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~fl ABSTRACT

Coding under a fidelity criteria of a class of sources which

emit randomly occurring messages is investigated. This class of sources

models informat ion carrying processes entering into co snication net—
C

works. Messages emitted by computer terminals, teletypes, vocoders,

and other such devices serve as actual examples. For this class of

sources the rate distortion function is derived, and source coding and

• 1.
converse souce coding theorems are proven. Employing these theorems,

an operational definition of the rate distortion function in terms of

message queueing delay, and transmission delay is presented. This

definition relates the rate distortion function with the message net-

work delay which is an important measure of performance of a comaunica—

tion network.
I C

Also, for such a class of sources, which emit randomly occurring

messages, an adaptive data compression scheme is investigated. This

scheme utilizes observations of the network congestion to determine the

amount of compression a message receives, with the object of minimiz-

ing the message delay for a given distortion level. Using results from 

Markov decision theory for the case of a nondenumerable state space and

an unbounded cost function, the delay distortion relationship is examined /
for a tandem channel network which utilizes this adaptive data compression

scheme. This relationship represents the trade-off between message

delay and fidelity of the reproduction of the source. Using a queueing

analysis of the co anication system under consideration , numerical results

for the delay distort ion relationship are provided . Applications of
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adaptive data compression to analog signals , such as voice or telemetry

waveforms transmitted through a radio or satellite channel, are cited

as examples.
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CHAPTER I

INTRODUCTION

Results in information theory which pertain to the coding of

sources under a fidelity criteria are normally applied to sources

which emit signal functions on a regular temporal basis . When

considering an information—theoretic approach to the coding of sources

found in communication network applications, the existing source

models are inadequate. In this dissertation, a source model is
$ 

considered which more accurately models the information processes

conveyed by couvounication networks. For this source , the corresponding

rate distortion function is shown to have an operational meaning in
t 

terms of message queueing delays and transmission delays , and an

adaptive data compression scheme is developed and optimized.

1.1 Problem Statement

A model of a coiinunication system for the conveyance of informa-

tion from a set of sources to a set of users is depicted in Figure 1.1.

This block diagram represents the situation found in communication

network applications such as computer and satellite communication

networks. Information is generated at the sources by a certain

random mechanism. At the source encoder , the messages are processed

by a data compressor which generates approximations to the

messages. The channel encoder adds redundant information to the

latter message approximations to insure reliable transmission through1
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the communication network. The communication network assu ~ s the

responsibility of transmitting the messages from the source to the

destination. The network consists of an interconnection of coomiuni—

cation channels and buffers. The buffers are used to regulate the

bit rate through the channels to insure acceptable message queueing

delays. Finally, the channel decoder and source decoder decipher

the information transmitted through the network and provide a repro-

duction of the original message to the users.

The sources are assumed to generate the messages at random

Instants in time. Examples of such sources are timesharing terminals,

stock quotation terminals , vocoders , and others. This randomness

in timing is the essential element that differentiates this source

from the normal information theoretical model of sources . Thus, the

source encode; as well as other elements of the communication system,

must be able to accommodate the resulting temporal randomness. This

gives rise to associated queueing delays in the communication system,

which along with transmission delays account for the source to user

message delays.

The intent of the described communication system is to deliver

the messages from the sources to the users as rapidly and reliably

as possible. One trade—off, between rapid delivery of the messages

and their accurate reproduction, originates in the source encoder

and the data compression scheme. As the amount of compressed informa-

tion in a message is increased , the resulting message delay is reduced .

This trade—off between delay and distortion is characterized by the de—

lay distortion relationship. This relationship describes the mini
mum3



average message delay as a function of the average distortionr level attainable for a given system configuration and a given

• class of data compression schemes.

A method of improving the delay distortion relationship is to

permit the class of data compression schemes considered in the

calculation of this relationship to include schemes which have an

element of adaptivity. This allows for alteration of parameters

of the data compression scheme as the congestion of the communication

network changes, and thereby reducing message delay.

A parameter of interest associated with the delay distortion

relationship is the minimum distortion level which achieves a

prescribed finite value of the average message delay. This quantity

represents the optimal theoretically attainable accuracy of repro—

duction of the source. It is described by the rate distortion

function, an information—theoretic concept. This function yields

the idealized relationship between the average rate of tranmission

of information in the network, and the associated average distortion.

In this dissertation, a model of sources found in communication

networks is presented. Using this source model, the rate distortion

function is evaluated, and given an operational definition in terms

of message delay. This interpretation is a natural extension of the

usual information—theoretic operational definition. Incorporating

this source model, a communication system with an adaptive data

compression scheme is analysed. Using Markov decision theory ,

the structure of the adaptive compression scheme which yields the

optimal delay distortion relationship is determined. For network

4
)

~~~~~ ~~~~~~~~~~~~~~~~~~~~~



configurations consisting of a single channel and channels in

tandem, the delay distortion relationship is computed through a

queueing analysis yielding the average delay of a message in the

communication system .

1.2 Historical Background

The problem of encoding sources under a fidelity criteria

forms a well studied area (rate distortion theory) of information

• theory . The evaluation of the performance of the encoding schemes

in terms of the rate distortion function was introduced by Shannon [1],

[2]. This function represents the optimal theoretically attainable

rate for a given distortion level. Results incorporating the rate

distortion function, see Gallager [3], and Berger [41, are normally

applied to source models which have temporal regularity. A typical

example of such a source is the discrete time source. This source

is assumed to produce each unit of time a letter which is a realization

of the underlying stochastic process . As defined, the rate distortion

function is independent of delays accrued due to encoding and trans-

mission. An element of coding delay was added to the rate distortion

function by Krich and Berger [5]. This was done by introducing a

fidelity criteria which depends upon both coding time delays, and

the accuracy of the reproduction.

Considering the transmission of information, communication

networks designed for the transmission of information in a digital

forma t are of great current interest. The major mot ivation for this

interest is the application of such networks to computer cOmmunications

5



(for example, see the recent books and collect ions of papers by

Davies and Barber [6], Abramson and Kuo [7), Green and Lucky [81,

and thu [9]). In these applications , a network is established to

allow subscribers to share resources efficiently. A major operational

requirement for such networks is that messages from subscribers be

transmitted as reliably and as rapidly as possible. The message proces-

ses from the various subscribers enter the network at any specific node.

At a node , the processes can be modelled as a single message process

generated by a source which emits messages at random instants of

• time (see, for example K.].einrock [10]). The analysis of the resulting

message queueing and transmission delays for such networks can be

found , for example, in Kleinrock [101, [ill and Rubin (12]. The

analysis of the accuracy of the reproduction of the messages in the

network under a fidelity criteria was introduced by Rubin [131.

In that paper , the delay distortion relationship was introduced to

display the relationship between the delay of a message in the

network, and the amount of distortion accrued by a message when data

compressed. The data compression schemes which were considered

in [13], only included data compression schemes that do not have

any element of adaptivity or decision making capability associated

with them. 
-

The analysis of communication networks which contain decision

making schemes to control the network can frequently be performed

by first modelling the state processes involved by Msrkov decision

processes. Then the network is considered to be a queueing system

with a controller and the results of Markov d•cision theory are used

6
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r to analyze the system and optimize it. Results for Markov decision

processes with respect to an infinite horizon deal with describing

under what conditions a stationary decision policy achieves the minimum

discounted cost or the minimum average cost. Studies of such problems

can be found, for example, in Blackwell [14], Howard [15], Derman [161,

[171, Ross [181, (19], Lippinan 120), [21], Reed [221, Harrison [23],

and Awate [24]. Only in the papers of Lippaan [20), [21], Reed [22],

Harrison [23] and Awate [24] are Markov decision processes with

unbounded cost functions considered. Furthermore, only Lippman [ 21]

considers such processes with non—denumerable state spaces and

unbounded cost functions.

Applications of the results of Markov decision theory to the

optimal control of queueing systems are quite extensive. The review

* articles of Crabill, Gross, and Hagaine (25], Sobel [26], and

Stidham and Prabhu [27] outline some of the applications to queueing

systems. In general, problems dealing with the optimal control of

• C queueing systems consider the state of the system to be the queue

size or some other related denumerable state space. Shaw [28]

considered a nondenumerable state space, the waiting time, in

working with the control of a 141)1/1 queueing system with variable

service rate. The technique used to solve this latter problem does

not, however, rely on the results of Markov decision theory.

1.3 Outline of Dissertation

The main results of this dissertation relate to the coding

under a fidelity criteria of a class of network sources. This class

7
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of sources are found in communication network applications and the

• sources do not have an inherent temporal regularity.

In Chapter II, the optimal theoretically attainable performance

of a source encoding scheme for such a source is studied . The model

of the sources is described in Section 2.1, and the appropriate rate

distortion functions for this model are derived in Section 2.2.

In Section 2.3, a source coding and a converse source coding theorem

are proved, and in Section 2.4, an information transmission theorem

and its converse are proved. These theorems establish a natural

operational definition of the rate distortion function in terms of

source codes which achieve a finite average message delay.

In Chapter III, the relationship between the delay of a message

in a network and the distortion accrued from data compression is

studied. The delay distortion relationship is introduced in Section

3.1. An adaptive data compression scheme is described in Section 3.2.

In Section 3.3, )tarkov decision processes are introduced and relevant

results from )larkov decision theory are reviewed. Also, an extension

of the results of )tarkov decision theory to the case of nondenumerable

state space and unbounded cost functions is derived in this section.

In Section 3.4, the results of Section 3.3 on Markov decision

processes are applied to the study of an adaptive data compression scheme

for a network consisting of a single channel. The optimal structure

of the scheme which achieves the delay distortion relationship is

determined ,

Considering an adaptive data compression scheme, the delay
1

distortion relationship f or a network consisting of a single channel

8
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is further studied in Chapter IV. In Section 4.1, the results of

Chapter III are used to specify the delay distortion relationship

in terms of an optimization of an appropriate functional.

The major properties of this relationship are examined in Section 4.2.

In Section 4.3, the functional to be optimized is described

in terms of an integral equation. In Section 4.4, a more mathemati-

cally tractable method for evaluating the functional, utilizing

results from Markov chain theory, is discussed. Numerical results

for the delay distortion relationship are presented in Section 4.5.

In Chapter V, a tandem channel communication network is con-

sidered and the results of Chapters III and IV on adaptive data

compression schemes are extended to this network. The tandem channel

network is an accurate model of a satellite communication channel

or a radio relay channel. The imlay distortion relationship for this

network is determined in Section 5.1. The functional form of this

relationship is shown to be similar to the functional form of the

delay distortion relationship for the single channel network studied

in Section 4.1. Tn Section 5.2, the major properties of this

relationship are presented . En Section 5.3, numerical results for

the delay distortion relationship of the tandem channel network

are presented.

A su~~~ry, conclusions, and suggestions for future research

are found in Chapter VI.

9
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CHAPTER II

SOURCE *)DEL AND RATE DISTORTION THEORY
FOR COMMUNICATION NETWORKS

The class of sources usually considered in communication network

applications generate messages at random instants in time. Examples

of such sources are timeshare terminals, stock quotation terminals,

and vocoders. In this chapter, a model of these sources is developed,

and an information theoretic approach is applied to the coding of

these sources. Specifically, the idea of message delay is introduced

into the operational definition of the rate distortion function.

In Section 2.1, the model of the sources is described, and

measures of fidelity are discussed, The rate distortion function,

R(D), for this model is derived and is shown to have a second

interpretation in Section 2.2. Source coding, and converse source

coding theorems are proved in Section 2.3. These theorems estalish

a natural operation definition of R(D) in terms of source codes

which insure a finite message delay. Information transmission

theorems are established in Section 2.4.

2.1 Source Model

Consider the communication system depicted in Figure 1.1.

The source model which is considered represents sources that generate

messages or letter at random instants of time. This source model

is representative of information sources which generate information

10



in a bursty manner, such as t imeshare terminals , stock quotation

terminals, and vocoders. Furthermore, many times it is required

that scientific instruments make measurements of phenomenons that occur

irregularly. Hence, the data collected from the instruments can be

modelled as a source that generates messages at random instants in

time.

For such sources which generate messages randomly in time,

• the usual models of sources found in information theory, (see

Gallager [3] and Berger [4]) are inadequate to describe the sources.

To account for this inadequacy, a model for the superposition of

the arrival processes of the messages from the various sources to the

source encoder needs to be specified.

The superposition of the arrival processes is assumed to form

a renewal point process, where the interarrival times are independent

and identically distributed. Let n — 1, 2, 3, ...} describe

the message interarrival times where {t) is a sequence of non—

negaPive independent random variables with a common distribution

function F
~
(.) and a common expected value, A

__I
, given by

• 
— vd F

~
(t) < . (2.1)

~~~

Then the sequence of arrival times {t , n — 0, 1, 2 , ...} of the

renewal process is given by

n
— ~ 

, n — 0, 1, 2, ... (2.2)

Furthermore, def ins N(T) as the number of messages arriving in the

11
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interval [0, TI, T > 0. Thus, N(T) is given by

N(T) — sup{n > 0: tn < T) - 

(2.3)

Messages arriving at different instants of time are drawn from an

abstract space, X. Each message, x c X, is considered a letter and

the letters are assumed to be independent identically distributed

random variables which are statistically independent of the arrival

process. The reproduction of x c X is a letter y c Y where Y is the

-abstract reproduction space. Subsequently, an amount of distortion is

accrued when x £ X is reproduced by y c Y which is represented by

p(x,y). The function p(.,.) is a distortion measure and p(x,y)ls

the cost of reproducing x with y.

It is assumed that the users are not concerned with the exact

time of arrival of a message. This is reflected by the distortion mea-

sure not being a function of the arrival time of the message

(occurrence times which need to be transmitted are considered as part

of the message) . However , users are concerned with the message delay

which is an important performance criteria for communicat ion networks.

Therefore, the message delay is considered as a separate performance

measure, instead of combining the accuracy of signal reproduction and

message delay in a single performance criteria as in Kritch and Berger

(5].

2.2 Rate Distortion Function

The rate distortion function R(D) for sources emitting randomly

occurring messages as described in Section 2.1 is now derived. For

12
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these sources, the number of messages arriving in a given t ime period
;t .

is random, in contrast to sources which emit messages at regular

intervals of time. Using the properties of renewal point processes,

it is shown that the rate distortion function for sources emitting

randomly occurring messages can be defined in an alternat ive manner to

the definition used for the rate distortion function for sources with

temporal regularity.

The computation of R(D) requires that the sample function of the

source over the interval [0, T],  be represent by

({x~}, {t }, N(T)I (2.4)

where the sequence of messages is given by

{x~ } — {X
n 

c X , n 0, 1, 2, ..., N(T)} , (2.5)

the sequence of arrival times is given by

{t~} — {t ~ . n — 0, 1, 2, ..., N(T)} , (2.6)

and N (T)  is the number of messages generated in the interval (0, TI.

Similarly, the sample function of the reproduction of the source is

represent ed by

— 

~~~~~ 
{~~}, ~ (T) J (2.7)

where the sequence of reproductions of the messages is ‘iven by

— {y~ c Y, n — 0, 1 2, ..., ~(T)} , (2.8)

the sequence of reproductions of the arrival times is given by

13 
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(~~} — {~~, n — 0, 1, 2 , ..., N(T)} (2.9)

and ~ (T) is the number of messages reproduced. Furthermore, let

be the conditional probability measure generating the underlying joint

probability measure between *T and

Using this notation, the average mutual information between the

source L~, and the reproduction 
~T over the interval [0, TI , with

respect to 
~T’ is denoted by I~~ (i.~; ~~~ The distortion accrued when

the sample function L~. is reproduced by 
~T is denoted 

~T~~r’ ~~~
Thus , from Berger (4 ] ,  the rat e distortion fimction R(D) is def ined by

R(D) — lim inf T 1 I 
~
1T~ ~~ (2.10)

~~~~ 
~T T ~~~

wher e

Q.~(D) — {
~T: ~~~~~~~~ 

tT~
1 < D )  . (2.11)

The distortion measure 
~T~

•’~~ 
which is employed, is the time

average of the per—message distortion measure p ( , ) ,  given in

Section 2.1. So, averaging P(X~~, ~~ over time, the distortion measure

to be employed, which is denoted 4(i.f. ~~~ is given by

1 NST)T ) p(x , y )  , if N(T) ~~N(T)
n l

N~T)
T~~[ ) ~~~~~~~ + (N(T) — ~(T))p~~~ ], if *(T) ‘C R(T)

n 0
(2.12)

14



where

p — inf E(p(x ,y)~y) + c (2.13)a x  ycY

and c > 0. The quantity ~~~~ is assumed to be finite, which in general

is the case for most distortion measures. The term (N(T) — l~(T) )p

in (2.12) is included to insure that the measure is honest in the sense

that providing no information about a group of messages is suitably

penalized. This honesty is required in the following proposition which

establishes an alternative expression for the rate distortion function

Rt
(D) . The latter is defined by incorporating the time average per—

0 message fidelity criteria (2.12) in (2.10) — (2.11) as follows

R
~

(D) — him in~ T 1 I 
~
1T ’ ~~~ 

(2.14)
T— 

~~~~~~~
I C

where

Q.~(D) — (IT: E~~[ç4(I.,~, ~~)I < D }  (2.15)

Before stating the proposition, the average conditional mutual

information must be defined. Let the notation

c I~~ ( [ { x } , {t }); 
~~~~~~~ ~~~ IN( T))

represent the average conditional mutual information between ({xn}
~

{t n}I

and [{y },{~ )J conditioned on N(T) with respect to the marginals gen—

0 crated by ~~~~. Other forms of the average conditional mutual informs—

tion which are used later have similar means.

15



Proposition 2.1

The rate distortion func tion R
~
(D) defined by (2.14) is given

by

R
t

(D) — lint inf T 1 
I ({x }; {y }IN(T)) (2.16)

T-~c~ 
~~~~~~~ ~T ~

where

Q~,(D) — {
~T
: ~~~~~~~~~~~~ < D, E~~ [I(N(T) — fi(T))] — 11 (2.17)

and

(1 , if N(T) —~~ (T) 
+

I(N(T) = ~(r) ) — (2.18)
~ 0 , if N(T) #~~ (T)

is the indicator function.

Proof

Making repeated use of an equality from information theory ,

the mutual information function can be expressed as the sum of

various average conditional mutual information quantities as follows,

— I~~(N(T); ~ (T) ) + I~~ (N(T) ; [{y }, ~t }]t*(T) )

+ I~~ ( [{x }, It ) ] ;  ~~IN(T)) (2.19)

Since mutual information measures are positive,

‘ I
ç

(I { x ) . (t~}I ; ~~~N(T)) (2.20)

16



Now let be given by

E l y ’, n — 0, 1, 2 , ..., 0(T) ) , {
~ ‘, n — 0, 1, 2, ..., 0(T) ), N(T ) ]

(2.21)

where for n — 0, 1, 2 , ..., 0(T)

( y if n > f ~(T)
C , (2.22)

( y otherwisen

and

~ t if n > ~~ (T)
C . (2.23)

otherwisen

The quantity y c Y is selected such that E(p (x , y ) I x )  c and

is an arbitrary constant. Since y
~ 

contains less information

about the original sequences Ix ), and {t) than does the original

reproduction 
~~~ 

then it is clear that

It )]; YT~
N(T) )

> I~~ (((x }, (t n
}]; [{y

1
}, (t’}]~N(T) ) (2.24)

C Furthermore, from (2.12) , (2.22) and the def inition of y ,  it is

clear that

> ~~~~~~~~~~~ . (2.25)

Suppose &..~, c Q~(D) is generated by L~ and ~~, then from (2.21)

measurable and from (2.25) , E~~(~~j1.) c D. So, *T and ~~ generate

a conditional probability measure e Q~ (D) . Hence letting 
~T and

17
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be as above,

It )]; [{y ’), {~~ ) ] JN ( T ) )

— I~,([{x ), It )]; [{~~ }; {~~ }] IN (T) )

- I
ç

((( x }~ its)]; ~~“n~ ’ nfl~~~
T

~~ 
(2.26)

where the last equality is a result of {y }  (y
~} w.p.l and

It) — (t~) w.p.1 under the conditional probability measure ~~
Thus, for every 

~T 
c ~~ (D) there exists a c Q~ (D) such that

(2.26) is valid. So, taking the infinimum of (2.26) results in

inf I ( [lx  }, I t  1]; ({y }, {~ ‘}1~N(T) )
, ~~~~ ~~ 11 n n 1%

£

a inf I ,U{x }, It  }]; ({y ) , {~ ) ) IN ( T) ) .(2 .27 )
~~~ c Q ~,(D) ~T ~ 0

)

Subsequently taking the infintum of (2.20) and using (2.24) and (2.28) ,

results in

I
R (D) > u r n  inf T 1 I ([Ix ), {t }] ;((y },{~ }J!N(T)) (2.28)
t T.

~
O
~~TcQ

~
(D) n n n n

An upper bound to R
~

(D) is given by

R~
(D) < lim inf T 1 I ~~~~~~~ , (2.29)

~~~~~ ~~cQ~ (D)

since Q.~(D) is a subset of ~~(D) . From (2.19) , ~~ £ Q (D) then

— I~~ (N(T) ;~ (T)) + I~~
(( {x ) , I tn)] ;[{yn}, I~n)I IN (T) ) (2.30)

An upper bound to I~~(N(T); i~(T)), as shown by Rubin (7], is the

entropy of a geometric distribution of mean E(N(T) ] . Therefore,

_______ 
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I~~ (N(T);i~(T) ) < tn T + £‘~~~ 
+ E [N(T) ]) 

+ E(N(T) ] £n( l + E~~ (N(T )])

(2.31)

Since for a renewal point processes

lint E{0~~~1 — A , (2.32)

as given by the Elementary Renewal Theorem (Smith [30]), then

lim T 1 I (0(T) ; i(T) ) 0 . (2.33)
0 T~~ ~T

Thus, using (2.30) and (2.33) in (2.29) and taking the limit ,

R
~

(D) lirn inf T ’ I ([Ix },{t )];[(y },{~ 1110(T) ) . (2.34)
T-’~’ L~cQ4(D) 

4T ~ n n

Hence, from (2.28), R
~
(D) is upper and lower bounded by the same

quantity which results in the equality

R~
(D) — lint inf T ’ I ([lx },(t }];[{y },{t )]IN(T)) . (2.35)

T-~ &~cQ4(D) ~T ~ H n

To get the final result , repeated use of an equality frcin

0 information theory is made to get for C Q~ (D)

I
~~

([{x
n
),{tn

}J;[Iy
n
), {~~ )JJN (T)) - I~~ ({x };fy ) JN (T)

+ I~~
({xn);{

~ n}IN(T) , {y~)) + I~~ ({t . } ;{y }IN (T) , Ix ) )

+ I
~,,({t );{~n} NIT) , (xn), {yn }) . (2.36)

Since the sequences {t~} and Itn
i do not influence the distortion

measure, for every 
~T £ Q~ (D) there clearly exists a C Q~ (D) such

19
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that lt~} and are statistically independent and statistically

independent of {z~) and {y
~
) under and

I~~({x }; (~~ }IN Cr) ) — I
ç
({x ); {Y~)lN(T)) (2.37)

Then from the independence and (2.36)

I
~~

(IIx },{tdJ;[{y },{
~~

} 0(T) ) > I~~ ((x~) ;(y }IN (T) )

— I~~ ({x };{y }lN(T))

— I
ç

([{x ) ~ lt }] ;( fY }~ {~~ }J IN( T))

(2.38)

Substituting (2.38) into (2.35), taking the infimum over 
~T 

C

and not4ng that for every 
~T c Q’ ID) there exists a ~~(D) C Q~ (D)

that satisfies (2.38), the final result (2.14) is achieved.

Q.E.D

Let the rate distortion function, r(D) , for a single letter

be defined by’

r(D) — inf I (X;Y) , 0 < D ~ D < p (2.39)
qCQ (D) q max max

where

Q — Iq: E
q

(P(x~Y) ~~. 
D} . (2.40)

Then, the rate distortion function of a source emitting randomly

occurring messages is obtained in Proposition 2.2 in terms of r(D).

First note that from information theory r(D) is convex and that

20
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r(D) is assumed continuous.

Proposition 2.2

The rate distortion function R
t

(D) of a source emitting randomly

occurring messages with intensity A (as described in Section 2.1)

under a time averaged per—message distortion measure is given by

R
~

(D) — A r (D/A) (2.41)

where r(D) is given by (2.39).

Proof

Let q~ be the conditional probability measure generating the

underlying joint probability measure between R.1~ and conditioned

on the event 0(T) — N occurring. Furthermore , let I
4

({xn);(yn) IN( T) )

denote the average mutual information between {x~) and 1
~n

1 given

0(T) = N with respect to q~.
C Now define for all N > 0

Q~(D) — 
{q~: E N [P~ (fx },{y ) ) lN (T)  — NI  < D  and

E~~ (I(N(T) — *(T)IN(T) — N] — 1} (2.42)

and

VT
(D) — (ID0 

> 0, N 0,1,2,... ): Dw(T)) < D} (2.43)

where E(DN(T) ) is the expected value of the random vari ebi.

For any £ Q.~(D) it is clear that the sequence

21
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r D
0 

— E~~(P~ ({x ),{y })lN(T) — N] N — 0, 1, 2, ... (2.44)

satisfies {D
N
} C VT(D). Furthermore, 

~T 
can be decomposed in the

following manner:
)

— ~ q~ 1(0(T) — N) (2.45)

where for all N > 0, q~ C Q~ (D
0) and D0 

satisfy (2.44) .

In a similar manner, if {I)
o
} C PT(D) and q~ c Q~ (D

0
) for all

N > 0, then is given by (2.45) and 
~T ~ *!~,(D). Hence, it is easily

shown that

inf I (Ix ) ; {y }IN (T))
~T E Q T~~~ 

~~ n n

— inf E{14(T) ({x );{y )JN (T)) } (2.46)
{~~} £ VT(D) 0)

C QT
(D
N
), 0)0

So, applying Fatou’s Leema (see Rudin (31]) to (2.46) , the following

bound is obtained ,

inf 1 (Ix };{y )~Ner))
+ ~T

E Q T
(D) ~~ n

inf El inf ‘ N(T)((z };{Y~}lN(T))} )
ID } £ V (D) 0(T) ~N(T), 

n
N T Q.~ ~~~ ~

DN(T)~ (2.47)

Now let c be an arbitrary positive number. Now for every D and N

there exists a £ Q (D) such that

I~ç
({x };(Y }lN(T)) , inf0 I

q~
({x

n
);{Y

n
}IN(T)) +~~ (2.48)

£ QT(D)

+ 0 0 0  

- _ _ _ _ _ _
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and a sequence 
~~~ 

~ VT (D) such that

El inf LqN (T) ({xn);{Yn}IN(T)))0(T) 0(T)
~ ~T ~ N(T)~

— inf El inf I
q~ (T) ({x

fl
};IY

fl
}4N (T))) + c/2

ID0
) VT (D) qN(T) c~~

(T) ( D )

(2.49)

Hence, using 
~
5
N~ 

that satisfies (2.49) and c Q~ (D
0
) that satisfies

(2.48) , equation (2.45) determines c Q~(D) that satisfies

I ((x

a inf El inf I N(T) ((x ) ; f y ) IN ( T ) ) )  + £

ID0
) V

T
(D) N(T) N(T)

~r ~~r ~~N(T)~ (2.50)

Since c is arbitrary, taking the infimum of (2.50) over £ Q~(D),

the reverse inequality of (2.47) is produced, and

I ~ inf i

~T C~~ T~~~ ~~

— inf E{ inf I
£ Q

N(T) ( D )  
q~(T)

Xn
}
~~~nfl

0(T)
~~ 

(2.51)
ID0) £ VT(D) 0(T)

Now inf I~~((x~};{y~}fN(T)) is equal to the 0th extension of
N N

£ QT(D)

the rate distortion function, with respect to a p.r—letter distortion
+ measure p(.,•), of a source with letters (z5 £ X, n — 0, 1, 2, ..., 10

which are independent and identically distributed. So, it is clear

that

23
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inf I N”’ )~{‘ 110(T) ) — N r(DT/N) (2.52)
N N ~ n

c Q.1(D)

Using the result from Proposition 2.1, and substituting (2.51)

and (2.52) into (2.16), it is concluded that

R ID) — him inf EI(N(T)/T) r(D T/N(T))) (2.53)
t 

~~~
‘— ID0

) C V
T

(D) NIT)

Since r(D) is a convex function of D, Jensen’s inequality gives

EI(N(T)/T) r(DN(T) T/N(T))} > Et (N(T)/T) r(D/(T’’N(T))} (2.54)

which is valid for all ID
NI C V

T
(D) and all T > 0. Hence, from (2.52)

the sequence ID
0
) given by

D
0 

— D/E(T~~N(T)) , N — 0, 1, 2, ... )

is an element of VT(D), and achieves the infimum in (2.51) for all

T >  0. This implies that
)

R
~
(D) — h a  E(N(T)/T) r(D/E(T~~N (T)) (2.55)

T-’
0 

Finally, using (2.31) and noting the continuity of r(D) , the required

result (2.41) is achieved .

Q.E.D

In evaluating the rate distortion function (2.14) a limit is

taken with resp ect to the ties period T. In an analogous manner

a rate distortion relationshi p, ~~
(D), can be defined by taking a

I
limit with respect to th. nuub.r of messages. For tha t purpos e,

24
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define , in an analogous manner to and ~~ i~ and 
~~ 

by

*0 
— 

~
‘n1N’ {t~ }0] (2.56)

and

— 

~~
‘n1ii’ {tn10] (2.57)

where Ix~ }0, 1
~~~

1N’ It n
)

N and 
~
1
~~N are sequences representing the f irst

N messages , reproductions , times of arrivals of messages and reproduc— ‘

tions of the times of arrivals, respectively. Then, let p~
(.,.) be the

distortion measure given by

P
t
(*0 ~~) — A ~ 

P(Xn~ 
y~) , (2.58)

n 0

which is the analogous to the distortion measure given by (2.12) .

