3.47),
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(3.49)

(3.50)

(3.51)




N-1 a®
W, (x,7) = 11;:013 E'{ngo T c(xn.an)lxo = x}
V (x,7)
a
PR (3.52)
Rewriting (3.52), for all M > 0
(1=a) V (x,m) = W _(x,m) (1-0)?
2 ¥ n o
= (1-a) nzo a jZO E'{c(xj,aj)lxo = x}
2 N-1 a B
+ lim sup (1-a) ] " ¥ E{c(x,,a )|x0 = x}/n
Moo n=Mtl gm0 * 33
(3.53)

Now consider the bounds which state that for all m = M1, ..., N-1

n m'
Zo 3,,{‘3(31:‘3)'30 =x} < sup -1—,- ) lw{c(xj.aj)lxo = x} (3.54)

Nm'>M ™ =0

| N

and

N-1
sa® 4 a

n=M+1 o (1--<:)2

. (3.55)

Using these bounds in (3.53), results in
i % 2 M n 2 | ;
< -
(1-a) (%7 < (1-a) nZO a jzo E'{c(xj,aj) X, = X
m
+1imsup sup aof J B'{c(xj.aj)lxo = x}/m} (3.56)
Mo a>M =0
Taking the 1im sup of (3.56) as a + 1 and noting that for 0 <n<M

n
jzo B'(c(xj.lj)lxo =x) <o , (3.57)
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it is clear that

m
1im sup (1-a) Vu(x,w) < sup { Z E"[c(xj,
atl m>M+l §=0

aj)]xo = x]/m} (3.58)
Thus, letting M become arbitrarily large, and using (3.39), the result,
(3.47), is achieved.

Q.E.D

Further assumptions need to be made to guarantee that some
stationary deterministic policy is average optimal. These assumptions
deal with the convergence of the a-discounted minimal cost function to
the minimal average cost function, and differ from the assumptions

made in Lippman [21].

Assumption 3,2

There exists a state x* ¢ X, a value a* ¢ (0,1), and a real

valued function L(x) on X such that for all a ¢ (a*,1) and x ¢ X
[V Getym8) = Vv (x,18)| < L(x) (3.59)
when w: exists.

Assumption 3.3

There exists a stationary policy %, and an increasing sequence

{an} with a 4 1 that satisfies

®(x,7) = lim sup (l-a_ ) V_(x,7* ) (3.60)
” s n o @

for all x ¢ X.
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A technique for finding 7 in Assumption 3.3 is to place a further
assumption on the problem to force # to be the limiting policy of
{r: }. For the case of a continuous state space, the limit of a set of
polgcies is a difficult concept to define. In verifying the assump-
tions for the SCADCP outlined in Section 3.2, the limit of the policies
n: for the problem can be defined quite easily. Hence, %, which
isnthe limit of the policies, can be found. Section 3.4 discusses
these results.

The following theorem proves that if a Markov decision process
satisfies the Assumptions 3.1, 3.2 and 3,3, then an average optimal

stationary deterministic policy exists,

Theorem 3.2

Suppose Assumptions 3.1, 3.2, and 3.3 hold, then the average
optimal policy n* is a stationary deterministic policy given by
the policy 7 in Assumption 3.3 and for all x € X, ¢(x) in (3.41)

is independent of x.

Proof
From Assumption 3.1 and Theorem 3.1, for all a« ¢ (0,1), w:
exists and is a stationary deterministic policy. From Lemma 3.1
for any increasing sequence {an} with a + 1,
¢(x,7) > 1im sup (1-a ) V_ (x,7) (3.61)
n a

2o n

for all x € X and all m ¢ NI, Since n: is the a-optimal discounted

cost policy, then for all a ¢ (0,1)

e — . b A e 8 e
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(1-a) Va(x,w) > (1-a) Va(x,ﬂ:)

Taking the lim sup with respect to a, and using (3.60) and Assumption
3.2’

¢(x,m) > 1lim sup (1-a ) V (x,7* ) = 1im sup (1l-a ) V_(x*,m* ),
L n’ o « s n’ e a

(3.62)

Finally, since the sequence {an} is arbitrary, applying Assumption

3.3 to (3.62) gives
o (x,m) > 8(x,7) = o(x*,#) (3.63)

for all m ¢ Il, and x € X, Consequently, since (3.63) holds for all

x € Xand 7" € I, then
3(x) = o(x*,7) (3.64)

and

nh =7, (3.65)

Q.E.D

The procedures utilized in Theorem 3.2 differ from the procedures
used in the classical works, as in Derman [17] and Ross [19]. In these
works, first a theorem is proved stating that if the functional
equation, which is similar in nature to (3.44), for the average cost
problem has a solution, an average optimal stationary deterministic
policy exists. Then to show the existence of such a solution, the

limit of the functional equation (3.41) for the a-discounted cost
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problem is examined. This technique requires additional assumptions
beyond Assumption 3.1 - 3.3 to guarantee the convergence of the
functional equations. These additional assumptions might not be
easily verified for Markov decision processes with unbounded cost

functions and nondenumerable state spaces.

3.4 The Structure of Optimal Policy for the Single Channel Adaptive
Data Compression Problem

The Single Channel Adaptive Data Compression Problem (SCADCP)

outlined in Section 3.2 deals with the issue of optimally controlling

the selection of data compressors. This issue can be categorized
as a problem dealing with the optimal control of a queueing system.
The techniques derived from examining Markov decision processes are

used extensive in solving this class of problems. In this sectiom,

-

for the SCADCP where the adaptive compression scheme uses two data
compressors (K=2), the structure of the optimal policy is determined
using the results of Markov decision theory. }
In order to apply the results in Section 3.3 to the SCADCP, it
must be verified that a Markov decision process is being generated
by the communication system under consideration. Clearly, the process
{(xn.an), n=0,1, 2, ...} of the SCADCP is a Markov decision process
since the state space X = ([0,~) x [0,»)), action space [1,2], the
law of motion (3.23) and the cost function (3.26) all satisfy the
requirements outlined in Section 3.3 for a Markov decision process.
Thus, the structure of the optimal policy can be found by using

Theorem 3.2, if Assumptions 3.1, 3.2 and 3.3 can be verified.
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Before proceeding with the verification of the assumptions,
assume without loss of generality for the remainder of the chapter
that the distortion levels associated with the two data compressors

are ordered in the following manner:

(3.66)

Furthermore, consider the two regions,

a=1.C

Region 1: D, <t "G - py)
a=1,C

Region 2: D, >t G Pz) .

For region 1, for every n ¢ I, ¢(x,m) is unbounded as shown in the

following lemma.

Lemma 3.2

If
D, < E-p) (3.67)

then ¢(x,n) is unbounded for every = € Il.

Proof

From (3.22) and (3.67), for k = 1, 2

t, = G@) +pyct 227t (3.68)
and from (3.66),
t, 2 t, (3.69)
n




o —

Expression (3.21) for the waiting time gives

w ) . (3.70)

n+1-max(0, “n+ta -1

n

nt+l

Thus, the policy % which minimizes v for all n > 0 is the policy

that always selects data compressor 2. So, for all n >0

E"(wn|x = xo) > E;'(wnlx = xc) . (3.71)
th
customer in a M/D/1 queueing

system with service time tz, and mean interarrival time A-l. From

Under 7, v is the waiting time of the n

(3.68) the traffic intensity p is given by

p=t,/A>1 (3.72)
and therefore by Lindley's theorem (Lindley [33]), E;(wnlxo = x)
grows without bound (i.e., lim B'(vnlxo = x) = ®), Now using (3.24)

) g and
and (3.25), ®(x,%) is bounded by

-1 N1
¢(x,7) > 1im sup N ) E (w Ixo = x)
o) n=0 “

> 1im sup N1 ) Ba(wnlxo = x) (3.73)
n=0
Thus, ¢(x,7) is unbounded.
g.z.n
Consequently, the region of interest is
-1,C
Dz >r (l - pz) (3.74)

and the following set of lemmas verify the assumptions stated in
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Section 3.3.

Lemma 3.3

Assumption 3.1 is valid for the SCADCP.

Proof
Let
m=1 A
g((w,7)) =w+1 ¢
and
b = max t <=
ae[1,2] 8
Then

sup {| max c((w,r),a)lg((w,r))-m}
we[0,») ael,2
te[0,=)
= sup {| max (w+ g uDa)|(w + 1)-1}

we[0,») aell,2]
te[0,=)

<1+ max (¢t + D) <=
ae[1,2] » »
and (3.42) 1is verified.

To verify (3.43), using (3.23)
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max J g((W,1)) Pr(d(@,?)|(w,1),a)
ac{1,2}

e}e[ot"")

Te[0,)

< max (w+1l+¢t) f Pr(d(w,?)| (w,1),a)
aell,2) »

- we[0,=)
te[0,)

Hence, Assumption 3.1 is valid.

Q.E.D

By Theorem 3.1, there exists an a-optimal stationary deterministic
policy for all a ¢ (0,1) which can be found using the policy improve-
ment algorithm of Corollary 3.1. The following two lemmas establish

the structure of the a-optimal policy.

Lemma 3.4

An a-optimal policy exists for all a € (N,1) and is a stationary
deterministic policy that depends only on the observed waiting time.
Hence, the a~optimal policy is not a function of the observed inter-

arrival time given the observed waiting time.

Proof
Lemma 3.3 and Theorem 3.1 imply that an a-optimal policy exists
and is a stationary deterministic policy. To show that the a-optimal

policy is independent of the observed interarrival ¢:ime, first note
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that from (3.26) c((w,T),a) can be written c(w,a) since it is not
a function of 1. Consider the policy improvement algorithm (3.44)

where clearly U0 a((w,r)), given by
’
Uo’a((w,r)) =0 (3.77)

for all w ¢ [0,~) and T ¢ [0,~), 18 independent of t. Now suppose

Un’a((w,r)) is only a function of w (i.e.; Un a((w,t)) = Un a(w)

for all w ¢ [0,») and T € [0,©))., Then, it is easy to verify that

Un+1,a((w,r)) as given by

Urr!-l,u((w’T))

= min {c(w,a) +a , J U ((W,7)) Pr(d(w,?)|(w,1),a)}
: n,a
ae([1,2]
?e[o,m) (3.78)
1e{0,)
is not a function of 1, since the conditional distribution
Pr(w“_"1 < W, T+l :_T|(wn,rn),an) in (3.23) is independent of T

Thus, by induction U“'u((w,T)) is independent of Tt for all n > 0.
By (3.46) Va((w,r),n:) is given by the limit of Un,a(("'T)) as n > o,
and hence Va((w,r),w:) is independent of t. Since the policy n:
minimizes the right side (3.44), and the right side of (3.44) is not

a function of 1, then w: is a policy which, given the observed waiting

time value, is independent of the corresponding observed interrarival

time.

Q.E.D

Before proceeding, the definition of one type of stationary

75




B

—

deterministic policy is required. A stationary deterministic policy
T is said to be a connected policy if the state space X can be sub~
divided into disjoint connected regions Xa, a=1, 2, ..., K, such
that m specifies action a is to be taken if, and only if, the system
is observed in state x ¢ xa. The following lemma establishes that the

a-optimal policy is a connected policy.

Lemma 3.5

For two data compressors, A = [1,2], the a-optimal policy,
a € (0,1), is a connected policy. This policy specifies that data
compressor one is selected when the waiting time w of a message satis-
fies w E-Ta and otherwise data compressor two is selected. Ta is term-
ed the threshold and is selected to minimize the a-discounted cost prob-

lem.

Proof

From Lemma 3.4 any dependencies on the interarrival times can be

o

disregarded. So, substituting the value of c((w,t),a), equation (3.24),
and the expression for Pr(w ., <W, 7, :_Tl(wn,tn),an), equation

(3.23), the policy improvement algorithm (3.45) becomes

[ W""ta o i
Un+1.°(w) - ae?i?z]{' + ta + uDa +a Io Un,u(w + ta - w)FT(dw)
+ Un’n(O) Q- Fr(w + t.)ﬂ} (3.79)
where
Uo(v) =0 (3.80) 3
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for w € [0,2). Now define

w

On’a(w) . I

and so (3.75) becomes

un,a(w-a) FT(dG) +U L0 (1~ F_(w) (3.81)

0

A
min {w+t +uy +alU
a a n

w+t)} . (3.82)
aell,2] - "

Un+1,a(w) G

In order to find ng it is necessary to find the behavior of

Un a(w) that satisfies (3.82)., First, it is required to show that

Un a(w) is a nondecreasing function of w for all n > 0, and for all
9

a € (0,1). Clearly,

U, (W) =w+ min (¢ + uD) (3.83)
1l,a aef1,2] a a

and so U1 u(w) is a nondecreasing function of w, for w ¢ [0,»).
’
Now suppose Un u(w) is a nondecreasing function of w. Then from
]
(3.81) ﬁn a(w) is a nondecreasing function and so
]

t + up_ + aun,a(w+ta)’ a = 1,2, are nondecreasing functions. Thus,
the lower envelope of {w + t, + uDa +a Un’a(w + ta)' a=1, 2},
which is Un+1 a(w), is a nondecreasing function of w. Therefore,

’

by induction, Un a(w) is a nondecreasing function of w for all n > 0
]
and a ¢ (0,1).
Now to show that the a-optimal policy is a connected policy
with threshold Tc' define for w < 0
Un,a(w) = Un u(0) (3.84)
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and

“n,a("’ - ﬁn L0 - (3.85)

Furthermore, define for w ¢ (~»,»)

MU, o) =0 WHe)-U W+t (3.86)
and
Aﬁn'u(w) = ﬁn,a(" * 1) - ﬁn,u(w +t,) . (3.87)

By (3.81) A0 (w) satisfies
n,a
Aon.a(w) = E[Un,a(w + t:1 -w) - Un,a(w + tz - w)]FT(dw)

Clearly from (3.82), at stage nt+l the optimal policy is to select
data compressor 1 if the waiting time w satisfies

tl - tz + u(Dl - Dz) +a AUn'o(w) <0 (3.89)
and otherwise use data compressor 2. By (3.80)

AUo.a(w) =0 (3.90)

for all w ¢ (-~,»), which implies that the optimal policy for the

1 stage problem 18 a connected policy with threshold

T =0 ore , (3.91)

1,0
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Now suppose AUn’u(w) is a nondecreasing function of w, for all

w € (=»,»), and for all a ¢ (0,1). By (3.88), Aﬁn'a(w) is a non-
decreasing function of w. Hence, since tl - t2 + u(D1 - Dz)

+a Aﬁn,u(w) is a nondecreasing function of w, equation (3.89) implies
that the optimal policy for the first stage of the nt+l stage problem

with discount factor a is a connected policy with a threshold labelled

Tn+1,a >0 . So, from (3.82) and (3.86), Abn+1.°(w) is given by
() , if v <oy
Un-l-l,a(w"tl)-um-l,a(o) i & -tl <w< -tz
AU 41,0 = tl-tzﬂAﬂn’a(\H-tl) L < WET oY
u(D, - D) A Tn+1,n-t1< w:?n+1,a_t2
Fytgtaal, et e Tatr,a ~ 82 <V
(3.92)

n+

clearly AUn+1,a

is a nondecreasing function of w. Thus, by induction AUn a(w) and
»

Since U 1 u(w) and Aﬁn a(w) are nondecreasing functions of w and
] ]

(w) is nondecreasing between regions, then AU (w)
ntl,a

Aﬁn u(w) are nondecreasing functions of w for all n > 0 and all
’

a e (0,1),
Now, from (3.46)

*) = - *
Ava("’"a) Vu(w +t,, "u) v&(v + tos "a)

1

= 1im AU _(w) (3.93)
e
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and so AVu(w,‘ll':) is a 1imit of nondecreasing functions. Thus,
AVa(w,w:) is a nondecreasing function of w. Furthermore, from
(3.44) and (3.89), n: is the policy which selects data compressor 1

if the waiting time w satisfies

o
t; -t + u(Dl - DZ) +a Io AVu(w-w)FT(dv) <0 (3.94)
and otherwise utilizes data compressor 2. But the integral in (3.94)
is a decreasing function of w, and so TI': is a connected policy with

a threshold to be labelled T > 0.

+E.D

Thus, the a-optimal policy has been shown to be a connected
policy specified by a threshold Ta > 0 . Since all connected policies
of this form with negative thresholds are equivalent (policies which
always use data compressor 2), then assume Ta is bounded by Tu > -1.
The following lemma proves that Ta is upper bounded for all a ¢ (a%*,1)

where a* ¢ (0,1).

Lemma 3.6

The threshold Ta specified in Lemma 3.5 is bounded for all

a € (a*,1) by

T < H’!’ (3.95)

a
vhere

2u(D, = D

(t, - t,)
c*-ux(O.l- 1 2 )
2 1
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Proof
Let 7(T) be the connected policy with associated threshold T.

Let Tl and '1'2 be such that

T, + 2(:1 - tz) + u(D2 - Dl) <T (3.97)

2

Furthermore, define the sequences of random variables {wi} and {wil

by
max(0, wﬂ te - Tn+l) : if LA 5-Tj ;
“Jn.}.]_ = i [l 4
max(0, wi * tyn Tn+1) 2 if w.r Tj (3.98)
where for j = 1, 2
woew o, (3.99)

and {rn} is a sequence of independent identically distributed ex-
ponential random variables with mean A T, Thus, the sequences defined
in (3.98) are the sequences of waiting times under policy ﬂ(Tl) and
w(Tz). Then
V, (w,my ) = 1im sup Nil o E{cj(vﬂ)} (3.100)
b N+  n=0

where

cj(') =w+ (t; +uD) I(w :_Tj) + (t, + uD,) I(w > Tj) . (3.101)
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To show that V (w,m. ) is smaller than V (w,n_ ), first it is
a T o T2

required to show that wil} f_wiz) for all n > 0. Suppose wi 5_wﬁ.
2 1 2 2
Then if o T2, clearly Vi S LAY by (3.98), and if v, > T2
and w‘]" > Tl’ again wtlﬂ-l ok w§+1 by (3.98). The case remaining is for
1 2
e '1‘1 and W T2' For this case by (3.97) Vi + I:1 v, + tss
1 2 1 2 1 2
and so Vo4l S Ve Thus, if e then Vorl SVt Therefore,
by induction w:; < wi holds for all n.
Now let
max{0, sup{n: @ < n and wi]-'l =0} , 4f n>0
N =
n
0 , 1f n =0 (3.102)
and
- 1 2
1 if wgl'l‘l, v1121<'1‘2
An ={ -1 if v < Tl’ we > T2 . (3.103)
0 otherwise

2

Clear if m satisfies N < m < n, then w:‘ # 0 which implies w, $0.

Thus, solving the recurrence relationship (3.98), w;.l‘ is given by

n-1
v . '%n +m-2N fr, 105 < 1)+, 1) LR T IR
= (3.104)

Then using (3.103) and (3.104), the difference between w: and w‘]“

is given by

Aw -wz-vl
n n n

l\gl
N o mey ™1 2
n
¢
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It easily follows that if Nn # n and Awn-l 2T, - '1‘1 - (tl - tz),
then Awn 1_T2 - T1 - (t1 - tz). Hence, by induction, when
2
AwNn > T2 - Tl - (t1 - t2), then Awn > Tz - T1 - (t:1 - t2) and, by
(3.97) and (3.101) the difference in costs is bounded by
¢, (w2) = e (wd) > 0 (3.106)
2 n Lol = P 5
In a similar manner, if AWN < T2 - Tl - (t1 - tz), equation (3.105)
n
implies
n=-1
A >0 . (3.107)
m=N -
n
Now define the sequence Bn by
W EE e R e T s e e )
B = e
n
A otherwise . (3.108)

n

So, from (3.101), (3.105), (3.106), the difference between the cost is

bound by

Z 1 2 1
Ac(wn,wn) = cz(wn) - cl(wn)
n-1
201 Rie - )enis = b's u(d; - D)} . (3.109)
m=N
Then multiplying (3.109) by a” and sum over n, the following bound is

obtained ¢ S

N-1 - 2 1 N-1 e

nZO a” BAc(w W) > nZO a {-Zu B (t; = t,)) +B u(d -D,)}  (3.110)
n

In order to interchange the order of summation in (3.111) define

f, by
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Nn = inf{n > n: wa = 0} (3.111)

and so (3.110) becomes
min(N-l,ﬂn-l)

Nil o Ac(w2 wl) > Nil B { Z um(t -t,)) + a” u(D, -~ D)}
’ = .
n=0 n’" n n=0 ® 1 2 1 2

(3.112)

Hence, from (3.100) it is clear that

(R -n)
V (w,m ) =V (w,m_ ) > 1im sup E(:il o” B {(l:E__g___) (t, - t.)
] ? s -
a T2 a '1‘1 Nosco =0 n l-a 1 2

+ up, - Dz)]) : (3.113)

To show that the right side of (3.113) is positive, first define

Hn by

M= inf{n > n: B~ # 0} . (3.114)

Then, it is easily shown if n is select such that Bn = 1 and BH = -],

then M_ < N _. Hence, 5
n n

ﬁn-n
n 1-a
a Bn{(-ifjrzro (tl - t2) + u(D1 - DZ)}

Hn l-a(ﬁn-Mﬁ)
+a BM {(_—iT) (tl - t:z) + |.|(D:l - Dz)} >0 . (3.115)
n

Furthermore, it is clear that if n is selected such that Bn =],
then BH = 1. Thus, for every n such that Bﬁ = -] there exists a

n
n < n such that RS S fi, and (3.115) is satisfied. Now define

the sequence cn by

AP IR T T




0 if Bn =1, Bnn = -]
C =( 0 if B = -1
n n
Bn otherwise A (3.116)

Thus, using (3.115), (3.113) can be further lower bounded by

ol f L0
Vu(w,wT ) - v, (w,n ) > 1im sup E ) " C {( ) (t 2)
2 N n=0
+ u(D1 - Dz)} . (3.117)

Clearly from (3.116), Cn = 0 or 1. Thus, to prove the right side

of (3.117) 1is positive, it is sufficient to prove that for all n > 0

(N _-n)
E{ (—1———) (t; = t,)) +u(d -Dylc =1} >0 . (3.118)

Using Jensen's inequality, a lower bound to the right side of (3.118)

is given by
(R _-n)
y o
E{( G ) (t1 - tz) + u(nl - Dz)lcn = 1}
1_ul!(ﬁn-tﬂcn-l)
- S Y (e =e) +ulD, =D,) . (3.119)

Now E(ﬁn - nICn = 1) can be lower bounded by examining the sequence

=% -7 (3.120)

by 0% Sty M L

vhere Yo " Tl - (t1 - tz) and {Tn} is a sequence of independent
identical distributed exponential random variables with mean x'l.

Hence, if
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N = inf{n > 0: @

n+1i0} s

then it is easily argued that

E(®) < ER_-alc =1

But N is a Poisson random variable with mean A(’l‘1 - (t1 -

Hence, using (3.122) in (3.119), it is found that

(R} -n)
l-a "
(=5 (¢ -ty +u( - D2)|cn = 1}

A(Tl-(tl-tz))

1-a
=€ g ) (t1 -t)+ u(D1 - Dz)
Now let
(¢, = t,)
1 2
ok = max(O,l - -—-—--—-——)
2u(D2 Dl)
and
-1 n 2
Ty mexQ o, TR T O

So, it is easily shown for a e (a*,1l),

A(T,~(t,~t,))
(l-a ") -2

l-a

) (¢y = t)) +u(d, -D)) >0 .

(3.121)

(3.122)

t2)) .

(3.123)

(3.124)

(3.125)

(3.126)

Hence, from (3.126) and (3.123), equation (3.118) is valid

for a ¢ (a*,1) when o* is given by (3.124) and 'r1

is given by (3.125).

Then substituting (3.118) into (3.117) it is clear that for a € (a*,l)

Va(w,th) - vu(v"Tl) >0 .
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Thus, ", can not be a-optimal, and so, from (3.97) the a~-optimal

2
threshold Tcl must satisfy
T < 'r1 + 2(:1 - tz) + u(D2 - Dl) <w |, (3.128)

a -
Q.E.D

Before proceeding with the verification of Assumptions 3.2

and 3.3, consider the sequences of random variables generated by
the following equations: for n > 0

~

wn+1 = max (0, wh + t2 - Tn+1) (3.129)

and

3

. 0 , 1f v . 0 and T+l >z + t2
“m T )
Vol + z , otherwise (3.130)

where 50 = 5.1 0, GO - 30 + z, {Tn} is a sequence of independent
identically distributed exponential random variables with mean A-l,
z is an arbitrary number, and t, is given by (3.22). The sequence
of random variables {3n} can be considered a sequence of waiting
times of a M/D/1 queueing system with service time t, and mean
interarrival time equal to A-l. Thus, the sequence of random variables
(Gn} is observed to be the shifted version of (3h}, except that after
two consecutive values of én are zero, ﬁh may transition to a state
labelled O.

Now consider the sequences of waiting times in two separate M/D/1

queueing systems which use connected policies with thresholds T, and

1
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T,. Let {wn(o’l)) and (wn(l'l)} be the sequences of waiting times

2
vhen threshold T, is used where vgo.1) 1,1) _
(1,2

= 0 and v((’ w. Furthermore,

)} be the waiting time sequences when threshold

Tz is used where w(()O,Z) = 0 and '(()1,2) = w, So, from (3.21) the

recurrence relationship for the waiting time sequences are given by

let {u:°-2)} ond (w

max(0, w(i’j) +t, -1 .,.) , 1f wg"j) <T

n 1 nt+l
oG - :
max(0, vii"” + t2 - Tn-l-l) > 4L vl(li’j) > 'l‘j
(3.131)
where
w§°'” v oo ¥Ed 3 : (3.132)
and
wideys0, 3-1,2 . (3.133)

and {‘rn} is the same sequence as in (3.129). The following lemma

shows Gn of (3.130) upper bounds w‘(li’”.

Lemma 3,7
For the sequences defined by (3.130) and (3.131), for all n > 0

witd 8w amo, 1, §3=1,2 (3.134)
vhere
s=T be (3.135)
,30.1) & ,80.2) «0 , (3.136)
'81.1) - vgl'z) -y (3.137)
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[]
and
ot =
Wo < max(0, w-z) . (3.138)
Proof
§
The proof is by induction. First, fix i and j. From (3.136),
(3.137) and (3.138) it is clear that
(11.',) il
Now suppose w(i’j) < W . Then for w_> z,
n - 'n n —
(1,3) & (1,3)
' : v +t1 Tl ° if v _<_il'.1
wa + ) B, <5 e 1,3 a e 1f w(i,j) > T
¥n 2 ntl ° n 3
(3.140)
1
stnce w3 + £ < 2 when Wt < Ty Then, using (3.131),
max(®_ +t, -1, 0 +g5>wtid (3.141)
n 2 ntl’ - "m+l 5
1
and
- & (1,3)
mx(wn ) =T g 0) 2V . (3.142)
9§
Thus, from (3.129) and (3.130)
] (1o3)
; Yobl = Vel .
For the remaining case of “'n = 0, equation (3.139) gives vii'” =0,
Then from (3.129) and (3.130)
8
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0, if W% . . =0
vt e (3.143)
oeL = if w > z
2 nt+l —
and so,
(1,3)
Vo4l 2 Vo . (3.144)
Consequently, by induction the result (3.134) is achieved.
Q.E.D

Using random variables {Gn} the average waiting time of the
queueing systems can be bounded. In order to bound the performance
of the system, it is required to find the mean number of steps ‘f'z(v)

for the sequence of random variables {Gﬂ} to reach state 0 when

50 = max(0, w-z).
Lemma 3.8
For w > z, Tz(w) satisfies
% ( Az -1
S w) =14 [e° + A(w-2)] (1 - ktz) (3.145)
Proof
Define the sequence {Sn} by
n
.- 1.);'1 (ty - t5) n>1 (3.146)
wvhere
S =0 (3.147)

T g o e v
e Y




P ——

> T

PN (A3

R TR

and {rn} is the same sequence as in (3.129). Let N be the stopping

time given by
N = inf{n: S > w-z} (3.148)

which is the number of steps to get from GO = ¥ to state z, Wald's
equation gives
]
3{121 (ry = t))} = E(N) E(1, - t,)) . (3.149)
But by appropriately adding and subtracting w-z, it is obtained that

N
n{nzl (1, = t)} = vz

N-1
+ B[E(rn - [w—z-nzl (‘l’n - tz) + tzllﬂ,{rn. ns= 1.2,...,N—1})}
(3.150)

Using the memoryless properties of an exponential random variable, the

inner expectation of (3.150) becomes

N-1 i
E{’u -w=-2z- Z (rn - tz) + tzlln.(rn, n= 1,2.....N—1}] -

n=1
(3.151)
Hence, equation (3.150) becomes
¥ -3
E( ) (x, =t)lew=-z+r . (3.152)

n=1
Thus, using (3.149), the mean number of steps Tl(v) to go from
= w to z is given by

)

9




#,w) = EM)

-1
-z +
- L—_—;——"— g (3.153)
AT+ t2
Now let p be defined as
P= Pr{'n-l-l = Olwll = z)
- e-xz . (3015’.)

Furthermore, the mean number of customers served NB in a busy period
of the M/D/1 queueing system generating the sequence {Gn} is equal
to (Cohen [36])

BN = A~ e, (3.155)

So, the mean number of steps, '1'2. to go from Gn = z to state 0 is given

by
f,=14p I -»"nEmy
n=0
=1+ (-1 a-en? ; (3.156)
Finally, since % . (W) 1s the sum of Tl(v) and Tz, T‘(w) is given by

"(v) = fl(v) + Qz

-1+ (e 4+ A(ws)) (1- % i (3.157)
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Assumption 3.2 can now be verified,

Lemma 3.9
o
For a* = mx(o’ 1 - —ZW-D—Z—_—FI)—) and for all a ¢ (a%,1),
|V, (w,m%) = V_(w,m%)| < L(w) (3.158)
where
AM +t,)
L(w) = {1 + (e MT 1 + 2w} (1~ tzl)
J {w + 2(t1 - tz) + p(D2 - Dl)} (3.159)

and MT is given by Lemma 3.6.

Proof
t, = ¢t

1
x = - —————————— *
Let a max((), 1 Zu(D2 Dl)) and o € (a*,1)., Consider the

sequences {wii’j)} defined in (3.131) where the parameters T, and T2
are given by T1 = HT’ T2 ot {5 and MT is given in Lemma (3.6). So,
Lemma 3.7 implies that if Gn = 0 then for {1 = 0, 1 and j = 1, 2,

wﬁi’j) = 0, Furthermore, let

fi = inf{n > 0: w =0} (3.160)
and so, from (3.131)

'(l’j) - '(o'j) =0 for n= “, Ml, cee
n n
(3.161)

Since 12 = Tc and Ta is the threshold generating w:. then (3.100) and
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the definition of cj (w) in (3,101) implies

q
Vr) - VyGnm) =k e,y - e, WPy L (ae2)

Now it is easily observed that

Iw(lnz) £

w(0,2) | <w+t
n n =

=t (3.163)

1 2

le, {1y - e @Dy | <u+ 2(t) - t,) +u(D, = D)) . (3.164)
Thus, (3.164) is bounded by
fi
!Vu(v,ﬂ:) - V“(w,ﬂ:)l < E( nzo anlcz(wr(llgz) = cz(wt(IO,Z))I

< ER) (w+2(t; - t,) +u(D, - D,))
< THT+t1(m(w’HT + tl))
Using Lemma 3.8 for the expression for i‘z(w),
A(M e, )

[V, (ws78) = v (0,7%)| < {1 + [e + A (max(w ~ My - t,,0))}

. @1~ M:z)-l{w +2(¢;t,) + u(D, - D)}

(3.166)
and (3.158) is achieved when it is noted that
max(v ~ M, - tl,O) <w . (3.167)
Q.E.D
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To verify the final assumption, it is required to determine
if a connected policy with threshold T induces a limiting probability
distribution of the waiting time, and if the limit of the mean
waiting time exists and is finite. Lindley's results (Lindley [33])
pertaining to the properties of the limit of the waiting time
distribution apply to queueing system for which each service is
statistically independent of prior service times and prior arrival
times. Thus, these results are not applicable to the present

situation and the following lemma provides the necessary results.

Lemma 3,10
For Atz < 1, the distribution function of the waiting time wn,

under a connected policy with threshold T < «», has a 1limit given by
F(W) = lim Pr(v_< wlw0 = w) (3.168)
o
where F(W) is independent of w. Furthermore F(W) is a proper
distribution, and 1lim E(wn) exists and is finite.
e
Proof
Consider equations (3.129) and (3.130). Since 35 represents
the waiting time in a M/D/1 queueing system with traffic intensity
less than 1 (i.e., th < 1), Lindley's theorem (Lindley [33])

indicates that Pr(“vn = 0) approaches a limit as n + », But

Pr(vn+1 =0) = Pr(vn = 0) Pr(r“+1 2z+t,) (3.169)
95
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and so, Pr(t‘an = 0) approaches a limit, as n + =, which is denoted

by
By = lim Pr(w_=0) . (3.170)
Let the sequences {Gn} and {w‘(‘i"j)} be defined as in Lemma 3.7
(1,1)

with '1‘1 = T and '1'2 = 0. Then Px'(wﬂ

conditioning on the events 3" =0, £=0,1, ..., n, and so,

< W), W> 0, 1s obtained by

n
Pr(w(i’l) <W = ) Pr(w(i’l) < W; v

s ety >0, L= k+1,...,n-1|wk = 0)

2

,1) "

. Pr(ﬁk = 0) + Pr(w SW; @, >0, 2=0,1,...,n)

n
(3.171)

To show that the limit as n + « of Pr(w(i’l)

H < W) exists,

first consider the quantity l’n given by
P - Pr(w, > 0, ¢ = 1,2,...,n-1|6o = 0)

= J Pr(Gk- 0; w

>0, 2 = 1,2,...,k—1|6o =0) , (3.172)
k=n

2

for n >1and P, = P =1, Hence, it is clear that

1 0

i Py a
Pt(wl(‘ »3) < W; v, > 0, 2 = k-O-l,...,n—].Iwk = 0) < Pn—k (3.173)

Now summing Pn over n gives

N ®
] P =N J Pr(w =0,% >0, %=1,2,...,i~1|w, = 0)
el ®  geNs1 ¥ » 0

N
+ I n rr(Gn -0, Gz >0, = 1,2,...,n—1|6b =0) .
n=1
(3.174)

- Y T———




But the mean number of steps T to go from 60 = 0 back to state 0
is given by
N % 5
T=1m | n Pr(an =0;%,>0, 2= 1,2,...,n—1|w0 =0) (3.175)
N> n=]1
and T 1s finite from Lemma 3.8. So, using (3.174) and (3.175),

N ®
t- 1 P =] (N)Pr@ =0, %

>0, L = 1,2,...,1-1[60 = 0)
n=]1 n=N+1

2
(3.176)

Taking the limit as N + » of (3.176) and noting that the summation

in (3.175) has a limit, ? is given by

N
fT=1m § P . (3.177)
N n=1

Thus, for every ¢ > 0 there exists a N(e) such that
N
z P, < ¢ (3.178)
k
k=n

for N > n > N(e), and clearly, from (3.170) for every € > 0 there

exists a M(e) such that
[Pr(é = 0) - Byl < e (3.179)

for n > M(e).

Now define F_(W) by

LMORE pri®D <w; 3 > 0, 2 = 1,2,0.0,k10w{" - 0).

Tz

0
(3.180)

Then from (3.171) and (3.173) the difference between Pr(wiia) < W)

and FN(") is bounded by
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N
lprelial <wy - F)]| < ] |Prca, =0 - Bolp,
=0
+ N-{n Pr (& =0) P, + prwB Vw0 > 0,0 0 1 n+N)
k-N+1 l‘ th_k k n b ’ 2 ’ ’ 900y

(3.181)

From Lemma 3.8 it is easily established that for all € > 0 there exists

a function K(e) such that for all n > K(e) and 1 = 0,1

(1,1) <W;w, >0, £ =0,1,...,m#N) < ¢ : (3.182)

Pr(w .

n

Now let N > max(N(e/3), M(e/3%), K(e/3)), then using (3.178), (3.179)

and (3.182) in (3.181), it is clear that for n > 0 and i = 0,1

IPr(w(i’l) <W) - F W] < g e P /3T + €/3 + ¢/3
n+N N ~ k=0 k
<e (3.183)

where the last inequality is derived from (3.177). Thus, the limit

of the distribution Pr(wii'l) < W) exists, is independent of i which i
implies it is independent of wéi’l), and is denoted by
FO) = Lim Pr(ei D < w) (3.184)
n>e

To show that F(W) is a valid distribution function, consider
1lim Pr(Gn < W). It is easily shown, using Lindley's Theorem, that this

nre
limit exists and is a valid distribution function which is denoted

f(W) = 1im Pr(w_ < W) (3.185)
e n
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But from Lemma 3.7

§ > Wit (3.186)

for all n, and so
F(W) > R0 . (3.187)

Since 1lim (W) = 1, by (3.187) 1im F(W) = 1. Hence, F(W) is a valid
N W

distribution function.
The limit of the mean of wﬁi’l) as n - » is shown to exist

by noting that

i)y o I a - pe™®D < wyy aw (3.188)
n 0 n o
and
E(W ) = J (1 - Pr(w < W) dw (3.189)
n 0 N

From (3.186) and (3.187) for W ¢ [0,»)

1-peG <w 21 -2eetD <y >0 (3.190)
and hence
1-fFW>1-FW) >0 . (3.191)

But clearly, E(Gn) < » for all n, and

0O
1im z(ﬁn) = I @Q@-?2W) aW < = (3.192)
o 0
Hence, using a version of the dominated convergence theorem (Royden

(371, p. 89)
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1im z(wéi-l)) e J (1 - F(W)) dW < : (3.193)

e 0
Q.E.D

Finally Assumption 3.3 can be verified.

Lemma 3.11
There exists an increasing sequence {an}, a € (0,1), such that
@ +1and lim T exists. Furthermore, the connected policy T

me n
with threshold % given by

T = 1im 1 (3.194)
me n
satisfies
¢(w,7) = lim sup (1 - a ) V_ (w,m%) , (3.195)
n’ a a
e n

for all w ¢ [0,»).