Now I
t

(D) is def ined, with respect to the distortion measure

by

C ft
~0~

) — him inf (A /N) I (La; ~ ) (2.59)

where is a conditional probability measure and

N-i
— {q0: E~ [(A/N) 

~ P(X~~p ye)] < D l  . (2.60)
N n l

The following proposition asserts that taking the limit with

respect to time (T ~ .), according to (2.14) , or taking the limit

with respect to the ni.uber of messages (N -‘ c ’) ,  according to (2.58) ,

the s e  rate distortion relationship is achieved.

0
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Proposition 2.3 
+

Th. rate distortion relationship I
~
(D) defined by (2.59) is

equivalent to the rate distortion function R
~
(D) defined by (2.14)

for sources emitting randomly occurring messages described in

S.ction 2.1. Thus, for all 1) ) 0

— Rt(D) . (2.61)

Proof

Using a result similar to (2.38), 
~~

(D) is given by

t (D) a him tnt (A/N) I (I, 
~~ 

ly I ) (2.62)t 4 C Q0(D) n n N

Now inf I (lx 
~~ 

{y 
~~ 

is given by the 0th extensionn

of the rate distortion function of a source with letters X C X which

are independent and identically distributed . Hence , in a manner similar

to (2.52)

inf I (lx 
~~ 

(yr }~) — N r(D/A) (2.63)
40 c %(D) 

q
0 ~ n

and

— A r (D/A)

— L
t(D) (2.64)

by Prop osition 2.2.

Q.E.D
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Another distortion measure , that is of a similar form to

is the per—message distortion measure given by

N (T)

~ 
P(X~~ y )  , if N(T) <

n—h
—

0(T)

~ 
p(x ,)‘ )+(N(T)—f~(T))p 1,  if 0(T) > ~ (T)

n—h
(2.65)

The rate distortion function, R ( D) , under this distortion measure

+ is defined as

C R (D) — him inf I 
~~T’ ~~ (2.66)m T-’~ ~Tt

~~~
1
~ 

4T
+ where

0 Q~ (D) — (
~T
: E

~~
(p

~
(i

~r~ ~~~~ 
< DI . (2.67)

0 

In a similar manner to the definition of I
~

(D) , a rate distortion

relationship i
~

(D) can be def ined as

~~(D) — him inf (A/N) I 
~~ ~~

) (2.68)
ac Q0(D)

t where

Q (D) — (40:E~~(N~~ 
~ 

~~~~ y ) )  < D l  . (2.69)

C Proposition 2.4 shows the equivalence between Rm(D) and

C
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P~~position 2.4

For sources emitting randomly occurring messages which are

described in Section 2.1, the rate distortion function, Ra
(D)

~ 
defined

by (2.66) and the rate distortion relationship, 
~a

(D)
~ 

defined by

(2.68) are given by

R (D) — 
~~(D) — A rID) (2.70)

where r(D) is given by (2.39).

Proof

First, *~(D) as defined in (2.59) is related to ~m
(D) by

— it (DX ) . (2.71)

So, from Proposition 2 2 and 2.3

— A r(D) (2.72)

Now using the same reasoning which is used to develop (2.53),

R (D) is expressed as

R (D) — him inf E{t1(T)/T r(D )1 (2.73)m T-”o (D
N
)CV

T
(D) 0(T)

where VT (D)  is given by (2.43) . To evaluate (2.73) define the set

C > 0, by

A.~(e) — IN: N is a positive integer, — A~ < c) , (2.74)

and the indicator function ‘A
~~

(C)
~~

’) by

28



1 if N E A T (c)

IAT
( ) (N) — (2.75)

0 otherwise

Letting P
T

(c) be given by

PT (c) — Pr (N(T) j A~ (c)) , (2.76)

the following upper and lower bounds are generated when € is chosen

such that P (c) < D/DT

inf E{ (N(T) /T) r(D )I (0(T)))
ID0
) c V

T
(D) N(T ) A.~. c)

inf EI (N(T) /T) r(D ))
ID0

) VT(D) NIT)

tnt EI(N(T)/T) r(DN(T) )I ( )(N(T))}
{D
N
} C VT~~~

Dmax PT(C)) 
AT C

+ r(Dma,) Pr (A..~(c)) . (2.77)

Since for 0(T) £ A,~(c), it is easily established that

(A c)  < N(T) IT < (A + c) . (2.78)

So, substituting (2.78) (2.77) and using Jensen’s inequality,

it is easily seen that

(A—c ) (1 — P Cc)) r(D) < m t  E{(N(T)/T)T {D
N
}C V

T
(D)

< (A+c) (1 — PT(c)) r(D — D P
T
(c)) + r(D ) P

T
(c) (2.79)

0 Using a resul t from renewal th.ory (see Smith [30)) ~
-- 

~~~~ 

+
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him N(T)/T — A w.p.l, (2.80)
T-~~

it is easy to show him P
T
(C) — 0 for all c > 0. Hence, the limit

with respect to T of (2.79) is given by

(A — C) r(D) < R ID) < (A + c) r(D) . (2.81)

Since c is an arbitrary positive number , equation (2.70) is obtained . )

Q.E.D

Thus, the limiting procedure used in the definition of the rate

distortion function can be applied in terms of time (him) or number
T~ °of messages (him). The coding theorems in Section 2.3 establish the

+ importance of this result . They establish that source coding proce—

dures can be used to encode blocks composed of a fixed number of

messages, rather than encode blocks of fixed time durations.

3

2.3 Source Coding Theorems

The source coding theorems established in information theory

(see, for example, Cal].ager [3], Berger [4]) provide an

operational definition of the rate distortion function, R(D). For

a wide class of sources, such theorems establish the existence of a

block code, used for encoding the source, whose rate is R(D) + c.

Furthermore, this code yiehds a distortion level less than D + c

where c is an arbitrary positive number. Converse coding theorems

establish that no block code, used for source encoding, exists that

30
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has a rate less than R(D) and yields a distor tion level not larger

than D. When considering sources that emit randomly occurring mess-

ages, which are described in Section 2.1, the above type of source

coding theorems for rate distortion functions R
~
(D) defined by (2.14)

and R (D) def ined by (2.66) can be proved. These theorems do not

make use of the nature of the communication network involved. In

this section, another operational definition of the rate distortion

function for sources emitting randomly occurring messages is shown

to exist by proving a different set of source coding theorems which

use concepts relevant to the operation of communication networks.

First , consider the normal scheme of encoding blocks of duration

+ T of the source described in Section 2.1 with a block code. For the

implementation of such a coding scheme define a set t4(T) consisting

* of values of the number of arrivals, 0(T) , in a duration T such that

P (N(T) j N(T) ) < C ~~.82)

where c > 0. For each 0(T) c N(T) a different block code is used

to encode the messages, and also, NIT) must be encoded in a distortion

f ree manner. Then , a source coding theorem can be derived in the

t usual manner by letting the block length T become arbitrarily large.

The disadvantages of such an encoding scheme are that an extremely

large code book is required which adds complexity, and overhead

information must be included to encode 0(T) . Therefore, it would

be advantageous to be able to encode in a block a constant number of

messages N , and thus , reduce the size of the code book and remove

the requirement of encoding 0(T) . Then the question of how to define

31
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the rate of such a message must be answered .r This question is answered by observing that in any communication

network buffers are placed at various positions in the network . The

purpose of the buffers is to smooth the flow of data by storing

the randomly arriving data streams prior to transmission. Making use

of a buffer  which follows the source encoding procedure, the encoded

version of the source is assumed to be placed in a buffer. The

information stored in the buffer is further assumed to be released

or transmitted from the buffer at a constant rate, r , when the buffer

is not empty. So, two measures of the performance of such a block

encoding scheme, wh ich encodes a source using a fixed number of

messages, are r and the average distortion level the code yields.

A third element of the performance of such a message block

encoding scheme is the average message delay , y, of a message due to

source encoding. The quantity y represents the average time it takes

a message after being encoded to leave the buffer which follows the

source encoder relative to the time of arrival of the message. The

three components of y are the delay introduced in collecting a fixed

block of messages , the queueing delay in the buffer , and the time to

transmit the encoded message out of the buffer. It is clear that y

must be finite to insure the realizability of the encoding scheme.

Since without this restriction, the rate r could be arbitrarily

small , and the code would still yield a distortion level D, but

informatio n would be acc”~ ’1aUng in the buffer causing the limiting

average message delay to be unbound ed .

32

p

_A .

+ - -

+

+ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- --_ _



+ Using this concept of delay , Theorem 2.1 and Theorem 2.2

establishes an operational def inition of the rate distortion function

R
t

(D) or R
m

(D)
~ 

This definition states that R
~

(D) or R (D) is the

smallest rate of transmission out of the buffer such that the limiting

average message delay , y, is finite and the code used yields a dis-

tortion level not exceeding D.

+ 

Theorem 2.1 (Source Coding Theorem for Network Message Sources)

+ Consider the network message source described in Section 2.1

with finite first and second moments of the interarrival time. Let

p(. ,.) be a given single letter distortion measure.
Let Rm() of equation (2.66) denote the rate distortion function

of the source with respect to the average message distortion measure

(2.65). Then given any c > 0 and any D > 0, there exists a (D + C)

admissible message block :ode and a rate of transmission r < R(D) + C

which guarantees a finite limiting average message delay.
I

Proof

+ Consider (n , a) message block coding schemes which code n
t

+ messages using a code containing 2 code words. From the source

coding theorem for sources from abstract alphabets in Berger [41,

it is shown that for any c > 0, and any D > 0 there exists a and n

such that a (n , m) coding scheme is (D + c) admissible and

a < n [r(D) + ~ ] (2.83)

where r ID) is given by (2.39) .
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Using a (n, m) coding scheme, the buffer which receives the

code words behaves as the queue in a GI/D/ i queueing system whose

interarrival times are the corresponding sum of the arrival times

of n messages, and whose service times are equal to a/r. Fixing

c > 0, and D > 0, and letting

r
~~~

R
m
(D)+c

~~~
A r(D) + c , (2.84)

for some message block coding scheme, (n, a), which is (D + c) 
0

admissible, the ratio p of the mean service time, a/r , to the mean

interarrival t ime, nA 1, is bounded using (2.83), and (2.84) by
‘-‘I

A/n A [r(D) + cf A lp — 
Ar(D) + C 

< (2.85)

Since p < 1, the result of Kingman [32) for a CT/G/l queue can be

used to bound the limiting average queueing delay, ~~~, of a message

in the buffer by

2 2—- +aT S 
• (2.86) 4

— 

2nA~~ (l—p )

+ The quantity °T is the variance of the message interarrival time

and the quantity ~~~ is the variance of the service t ime which is

equal to zero for the case under consideration since the service

time is deterministic. This implies that ~ is finite since the

first two moments of the message interarrival t ime are finite.

Furthermore, for any (n, a) coding scheme and r > 0, the transmission

delay and the delay associated with collecting n messages are finite.

Consequently , a message block code can be found whose limiting average Ti +
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delay y, which is the sum of the three delay components, is finite.

Q.E.D.

The corresponding converse of the theorem is stated in

Theorem 2.2.

Theorem 2.2 (Converse Source Coding Theorem for Network Message Sources)

Under the conditions of Theorem 2.1, there exists no D—admissible

message block code with an associated transmission rate, r < R
m

(D)

which guarantees a finite limiting average message delay.

Proof

As in the proof of Theorem 2.1, consider a message block coding

scheme which codes n messages using a code containing 2m code words.

From the converse to the source coding theorem for sources from

+ abstract alphabets in Berger [41, it is established that there exists

no D—admissible (n, a) block code encoding n messages into a bits

with

a < n r(D) (2.87)

Now assume that there exists a D-admissible In , a) code with

a > n r(D) . (2.88)

The buf fer that follows the encoder behaves as a queue in a GI/D/l

queueing system with mean interarrival time nA ’~ and with mean service

t ime air. Letting

L
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-1
r < R

a
(D) (2.89)

the ratio p of the mean service time to the mean interarrival time is

bounded using (2.88) and (2.89) by

a/r A r (D)
— 75 > R (D) (2.90)

Consequently , substituting the value of Rm(D) from (2.70), p > 1 is

obtained . From Lindley ’s theorem, Lindley [33], for p > 1, the limit-

ing average queueing delay is infinite. Therefore, y is infinite.

Q.E.D

These ~ e4~1lts extend readily to the time average per—message

distortion measure and the associated rate distortion function Rt(D)
)

defined in (2.41). Corollary 2.1 establishes the source coding

theorem and its converse for this case.

3
Corollary 2.1

If in Theorems 21 and 2.2 the rate distortion function is

replaced with the rate distortion function, R
~
(D), defined with

respect to the t ime average per—message distortion measure (2.12),

then the th.or remain valid .

Proof

Sinc Th.or.as 2.1 and 2.2 are valid for all values of distortion ,

they must be valid for all distortion values of the form 1)/A where
)

D ‘ 0. Now a fl/A—admissible message block code is a time average

36
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D—adaissible message block code. So, by Propositions 2.2 and 2.4

R
~

(D) — R (D/A) (2.91)

and the resul t follows.

Q.E.D

From the proofs of the theorems a number of observations can

be made. As the excess distortion approaches zero (c + 0), the limit

of the average message delay becomes arbitrarily large. Furthermore,

as s -
~ 0, the percentage of time the buffer  is empty becomes arbitr-

arily small, and idle periods in transmission occur infrequently.

Hence, information is being transmitted from the buffer at a uniform

rate, r — R(D) + c almost all the time.

2.4 Information Transmission Theorems

* Tie source coding theorem and its converse stated in Section 2.3

establish bounds on the performance of source encoders. These theorems

together with the noisy—channel coding theorem, Gallager (3] and its

converse, establish bounds on the performance of a communication
U

system. The communication system to be considered is depicted in

Figure 2.1 where the system is restricted to a single source—user

pair and the communication network consists of a single discrete

memoryless channel with channel capacity , C. The information trans-

mission theorem and its converse theorem which follows, specifies

for the communication system and a source emitting randomly occurring

messages, the theoretical limit of the fidelity of the source
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reproduction at the user.

Theorem 2.3 (Information Transmission Theorem for Network Message
Sources)

Let the single lettered distortion measure p( ,~ ) be bounded by

P. Then for all c > 0, for the source of Theorem 2.1 and for any

discrete memoryless channel of capacity C, if C > R
m

(D) + e, there

exists a message block code which can reproduce the source with

fidelity (D + C) at the output of the channel and can guarantee

a finite limiting average message delay.

C
Proof

Assume the discrete aemoryless channel can transmit one of a

finite number of channel symbols and the rate of transmission is

rEchannel symbols/seci. Now consider the coding scheme which first

uses a message block code to encode the source , and then the resulting

code words are channel encoded using a block code and sent to a

buffer to await transmission. Certainly, the result of the two

coding operations is a message block code.

To evaluate the performance of such a scheme, the source coding

theorem and the noisy channel coding theorem are used. Assume £ > 0

and D > 0. Using Berger’s (4] result for coding of sources with

abstract alphabets, there exists a (D + c/2)—admissible message

block code, (ii, a), which encodes n messages and has 2
m code words

where

m c n(r(D) + c/2A ) — 
~ 

(Rm (D) + ~~~ (2.92)
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Since the sequence of arriving messages are independent and identically

distributed, the sequence of code words are independent and identically

dist ributed . Thus , the noisy—channel coding theorem, Gallager [3],

for a discrete aemoryless channel applies. It states that a block

code , (N, N), can be found that encodes N code words in a distortion

free manner into M channel synbols such that

C m.N
C — ~~~< — ~— .  r (2.93)

and

P (block error at the receiver) ‘C e/2P (2.94)

when the channel symbols are transmitted at rate r. Therefore, the

scheme utilized is (D + t)—admissible, since the sum of the distortion
)

due to source encoding and due to channel errors is less than D + c.

Now the channel and buffer represent a GI/D/i queueing system where

a channel code word is the commodity to be serviced . The inter—
3

arrival time of channel code words is the sum of nN message inter—

arrival periods. Thus, for this system the service time is Mr (a

deterministic value), the mean interarrival time is nNA~
1, and the

ratio p of these quantities is bounded using (2.93) by

—1 R (D)+ C/2Mr m
I t~ 1,1

A

Since

(2.96)

p ‘C 1 is obtained. A. in Theorem 2. 1 , ne condition that the second
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moment of the message interarrival is finite implies that the limiting

average message delay is finite for a message block code.

Q.E.D

+ 
Similarly , the converse theorem states the following.

Theorem 2.4 (Converse Information Transmission Theorem for Network
Message Sources)

It is impossible to reproduce the source of Theorem 2.2 with

fidelity D at the receiving end of any discrete memoryless channel

of capacity C ‘C R~(D) using a message block code which achieves a

finite limiting average message delay.

Proof

As in Theorem 2.3, assume the discrete memoryless channel can

transmit one of a f inite number of channel symbols and the rate of

transmission is r[channel symbols/sec]. Now consider a block code

which codes n messages using a code containing 2N code words where

each code word is represented by N channel symbols. From the converse

to the source coding theorem for sources from abstract alphabets

(Berger [4]), for the block code to be D—admissible, it must satisfy

N > n r(D) — 
~ 
R (1)) (2.97)

Now the buffer and channel form a GI/D/l queueing system with the

transmission time of a code word being equal to the service time of

the queueing system. For this system, the service time is Mr~~,

41
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the mean interarrival time is nA~~, and the ratio p of these quanti-

ties is given by

Mr~~p — 
—l (2.98)

nA

There are two cases to be considered. First, the case p > 1,

which implies

Mr ’ > nf’ . (2.99)

By Lindley’s Theorem (Lindley [33]), the limiting average message

queueing delay is inf inite, which implies the limiting average message

delay is infinite. In the second case, p < 1 which implies

Mr ’ < nA~~ . (2.100)

Now the amount of information transmitted per unit t ime is, R, given

by

n
•r R (D) 3R — 

—l (2.101)
Mr

and by (2.100)

R > R
m
(D) (2.102)

But for Ra
(D) > C, R ‘ C and therefore from the Converse Information

Transmission Theorem (Berger [4]) the block code does not yield a )

distortion level less than D.

Q • E.D
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P As in Section 2.3, the results extend to the time average

per—message distortion measure and the associated distortion function

defined in (2.14). Corollary 2.2 establishes the information trans-

mission theorem and its converse for this case.

Corollary 2.2

Theorems 2.3 and 2.4 remaIn valid, if the rate distortion function

is replaced with the rate distortion function, Rt(D), incorporating

the time average per—message distortion measure (2.12).

Proof

Same technique as Corollary 2.1.

Q.E.D
I ,

The rate distortion function R (D) is given an operational defini-

tion in terms of a communication system by Theorems 2.3 and 2.4. The

theorems show that transmission of information using a message block

code with a fidelity constraint U and with a finite average message

delay constraint over a channel of capacity C is possible if
C-

C > R
m(D) and Is impossible if Rm(D) > C. If R

5
(D) > C, then trans—

+ 

mission can be achieved if one of the two constraints is removed.

2.5 Conclusions

This chapter discussed the performance bounds of source encoding

- 
under a fidelity criteria for sources found in communication net—

works. The source model of network message sources was presented .

43
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The rate distortion function for this source was calculated and was

shown to be equal to another rate distortion relationship. Source

coding and converse source coding theorems were proved. These

theorems provided an operational definition of the rate distortion

function in terms of the existence of message block codes which

satisfy the distortion criteria, and have a finite limiting average

message delay associated with them. This chapter concluded with a

discussion of the information transmission theorems for network 3

message sources.

3
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CHAPTER III

DELAY DISTORTION RELATIONSHIPS ANT) ADAPTIVE DATA COMPRESSION

The proofs of the information transmission theorems in Chapter II

have indicated how to construct coding theorems which approach the

performance predicted by the rate distortion function. These schemes

have an arbitrary large message delay associated with them. Large

message delays imply a st ructurally complex communication system

(large buffer sizes required) , and degraded service to the subscribers

to the network. Therefore, for the design of actual networks, a more

meaningful performance measure than the rate distortion function

is the delay—rate—distortion relationship. The latter gives the

minimum average message delay when constraints are placed on both

the rate of transmission, and the fidelity of the reproduction of the

source. For a given network configuration with a fixed rate of

transmission, this relationship reduces to the delay distortion

relationship which this chapter discusses. The network configuration

and the delay distortion relationship, y(D), are introduced in

Section 3.1. In Section 3.2, an adaptive data compression scheme is

presented. This scheme utilizes a decision policy to minimize the

average message delay for a given distortion level D, resulting in

the delay distortion relationship YA (D). The techniques from Markov

decision theory that pertain to the analysis of the adaptive data

compression scheme are presented in Section 3.3. Finally, using

these techniques the structure of the optimum decision policy for a

45



single channel network is determined in Section 3.4. This network

is an adequate model of a satellite channel or a radio relay channel.

The technique developed here to determine the optimum policy can also

be applied in the optimization of controls in a variety of other

queueing and flow control problems found In networks.

3.1 The Delay Distortion Relationship and the System Model

In a Communication network, messages which are transmitted to

distant users accrue time delays. As the information contents of the

messages increases, the demands on the network are heightened and the

message delays are increased. For many message sources, such as analog

vaveforme (speech signal, telemetry waveform), to achieve an acceptable

level of message delay for the transmission of a message through an

existing network, the messages must be approximate prior to trans—

mission. The messages are approximated by other messages, termed

compressed messages , whose information contents are smaller than the

information contents of the original messages. Since the compressed

messages are approximations to the original messages, the fidelity

of the reproduction of the messages is degraded. However, at the

same time, the message delay has been reduced. As an example, consider

the transmission of voice or other random analog waveforms through a

packet—switching store—and—forward co~~ inicat ions network, such as

a computer co~~ micat ion network described in Kleinrock [10], or

through a TDMA system such as a satellite co~~inication network

described in Abra~~on and Kuo [ 71.  From information theory , the

entropy rate of such a source is UnbOunded , resulting in unbounded

4’
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—

message delays for any network realization if the messages are

not approximated. Hence, an appropriate method of approximating or

data compressing the messages is required, to insure that tolerable

levels of message delay and fidelity are achieved.

To study the trade—off between delay and distortion, Rubin [13]

Introduced the delay distortion relationship, y(D). For a given

source model, network, and routing procedure associated with the

network, this relationship specifies the minimum message delay achieved

when choosing a scheme smong all data compression schemes belonging

to some class of data compression procedures which achieve a fixed

distortion level. In order to define y(D) , let T(dc) be the message

delay for the given models, and for a data compression scheme dc.

Furthermore, let 1~ be a class of data compression schemes. Then the

delay distortion relationship is given by

y(D) — inf T(dc) (3.1)
dccDC(D)

C
where

DC(D) — (dc c T~C: average distortion level associated with dc I

(3.2)

The source model considered In the f -tudy of y(D) is the model

described in Section 2.1 which emits randomly occurring messages.

The renewal process which describes the message arrivals is assumed

to be a Poisson process. Thus, the interarrival distribution function

is given by

F (r) — 1 — e At 
, > 0 (3 3)

+ ~~--•— —~~~--‘-~~~ --— -
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where is the mean interarrival time. This model of the messager arrival process is used extensively in the analysis of communication

networks and queueing systems . Further justification for the Poisson

assumption are the limit theorems in Khinchine [34]. These theorems

provide , under certain regularity conditions , that if the arrival

processes of various sources are independent , then the superposition

of the arrival processes approaches (as the number of processes

increases and the individual process rate decreases) a Poisson process. 
+

The fidelity of the reproduction of the source at the user is

measured via the average per—message distortion measure given by

—i N
D — lim sup N ~ d (3.4)

where d~ is the average distortion associated with the ~
th 

message.

So, d is given by

d~ — E[P(x~, ~
‘n~

1 (3.5)

where p( . , ’) is the per—message distortion measure described in

Section 2.1, x~ £ x is th e nth message, and y~ c y is tI’e nth repro—

duction.

The network considered is an isolated path in a co unication

network which operates in a store—and—forward manner depicted in

Figure 3.1. The path consists of 14 channels connected by nodes which

store messages received in an incoming channel until the corresponding

outgoing channel is free to retransmit the message. The messages are

then transmitted on a first received, first transmitted basis. Each

channel or branch , b ,  is ass~saed to transmit information bits about

48
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the source at a rate Cm) where Cm is assumed to be less than the

capacity of the 5th channel. The channel model is assumed to incor-

porate the appropriate channel and decoding procedures which allow

the channels to be regarded as noiseless. Thus, C~~[aec/bit J is the

transmission delay in the mth channel.

The class of data compression schemes considered utilizes data

compressors which operate on each message independently of the other

messages • These data compressors are assumed to satisfy a rate

distortion relationship ~ (D) [bits/message] where D is the average

distortion accrued per—message after compression . Thus, the trans-

mission time in the mth channel of a message compressed by a data

compressor, with an associated distortion level D, is

~(D) C~~[sec/mess].

3.2 Adaptive Data Compression

For the source and network model described in Section 3.1,

there are many classes of data compression schemes that warrant

consideration. These schemes vary fro, deterministic processing

schemes to schemes which dynamically adapt to the sources , and the

state of the network. The delay distortion relationship, defined in

Section 3.1, is a means by which the relative performance of various

classes of schemes can be evaluated.

First , consider a deterministic scheme which uses a single dat a

compressor with distor t ion level D. Assume th. data compressor is

selected from the class of fixed length dat a compressors which yield

+ 50
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p~4I a per—message rate distortion relationship ~(D) where ~(D) is

described in Section 3.1. Then clearly, the message queueing delay

is equivalent to the queueing delay of a customer in a M/D/l tandem

queueing system with Poisson arrivals of rate A , and message service
+ 

times in the mth 
channel, m — 1, 2, ..., 14, equal to ~ (D) C~~ . From

Rubin [12 1 the limiting average message delay, T1(D), associated

with this data compression scheme is given by the sum of the trans—

mission delay and the queueing delay , and so,
S —

~(D) a—’ + r(D)c
~~ A~~~ D) 

A f(D) , if D > D,~~(A)
+ 

r T
1

(D) — (3.6)

+ ,i f D < D,in(A)

where
(.

Cmi 
— mm C (3.7)

mc[l,2,...,M]

and

D,~~(X) — 

~~‘
(cmi~

/A) . (3.8)

i c The delay distortion relationship, r~(D), for such a scheme

whi~h uses a single data compressor is given by minimizing the limit-

ing average message delay over all data compressors In the class of
+ data compressors which yield a distortion level of D or less. So,

from (3.1)

— inf T1(~ ) . (3.9)
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Then assuming ~(D) to be a strictly decreasing function of D and

using (3.6), the delay distortion relationship reduces to

y~ (D) — T
1

(D)

- 

~ ~(D) C~~ + ~~~
À T

~~~t(D) , if D > D~~~ (A)

if D C  D
in

(A)

(3.10)

which I. easily evaluated .