Proof
From Lemma 3.5 and Lemma 3.6, there exists a a* ¢ (0,1) and a

HT such that
“1<1 < B < for all a € (a*,1) . (3.196)

Since Ta is bounded for all a € (a*,1), there exists an increasing
sequence {a_}, a_ ¢ (0,1), such that a_ + 1 and 1im T exists,

n n n e B
Let % be the connected policy with threshold T given by (3.194),

for such a sequence {°n}'
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Now, for all a ¢ (0,1)
le(w,® ~ (1 - @) V (w,m)] <

low,®) = (1 = a) V (w,D)] + (1 = a) |V _(w,) =V (w,m8)|
(3.197)

Using Lemma 3.10 and (3.39)
o(w,m) = lim E;{c(wn,an)lvo = w}

mHe

= lm (Es(w ) + €, + uD, + (t; - £, + u(d, - D)) Pr(v <M} .

i 2 2
(3.198)
From (3.37) for all N' > 0
| L s ] o |
V (w,) - 1im sup a d(w,R)| < a Ea(c(w ,a )|w, = w)
" N> p=N' n=0 % e
N & s
+1limsup | a IEG(c(wn,an)lwo =w) - o(w,| (3.199)

No>w p=N'
But from (3.198), for every € > 0 there exists a N(c) such that for

all n > N(e)
]E;{c(wn,an)lwo =w} - 6(w,M)| < ¢ > (3.200)

Also, Lemma 3.3 implies that for all N > 0, the sequence BN defined

by

B, = max Ea(c(w_,a )|w, =w) (3.201)
N 0<n<N £ n" n'0

is bounded. Thus, using (3.200) and (3.201) in (3.199), the following

bound 18 found when N' > N(e):
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N* N' N'

s, < 1= g, +2—c¢ . (3.202)

1-a N 1-a

a
l1-a

v, (w, ) -

Hence, from (3.202),

[ - @) Vo) = 06, D] < @ = a") (w,?) +Bg) +o¥ € .
(3.203)
Now consider the sequences of random variables {Gn} and {w!(!i"1 )}
which are discussed in Lemma 3.7, where T, = max (T,Ta).
'1'2 = min ('i:,'ru), and o € (a*,1). So, from (3.100)
N
Va(v,w,r ) = lim sup ) a” Elc (v'(ll’j))} (3.204)

3 N n=0 3
where cj (w) is given by (3.101). So, the difference between the

a~-discounted cost under w: and 7 is bounded by

) - cz(v:]"z)ﬂ} i
(3.205)

N
- n (1’1)
lvc(w,w:) - Vq(w,w)l <limsup ] a l!'.{|<:1(\v1n

Now define

Ny = inf{n: w'(,l’l) - “‘(11,2) and T, < wf‘l’l) < '1'1} » (3.206)

= inf{n > N: v =0} i=0,1,2,... (3.207)

n:l. n

ll1 = inf{n > LARL "(‘1.1) - "(‘1,2) and T2 < vt(‘l’l) <_'rl} .

1 - 1.2’000 (3.208)

Por a fixed value of i, if n satisfies Ni in<n, then the difference
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in waiting times is bounded by

(1,1) (1,2) 5 i
Iwn - | < T, =T+t -t (3.209)
and so
@), oy 2 . -
ley ™" e, (w | STy = Ty +2(t) - t)) +u(d, - D)
(3.210)
In a similar manner, for a fixed value of i, if n satisfies
n, <n< Ni+1’ then the difference in costs is
(Eel), - athuosii
Icl(wh ) - e ) =0 (3.211)

Thus, (3.205) can be written

N n, 1
|V _(w,7%) = V_(w,#)]| < 1im sup [ E{ Y e (w(l,l)) &g (w(l’Z))l
a " a Now. . Lab 0=, 1'n 2 'n

N -1
< 1im sup E o” [T,-T, + 2(t.-t.)
P g%y 1" %2

N 1=0 n-N1
+ u(D2 - Dl)]] (3.212)
Now clearly,
ni-l v Nj_ :
E{ ] a |N1} L 2 Wag 1 “1'“1) L ™ 0,8,2,..¢ (3.213)
n=N
i
and E(n, - 1 - Ni'“i) is equivalent to the mean number of steps
to go from wéi'j) = w, where '1'2 <w< 'rl, to ‘“'n = 0, So, using
Lemma 3.8 and (3.213),
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n,~1

i “1
E{ nnznia INi} <a 1‘.1.1_“_‘1('1‘1 +t))
N
<a Tu_rﬂl(rl +t) <o (3.214)

where HT is given by Lemma 3.6. Hence, the bound in (3.212) becomes
N N:I.
|V, (w,7%) ~ v (w,®)| < 1imsup | E{a "}B (3.215)
Mo 1=

where
B = 1,,,7,%101.r +t) M+ 2(e) - &) + 0, =D))] <= (3.216)

and B is independent of a, 'rl, and '1'2. Now

N Ni N n
1im sup Z E(a 7) = lim sup 2 an(z

Pr(lli = n)) (3.217)
N> im0 N =0 i=0

and from the definition of '1 in (3.210),

T (1,1)

I Pr(N, =n) <Pr(T, <w' > <T1) . (3.218)
i i 2 n e

i=0

Since the interarrival times are exponential random variables, then

it is easily verified that

=-A(T,~T,)
pepr « e s gutath cpay T 2 (3.219)
for an arbitrary value of ":(:il)' So, (3.217) is upper bounded by
N N N - (T,-T,)
Hmewp § E(@ ) <lmeuwp ] oa"a-e I 2
Noreo i=0 N n=0
=A(T,~T,)
Sl (3.220)
1 - u ® L ]

Hence, upon substituting (3.220) in (3.215) and noting that

-




W T
.

T, = max(Tu,i) and T, = max(Ta,T).
-’\lTa-ﬂ

(1-e )

l-a

IVa(w,w:) - Vu(w,'?l)l < B (3.221)

Now substituting (3.203) and (3.221) into (3.197), the bound

oG, = (1 = o) V_(w,m)| < (1 = o) (0w,?) +B,,) + Ve

By
-r|t-1_|
+B(l-e g, S (3.222)

Replacing a with a in (3.222), it is clear that for any € > 0 there
exists a N such that for all n > N
leGw,® - 1 -a) vun(w,ngn)l <e (3.223)

Hence, from (3.223), the results of the lemma follow.

Q.E.D

Finally, using Theorem 3.2 the average optimal policy is
established.

Theorem 3.3

For the SCADCP outlined in Section 3.2, which uses two data
compressors with associated distortion levels D1 < D2 where
D2 > t-lc% - pz), the connected policy n* with threshold T given by
(3.194) 1is the average optimal policy. The policy m* selects data
compressor 1 when the waiting time, w, of a message uthﬁu vw<t,

and selects data compressor 2 otherwise.
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Proof
By Lemmas 3.3, 3.9, and 3.11, Assumptions 3.1, 3.2 and 3.3 are

shown to be valid. Therefore, the results stated follow by Theorem 3.2.

Q.E.D

Theorem 3.3 provides that a stationary deterministic policy
satisfies (3.31). This implies that a policy exists which satisfies
(3.19). Thus, the representation for y;(n) given in equation (3.16)
is valid. Using the knowledge that the policy which satisfies

(3.19) is a conmected policy, y;(D) is evaluated in Chapter 1V.

3.5 Conclusions

In this chapter, the delay distortion relationship far communica-
tion networks was introduced and an adaptive decompression scheme
was presented., The delay distortion relationship represents the
minimum average message delay as a function of the fidelity of the
reproduction of the sources. For the adaptive data compression
scheme considered, a functional form of this relationship was presented.
In the process of deriving the functional form, Markov decision
processes were introduced and results pertaining to these processes
were discussed. The results presented apply specifically to the case
of Markov decision processes with nondenumerable state spaces, and
unbounded cost functions. Using these results, for a single channel
network the optimal structure of the adaptive dn;a compression scheme
wvas found for a class of adaptive compression schemes which employ

two data compressors.
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CHAPTER IV

DELAY DISTORTION RELATIONSHIP FOR A SINGLE CHANNEL

In this chapter the delay distortion relationship for a
communication system employing a single channel is considered. The
communication system utilizes an adaptive data compression scheme
as described in Section 3.2. In Section 4.1, the results of
Chapter III are incorporated into the evaluation of a delay distortion
relationship. This relationship is specified by optimizing an appro-
priate functional. Some of the properties of this relationship are
discussed in Section 4.2, In Section 4.3, the functional to be opti-
mized is described in terms of an integral equation. This integral
equation is solved for the case of a data compression scheme which
uses two data compressors. For the case of a data compression scheme
that utilizes more than two data compressors, an expression for the
functional 18 derived in Section 4.4 for a dense set of values in the
domain space of the functional. Using these results, numerical
results for the delay distortion relationship for various schemes using

multiple data compressors are presented in Section 4.5.

4.1 A Delay Distortion Relationship for a Single Chanmnel

For the case of a single communication channel and a data com-
pression scheme utilizing two data compressors, as described in

Section 3.2, Theorem 3.3 proves that an optimal policy exists which
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minimizes L:({Dk}), where L:({Dk}) is given by (3.15). 1In this
section, using knowledge of the structure of the optimal policy, the
delay distortion relationship is expressed as an optimization of an
appropriate functional over a vector space.

The structure of the optimal policy is a connected policy w*
with associated threshold T* applied to the observed waiting times.
Thus, if nc is the set of all stationary deterministic connected po-
licies utilizing a threshold with respect to the observed waiting
times, then n* ¢ nc. So, in the expression for Lz({Dk}), given by
(3.18), the minimum can be taken over the set Ilc, giving

t2(p,}) = min L2({D, 1) (4.1)
Dk ™k x =
nell
c
Since every v € llc is characterized by a threshold T, then clearly
for all v ¢ L L:({Dk}) can be denoted L.f.({Dk}) where T is the
threshold associated with 7, So, using this result Lz({Dk}) is given

by
1L3((0,}) = mtn L2¢(0, 1) (4.2)
T>=1

where policies associated with negative values of T are the policies
which never use the first data compressor whose distortion level is
D). Now assuming the minimum over all {D_ > O} of Lz({Dk}) exists,
the delay distortion relationship yi(n) given by (3.16) reduces to

;0% =  min Jx.:({nkn] - uD+ 4.3)
(Dk?_o.k-l..z
re1)
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where D* is the average distortion associated with {Da} and with the
connected policy with threshold T* and {Di} and T* minimize Li({bk}).
Thus, the delay distortion relationship reduces to the minimization
of a functional over a vector space.

When more than two data compressors are used in the compression
scheme, K > 2, the structure of the optimal policy has not been
determined. From the results in Chapter 3, it seems natural that the
optimal policy should be a connected policy utilizing thresholds
{Tk’ k=1, 2, ..., k-1} with respect to the observed waiting times.
This policy selects data compressor k for the nth message whenever the

waiting time w of the message satisfies T o < T, where

k-1 K

T, =0 (4.4)

and
T = oo . (4.5)

So, restricting the class of data compression schemes to those employ-
ing stationary connected policies, a delay distortion relationship,

to be denoted as ;:(D), results. In order to determine ;:(D), let

K 2

L{Tk)({nk}) be defined in a similar manner as LT({Dk})' So, if «

is a connected policy with thresholds {Tk}' then
K K
L{Tk}((nk}) = L"((Dk}) . (4.6)

Thus, the delay distortion relationship for connected policies is

given by
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o~ K
Y, (D*) = min ({p, 1)} - uD* (4.7)
K {D, >0,k=1,2, .. ,K} ’L{Tk} k ]

{Tki-l,k-l,Z,...,K-ll

where D* is the average distortion associated with {D:} and with the
connected policy with thresholds {Tﬁ} and {Di} and {Ti} minimize
L?T }({Dk})' Hence, the relationship ?;(D) reduces to the minimiza~
tiot of a functional over a vector space. Clearly, y;(D) given in
(4.3) 1s equal to 7;(D) and so, the remaining sections of this
chapter are restricted to the discussion of ?i(D).
K

In order to evaluate 7:(D), expressions for L{T

be derived. In Section 4.3 and 4.4, the expression L{T }({Dk})
k

3D, 1) must

is derived. Once these expressions are derived, optimization

techniques are employed to determine ?i(n) in Section 4.5.

4.2 Properties of a Delay Distortion Relationship for a Single Channel

Some of the properties of the delay distortion relationship 7;(D)
defined in Section 4.1 are outlined in this section. The first
property is that 7:(D) is a nonincreasing function of the average

distortion level D. This is clearly seen by considering (3.13),

which gives
70 = int o, H 4.8)
nel(D;{Dy})
{D,20,k=1,2,..,K}
where
S :
n(p; {Dk}) ={men;: n‘({nk}) < D} (4.9)
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and nc is the set of all stationary deterministic connected policies
which utilize the observed waiting times as a statistic to base the
decisions upon. Thus, for {Dk} fixed, sets IN(D; {Dk}) over which the
infimum 1is taken and are decreasing telescoping sets as the dis-
tortion level D increases (e.g., if 51 < B, then

n(d,; {0, }) < R(D,;{D,})). Hence, the infimum in (4.8) is a non-
increasing function of D.

Another property of Yi(D) which is of interest is the minimum

K 1 K

value of distortion, Dmin' such that YK(D) is finite. So, Dmin
is given by

DX, = inf D (4.10)

min ¥

DeD
K
where
D, = {D: 9,(D) is finite} . (4.11)

For the case of K = 1, Diin is specified in (3.8) to be f-l(C/A).
For the case K > 1, the following proposition establishes the

corresponding values of D:1n'

Proposition 4.1

Let the rate distortion relationship, £(D), that the set of
data compressors satisfy, be a decreasing convex function of D, and
let Px be the protocol information required to specify to the decoder
and the user which compressor is used to compress a message. Then

K
D-in’ defined in (4.10), is given by
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K _ a1 A
D,=F Ch-p) . (4.12)

Proof
Let P" be the average probability of using compressor k during

k

the compression of n messages, where P: is given by

n-1

P: «n’} ) pr(1tP message compressed by ol . (4.13)
i=0

Let

A -1
t, = (®(@) + piC (4.14)

denote the transmission time of a message and the associated protocol
information which use the kth data compressor. Clearly, the buffer
in the communication system behaves as a queue in a queueing system

1

with mean message interarrival time A" and average service time

over n messages given by

K

e n

R SR TR B oA (4.15)
nom k k

Thus, the average traffic intensity, being the ratio of the average
service time to mean interarrival time, is given by
5 n
=3 kzl t, P - (4.16)
Correspondingly, the average distortion is given by
D" - ]f e W (4.17)
k=l k k

Now assuming that (Dk} and P: can be selected independently,
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consider the problem of determining a set {Dk} that minimizes D" for
a fixed value of n subject to the constraint that the average
traffic intensity is less than or equal to one, Py < 1, for a given
set P:, k=1, 2, ..., K. Using Jensen's inequality, it is clear
that for every set P:, k=1, ..., K, the set {Dk} that minimizes

p" subject to the constraint is given for all k and n by
p, = e/ - py)
k K

To show that Dzin = Dﬁ, it is required to find schemes whose
distortion levels are greater than Dﬁ which have finite limiting
average delay and show that no scheme exists with finite limiting

average delay with distortion less than or equal to D{. First,

let D> Dk and D =D for k = 1, 2, ..., K. Then, D" = D and p, <1

for all n, and the limiting average waiting time W for this M/D/1

queueing system is given by

(F(D) + ;;K)c"1 A(ED) + pK)c"1

W= 2

- = (4.19)
1 - A(E(D) + p)C

Hence, from (4.18), the limiting average waiting time is finite,
and so, the limiting average delay Yi(D) is finite for D > Dﬁ.
For the case D :_DE. the waiting time of the (n+1)st message

is given by (3.21) as
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var- nax{wn + tai e R 0}
{ ) )
= max{0, w_ + (t ~-1,.), (t -r1,..), §=1,2 ..n}.
B ap N I B Vi T Teepte S5
(4.20)
So, Vol is lower bounded by
)
w > t = (4.21)
ntl 1-0('1 1+1>
and using (4.16) ,
Ew ) >0t -1 (4.22)
ntl’ — n 3 n

From Jensen's inequality if D = 1im inf D" < DX, then lim inf p > 1.
o Rz me 07
Thus, if 1lim inf p_ > 1, from (4.22) 1im inf E{w } is unbounded and
o iy e v
the limiting average message delay is unbounded. For the case

lim inf p_ = 1 and D < D%, D equals DX by (4.18) and the data
- n - K

compressors have distortion levels of Dlﬁ(. Thus, from Lindley's

theorem, the limiting average delay is unbounded. Hence, (4.12)

is valid.

+E.D

K
4.3 Evaluation of L{Tk}“nk})

In order to compute l.l{(.r }((Dk)) given by (4.6), an expression
k
for the waiting time probability distribution F(W) must be obtained.
In this section an integral equation is determined whose solution is

F(W) and this integral equation is solved for the case of two data

4




compressors, K = 2,
Generalizing Lemma 3.10 to K data compressors, it is easily

shown that if the data compressors are numbered in order of increasing

-1
distortion levels (e.g., Dk £ DH‘I)’ with tK <X " and TK-I < o

then F(W) is a valid distribution function. Since F(W) exists,

L?Tk}({bk}) is given in terms of F(W) by

K
L ({D,}) = 1im E (w +t +up )
{Tk} k S {Tk} n a a
© K
= I WF(dW) + J (t, +ub) [F(T) - F(T, ;)] (4.23)
0 k=1

where F(TO) = 0 and F(TK) = 1., The following theorem specifies an

integral equation whose solution is F(W).

Theorem 4.1
The limit, F(W), of the probability distribution of the waiting
time of a message in a data compression scheme using K data compressors
with distortion levels {Dk}' and using a connected stationary
deterministic policy with thresholds (Tk} satisfies, for W > 0,
K =A (@t =%

FOW) = r [F(min(®,T,)) - F(T, )]} e a® (4.24)
k=1 max(T, ; W-t,)

where P(To) =0, F(TK) = 1, min(w, TK) = w, and t. 1is given by

k
(4,14). Furthermore, F(W) is the unique solution to (4.24) subject

to the constraint that F(W) is a continuous and piecewise differentiable

function and the

lim F(W) =1 . (4.25)
Wro
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Proof

Using the connected policy with thresholds {'rk}. it is clear

h

that the waiting time of the nt message is given by

- - max (0, Vo1 + t, - 'rn) (4.26)

where k is such that Tk-l < V-1 < ‘I‘k and {Tn} are independent

identically distributed exponential random variables with mean

"L Thue, Pr(w < W, T

3 SRy % Tkl‘rn = 1) 1s given by

Pr(Tk-1<"n-liTk) s 1f T4t -1 < W

Pr(wn_<_H,'1‘

1 Vet ST 1m0 =P (T, v - ),

if Tk_l-l-tk-t 1H<Tk+tk-'r

+t"1'>“.