The scheme using a single data compressor can be extended by the

intrOduction of K—l additional fixed length data compressors • So,

a massage arriving proceeds Immediately to one of the K data cam—

pressors. Following its compression , the message enters a buffer

and smaits transmission in the network. The decision policy w which

directs the messages to the various data compressors is an element

of a wide class of decision policies U which is specified later. The

policy can be random or deterministic, stationary or time varying,

dependen t or indep endent of the past history . The maj or. restriction

placed upon this policy is that it be causal . Thus , it can not be

dependent upon explicit knowledge of future events • Such a scheme

is depicted in Figure 3.2.

For such a scheme to operate it is imperative that the decoder

sad user be Informed which data compressor was used to operate on

e given essage. Without this knowledge, the performan c. of all but

the sI~~l.st deterministic policies are considerably degraded . To

52
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provide this information, protocol information needs to be transmitted
I

through the network. The protocol information used to inform the

decoder is modelled as a fixed bit length segment 
~K which is

attached to the bit length of the compressed messages. Hence, the

total bit length of a message following compression by a compressor

with associated distortion level D is ~(D) +

Observe that the limiting average message delay and the aver age

distortion level for a scheme using K data compressors may not exist

for all policies under consideration. So, in order to determine the

delay distortion relationship, let W m be the waiting time of the

th tha message in the buffer associated with the m channel, and let

be the average distortion level associated with the data com-

pressor that compresses the ~t~k message. Then the average delay as

a function of the policy w and the collection of average distortion

levels {D.~, k — 1, 2, ..., K) associated with the K data compressors

is expressed by

14-1 14
— lix sup 14 1 ~ 

) Iv + (ftd ) + p )C~~J) (3.11)
n 0  m l  nm U m

where all the buffers are initially assumed to be empty. This expres-

sion assumes that the total message arrives at the instant of arrival

and that no delay is accrued from the compressing procedure itself.

In a similar manner, the average distortion is given by

N—i
D
~

({D
k

)) — lix sup 1(1. ~ I Cd ) . (3.12)
_ s  

v u

Then, the delay distortion relationship for schemes which use

K data compressors is given by
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y~(D) — inf T
~

({Dk }) (3.13)
wcJI (D; {D ..)
{D
k
>O,k

~~
,2, . . . ,x}

where

n(D; {D.~}) — (11 £ U : D
~

({D
k
}) <D}

Taking the minimum of y~(D) over all possible values of K, the delay

distortion relationship y~(D) for adaptive schemes is expressed by

y~(D) — miii y~ (D) . (3.14)

There must be a finite K attaining the minimum in (3.14). This is

due to the protocol information, 
~K’ being an increasing function of

K and so, eventually, as K increases, the message delay in the network
C.

will be unbounded due to the excessive amount of protocol information.

Thus , the optimal adaptive scheme uses a finite number of data

compressors.

In order to compute y~ (D) , the problem of finding y~ (D) must be

considered first. Once ‘y~ (D) is determined , y~ (D) is the lower

envelope of the curves ~r
M(D), K — 1, 2, ... . To evaluateK K

introduce the Lagrange multiplier p > 0 and define the function

L
~

({Dk
}) by

-. L~((D~ }) — T
~

({D
k
}) + p D~ ({D~}) (3.15)

So, if the infimum operation in (3.13) can be replaced with

the corresponding minimum operation (which is shown later to be

valid) , the expression for y~(D) reduces to
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bI t

y~(D*) — ( mm mm LK~~D~~yi — (3.16)
JD~~0,
tk—1,2,. . .Ki

where

D* - D
~~
({D

~
)) (3.17)

and {D~ > 0) and lr* c II minimize L
~
((Dk}). Hence, (3.16) and (3.17)

describe paremeterically the delay distortion relationship as a

function of the Lagrange multiplier p.

To determine when (3.16) is valid , it is necessary to investigate

given by

— inf LK({Dk
}) , (3.18)

ircU

and ascertain if there exists a ir* ~ II which satisfies

L
K({D

k
}) — L

~*
({Dk}) . (3.19)

This investigation can be achieved by considering the following problem, +

where the network is restricted to a single channel with transmission

rate C. The tandem channel case is treated in Chapter V.

Single Channel Adaptive Data Compression Problem (SCADCP)

Consider a data compression system, as described in this section,

which uses K dat a compressors whose associated distorti on levels are

k — 1, 2, ..., K. The cosmunication network is a single channel

of transmission rate C. The state of the system ii observed at t imes

of arrivals of messages. When a message arrives it must be assigned
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to one of the K possible data compressors for compression. Let the

state of the coureunication system at the instant of the ~th message

arrival, a — 0, 1, 2, . . . ,  be defined as x~. The state x~ is defined

as the vector whose components are the waiting time , w~, of the

message, and the unterarrival time, t , between the n—i message and the

nth message arrival times. Thus,

x (w , r )
a ii a

and the state space is given by X — ([0, a’) x [0 , a’)) .  The decision

at the nth arrival is a c (1, 2 , ..., K], where a indicates the

compressor that operates on the ~th message. The history H~ of the

comeunicat:I on system up to the ~th arrival is given by

C H — (x0, a0, x1, a1, . . .,  x~ , a~
) . (3.20)

Clearly, H~ is a sufficient exhaustive description of the history of

the coemunication system, since the comaunication system can be consi-

dered to be a single server queueing system, and the past history of

such a queueung system is specified by the past unterarrival t imes

and the past service times. From the recurrence relationship for

the waiting time of a queueing system, ~~~~ is given by

— max (w~ + ta - t~~~~1, 0) (3.21)

where the transmission t ime, tk~ associated with a message compressed

by the kth data compressor is given by, k t [1, 2, • . . ,  K],

( tk — (r(D
k
) + PK)C . (3.22)
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r So, using (3.19) a version of the transition probability distribution,

Pr(w
~+1 ~~. ~~~ ~~+1 < T I H ~), is given by

Pr (w~~1 c W, T +l < TI H )  Pr (w~~1 < W, < TI (wa r~ ) ,  a~)

F (T) ,if W > w  +t
T — n  aa

— F (T) - P (w +t —W) , if T >v +t —W>0
t n a — n  an n

0 , otherwise

(3.23)

A policy ir for controlling the system is described by a set of

functions {Q~(H~.1~ xe) ,  k — 1 , 2, . . . ,  K , a ~~O}. The functions 
+

are measurable with respect to the sigma algebra generated by

and x~ and the functions satisfy for k a’ 1, 2, . . . ,  K

Q
~

(H 1, x )  > 0  w.p.l (3.24)

and

k~l 
~~~~~~~ x~) — 1 w. p.l . (3.25)

These functions represent the probabilities of choosing the various

data compressors given the past history and the present state. Thus,

~~~~~~ 
x~) is the probability of operating on the ~~ message with

the kth data compressor given history 14n l  and state x1~. Denote by..

U the set of all such policies.

To measure the effectiveness of a rule ir c II , a cost structure

is introduc.d. If the system is in state x £ X at the ~~~ arrival

and action ~ c [1, 2 , .. .,  K ] is taken , a cost c(x , a) is incurred.
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This cost is given by

c(x,a) — w + ta 
+ pD5 

(3.26)

where x — (w, r). Thus , the average cost •(x, w) under rule ir £ 11,

(1 when the system is initially in state x £ X, is expressed by

N-’
•(x ,lr) — lix sup N ’ ~ E~{c(x~,a )1x0 

— x) . (3.27)

and 

n”O

4 ( x) — unf O(x , ii) . (3.28)
ircU

- f.• Clearly from (3.11), (3.12) and (3.15)

L
~

({D
k

}) a’ •((O,0), ir) (3.29)

C 
where L

~
((Dk)) is computed assuming the system is originally free

of messages, and then from (3.18)

g L
K ({D

k
}) — •((0,0)) . (3.30)

The problem is to determine when a policy ,r* c U exists •uch that

for a l i x eX

4( x) — •(x , ir*) (3.31)

The existence of such a policy is established in Section 3.4 by

noting that the process {(x~ a~)~ ii — 0, 1, 2, ...} is a Markov

decision process as described in Section 3.3. Pros (3.29) and

(3.30) the determination of a lr* that satisfies (3.31) implies ,

the existence of a ii* which satisfies (3.19). The structure of the
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policy ir* that satisfies (3.19) is determined in Section 3.4.

3.3 Markov Decision Processes

In this section Markov decision processes are studied with the

phasis of solving the average cost criteria problem for the case

of unbounded cost functions and nondenumerable state spaces. A

Markov decision process, (see, for example Ross [19]) is specified

by four quantities: A state space, an action space, a law of motion,

and a reward or cost function. Assume that the state space X is a

complete separable metric space and that the action space is a finite

set A. At time n — 0, 1, 2, ... , the state of the process under

consideration is x £ X and action a € A is selected. Then the

history R~ of the process is denoted by the sequence of states

and actions,

H — {x0, a0, x.1, a1, ... , x , a) • (3.32)

To specify the law of motion let 8 be the a—algebra of Borel

subsets of K. Then assume that for every x c I and a c A, there is

a known probability measure Pr(’~x,a) on S such that, for some —

version of the measure,

£ 31Z~ — x, a~ — a, H~~~) • Pr(BIz, a) (3.33)

for every B c 8 and all histories H~~~.

The actions are selected according to sass conditional

probability distribution
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Pr(a a’ alH~_,, x) — Q~ (H 1, x~) . (3.34)

The functions Q (H~~1~ x~
) are measurable with respect to the

ci—algebra generated by the random variables H 1 and x~. These

functions satisfy

Q
~

(Hn_1~ Zn
) > 0 w.p.1 (3.35)

and

~ Q~(H~_1~ x~) — 1 w.p.l . (3.36)
acA

Denoted by if the set of all such policies which generate actions

in this manner. A policy ii c TI is said to be stationary if for

a l l a cA a n d n > 0

Q~ (H 1, x )  — 

~~~~~ 
w.p.l (3.37)

and stationary deterministic if 
~~~~~ 

equals 0 or 1 w.p.1 for all

a A and a >  0.

The reward function is specified by the cost function c(x,a)

which is the cost incurred when the process is observed in state

x c X and action a c A is taken. The cost function is assumed to

be finite, but not necessarily bounded.

The process {(x , as), a 
a’ 0, 1, 2, ...} is termed a Markov

decision process. Two possible measures of performance of a policy

w c II that governs the process are the expected total u—discounted

cost, Va(x,lr), given for a c (0,1) by
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N—l
Va(X~ii) a’ lisa sup } a5 Ewfc(xn,an)fx0 — x) (3.38)

N’a’ n—0

and the average cost, •(x ,lr) , given by

•(x ,w) — lisa sup N~ ~ R1{c(x ,a)~x0 — x) . (3.39)

Minimizing over ir c TI in (3.38) and (3.39), let

V ( x) — inf V(x,w) (3.40)
well

and

4(x) — inf •(x,ir) . (3.41) )well

+ 
Results pertaining to Markov decision processes deal with

establishing when a stationary deterministic policy w* £ 11 minimizes
+ 

- V
~

(x,w) or minimizes •(x,w). The development that follows discusses

the results for the average cost criteria for processes with unbound

cost f unctions and nondenu.erable state spaces. The results are an

extension of Lippman’s [211 resul ts.

To determin, when a stationary deterministic optimal rule

exists for the average cost criteria , the usual technique is to find

the limit of th. policies which solve the a—d iscounted cost problem

as a approaches 1. Then ascertain if this limit is the optimal

stationary deterministic policy for the average co’~t problem.

First , an assumption n eds to be made to insure that Va(x~w) exists

and is finite for each a c (0,1), * £ X~ and w c U.
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Assumption 3.1

There exists an integer in > 1, a real valued function g(’)

on X with g(x) > 1 for all x e X and a real number b > 0 such that

S L = sup { max c(x,a) g(x) ) < ~ , (3.42)-m

xcX erA

and for all x c X and for n — 1, 2, ..., in,

:~ I (*~~ P(d~Ix ,a) < (g(x) + b)’~ 
( 3 g~)

Using Assumption 3.1, Lippman [21] proves a theorem which

+ guarantees the existence of an optimal stationary deterministic

- + policy for the a—discounted cost problem. The relevent results of

this theorem that are required for the development of the solution

to the average cost problem are stated in the following theorem.

V 
_ _ _ _ _ _
Theorem 3.1

For a Markov decision process, suppose Assumption 3.1 holds,

then an optimal stationary deterministic policy ,r* exists for the

a—discounted cost problem, a £ (0,1), and V
~

(x,w
~

) is the unique

solution to
C

Va (X ,w:) — mis (c(x ,a) + a J V
~
(
~
,w ) Pr(d~~x,a)} , (3.44)

seA X

the functional equation of dynamic progra~~~ng. In addition, ir~ is the
I’ policy which selects an action minimizing the right side of (3.44)

for e a c h x c X .
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See Ltppsan [21] for proof .

Q.E.D

A consequence of the proof of the theorem is a policy improvement

algorithm for finding Va
(x
~
1r
~
)
~ 
which is stated in a corollary.

Corollary 3.1

Suppose Assumption 3.1 is valid , and let a £ (0,1). Let

U (x) — 0 for all x c X and
0,a

U
~.~.i,a

(X) - mm {c(x ,a) + a J~ Un,a(~
) Pr(d~tx ,a)} , (3.45)

then

V~(x ,ir~) — lisa U~,0 (x) (3.46)

Proof

+ 
A consequence of the proof of Theorem 1 in Lippsan [21].

Q.E.D

Before proceeding to the average cost problem, a lemea is

presented which is needed to show the relationship between the limit

of the a—discounted cost and the average cost for a policy ir € U. )

This lemea is an extension of an Abelian theorem in Widder [35].
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Lema 3.1

Suppose Assumption 3.1 is valid, then

•(x ,w) > lisa sup (1 — a) V (x,ir) (3.47)
a4l a

for all X £ X and ir c II.

Proof

Let a c (0,1), and let

N—l a
Wa(x

~
W) — lim sup E

~
{ Z a~ ~ c(x 4 ,a 4 )~x0— x)

n O  j a’0
+ ci

N—l n N N-i
— lisa sup EU  ~ ~~~ c(x ,a) — ~— 

~ 
c(x ,a ) ~~x0 — x}

n O  n’O
(3.48)

t c
for all x e I, and i~ e U. m t  from Assumption 3.1 for all x c K and

a c A

c(x ,a) < L g(x)m (3 49)

and from (3.43) for all ir c TI, a > 0, and x C X, the bound

C E
~
{C(X

5,a)Ixo 
- xl < (g(x) + (U_l)b)m (3.50)

is obtained. Thus, one obtains

N N—i
lim sup ~~

.— E
~ ~ c(x ;a )~x0 

— x) 0 . (3.51)
n O  a n

So, substituting (3.38) and (3.51) into (3.47),
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N—l a
Wa(x

~
T) a’ lisa sup E { ~~ ~~~~~ c(x51a5)~x0 - xl

Va(X~W )— 
1 — a  (3.52)

Rewriting (3.52) , for all M > 0

(1—ci) V(x,w) — W ( x ,w) (1—a) 2

N a2 r S r  I— (i—a) L ~ L E~{c( x4, a4 ) f x 0 — x}
n O  j—0 ~

N—i n
• + lisa sup (1—a) 2 

~ no5 
~ 

Ew {c(x4 ,a4 ) I x n — x}/n
n M41 j0 ‘ ‘

(3.53)

Nov consider the bounds which state that for all a — 1441, ... , N— l
H m m’ )

i 
~ E ,,(c(x ,a ) 1x0 — xl •c sup } E,~{c(x ,a )~x — x} (3.54)tm

+j_0 N’is’>M m j-O

and

N—i
~ na5 c ~ (3 55)
1 (1—a)

Using these bounds in (3.53), results in

(1—a) V
a
(X

~
T) < (1—a) ~ ~ 

E1
{c(z 1,a4)1x0 

— xl
n O  j 0

+ lisa sup sup a( 
~ 

E5
{c(x5,a5)1x0 — x}/.) (3.56)

$+a’ N’m>N 5”O
Taking the lisa sup of (3.56) as a + 1 and noti ng that for 0 < 11 < N

n

~ E~(c(x5,a5)Ix0 — x) < a’ , (3.57)
5-0
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it is clear that

a
lisa sup (1—a) V(x,ir) < sup f 

~ 
E
~
[c(xi,a4)Ix0 

— x]/m} (3.58)
a+1 ii>N41 1—0

Thus, letting M become arbitrarily large, and using (3.39), the resul t ,

(3.47), is achieved.

Q.E.D

Further assumptions need to be made to guarantee that some

stationary deterministic policy is average optimal. These assumptions

deal with the convergence of the a—discounted minimal cost function to

the minimal average cost function, and differ from the assumptions

made in Lippman [21].

0 
Assumption 3.2

There exists a state x* c X, a value a* c (0,1), and a real

valued function L(x) on X such that for all a c (a*,l) and x c K
0

Iv (X*,i )  — V
~

(x,1r
~)I 

< L(x)

when w* exists.a

Assumption 3.3

There exists a stationary policy , and an increasing sequence
+ 

(a) with + 1 that satisfies

a’ lin eup (i—a ) V~(x ,n
~~) (3.60)

for all x c K.
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A technique for finding in Assumption 3.3 is to place a further

assumption on the problem to force ft to be the limiting policy of

(w*). For the case of a continuous state space, the limit of a set of

policies is a difficult concept to define. In verifying the assump-

tions for the SCADCP outlined in SectIon 3.2, the limit of the policies

for the problem can be defined quite easily. Hence, , which

is the limit of the policies, can be found. Section 3.4 discusses

these results. )

The following theorem proves that if a Markov decision process

satisfies the Assumptions 3.1, 3.2 and 3.3, then an average optimal

stationary deterministic policy exists.

Theorem 3.2

Suppose Assumptions 3.1, 3.2, and 3.3 hold, then the average

optimal policy w* is a stationary deterministic policy given by

the policy in Assumption 3.3 and for all x e K, 4(x) in (3.41)
Iis independent of x.

Proof

From Assumption 3.1 and Theorem 3.1, for all a c (0,1), w~
exists and is a stationary deterministic policy. From Lemea 3.1

for any increasing sequence (a5) with a5 + 1,

•(x ,w) > lisa sup (i—u ) V~ (x,w) (3.61)
n *

for all x e K and all w e TI. Since lI~ is the a—optimal discounted

cost policy , then for all a £ (0 ,1)
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I

(1—a) V
~(X,

1!) > (1—u ) Va(Xp iT
~
)

Taking the lix sup with respect to a , and using (3.60) and Assumption

3.2 ,

•(x ,w) > lisa sup (1—u ) V~ (x,ir~ ) — lix sup (1—u ) V (x*,w~ ).
fl~~~~~ n n n~ ° a n

(3.62)

Finally, since the sequence (a) is arbitrary, applying Assumption

3.3 to (3.62) gives

C •(x,ir) > •(x ,ft) a’ •(x*,ft) (3.63)

for all ir £ IT, and x c X. Consequently, since (3.63) holds for all

x c  X and c II , then
C

4(x) — ~~~~~~ (3.64)

+ andz
. (3.65)

Q.E.D

$
The procedures utilized in Theorem 3.2 differ from the procedures

used in the classical works, as in Derman (17] and Ross (191. In these

works, first a theorem is proved stating that if the functional

equation, which is similar in nature to (3.44), for the average cost

problem has a solution, an average optimal stationary deterministic
t 

$ 
policy exists. Then to show the existence of such a solution, the

limit of the functional equation (3.41) for the a—discounted cost
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problem is examined . This technique requires additional assumptions

beyond Assumption 3.1 — 3.3 to guarantee the convergence of the

functional equations. These additional assumptions might not be

easily verified for Markov decision processes with unbounded cost

functions and nondenumerable state spaces.

3.4 The Structure of Qptimal Policy for the Single Channel Adaptive
Data Coispression Problem 3

The Single Channel Adaptive Data Compression Problem (SCADCP )

outlined in Section 3.2 deals with the issue of optimally controlling

the selection of data compressors. This issue can be categorized )

as a problem dealing with the optimal control of a queueing system.

The techniques derived from examining Markov decision processes are

used extensive in solving this cla8s of problems. In this section,

for the SCADCP where the adaptive compression scheme uses two data

compressors (K”.2), the structure of the optimal policy is determined

using the results of Markov decision theory.

In order to apply the results in Section 3.3 to the SCADCP , it

+ must be verified that a )tarkov decision process is being generated

by the co~~infcation system under consideration. Clearly, the process

{(x ,a) , n — 0, 1, 2, ...) of the SCADCP is a Narkov decision process

since the state space K a’ ([0,.) x [0,.)), action space (1,2], the

law of motion (3.23) and the cost function (3.26) all satisfy the

requirements outlined in Section 3.3 for a Narkov dacision process.

Thus, the structur e of the optimal policy can be found by using

Theorem 3.2 , if Assumptions 3.1, 3.2 and 3.3 can be verified .
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Before proceeding with the verification of the assumptions,

assume without loss of generality for the remainder of the chapter

that the distortion levels associated with the two data compressors

are ordered in the following manner:

< D
2 

. (3.66)

Furthermore, consider the two regions,

Region 1: D2 
< 

4~~l(C —

Region 2: ,. ~—l~C — p )

For region 1, for every ir c II, •(x,ir) is unbounded as shown in the

following lemma.

Lema 3.2

If

~ 
~—l~C — 

“2~ 
(3.67)

then O(x ,ir) is unbounded for every it C TI.

Proof

From (3.22) and (3.67), for k — 1, 2

a’ (r(Dk) + p2)C
4 

> 7~•••l (3.68)

and from (3.66) ,

. (3.69) 
+
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Expression (3.21) for the waiting time gives

a’ max(O, w5 + t — TaFi ) (3.70)

Thus, the policy which minimizes w for all n > 0 is the policy

tha t always selects data compressor 2. So, for all a > 0

E(w lx — x0) > E.(w~~x — x0) . (3.71)

Under , w5 is the waiting time of the nth 
customer in a MID/i queueing

system with service time t2, and mean interarrival t ime A 1. From

(3.68) the traffic intensity p is given by

p — t2
/A > 1 (3.72)

and therefore by Lindley’s theorem (Liadley (331), E ( w 5 1x0 — x)

grows without bound (i.e., lix E~(v 1x0 — x) — a’) .  Now using (3.24)
fl9~~

and (3.25) , I(x,w) is bounded by

14—1
•(x,ir )>l im sup N 1 

~ E (w Ix0 —x )
n—0 ‘

14—1
‘ lix sup N~~ 

~~ 
E;(w~Ix0 

a’ x) (3.73)
5-0

Thus, •(x ,w) i~ unbounded.

Q.E.D

Consequently , the region of interes t is

D2 
> r ’1(~ — p2) (3.74)

mud the following set of l e s  veri fy the assumptions stated in
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Section 3.3.

Lemma 3.3

Assumption 3.1 is valid for the SCADCP.

Proof

Let

r n — i

— w + 1 ,

and

b max t <°°
ac[l,2] 8

r Then

sup max c((w ,r ) , a)~ g((v,r)) ’
~}

wc(0,c’) acl,2
(~ rc(0,a’)

— sup { max (w + t
a 

+ pD )  I (w + 1) 1)
+ wc[0,.’) ac[l,2]

< 1 + max (t + pD ) c a’ (3.75)
ac[l,2] a a

and (3.42) is verified.

To verify (3.43), using (3.23)
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max J g((~ ,~?)) Pr(d(C ,flI (w,T),a)
at (1,23

VC (0 co)

< max (w + 1 + t ) J Pr(d(
~ ,~?)I(w,T),

a)
ac[1,2] 8

< g((w,r)) + b . (‘3.76) )

Hence, Assumption 3.1 is valid.

Q.E.D

By Theorem 3.1, there exists an a—optimal stationary determinist ic

policy for all a t (0,1) which can be found using the policy improve—
I

meat algorithm of Corollary 3.1. The following two lemmas establiah

the structure of the a—optimal policy.

I
Lemea 3.4

An a—optimal policy exists for all a c (0,1) and is a stationary

deterministic policy that depends only on the observed waiting t ime.

Hence, the a—optimal policy is not a function of the observed inter—

arrival t ime given the observed waiting time.

)
Proof

Lames 3.3 and Theorem 3.1 imply that an a—op t imal policy exists 
+

and is a stationary deterministic policy. To show that the u—optimal

policy is independent of the observed interarriva1~~ime, first note

74 )

‘ 1  — - - -.~_~_~~~~~s..r?+

A



that from (3.26) c((w,r),a) can be written c(v,a) since it is not

a function of i t .  Consider the policy improvement algorithm (3.44)

where clearly U
0a

((w
~
t))

~ 
given by

U0,a
((V

~
t))  — (3.77)

for all w c [0,a’) and it c [0 , o) ,  is independent of it. Now suppose

U ((w,r)) is only a function of w (i.e.; U ((w,r ))  a’ U (w)n,a n,a n,a

- 

-
- for all v c [Q ,co) and it c [0,°°)). Then, it is easy to verify that

U~•~•1
((w,it)) as given by

U
~~.ia

((W
~
T))

— mm {c(w,a) + a J U ((~ ,~ )) Pr(d(~ ,~?)~ (w,r) , a))
ac [1,2] - n,a

(3.78)

is not a function of it, since the conditional distribution

Pr(w
~+1 < W, < TI(w5,t),a) in (3.23) is independent of r

0
.

Thus, by induction U ((w,r)) is independent of it for all a > 0.
- - a,a —

By (3.46) V ((v,r),ir*) is given by the limit of U ((w,r ))  as a -
~ 

a’,

and hence V:((w,
~
t),1T

~
) is independent of it. Sinc: the policy ir~

r minimizes the right side (3.44), and the right side of (3.44) is not

a function of it , then is a policy which, given the observed waiting

time value, is independent of the corresponding observed interrarival

time.

Q.E.D

Before proceeding, the definition of one type of stationary
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deterministic policy is required . A stationary deterministic policy

ii is said to be a connected policy if the state space X can be sub—

divided into disjoint connected regions X
8, 

a — 1, 2, ..., K, such

that ii specifies action a is to be taken if, and only if , the system

is observed in state X C X
8. The following lemma establishes that the

a—optimal policy is a connected policy.

Lemma 3.5

For two data compressors, A — [1,2], the a—optimal policy,

a c (0,1), is a connected policy. This policy specifies that data

compressor one is selected when the waiting time w of a message satis-

fies v < Ta and otherwise data compressor two is selected. Ta is term-

ed the threshold and is selected to minimize the a—discounted cost prob-
)

lem.

Proof

From Lemma 3.4 any dependencies on the interarrival times can be

disregarded. So, substituting the value of c((w,r ) , a), equation (3.24),

and the expression for Pr(w
n+i 

-C W, Tn.~l 
< T~ (w ,t) ,a ) ,  equation

(3.23), the policy improvement algorithm (3.45) becomes

U Cv) - mis iv + t + pD + a[fuI4
t
a U (v + t — ~)F (di)n+l a atll,2]1 a a J Q n,a a it

+ U
n,a

(O) (1 — F
~
(w + ta))]1 (3.79)

where

U0(w) — 0 (3.80)
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for v c [O,a’). Now define

U (w) — U (w—~) F (d~) + ~ a~°~ 
(1 — F (w)) (3.81)n,a 0 n, it

and so (3.75) becomes

U (v) = mm {w + t + )ID + a 0 (w + t ))  . (3.82)n+l,a ac[1 2] a a n,a a

In order to f ind it Is necessary to f ind the behavior of

U
n,a

(V) that satisfies (3.82). First, it is required to show that

U (w) is a nondecreasing function of v for all a > 0, and for alln,a

a c (0 ,1). Clearly ,

U (w) — v + mm (t + iiD ) (3.83)1,ci a aac[l ,2]

and so U
1 (v) Is a nondecreasing function of v, for v c (0,”).