0 T

(4.27)
Averaging over t in (4.27),

T,

1=°r(wn < W, 'rk_l < wn-l < k)

AT

= I l’r('l‘k_1 <w_ . < Tk)l e dr

n-1
lax('l'k'l-tk-ﬂ ,0)

=AT
+ I "“k—l W L SW-t +Tde dr

m('l'k_ 1""1:'"'0)

AT

= r l’t('l'k_l TNy L lin(‘l‘k, W=t +1)))e dt.

max(T, _ +t ~W,0)

k
(4.28)
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Letting @ = 7 = ¢, + W, (4.28) becomes

k

Pr(wn SW, T, < v E_Tk)
-2 (ﬁ'ﬂk—W)
= r Pr('l'k 1< Yoo1 inin('rk.i’r))k e dw . (4.29)
max (T, /. ,W-t ) & -
k=1"" "k
Summing (4.29) over k, Pr(vn < w) is given by
Pr(wn <W
K =\ (\'H'tk-")
= ) r Pr(T, _, < w _; <oin(T,,#))) e v
e max (T w-t,)
k-1°" "k (4.30)
Since the limiting probability distribution,
F(W) = 1lim Pr(wu <W . (4.31)

o
exists, the dominated convergence theorem gives (4.24).
Now suppose F*(W) is a continuous piecewise differentiable func-
tion which satisfies (4.24) and (4.25). The derivative of F*(W) is

computed from (4.24) and is given by

-"—"a’é!'l = A(F*(W) - G*(W)) (4.32)
where
F*(W - :k) g s Tk-l <W- t g_Tk, k=1,2,...,K
G*(H) -

0 - otherwise .

Since F*(W) is a continuous and piecewise differentiable functiom,

F*(W) can be expressed as

W
SUREINEC FTRE ION (4.33)
0
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Clearly from (4.32) and (4.33), if F*(0) > 0, then F*(W) is a non-
negative nondecreasing function; and if F*#(0) < O, then F*¥(W) 1is a
negative nonincreasing function. But F*(W) satisfies (4.25), and so
F*(0) > 0 and F*(W) is a valid distribution function. Now let F#*(W) be
the initial waiting time distribution of the queueing system and let the

waiting time distribution of the nth message, r:(u), be given by

K . -X(ﬁ-t] -W)
rn+1(u) - Z I [F:(-in(i'l, k)) - F:(Tk_l)lk e dw.
i max (T, W=t )
k-1’" "k (4.34)
But from a generalization of Lemma 3.10
lim P:(H) = F(W) . (4.35)

nre
Therefore, since F*(W) satisfies (4.24), it is clear that F*(W), F(W)

and l'n(ﬂ) are all identical.

Q.E.D

For the case of more than two data compressors, K > 2, the
solution to the integral equation (4.24) is quite complex. For
this case, an alternative expression for L?T }({Dk}) is discussed
in Section 4.4. The following theorem detet:inAl F(W) for the

case K = 2,

Theorem 4.2
-Xt1
Let b= s 1 =1, 2, Then the solution of the integral

equation (4.24) for K = 2 {s given by
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c ex" Go (W) s, 1f 0 <W<T
t, LWL

F(W) =

T.+t T.+t T.+t

12wy 6! 'y +u, 6,61 1w

tz tz 272 tz

-1

AW
ce lGT My ) S (¢

-Atz -th
- GT[e ce(w - Tl - tz) -e Ge(H - Tl - tl)]

T T+t
S OSO RO}

for the case Tl + t2

< t. and is given by

1

t
c e g low . £ OceT)

F(W) =

T, +t T, +t
6, 2w -cti tw)
2

T T
e e*"{(ctl(u) s ctl(w)] +G A1
2

u
2 T "2

=\t =it

2 1
e Ge(H - Tl tz) e

-GT[

: ce(u - rl - tl)]

+
t T+t Tl t

1 171
+ [GG W) - GG W] + vy G, G

for the case tl < T1 + tz. The constants Gl' 62, GT and ¢ in

(4.36) and (4.37) are given by

“ L a0 -1
G, Q1 cto('r1 + tl))u1 . (4.38)
0 0 -1, =1
G, = {ctl('r1 + :1) - c‘l(r) (u1 - uz)x }"2 » (4.39)
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G, = ¢ (1) (4.40)
t
1
and
-1
c,r My A {‘A('rl-nz) 5 A('rl-i-tl) " My Gz A('rlﬂ:l)
1- 1, . Q- ©
T 4t 2
10
AT ['—t-—]
G‘r e (tl-tz) 1 '1'1 ml
+—_T(1-Xt + ] L et S
2 =0
P T e, < by
cta My My et e Ay
e T Y2 e S b

.

a _xe) *a-ae 1
v tz (- tz

XTI
My G2 X(‘rl-H:l) G.r e (tl-tz)
wtk - (2 ltzf e b . g xt,)
e
Y
t T 4t

e T a

, if t1<'l' +t . (4.41)

1 2

The symbol [x] is the greatest integer less than or equal to x and

L] is given by (A.53) in the Appendix. The functions ¢, (W),

i
Gz(il) and c‘(w) are given in (A.16), (A.24), and (A.39), respectively,

in the Appendix.

Proof
Let
cw) =c ! W (4.42)
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where c¢ is selected such that
G(0) =1 ., (4.43)

So, upon substituting of (4.42) into (4.24) the resulting integral

equation for G(W) is given by

2 A(min(O.Tk-ﬁ)
CwW) = § My I“ [c(-in(w,Tk) e

k=1
nnx(Tk_l,H-tk)

ACT, =)
ke ] @ . (4.44)

- G(Tk-l) e

So, simplifying (4.44) and letting T = Tl’

T @
H I G(y) dy + My I G(y) dy + G(T) (u1 -y )1'1 ’

0 T 2

if W< min(tl, T + t2)

'r 00
uy [ G(y) dy + M, J G(y) dy + G(t) (u1 - uz)k"1 ’

W-tl T

if <W<T+t

Y 2

T
My I G(y) dy + My I G(y) dy + G(T) (uy A~
0 w-t,

1_ A1),
G(W) =

1f T+t,<W<t

2 1

T -
i I o) dy + u, I S e-x(w—r)),

G(y) dy + G(T) (u; o
Wt

1 W-t,

if max(tzl,'l‘+t2)<wi'r-0-t1

uzr G(y) dy I 'r+t1<w .
W=t

£ (4.45)
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Now let
T
G1 = I G(y) dy (4.46)
0
G2 - [Q G(y) dy (4.47)
T
G'I' = G(T) (4.48)
and
Go = Uy Gy + uy G, + G (u, - uz)x'l i (4.49)
From (4.45)
G(0) = Go ’ (4.50)
and so from (4.43)
Go =1 , (4.51)

Thus, upon substituting (4.46) - (4.51) into (4.45), the expression
for G(W) reduces to
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1 » Aif W< min(e,, T+ t,)
H-tl
1-u G(y) dy g GAf r. <MW ST HE
1 0 1 - 2
W=t
1+ G (u xl-e““'r))-u Loy ay
32 2 T
if T+t, <W<t
cW) = ; Ty
W-t
= =)\ (W=
bt e T ey ay
T2 1 0
W—tz
-, I'r G(y) dy, 1if max(tl, T+ cz) <W<TH+ t
w-tz
(4.52)
In solving (4.52) for G(W), two cases need to be considered.
These are t, < T+e, and t, > T+¢t,. For the first case of
tl T tz, the solution is found by dividing the domain of G(W)
into regions and solving for G(W) in these regions. From (4.52),
in the region 0 < W < t,
GW) =1 , (4.53)

and in the region tl <W<T+ t2’ G(W) satisfies the integral equation

W-t

GW) = 1 - u; I lGy) dy . (4.54)

0
Letting G(W) = 0 for W < 0, it is clear that (4.54) is in the form of
(A.15) for 0 < W < T+ ¢t,. The solution to (A.15) is given in Lemma

A.2 in the Appendix, Hence, G(W) is given by
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W) = G (W) (4.55)
1

for 0 < W < T+ t, where G (W) 1s given by (A.16). From (4.52),
1

in the region T+ t, <W<T+t¢, G(W) satisfies

2

W-t

1 W-t

G(y) dy - u, I ‘ G(y) dy .

-1 =A(W=T)
G(W) =1+ GT(uZA -e ) - Hy J S

0
(4.56)

Since W - £ < T + tys the expression for G(W), (4.55), can be used

W—tl
to evaluate Y I G(y) dy to get
0
W—tl W—tl 0
My I G(y) dy = u; I G, (y) dy . (4.57)
0 0 1
Using (A.15), (4.57) becomes
e 0
¥y I G(y) dy = - G, W) +1 (4.58)
1

and upon substitution in (4.56), G(W) satisfies

W=t
G(W) = cr(uzx'l - WD), cg W) - u, I 2 6ty) dy . (4.59)
0

1

Finally, from (4.52) in the region T + t. < W, G(W) satisfies

1

w—tz

0

124

-t




i T e N 0350

Combining (4.54), (4.59) and (4.60), for W > 0, G(W) satisfies

G(W) = (;,r(uzx'1 - e'”""T)) ulp - T-¢)+ cgl(W) u(W)
+ {uy 6, = 6 up"h - D, _ GSI(W)} W =T =€)
W-t,
- [u2 I G(y) dy] u(W-T ~ t2) (4.61)
0
where
1 Ww>0
u(W) =
(] W<o0 : (4.62)

Clearly for W > T, G(W) satisfies an integral equation of the form

(A.1). Using the solution (A.5) derived in the Appendix, G(W) is

given for the case tl <T+ t2 by
0
G, (W) > if O0<W<T
t — —
1
G(W) =
-1, T4, THEY T+t
G, A {G W) -G W} +u, G G W)
T 2 t t i gt
2 2 2
B ek
- GT{e ce(w -T-=- tz) - e Ge(w -T=- tl)}
T '1‘+t1
+ {GG(W) - GG (W)} # if T<W

(4.63)

where G': (W) satisfies (A.15) and is given by (A.16), Gg(W) satisfies
i

(A.23) and is given by (A.24), and Ge(W) satisfies (A.38) and is given

by (A.39).

For the second case of tl >T+ tz, again the solution is found
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by dividing the domain of G(W) into regions and solving for G(W)

in these regions. From (4.52), in the region 0 SW<T+ t,

cw) =1 =62 W) (4.64)
Y

where Gg (W) is given by (A.16). From (4.52), in the region
1
T + t2 <W< tl’ G(W) satisfies

W-tz

CW) = 1 + cT(uzx“l g kM=), uy f G(y) dy (4.65)

0

and in the region t,<W<T+ t;» G(W) satisfies

W-t W-t
G(W)-1+G(v7\1-euwr))-u 1G(y)dy-u 2G(y)dy.
T2 : 1 0 2 0
(4.66)
Now for W - tl 2T+ t,, the expression for G(W), (4.64), can be
~t
used to evaluate My I G(y) dy to get
0
W-tl H-t:l 0
u G(y) dy = u G, (y) dy . (4.67)
1 1 0 t
Using (A.15) in (4.67), the expression in (4.67) becomes
i 0
My I G(y) dy = - Gt W) +1 : (4.68)

1

Upon substitution of (4.68) into (4.66), G(W) in the region

£ < W<T+ t satisfies

LR TR E T




2

-

0 Wet,
)+ &0 - J Gly) dy . (4.69)
1 0

=1 =-A(W=T)
G(W) = cT(uZA -e

Finally, from (4.52), in the region T + t, < W, G(W) satisfies

1

W-t
GOW) = uy G, = u, I 2 6ty) dy . (4.70)
0

Combining (4.64), (4.65), (4.69) and (4.70), for w > 0, G(W) satisfies

G(W) = u(W) + (;,r(uzx"1 - e'A(w;T)) u(W - T - t,) + (cg - 1) u(W - t;)
1
+ {1y G, - GT(uzx'1 - e—x(w—r)) - cg } u® - T - t))
1
W-t,
- [uz j G(y) dy] u(W - T - tz) 5 (4.71)

0

As in the first case, for T < W, G(W) clearly satisfies an integral
equation of the form (A.1). Using the solution (A.5) derived in the

Appendix, G(W) is given for the case t, > T + t

1 2 by

0
th(w)

G(W) =
t T+t T+t
T 1 -1 2 1
(Gt (W) - G, W)} + Gy A {ct w) - G, W)}

2 2 2 2
At =\t

2 1
- Gr{e ce(w -T = tz) -e

ce(w -T= tl)}
+ {ctlm - G“*ﬁm} +u, G cmlm 1f T<W

G G 2.2 tz e <
(4.72)

In order to find F(W), the constants Gl’ Gz, and GT must be
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evaluated. From (4.48), (4.63), and (4.72) G,r is given by

0
cT = th(T) % (4.73)

From (4.46), (4.63) and (4.72), Gl is given by
T
G = I G(y) dy
0
s
= f Gt (y) dy . (4.74)
0 1

Using (A.15) in (4.74), the expression for G, becomes

1
6, = (1-¢0 (T+ ¢t )} (4.75)
1 tl 1 1 iz Y
Substituting (4.73) and (4.75) into (4.47) and solving for G,y»
Gz is expressed by
0 0 -1, -1
¢, {ct (T+¢) - 6, (T) (v = u,) }”z . (4.76)

1 1
Finally the constant c¢ in equation (4.42) must be evaluated.
It is evaluated using the constraint lim F(W) = 1 given in (4.25).

W
From (4.42), this comstraint implies that c satisfies

¢l e 1in ¥ e . (4.77)
oo

Now using the expressions (4.63) and (4.72) for G(W) in (4.77) and
then making use of the expressions (A.45), (A.52), and (A.62), the

expression (4.41) for ¢ ! is obtained.
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Hence, solving (4.42) for F(W) and using (4.41), (4.63), and

(4.72), the expressions (4.36) and (4.37) for F(W) are verified.

!!.E.D

Using the expressions (4.36) and (4.37) for F(W), the limiting

average waiting time is evaluated in the following theorem.

Theorem 4.3

The mean,

E(W) = r Wd F(W) , (4.78)
0

associated with F(W) is given by
T

[‘_i] ( ) =X 5
r A(T,-rt =2(T, - rt
g(w)-c{_% Y i) e 1" (__1“__1__1)
r=0 u=0

A(T +t2) T, + ¢t At 2

H;u,‘-l[e 1 % Tt e 2

= )
T "2 1 - Atz 201 - xt2§7

2
X(T1+t1) '1'1 + tl th )]

-e G—+ S |
Tt Y] At)

T. + ¢t th
% s 48 2
2L Aty ladd @ e

+UZG )2)
2

AT ACT. 402 « 2 +e)? b -t Oe)2ee- t)
R | sl . e Al Ul N Ml
T 2(1 - A:z 1 - Acz 2(1 - xtz

[T1+‘1

T T .+t
tpdee I oal-nl? (4.79)
2 r=0
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for Tl + L, < t, and is given by

r A(T,-rt.) (- AM(T, - rt, )"
EW) = c[-.% YAt oa 39 1 1

r=0 u=0Q

u! -1

2
AT T At
[e 1 ¢ 1 2

—_—_.’.——._*_)
l—lt2

2
2(1 - ltz)
2

o at,
e S o —3
2201 -ty

A('rl+t2) 'rl + tz Atz
* Cp vy|e Te it
2 2(1 - 2t

)
2
2)

A ('l'l'H:

)
1 1 1 2
- e ( — _...)
o i x:z)z

T, + ¢t Atz ]

Y e 1:22
+ u, G, ¢ + )
i o T rep)?

2 2 2
v eu'l A('rl-rtl) - 1(1'14-:2) % tl-tz ‘ (Acz) (t1 - ‘z)
T 2(1 - Atz) 1-A:2 2(1 - Atz)

1 17}
r o hr ) (‘-80)

for tl < '1'1 + £y where Gl, GZ' G,r and ; are given by (4.38), (4.39),

(4.40), and (4.41), respectively and hrl is given by (A.72) in the
Appendix,
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Proof

The mean associated with F(W) is given by

W
E(W) = 1im I y dF(y) .
W /0

Let u(x) be the unit step function defined by

1 , 4f W>0
u(W) =
g, 4f WP ..

Then, from (4.81) E(W) can be expressed by

W

T
E(W) = f 1 y dF(y) - T, F(rl) + 1im I y dfu(y - Tl) F(y)] .
0 W 10

Integrating by parts, E(W) is expressed by

T

w
EW) = ~ I . F(y) dy + lim I y d(u(y - Tl) F(y)) .
W /0

0

From (4.36) and (4.37), for 0O < W<T, F(W) is given by

F(W) = ¢ G: W)

(4.81)

(4.82)

(4.83)

(4.84)

(4.85)

1
So, using the expression for Gg (W), (A.16), the first term of (4.84)
1
is given by
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[y/t,] r
T T 1" (= A(y = rt)))" A(y-rt.)
Iol F(y) dy = ¢ I X —_— :

e dy
0 1r=0 rl
(1,/¢.1 u
g 1z 1 ( 2 eA(Tl-rtl) (- A('r1 - rtl))
A r=0 u=0 ul
T,T T T

1

Now, define the functions H: (x), HG
2

2ex) and “el 2(x) by

X
n: (x) = I v dte’T cI ()
2 0 2

T,T x T T
Bt 2 = [0 y 4e"ic ) - 6.2nH

and

x =A(T,~-T.)
y d(exx{ce(x - Tl) -e e

T,T
ﬂel 200 _I
0

- 1)

(4.86)

(4.87)

(4.88)

Ge(x - ?2)}) «(4.89)

So, substituting the expression for F(W) from (4.36) and (4.37) into

(4.84) and using (4.87), (4.88) and (4.89), the expression for E(W)

becomes
2 I /e,1 T, =re)) (=)(T, - nl))“
EW =cl-% I (] e et o 1)
r=0 u=Q
-1 ity b2 S
+Gpuph “(lm H " “(x) - lim H (x)] + u,6, lin H,
xHo 2 b wad 2 X
AT T,+t.,T.+t T,,T.+t
-G e 'ympl 21 1+11lllcl 1 10
b wand e b wand
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(4.90)

-




B g - N

for T, + t, < t. and becomes

1T 52
. 5 (Ty/e,) o AT -re)) (-A(T) = re)))"
EW) = cf- ¢ Ity . vy -~ 1)
r=0 u=0 g
T t T+t
+ 1im Hcl(x) - lim ntl(x) + Gy A 1[11- utl 2(x)
X0 2 x> 2 x> 2
T.+t AT T. 4+t s T+t
- lim ntl l(x)] -Gy e 1 in nel &% 1,
b Saud 2 x>
t.,T.+t T.+t
+ lim ncl 1 ey 4 u, G, 1m utl 1) (4.91)
b el X 2
T 7T,
for tl < T1 + tye The 1limit of the functions “t (x), “G (x) and

T,T 2
Hel 2(x) are evaluated in the Appendix in (A.67), (A.71), and (A.76).

Hence, upon substituting ggese limiting values into (4.90) and

(4.91), the results of the theorem are obtained.