Nov suppose U
n,a

(V) is a nondecreasing function of w. Then f rom

(3.81) 0
n,a~~~ 

is a nondecreasing function and so

ta 
+ IJD8 + a05 (wit ), a = 1,2, are nondecreasing functions. Thus,

the lower envelope of Iv + t + i-i D + a 0 Cv + t ), a — 1, 2},a a n,a a
which is U 1 

(v) , is a nondecreasing function of w. Therefore,n+ ,a

by induction, U (w) is a nondecreasing function of v for all a > 0
a

and a c (0,1).

Nov to show that the u—optimal policy is a connected policy

with threshold Ta~ 
define for v < 0

Ua,a
(V) — U

n,a
(O) (3.84)
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and 

H
0 (w) — 0 (0) . (3.85)n,a n,a

Furthermore, define for w c (—a’,”)

AUn a (W) — U
n,a

(V + t1) 
— Un a (W + t2) (3.86)

and

AU
n,a
(
~
) — 0

n,a~
” + t1) 

— 

~~~~~~ 
+ t

2) . (3.87)

V 

By (3.81) AU (w) satisfiesn,u

AUn a (W) — J (Ua,a
(w + t1 — ~) — U

5,
~~~ (W + t

2 
— 

~)JP~(d~
)

— I AU~ a(w — 
~

)F
~(d~

) . (3.88)

Clearly from (3.82), at stage n+l the optimal policy is to select

data compressor 1 if the waiting t ime w satisfies

t1 — t
2 
+ p(D~ — D~) + a Afin a (w) ~ 0 (3.89)

+ 

and otherwise use data compressor 2. By (3.80) -
~

AU (w) — 0 (3.90)0,cz
V 

for all w c (-a’,.’) , which implies that the optimal policy for the

1 stage problem is a connected policy with threshold

— 0~ or a’ . (3.91)
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Now suppose AU5,a (w) is a nondecreasing function of v, for all

v c (—a’,” ), and for all a c (0,1). By (3.88), A0 (w) is a non—
n,a

decreasing function of w. Hence, since t1 — t
2 
+ p(D

1 
— D

2
)

+ a aO (v) is a nondecreasing function of v equation (3.89 ) implies
n,a

that the optimal policy for the first stage of the n+1 stage problem

with discount factor a is a connected policy with a threshold labelled

T > 0~. So, from (3.82) and (3.86), AU...~.1 Cv) is given by
V n+ ,a ..-.-

0 , if

U~~l,a
(W+t l

)_U
~~i,a

(O) if -t 1 c w ~

AU
~~i a (W) 

— ti
_t
2
4aAU

n,a
(w+ t1

) ~ if —t2 
< w 

~~ 
T
~~.i,a 

— t1

— D
1
) , if T5.,1~~

—ti
< w

~.
Tn.,ia~

t2

t
1
_t
2
fUAO

n,u
(W+t

2
) if T,~.i,a 

— t2 
< w

(3.92)

Since U 1 (v) and AU Cv) are nondecreasing functions of w and
,a n,a

V clearly AU~~1 (w) is nondecreasing between regions, then AU~~1 (v)
,a ,a

is a nondecreasing function of w. Thus , by induction AU Cv) and

A0 (w) are nondecreasing functions of v for all a > 0 and alln,a —

a c (0,1).

- 

- Now, from (3.46)

+ 

AV
~
(w,w:) — V

a
CU + — Va(W + t2~ 1r

~
*)

— lix AU (w) (3.93)
n,a

- . 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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and so AV (v,r*) is a limit of nondecreasing functions. Thus,

is a nondecreasing function of v. Furthermore , from

(3.44) and (3.89), ir~ is the policy which selects data compressor 1

If the waiting time v satisfies

— t
2 

+ p(D
1 

— D~) + a J 
AV (v—’G)F (d~) -c 0 (3.94)

and otherwise utilizes data compressor 2. But the integral in (3.94)

is a decreasing function of u, and so Is a connected policy with

a threshold to be labelled T > 0~.a —

Q.E.D

Thus, the a—optimal policy has been shown to be a connected

policy specified by a threshold T > 0~. Since all connected policiesa

of this form with negative thresholds are equivalent (policies which

always use data compressor 2), then assume T~ is bounded by Ta ~
The following lemma proves that T is upper bounded for all a c (a*,1)a
where a* c (0,1).

L~~~a 3.6

The threshold Ta specified in Lemma 3.5 is bounded for all

a c (a*,l) by

T -C MT (3.95)

where

— max
(~ 

1 — 1 2 )  
.
~ 

-
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and

— max(A , (t1 
— t

2
) + 

~ ~~T% 
(3.96)

Proof

Let w(T) be the connected policy with associated threshold T.

Let T1 and T2 be such that

T1 + 2(t 1 — t
2

) + p(D2 — D1) -c T2 (3.97)

Furthermore, define the sequences of random variables 1w1) and {w~}

~ ifw~~~~T~ -

max(0 , w~ + t2 — t~~~1) , if w~ > T~ (3.98)

where f o r j — 1 , 2

w i _ v  , (3.99)

1~
and {t 51 is a sequence of independent identically distributed ex-

ponential random variables with mean A~~. Thus , the sequences defined

in (3.98) are the sequences of waiting times under policy ir(T1) and

w(T
2
). Then

N-l
V ( w ,WT ) — lix sup ~ u~ E{c 4 (v~)} (3.100)

j  N.” na’0
I

where

c
1
(v) — v + (t

1 
+ pD

1
) ICy < T~) + (t2 + pD2) I(w > T~) . (3.101)

ci

1~ 
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To show that V ( w ,nT 
) is smaller than V (w ,wT ) , first it is

V required to show that < ~~~ for all n > 0. Suppose w~ -c w2.

Then if w2 < T2, clearly v~~1 < ~~~~ by (3.98), and if v~ >

and v1 > T1, again v~~1 
< w~~1 by (3.98). The case remaining is for

< T
1 and w~ > T2. For this case by (3.97) w1 + t1 -c v2 + t2,

and so w~~1 < w~~1. Thus, if w~ < v2 then w~~1 < w~f1. Therefore,

by induction w~ -c v~ holds f or all a.

Now let

N — 

max{0, sup{ : f& < a and w~ - 0)1 , if n > 0

0 , if n — 0  (3.102)

and

1 if v’> T , v2 < Ta —  1 n 2
A a’ —1 jf ~~ I , > . (3.103)n a 1 n — 2

0 otherwise

Clear If m satisfies N~ < m < n, then v~ # 0 which implies w~ # 0.

Thus, solving the recurrence relationship (3.98) , w~ is given by

— v~ +
~~~~ 

It1 
ICy c T~) + t2 

I(w~ > T~) 
— tm.I.l]

a 
(3.104)

Then using (3.103) and (3.104) , the difference between v~ and

is given by

ày — v 2 — v~a a a
n—l

— AW
N 

+ 
~~ 

A (t
1 

— t
2
) . (3.105)

a ma’N
a

L
82 ,

- —~~~~
11T ~~~



(j

It easily follows that if N # n and AWn_l > T~ 
— T

1 
— Ct1 

— t
2
),

then ày > T~ — T
1 

— (t
1 

— t
2
). Hence, by induction, when

— T
1

— (t
1 — t

2
) ,  then tsw > T 2 — T

1 
— Ct 1 — t2

) and, by

(3.97) and (3.101) the difference in costs is bounded by

c2
(w2) — c1(w1) > 0 • (3.106)

In a similar manner , if AW
N 

< T
2 

— l
~ 

— (t
1 

— t
2
) , equation (3.105)

implies
n-i

~ A > 0  . (3.107)m
n

Nov define the sequence B by

0 , if AW
N 

> 12 
— T

1 
— (t

1 
— t

2
)

B -  a
a

A , otherwise . (3.108)
n

So, from (3.101), (3.105), (3.106), the difference between the cost is

bound by

C
2 1  2 1Ac(w ,w) — c2(v~) 

— c1( w )

> I 
~~ 

B~(t1 
— t

2
) + B~~~(t

1 
— + — 

~~~ 
(3.109)

Then multiplying (3.109) by an and sum over n, the fo llowing bound is

obtained: V

2 1  N—l n
a5 Ac(v5,w ) > B (t

1 
— t

2
) + B p (D1 — D

2)) (3.110)
+ n O  a na’0 s—N ft

a

In order to interchange the order of summation in (3.111) define

*5 by
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r 
~n 

— inf{a > n: w~ — 0) (3.111)

and so (3.110) becomes

N—l N—i min(N—l,~~—1)

~~~‘~
‘
‘~~ n~~ 

B
fl~ a (t

1 
— t

2
) + a11 

i-i (D1 
— D

2
) }

(3.112)

Hence, from (3.100) it is clear that

1
Va(W~

W
1

) — Va(w p 11
1

) > u s  sup E a’~ B{(’~~ a ~ (t1 
— t

2
)

+ ~(D
1 

— D2)}) 
. (3.113)

To show that the right side of (3.113) is positive, first def ine

M~~by

M — inf {~ > n: B* # 0) . (3.114)

Then, it is easily shown if a is select such that B — 1 and B~ —1,

then N -C • Hence,a a

a11 B { ( 1
r a ~ (t1 

— t
2
) + ~i(D1 

— D
2

))

(R —M )
+ a

Nn ~~~~~~—a 
- a ~ (t1 

- t
2

) + ~~(D
1 

— D
2

)} > 0 . (3.115)

+ Furthermore, it is clear that if n is selected such that B~ a’ —1,

then — 1. Thus, for every ~ such that B; — —1 there exists a

-C such that B — 1, M l~, and (3.115) is satisfied. Now define

the sequence C
5 

by
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V ~~~~~~~~~ - - —

-~ - 0 if B l,B — — 1n N
n

C — 0 if B — — 1
11 11

B otherwise . (3.116)

Thus, using (3.115), (3.113) can be further lower bounded by
-n

VU
(W,irT

) — Va(W,1T
T
) > u r n  sup E 

n~O 
~? C

n
{(1

~~
_ a ~ 

(t
1 

— t
2
)

L + u(D1 
— D

2
)} • (3.117)

Clearly from (3.116), Ca 
— 0 or 1. Thus, to prove the right side

of (3.117) is positive, it is sufficient to prove tha t for all n > 0

(~~—n)

— a ~ (t1 
— t

2
) + ii (D

1 
— D2
)~C — 11 > 0 • (3.118)

C Using Jensen’s inequality, a lower bound to the right side of (3.118)

is given by

(i -n)

— a ~ (t1 
— t

2
) + p(D

1 
— D2)1C11 

— 1)

E(~~~ —n IC l)

> (
1_a 

i — a ) (t
1 

— t
2

) + u(D
1 

— 1)
2
) . (3,119)

Now E(~ — nI C — 1) can be lower bounded by examining the sequence

C ~n+l — 

~n — tn+l (3.120)

where w0 — T
1 

— (t
1 

— t
2
) and It) is a sequence of independent

identical distributed exponential random variables with mean
V Hence, if
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— lnf{n > 0: -c 0) , (3.121)

then it is easily argued that

Edt) < E(k — nf C11 
— 1) (3.122)

But ~ is a Poisson random variable with mean A (T1 — (t
1 

— t
2
) ) .

Hence, using (3.122) in (3.119), it Is found that

(s —n)

— a ~ (t1 — t2
) + iz(D1 

— D
2

) I C  — 1)

X(T
1
—(t

1
—t
2
))

(
ltt 

1 — a ) (t
1 

— t
2
) + p(D

1 
— 

~~~ 
(3.123)

Now let

— max(o,i. — 
2i-~(D

2 

t
2)) (3.124)

and

— aax(A~~, (t1 
— t

2
) + 

~~~~ 
< a’ . (3.125)

So, it is easily shown for a c (a*,l),

ACT —C t —t ))

1 — a ) (t
1 

— t
2

) + ~i(D1 
— D2
) > 0 . (3.126)

Hence, from (3.126) and (3.123) , equation (3.118) is valid

for a c (a*,l) when a* is given by (3.124) and T1 is given by (3.125).

Then substituting (3.118) into (3.117) it is clear that for a c (u*,1)

V(w,IT ) — V(w ,WT ) - 0 . (3.127)
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1•r Thus, WT can not be a—optimal, and so, f row (3.97) the a optimal
2

threshold Ta must satisfy

T < T1 + 2(t1 
— t

2
) + p(D

2 
— D1) < , (3.128)

Q.E.D

Before proceeding with the verification of Assumptions 3.2

c and 3.3, consider the sequences of random variables generated by

the following equat ions: for n > 0

— max(0, G + t
2 

— r~~1
) (3.129)

and

*

, if

+ z , otherwise (3.130)

where — * > 0, 
~~ 

+ z , { t }  is a sequence of independent

* identically distributed exponential random variables with mean

z is an arbitrary number, and t
2 
is given by (3.22). The sequence

of random variables {~~
} can be considered a sequence of waiting

times of a M/D/l queueing system with service time t
2 

and mean

interarrival. time equal to A~~. Thus, the sequence of random variables
A{w~} is observed to be the shifted version of {w~}, except that after

two consecutive values of are zero, * may transition to a state

labelled 0.

Nov consider the sequences of waiting times in two separate M/D/i

queueing systems which use connected policies with thresholds T1 and

~~~~~ _1 ~~~~~~~~~~~~



T2. lat ~~~~~~~ and (v U~~ } be the sequences of waiting tines

vhn threshold ii used where — 0 and ~~1,l) — v. Further~~re,

let {~~
0’2~} and w~

1’2) be the waiting tiae sequences when threshold

T2 Ii used witere ~~~~~ — o and VU,2) — v. So, flow (3.21) the
recurrence relationship for the vatting t1~e sequences are given by

~Rax(O, ~~~~~~ + t1 
— t,~~1

) if w~~’~~ ~~~

aax(O, + t 2 
— r~~~) , if v~~1~~ > T~ 

)

(3.131)

where

0 , j  — 1, 2 , (3.132)

and

— w > 0 , j — 1, 2 , (3.133)

and {t~) is the sane sequence as in (3.129). The following letsia

shows 
~ 

of (3.130) upper bounds ~~~~~

1 A 5  3.7

For the sequences defined by (3.130) and (3.131), for all n > 0

V
fl , i — 0, 1, — 1, 2 (3.134)

whsrs

(3.135)

— ~
(0,2) 

— 0 , (3.136)

— v , (3.137)0



p

and
A

— aax(0, w—z) . (3.138)

Proof
I

The proof is by induction. First, fix i and j. From (3.136),

(3.137) and (3.138) it is clear that

$ w~~’~~ .
~~~ ~o (3.139)

(ij)Now suppose w ‘ < v • Then for v >
n — n

& 
+ — 

+ t
1 

T
ire.1 , 

if ~
(i,j) <

(i,J) + — , if ~~ > T
1
(3.140)

since ~~~~~~ + t1 
< z when ~~~~ < T

i
. Then, using (3.131),

aax(O + t2 
— t~~1, 0) + z > w~~j~ (3.141)

*
and

aax(~~ + t 2 
— 0) ~~. ~~~~~~ . (3.142)

I
Thus, f row (3.129) and (3.130)

n+1 — n+1
I

• For the resaining case of — 0, .quation (3.139) gives — 0.

Then frow (3.129) and (3.130)
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H-
~~~~~ 

~0 , if — 

(3.143) 
ft

z , if

and so,

• (3.144)

• J Consequently, by induction ~he result (3.134) i. achieved.

• Q.E.D

Using random variables (‘G } the average waiting time of the

queueing ayst~~~ can be bounded. In order to bound the performance

of the system, it is required to find the mean nui~ er of steps ~~(v)

for the sequence of random variables (~~} to reach state 0 when
* )

— max (0, v-z).

L 3.8

For w > a, ~~(w) satisfies

~~(w) — 1 + (e~~ + A (w-.z) 3 (1 — At2)~~ (3.145)

Proof

Define the sequence {S~) by

n
S — ~ (r~~~~t2) n > 1  (3.146)
ii i—i

where

— 0 (3.147)
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and { r } is the same sequence as in (3.129). Let N be the stopping
n

time given by

N — inf{n: S > v—a) (3.148)

I
which is the ni~~er of steps to get from — w to state z. Wald’s

equation gives

N
~ (r~ — t2)} — E(N) E(r1 

— t2
) . (3.149)

i—i

But by appropriately adding and subtracting w—z, it is obtained that

N
C E{I (r — t 2)) w—z

n-i ~

+ — (w—z—~~ (r — t
2
) + t2JIN~(T~~ n — 1,2,...,N_i})}

(3.150)

( C

Using the meiaoryless properties of an exponential random variable, the

Inner expectation of (3.150) becomes

$ 
— [v — z — ~~ 

(r~ — t2
) + t2 JI N ,(r ~ , n — l,2,...,N_1}j — A~~.

(3.151)

• I Hence, equation (3.150) becomes

N
~ 

(t — t2)} — w — a + A
1 
. (3.152)

n-i

C Thus, using (3.149), the mean number of steps ~1(w) to go from

to a is given by

• 91
p
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I

‘I — E(N)

(3.153)
A

I
Nov let p be defined as

p— Pr( OI~~~— z)

I
— e~~ . (3.154)

Furthermore, the mean number of customers served NB in a busy period

of the RID/i qususing system generating the sequence (&~} I. equal

to (Cohen (36])

— (1 — t21)
1 
. (3.155)

So, the mean number of steps, T2, to go from ft — a to state 0 is given

by

— I

~ (1—p)° n E(N~)

— 1 + ( AZ — 1) (1 — t2A)~~ . (3.156)

Finally, since I~5(v) is th. sum of ~1(w) and ~~ ~~~~ is given by

— l~1(v) +

- ~ + + A(w-~)) (1 - t2A) 1 
• (3.157)

Q.E.D
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p

Assumption 3.2 can now be verified.

I

Lemma 3.9

For a* — max(O. 1 — ) and for all a £ (a*,1),

IV 0(w,w~
) — V0(v ,ir~)~ < L(v) (3.158)

where

A (MT+tl)• L(w) — {1 + (e + Aw)} (1 —

• + 2(t 1 
— t

2
) + p(D2 

— D1)} 
(3.159)

and MT is given by Lemma 3.6.

Proof

Let a* — max~O, 1 — ) and a £ (a*,1). Consider the

sequences {~~
1’~~} defined in (3.131) where the parameters T1 and T2

are given by T1 — M~, T2 — Ta and M.~ is given in Lemma (3.6). 
So,

Lemma 3.7 implies that if — 0 then for i — 0, 1 and j  — 1, 2,

— 0. Furthermor e, let
I — inf{n > 0: — 0) (3.160)

and so, from (3.131)

~
(1,j) 

— - 0 for n — *, sf1,
(3.161)

p
Since T2 — and T0 is the threshold generating 

w , then (3.100) and
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the definition of cj(v) in (3.101) implies

Va
(w,1T:) — Va(WpW

~
) - E 

~ 
a°{c2(w~~’

2
~) - c2(w~

0’2~)} . (3.162)
n 0

Now it is easily observed that
)

Iw~”2~ — w~
0’2~ < w + t1 — t

2 
(3.163)

and so

lc 2(w~”2~) — c2(w~
0’2~) < v + 2(t~ — t

2
) + ~(D2 — D1) . (3.164)

Thu., (3.164) is bounded by

— Va (W
~
1
~)I < E( ~~ a~LIc2(w

(
~~
2) 

- c2(w~°’
2
~)In0

< E(~) (v + 2(t1 — t
2
) + ii(D2 

— D1))

~ ~~~+t 
(1
~~

(w ,MT + t1))

. fu + 2(t1 
— t

2
) + ii(D

2 
— D1)) . (3.165)

Using Lemma 3.8 f or the expression for

A(MT+t )
V0(w,w )  — Va(0,1r ) t  (1 + Ce 1 + A (max(v — M_~ 

— t1,0))}

. (1 — A t 2)~~(v + 2(t1—t2) + p (D2 
- D1)}

(3.166)

and (3.158) is achieved when it is noted that

asx(v — — t1,0) < v • (3.167)
1)

Q.E.D
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p

To verify the final assumption, it is required to determine
p

if a connected policy with threshold T induces a limiting probability

distribution of the waiting time, and if the limit of the mean

waiting time exists and i. finite. Lindley’s results (Lindley (331)

pertaining to the prop~rties of the limit of the waiting time

distribution apply to queueing system for which each service is

statistically independent of prior service times and prior arrival
$

times. Thus, these results are not applicable to the present

situation and the following lemma provides the necessary results.

- I
Lemma 3.10

For At
2 

< 1, the distribution function of the waiting time w ,

under a connected policy with threshold T < ~~, has a limit given by

F(W) — his Pr(w < WIw~ — w) (3.168)

where F(W) is independent of w. Furthermore F(W) is a proper

distribution, and u r n  E(w ) exists and is finite.
fl4~ 

n

Proof
A

Consider equations (3.129) and (3.130). Since ~~~ represent.

the waiting time in a M/D/i queueing system with traffic intensity

less than 1 (i.e., At2 
< 1), Lindley’s theorem (Lindley (333)

indicates that Pr(G — 0) approaches a limit as ii -‘ —. But
n

— 0) — Pr(~ — 0) Pr(t~÷1 > z + t2) (3.169)
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and so, Pr(ft — 0) approaches a limit, as n + —, which is denoted

by

P0 — h a  Pr(~ — 0) . (3.170)

Let the sequences () and (w~
1’~~) be defined as in Lemma 3.7

with T1 — T and T2 — 0. Then Pr(v1~
1’1~ c W), V > 0, is obtained by

conditioning on the events — 0, ~ = 0, 1, ..., n, and so,
)

Pr(w~~’~~ <W ) — ~ Pr(w~
1’1~ <W ; ~~ > 0, £ — k+h,...,n_1J

~ k 
— 0)

k—0

• Pr(
~k 

0) + Pr (w~
t’~~ < W; > 0, £ — 0,1,...,n)

(3.171)

To show that the limit as n -~ ~ of Pr(w
1~
1
~’~~ < w) exists ,

first consider the quantity P given by

P — Pr(~~ > 0, £ — l,2,...,n—i f~0 — 0)

— 

k~~ 

Pr(
~k 

— 0; > 0, t — l,2,...,k—lt~0 — 0) , (3.172)

for n > 1 and P1 — P0 — 1. Hence, it is clear that

~~~~~~~ <W ; ~~~ > 0 , £ — k+l,. ..,n
~1t k —0) ~-~~n—k (3.173)

Now summing “n over n gives

N

~ ~~~ 

— N } Pr(
~

r
t 

— 0, G~, ‘ 0, £ — 1,2,...,i—11i 0 — 0)n-i k—Nfl
$ N

+
~~~~~

n Pr(
n
_ 0,

~~t
> 0,t _ 1 ,2,...,n_lI% _ 0) .

(3.174) )

. 6
)
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But the mean number of steps to go from — 0 back to state 0

is given by

N
— h a  ~ n Pr(G — 0; > 0, & — l,2,...,n—hI’~,0 — 0) (3.175)

and ~ is finite from Lemma 3.8. So, using (3.174) and (3.175),

N —

— 

~ ~n 
— ~ (n—N) Pr(~ — 0, &~ 

> 0, £ — l,2,..., i—l J~ 0 — 0)n 1  n N+1
(3.176)

Taking the limit as N -
~ of (3.176) and noting that the summation

in (3.175) has a limit, ~ is given by

N
— ha ~ P • (3.177)

U

• Thus, for every c > 0 there exists a N(c) such that

N

~ 
P~~< c  (3.178)

k n

for N > n > N(c), and clearly , from (3.170) for every £ > 0 there

exists a M(c) such that

— 0) — (3.179)

for n > M(c).