Q.E.D

So, using the expressions derived for F(W) and I. F(W) dW in
0

(4.23), Lfr }({Dk}) is evaluated, Figure 4.1 summarizes this com-
k

putation. In Section 4.5, these techniques for the evaluation of

2

L ({D, }) are used to obtain numerical results for yl(D).
{Tk} k 2

4.4 Approximation of the Delay Distortion Relationship

In the previous section, the integral equation (4.24) for the
limiting probability distribution, F(W), of the waiting time of a

message in a data compression scheme using two data compressors (K=2)

2

is solved explicitly for F(W) . This allows L{T

}({Dk}) to be evaluated.
k
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GIVEN
t‘o o‘o o‘!o B

y

=7 D) py) ¢!
i=1,2

3

COMPUTE CONSTANTS
01. (4.38)
Gy (4.39)
Gy, (4.40
c, (4.41)

y

FT = c'T 67 (M),
(4.30), (4.37)

COMPUTE
EW) = me
(4.79)

COMPUTE
EW) -me

(4.00)

l__.Q.___:

LF.‘ c{o,}»-:mm,wmn«,wo,» (1- £

Figwe 4.1. Evalustionof L2 (D} )
r’k‘ I k,
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For K greater than two the corresponding integral equation (4.24)
can be solved by the usual numerical techniques for solving integral
equations. Then L?T }({Dk}) can be evaluated and Ti(D) can be computed
using (4.7). .

In this section, an alternative technique for evaluating
L?T }({Dk)) is presented which does not rely on numerical techniques
andktheir inherent convergence difficulties to solve for F(W). The
technique evaluates Lf& }((Dk}) by considering an appropriate imbedded
Markov chains when the :quences {r,, k=1, ..., K-1} and
{tk, k=1, 2, ..., K} have a common divisor denoted by A (i.e.,
dividing each term of the sequences by A yields an integer). Then
Vi(b) is evaluated using {(4.7) where the minimum operation is taken
over a dense set of values of {Dk’ k=1, 2, ..., K} and a dense set
of values of {Tk, k=1, 2, ..., K-1} (i.e., the corresponding set

of values {tk, k=1, ..., K} and the set of values

{Tk’ k =1, ..., K-1} have a common divisor).

¢ In order to define the Markov chains used in the evaluation of
L?Tk}({nk})’ define the integers {zk, k=1, 2, ..., K} and
{nk, m= 1, 2, ecey K"l} by
4
x
lk L —A_ k= 1' 2, ooy K (‘092)
and
l o
! Tk
.k - -A— k= 1. 2, seey K-1 . (4.93)
i Then for the queueing system with thresholds {Tk} and service time
: O
R 7 {tk}. the virtual waiting time at an instant nA units of time following
135
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the initiation of a busy period, is an integer multiple of A. So,
define the sequence of imbedded times {En}. n > 1, by

t +2 » 1f € 1s not the end of a busy
period

tn+1 = (4.94)

max{t, : t > 1,3 >0}, otherwise

b
where t. = tb » and tb is the time at which the jth busy period
1 1 3
begins. Thus, if V(t) 18 the virtual waiting time of the queueing

system with

v(0) = 0 s (4.95)
then the sequence {xn} defined by

x, = V(E)/a a=1, 2, .. (4.96)

is an imbedded Markov chain.

Clearly, x can be written as a function of x and the number

n-1
of messages N_arriving in the interval (En-l’ En]. Hence, if

xn-l

and x = ll' When X .1 > 0, the virtual waiting V(?n) is given by

= 0, then En is the beginning of a busy period and so, Nn =1

V(tn) =- v(tn-l) - A+ su (4.97)

vhere 8n is the sum of the transmission times of messages arriving
in the interval (En-l’ Sn]. To compute v(tn) or equivalently x ,
let Z(N,i{) be the value of x when X" i > 0, and N messages arrived

in the interval (in_l. En]. So, using the normalized thresholds {-k}’
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Z(N,1i) can be computed recursively by

Z(N,1) = Z(N-1,1) + 2k s 1f moy S Z(N-1,1) - 1 b k=1, ..., K

(4.98)
where Z2(0,1i) = i-1, Therefore for X .1 >0,
x = Z(Nn, xn-l) (4.99)
which is computed using (4.98).
To compute the transition probability
PJ|1 = Prix = j!xn_l =i) , (4.100)

first note that Pr(Nn = N|xn-1 > 0), denoted by P(N), is given by a
Poisson distribution, and so

N

Pr(Nn = len_l >0) = Ll%%— P 3 (4.101)
Hence,
Losviy 8 < gm god W 0 -
Py "JPOD L 4f 3 =2(N1),1>0,N=0,1,2,3, ... '
0 , otherwise . (4.102)

Now 1if TK-1<° and Atk<,L then it can be shown that the imbedded Markov

chain (xn} is aperiodic and positive recurrent, Thus, lim Pr(xn = 1),
n>e
which is denoted 'j' satisfies

I e

(R R T Oy G SR B s
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and

wj o B (4.104)
i=0
To relate the Markov chain {xn} to the calculation of L?T }({Dk})’
k
a second Markov chain {yn} needs to be considered where
P (xn+1, xn) i e TR SR . (4.105)

The transition probability of {yn} is given by
p - P - - (1,1
Uyl layat) = BP0 = Gpedpdly,y = ()

=Pr(x =3y, x g = dlx =% =1 .

(4.106)
Using (4.100), ’(31'jz|11'12) is expressed in terms of Pj[i by
P 1f §, =1
p -{ 111, = (4.107)
(11’12|11’12) 0 otherwise

Then 1lim Pr(yn - (jl,jz)), which is denoted 7

) is given by
me 2

(3,3

n = P ] ¢ (4.108)
(303 T3,03, 3,

To compute Lfi }({Dk})’ functionals of the Markov chain {yn} are
now defined. Let N*(yn), k=1, ..., K, be the number of messages
which are compressed by compressor k during the time period (tn,
tn+1]' It is easy to show that Nk(yn) as defined is a function of x

and X -1 and hence is a function of Yy So, Nk(y) is computed as




s

[

follows:

1 , 1f jJ, =2 and, k=1
N°(3,,0) = { Sl

0 , otherwige 5 (4.109)
N<(3-1,§) = 0 for all § > 0 and for k = 1, 2, «es, K
(4.110)

and for j2 > 0, and jl Z.jz -1

k
N (jl,jz) g L Pj1|32 # 0 and m_q < jz <m

Nk(jl + mk’jz) =10 , 1f Pj1|j2 = (

N(3;53,) , otherwise : (4.111)

Then let N(yn) be the total number of arriving messages in the interval
(tn_l, tn], which is given by

S0

Ny)= ) N(G) . (4.112)
n n
k=1
Now define the functional w(yn) to be the sum of the waiting

times of messages arriving between (tn—l’ tn]. So, W(yn) can be

expressed in terms of {Nk(yn)} as follows:

0 , 1f 3, =0
(3,53,) ={0 » if 3,>0, and J; =3, -1
S - and ) SEERD S
’ = e + e ———
Sl i o1 2 m
N f ky . ;
+ N “(3,53,) N (3,,] A| , otherwise.

k=2 [ie =1 1*72 U i A

(4.113)
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Using the Markov chain {yn}, the following theorem shows that

& S

Welin N E{ ] (w)} (4.114)
Nooo n=0

and
&
-1 Nil
P, = lim N Pr(T, . <w <T) (4.115)
L k-1 = 'n = 'k

can be expressed in terms of the mean of the functionals of the

Markov chain. Hence, L?T }({Dk}) can be evaluated from (3.15).
k

Theorem 4.4
Consider an adaptive data compression scheme, which uses K data
compressors, where the greatest common divisor of the transmission

times {:k} and thresholds T, 18 A. Then W and P _ are given by

L W(.9,) 7

3.3
3.3 172
W= 122 - (4.116)
N(j o] ) w
Soly o
and
k "
I NG90, |
1,3, 172
Pk = = - (4.117)
I NQpLIF,
1112 172
Proof
From the generalization of Lemma 3,10, it is clear that
W= lim E(w ) (4.118)

nee
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and

P
k B k

Using the ergodic theorem (Doob [38]), (4.118), and (4.119), it is

clear that
=1 N-1 o
Ha N~ ] w =W w.p.l (4.120)
N n=0 °
and

L §
1lim = ILL(w)="P
N . n=1 -y

vhere Ik(-) is the indicator function defined by

L (w) =

= 1im 1’1-('rk_1 < S T,) 5 K ). eaisle (4.119)

wepel , k=1, ..., K , (4,121)

0 , otherwise / (4.122)

Now let Mi be given by

i
M- ) Ny ) . (4.123)

n=1
So, from the definition of the sequence {En}, (4.95), “1 is lower
bounded by considering the situation where every arrival initiates

a busy period and so,

i
M, > £
1=T +1

Thus, " Hi

le(yn) 21 v,
n- n-

oms e oo g (4.125)
i i
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i e it L RS

7w Mzi
N (y) (w)
o=l " = ™

" o}

k » 1, soey N . (4.126)

From the bound (4.125), and from (4.120) and (4.121) it is clear

that the limit of (4.125) and (4.126) are given by

) Wy, )
Iim 1"—1?— =¥ wep.l (4.127)
i3 i
and
"
) Nk(yn)
14 =1 = - P w.p.l s kL e K AE120)
foe 1

Now from an ergodic theorem in Chung [39],

- i 3,3,
=l . - w.p.1 (4.129)
1o 1 ] & 3. NG,.3,)

1.3, %

and
I &, . NU,.1,)

g 58, et

lim L

i+ n=] Hi

———*‘ H.p.l, k - 1.2...',K L]
11.12 172 (4.130)
Hence, substituting (4.127) and (4.128) into (4.129) and (4.130),

the expressions (4.116) and (4.117) are proved.

Q.E.D

Using (4.116) and (4.117), W and {P,} can be computed once
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T

" is computed or once ¥ /w is computed. From (4.110),
"1y9; 3,4,
_1 j / is determined from tj/uo, j=0,1, ... . Now cleariy from
1 ‘
(4.102)
P =0
S1E

for 1 and j that satisfies § + 1> 1 > 0, So, w /110 is given by

3

solving (4.103) in a recursive manner. Thus,

A 7 _
"o ("o goili" Piign 312 oe0 (413D
™
where-g--l,
n

0

Hence, W and P, can be computed using (4.116) and (4.117),

k

respectively, and L }({D }) can be evaluated using (3.15).

{'1'
Figure 4.2 smarizes this computation. In Section 4,5, these
techniques for the evaluation of I‘{T }({D }) are used to obtain numeri-

cal results for YK(D)’ K> 2,
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G|VEN
K |7y . o] .4

y

INITIALIZATION
% = [7(Dy) +p) clk=1,..K
a = coo(y}. {nt)
B " 4/A  ,k=1,.K (492
M, =T /A k=1, .K(483)
w - Nka
"o/"o = 1
Jd =0
INCREMENT J
J=J+1
Y
COMPUTE
Py i =0, 941 .(4.902)
nylmg ,(4.131)
W, i,i=0, .9 ,(4.113)

N, 0,i=0,..,k=1,..K
(4.100) - (4.111)

y

FORM PARTIAL SUMS
J
W = W+ WU, ilPy 7
i=0 Ji "

J
N = N B NP,
0
W oewzZnN e
k=1

&
- N
P = NI N e

Uiryg 10 1=+ 2 e, 0

Figure 4.2. Evalustion o L"‘M (o} ) x>2
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4.5 Numerical Results

To 1llustrate the performance improvement when using the adaptive
data compression scheme as compared with the use of the nonadaptive
scheme, a single channel communication system is considered. This
comparison is performed by evaluating the delay distortion relation-
ship for the different schemes. The source and channel model to be
employed are described in Section 3.2. The message arrival rate 1is

A[.:::.l and the channel transmits information bits at a rate C[::f:s].

Each message consists of a collection of v letters which are indepen-
dent normally distributed random variables with variance 02. The
data compressors used in the compression schemes under consideration
satisfy the rate distortion relationhip r(D) [Eﬁ%ﬁ]. Using a per-

letter squared distortion criteria, T(D) is given by (see, Berger [4])

£(0) = v/2 tn(o?/D) (4.132)
nats
The protocol information parameter pK[meas] is given by
Pg - fn K (4.133)

where K is the number of data compressors used in the compression
scheme,

Using the models described, the delay distortion relationships
y:(n) for the nonadaptive compression scheme, K=1, and for the
adaptive compression scheme, K=2, and 3, are evaluated using (3.10)
and (4.7), respectively. In the evaluation of yi(n), K= 2, 3, the

quantity L:Tk}({bk}) is computed using the technique described in
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Figure 4.1 and the quantity L?,rk}({nk}) is computed using the technique
described in Figure 4.2. The optimization required in the evaluation
of Y:(D) is performed numerically using a numerical optimization
algorithm. Figure 4.3 presents curves for Yl]i(n)’ X=1.2. 3.

Figure 4.4 shows the relative performance of the nonadaptive scheme
versus the adaptive scheme by presenting the curves yi(b) - yi(n),
K=2, 3,

From the figures it is evident that at low distortion levels the
adaptive schemes yield considerable smaller message delays than those
obtained when anplo.ying nonadaptive schemes. At high distortion
levels, nonadaptive schemes are slightly superior to the adaptive
schemes, due to the required transmission of protocol information
for the adaptive data compression schemes. The lower envelope of
the curves in Figure 4.3 represent a restricted version of YA(D)
defined in (3.14) where only schemes with one, two, or three data
compressors are considered in the calculation of YA(D)'

Thus, from this example, it is concluded that the adaptive data
compression schemes considered here serve effectively as a device
to reduce message delays when low distortion levels are required.

The situation of low distortion levels corresponds to heavy traffic
in the communication network. As the distortion levels increase,
message delays associsted with the corresponding adaptive compression
schemes are slightly degraded when compared with those obtained by
nonadaptive schemes., This is due to the increased traffic resulting
from the transmission of protocol information when using the adaptive
scheme.
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Figure 4.1 and the quantity L?Tk} ({Dk}) is computed using the technique
described in Figure 4.2, The optimization required in the evaluation
of Yé(D) is performed numerically using a numerical optimization
algorithm. Figure 4.3 presents curves for yi(v), K=1, 2, 3.

Figure 4.4 shows the relative performance of the nonadaptive scheme
versus the adaptive scheme by presenting the curves Yi(D) - yi(n),
K=2, 3.

From the figures it is evident that at low distortion levels the
adaptive schemes yield considerable smaller message delays than those
obtained when enplo.ying nonadaptive schemes. At high distortion
levels, nonadaptive schemes are slightly superior to the adaptive
schemes, due to the required transmission of protocol information
for the adaptive data compression schemes. The lower envelope of
the curves in Figure 4.3 represent a restricted version of yA(D)
defined in (3.14) where only schemes with one, two, or three data
compressors are considered in the calculation of YA(D)'

Thus, from this example, it is concluded that the adaptive data
compression schemes considered here serve effectively as a device
to reduce message delays when low distortion levels are required.

The situation of low distortion levels corresponds to heavy traffic
in the communication network. As the distortion levels increase,
message delays associated with the corresponding adaptive compression
schemes are slightly degraded when compared with those obtained by
nonadaptive schemes. This is due to the increased traffic resulting
from the transmission of protocol information when using the adaptive
scheme.
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4.6 Conclusions

The delay distortion relationship for a communication system
utilizing a single channel and an adaptive data compression scheme
was considered in this chapter. The delay distortion relationship
was shown to be specified by a minimization of a functional over a
vector space. Basic properties of this relationship were presented.
The functional to be minimized was then examined, and an integral
equation whose solution is related to this functional was derived.
For the case of an adaptive data compression scheme which uses two
data compressors, this integral equation was solved and the functional
evaluated. For the case of compression schemes which use more than
two data compressors, a technique was developed to evaluate the
functional by defining an appropriate Markov chain and functionals
of the Markov chain. Finally, examples of the delay distortion
relationship for a communication network employing a single
communication channel were presented. From the examples, it was
observed that an adaptive compression scheme yields superior per-

formance to that of a nonadaptive scheme at low distortion levels.
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CHAPTER V

THE DELAY DISTORTION RELATIONSHIP FOR
TANDEM CHANNELS

The results in Chapters III and IV pertain to a commmication
network which uses a single comnmunication chanmnel for data trans-
mission. In this chapter, these results are extended to communication
networks employing tandem channels where the channel capacities are all
equal. In Section 5.1, the tandem channel network is discussed and the
delay distortion relationship for this network is determined. The
resulting delay distortion relationship is shown to be of the same form
as the delay distortion relationship for the network consisting of a
single channel. In Section 5.2, some of the properties of the delay
distortion relationship outlined in Section 5.1 are presented.

Finally in Section 5.3, numerical results for the delay distortion

relationship for various tandem networks are presented.

5.1 Delay Distortion Relationship for Tandem Channels

In this section, the delay distortion relationship is investi-
gated for a network configuration consisting of a tandem channel,
as described in Section 3.1; a source, as described in Section 3.1;
and an adaptive data compression scheme, as described in Section 3.2.
Incorporating the results of Chapters III and IV, this relatiomship
is shown to have a form similar to the delay distortion relationship

for the single channel network. Thus, the results of this section
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will closely follow the results of the previous chapters.

The network under consideration consists of M channels, with
identical channel capacities equal to C [nats/sec], connected in a
tandem manner as depicted in Figure 3.1. For this network, and
for the adaptive data compression scheme which uses two data com—
pressors, the delay distortion relationship, Yg(D), is given by
(3.13). As in Section 3.2, if the infimum in (3.13) can be replaced
with the minimum operation, the expression for yg(D) reduces to
(3.16). The term Li({Dk}) in (3.16) is expressed using (3.11),
(3.12) and (3.15) as
1

2o, = 11 Nf E_{ 121 v+ (3(d) +p)C Y + ud )
ok ;*:up ne0 " ge1 Mm@ n Py o'

(5.1)

where 7 is the compression assignment policy, {Dk} is the average
distortion levels of the data compressors used, "n & is the waiting

’
th th

time of the n  message in the buffer associated with the m

channel
with Yoau™ Oform=1, 2, «o., M (network initially empty), dn

9
is the average distortion associated with the data compressor which

compresses the nth

message, U is the associated Lagrange multiplier,
£(D) is a rate distortion relationship that the data compressors
satisfy and Py is the protocol information. Without loss of generality,
assume D1 5.02, for the remainder of this chapter.

To determine if (3.16) is valid, it is necessary to investigate

12((o, 1) = 1nf 1_({D,}) (5.2)
well
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and ascertain if there exists a n* ¢ 1 which satisfies
L2(to, 1) = 12, (i » (5.3)
k e Tk o2

where Il is the class of causal policies. As in the case of the
single communication channel in Chapter III, the verification of
(5.3) is accomplished by introducing the notion of a Markov decision
process for the tandem communication channel, and then determine
n* ag in Section 3.4. Once (3.16) is verified, optimization tech-
niques are used to find yg(D).

The Markov decision process {((xn, an), n=0,1, 2, ...} which
is considered has a state X, described by three elements. The first
element, to be henceforth denoted as Voo is the waiting time, w

n,1’
th

of the n message in the buffer associated with the first channel.

The second element, denoted 1n’ consists of the maximum of 11 and of
the sum of the idle periods of channel one since the last transmission

of a message compressed by data compressor one where

L= (M-1) (t1 - tz) (5.4)
and :t is the transmission time of a message compressed by data
compressor k which is given by

t, = (£(D,) + p,)C L (5.5)
k k 2 y >

The last element of L denoted T consists of the interarrival

time between the (n-l)'t message and the nth message. So,

x = (v, 1, 7), and the state space 1is X = ([#,») x [0,1,] x [0,=)).

th

The action at the n =~ decision epoch is a ¢ ((1),(2)] which
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corresponds to using data compressor 1 or 2 on the nth message.
Then the history, denoted Hn' of the Markov decision process up to
the arrival of the nth message, is given by the sequence of states

and actions as
“n - (xo, 8gs Xps 815 oo X, an) A (5.6)

The history pattern Hn may not be the complete history of the com-
munication system. A sufficient condition for “n to be the history

of the communication system is that the state x specifies the waiting

th

times W B 1, .., M of the n message at each of the M channels.

The following lemma proves this.

Lemma 5.1

Let the initial waiting times at the various nodes satisfy

wO,l =V (5.7)
and for m = 2, ..., M satisfy
wo.m =0 (5.8)
or
vo" = max{0, t, -ty - max(0, 1y = (m-2) (t1 - tz)} (5.9)

where the initial state of the Markov decision process is

X, - (wo, 10, 10). Then the waiting times at the various nodes are

given for n > 0 by
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and form = 2, ..., M by

{o JAf a =1

w = B

n,m Z

. max[O0, t, -t - max(0, in - (1||-2)(t:1 - tz))] Jif a 2
(5.11)

where

i n:ln[Il, max (0, K, 5 tl)] M 4 1 e 1 e

n =

nin[ll, 1n + max(0, e S t,_.:)] . 1f a 2

and x = (wn, in’ Tn) is the state of the Markov decision process.

Proof
The proof of the lemma is by induction. Suppose (5.10) and

(5.11) are valid for the nth message. By the recurrance relationship

for waiting times, w Lt is given by
”
m
'ﬁl,l wac(0, 'n,l i ta T 1.n-i-l) (5.13)

n
where 'r: is the interarrival time between the arrival of the (n-].)at

th th

message and the n= message to the m™ channel.

First consider the case a

1 1. Clearly, from (5.12) for

m>2
(5.14)

independent of the value of ap. Furthermore,




J‘ 3 Tl 2 (5.15)
since the transmission time of a message which is compressed by
data compressor one through a single channel is tl. So, using
. (5.14) and (5.15) in (5.13)
1
| 0 (5.16)

wn+1,m o

for m: 2

For the second case of a 1

time r: for all n > 0 is given by

= 2, let m > 2. The interarrival

T =1 +t (5.17)

i channel between transmissions

th

: , vhere 1: is the idle time of m

LI

of the (n-l)"' message and the n= message. But I:+1 is given by

m m
In+1 max(0, Tl ~ t:‘ln - wn,n) . (5.18)
3
Upon substituting (5.17) into (5.18), I:"_1 is given by the recurrence
relationship
o1
| t I:,‘_1 = max(0, I .5 - o +t, - t“n) ’ (5.19)
| i So, from (5.17), the expression for r:+1 becomes
m m-1
X Tobl max(0, In+1 wn.- t.n-o- tz) +e, . (5.20)

§ Substituting (5.20) into (5.13) results in

m-1
Val,m max{ O, vn.-+t.n-t - max[0, I w i +t2]} .

2 o+l n,m
» (5.21)
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Now for a - 1, substituting (5.11) in (5.21), wn+1,m is given by
v = max{0, t, - t, - max[0, I™.% - (t, - t.,)]} (5.22)
n+l,m o &y T B9 * “n+l y " t i
But from (5.19) for a = 1
1™ = maxf0, I},.. - (@1) (¢, - t,)] (5.23)
nt+l * “n+ll 1 2 S
and so, upon substitution into (5.22),
1
ViHl,m max{0, t, -t - ‘x[1n+1 - (m=2) (t1 - tz)]} (5.24)
For a = 2, substituting (5.11) and (5.17) into (5.25), wn+1,n is
given by
v = max{0, t, - t, - max[0, 1 - (m-2) (t, - )] - I™ 1)
ntl,m i | 2 * "n 1 2 ntl
(5.25)
where I:+1 is given by the solution of (5.19) as
o1
- - 1 =
I 4y = max(0, I -'2_2 vn,-.) . (5.26)

Now consider three cases. First let m be such that . 0. Hence,

v =0 form>m'" > 2 and so
nyM e o

Votl,m - 2ax{0, t; - t, - max[0, 1 + I:ﬂ - @2) (¢, -t )1} .

(5.27)

Then let @ > 2 be the smallest integer such that . Sa 0. So,
]

i (»2) (t; = t,) 2 0, thus, 5 satisfies (5.27) since

V41,
g a PR
I:;I I a1 Finally let m > m. Since for all m' > m ,

ok = n
"’.' tl t2. Ill"l is u"n by
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o 1 m=1
I = max(0, I -W_a (b =)y (5.28)
n+l ntl LB R 1 2
m
Substituting the values of wn,ﬁ into (5.28), I“+1 is given by
& 1 £ m-1
" max{0, ITa- [t1 -t - in + (m-2) (t1 - tz)] - 'Z‘ (t1 - tzn
m'=mt+1
1
= max{0, 1n + In+1 - (m=2) (t1 - tz)} 5 (5.29)

Hence substituting (5.29) into (5.25) and noting that 1n - (m=2) -

(t1 - tz) < 0, expression (5.27) results. Therefore for all m > 2,

1
ntl

1
1n + In+1) without affecting the value

expression (5.27) is valid. Now observe that in (5.27) 1n +1I

can be replaced by max(I

1’
of wn+1,n' Clearly, the element in+1 of X 41 is given by
1
max(Il, In+l) if a 1
i -
n+l 1

nax(Il, 1n +I1I°.)) if a =2

n+l X . (5.30)

Hence, (5.11) is valid for n+l. Therefore, by induction since Yo.m
9
specified by (5.7) - (5.9) satisfies (5.11), then (5.11) is valid

for all n.

Q.E.D

Lemma 5.1 shows that history Hn is the complete history of the
communication system for all initial conditions of the form (5.8)
or (5,9). Certaintly, the initial condition requiring all the
buffers in the communication system to be empty, which is assumed in
calculating yg(n), satisfies (5.8) when 10-11. Thus, initial conditions

other than that of the form of 5.8) or (5.9) need not be considered.
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Using the recursive equation (3.21) for Vs and the recursive
equation (5.12) for in’ a version of the transition probability

distribution, Pr(wn+1 <W, 1

SO < T|Hn) is given by

Tatl =

Pr(

W SW T, Tn.,.li'ﬂ“n)

- Pr(wn+1 < W, 1n+1 <1I, Tl :_Tl(wh, 1n’ Tn), an)

F (min(T+w +t,,T)) - F_(max(0 "’n""‘al"“)) » Af & =1, I<I,
FAT) - F_(max(0 "n+tal-w)) » if a =1, 1,
Ft(lln(l-1n4vh+t2,r)) - FT(lax(O ,wn+t2-W)), if an'Z, Iﬁ;l
F‘(T) - FT(-ax(O ,uh+t2-W)) , if an-Z, I>I1 R
(5.31)

The rules or policies w, associated with the Markov decision
process, are specified in Section 3.3, and the set I is a collection
of such policies. The cost function c(x,a) is of the form

{w+m1+unl - a=1
c(x,a) = (5.32)
w+ tz + (M’-l)t1 -1+ uD2 S a=2
where x = (w,1,7) € X, and a € [(1),(2)]. Hence the average cost
®(x,7) under policy = ¢ Il when the Markov decision process (xn, an)
is initially in state x ¢ X is given by (3.39) to be
N-1

-1
#(x,7) = 1im sup N Balce(x_, a)|x. = x} (5.33)
oo nzo * n® %/ 1%
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®(x) = inf O(x,7) . (5.34)
nell

Relating this to the communication system under consideration,
it is clear from Lemma 3.1 and (5.32) that
nzl v + Mt < + uDan = c(xn, an) . (5.35)
Thus, by properly initializing the Markov decision process (xn, an),

L:({Dk}) is clearly given by
2
L"({Dk}) = &((0, 11, 0), ) . (5.36)

Since Hn is the complete history of the communication system, the set
of admissible policies Il is the same set of policies considered in

(5.2). Hence, Lz({nk}) is given by
Lz({Dk}) - 8((0, 1, 0)) . (5.37)

Therefore, the problem of finding a policy n* which satisfies (5.3)

reduces to the problem of locating a policy n* which satisfies
d(x) = d(x,n*) (5.38)

Before determining a 7* which satisfies (5.38), the value of
Dz must be restricted to guarantee that ¢(x) is finite. So, as in the

single channel network case in Section 3.4, D, is restricted to the

2
region

a=]1 ¢
D, <r -9 -

Outside this region #(x) is unbounded.
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To find m* and ¢(x), first consider the Markov decision processes
{(xn, .n)' n=20,1, 2, ...} defined as before, but with cost function

c(x,a), given by (5.32), replaced by

w + Htl + uDl ,if a=1
c'(x,a) = (w + t, + (H—l)t1 + uDz,if a=2andi=0

w+ th + uD2 ,if a=2and 1>0

(5.39)

where x = (v, 1, 7). The associated average cost is denoted ¢'(x,m)

and ¢'(x) is given by

?'(x) = 1inf ¢'(x,N) . (5.40)

well

Since from (5.32) and (5.39) for all x ¢ X and a ¢ [(1),(2)]

c'(x,a) < c(x,a) , (5.41)
then

¢'(x,7) < o(x,m) (5.42)
for all m € I, Thus, it is clear that for all x ¢ X

0'(!) < ’(z) . (5-‘3)

So, from (5.43), if a policy 7' € Il can be found such that &(x,n')
equals ¢'(x) for all x ¢ X, then 7' is the policy n* which satisfies
(5.36). A logical choice for v' is for 7' to satisfy

¢'(x) = ¢'(x,1') , (5.44)
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if such a policy exists. In order to find n' ¢ N that satisfies

(5.44), Theorem 3,2 is to be used. The following set of lemmas verify

Assumptions 3.1, 3.2 and 3.3 which are required to apply Theorem 3,2,

Lemma 5.2
Assumption 3.1 is valid for the Markov decision process (xn. an)

under consideration with costs c'(x,a) given by (5.39).
Proof
Let m = ],
8(("p i, 1)) =w+1 (5. 65)
and

b= max ¢t
ke[1,2]

k . (5. 46)

Then (3.42) and (3.43) are easily verified. Hence the assumption is
v.lido

Q.E.D

From Theorem 3,1, there exists a-optimal stationary deterministic
policies for a € (0,1) which can be obtained using the policy improve-
ment algorithm of Corollary 3.1. The following lemma establishes

the structure of the a-optimal policy.
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Lemma 5.3

The a-optimal policy for the Markov decision process (xn, an)
under consideration with cost function c'(x,a) given by (5.39)
is a connected policy where action one is selected when the waiting

time, w, and the truncated sum of the idle times, i, satisfy
w < Ta“') (5.47)

and action two is selected otherwise. 'l'u(i) is termed the threshold
function, and is selected to minimize the a-discounted cost problem.

Furthermore, Tc(i) is a constant for all 1 ¢ (0,11] and '1‘“(0) > Ta(Il)'

Proof

First, as in Lemma 3.4, one can show that the dependences on the

e

interarrival time can be dropped. So, using the value of c¢'((w,1,T),k),
(5.39) and the expression for Pr(wm_liw, 1n+1i1' r"+li'1‘|(wn,in,'rn),k),
(5.31), the policy improvement algorithm (3.45) becomes for

(wy 1, T) € X

U (w,1) = min v + g(i,a)
A -etu).(z)l{

+a r:“ "n.a“’ Sy - R 16,) dPT(G)

+a L.ﬁt. un,a(o, nin(Il, 15. +W-w- :‘) dl’t(G)}

(5.48)

vhere
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Uo'“(w,i) =0 , (5.49)
t +uD + (M1t : 1f1 =0
8(108) - . » 1
Mt + uD : 1£1>0
a a
(5.50)
and
0 o if a=1
68 - (5.51)
1 A if a=2 s
Now define On,u(w,i) by
L. . - ~ o A -
Un,u(w’i) - Io U“’“(w - w,1i) dFT(w) + [w Un,a(o,min(11,1+w-w)) dFT(w) .
Thus, (5.48) becomes
u (w,i) = min {w+g,a)+al (w+t, 156)}
s ac[ (1), (2)] o
(5.53)

To establish the limiting form of Un’a(w,i) as n + o, it is
required to show that for all n and for all a ¢ (0,1), Un,a("’i) is a
nondecreasing function of w for fixed i, and is a nonincreasing
function of { for fixed w. First define F to be the set of functions
of two variables of the form f(w,i) where (w,i) ¢ ([0,») x [0,11])
such that f(w,i) i1s a nondecreasing function of w for i fixed, and
f(w,1) 1s a nonincreasing function of i for w fixed. Clearly,

Uo,a(.'.) ¢ F. Now suppose un,u(.") € F and then from (5.52)
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On.“(-,-) € F. Thus, from (5.53) Un+1,u(.") ¢ F for all n > 0 and
for all a ¢ (0,1).
Now to show that the a-optimal policy is a connected policy,

define for w < 0

Un'q(w,i) - un.a(o, min(I;, 1 - w)) (5.54)
and
On.c(w,i) = On’u(o. min(L,, 1 - w) . (5.55)

Furthermore, define for (w,i) ¢ ((-»,») x [0.11])

AUn’c(w.i) = un’“(w +t,,0) - "n,a(‘" + t,,1) (5.56)
and
Aﬁn,u(w'i) - Un’a(w + tl,O) - Un,a(w + tz,i) % (5.57)

Clearly from (5.52), (5.56) and (5.57), lﬁn a(w,i) is given by
9

Aﬁn,a(w.i) s I i S B w,1) F (@) . (5.58)

0

Thus, from (5.53), for the (n+l) stage problem, the policy at the
first stage is to select data compressor 1 if w > O and 1 ¢ [0.11]

satisfies
g(1,1) - g(1,2) + a Aou Ji) <0 (5.59)
]
and use data compressor 2 otherwise. So, the optimal policy at the
first stage is a connected policy if Aﬁn o(¥s1) € F' vhere F' 18 the
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set of functions f(w,i) defined on ((-»,») x [0,11]) which are non-
decreasing functions of w and 1. Now define F" to be a subset of
F' such that if £(*,*) € F" then for a fixed value of w ¢ (-»,®)
f(w,1) 18 a constant for 1 ¢ (0,11]. Hence, if Aﬁn.a(-,-) e F",
(5.59) implies that the optimal policy is a connected policy. To show
that AU ('.°) € F" for all n > 0 and all a € (0,1), first observe
that AU (- *) ¢ F" and, so by (5.58) AU (' *) € F". Now suppose
.“(°,-) € F', and hence Aﬁn'u ) € F". This implies that at the
first stage of the (n+l) stage problem, the optimal policy for a dis-
count factor of a € (0,1) 1s a connected policy with threshold function
(1) applied to the waiting time w. From (5.59) it is clear that

n+1 a

Th+1 (1) is a constant for 1 ¢ (O, 11] and T i

Using (5.53) in (5.56), AUu+1 a(w,i) for (w,1) e ((~»,») x [0,11])

0)>T 4o (I ).

is given by
n+1 a(ml,i) +1.u(0,11) , 1f w < -ty
t,~t, + oAl (wtt ,0) if wtt, < T(0)
SRR LT T 0 <ty < ()
2(:1-:2) + “(°1'°z) + Ilu(-:l) + aAOn’a(wH:l,O)
B st a0l © + 00 (e, 1) , 1f wh < T(0),
b v, > T(1)
u(p, ~ D)) » 1f wit, > T(0),
0 <“wit, < T(1)
(t,~t.) + Iu(-1) + adl _(wt ,1) , if wit, > T(0)
.8 1 e S m; > T(1)
(5.60)
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where u(+) 1is the unit step function defined by

0 i, 4f 150
u() = 2 (5.61)
R e

Since §#  (w,0) is an increasing function of w, A0 (e,*) e F",
n,a n,a
and Un+1 a(w,i) is a continuous function of w, then it is clear from
]
°_o ” e _o "

(5.60) that Aun+1,a( »*) € F". Hence by induction, Aun,a( ,*) ¢ F
for all n > O,

Now from (3.46) the a-discounted cost using the a-optimal policy

‘ll: is given for (w,1i) e¢ ([0,®) x [0,11]) by
Va((v.i),w:) = 11:: Un’a(w,i) (5.62)

where the dependences on the interarrival time t have been dropped.
Then AVa ((w,1), w:), defined by
Ava((v,i),tg) - v“((v + tl,O),w:) - V“((w + tz,i),w:)
= lim Mln m(u,i.) ~ (5.63)
o i
is a limit of functions which are elements of F". Hence,
‘Va“"')":) € F". Purthermore, from (3.44) and (5.39) m* 1a ‘he
policy which selects data compressor 1 if (w,i) satisfies
L, -t + u(!)1 - Dz) + Ilu(-i) +a I; Ava(w - v,i)l't(dw) <0
(5.64)

and sel.octs data compressor 2 otherwise. Since Ava( (-,-),w:) L

exprcssion (5.64) implies that r: is a connected policy with a
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threshold to be labelled as Ta(i) where data compressor 1 is used if
(w,1) satisfy w :_Ta(i) and data compressor 2 is used otherwise. In

addition, Tu(i) is a constant for i € (0,11] and Ta(O) 3-Tu(11)'

Q.E.D

Thus, the a-optimal policy is a connected policy specified by a
threshold function Ta(i)‘ The following lemma proves that Tu(i) is

upper bounded for all a ¢ (a*,1) where a* ¢ (0,1).

Lemma 5.4
Tu(i), which is specified in Lemma 5.3, is bounded for all

a € (a*,1) for some a* ¢ (0,1).

Proof
The proof follows from a generalization of the proof of

Lemma 3.6.

Q.E.D

Assumption 3.2 is now verified in the following lemma.

Lemma 5.5
Assumption 3.2 is valid for the Markov decision process (xn,an)

under consideration with costs c'(x,a) given by (5.41).