Now define 
~~~~ 

by

FN(W) — P0 } Pr(v~
0’1~ ~~W; ~~ > 0, £ ~~~~~~~~~~~~~~~ — 0).

(3.180)

Then from (3.171) and (3.173) the difference between Pr(w~~~~ < W)

and ?N(V) is bounded by

97



~Pr(v~~~~ <W) - F
N

(w)
~ 

< 
~ 

Pr(
~~~~~k 

- 0) - 

~O
1
~ kk—0

N+n
+ 

~ 
Pr(

~
rN~~~k=0) 

~k 
+ Pr(wU~])< W; ~~ > 0,L u 0,l,..., n+N)

k—N+l
(3.181)

From Lemma 3.8 it is easily established that for all c > 0 there exists

a function K(c) such that for all n > K(c) and i = 0,1

Pr(w~~’
1
~ < W ;  > 0, L — 0,l,..., n+N) < £ . (3.182)

Now let N > max(N(c/3), M(c/3’t~) ,  K(c/3)), then using (3.178) , (3.179)

and (3.182) in (3.181), it is clear that for n > 0 and i = 0,1

Pr(w~~~~ < W) — F
N
(W)I ~ c 

~
‘k’~~ 

+ £13 + c/3
k 0  )

(3.183)

where the last inequality is derived from (3.177). Thus, the limit

of the distribution ~~~~~~~~ < W) exists, is independent of I which

implies it is independent of ~~~~~~~~~~~~~ and is denoted by

F(W) — him Pr(w (1P1) 
<W ) (3.184)

To show that P(W) is a valid distribution function, consider

him Pr(~, < W). It is easily shown, using Lindley’s Theorem, that this

limit exists and is a valid distribution function which I. denoted

P(W) — h a  Pr(~ < W) (3.185)
ft.•_ 

n
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p.-

But from Lemma 3.7

• 
~~~>~~

(i,j) (3.186)

for all n, and so
1 -

P(W) > . (3.187)

Since h a  1(W) — 1, by (3.187) his F(W) — 1. Hence, F(W) is a valid
1f~

distribution function.

The limit of the mean of w~~’~~ as n 
-

~~ — is shown to exist

• by noting that
- 

E(w~~’
1
~) — J (1 — Pr(wU~

1) 
< W)) dW (3.188)

0

and

E(~~) — J (1 — Pr(~ < W)) dW (3.189)

From (3.186) and (3.187) for W £ (0,.)

1 - Pr(~ <V) > 1 - Pr(wU~~~ < W) > 0 (3.190)

and hence

1 — 1(w) 1 — F(W) > 0 . (3.191)

But clearly, E(~ ) c — for all n, and

h a  E(G~) - (1 - 1(w)) dW ~ (3.192)

- 
Hence, using a version of the dominated convergence theorem (Royden

(37], p. 89)
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S

h a E(w~~’
1
~) — (1 — F’(W)) dW < — • 

. (3.193)

Q.E.D

Finally Assumption 3.3 can be verified.

L~~~a 3.11

There exists an increasing sequence {a }, 0~ £ (0,1), such that 
3

a + 1 and him T
0 exists. Furthermore, the connected policy

fl4c~ fl

with threshold ~ given by

— him T (3.194)
tr~~ n

satisfies

— him sup (1 — a )  V
0

(v,ir*) , (3.195)

for all w £ (0,—).

)
Proof

From Lemma 3.5 and Le~~~ 3.6, there exists a U~ C (0,1) and a

)1
T
such that

—1 < T0 < MT < — for all a c (a*,1) . (3.196)

Since T0 is bounded for all a C (a*,l), there exists an increasing

sequence (a ), a £ (0,1), such that a + 1 and ha  T0 exists.n n n n~ ’ n
• Let be the connected policy with threshold 1~ given by (3.194) ,

for such a sequence {
%

}.
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S

Now, for all a c (0,1)
‘C

I$(w ,)  — (1 — a) V0(w,w*)I .1.

I~ (w,) — (1 — a) Va(w~~)I + (1 — a) Va(w,) — Va(w,1!
~)I

(3.197)

Using Lemma 3.10 and (3.39)

• • ‘ A
•(w,w) - ha  E;{c(w ,a ) f w 0 — w)

— h a  (E.(w ) + t2 + ~~~ + (t1 — t2 
+ p(D

1 
— D

2
) Pr(w < ‘p))

t. (3.198)

From (3.37) for all N’ > 0

N N’—l
( IVa(W~

fi) — h a  sup ~ a~
’ •(w,fi)I < ~ ~~ Efi(c(w

n,
a
fl
) ~w0 

— w)
N’ n—N’ n—0

N
r fl i  A

+ him sup L a JE;(c(w ,a ) w0 — w) — $(v,ir) (3.199)
N-” n—N’ n n

But from (3.198), for every c > 0 there exists a N(c) such that for

a h ln> N(c )

JE;(c(w ,a)1w0 
— w) — O(w,~ )f < c . (3.200)

Also, Lemma 3.3 implies that for all N > 0, the sequence Bi~ 
defined

by

— max E;(c(vn,an)Iwo — v) (3.201)
0<n<N

is bounded. Thus, using (3.200) and (3.201) in (3.199), the following

I 
t

bound i. found when N’ >
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IVa(W~~
) — a •(w,~)( < 

1 _

l
O 5N’ + i

aN
~a £ • (3.202) $

Hence, from (3.202),

1(1 — a) Va(V~~) 
— O(w,)t < (1 — aN ) (~ (w, )  + ‘N’~ 

+ .

(3.203)

Now consider the sequences of random variables {~~} and

which are discussed in Lemma 3.7, where T1 — max (‘
~

Ta)t *

T2 — mm ~~~~~~ 
and a £ (a*,1). So, from (3.100)

V
a
(W
~
W
T ) 

— him sup 
~ 

a” ~~~~~~~~~~~~ (3.204) .3
‘f,.D n-o

where c
3 
(w) is given by (3.101). So, the difference between the

a—discounted cost under and is bounded by

- V
a
(W
~
fi) < him, sup 

~ 
a~ E{ c1(w~~’~~) - c2(WU,2))I } •

(3.205)

Now define

N — inf{n: — and T < < T I , (3.206)

— > N:, 
~ n 

— o~ i — 0,1,2,... (3.207)

and

Ni — > n~~1: w~”1’ — ~~~~~~ and T2 < ~~~~~ < T1}

i — 1,2,... (3.208)

a fixed vale, of i, if n satisfies Ni c a < n~, then the difference )
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in waiting times is bounded by

— w~~’
2
~~ < T1 

— T2 + t1 
— t

2 (3.209)

and so

— c2
(w0’2~)~ < T1 

— T2 + 2(t1 
— t

2
) + p(D2 — D

1
).

— 
(3.210)

In a similar manner, for a f ixed value of i, if n satisfies

< n < N
i+l, then the difference in costs is

— c2(w
(].12))f — 0 , (3.211)

Thus, (3.205) can be written

lVa(w,w:) 
— V (w,fi)J < him sup 

~~~ ~~{ DII~~j  

afj c
1(wU~~~) — c2(w~

1
~
2)
)I)

N n1-l
< him sup ~ B ~ a~ (T

1—T2 
+ 2( t

1
—t2
)

N.— i0 n_N
i

+ ~‘(D2 
— Di)]J (3.212)

Now clearly,
ni—i N

~ 
a’~ N~} < a ~ E(n

1 — 1 — NilNi) i — 0,1,2,... (3.213)
n t 4i

and — 1 — N~JN~) is equivalent to the mean number of steps

to go from ~~~~~~~~~ — w, where T2 < w <  T~, to &,~ — 0. So, using

Lemma 3.8 and (3.213),
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J

E{ < a i 
~T1

+t
1

(T
l 
+ t

1
)

< a ~ ‘
~~~+t1

(Ti + t1) < — (3.214)

where M,~ is given by Le~~ta 3.6. Hence, the bound i~ (3.212) becomes

N N
IVa

(W
~
1!
~
) — V (w,)I < him sup ~ E{a 1}B (3.215)

N~~ i—0

)
where

— i~+~(MT + th) (MT + 2(t1 — t2
) + u(D

2 
— D

1
)] < — (3.216)

and B is independent of a, T1, and T2. Now

N N N
h a  sup ~ E(a ~) — him sup ~ a”( ~ Pr(N1 — n)) (3.217)

N.- j—( ) N~~ n-() i—0

and from the definition of N~ in (3.210),

~ PrQl~ — n) < Pr(T2 < ~~~~~~~~~~~~~~ ‘ T
1
) . (3.218)

i—0 n

Since the interarrival times are exponential random variables, then

it is easily verified that

—A (T —T )
Pr(T

2 
c 

~~~~~~~~~~~~~~ < T
hIw
°j
’
~
) < 1 — e 1 2 (3.219)

for an arbitrary value of ~~~~~~~~~~~~~ So, (3.217) is upper bounded by

N Ni N —A (T
1—T2)hia sup ~ E(a )Ilia sup ~ •~(1—e )

W’ i”O N~~ n—0
—A (T1—T2)

(3.220)

Hence, upon substituting (3.220) in (3.215) and noting that 3
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T — max(T ,~) and T — max(T ,t!),1 a 2 a
r 

—A~T —
~~~~

tVa(~
1
~

h1
~
) — V(w , ) I  ~ 

(1 — 

— ~, 
B (3.221)

Now substituting (3.203) and (3.221) into (3.197), the bound

IO(w,) — (1 — a) V(v,w*)I (1 — cIN ) (,(w,) * EN ,)  + aN c
I -  

_A I 1
~
_Ta I

+ B(l — e ) • (3.222)

Replacing a with a in (3.222), it is clear that for any £ > 0 there

exists a N such that for all n > N

~(w,fi) — (1 — an) Va (w,ir
~~)I 

< C (3.223)

Hence, from (3.223), the results of the lemma follow.
ft 

Q.E.D

Finally, using Theorem 3.2 the average optimal policy is

established.

0~~ Theorem 3.3

For the SCADCP outlined in Section 3.2, which uses two data

compressors with associated distortion levels Dl < D
2 where

D2 > r~~(~ — p2~, the connected policy w~ with threshold ~ given by

(3.194) is the average optimal policy. Th. policy w* selects data

compressor 1 when the waiting time, w , of a message satisfies w ~
and selects data compressor 2 oth .rw ise.
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Proof

By Le~~~s 3.3, 3.9, and 3.11, Assumptions 3.1, 3.2 and 3.3 are

shown to be valid. Therefore, the results stated follow by Theorem 3.2.

Q.E.D

Theorem 3.3 provides that a stationary deterministic policy

satisfies (3.31). This implies that a policy exists which satisfies

(3.19). Thus, the representation for y~(D) given in equation (3.16)

is valid. Using the knowledge that the policy which satisfies

(3.19) is a connected policy, y~(D) is evaluated in Chapter IV.

3.5 Conclusions

In this chapter, the delay distortion relationship f~r communica-

tion networks was introduced and an adaptive decompression scheme

was presented, The delay distortion relationship represents the

minimum average message delay as a function of the fidelity of the

reproduction of the sources. For the adaptive data compression

scheme considered, a functional form of this relationship was presented.

In the process of deriving the functional form, )Iarkov decision

processes were introduced and results pertaining to these processes

were discussed. The results presented apply specifically to the case

of Markov decision processes with nondenuaerable state spaces, and

unbounded cost functions. Using these results, for a single channel

network the optimal structure of the adaptive data c~~~ress ion scheme

was found for a class of adaptive coupression schemes which employ

two data compressor..
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CHAPTER IV

DELAY DISTORTION RELATIONSHIP FOR A SINGLE CHANNEL

In this chapter the delay distortion relationship for a

communication system employing a single channel is considered. The

communication system utilizes an adaptive data compression scheme

as described i~ Section 3.2. In Section 4.1, the results of

Chapter III are incorporated into the evaluation of a delay distortion
relationship. This relationship is specified by optimizing an appro—

priate functional. Some of the properties of this relationship are

discussed in Section 4.2. In Section 4.3, the functional to be opti—

sized is described in terms of an integral equation. This integral

equation is solved for the case of a data compression scheme which

uses two data compressors • For the case of a data compression scheme

that utilizes more than two data compressors, an expression for the

functional is derived in Section 4.4 for a dense set of values in the

domain space of the functional. Using these results, numerical

results for the delay distortion relationship for various schemes using

multiple data compressors are presented in Section 4.5.

4.1 A Delay Distortion Relationship for a Single Channel

For the case of a single co unicat ion channel and a data com-

pressio n scheme utilizing two data compressors, as described in

Section 3.2, Theorem 3.3 proves that an optimal policy exists which
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minimizes L
~
({Dk}), where L~

({Dk}) is given by (3.15). In this

section, using knowledge of the structure of the optimal policy, the

delay distortion relationship is expressed as an optimization of an

appropriate functional over a vector space.

The structure of the optimal policy is a connected policy 11*

with associated threshold T* applied to the observed waiting times.

Thus, if fl~ is the set of all stationary deterministic connected 1)0-

licies utilizing a threshold with respect to the observed waiting

times, then iv* C 11 . So, in the expression for L2({D
k}), given by

(3.18) • the minimum can be taken over the set 11c’ giving

L2((Dk}) sin L
~

({Dk}) • (4.1)
adi

Since every ir c is characterized by a threshold T, then clearly

for all z c U~, L~
({Dk}) can be denoted 14({Dk}) where T is the

threshold associated with ir. So, using this result L2
({Dkl) is given

by

L2({Dk}) - sin 
~~

({D
k
}) (4.2)

T - 1

where policies associated with negative values of T are the policies

which never use the firs t data compressor whose distortion level is

D1. Now assuming the minimum over all (Dk > O} of L2UDk}) exists,

the delay distortion relationship y~(D) given by (3.16) reduces to

y~(D*) — sin — UD* (4.3)

(D~~0,k—l,2?

~~~lJ
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where D* is the average distortion associated with {D~) and with the

connected policy with threshold T* and {D~) and T5 minimize 14({Dk}).

Thus, the delay distortion relationship reduces to the minimization

of a functional over a vector space.

When more than two data compressors are used in the compression

scheme, K > 2, the structure of the optimal policy has not been

determined. From the results in Chapter 3, it seems natural that the

optimal policy should be a connected policy utilizing thresholds

k — 1, 2, ..., k—i) with respect to the observed waiting times.

This policy selects data compressor k for the ~th message whenever the

waiting time v of the message satisfies T < w < T where
n k-i n — K

T
0 

— 0~~ (4.4)

and

(4.5)

C

So, restricting the class of data compression schemes to those employ-

ing stationary connected policies, a delay distortion relationship,

to be denoted as ~~(D), results. In order to determine ~~(D) , let

be defined in a similar manner as 14((Dk
)). So, if ir

is a connected policy with thresholds {Tk}, then

L~T }({Dk
}) — L

~
({Dk)) . (4.6)

Thus, the delay distortion relationship for connected policies is

given by
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— sin {L T ({D 
))J  

— PD* (4.7)
{D >O,k—l,2,..,K) k k
{T~~—l,k—l ,2, ... ,K—l)

where D* is the average distortion associated with {D~} and with the

connected policy with thresholds {T~} and {D~) and {T~} minimize

4T )((DkJ). Hence, the relationship ~~(D) reduces to the minimiza-

tion of a functional over a vector space. Clearly, ~y~(D) given in

(4.3) is equal to (D) and so, the remaining sections of this

chapter are restricted to the discussion of j~ (D).

In order to evaluate ~~(D), expressions for L~T 
({Dk~ 

must

be derived. In Section 4.3 and 4.4, the expression L{T ) ({D
k

})
k

is aerived. Once these expressions are derived, optimization

techniques are employed to determine j~(D) in Section 4.5.

4.2 Properties of a Delay Distortion Relationship for a Single Channel

Some of the properties of the delay distortion relationship

defined in Section 4.1 are outlined in this section. The first

property is that 1~ (D) is a nonincreasing function of the average

distortion level D. This is clearly seen by considering (3.13),

which gives

~~(D) — inf TK({Dk)) (4.8)

(D~~0,k—1,2,.., K)

where

ll(D; (D
k

)) — (ir c f l :  D
~

((D
k

}) < D} (4.9)
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t.

and fl~ is the set of all stationary deterministic connected policies

which utilize the observed waiting times as a statistic to base the

decisions upon. Thus, for (Dk) fixed, sets fl(D; {Dk}) over which the

infimum is taken and are decreasing telescoping sets as the dis-

tortion level D increases (e.g., if < then

f l (~ 1; {D
k

})
~~ ~~

ñ2
;{D

k1)). Hence, the infimum in (4.8) is a non—

increas ing function of D.

Another property of ~~(D) which is of interest is the minimum

value of distortion, D~~~, such that V1~(D) is finite. So, ~~~~

is given by

D~~ — inf D (4.10)
DCVx

where

‘ C

— {D: ~~(D) is finite) . (4.11)

For the case of K — 1, ~~~ is specified in (3.8) to be
C 

For the case K ‘ 1, the following proposition establishes the

Kcorresponding values of Dmi~
.

Proposition 4.1

Let the rate distortion relationship, ~(D), that the set of

data compressors satisfy , be a decreasing convex function of D, and

let be th. protocol information required to specify to the decoder

and the user which compressor is used to compress a message. Then

D~~5, defined in (4.10), is given by
C

ill
C

p —-- ---- — —- —
~

— - 
- _______
- - . -
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— c~~(c/x — . (4.12)

Proof

Let P~ be the average probability of using compressor k during

the compression of n messages, where P~ is given by

n—i
— ~

.l 
~ Pr( i~~ message compressed by kth DC) . (4.13)
i—0

Let

— (~~~(D~~) + PK)C (4.14)

denote the transmission time of a message and the associated protocol

information which use the kthi data compressor. Clearly, the buffer

in the communication system behaves as a queue in a queueing system

with mean message interarrival time A~~ and average service time

over n messages given by

K
a — 

~ 
tk P~ . (4.15)

k-i

Thus, the average traff ic intensity, being the ratio of the average

service time to mean interarrival time, is given by

K
— A 

~ 
tk 

P~ . (4.16)
k—i

Correspondingly, the average distortion is given by

K
— ~ P~ Dk . 

(4.17)
k—i

Now assuming that and P~ can be selected independently, )
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$

consider the problem of determining a set (Uk) that minimizes for

a fixed value of n subject to the constraint that the average

traffic intensity is less than or equal to one, c < 1, for a given

set P~, k — 1, 2, ... , K. Using Jensen’s inequality, it is clear

that for every set P~, k — 1, ..., IC, the set fDk} that minimizes

D
’
~ subject to the constraint is given for all k and n by

Dk — ~~~~C/A — 

~~IC~

— (4.18)

To show that — D*, it is required to find schemes whosesin K
distortion levels are greater than D~ which have finite limiting

average delay and show that no scheme exists with finite limiting

g average delay with distortion less than or equal to D~. First,

1et D > D
~~

and D
k~~~

D fo r k_ l , 2, ..., K. Then,D” — Dand p < l

for all n, and the limiting average waiting time ~ for this MID/i

queueing system is given by

— 
(~~~(D) + p )C~~ A (~(D) + p )C~~w —  K K (4 19)2 1 — A (~ (D) +

I
Hence, from (4.18) , the limiting average waiting t ime is finite,

and so, the limiting average delay j’~(D) is finite for D > D~.

For the case D < D~, the waiting time of the (n+l)
5t message

is given by (3.21) as

- _  
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r wn+i — max(w~ + taj 
— T~~1,

— aax{O, w0 + i~o 
(t
aj 

— T
j+i), 

i~j 
(t — .r

i+i), Jul,2,..n} .

(4.20)

So, ~~~~ is lower bounded by

‘
~n+1 ~~ 1L(t1~ 

— 

~~~ (4.21) )

and using (4.16) ,

E(w~~1) > n A~~(~) — 1) . (4.22)

From Jensen’s inequality if U — lim inf D~ c D~, then ii. inf p > 1.

Thus, if lim inf p > 1, from (4.22) h a inf E{w I is unbounded andn
the limiting average message delay is unbounded. For the case

li.m inf — 1 and U < D~, D equals D~ by (4.18) and the data

compressors have distortion levels of D~. Thus, from Lindley’s

theorem, the limiting average delay is unbounded. Hence, (4.12)

is valid .

Q~j . D
/

4.3 Evaluation of

In order to compute 
4T ~~~~~~ 

given by (4.6), an expression
k

for the waiting time probability distribution F(W) iat be obtained.

In this section an integral equation is determined whose solution is

F(W) and this integral equation is solved for the case of two data
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compressors, K — 2.

Generalizing teems 3.10 to K data compressors, it is easily

shown that if the data compressors are numbered in order of increasing

distortion levels (e.g., Dk < D~~1), with tIC < A ’ and TIC_i <

then F(W) is a valid distribution function. Since P(W) exists,

L
~T )

({Dk}) is given in terme of F(W) byk

L{T} ~ D~}) - E~ Tk} (w + tan 
+ uD )

K
— J WF(dW) + ) (t

k + l~
Dk) (F(Tk) 

— F(Tk.l)] (4.23)

0 k-i

I
where F(T

0
) — 0 and F(T

K
) — 1. The following theorem specifies an

integral equation whose solution is F(W).

Theorem 4.1

The limit, F(W), of the probability distribution of the waiting

time of a message in a data compression scheme using K data compressors

with distortion levels (Dk
), and using a connected stationary

deterministic policy with thresholds (Tk} satisfies, for W 
> 0,

K
F(W) J [P(min (

~
,Tk)) 

— P(Tk_l)IA e ~ dD (4.24)
k-i max(Tk_l,

W_t
k
)

where P(T0) — 0, F(T~) 1, min(w, T
1
) — w, end tk is given by

(4.14). Furthermore, F(W) is the unique solution to (4.24) subject

to the constraint that P(W) is a continuous end piecewise differe nt iable

function and the

h a  F(W) — 1 • (4.25)

L 
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p.-

Proofr Using the connected policy with thresholds (Tk), it is clear

that the waiting time of the nth message is given by

— max(0, w~_1 + tk — Tn) (4.26)

where k is such that T < w < T and ft } are independentk—i n—i -- k n

identically distributed exponential random variables with mean

A
1
. Thus, Pr(w0 < W, Tk_i < wn_l c TkITn 

— T) is given by

Pr(Tk_l<vn_hiTk) , if T~+t~-t < W

Pr (w
~
$jJ,Tk_l~

w
~~l1Tk I t~~t) - Pr (Tkl<wn-l~

jJ_t
k+T) ,

if Tk_i+tk_TIW<Tk+tk
_T

0 , if Tk_l+tk
_ r > W.

<4.27)

Averaging over t in (4.27),

Pr(w
fl~~

W,Tk_l <wn-l.~~
Tk)

J Pr(T
k l  wn-~ < T~)A e~~

hT

max(Tk+tk
..W,O)

+ J
mex(Tk..l+tk

_W,O)

— 

I 
Pr(Tk_l < v i < min(Tk, W — t

k 
+ t))A e~~

T 
dt.

emz(Tk 1~~k~
’1’0’

(4.28) )
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Lettftg * — — t$~ + W, (4.28) becomesr Pr(W C V , Tk_j < w 1
-A(~+t -W)

— 

I 
Pr(T~_i < v~_1 < min(Tk,i))A e 

k 
d~ . (4.29)

sax (Tk_l ,~~tk)

Si ing (4.29) over k, Pr(v~ <w ) is given by

Pr(w < W)

K -X (’i+t -W)
- 

I 
Pr(T~_1 < V~_j ~ < min(Tk,~

))A e k 
d~r

k—i max(Tk_l,W_tk) 
(4.30)

Since the limiting probability distribution,

1(W) — us Pr(w < W) , (4.31)

C exists, the dominated convergence theorem gives (4.24) .

Now suppose F*(W) is a continuous piecewise differentiable func—

— tion which satisfies (4.24) and (4.25). The derivative of F*(W) is

C computed from (4.24) and is given by

• dF*(W) 
— A (F*(W) — G*(W)) (4.32)

C where

F*(W — t
k
) , if Tk_l < V — tk < Tk. k —

G*(W) —

0 , otherwise

Since F*(W) is a continuous and piecewise differentiable function,

V*(W) ca~ be expressed as

— J (dF(W)) dw + F*(O) . (4.33)
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Clearly from (4.32) and (4.33), if F*(0) > 0, then F*(W) is a non—

n.gative nondecressing function; and if F*(O) c 0, then F*(W) is a

negative nonincreasing function. But F*(W) satisfies (4.25), and so

> 0 and F*(W) is a valid distribution function. Now let F*(W) be

the initial waiting time distribution of the queueing system and let the

waiting time distribution of the nth message, F~(w), be given by
K -A (~+t,~-W)

F~~1(W) — ki~1 
I [F

~
(ain(*,Tk)) 

— F
~

(Tk_l)JA e d~ .
aax(Tk.i,W_tk) (4.34)

Put from a generalization of Lemma 3.10

u.s  F*(W) — 1(V) . (4 .35)
ft.-

Therefore, since F*(W) satisfies (4.24), it is clear that F*(W), 1(W)

and 1(W) are all identical. ‘3

Q.E.D

For the case of more than two data compressors , K > 2, the

solution to the integral equat ion (4.24) is quite complex. For

this case, an alternative expression for L
~T ~ 

({Dk}) is discussed

in Section 4.4. The following theorem determines F(W) for the

case K — 2.

Theorem 4.2
—At

Let — e , i — 1, 2. Then the solution of the integral

equation (4.24) for K — 2 is given by
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r c e~~
t 
C~~ (W) , if 0 < V <

F(W) —

AV T+t T+t T+t
c e IGT u2 

A
~~

[G
~
’ 2(W) — C~’ 

1(W)1 + 

:
~

c
2 
G~~ 

1(W)

_ C
T

[e 2 Ce
(W
~~~

T
1~~~

t2
)_ e  1 C

e
O J_ T

i
_ t

1)1

+ Fcc’(w) - GG (w)J}
if T1 < V (4.36)

for the case T
1 
+ t

2 
< t

1 
and is given by

c e~~ G0
1(W) , if O<W<T1

1(W) —
(_ . 

~~T T T + t T + t
c eA

~ j(Gt
l (V) — C

~
1 (W) ] + CT P2 A

’[C
~
1 2(W) — Ct

’ 
~(W)I

2 2 2 2

— 

— C
T 

Ic 2 
~~~~~~ — T

1 
— t2) — e

1 C(W — T
1 

— t
1

) )

t T+t T+t
+ (Cc

1(W) — C0
l 1ØJ)] + u2 C2 C~ 

1(w)}

, if T1 < W  (4q37)

for the case t1 < T
1 + t2. The constants C1, C2, CT and c in

(4.36) and (4.37) are given by

C1 - (1 — C~~~ (T
1 
+ t1))uj’ (4.38)

C2 — (G~~(T1 + t1) — C~~~~(T) 
~~~~ 

— p
2

)A~~~~}p ’ , (4.39)
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CT — C~ CT) (4.40)
1

and

C
T 

p
2 

A 1 

~ 
A(T

1+t2
) A(T

1
+t
1)-1 u

2 
C2

1 — A t 2 
1. 

T+t
AT [ 1 1]

G e  C t t )  T 1+t
+ 

T 1 2 , i
(1— At2) 

+ 
r~0 

‘r — r ‘

,if T1 + t 2
< t

1

c ’—ç AT
1 

— e~
t1 CT u2 A

_i 
A(T

1
+t
2
) A(T

1
+t
1
)

(1—A t
2
) 

9
(l—1 t

2
) {e — e

AT

~
‘2 C2 A(T1+t1) CT e 

1(t
1
—t
2
)

+ (1_X ~~~
e + (1 At) ‘3

T +t
‘-1--li

t T+t— 
+ 

~ 
(L

~
1_ L

~~ 
1)

)
,if t1 < T

1 +t2 . (4.41)

The sy~~ol (xl is the greatest integer less than or equal to x and

is givsn by (A.53) in the Appendix. The fmmctions G~ (V),iC~(V) and C (W) are given in (A.16) , (A.24) , and (A.39), respectively,

in the Appendix .

Proof

Let

C(V) — c ’ ~~~ (4.42) :~
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I

where c is selected such that

C(0) — 1 . (4.43)

So, upon substituting of (4.42) into (4.24) the resulting integral

equation for C(W) is given by

2 
~
.— r A(min(O,Tk

_D)
C(W) — 

~ ~k J I C(min(*,T~,)
k—i I..

max(Tk_l ,W~
.tk)

A(T
k i *)1

— C(T
k_l

) e J dO . (4.44)

C So, simplifying (4.44) and letting T — T1,

T

~ 10 G(y) dy + 
~2 ‘T 

G(y) dy + G(T) (p1 
— p

2
)A ~~~

T 

if W < ain( t
1, 

T +

p J C(y) dy + p2 J G(y) dy + C(t) (p
1 

— p
2

)A ~~~
W-t T1

if t
1

< V < T + t
2

~ 1

T 
G(y) dy + 

~2 I G(y) dy + C(T) (i
1 

A 1 
— e~~~~

T))
C(W) — 0 W—t2

if T + t 2
< W < t

1

1 f C~~ dy + 
~2 

G(y) dy + C(T) (p1 A ’ — e~~
(1
~
T)),

W—t1 W—t2
if aax(t1, T + t2) < V < T +

p
2 

1. C(y) dy , if T + t
1 

< V

& 
(4.45)

121 

-- ~~ :__ 
- - - ---_ _  - -



Nov let

C
1 

— J C(y) dy (4.46)
0

C2 — 0(y) dy (4.47) 
)

C
T 

— C(T) (4.48)

and

C0 — ij~ C1 + 
p
2 C2 + cT~~i 

— p
2

)A ’ (4.49)

From (4.45) ‘3

G(0) — 0
0 , (4.50)

and so from (4.43)

00 — i  . (4.51)

Thus, upon substituting (4.46) — (4.51) into (4.45) , the expression

for CCV) reduces to

)

‘3
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1 , if W < min(t1, T + t2)

— u~ 1:

1 0(y) dy , if t1 < V < T + t2

1 + C~~(U~ A
_ i 

— e
_
~~

J T )
) — u2 1 ’  0(y) dy

, if T + t  < W < t

G (W) — 
2 — 1

1 + G.f(P2 A
’ — e

_
~~~

_T)
) — p

1 
0(y) dy

— 
~~2 1T

2 0(y) dy, if max(t 1, T + t2) < V < T +

( — 
2 
‘T 

2 0(y) dy , if T + t
1 

< V

(4.52)

In solving (4.52) for G(W), two cases need to be considered.

C
These are t1 

< T + t2 and t1 
> T + t2. For the first case of

< T + t2, the solution is found by dividing the domain of 0(W)

into regions and solving for G(V) in these regions. From (4.52),
I-

in the region 0 < V c

G(W) — 1 , (4.53)

c
and in the region t1 

< V < T + t2, 0(W) satisfies the integral equation

,W—t
CCV) — 1 — u1 J 1 0(y) dy . (4.56)

0
(

Letting 0(W) — 0 for V < 0, it is clear that (4.54) is in the form of

(A.1S) for 0 c U c T + t
2
. The solution to (A.15) is given in Lemma

A.2 in the Appendix . Hence, CCV) is given by
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)

0(W) — C~ CV) (4.55)
i

for 0 < V < T + t 2 where (W) is given by (A.l6). From (4.52),
1

in the region T + t
2 < V < T + t1, 0(W) satisfies

A rW—t tW—t
CCV) — 1 + GT(P2A — e (W_T) ) — 

~ J ~ 0(y) dy — 
~~2 j 2 0(y) dy

0 0

(4.56)

Since V — t
1 

< T + t2, the expression for 0(W), (4.55), can be used

~W—t
to evaluate p

1 j 
1 0(y) dy to get

0

rW—t tW—t

~ J ~ 0(y) dy — ~ ~ (y) dy . (4.57)
0 0 1

Using (A.13) , (4.57) becomes

tW—t 0

~1 
I 1 0(y) dy — — C~ (W) + 1 (4.58)

Jo 1

and upon substitution in (4.56) , 0(W) satisf ies

0 ~W—t
0(W) — C,,.(p1A

1 
— e~~~~~

T) ) + C (W) — p
2 j 

2 G(y) dy . (4.59)
A ~l 0

Finally, from (4.52) in the region T + t1 < W, 0(W) satisfies

CCV) — 
~~ 
0
2 

— P
2 J

W_t
2 0(y) dy . (4.60)

a
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Combining (4.54) , (4.59) and (4.60) , for W > 0, 0(W) satisfies
r

G(W) — C (p A ’ — e~~~~~
T) ) u (W — T — t

2
) + (w) u(W)

ti

+ 
~~2 

0
2 

— C
T

(P
2
A — e T)) — C~~ (V)} u(W — T — t1

)
1

W—t
— 
‘
~
‘
2 f 2 G(y) dy] u (W — T t

2
) (4.61)

Jo

where
- i  (1 W O
- 

- 
u(W)—ç

V < 0 . (4.62)

Clearly for V > T, 0(W) satisfies an integral equation of the form

(A.1). Using the solution (A.5) derived in the Appendix, 0(W) is

given for the case t
1 

< T + t2 by

(V) , if 0 < W < T
1

0(W) —

T+t T+t T+t
C p A 1{G 2(W) — G 1(W) ) + p 0 C 1(W)T 2 t

2 
t
2 

2 2

—At —At
O
Tfe 

2 G
e
( V_ T_ t2

)_ e  ‘Ge
( V_ T_ t

i
)}

T T+t
+ {G

6
(W) — % 1(V) } , if T < V

(4.63)

where 0T (W) satisfies (A.15) and is given by (A.16), G~(W) satisfiesti
(A.23) and is given by (A.24), and C (W) satisfies (A.38) and is given

by (A.39).

For the second case of t 1 
> T + t2, again the solution is found

125

_ _____ 
p

.4 -
- - 

--



by dividing the domain of 0(W) into regions and solving for 0(W)

in these regions. From (4.52), in the region 0 < W < T + t
2 

p

C(W) — i — 0~ (W) (4.64)t
i

where (W) is given by (A.16). From (4.52), in the region
1

T + t
2 ~ V < t1, 0(W) satisfies

A’ fW—t )0(W) — 1 + G.r(P ,A
1 

— e ~W—T)) — 

~ 
2 0(y) dy (4.65)A 

0

and in the region t
1 

< V < T + t1, 0(W) satisfies

rV—t rW—t
0(W) — 1 + C

T(P2A
1 

— e~~~~~
T)
) — p1 J ~ 0(y) dy — 

~ j 
2 0(y) dy

0 0

(4.66)

Nov for V — t
1 

< T + ~~~~, the expression for 0(W), (4.64), can be
— t— t 1used to evaluate p., 0(y) dy to get

A

I
~ J i  C(y) dy — ~ J l  C~~(y) dy . (4.67)

Using (A.15) in (4.67), the expression in (4.67) becomes

rW-.t • 

0
‘
~~. J 1 0(y) dy — — (W) + 1 . (4.68)

0 1

Upon substitution of (4.68) into (4.66), 0(W) in the region

t 1 
< V < T +  t1 satisfies
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r 
G (W) — C

T(U2
A — e~~ 

—T)) + — 
~ J 2  0(y) dy . (4.69)

Finally, from (4.52), in the region T + t 1 
< W, 0(W) satisfies

0(V) — p
2 
0
2 

— u
2 J

W_t
2 0(y) dy . (4.70)

Combining (4.64) , (4.65), (4.69) and (4.70) , for w , 0, G(V) satisfies

0(W) — u(W) + G
T(u2

A ” — e~~~~
_T)) u(W T — t2) + (00 — 1) u(V — t1)

+ (p
2 

G2 — GT (u2A ’ — e~~
CV_T)) — C~~} u(W — T — t

1
)

— 
~ J 2 0(y) dy] u (W — T — t

2
) . (4.71)

0

As in the first case, for T < W, 0(W) clearly satisfies an integral

equation of the form (A.l). Using the solution (A.5) derived in the

Appendix, 0(W) is given for the case t1 
> T + t

2 
by

, if 0 < ~ v < T
C0 (W)
t l

• 1 0(V) —
t T+t T+t

{0T (U) — C ~~(W) } + C.,, p~,A~~{G 2(W) — Gt
2 t2 

£ A t
2 t2

—At —At
_ C

T{e 
2 Ce

( V_ T _ t
2
)_ e  1 Ce

(W _ T_ t
i
))

t T+t
+ {G

0
1(W) — C~ ~~~~ + P2 

0
2 
0
~2 

~(W) , if T ( V

(4.72)

In order to find 1(W), the constants ~~ C2, and CT must be
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evaluated. From (4.48) , (4.63) , and (4.72) CT is given by

C — (T) . (4.73)T

From (4.46) , (4.63) and (4.72), C~ is given by

01 _ J  G(y)dy
0

rT o
— J 0~ (y) dy . (4.74)

o 1

Using (A.15) in (4.74), the expression for C~ becomes

— (1 — C~~~~(T + t,))~j~ . (4.75)

Substituting (4.73) and (4.75~ into (4.47) and solving for

‘302 is expressed by

C2 — 
(C~~(T + t

1
) — G~~~(T) (i~~ 

— P2)A }~1; . (4.76)

Finally the constant c in equation (4.42) must be evaluated.

it is evaluated using the constraint li.m 1(W) — 1 given in (4.25).

Pros (4.42) this constrain t implies that c satisfies
• )

— in ~AW CCV)) . (4.77)

Nov usin g the expressions (4.63) and (4.72) for 0(W) in (4.77) and

them asking use of the expressions (A.45), (A.52) , and (A.62) , the

expression (4.41) for c ’ is obtained.
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p.-

Hence, solving (4.42) for F(W) and using (4.41), (4.63), and

(4.72), the expressions (4.36) and (4.37) for F(V) are verified.

Q.E.D

Using the expressions (4.36) and (4.37) for F(W), the limiting

average waiting time is evaluated in the following theorem.

Theorem 4.3

The mean,

E(W) — Wd 1(W) , (4.78)
Jo

associated with 1(W) is given by

r A(T —rt ) —A (T — rt )U

~ (~~ e ~ 1 1
u 1 

1 1)
r-0 u0

11A(T +t ) T + t2 At2
2

+6 p A  Ic 1 2 (1 + 2~T 2 1 — At2 2(1 — At2)

A( T
1
+t1

) T
1 
+ t

1 
At
2
2

— 
- At

2 
+ 

2(1 - At
1
)

c T + t  At 2
+ 112 G2(l_  At2 

+ 
2(1 — At

2
)
2

+ ~ 

AT
11

A(T
1
+t
1
)
2 

— A( T
1
+t
2
)
2 

t
1 

— t
2 

(At
2
)
2
(t
1
— t

2
)

~ 2(1—A t
2 

+ i _ A t + 
2(1 — At

2
T+t

F ~~~~~ 

~1

+ ]~ — A t 2 r~0 
Ch
~ 

— h l l
)1 (4.79)
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for Ti + t2 ~ 
t~ and is given by

T

1 r A(T
1—rt1

) C— A(T — rt )) ‘
~~(W) c — .~

. 
~~~(~~~~e ‘

ut 
1
— — i )

r—0 u 0

+ 0
T ii2A ‘[c 

1 
( i 

+ 
2(1

At t At 2
— e 

~1 A t  + 
— At

2)]

IA (T1+t2) T1 + t2 At
2
2

+cT
p
2Ie (

~ A 2~I L t
2 2(1—A t

2)

A(T
1+t1

) T
1 + t1 At

2
2 1— e  

~
l _ A t

2~~~2(l At )~~j

T +~~ At 2
+ P2 At

2 
+ 

2(1 — At2)
2

— A (T
1
+t
2
)
2 

t
1
—t
2 

(At
2
)
2 

Ct1 
— t~~)+CT e 

‘
~ T+t 

+ i...xt + 
2(1 — At

2
)

~~1 1 ~

~ 1 — A t 2 ~ 
(h 1 

— h
1 1

)J (4.80)

for t1 < T1 + t2 where C~, C2~ CT and c are given by (4.38) , (4.39) ,
(4.40), and (4.41), respectively and hr

1 is given by (A.72) in the
Appendix.
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I

Proof

The mean associated with 1(W) is given by

rV
E(W) — lii. y dF(y) . (4.81)

Let u(x) be the unit step function defined by

(1 , if V > 0
u(V) .‘~ç

~0 , if U < 0 . (4.82)

Then, from (4.81) E(V) can be expressed by

1W
E(W) — y dP(y) — T1 1(T 1) + urn  y d[u(y — T1) 7(y)] . (4.83)

.1. £ W~~~~O
C

Integrating by parts, E(W) is expressed by

c E(W) — — ~ 1(y) dy + urn  J y d(u(y — T
1
) 7(y)) . (4.84)

Jo W÷— 0

From (4.36) and (4.37) , for 0 < W < T , 1(W) is given by

C

7(W) — c C~ (V) e
AIJ 

(4.85)ti

So, using the expression for C~ (W), (A.l6), the first term of (4.84)
1

is given by
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)

fT1 ~T1 (— A(y — rt
1

)) r A (y—r t
1
)

J 1(y) dy — c J xi e dy
0 0 r O

[T
1
/t
1
] r A (T

1—rt ) 
(— A (T — rt ))U

~ (~~ e 1 1 —1)
r—0 u0

(4.86)

T T  T T
Now, define the functions NT (x) , 11

0
1 2(x) and 11 ~ 2(x) byt2 C

t2 
— 

~
, ~J(~Ay G~~(y)) (4.87)

T T  T T
110
1 2(x) — J y d(e)I)~{G0

1(y) — C0
2(y)}) (4.88)

0

and

T
1
T2 A —A (T

2—T )(x) — y d(e x{Ge
(x — T

1
) — e 1 G(x — T

2
))) .(4.89)

3So, substituting the expression for 1(W) from (4.36) and (4.37) into

(4.84) and using (4.87), (4.88) and (4.89), the expression for E(W)

becomes

1 
1T1

/t
11 r A(T

1
—rt ) (—A (T

1 — 

rt1
))U

~ 
(~~ e —1)

r—0 u—0

T+t  T+t T+t
+ C.,, p2A [11* 11 1 2(x) — tim H 1 1(z)3 + h H  1 ~(x)A 

~~~~
, t2 ~~~~~ 

t2 A
X.~~ 

tZ

AT
1 

T
1
+t2,T1+t1 T1,T1

+t
1— 0

T 
. h a  H~ + h a  H

~ Cx) (4.90)
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r for T
1 
+ t2 

< t1 and becomes

i 
[T
1
/t
1
] r A (T

1
—rt

1
) (-.A (T

1 —
~ (~~ 

e — “
r 0  u 0  U

T t r T+t
+ h a  H~

1(x) — in H~
1(x) + CT p2A~~ iSa ~~~ 

2 (x)
x~~ 2 ~~ 2 2

T1+t1 1 AT
1 T1+t2,T1+t1- iSa H (x)I — e iSa H (x)

: 4  X~~~ J 
e

+ iSa H0 (x) + u r n  H
~ 

(x) (4.91)
x~~ x~~ 2

T 
T ,T

for t
1 

< T~ + t2. The limit of the functions N
t 
(x), 

~C
1 2 (x) and

T
1
T
2 

2
H
e Cx) are evaluated in the Appendix in (A.67), (A.71), and (A.76).

Hence, upon substituting ~~ese limiting values into (4.90) - and

(4.9i), the results of the theorem are obtained.

Q.E.D

So, using the expressions derived for F(W) and 1’ 7(W) dW in
2 

Jo
(4.23), L{T ~

({Dk}) is evaluated. Figure 4.1 susaarizes this corn—

putation. In Section 4.5, these techniques for the evaluation of

L~T )({Dk}) are used to obtain numerical results for 4(D).
k

4.4 Approximation of the Delay Distortion Relationship

U In the previous section, the integral equation (4.24) for the

limiting probability distribution, 7(W), of the waiting t ime of a

message in a data compression scheme using two data compressors (K’2)

is solved explicitly for 1(W). This allows L~ .t ({Dk}) to be evaluated.!.TkJ

I
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I GIVEN I[ T1,O11O2,~ I

I t1~~~~D~)+p~) C~
L 1.1,2

COMPUTE CONSTANTS
G1, (US)
02. (435)
0T• ~~~~
C. 14.41)

F(T) - ,AT G~ IT).ti
(4.35) . (4Th

COMPUTE COMPUTE

EM) - TwdP(w) EM) .7WdP(W)

(478) (4.50)

_

~ 
~~~~ (lDkI ) 1M)+(t ,+ M D I) F(T) + (t2 +p05 i l . F T n  1

P1 i,.4.1. EVIIUI*ISII O~ L2 ( IO
~JN

— 

I _ _ _ _ _ _  
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For K greater than two the corresponding integral equation (4.24)

can be solved by the usual numerical techniques for solving integral

equations. Then LIT ({D
k

)) can be evaluated and ~~(D) can be computed

using (4.7).

In this section, an alternative technique for evaluating

LIT tUDk}) is presented which does not rely on numerical techniques

and their inherent convergence difficulties to solve for 7(W). The

technique evaluates L
~T 1 

((D
k

}) by considering an appropriate imbedded
• L k J

• Markov chains when the squences {Tk, k — 1, ..., K—h) and

k • 1, 2, ... , K) have a co o n  divisor denoted by ~ (i.e.,

dividing each term of the sequences by t~ yields an integer). Then

is evaluated using (4.7) where the minimum operation is taken

over a dense set of values of {Dk, k — 1, 2, ..., K} and a dense set

of values of {Tk, Ic — 1, 2, .,., K—l) (i.e., the corresponding set

of values (tk~ 
k — 1, ... , K) and the set of values

(TIc, k — 1, ..., K—i) have a comeon divisor).

In order to define the Markov chains used in the evaluation of

L
~T ) C{Dk)) ,  define the integers CL , Ic — 1, 2, ... , K) and

Ic
(mk, m — i, 2, ..., K—i) by

tk
— -~~— Ic — 1, 2, ... , K (4.92)

and

T
— -~~ Ic — 1, 2, ... , K—i • (4.93)

Then for the queueing system with thresholds (TIc) and service time

the virtual waiting time at an instant n~ units of time following
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• the initiation of a busy period, is an integer anitipie of A . So,

define the sequence of Embedded times {t~}, n > 1, by

+ A , if £ is not the end of a busy
period

— (4.94)

maz(tb : tl, > 
~~,j 

> 0), otherwise

where — t.~, , and t
b 

is the time at which the ~~th busy period
1 j

begins. Thus, if V(t) is the virtual waiting time of the queueing

system with

V(0) — 0 , (4.95)

then the sequence (Zn) defined by

— V(f~)/A n — 1, 2, •.. (4.96)

is an imbedded Markov chain.

Clearly, x can be written as a function of x and the numbern n—h
of messages 1I~ arriving in the interval (t 1, ti . Hence, if

— 0, then is the beginning of a busy period and so, N~ — 1

and x~ — t~. When x
n-~ 

> 0, the virtual waiting V(~~) is given by

— v(t~— 1) — A + S~ (4.97)

where S is the sum of the transmission times of messages arriving

in the interval (t
n-~

, £
~~]. To compute V(t~) or equivalently Xn~

let Z(N,i) be the value of x~ when Zn-I — i > 0, and N messages arrived

in the interval (t,~.1. ç]. So, using the normalized thresholds ~“k~’
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Z(N,i) can be computed recursively by

Z(N,i) — Z(N—i,i) + , if m.~1 Z(N—1 ,i) — 1 < m~, k — 1, ..., K

(4.98)

H
where Z(0,i) — i—i. Therefore for x~_1 > 0,

x — z(N , X
n_i

) (4.99)

which is computed using (4.98).

To compute the transition probability

— Pr(x — JJX 1 
— ~~ (4.100)

• first note that Pr(N — NIx~_1 > 0), denoted by P(N), is given by a

- Poisson distribution, and so

Pr(N — NIx~_1 > 0) — 
(AA) N 

e~~~~ . (4.101)

Hence
~ c

- 
1 ,if j — L 1, i — 0

- ~~~ — P(N) , if j — Z(N,i), i > 0, N — 0, 1, 2, 3, ...
0 , otherwise . (4.lO~Z)

Now if T
K_i

C o  and Atk 1, then it can be shown that the imbedded Markov

chain Cx } is aperiodic and positive recurrent. Thus, iSa Pr(x —

which is denoted w
~
, satisfies 

fl-I~~ 
n

‘~ — ~ P Ii ir , 3 > 0, (4.103)
i—o

fl
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I
and

~ — 1 , (4.104)
3—0

To relate the Markov chain {x~} to the calculation of L~ }({D
k

)) ,
Ic

a second Narkov chain {y ) needs to be considered wheren

— (x~~1, Zn) n — 1, 2, ..• . (4.105)

The transition probability of {~~) i~ given by

— Pr(y — ~~~~~~~~~~~ — (i1,i2))

— Pr(x — j~~, xn-1 — 32h’n~l — ~~~‘ 
x~_2 — i~) .

(4.106)

Using (4.100) , 
~ ~ 

is expressed in terms of P by )
1’ 2~

if 3 — ii1Ii~ 2 1 (4.107)

~~l’~2’ ~~~~ 0 otherwise
-I

Then ii. Pr(y — 
~i ~‘2” 

which is denoted * .~, is given by
___ n 1

(4.108)
~~l’~2’ ~l ~2 ~2

To compute LK (CD )), functionals of the Harkov chain Cy } are

now defined. Let (i~
)
~ Ic — 1, ..., K, be the number of messages

which are compressed by compressor k during the time period (t~~

t~~1J. It is easy to show that $k(7) as defined is a function of Z
n

and X
n-j 

and hence is a function of 7n So, N~
’(y) is computed as
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follows :

k ~l , if 31 — t 1 and,k — i
N (3 1,0) 

~~to , otherwise , (4.109)

N
k
(j_l,j) — 0 for all 3 > 0 and for Ic — 1, 2, ... , K

(4.110)

and for 
~2 

> o ~ and 
~~~~~~ 

— 1

NIc(31,3 2 ) + 1 , if P
3 1 3  # 0 and m

Id  
< 

~2 
i’~k

+ mk,32) — 0 , if P
3 1 3  —

, otherwise . (4.11 1)

Then let N(y ) be the total number of arriving messages in the interval

(t~_1~ tn]~ 
which is given by

K
N(y ) — ~ Nk(y ) . (4.112)n k—i

Now define the functional W(y~) to be the sum of the waiting

times of messages arriving between (t~_1~ t]. So, W(y~) can be

expressed in terms of (Nk(y~)} as follows:

0 
‘ ~f

— 0 , if 
~2 

> 0, and — 

~2 
—

K (Nk(j ‘~2~ 
— 1) ~~~

~
‘ — .5)A + 

1 

2
k-i

N i k  Ic 1
+ ~ N 

~~~~~ ~~~~~~~~~ 
A l , otherwise.

$ k— 2 1k1
.l j J

(4.113)
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Using the )Iarkov chain {y), the following theorem shows that

— him N 1 E{~~ (w )} (4.114)
n-0

and

1 N—i
— him N ~: Pr(Tk l  < wn T~) (4.115)

can be expressed in terms of the mean of the functionais of the

Markov chain. Hence, L
~T 

({D
k
}) can be evaluated from (3.15).

• Theorem 4.4

Consider an adaptive data compression scheme, which uses K data

compressors, where the greatest comson divisor of the transmission

• times (tIc) and thresholds T
k is A. Then W and are given by

)

~ W(j ,j )

• V — (4.116)

~ 

N(j1,j~) ITj j
~l 2

and

~ w~ j ‘~2~
P — —  

. (4.117)Ic 
~ N(3 1,3 2)
12

Proof

From the generalization of Lemea 3.10, it is clear that

— him E(w ) (4.118)
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and

— u n  Pr(T
k h  < V < T~) , k — 1, ... , K. (4.119)

Using the ergodic theorem (Doob (38]), (4.118), and (4.119), it is
C

clear that

N—i
lim N~ ~ 

V — w.p.1 (4.120)
n 0

and

~~ * n~i 
I.K~

w
~~ 

— 

~k 
w.p.l , k - 1, ..., K , (4.121)

where Ik(’) is the indicator function defined by

1 , if TIc_h < W ITk
- 

I
k

(w) —

0 , otherwise . (4.122)

• Now let Mi be given by

• i
Mi — ~ N(y ) . (4.123)

n i  n

So, from the def inition of the sequence ~~~~ (4.95) , 
~~ 

is lower

e bounded by considering the situation where every arrival initiates

a busy period and so,

Mi 
~~
. L

~~ 
u • (4.124)

Thus ,

~ W(y ) ~ 
W
nn 1  n—i (4.125)
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• and
i p

~ N ( y ) 
~ i.~(w )

n 1  
M — 

n 1  
M 

n 
Ic — 1, ..., N . (4.126)

i i

Pros the bound (4.125), and from (4.120) and (4.h2h) it is clear

that the limit of (4.125) and (4.126) are given by

~ W(y~)

• M
i 

— w.p.l (4.127) )

and

n l  
Mi 

— 

~k 
w .p.l , Ic — 1, ..., K. (4.128)

Nov from an ergodic theorem in Chung [39J,
i
~ W(y ) 

~ 
~1~2 

)

~~ 
nil 

M — 
_1 2 w .p.1 (4.129)

i-I,~ i ft N(j ,j )
12

3 ,
and 

~1~2 ~l~2 
Nk(3 1,32)

lim 
~ 

— w.p.1, k — 1,2,...,K
i•’~ n”]. i 

~ 
lI
j  3 N(Jp32) p

~1~2 
1 2 (4.130)

Menc., substituting (4.127) and (4.128) into (4.129) and (4.130),

the expressions (4.116) and (4.117) are proved.

Q E.D

Using (4.116) and (4.117), V and can be computed once
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r . is computed or once ft /~~ is computed. From (4.110) ,
3
1J2  

j
1J2

~ 
/1
0 is determined from w /10, 3 — 0, 1, ... . Now clearly from

~l2
(4.102)

P
jli

-0

for i and 3 that satisfies 3 + 1 ) i > 0. So, 1r
3

/w 0 is given by

solving (4.103) in a recursive manner. Thus,

11 
— (
~

— 
~L ~3t~ ~)~;t3+1 , , — 1, 2, •.. (4.131)

L 110w h e r e — — i .
‘0
Hence, ~ and can be computed using (4.116) and (4.117),

respectively, and L
~T 1

({D
1
}) can be evaluated using (3.15).

C Ic
Figure 4.2 s~~~arizes this computation. In Section 4.5, these

techniques for the evaluation of L
~T ~

((D~)) are used to obtain nuneri—‘ Ic’ ~cal results for y~(D), K > 2.

k
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r - _________________________

I

¶ I GIVEN I

[~j Tk1 .  ~D1j.p]

INITIAL IZATION
I
~

(Dk)+p kJ C 1.k— I ... K
— GCD(t t kl . Il k I)
- t1/A . k - 1. ... K. (4.92)
— Tk~ 

k — 1. . K. 14.13)
W

— 1

I INCREMENT J
I_ J — J +i

I!
COMPUTE

~~ i • 0. ... J + 1 . (4.102)
.14.131)

t WU. I) I—0 . ... J .14.113) )

(4.101) - 14.111)

FORM PARTIAL st*is
w — w+~ W (J . I)PJ1~ *11-0

— Nk +

W - WI E N” .14.116)
k-I

P — N~’/ ~ 
Nk .14.117)k k—i

NO

YES

~~Tk k l P0k) 1
~k. (3 15)

FIgu,.4.2. EvlIustIsn of L
~ T 1  ( IDk} ). K>2
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4.5 Numerical Results

To illustrate the performance improvement when using the adaptive

data compression scheme as compared with the use of the nonadaptive

scheme, a single channel cosnunication system is considered. This

comparison is performed by evaluating the delay distortion relation-

ship for the different schemes. The source and channel model to be

employed are described in Section 3.2. The message arrival rate is

and the channel transmits information bits at a rate C[~~t8].sec . sec .
Each message consists of a collection of v letters which are indepen-

dent normally distributed random variables with variance a2. TheC
data compressors used in the compression schemes under consideration

satisfy the rate distortion relationhip i~(D) ~1~~t8 j •  Using a per-

letter squared distortion criteria, ~(D) is given by (see, Berger [41)

ftD) — v/2 tn(~
2/D) (4.132)

The protocol information parameter p
K
[!!

~
!] is given by

~‘K — in K (4.133)

where K is the number of data compressors used in the compression

scheme.

Using the models described , the delay distortion relationships

for the nonadaptive óompression scheme, K—i , and for the

adaptive compression scheme, L—2, and 3, are evaluated using (3.10)

and (4.7), respectively. In the evaluat ion of ~4(D), K — 2, 3, the

quantity L
~T }((D

k
}) is computed using the technique described in

Ic

145
(-

• - - - - •— ~~~~• - •

4 - - - -



Figure 4.1 and the quantity L~, l({Dk)) is computed using the technique‘Ic’
described in Figur e 4.2. The optimization required in the evaluation 

p

of y~(D) is performed numerically using a numerical optimization

algorithm. Figure 4.3 presents curves for y~ (D) , K — 1, 2, 3.

Figure 4.4 shows the relative performance of the nonadaptive scheme
• 1 1versus the adaptive scheme by presenting the curves y1(D) —

K — 2, 3.

From the figures it is evident that at low distortion levels the

adaptive schemes yield considerable smaller message delays than those

obtained when employing nonadaptive schemes. At high distortion
-p

levels, nonadaptive schemes are slightly superior to the adaptive

schemes, due to the required transmission of protocol information

for the adaptive data compression schemes. The lower envelope of

the curves in Figure 4.3 represent a restricted version of YA(1))

defined in (3.14) where only schemes with one, two, or three data

compressors are considered in the calculation of

Thus, from this example, it is concluded that the adaptive data

compression schemes considered here serve effectively as a devic e

to reduce message delays when low distortion levels are required.

Th~ situation of how distortion levels corresponds to heavy traffic

in the co umication network . As the distortion level s increase ,

message delays associated with the correspondin g adaptive compression

schemes are slight ly degraded when compared with those obtained by

nonadaptive ch~~~s. This is due to the increased traffic resulting

fro m the tr.n—ission of protocol informat ion when using the adaptive

sch s.
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Figure 4.1 and the quantity L
~T }({Dk}) is computed using the technique

Ic
described in Figure 4.2. The optimization required in the evaluation

of r~(D) is performed numerically using a numerical optimization

algorithm. Figure 4.3 presents curves for y~ (D), K — 1, 2, 3.

Figure 4.4 shows the relative performance of the nonadaptive scheme

versus the adaptive scheme by presenting the curves ‘r~ (D) — 4(D),

K — 2 ,3.

From the figures it ii evident that at low distortion levels the

adaptive schemes yield considerable smaller message delays than those

• obtained when employing nonadaptive schemes. At high distortion

levels, nonadaptive schemes are slightly superior to the adaptive

schemes, due to the required transmission of protocol information

for the adapt ive data compression schemes. The lower envelope of

the curves in Figure 4.3 represent a restricted version of YA(D)

defined in (3.14) where only schemes with one, two , or three data

compressors are considered in the calculation of y~(D) .
)

• - Thus, from this example, it is concluded that the adaptive data

compression schemes considered here serve effectively as a device

to reduce message delays when low distorti on levels are required .

The sit uation of low distortion levels correspond s to heavy traffic

in the coisimicaticn network. As the distortion levels increase ,

message delays associat ed with the corres ponding adaptive compression
sch~~~ are slightly degraded when compared with those obtained by

nonadaptive schemes. Thi . is due to the increased traffic resulting

from the tra. mission of protocol information when using th. adaptive

146

p 
•
~~ 

• 
•~~ ?

•
~~~~ 

•
~j~ •~ •~

-
~~~~~~~~

• 
— 

— .4



• 1.0

• 

- • 
$ 

NOW ADAPTIVE SCHEME. K-i1 
I

I ~~~~~— ADAPTIVE SCHEME. K-2
0.$ .

~~ ~ —————- ADAPTIVE SCHEME. K-3

V
L

~~

-

0.4 0.5 01 0.7 0.5 0.5 1.00MIN 
DI$TOWTION DICP~

F1 r. 4.3. DsIsy DIStOVtiOS Con,.., 7g~ 
ID), st. $hi~I. Chaniwl Svstsm, Gau.sls. Sou,~~.v - 100 (L.tts,IM ,s.3 • C • IKnat,/$...). - 1000 IMSIS./S.C.J. with Pm.m.tsr K

dii Numbsr of Dots Co.iv~~ is Employsd

t~. 147

— r4~- •~~~• • ~ - ~~~~~~~~~~~~~~~~~~~~~ - -

.4



)

.4
0.4

- ____ — — K-2

I

I
~ 0.1 -

~MIN 
- 

OI$TORTION oi.2

Pi .~. 4.4. Dlff.,.n,s. of DsI~ Disisrtlss Cu~ss, ~~ ID) - 7~ ID), for a $ln~I. Channil Syss.n,
G...Pa ~ $smuss, V 100 IL.tSsrs00.ss.f,C - IolIcsiotuIs...). ~ - 1000 (MsasJSscj ,
with Pa,....,a.r K di. Numkir of Ost. Cc .~~w,u EmpIsy.d

14$

~~~~~~~~~~~~~~~~~~~~~~~~~~ 7~
,_ .;



4.6 Conclusions

The delay distortion relationship for a cosmunication system

utilizing a single channel and an adaptive data compression scheme

was considered in this chapter. The delay distortion relationship

was shown to be specified by a minimization of a functional over a

vector space. Basic properties of this relationship were presented.