Proof

In this proof, the interarrival time is disregarded in the
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description of the state, since by Lemma 5.3 Va(x,wg) is independent
of the interarrival time. Now consider the following two cases;
Ta(ll) > 0 and Ta(Il) = 0 , For the first case of Ta(Il) > 0, let

Rl and Rz be the disjoint regions defined by

R, = {(w,1) e ([0,») x [0]) y([O] x [0,11])} (5.65)

and
R2 = {(w,1) € ((0,») x (0,11])} . (5.66)

Clearly, if (wn,in) € R, then (wn+ ’1n+1) € R,. This implies that

if (wo,io) € lll, then for all n > O, (wn,in) € Rl and
C'((Vn.in),an) = c'((wn.O).an) 3 (5.67)

Furthermore, if (wo,:lo) € Rl the sequence {an} is unaltered if the
policy w: with threshold function Tu(i) is replaced with the policy
LA with threshold Ta(O) for all 1 ¢ [0,11]. Hence, the a-optimal

discounted cost Va((w,i),n:) for (w,i) € R, is given by

1

N
V((w,1),7%) = 11;:“13 E"a{nzo a® c'((vn,O) .an)lwo -w, i, = 38
(5.68)
Substituting the value of c'((w,0),a) from (5.39) into (5.68),
V.((v.i),w:) satisfies
N

= 1im sup Bw { X an('nﬁanﬂna )lwo-v, 10-1).

o (8-1)
'C(("i)":) 1o tl it KA n

(5.69)
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Comparing the right side of (5.69) to the a-optimal discounted cost

for a single channel in Section 3.4, it is observed that the right side
of (5.69) is equal to the a-optimal discounted cost for the single
channel. Now from Lemma 3.9 there exists an ai e (0,1) such that

for all a € (ai,l) and for all (w,1i) € Rl’ a function Ll(w) exists

that satisfies
[V (1), m4) =V ((0,1)),70)] < L (W) . (5.70)

Now from the proof of Lemma 5.3, Va((w,i),ﬂ:) is shown to be a non-
increasing function of 1 ¢ [0,11] and a nondecreasing function of

w e [0,2]. Thus, (5.70) implies that for all (w,i) ¢ ([0,») x [0,11])
[V (@, 1),m%) = V ((0,1),70)| < L (W) . (5.71)

Now consider the second case of Tu(Il) = 0 . For this case let

R3 and Rk be the regions defined by

Ry = ([0,=) x (0,I,]) (5.72)
and

R4 = ([0,=) x [0]) . (5.73)
So, 1if (wh’in) € R3, then ("n+1'1n+1) € R3. This implies that if

(wo,io) € R3, then, for all n > O, (wn,in) € R3, a 2, and
c'((wn.in).an) = e'((wn.ll),z) . (5.74)

So, for (“h’in) € R3 the a-optimal discounted cost Va((w,i),ﬂ:) is

given by
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=11}

N
V ((w,1),7%) = 11::up E, (] o c'((wn,Il),2)|vo =w, 1) =1,

a n=0

N
n
= 1im sup E“*{ Z a (wn +t,+ uDa)lwo =w, io =T

)
N o n=0 1

+ (M-1) :2/ (1-a) (5.75)

where the sequence of waiting times {wn} represents the sequence of
waiting times of M/D/1 queueing system with serve duration of t, and
mean interarrival time of A-l. Now to find a bound for

Va((w,i) ,n:) - V“((O,Il),n:), (w,1) e ([0,») x [0,11]), consider the
policy L which always uses data compressor 2. For (w,1i) € R3 the
a-discounted cost is the same under policy “a or w: as shown in (5.75).
For (w,1i) € Rlo the a-discounted cost is higher under policy L than

under policy w;, since w; is the a-optimal policy. Thus,

Vu((w,i),n:) - Va((O,Il),ﬂ:) is upper bounded by
Ava(‘hi) - va((w’i)’"a) = vu((0'11) o“u)
> va((woi) ’W:) o va((o'll)’":) i 0 * (5.76)

To compute Ava(w,i), consider the sequences of waiting times out of a

M/D/1 queueing system given by

v‘(‘ii = max (0, vén +t, -

gi Tup) 1=1,2 (5.77)

where v: =0, v: = w and {tn} is a sequence of independent and identi- .

cally distributed exponential random varisbles with mean A~ 1. Thus,

from (5.77) w 3v:2) - ':1) > 0. Furthermore, if '-(2) = 0, then
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wt(IZ) - w:ll) for n > m. So, using these relations for wii) and the

expression for c'((w,1),0), AVa(w,i) is bounded by

N -1
W
av (w,1) < E“u nzo cn{wéz) - wtsl) + (M-1) (t; - t))}
< lw+ -1) (e, - t))} E”a(“") (5.78)

where

2) o 03

N = inf{n: v : (5.79)

Setting z = 0 in (3.152), Evr (Nw) is given by
a

-1
E'rra(uw) =w+ A . (5.80)

Hence using (5.76), (5.78) and (5.80), for (w,1i) ¢ ([0,») x [0,11])

Y, (00y0),7%) = V_((0,1)),7%) < [w + G-1) (&) - €] (w+ A7) .
(5.81)

Therefore, by (5.71) and (5.81), for all a ¢ (a{,l),
lva((w,i),p:) - Va([O,Ill,ﬂ:)l 1s bounded by the maximum of L,(w) and
the right side of (5.81).

Q.E.D

Assumption 3.3 18 now verified in the following lemma.

Lemma 5.6
For the Markov decision process (xn.an) under consideration with

cost function c'(x,a) given by (5.39), there exists an increasing
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sequence {an}, a € (0,1), such that a 4+ 1, either T: (Il) =0 or
n
T* (I;) 2 0 for all n > 0 and lim T exists where

n nHe
0 » 1f T* (1,) = 0 for allm> 0
T - %n (5.82)
1‘: o , if '1': (Il) >0 for allm > 0 .
n n

Furthermore, the connected policy 7' with threshold T'(i) given by

T'(1) = 1im ’1‘n s o dE [0,11] (5.83)
nre
satisfies
®'(x,7") = lim sup (1 -0 ) V (x,7* ) (5.84)
o n n

for all x ¢ X.

Proof

Since Lemma 5.4 showed the existence of an o* ¢ (0.1) such that,
for all o € (a%,1), T:(:I.) is bounded, then there exists an increas-
ing sequence {a_}, a ¢ (0,1), such that o+ 1 and either T* (I,) = 0
for all n or T:nul) > 0 for all n with the l];1.: 'r:nw) well d:f:lnad.
Thus, it is clear that T'(:) defined by (5.84) exists, and the
connected policy 7' with threshold T'(i) is well specified.

Consider the case of 'r: (Il) > 0 for all n > 0. Then T'(1) 1is
given by g

T'(4) = lim T* (0) . (5.85)

e

Using (5.69) for x ¢ (R, x [0,)),
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(l-an)an(x.ﬂ:) - (H-l)t1

N
m
= 1im sup E z a(w +t  +uD )|x = x}(1-a_) (5.86)
Moo nan =0 m a a 0 n
where L is the connected policy with threshold function Tu(i) = T:(O)

for 1 ¢ [0,11] and Rl is given by (5.65). In a similar manner to

(5.71), 1t is clear that for x ¢ (R; X [0,=))
1y (T |
' (x,m') - (M-1)t. = 1im sup N =~ E_,{ (w +t  +uD )|x, = x} .
1 Moo T oam0 P a a 0
(5.87)

Siﬁce the right side of (5.86) iepresents the a-optimal cost for the
single channel case which by Lemma 3.11 converges to the right side
of (5.87) as n + », then for x ¢ (R1 x [0,»))

o' (x,m') = 1lim sup (1 ~ an) Va (x,w: )iive (5.88)

- n n

Now it is easily shown that ¢'(x,n') is a constant for all x € X.
Hence using Lemma 5.5 and (5.88) for all x € X
o' (x,n') = 1im sup (1 - a) Vo (73 )|

o n n

5_[0’((0,11,0),w') - lmsup (1 -~a)V, ({o,1,,0),7% )|
e n n

+ 1im sup (1 - a )|V (x,m* ) = V_ ([0,1.,0),7* )|
nre i ' an (ln Gn 1 : u!l

= (0 (5089)

Now consider the case of T: (11) =0 for all n > 0. Then
n
T'(1) = 0 for i ¢ [0.11]. Clearly from (5.75) for x € (Ry x [0,=))
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vhere R3 is given by (5.72) and for n' a connected policy with thres-

hold T'(4),

¢'(x,7') = 1im sup (1 - @)V, (x,7")

n»® n
= ]1im sup (1 - un) Va (x,w: 5% (5.90)
nhe n n

It 18 clear that ¢'(x,7') is a constant for all x € X. So, using
Lemma 5.5 and (5.90), in a mammer similar to (5.89), it is found that

for x e X

¢'(x,7') = 1im sup (1 - an) v, (x,m* ) . (5.91)
e n n

.E.D

Finally, using Theorem 3.2, the average optimal policy is
established.

lemma 5.7
The policy w' which satisfies for all x € X

' (x) = .'(*o“') - °'((00110°)9") (5.92)

is given by the policy described in Lemma 5.6.
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Proof
Since by Lemmas 5.2, 5.5, and 5.6, Assumptions 3.1, 3.2, and
3.3 are valid, then the results stated in the theorem follow by

Theorem 3.2.

Q.E.D

Now to verify that n' is also a policy n* which satisfies (5.38),
it is required to show, as was discussed earlier, that for all x ¢ X
¢'(x) is equal to ®(x,m'). The following theorem yields the required

result.

Theorem 5.1
Let the average cost ¢(x) be given by (5.34) and let 9'(x) be
given by (5.92) where the policy 7' given in Lemma 5.6 achieves

$'(x). Then
o(x) = 3" (x) = o'((O,Il,O)) i (5.93)

Furthermore, the policy w' satisfies (5.38) and is the average optimal
policy for the Markov decision problem with costs c(x,a) given by
(5.32).

Proof

First, it is required to prove that, for all x ¢ X, ¢(x,n') equals
' (x,m'). Generalizing Lemma 3.10, it is clear that under n' the
distribution of o (wn,in.rn) has a limiting.probability distribution,

neglecting L given by
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F(W,I) = 1im Pr(w_< W, 1 < I|x = x)
s n n 0

(5.94)

which is independent of x ¢ X. Furthermore, lim E(wnlx = x) exists,
e ‘

is finite and is also independent of x ¢ X. So, ¢(x,7') and ¢'(x,7')

are given in terms of F(W,I) by

d(x,n') = I c((w,1),a(w)) dF(w,I)

we[0,»)
15[0,11]

and

0'(‘01") - I C'((wpi)’a(w)) dF(w,1)
we[0,=)
15[0.11]

where a(w) is the decision function given by

ki e if w<T'(d)
a(w) =

- el if w>T'(1d) .

and T'(1) 1s given by (5.83) and is a constant independent of i.

(5.95)

£5.96)

(5.97)

Now consider the case where the threshold T'(i) associated with :

n' is greater than or equal to zero. Then it is clear that no state

in the region Rl x [0,») communicates with a state in the region

lz x [0,2) where Rl_and Rz are given by (5.65) and (5.66), respective-

ly. Since from (5.94) the limiting probability distribution is in-

dependent of the initial state, then all states in R2

transient states and

lim Pr{x_¢ (R, x [0,2))} =0 .
n Pelx, ¢ @,
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But for all (w,1) ¢ Rl

c((wsi)oa(")) = C'((wyi)ta(w)) . (5.99)
Therefore, using (5.98) and (5.99) in (5.95) and (5.97) results in
o(x,m') = ¢'(x,7') = ¢((0,1,,0)) (5.100)

for all x ¢ X.

For the case where the threshold T'(i) associated with 7' is
07, it is clear that no state in the region ([0,%) x [11] x [0,»))
communicates with a state in the region ([0,») x [0,11) x [0,=)).

Thus, in a similar manner to the case of T'(1) > 0,

1lim Pr{xn e ([0,») x [0,11) x [0,#))} =0 (5.101)
nHo
and for all (w,1i) ¢ ([0,») x [11])

c((w,1),a(w)) = c'((w,1),a(w)) . (5.102)

Hence substituting (5.101) and (5.102) into (5.95) and (5.96), the

following result is obtained:
o(x,m') = o(x,n') = 9((0,1,,0)) (5.103)

for all x ¢ X.
Now from (5.42) for all x € X, ¢'(x) < ¢(x), and from (5.100)
and (5.103) for all x € X, E

o' (x) = ¢'(x,n') = o(x,n") . (5.104)

¢
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Therefore, for all x ¢ X

o(x) = d(x,n') = ¢(0,11,0) 2 (5.105)

Q.E.D

Tiius, from (5.37) it is clear that w' given in Lemma 5.6 satisfies

(5.3) and so,
2 2
L ({Dk}) = Ln'({Dk}) . (5.106)

Hence, equation (3.16) is a valid expression for the delay distortion
relation yg(n). Since ' is a connected policy with threshold
T'(1i) = T' applied to the waiting time, then it is clear that

2 2
L°{Dp,}) = min L°({D, })
k ol m Tk

. min 12 dp, b (5.107)
Tef[0,2)u(0)] "t ¥
where T is the connected policy with threshold T. In evaluating
L: ({Dk}). the case of a threshold of 0  corresponds to the case of
Dlr- 02 and a policy with an arbitrary positive threshold. Thus,

substituting (5.107) into (3.16) results in

Yyt = mn {12 (p )} - w0 (5.108)
{qg(}),kq.z} T
{1>0

where {D{} and T* minimize Li ({Dk}) and D* is the average distortion
T

associated with {n:} and T*., Hence, 1§(D) for the tandem channel case

is computed by finding the minimum of a functional in much the same

manner as for the single channel case described in Section 4.1. The
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functional L: ({Dk}), T > 0, is readily evaluated in terms of express-
T
ions derived in Section 4.3, and the following lemma describes this

relationship.

Lemma 5.8

For D, >D, and T > 0,

1 2

L:T({Dk}) = [0 W dF(W) + (t1 + uDl) F(T) + (t2 + uDZ) (1 - F(T))
+ (M-l)t1 (5.109)

where t, 1s given by (5.5) and F(W) is the probability distribution

k
given in Theorem 4.2,

Proof
The expressions (5.95), (5.96) and (5.99) used in the proof of
Theorem 5.1 are all valid for any connected policy with a non~-negative
threshold. Also, for the case of a positive threshold, it is clear
that c((0,1),a(0)) in the integral in (5.95) is a constant independent

of i, So,

L:T({Dk}) - 0((0,1,,0),7,)

= [ c((w,0),a(w)) dF(w) (5.110)
we[0,%)

where F(W), which is given in Theorem 4.2, is the limiting distribution

of the waiting time in the buffer associated with the first channel.
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Now substituting the value of c((w,0),a(w)) into (5.110) the express-
ion (5.109) results.

Q.E.D

Thus, the delay distortion relationship yg(D) for a tandem channel
network is calculated in the same manner which was used for calculating

the delay distortion relationship for a single channel network.

5.2 Properties of yg(D)

The delay distrotion relationship yg(D) for the tandem channel
network defined by (3.13) has the properties which are described in
Section 4.2 for y;(D). That is, Yg(D) is a nonincreasing function

of distortion D, and Diin defined in (4.10) is given by

2 a=1l,. -1
B, = r ( C-pz) : (5.111)

and is independent of the number of channels,

An additional property which is of interest is associated with
the behavior of Yg(b) as a function of the number channels M for a
fixed D. The following theorem indicates that the advantage of using
an adaptive data compression decays as the number of channels in

tandem increases.

Theorem 5.2

For the source and tandem channel network described in Section 3.1,

2 .
let c- C for all m and let D > Dnin' Then
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p, €+ (D - vy < o) - ¥ o) (5.112)

where P, is the associated protocol information.

Proof

Suppose that policy m and disto:stion values D, and Dz, D. <D

1 1 2?

achieve yg(D). From (5.108) it is clear that 7 must be a connected
2

policy and D, <D. Let Tn({Dk})H—l be the delay through a tandem

network of M-1 channels when policy 7 is used with data compressors

with associated distortion levels of D1 and D2. From the expression

for -rft({ok})n given by (3.11), it is clear that
Moy - 2, b, . = @) +p,)c) (5.113)
Y2 w0y 17 T hyle s ‘

and D, achieve

Since the policy 7 together with distortion values D1 )

an average distortion less than or equal to D, then

M-1
e i L e (5.114)

2

(o, 1)
Thus,

Yy = vy tm) > (£ + p,)ct (5.115)

vhere T(D) is assumed to be a nonincreasing function of D.

Now from (3.10),
v'l'(b) " v'l"l(n) -t ¢ A (5.116)

So, using (5.115) and (5.116), one obtains
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.E.D

The implication of Theorem 5.2 is that for a fixed distortion
level as the number of channels in tandem increases, the nonadaptive
data compression scheme apptoacheé and then surpasses the performance
of the adaptive scheme. This property is exhibited in the following

section with numerical results.

5.3 Numerical Results

To illustrate the degradation in performance as the number of
channels in tandem increases of an adaptive data compression scheme
vhen compared with the nonadaptive data compression scheme, the
relevent delay distortion relationships are evaluated. The communi-
cation system to be examined uses the same models as were used in
Section 4.5. However, the chamnel considered consists of M channels
in tandem with all channels transmitting information bits at rate
ce2se).

The delay distortion relationship y?(n). for the nonadaptive
scheme, and yl;(b), for the adaptive scheme, are evaluated using
(3.10) and (5.110). The quantity y’z‘(b) is computed following the
procedures used in Section 4.5 to compute v;(D). Figure 5.1 presents
the difference relationships v:(n) - 1';(1)) for various numbers of

chsnnels in tandem, M. Figure 5.2 presents the same difference




relationships presented in Figure 5.1 with the effects of protocol
information eliminated by setting the protocol information P, equal
to zero.

From the figures it is evident that as M increases the gains
derived from using the adaptive compression schemes are lost. Also,
the figures indicate that the effects of protocol information on the
relative performance of the adaptive scheme are significant when
there are a large number of channels in tandem and the distortion
levels are low. Hence, adaptive data compression schemes lose their
performance advantage as the number of channels in tandem increases
as was shown in Theorem 5.2. This is expected since as the number of
channels in tandem grows the transmission delay prevails over the

queueing delays,

5.4 Conclusions

The delay distortion relationship for a communication system
employing a tandem channel network and an adaptive data compression
scheme was considered in this chapter. The optimal structure of the
adaptive data compression scheme which achieves this relationship
was shown to be identical to the optimal structure for a single
channel network. Using the optimal structure, the delay distortion
relationship was shown to be specified by a minimization of a func-
tional over a vector space. This functional was shown to be readily
evaluated using the results of Chapter IV. Subsequently, properties
of the relationship were reviewed and examples of the delay distortion
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” relationship were presented. The examples demonstrate the rate at
which the performance advantage of the adaptive data compression scheme
versus the non-adaptive scheme is lost as the number of channels in

tandem increases.
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CHAPTER VI

CONCLUSION AND SUGGESTIONS FOR FUTURE RESEARCH

6.1 Summary and Conclusion

- In this dissertation the coding of sources under a fidelity
criteria was examined for a class of sources which emit randomly
occurring messages. Such a class of sources is employed to model
information carrying processes entering a communication network. They
differ from the normal models of sources found in information theore-
tical studies, since the latter are generally assumed to emit messages
on a regular temproal basis. For such a class of network sources, the
rate distortion function, R(D), was evaluated, and source coding and
converse source coding theorems were proved. From these theorems
a new operational definition of R(D) in terms of message queueing
delays, and transmission delays was determined. This operational
definition is observed to constitute a natural extension of the
usual operational definition of R(D). Furthermore, it relates R(D)
to the message delay in the network, which is an important performance
measure in the evaluation of communication networks.