The functional to be minimized was then examined, and an integral

equation whose solution is related to this functional was derived.

For the case of an adaptive data compression scheme which uses two

data compressors, this integral equation was solved and the functional

evaluated. For the case of compression schemes which use more than

two data compressors, a technique was developed to evaluate the

functional by defining an appropr iate Markov chain and functiona ls

of the Markov chain. Finally, examples of the delay distortion

relat ionship for a coemunication network employing a single

coisnimication channel were presented. From the examples, it was

observed that an adaptive compression scheme yields superior per—

formance to that of a nonadaptive scheme at low distortion levels .
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~.1

CHAPTER V

THE DELAY DISTORTION RELATIONSHIP FOR
• TAND~ I CHANNELS

The results in Chapters III and IV pertain to a communication

network which uses a single co~~ micat ion channel for data trans-

mission. In this chapter, these results are extended to communication

networks employing tandem channels where the channel capacities are all

equal. In Section 5.1, the tandem channel network is discussed and the

delay distortion relationship for this network is determined. The

resulting delay distortion relationship is shown to be of the same form

as the delay distortion relationship for the network consisting of a

single channel. In Section 5.2, some of the properties of the delay

distortion relatio nship outlined in Section 5.1 are pres ented .

Finally in Section 5.3, numerical results for the delay distortion

relationship for various tandem networks are presented.

5,1 Dslay Distortio n Relationshi p for Tandem Channels

In this section, the delay distortion relationsh ip i. investi— 3

gated for a network configuration consisting of a tandem channel,

as described in S ction 3.1; a source , as describ ed in Section 3.1;

and an adaptive data compression scheme, as described in Section 3.2. )

Incorporating th. results of Chapters III and IV, this relationship

is shown to have a form similar to the delay distortion relationship

for the single channel network. Thus, the results of this section
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will closely follow the results of the previous chapters.

The network under consideration consists of M channels, with

identical channel capacities equal to C [nats/sec], connected in a

tandem manner as depicted in Figure 3.1. For this network, and

for the adaptive data compression scheme which uses two data com-

pressors, the delay distortion relationship, y~ (D) , is given by

(3.13). As in Section 3.2, if the infimum in (3.13) can be replaced

with the minimum operation , the expression for y~ (D) reduces to

(3.16) . The term L
~

({D
k
}) in (3.16) is expressed using (3.11),

(3.12) and (3.15) as

2 _ N-l n —lUrn sup N 1 
~ 

Ex{ ~ [V + (~ (d ) + p
2

)C I + pd }
n 0  n l  n,m U

(5.1)

where ii is the compression assignment polic y, {Dk
} is the average

dist ortion levels of the data compressors used, Vn,a is the waiting

time of the 0th message in the buffer assoc iated with the channe l

C with V
0,11~ 0 for m — 1, 2, ..., N (network initially empty), d

is the average distortion associated with the data compressor which

comp resses the nth message, u is the associated Lagrange multi plier ,

C 
~(D) is a rate distortion relat ionship that the data compressors

satisf y and p2 is the protocol information. Without loss of generality,

assume D1 
< D2, for the remainder of this chapter.

To determine if (3.16) is valid , it is necessary to investigate

L
2
UDk
}) — inf L,, ({Dk

}) (5.2)
wtii

I’
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and ascertain if there exists a Ir* £ U which satisfies

L2UDk
}) — L

~~
({D

k
}) (5.3)

where 11 is the class of causal policies. As in the case of the

single co mication channel in Chapter III , the verification of

(5.3) is accomplished by introducing the notion of a Markov decision

process for the tandem co inication channel, and then determine

w* as in Section 3.4. Once (3.16) is verified, optimization tech-

niques are used to find y~ (D).

The )larkov decision process (((x , a ) ,  a 0, 1, 2, ...) which

is considered has a State xlL~ 
described by three elements. The first

element, to be henceforth denoted as w~, is the waiting time, w~~1~
of the ~

th message in the buffer associated with the first channel.

The second element , denoted i1~, consists of the maximum of I~ and of

the sum of the idle periods of channe l one since the last transmission

of a message compressed by data compressor one where
)

— (N—i) (t1 
— t

2
) (5.4)

and tk is th. transmission time of a message compressed by data

compressor k wh ich is given by

tk (
~
(Dk) + p2)c

’ . (5.5)

I• The last element of x~, denoted t , consists of the interarrival

tIme b twe.n the (n~1)
5t message and the n~ ’ message. So,

— (w0, i~, re), and th. state space is X — (((~“) x [O,I~ 1 x (0,—)) .

The action at the n~ ’ decision epoch is a~ £ ((l) ,(2) 1 which
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corresponds to using data compressor 1 or 2 on the ~th message.
I

Then the history, denoted H , of the Markov decision process up to

the arrival of the ~th message, is given by the sequence of states

and actions as
$

(x0, a0, x1, a1, ... x , a )  . (5.6)

The history pattern H~ may not be the complete history of the corn-

munication system. A sufficient condition for to be the history

of the communication system is that the state x specifies the waiting

times w m’ m — 1, ..., N of the n~~ message at each of the N channels.
n,

The following lemma proves this.

Le ia5 .1
C

Let the initial waiting times at the various nodes satisfy

— w0 (5.7)

$
and for m — 2, ..., M satisfy

w~ 0 (5.8)

$
or

v.1 — asx(0, t — t~ — max(0, I,~ — (m—2) (t1 — t.,)} (5.9)1 .. U .1.

wher e the initial state of the Markov decision process is

x0 (w0, i0, r0). Then the waiti ng t imes at the various nodes are

given for n > 0 by

_________

- . 4



P
— w~ (5.10)

and for a — 2, ... , N by

,if a ’ l
w —~~ U

n,m 
t aax[0, t1 

— t2 
— .ax(0, in — (a—2)(t1 — t2))] ,if 8n 2

(5.11)

where

~ 
~min(I1, aax(0, t~ — w 1 — t1)] , if a~ — 1 

(5.12)

~ ain[11, i~ + rnax(0, r — v~_~ — t,)1 , if a~ — 2

and x — (w , i , r ) is the state of the Markov decision process.n n n ii

Proof

The proof of the lemma is by induction. Suppose (5.10) and

(5.U) are valid for the nt
~ message . By the recurr ence relationship

for waiting times, w~4~ is given by

Wn4.1,m aax(0, Wn,a + ta 
-. r~~~~ ) (5.13)

where is the interarriva l time between the arrival of the (~_1)5t

message and the nth message to the mth channel.

First consider the case a3~ 1 — 1. Clearly , from (5.12) for

W
n,a 

+ tan ~ (5.14)

independent of the value of a
~
. Furthermore,
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r - —
~~~~~~

----—-- - —- - - - -

I

> t
1 

(5.15)

since the transmission time of a message which is compressed by

data compressor one through a single channel is t
1
. So, using

(5.14) and (5.15) in (5.13)

Vn4.1 IlL 
— 0 (5.16)

form> 2.

For the second case of a~~1 — 2, let m > 2. The interarrival

t ime r for all a > 0 is given by

— 1m-l 
+ t

an 
(5.17)

where is the idle time of ath channel between transmissions

of the (n—l) message and the n message. But ‘n+l is given by

1:14 
— max(0, r +l 

— ta 
— W

n,m
) (5.18)

Upon substituting (5.17) into (5.18) , I~~~ is given by the recurrence

relationship

$ • aax(0, ~~~ — ~~~~ + t 2 — t~~~) . (5.19)

So, from (5.17), the expression for becomes

— aax(0, I~~~ — ~~~~ 
— t + t

2
) + t

2 
. (5.20)

Substituting (5.20) into (5.13) results in

$ V
~~.i,m~~

max( O, wn,m + t a t 2 m 10, .H~ n,m ta +t 2
)}
(5.21)
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Nov for a — 1, substituting (5.11) in (5.21), w~~1 is given byn a

— aax{0, t1 
— t

2 
— aax(0, ~~~~ — Ct

1 
— t

2
)) } . (5.22)

But from (5.19) for a • 1

1:11 • aax[0, I~,ll 
— (a—i) (t1 — t2)] (5.23)

and so, upon substitution into (5.22),

V
~~l,m — maxfO, t1 

— t
2 

— x[I~~1 — (a-2) (t1 — t2)]} (5.24)

For a — 2, substituting (5.11) and (5.17) into (5.25), v~~1 is

given by 
,m

— aax{0, t1 
— t

2 
— aax(0, in — (m-2) Ct1 — t

2
)I —

(5.25)

wher e 
~~~ 

is given by the solution of (5.19) as

1 4.1 — max(0, I~4.j — ,
~ 

w
0,~~
,) . (5.26)

a

Nov cons ider three cases. First let a be such that w — 0. Hence,n,m
v ,— O f o r m > m ’ > 2 a n d sou,m — —

• aax{0, t
1 

— t
2 

— mex(0, i~ + ~~~ — (a-2) (t
1 

— t
2
)J} .

(5.27)

Then let ~ 2 be the smallest integer such that ~~~~~ 0. So,

i — (& 2) Ct 1 
— t2) 0, thus, V041 satisfies (5.27) since

Final ly le ta ’& .  Since for a1l a’ >~~~,

- t1 - t 2• ~:+~ 
is given by
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tn+l — aax(0, — w~%~~ ,ZA 
(t1 

— t
2

)) . (5.28)

Substituting the values of w into (5.28), 1m 
1 
is given by

n ,m

— aax{0, 1~.14 — Ft
1 
- t

2 
— i

n + (~ -2) (t1 — t2)] — 
~ (t~ — t

2
)}

a

• max(0, in + I~÷i 
— (rn-2) (t1 

— t
2

)} . (5.29)

Hence substituting (5.29) into (5.25) and noting that i
n 

— (m—2)

(t
1 

— t
2
) < 0, expression (5.27) results. Therefore for all a > 2,

expression (5.27) is valid. Now observe that in (5.27) i
n 
+

can be replaced by max(11, I + I
~~.i
) without affecting the value

of W
04.l,a• Clearly, the element i~~1 of x~~1 is given by

~n+l — 
max(11, I~~i

) if a
n 

— 1

• aax(11, i~ + Ifl14) if a — 2 • (5.30)

Hence, (5.11) is valid for n+l. Therefore, by induction since

specified by (5.7) — (5.9) satisfies (5.11), then (5.11) is valid

for all n.

(. 

Q.E.D

Lemma 5.1 shows that history H is the complete history of the

co inication system for all Initial conditions of the form (5.8)

or (5.9). Certaintly , the initial condition requiring all the

buffers in the communication system to be empty , which is assumed in

• 
~~

• calculating y~(D) , satisfies (5.8) when i~~I1. Thus, initial conditions

other than that of the form of 5.8) or (5.9) need not be considered.
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Using the recursive equation (3.21) for v , and the recursive

equation (5.12) for i
n
, a version of the transition probability

distribution, Pr(w~~1 < V, i~~1 < I, < T~H )  is given by

Pr (w~~1 c W, i~~1 ~ I, t~~ 1 < TI0n~ )

— Pr(v,~.~.1 c w, i~44 < I, < TI (v~~ 
~n’ ~~~ 

a~)

F
~
(min(I+v0+t1,T)) — F~

(aax(O 
~
w
n
+t
a
_W)) , if an l, 

~
1hi

— 

Y1
(T) — F1(aax(0 

~
wn+ta

_W) ) 
, if ao l, I>Ii

(mm (I— i~4w~+t2 , T)) — (aax(O ,w+t 2-.W) ) , if a~~2 , I<I~

F
~

(T) — PT(aaz(0 ,v+t2—W)) , if a — 2, I>I
~

(5.31)
)

The ru1c~s or policies w, associated with the Markov decision

process, are specified in Section 3.3, and the set IT is a collection

of such policies. The cost function c(x,a) is of the form

(w + Mt + , if a — 1
c(x,a) — -

~ (5.32)
( w + t 2 + (M—l)t1— i + p D 2 , if a — 2

where x — (w,i,r) c X, and a £ ((l),(2)] . Hence the average cost

•(z,w) under policy ir t It when the Markov decision process (x0, a~)

is initially in state X £ X is given by (3.39) to be

N—i
— h a  sup 

~ 
E~(c(x0, 5n~~*0 • z} (5.33)

N~c n—0
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S

( 0(x) — inf •(x,ir) . (5.34)
,rcII

Relating this to the communication system under cons ideration ,

it is clear from Lemma 3.1 and (5.32) that

H

~ ~~~~ + Mta 
+ ~iD — c(x~. a~) • (5.35)

n]. n n

Thus, by properly initializing the Markov decision process (x , a.),

L
~
((DkJ) is 

clearly given by

— 0((0, Il, 0), 11) • (5.36)

Since H is the complete history of the communication system, the set

of admissible policies U is the same set of policies considered in

(5.2) . Hence, L2({Dk}) is given by

L2 ({Dk)) — •((0, I, 0)) . (5.37)

Therefore, the problem of finding a policy ir* which satisfies (5.3)

reduces to the problem of locating a policy ir* which satisfies

0(x) • 0(x,lr*) • (5.38)

Before determining a ~~ which satisfies (5.38) , the value of

D2 must be restricted to guarantee that •(x) is finite. So, as in the

single channel network case in Section 3.4, b2 is restricted to the

region

I’u
2
< r  

~~ — p 2, .

Outside this region •(x) is unbounded.
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)

To find w* and •(x), first consider the Markov decision processes

((x ~~ as), n — 0, 1, 2, . . .} defined as before, but with cost function

c(x,a), given by (5.32), replaced by

v + M t 1+ p D1 ,if a — l  J

c ’(x,a) • w + t2 + (M—l)t1 + ~D2,if a — 2 and i — 0
w +M t2 +~iD2 ,if a — 2 a n d i > 0

(5.39)
)

where x — (id, i, r). The associated average cost is denoted 0’(x,ir)

and •‘(x ) is given by

)
— m i  • ‘(x ,fl) . (5.40)

ircIl

Since from (5.32) and (5.39) for all x c X and a c [(1),(2)]

)
c’(x,a) ~~c(x,a) , (5.41)

then

I

< •(x,w) (5.42)

for all ir c il. Thus, it is clear that for a l lx cX

•‘(x ) <
~~ (x) . (5. 43)

So, from (5.43), if a policy ii ’ c U can be found such that •(x ,w ’)

equals •‘(x) for all x c X, then ir’ is the policy w~ which satisfies

(5.36). £ logical choice for ir’ is for ir’ to satisfy

— •‘(x,fl’) , (5.44)
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if such a policy exists. In order to find it’ £ II that satisfies

(544), Theorem 3.2 is to be used. The following set of lemmas verify

Assumptions 3.1, 3.2 and 3.3 which are required to apply Theorem 3.2.

i
t

L.~~~ 5.2

Assumption 3.1 is valid for the Markov decision process (x , a)

t under consideration with costs c ’(x ,a) given by (5.39) .

Proof

L e t m — l ,

g((w, i, r)) — w + 1 (5.45)

C and

b —  max tk . (5.46)
kc 11,21

1 Then (3.42) and (3.43) are easily verified. Hence the assumption is

valid.

Q.E.D

From Theorem 3.1, there exists a—optimal stationary deterministic

policies for a e (0,1) which can be obtained using the policy Improve—
C mont algorithm of Corollary 3.1. Th. following 1~~~ establishes

the structure of the a—optimal policy.

I
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L — a  5.3

The cs—optimal policy for the ?4arkov decision process (x , an)

under cons ideration with cost function c ’(x ,a) given by (5.39)

is a connected policy where action one is selected when the waiting

t ime, w , and the truncated sum of the idle times, i, satisfy

w < T (i) (5.47)

and action two is selected otherwise. Tcs(i) is termed the threshold

function, and is selected to minimize the a—discounted cost problem.

Furtheraore,Ta(i) is a constant for all i t (0,Ii) and T (O) >T (1
1
).

)

Proof

First, as in Lemma 3.4, one can show that the dependences on the

interarrival time can be dropped. So, using the value of c’((v ,i,r) ,k),

(5.39) and the expression for Pr(w~~1<W, i~~1<I, ~~~~~~~~~~~~~~~~~~~
(5.31), the policy improvement algorithe (3.45) becomes for

(w,i, r ) c X

U041 (v,i) — am + g(i,a)
aaUl),(2)]

+ a 
f

~
4
~a Un,a(V + ta — ~~ 

is a) dPT (
~
)

+ a Un,a(O~ ain (11, i65 + ~ — w — ta) dF~
(
~)}

(5.48)

where
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U0,a
(W

~i) — a • (5.49)

t + ~iD + (M—l) t 1 , if i — 0
g(i,a) —

Mt +tjD , i f i > 0

(5.50)

and

(0 , if a — l
~ —

~~ (5.51)a 
~~ , if a — 2

Now define Un,a(
~
d
~~~ 

by

— U~~~(w — ,i) dF
~
(
~
) + f~ 

U
n a

(O,min(Ii,i+~
-w) ) dF

~
(
~
)

(5.52)
C

Thus, (5.48) becomes

U~~,1 (w ,i) — mm Cv + g(i,a) + a ~i (w + t , i6 )},a 
ae[(l),(2)] n,a a a

(5.53)

To establish the limiting form of U (w,i) as n + —, it is

c required to show that for all n and for all a £ (0,1), U ci~”~~ 
is a

nondecreasing function of v for fixed i, and is a nonincreasing

function of i for fixed v First define F to be the set of functions

( of two variables of the form f(w,i) where (w,i) £ ([0,.) x [0,11
))

such that f(v,i) is a nondecreasing function of v for i f ixed, and

f(v,i) is a nonincreasing function of i for w fixed. Clearly,

U0 C.,.) e F. How suppose U C.,.) ~ F and then from (5.52),a

163



U (.
~
.) £ F. Thus, from (5.53) U 1 ‘~~~ 

£ F for all a > 0 and
,a

for all a £ (0,1).

Now to show that the a—optimal policy is a connected policy ,

define for w < 0

U
n,a

(Vi i) — Un a (O
~ 
min(11, i — ii)) (5.54)

and

— U
n a
(0

~ 
min(11, i — w) . (5.55)

Furthermore, define for (w,i) € ((—“ ,“) x [ O I
~J)

MJ
n,a

(W,i) — Un,a(W + t1,0) — Un,a(w + t2,i) (5.56)

and

• 
~~n,c,(u1

~
1) — Un a (w + t1,0) — O

n a
(v + t2 i) (5.57)

Clearly from (5.52), (5.56) and (5.57), thn,ci(I~
1) is given by

tIU (w,i) a AU (w — r,i) F (d~) . (5.58)n ,a 
0 n,a

Thus, from (5.53) , for the (n+1) stage problem, the policy at the

first stage is to select data compressor 1 if v > 0 and i c [O ,Ii)

satisfies

g(i,1) — g(i,2) + a &U
n a

(w
~
i) i 0

and use data comprsssor 2 otherwise. So, the optimal policy at the

first stags is a connected policy if LUn,u(w ii) e F’ where F’ is the
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I

$ 
set of functions f(w,i) defined on ((—.,..) x [0,I~]) which are non—

decreasing functions of w and i. Nov define F” to be a subset of

F’ such that if f(., ’) £ F” then for a fixed value of w c (—“,“)

f(w,i) is a constant for i £ (0,Ii]. Hence, if AU
~~~~~

(. , .) c F”,

(5.59) implies that the optimal policy is a connected policy. To show

that AU (.,.) e F” for all n > 0 and all a c (0,1), first observe

that AU:(• ,•) c F” and, so by (5.58) All0 ~~~~ 
c F”. Now suppose

AUn a (~~~) £ F”, and hence 
~~n,cz~~’~~ 

e F”. This implies that at the

first stage of the (n+l) stage problem, the optimal policy for a dis—

count factor of a c (0,1) is a connected policy with threshold function

Tn+1a (i) applied to the waiting time w. From (5.59) it is clear that

Tn+1 a(i) is a constant for i c (O,IiJ and Tn+l,a
(O) 

~~. 
Tn+i a(I

i)•

Using (5.53) in (5.56), AU~~1 (w,i) for (v,i) c ((—“,“) x [0,Ii) )

is g iven by 
,a

~~
n+l,a(id

~~
lPi) — aUn+1,a (O,I

i
) , if w <

+ ciAO (w+t1,0) , if W+t:L 
<

• n,a O < w + t
2

< T(i)

2(t1—t2) + ta(D1—D2) + 1
1u(—i) + aAU~,~

(w+t1,O)
AU
n+i a(W~

i) — 
+ AU (r

~~2,
I) , if “

~~l 
<

n,a 
> T(i)

u(D2 
— D

1
) , if w+t~ >

C- 0<w+t
2

< T(i)

(t —t ) + I u(—i) + ~ th (w+t ,i) , if v+t >1 2 1 n,a 2

• (5.60)
C
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where u(.) is the unit step function defined by

( 0  , if 1 < 0
u(i) — {  . (5.61)

(1 , if i > 0

Since Una (w~
0) is an increasing function of v, AUn a

(1
~~

S)  £ ~~~~

and U~~1 
(v,i) is a continuous function of w, then it is clear from

(5.60) that AU~~1 (‘ ,‘) £ F”. Hence by induction, AU (s,’) £ F”n,a

for a l ln>0 .

Now from (3.46) the a—discounted cost using the a—optimal policy

is given for (w,i) £ ([0,’.) x [0,11]) by

— h a  U a(W
~
i) (5.62)

where the depandences on the interarrival time t have been dropped.

Then AVa((v ,i),ir), defined by

AVa((W,i),ir*) a V~((W + t1,0),w~) — Va ((W + t 2, i), w~ )

— him AU (w,i) , (5.63)

is a limit of functions which are elements of F”. Hence,

c F”. Furthermore, from (3.44) and 
~~~~~~~~~~~~~ 

ir~ is he

policy which selects data compressor 1 if (v,i) satisfies

— t2 + is(D~ 
— D2) + 11u(—i) + a f’ AV (w — O,i)F1(d~) 0

(5.64)

and se1~cts data compressor 2 otherwise. Since AVa ((•
~~

s)
~~

w )  £ F”,

expression (3.64) implies that is a connected policy with a
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threshold to be labelled as T0(i) where data compressor 1 is used if

(v,i) satisfy w < Ta(i) and dat* compressor 2 is used otherwise. In

addition, T
~
(i) is a constant for i ~ (0,I

~
] and Ta(O) > T a(I

i
)s

Q.E.D

Thus, the a—optimal policy is a connected policy specif ied by a

threshold function T
~
(i). The following lemma proves that T

~
(i) is

upper bounded for all a ~ (a*,l) where a* c (0,1).

Lemma 5.4

T0(i), which is specified in Lemma 5.3, is bounded for all

a t (a*,l) for some a* t (0,1).

Proof

The proof follows from a generalization of the proof of

Lemma 3.6.

Q.E.D

Assumption 3.2 is now verified in the following lemma.

Lemma 5.5

Assumption 3.2 is valid for the Markov decision process (x~~a~)

under consideration with costs c’(x,a) given by (5.41).

Proof

In this proof, the interarrival time is disregarded in the

0 
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description of the state, since by Lemma 5.3 V (x,1r*) is independentci a

of the interarrival time. Now consider the following two cases;

T ( 1
1
) ) 0 and T (1

1
) — 0~. For the first case of T

~
(I
1
) > 0, let

and R2 be the disjo int regions defined by

— {(w ,i) c ([0,”) x [0]) u([O] x L0,i~ 1)} (5.65)

and

1.
2 

— {(w,i) £ ((0,’.) x (0,Ih])} . (5.66)

Clearly, if (v ,i) £ R.~, then (w~~1,i +1) c R
1
. This implies that

if (v0,i0) £ 
then for all n > 0, (W

~~
i
n
) £ and

c’((w ,i),an) — c’((v ,O),a) . (5.67)

Furthermore, if (w~,i~) £ R~ 
the sequence Ca} is unaltered if the

policy w with threshold function T~(i) is replaced with the policy

~cs with threshold T~(0) for all i £ [0,11]. Hence, the a—optimal

discounted cost V~ ((w,i),n~) for (w,i) £ R
1 
is given by

N
— him sup E1 C ~ a~ c ’((v ,0),a )1v0 — w, i0 — i}u n—O n

(5.68)

Substituting the value of c’((w,O),a) from (5.39) into (5.68) ,

V5((v,i) ,v )  satisfies

Va
((w p i)

~
1I) — ~~~~ 1) 

~ • him sup E
~ 

C ~ ci”(w +t +~D )Jw —v, i —I).
1 N-”' a n O  n a~ a~

(5.69)
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Comparing the right side of (5.69) to the a—optimal discounted cost

for a single channel in Section 3.4, it is observed that the right aide

of (5.69) is equal to the a—optimal discounted cost for the single

channel. Now from Lemma 3.9 there exists an a~ c (0,1) such that

for all a c (at,l) and for all (w,i) c R1, a function L1(w) exists

that satisfies

IV~
((w ,i), 1r

~
) — V~ ((0,I1), ir~ )j < L~(w) . (5.70)

Nov from the proof of Lemma 5.3, V
~

((w,i),ir
~
) is shown to be a non—

increasing function of i c [0,111 
and a nondecreasing function of

w c [0,’.]. Thus, (5.70) implies that for all (w,i) c ([0,”) x 10,11])

IV~
((v,i),ir

~
) — V

~
((0,I1),w~ )I < L 1(w) . (5.71)

Nov consider the second case of T(11) • O~. For this case let

R
3 

and R
4 

be the regions def ined by

R
3 

— ([0,’.) x (0,Iil) (5.72)

and

— 1.
4 

((0,’.) x [0]) . (5.73)

So, if (w ,i ) c R3, then (w +1,i~~1
) £ R

3. This implies that if

(w0,i0) c 5, then, for all n > 0, (w
n~
i
n

) £ R
3~ 

a
n 

— 2, and

c’((vn,in),a) — c’((w~~I1).2) . (5.74)

So, for (w ,i) c 1.3 the a—optimal discounted cost V~
((v,i),ir) is

given by

169

- -

.4



p i V ((w ,i), i r )  — h a  sup ~ c? c ’((w ,11),2) f v 0 — w, i0 
a i~}a N+’. a u—O

— him sup (Z
fl
(~, + ~2 

+ ~~~ )I”~ 
— w, i0 

— I
l)a n.’O

I
+ (H—i ) t 2/(1—a) (5.75)

where the sequence of waiting times {wn) represents the sequence of

waiting times of M/D/i queueing system with serve duration of t
2 
and P

mean interarriva l t ime of X~~. Now to find a bound for

V ((w,i),,r~) — V ((0,I1),~r*), (w,i) ([0,’.) x (0,11]), consider the

policy ir~, which always uses data compressor 2. For (w,i) c 1.3 the

a—discounted cost is the same under policy ir~ or ir~ as shown in (5.75).