Then for this class of sources an adaptive data compression scheme
vas presented and the delay distortion relationship, which forms the
trade-off between message delay in the communication network and the
distortion level, was studied. This adaptive data compression scheme
utilizes observations of the network congestion to determine the amount

of compression a message receives, with the objective of minimizing the
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message delay for a given distortion level. Using results from Markov
decision theory and extensions, which were derived in the dissertation,
of Markov decision theory to nondenumerable state spaces and un-
bounded costs functions, the structure of the optimal adaptive data
compression scheme was determined for tandem channel networks.
Following the establishment of the structure of the optimal scheme,

a queueing analysis was performed for the communication system which
utilizes a tandem channel network. From this analysis the delay
distortion relationship was shown to be expressible in terms of a
minimization of a functional over a vector space. Numerical results
were presented to demonstrate that for low distortion levels the
adaptive data compression scheme is an effective means of reducing

the message delay obtained by nonadaptive schemes. Furthermore,
numerical results have demonstrated that as the number of channels

in tandem increased the advantages of using the adaptive scheme

versus the nonadaptive gcheme diminished.

6.2 Suggestions for Future Research
Several possible directions for future work will now be indicated.

In this dissertation, for a class of sources which emit randomly
occurring messages, a source coding theorem was proved using message
block codes. As was mentioned in Chapter II, a source coding theorem
could be proved for this class of sources using block source coding
procedures which employ the encoding of a block of duration T of the
realization of the source. Investigation of message block codes

and time block codes, in terms of performance and complexity, would
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be worthwhile. Furthermore, extending the coding theorem for message
block codes to convolutional codes would be of interest as well.

Related to adaptive data compression schemes, further studies
are needed to extend the results presented in this dissertation
to more complex data compression schemes and more complex networks.
One such problem is the determination of the optimal structure of
the decision policy for adaptive data compression schemes employing
more than two data compressors.

Furthermore, in this dissertation, novel techniques were de-
rived, based on Markov decision theory, to answer questions concerning
the existence of optimal decision policies. These techniques seem
to be applicable to other queueing systems employing adaptive con-
trols such as the multitude of flow control procedures in communi-
cation networks. Investigation of such applications employing the

techniques derived here would be important and highly rewarding.
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APPENDIX

SOLUTION TO INTEGRAL EQUATION

The integral equation (4.24) introduced in Section 4.3 is
considered in this Appendix. In Section A.l, the general form of
the solution to integral equations of this type is found. 1In
Section A.2, the specific forms related to the integral equation
(4.24) are then developed. Finally in Section A.3, these specific
forms are used in the calculation of terms required in the evaluation

of the mean waiting time.

A.1 General Solution to the Integral Equation

The integral equation (4.24) can always be written in the
following form:
N X=C
G(x) = Z a, z,(x) -b I G(y) dy , x>T (A.1)
\ (R & -
i=1 el
where

G(x) =0 » % <X (A.2)

zi(x) are integrable functions, and as, b, ¢, and T are real valued

numbers. Now consider integral equations of the form

rx—c
Gy (x) =z, (x) = b J G (y) dy , x2>T (A.3)

where
Gi(x) =0 i x<T (A.4)
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for 1 = 2, 2, ..., N, Clearly, by substitution into (A.1l)

N
G(x) = a, G,(x) % (A.S)
DA

Hence, the solution to integral equation (A.3) needs to be investigated.

The following lemma provides a solution to this integral equation.

Lemma A.l
Let G(x) satisfy
x+c
6(x) = alx) - b [ 6(y) dy o (A.6)

where

G(x) = 0 sy (A.7)

z(x) is an integrable function and b, ¢, and T are real valued num-

bers. Then

[(x=T)/c]
oxy = ) M (A.8)
r=0
where [x] is the largest integer less than or equal to x, and dr(x)

is given by

z(x) , if x>T

d, (x) = {
0 5 if T < x (A.9)

and for r = 1, 2. e

X=C
-b I dr-l(’) dy if x>T+rc

d (x) =
o 30 » 1f x<T4+rc ., (A10)
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Proof

For T < x < T + ¢, clearly
G(x) = z(x) = do(x) (A.11)

satisfies (A.6). Let X > T and assume for all x < ft, (A.8) 1is the
solution of (A.6). Then substituting (A.8) into (A.6), G(X) is givenby
&-c [(y~T)/c]

G(X) = z(R) - b [
T r=0

So, interchanging order of integration and summation in (A.12),

G(X) = z(x) + ) (-b

[ (x=T-c)/c] [i-c
r=0

dr(y) dy) . (A.13)
T

Using (A.9) and (A.10) in (A.13), it is clear that
¥ [(%-T)/c]
G(x) = ¥ d_(%) . (A.14)
r=0

Hence, by induction on X the result (A.8) is proved.

Q.E.D

A.2 Specific Solution to the Integral Equation
In the solution of (4.24), three integral equations of the form

(A.6) need to be solved. The following lemmas solve these equations

using the results of Lemma A.l.

Lemma A,.2

Let G‘r (x) satisfy
%

G'l'

(x) »1 = [:-t‘ 6T (y) d >T  (A.15)
£, "k ), tiy S IR :
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where G: (x) = 0 for x < T and Bpo tk’ and T are positive numbers.
k
Then
[e=D) /e, JCmy (x = xe )T
2 1 , 1f x >T
G.: (x) = r=0
. 0 LAEx<T . (A.16)
Proof

Let dr(x) be as in (A.9) and (A.10) with z(x) = 1. Then

1 , if x>T

dg(x) -{ o
0 xe¥ (A.17)

Assume

(-, (x - re, )T
X 1 k s 1£x>T + rt

k

dr(x) -
0 » x<T +re, . (A.18)

Then from (A.10)

x-t (-uk(y- rtk))t
-uk‘l‘ L o1 dy,if x> T + (r+l)c
4™ =
0 o1f X < T + (r+l)c..
(A.19)
Performing the integration in (A.19) results in
iy (x = (r1)e )™
— s 1f x> T + (r+l)ec
d  .(x) = (r+1)! %
¢l 0 , if X< T+ (rtl)c .
(A.20)
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Hence, by induction for r > 0

(-u (x = e )"

if x>T+ rc

r! *
d (x) =
0 R x <T+ rc (A.21)
and applying Lemma A.l,

[(x=T) /¢, ]

= J Fd (A.22)
t r
i r=0

which gives (A.16) upon substitution of (A.21) into (A.22).

+E.D

Lemma A.3

Let Gz(x) satisfy

It-tz T

G = 60 () - u, _Gwe ., =27 (A.23)

1

where Gg(x) =0 for x < T, Gg (x) is given by (A.16).and Hys t,and T

2
1
are positive numbers. Then
[x/t,]
Gg(x) = {1 & (A.26)
r=0
where
r v ™V
[(x-rztl)/tzl (=uy) ("'z) (Mtgtz) SR
v=0 (r+v)! % 1-
6:(:) -
[=T)/e,) . (x-r-nz)“*" (T - ue )™
VZO (=u))" (=up) u-i-o e )1 Gt |

, 1if rt, < T.(A.25)
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Proof

Substituting (A.16) for cg (x) 1in (A.23), G:(x) is given by

1
(x/t.] r
1° (=u,(x - rt,)) x=-t
T 1 1 2. .T
Gc(x) @ 2 oy - ¥, JT Gc(y) dy , x>T. (A.26)

Clearly, (A.26) is in the form of (A.1) whose solution is given by
(A.5) in the form
(x/t,]

GG = I 6l (A.27)
r=0

where G: (x) satisfies

(=u(x - rfl))'
r!

xX=t
2 T
-uzf Gr(y) dy , x>rt

&Tx) =
. nx(T,ttl)

1.
(A.28)

Consider two cases, T > rl:1 and rt1 < T, For the first case of

T > re), let d2(x) be as in (A.9) and (A.10) with

(=u,(x = re. )T
p 1(:) - 1 1

1 . (A.29)

(= (x = re)))"

d;(x) ik rl
0 » If xc<rt (A.30)

s if x>rt

and by repeated use of (A.10)

A

-




(-ul)r (-uz)v (x - re, - vtz)

if x>rt, +vt

1 (r+v)! ’ 1 2
dv(x) -
0 1t xex re, + vt, «(A,31)
Applying Lemma A.1l
[(x—T)/tzl
~T
¢ (x) = V-Z-O d_ (x)
[G=T)/t,) (y VT (eu VY (= o % r+v
- o 5 27 ( ul) ( uz) (x rey vtz) i
(r4v)! .
v=0

for T » rtl.
For the second case of re, < T, let ds(x) be as in (A.9) and
(A.10) with

(-ul(x - rtl))r

=1 (A,.33)

z27(x) =

Using the binomial expansion, zz(x) is given by

(x = AT - Tty
( ul J (r-u)! (A.34)

2 r 1
z°(x) = (ul) )
u=0

(x =T)% (T=rt)
ul (t=ay1 » U x2T

4
(=-u)" §
. u=0

dy(x) =

0 y 1f x<T (A.35)

and by repeated use of (A.10)
vy,

X=T=v ) r=-u
2 # R t (T - re,)
d (x) = (-u)" (-up) “zo(' = ) T -+ (A36)




Applying Lemma A.1 to (A.28),

[(x-'r)/tzl
t'-:(x) - vzo d:(x)
[(‘.r)/tZI 4 | (x~-T=- vtz)m (T - ut:l)"'-u
- vzo (=u))" (-u,) u.);o s =T
for rt1 < T.
.E.D
Lemma A.4
Let G.(:) satisfy
X=t
G‘(x) = e.h -, Io 2 Ge(y) dy , x>0 (A.38)

where Ge(x) = 0 for x < 0, and A, My and t, are positive numbers.
Then

(x/t,) e
2 o “A(x=vt,) r (x-rt,)
I uS-0" e Yol —2— 0™
r=0 2 yui (r=v)!
G (x) = » if x>0
0 » 1f x< 0.
(A.39)
Proof
Let dt(t) be given by (A.9) and (A.10) where
a(x) = %, (A.40)
200
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el
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IR —————

el R e UK

e™ |, 1f x>0

do(x) -
0 Pesan & x<0 (A.41)

and by repeated use of (A.10)

“Alx-rt,) n (x-rt,))* "V
r -r 2 2 -
(-l-lz) {(=2) " e - vzl B> | (-2) '}, 1f x > rt,
d (x) =
0 o 1f x < rtz.
(A.42)

Applying Lemma A.1, G e(x) is given by

[xltzl

G (x) = r-)-:o d (x) . (A.43)

Hence, upon substitution of (A.42) into (A.43), (A.39) results.

Q.E.D

To insure the proper normalization of the solution of (4.24),
various limits of the functions G: (x), G:(x). and G.(x) defined in
Lesmas A.2, A.3, and A.4 need to b: determined. The following lemmas
determine the limits by using the final value theorem of Laplace

transform theory.

Lemma A.5
Let c:z(x) be given by (A.16) where




-th
Hp=Xe ’ (A.44)
and Atz <1, Then
AT
Ax T e
lim e " G, (x) = —/——— . (A.45)
e t, 1- th
Proof
Let G‘: (s) be the Laplaée transform of eXx G:‘ (x). So, using
2 2
(A.16)
(x-T/t,] r
2" (= (x~rt,-T))  A(x-ra,-T)
é: (o) = T L ) ﬂz e 2 u(x-rt,-T)}
2 r=0
® -\ (x-rt,-T) A (x-ra,-T)
-ar )) L{(———-z—-—)r ® ‘ u(x-rt,~T)} (A.46)

r=0 rl

where u(x), (4.83), is the unit step function at zero. Using the

in (A.46), results in

g

rzo(i-ﬂ s -2

‘-l' (s=1)

-.tz

s-A+)e

-st, \r

e @ | S (s 2)
t
2

Now, from the final value theorem of Laplace transforms,

e




T ———

———— T S R A

1im e Ax T()-lins

x> 2 (- hond 2

ﬂ"l

(s)

So, using (A.48) and 1'Hospital rule in (A.49),

AT
lim e Ax G‘r (x) = 'e-_x:
x> 2 2
Lemma A.6
Let G:(x) be given by (A.25) where
=\t
i
ui =) e
and )«tz < 1. Then
¥ L [Ty/t,] LT
1im o {G (x)-G (x)}- Y. =L
paes =0 T 4
where
1/Q1 - J\tz) x if T < rt,
L = ;
r (=A ('r-:tl)) A(T-re,)
2 W e 5 if rtl <T
u=0 2
and 'rl < '1'2.
Proof
T,
Let cr (x) be given by
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T.T T T
Cu SHPIRRy PUREET
¢~ " G "(x) - 6."(x) (A.54)
~T .T]_Tz
where Gt(x) is given by (A.25). Furthermore, let G . (s) be the

T,T

rx Grl 2(x). Then, from (A.24), the Laplace

Laplace transform of e

Ax -TITZ
transform of e GG (x) is given by

T % . F

T T
L 6 @ - G2 (x)} = Ty (A.55)

! 6
r=0
ax 1172
Taking the Laplace transform of e Gr (x) and interchanging the
order of summation and transformation in the resulting expression and

T,
using (A.47), Gr (s) is given by

o » 1£T, <re

1
- “s(rtyvt)  (r.-re.)
I 0™ R T
v=0 l (e-1)"™
r .-.(rzmz) (Tz o rtl)r-‘l
. s 1f T, <rt, <T
érl'rz(.) e 0 (eny T CEDL 1 e
r

-(Xrtl-mz) ‘(rl i rtl)r-ll -rl(.-x)

™ e
I &0 uZO (2" N L

v=0

(‘l‘z - rtl) .-rz(--x)'

o Sy ’ s 1t rt1<‘!1 .
(A.56)

S e e

—— et - -,,WPTY‘ g
A | 2
8 v




Exchanging the order of summation in (A.56),

0 oA T, Sk
-srt =T, (s-1)
(=2)* ‘e 1 g r o 2
s-X+Ae-8t2 l(s-—k)r u=0 (s-A)u
r-u
: (T2 - rtl) e—Artl L
1T, (r-u)! . 1-""1 2
G, (s) =
-Art r-u
(_A)r 2 1 r 1 ’(T1 - rtl) e-Tz(s-k)

s-A\te %2 a0 (s-2)" l (r-u)!

(T, - re)"" -1, (8-0)
(r-uw)1 e » 1if rt, <T, . (A.57)

Now, from the final value theorem of Laplace transforms and (A.55),

T T T T
11a ¥ (6 ) - Gcz(x)) -1ime u.""(ccl(x) = Gcz(x))}
x> 8+0
« z9
=1lim § s ct1 2(q) . (A.58)
s+0 r=0
But from (A.52) and 1'Hospital rule,
T,T T T
12 1 1 2
1im ér (8) = 7= e @ -1 (A.59)

>0
vhere 1.: is given by (A.93). So, substituting (A.59) into (A.58),

it is clear that

(T,/¢,]
T T &R T
i *@lw -6 tan - [ oal-1h . e
x> r=0
g.l.n
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Lemma A.7

Let G.(x) be given by (A.39), where

"2 =) e (A.61)
and Atz <1, Then
Ax -AT AT
lime (G (x) - e C(x~-1T)) = - —— (A.62)
ot e e 1 - ltz
where T > 0.
Proof
From (A.39)
X, - e 6 x - 1)
(x/t,] g (e =~ 2E Y Kl
il ]1 E 2 g 2
S N S (x-v)!
: ["‘§"21 T BT )" Aereym)
r=0 =l (r-v)! ‘
(A.63)

Let éz(l) be the Laplace transform of (A.63). Then by interchanging
the order of summation and transformation in the expression for é:(o)

and using relstionship (A.47), é:m 1s given by

® -grt n
fw -5 -5 @ola- o
~-sT
i 8~ l-e - (A.64)




Now, from the final value of theorem of Laplace transforms and

' 1'Hospital rule,
1m %G @) - e T 6 (x ~ T)) = 1im 8 &' (s)
e e e
X s>0
e
-AT
= r_—-ﬁz- . (A.65)
Q.E.D
f
A.3 Terms in the Evaluation of the Mean Waiting Time
In the evaluation of the mean waiting time in Theorem 4.3, it
4
is required to evaluate the limits of specific functioms. The
following lemmas provide the limits to these functions.
4
Leama A.8
Let GI (x) be given by (A.16) and let
2
i T A
H (x) = r y d(e”’ G: () (A.66)
2 0 2
with Atz < 1, Then
- »
2
At
lim H‘: (x) = eu’<1 _TM + 2 by . (A.67)
¢ xee "2 2 21 -ty
i s
Proof
The Laplace transform of eh GI (x) which is denoted é: (s) 1s
2 2
T

given by (A.48). Clearly from (A.66) the transform of ntz(x) is given
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e e T T T, T e

by

T ld AT s
L(th(x)) et & (s Gtz(.)) X (A.68)

Using the final theorem of Laplace transforms and (A.68),

lim nf Be) = Ain & L(a: (x))
x*® 2 0 2

d AT
- ‘1:; = [s G‘z(')] 3 (A.69)

Finally, substituting (A.48) in (A.69) and evaluating the limit in

(A.69), the result (A.67) is proved.

Q.E.D
Lemma A.9
Let G:(x) be given by (A.24) and let
T.T T T
il 2 = r y a(e‘yiccl(y) - 6.2(hH (A.70)
0
with 1:2 < 1. Then for Tl < ‘l.'2
T,T, : (T,/¢,] R
lim llc (x) = ————-—1 ¢t (ht - hr ) (A.71)
) 2 r=0

et g O -t - S

AR oy




A—

0

where

2r(1 - Atz)(l - xtl) + (th)
3 oy 3% B2 re,
B -
r
M 2 A(T—rtl)
f ((-x('r-rtl)) ) [2(1—At2) (TA4u-r) + (Atz) le
u=0 st 22 (1 - th) :
if re, < ;e
(A.72)
Proof
'r 'r

From (A. 55). the Laplace transform of e (G (x) - G (x)) is

denoted } G "1 2(a). In a similar manner to (A.68) and (A.69)
=0

T.T © T.T
L 2y = - 24 ¢ :-Z-o ¢! 2 (A.73)
and
T.T [ T 'r
i ncl 2(x) =1in %; (sC } G," 21 . (A.74)
xhe s+0 r=0

T, T
Then, subsituting (A.57) for crl 2(s) 1n (A.74) and evaluating the
1imit, (A.71) is obtained.

Q.E.D
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Lemma A.10
Let Ge(x) be given by (A.39) and let

T,T x -A(T.-T.)
uel 20x) = Jo y d(e“‘{ce(x -T) - e 21 G (x - rz)}) (A.75)

with Atz < 1 and '1‘1 <‘r2. Then

Ty | 2
T,T A, -1, (0, -1 -0e)3(T, - T
Pu S b P e Bl : N il |

1)
. 2(1 - “27 (1 - At

2 L]

2) : 2(1 - Atz)

(A.76)

Proof

From (A.64), the Laplace transform of eh(c e(x) - e.u' Ge(x-'r))

is denoted Ge(l). In a similar manner to (A.68) and (A.69)

T.T -sT T.-T
L@ 2@ = -1 (s e 162 1) @.77)
and
T,.T -sT T.,-T
lim nel 2(x) = - 11n g; {se ! ce2 7 ) ) T (A.78)
X s+0

Then, substituting (A.64) for é:(-) in (A.78) and evaluating the
limit, (A.76) is obtained.

Q.E.D