For (w,i) c the a-discounted cost is higher under policy w~, than

under policy ira, since ,r* is the a—optimal policy. Thus,

V~((v,i),ir*) — V ((O ,I1), ir*) is upper bounded by

AVa(w
~i) — V

~
((w ,i), w~

) — V~ ((0,I1),ir~)

> V~((v,i),w~) — V
~
((0,Ii),ir~) 

> 0 . (5.76)

To compute AV
a

(w
~
i), consider the sequences of waiting times out of a

M/Dfl queueing system given by

- aex(0, ~~~ + t2 
- t~~ 1) i - 1, 2 (5.77)

where v~ — 0, v~ — w and (r~) is a sequence of independent and identi-

cally distributed exponential random variables with mean A 1. Thus,

from (5.77) v > ~~~~ — > 0. Furthermore, if ~~~~ — 0, then
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— for n > a. So, using these relations for and the

expression for c’((w,i),O), AV~ (w,i) is bounded by

AV (w,i) < E
~ 

N~
_l

fl{
(2) 

— + (H—i ) (t1 - t2)}
• a n 0

I. 
< Cv + 04—1) (t1 

— t
2

))  E
~~

(N
~
) (5.78)

where

a inf{n: a 0} . (5.79)

Setting a — 0 in (3.152) , E
~ 

(N
e
) is given by

-1K (Ni,) — v + A . (5.80)

Hence using (5.76), (5.78) :nd (5.80), for (w,i) c ([0,”) x (O ,Ii
])

1
— V ((0,I1

),.r~) < lv + 04—1) (t1 
— t

2
)] (w + A )

(5.81)

C Therefore, by (5.11) and (5.81), for all a c (a~,l),

Jv ((w,i),v*) — V ([0,1 ],ir*)~ is bounded by the maximum of L (w) anda a a 1 ci 1

the right side of (5.81) .

Q.E.D

Assumption 3.3 is now verified in the following l~~~a.

, 4,:

L a  5.6

For the Markov decision process (x~,a~) under consideration with

cost function c’(x,a) given by (5.39), there exists an increasing
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$ sequence (a~}, a~ £ (0,1), such that an + 1, either T (11) — 0 or

T* (Ii) ) 0 for all n > 0 and him T exists where

0~ , if T* 
~
1
~~ 

— 0 for all a > 0
T — 

ci (5.82)
~ T (O) , if 

‘a 1 > o for all a > 0

Furthermore, the connected policy ir’ with threshold T ’ (i) given by

T’(i) a ha T~ , i c t0,111 (5.83)

satisfies

— lix sup (1 — a~) V~~
(x,ir

~~
) (5.84)

for all x £ X.

Proof

Since Lemma 5.4 showed the existence of an a* c (0.1) such that,

for all a £ (a*,l), T~(i) is bounded, then there exists an increas—

Ing sequence {a~ ), a~ £ (0,1), such that + 1 and either T~ (I
i
) — 0

for aU n or T(11) > 0 for ail n with the lix T (0) well defined.

Thus, it is clear that T’(.) defined by (5.84) exists, and the

connected policy ii ’ with threshold T’ (i) Is well specified.

Consider the case of T* (I1)~~~O for al1n > O .  Then T’(i) is

given by 
n

T’(i) — lim T (0) . (3.85)
n.+_ n

Using (5.69) f~~ * £ (l~ x [0,’.)),
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(l
~
an)Va (x,

w~) — (M—1)t 1
n 

N
— h a  sup ~ c?(w + t + pD )Ix~, — x)(l—u ) (5.86)

N-’’. a m-O a a am it

n

C
where ir~ is the connected policy with threshold function T~ (i) — T~ (0)

for i c [0,11
] and is given by (5.65). In a similar manner to

(5.71), it is clear that for x c (R1

— (M—l)t
1 

— lix sup N ’ E~.{ ~ (w~ + ta + ~~a 
)f it0 xl

N-.’. n0 n a
(5.87)

• Since the right side of (5.86) represents the a—optimal cost for the

single channel case which by Lemma 3.11 converges to the right side

of (5.87) as n ~~ - ‘., then for x £ (R
1 

a [0,”))

— liii sup (1 — an
) V

i~ 
(x rii~ ) . (5.88)

ii-”. n n

Now it is easily shown that O’(x,tr’) is a constant for all a c X.

Hence using Lemma 5.5 and (5.88) for all x £ X

— h a  sup (1 — a) V~~(x,ir~~)I

~~. ~‘((0,I1,0),w ’) — h a  sup (1 — n~ 
V~~([0,I1,0),ir )I

+ lix sup (1 — a ) ~V (x,w: ) — V~ ((0,11,0),w )I
n-’” n n U fl

— 0 (5.89)

Now consider the case of T 
~
1
~~ 

— 0 for all n > 0. Then

T’(i) • 0 for i c (0 ,11]. Clearly from (5.75) for x £ (5 x [0,’.))

~( 
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j

P where 1. is given by (5.72) and for ii ’ a connected policy with thres—3

hold T’(i),

$ ‘(x,ir’) — lix sup (1 — a) ‘
~~ 

(x,ir’)
n-p” a

— lix sup (1 — a )  Va (x,1r~ ) • (5.90)
fl9’. it it

It is clear that •‘(x,ir’) is a constant for all x £ X. So, using

Lemma 5.5 and (5.90), in a manner similar to (5.89), it is found that

for a c X

— him sup (1 — a~ ) Va (Z
~

W
~~

) • (5.91) )

Q.E.D

Finally, using Theorem 3.2, the average optimal policy is

sstablished.

a
1._S 5.7

Th. policy w’ which satisfies for all x c X

— •‘(x,ir ’) •‘((0,Ii,0),lr’) (5.92)

is given by the policy described in L a  5.6.
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S

r Proof
I

Since by Lemmas 5.2, 5.5, and 5.6, Assumptions 3.1, 3.2, and

3.3 are valid, then the results stated in the theorem follow by

Theorem 3.2.

Q.E.D

Now to verify that ir’ is also a policy a5 which satisfies (5.38) ,

it is required to show, as was discussed earlier, tha t for all x c X

(“(a) is equal to •(x,IT’). The following theorem yields the required

result.

Theorem 5.1

Let the average cost (‘(a) be given by (5.34) and let O’(x) be

given by (5.92) where the policy a’ given in Lemma 5.6 achieves

(“ (a) . Then

C (‘(a) — (“ (a) (“ ((0,11, 0)) . (5.93)

Furthe~~~re, the policy 1r
1 satisfies (5.38) and is the average optimal

J policy for the Markov decision problem with costs c(x,a) given by

(5.32). 
-

Proof

First, it is required to prove that , for all x e X, O(z,ir’) equals

•‘(z,w’). Generalizing Lemma 3.10, it is clear that under a’ the

distribution of x — Cv ,i ,t ) has a 1imiting~probabihity distribution,( it n n
neglecting T~, given by
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p.-

I
F(W,I) — him Pr(w~ <W ~ in < 11x0 a) (5.94)

which is independent of a c X. Furthermore, him E(w
~Jx0 — a) exists,

.

is finite and is also independent of it £ X. So, •(x,ir’) and •‘(x,w ’)

are given in terms of F(W,I) by

•(x,w ’) — f c((w,i),a(w) ) dF(w,I) (5.95)

wE(0,”)
ic[0,11]

and 

•‘(x,ir’) — f c ’((w,i),a(w) ) dF(w,i) X5.96)
vc(0 ,a.) 

•

ie[0,11]

where a(w) is the decision function given by

(1 , if w < T ’ ( i )
a(w) —

(2  , if w ‘ T ’(i) , (5 . 9 7 )

and T’(i) is given by (5.83) and is a constant independent of i.

Now consider the case wher e the threshold T’ (i) associated with

a’ is greater than or equal to zero. Then it is clear that no state

in the region a1 x (0,”) communicates with a state in the region

a [0,”) where and B2 are given by (5.65) and (5.66), respective-

ly. Since from (5.94) the limiting probability distribution is in-

dependent of the initial state , then all states in 
5 

a (0,”) are

transient states and

ii. Px(z~ £ ~~ (0 ,’.))} — 0 . (5.98)
U ”
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L

But for all (w,i) £ R
1

c((w,i),a(w) ) — c’((w,i),a(w)) . (5.99)

Therefore, using (5.98) and (5.99) in (5.95) and (5.97) results in

•(x,ir’) — •‘(x,ir’) — •((0,Ii,0)) (5.100)

for allxcX .

For the case where the threshold T’(i) associated with ir ’ is

0~, it is clear that no state in the region ((0,”) x 11
~ 

x [0,”))

communicates with a state in the region ([0,”) x (0,1 ) x [0,’.)).
C.-

Thus, in a similar manner to the case of T’(i) > 0,

lix Pr{x
n 

C ([0 ,c’) a (0,Ii) x [0,”))) — 0 (5.101)

C
and for all (w,i) £ ([0,”) x 

~
1
i~~

c((w,i),a(w) ) — c ’((w ,i),a(w)) . (5.102)

C-
Hence substituting (5.101) and (5.102) into (5.95) and (5.96), the

following result is obtained:

C •(x,tr’) — •(z,ir ’) — •((O,I
~
,0)) (5.103)

for all x c X.

Now from (5.42) for all a c X, (‘(a) < (‘(a), and from (5.100)

and (5.103) for all a-se X,

(‘(a) — •‘(x ,ir’) a •(x,a’) . (5.104)
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Therefore, for all X C X
)

• ((a) — (‘(x,w’) a ((0,11,0) . (5.105)

Thus, from (5.37) it is clear that a’ given in Lemma 5.6 satisfies

(5.3) and so,

1
• L~,({D~}) . (5.106)

• Hence, equation (3.16) is a valid expression for the delay distortion

relat ion .4(D). Since a’ is a connected policy with threshold

T’(i) — T’ applied to the waiting time, then it is clear that

L
2({D

k
}) — ala

ad! 3

— mm 
— 

L
2 ({D

k
}) (5.107)

Te[[0,”)U(0 )J ir~

where is the connected policy with threshold T. In evaluating

the case of a threshold of 0 corresponds to the case of

— D
2 

and a policy with an arbitrary positive threshold. Thus,

si~ stituting (5.107) into (3.16) results in

— win {L~ ((D.~})} — (5.108)
(D~~0,k—1,2} T
(T>0)

where (D{) and T* minimize L~ ((D
k
}) and D5 is the average distortion

associated with (i)~} and T*. Hence, 4(D) for the tandem channel case

is computed by finding the minimum of a functional in much the same

nner as for the single channel case described in Section 4.1. The
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Jr - functional L ({Dk f l ,  T > 0, is readily evaluated in terms of express—
j L

ions derived in Section 4.3, and the following lemma describes this

relationship.

Lemma 5.8

For D2 and T 0,

• L
~~

({Dk}) - W dF(W) + (t1 + uD1) F(T) + (t 2 + pD
2

) (1 — F(T))

+ (M—l)t
1 

(5.109)

C where tk is given by (5.5) and F(W) is the probability distribution

given in Theorem 4.2.

Proof

The expressions (5.95), (5.96) and (5.99) used in the proof of

Theorem 5.1 are all valid for any connected policy with a non—negative

C threshold. Also, for the case of a positive threshold, it is clear

that c((0 ,i),a(0)) in the integral in (5.95) is a constant independent

of t. So,

a •((O,Il,O), irT) 
-

a f c((v,0),a(v) ) dF(w) (5.110)
wc[0,’.)

where 1(W) , which is given in Theorem 4.2, is the limiting distribution

of the waiting time in the buffer associated with the first channel.
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Now substituting the value of c((w,0),a(v) ) into (5.110) the express-

ion (5.109) results.

Q.E.D

Thus, the delay distortion relat ionship .4(D) for a tandem channel

network is calculated in the same manner which was used for calculating

the delay distortion relationship for a single channel network.

5.2 Properties of 4(D)

The delay distrotion relationship .4(D) for the tandem channel

network defined by (3.13) has the properties which are described in

Section 4.2 for y~(D). That is, .4(D) is a nonincreasing function

of distortion D, and ~~~~ defined in (4.10) is given by

— ~~~ (A ’ C — p
2
) , (5.111)

and is independent of the number of channels.

An additional property which is of interest is associated with

the behavior of .4(D) as a function of the number channels H for a

fixed D. The following theorem indicates that the advantage of using

an adaptive data compression decays as the number of channels in

tandem increases.

Theorem 5.2

For the source and tandem channel network described in Section 3.1,

1 e t C a C f o r a11aand 1 e t D > D 2
~~
. Then
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r p
2 

C~
1 + (.4(D) - .4(D)) < (.4~~(D) - y~~~(D)) (5.112)

where p
2 is the associated protocol information.

$
Proof

Suppose that policy a and diato:tion values D1 and D2, D1 
< D2,

achieve yM(D). From (5.108) it is clear that 11 must be a connected
* 

2

policy and D1 < D. Let T~
({D

k
))
~~l 

be the delay through a tandem

network of Il—i channels when policy a Is used with data compressors

with associated distortion levels of D and D • From the expression

for T
~
({Dk})M given by (3.11), it is clear that

.4(D) — T
~

((D
k

})
~~l 

— (~ (D
1

) + p2)C~~. (5.113)

I
Since the policy ii together with distortion values and D

2 
achieve

an average distortion less than or equal to D, then

* T
~

((D
k

})
~~l 

> y~~
1 (D) . (5.114)

Thus,

$ ‘4(D) — .4~~(D) > [~ (D) + p
2

]C~~ (5.115)

where ~(D) is assumed to be a nonincreasing function of D.

- 
Now from (3.10),

‘4D) - vr1(D) - ~(D) c~~ . (5.116)

C 
So, using (5.115) and (5.116), one obtains
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r - -

r (vr (D) y~~~ (D)} — (y~ (D) — y~ (D)) > p2 c
_i 

. (5.117)

Q.E.D

)

The implication of Theorem 5.2 is that for a f ixed distortion

level as the number of channels in tandem increases, the nonadaptive

data compression scheme approaches and then surpasses the performance )

of the adaptive scheme. This property is exhibited in the following

section with numerical results.

5.3 Numerical Results

To illustrate the degradat ion in performance as the number of

channels in tandem increases of an adaptive data compression scheme

when compared with the nonadaptive dat a compression scheme, the

relevant delay distortion relat ionships are evaluated. The cc uni—

cation system to be .~~~4npd uses the smee models as were used in )

Section 4.5. However, the channel considered consists of M channels

In tandem with all channels transmitting informat ion bits at rate

CE nats] )

delay distortion relat ionship r~(D), for the nonadaptive

scheme , and y~(D), for the adaptive scheme, are evaluated using

(3.10) and (5.110). The quant ity y~ (D) is comput ed following the

procedure. uied in Section 4.3 to co~~ste y~ (D). Figure 5.1 present s

th, difference relationships y~ (D) - r~(D) for various numbers of

channels in tmd s, N. Figu re 5.2 pres ent s the s .  difference
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relat ionships presented in Figure 5.1 with the effects of protocol
t

informat ion eliminated by setting the protocol information p2 equal

to zero.

From the figures it is evident that as M increases the gains

• derived from using the adaptive compression schemes are lost. Also,

the figures indicate that the effects of protocol informat ion on the

relat ive performance of the adapt ive scheme are significant when

there are a large nomber of channels in tandem and the distortion

levels are low. Hence, adaptive data compression schemes lose their

performance advantage as the nii~ber of channels in tandem increases

a. was shown in Theorem 5.2. This is expected since as the number of

channels in tandem grows the transmission delay prevails over the

queueing delays.

5.4 Conclusion.

The delay distort ion relat ionship for a coemunication system

employing a tandem channel network and an adapt ive data compression

scheme was considered in this chapter. The optimal structure of the

r adaptive data compression scheme which achieves this relat ionship

was shown to be identical to the opt thai structure for a single

channe l network. Using the opt imal structure , the delay distortion

relationship was shown to be specified by a minimizatio n of a f~mc—

t ional over a vector spece. This functional was shown to be readily

evalusted using th. results of Chapter IV. Subsequen tly , propert ies

of the relationship were reviewed and .x ples of the delay distortion
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relationship were presented . The .~~~ples demonstrate the rate at

which the performance advantage of the adaptive data compression scheme

versus the non—adaptive scheme is lost as the number of channels in

tandem increases.

:

• __________



CHAPTER VI

CONCLUSION AND SUGGESTIONS FOR FUTURE RESEARCH

6.1 S~~~ary and Conclusion

In this dissertation the coding of sources under a fidelity

criteria was ~~~~1ned for a class of sources which emit randomly

occurring messages • Such a class of sources is ployed to model

information carrying processes entering a cosmunicat ion network. They

differ from the normal models of sources found in informat ion theore—

tical studies , since the latter are generally assumed to emit messages

on a regular temproal basis. For such a class of network sources , the

rate distortion function , R(D) , was evaluated , and source coding and
C

converse source coding theorems were proved . From these theorems

a new operational definition of R(D) in terms of message qu.ueing

delays, and transmission delays was determined. This opera t ional
I

definition is observed to constitute a natural extension of the

usual operat ional definition of R(D) . Furthermore , it relates R (D)

to the massage delay in the network , which is an important performance
I

measure in the evaluation of ccsmunL.ation network . .

Then for this class of sources an adaptive data compression scheme

was presented and th, d.lay distortion relat ionship, which forms the
$

trade-off betwsen message delay in the co~~~nicat ion network and the

distortion level, was studied . This adaptiv, data compression sch~~~

utilizes observations of the network congestion to determi ne the mount
I

of compression a ssag. receives, with the obj ectiv, of minimizing the
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P message delay for a given distortion level. Using results from Markov

decision theory and extensions , which were derived in the dissertation,

of Markov decision theory to nondenuserable state spaces and un-

bounded costs func t ions , the structure of the optimal adapt ive data

compression scheme was determined for tandem channel networks.

Following the establislisent of the structure of the optimal scheme,

a queueing analysis was performed for the cosmun icat ion system which

utilize , a tandem channel network . From this analysis the delay

distortion relat ionship was shown to be expressible in terms of a

minimization of a functional over a vector space . Numerical resul ts

were presented to demonstrate that for low distortion levels the

adaptive data compression scheme is an effective means of reducing

the message delay obtai ned by nonadaptive schemes. Further more ,

numerical results have demonstrated that as the number of channels

in tandem increased the advantages of using the adapt ive scheme

versus the nonadaptive scheme diminished .
I

6.2 Susgest ions for Future Research

Several possible directions for future work will now be indicated.

In this disser tation , for a class of sources which emit random ly

occurring messages, a source coding theo rem wa. proved using message

block codes. As was entioned in Chapter II , a source coding theorem

could be proved for this class of sources using block source coding

procedures which employ the encoding of a block of durat ion T of the

realization of the source. Investigation of message block codes

and t ime block codes, in terms of performance and complexity, would

1$. 
)
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be worthwhile. Furthermore , extending the coding theorem for message

block codes to convolutional codes would be of interest as well.

Related to adapt ive data compression schemes, f urther studies

are needed to extend the results presented in this dissertation

to more complex data compression schemes and more complex networks.

One such problem is the determination of the opt imal structure of

the decision policy for adaptive data compression schemes employing

more than two data compressors.

Furthermore, in this dissertation, novel techniques were de—

1• - rived, based on Markov decision theory, to answer questions concerning

the existence of optimal decision policies . These techniques seem

to be applicable to other queueing systems employing adapt ive con—

trols such as the multitude of flow control procedures in cosenuni—

cation networks. Investigation of such applic at ions employing the

techniques derived here would be important and highly rewarding.

I

1 ,
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I
APPENDIX

SOLUTION TO INTEGRAL EQUATION

The integral equation (4.24) introduced in Section 4.3 is

considered in this Appendix. In Section A.1, the general form of

the solution to integral equat ions of this type is found . In
r

Section A.2, the specific forms related to the integral equation

(4.24) are then developed. Finally in Section A.3, these specific

forms are used in the calculation of terms required in the evaluation

of the mean waiting t ime.

A.1 General Solution to the Integral Equation
~ c The integral equation (4.24) can always be written in the

following form:

N tx—c
C(x) — 

~ ai z~ (x) — b j G(y) dy , x > T (A.l)
i—l —

~~

where

0(x) — 0 , x < T , (A.2)
C

zj (x) are integrable functions, and a~ , b , c, and T are real valued

numbers. Now consider integral equations of the form

G1(x) — zi(x) 
— b 1x—c 

~~~~~ 
dy , x > T  (A.3)

where

C~(x) — 0 , x < T (A.4)

_ _ _ _ _ _ _ _ _ _ _  - - 
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for i — 2 , 2 , ..., N. Clearly , by substitution into (A.l)

N
0(x) 

~ 
ai ~~~~ 

. (A.5)
i—i

Hence, the solution to integral equation (A.3) needs to be investigated.
)

The following lemsa provides a solution to this integral equation .

Lei a A.l
3

Let 0(x) satisfy

rx’c
C(x) — z (x) — b J 0(y) dy x > T (A.6)

where

0(x) — 0 , x < T , (A.7)

z(x) is an integrable function and b, c, and T are real valued num—

bers. Then

[(x—T)/cJ
0(x) — 

~ 
dr
(X) (A.8)

r-O

where (x] is the largest integer less than or equal to x , and dr (x)

is given by

(z(x) , if x > T
d0(x) — {

, if T < x  (A.9)
1

and for r — 1, 2 ,
tx—c

— b J d~_i(y) dy , if x > T + rc
T

r 0 , if x < T + r c  . (A .10)
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Proof

For T < x < T + c, clearly

0(x) — z(x) — d0(x) (A.ll)

satisfies (A.6) . Let i > T and assume for all x < ~c, (A.8) is the

solution of (A.6). Then substituting -(A. 8) into (A.6) , 0(i) is given by

• ~~—c ((y—T)Ic]
- 

- G(~ ) — z(i) — b J ~ dr (Y) dy . (A.12)
T r-O

So, interchanging order of integration and st~~ation in (A.12) ,

[ (i—T—c )/c] ~‘i—c0(i) — z(i) + (— b J d (y) dy) . (A.13)
r0 T r

Using (A.9) and (A.lO) in (A.l3), it is clear that

[ (i—T) /cJ
G(~ ) — ~ d (i) . (A.l4)

r-O

Hence, by inductio n on ~ the result (A.8) is proved.

Q.E .D

A.2 Specific Solution to the Integral Equation

In the solution of (4.24) , three integral equations of the form

(A.6) need to be solved. The following le as solve these equations

using the results of L e a  A.1.

Le~~a £,2

Let G~~(x) satisfy

— 1 — 11k ~ G~~(y) dy , x > T (A.15)
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)

where G~ (x) — 0 for x < T and Uk, tk~ and T are positive numbers .
k

Then
[(x_T)/t k l (_Uk (x — rt k ))

if x > T
T r—O r i

C (x) -tk 0 , if x ‘ T • (A.l6) )

Proof

• Let dr (x) be as in (A 9) and (A ,,lO) with z(x) — 1. Then

( 1  , if x > T
d0(x) — {

(0  , if x < T . (A.l7)

Assume

(
~u (x — r t. ))~k K i f x > T + r t kd ( x ) —  r

0 , if x < T + rtk . (A.18)

Then from (A lO)
f x—t ( u k (y — rt k ))

~~~~ iT 
r i dy, if x > T + (r+l)c

d~~1(x) —

0 , if x < T + ( r + 1 ) c . .

(A. 19)

Performing the integration in (A.l9) results in

(
~uk (x —

if x > T + ( r + l ) c
d Cx) — (r+1) t —

0 , if x < T + (r+1)c

(A.20)
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• Hence , by induction for r > 0
r(—Uk(x — rtk))

r ! , if x~~~T + rc
d (x) —

0 , if x < T + rc (A.2l)

and applying Lenna A.l ,

T [ (x—T)/t I
(x) — ~ k d (x) (A.22)

i r 0

which gives (A.16) upon substitution of (A.2l) into (A.22) .

Q.E.D

• L e a  A.3
TLet G~

(x) satisfy

U T 0
— G~~(x) — ~~ J 2 C~ (y) dy , x > T (A.23)

where G~(x) — 0 for x < T , G~ (x) is given by (A.l6) and v2, t 2 
and T

1
are positive numbers. Then

T (mit1] ~G0(x) — ar (
~~ 

(A. 24)
r 0

c where

((x—rt )/ t  I (—u ) r (_
~ )

V (x—rt —vt ~~~
1. (r9v) t ‘ 1 —

~T(x) ..

(( x—T)/t2 1 r v r 
I
(x_T_,t

I
)

%3Iv CT —

C—u 1) C—u 2) 
~~~~ 

(UI,) ! (r—ió !

, if rt1 ‘ T .(A.25)
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Proo f

Substituting (A.16) for C~ Cx) in (A.23), G~(x) is given by
1

(mit) r
T ~ (—u1(x — rt 1)) rx—t 2 T0 (x) • — p., 0 (y) dy , x ‘ T. (A.26)

r 0  r 1T

Clearly, CA.26) is in the form of (A l) whose solution is given by

(A.5) in the form
3

(m/ t1)
G~(x) — ~ G~(x) (A.27)

r—0

where CT(x) satisfies

T (—u (x — rI~1)) r 
f~~~2 T— rI — u2 ~ Cr~~

) dy , x > r t 1.‘msx(T,rt )
CA. 28)

Consider two cases, T > rt 1 and rt1 < T. For the first case of

T > r t 1, let d~(x) be as in (A.9) and (A.10) with

— rt1
)) T

z Cx) — — r I • (A.29)

Then )
r— rt,))

£ .1 , if x > r t
— 1

0 , if x < r t 1 (A.30)

and by repeated us. of (A.10)

1~8



* (_U
1)r ~~~~~ (x — rt 1 —

1 (r+v) ! , if x >  rt1 + Vt
2

d (x) —

0 , if x < rt1 + vt2 .(A.31)

Applying Lemsa A.1

((x—T)/ t
2J

• d~(x)
v-0

[ (x - T) /t 2 ) (_U
1
)r (~~~~~)

V Cx — rt1 — 

vt 2)~~~
— (r4,) t (A.32)

for T > r t 1.

For the second case of rt 1 < T, let d~(x) be as in (A.9) and

(A. lO) with

2 (—u 1(x — rt 1)) r
(A.33)

Using the binomial expansion , z2(x) is given by

z2(x) — (~~) r 
uL(CX ,

T)~~ (T~
; T

~l~ . (A.34)

So,
r T) ’~ 

(T — rt )
(_U

1) r !  - 
(r—u)! i f x > T

d,~(x) -

0 , i f x < T  (A.35)

( 1

and by repeate d use of (A•10)
x - T - v  ~ (T

d~(x) • (.~~ )r ( ) V
~~~~~
( 

~~~~,
2
”

) 
~ir::~t . (A.36)
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Applying L .a A l  to (A.28) ,

I
(( x—T)/t 2 J

~~(x) } d~(x)
v-0

((x—T)/t 2) 
r v r Cx — T — vt2)”’ (T — ut1)~~’~• 

~ C—u
1

) C—u 2) 
u~O 

Cu+v)! (r—u)!

(A. 37)

for rt1 < T.

Q.E.D

L. A.4 2

Let C (x) satisfy

C~(x) • e~~ — u2 Ce(y) dy , x > 0 (A.38)

where C5
(x) — 0 for x < 0, and 7 , u~ and t

2 
are positive ni~~ers.

Than 

r )r—v

C — 

! (...N )r{(_ 7) —r 
~~ 

2 
— 

Cr—,)! (_7) V)

, if x > 0

, j f X < 0.

(A. 39)

Proof

Let dr (Z) be given by (A.9) and C A b )  where

sCm) — e~~* . (A.40)

I
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t
.

Then
&

, if x > O
d0(x) —

0 , if x < 0  (A.41)

C 
and by rep eated use of CA. 1O)

—A (x—rt 2) n Cx—rt )
T—V

(_U 2)r {(.4)—r 
C — (r—v) t (_7) V}, if x > r t 2

• v—i

drCx)•

0 ,i f x < r t 2.

(A. 42)

Applying L e a  A.1, C5(x) is given by

[x/t 2]

t 
G~(x) — I d (x) . (A.43)

( r—0
t

Hence , upon substitution of (A.42) into (A.43) , (A.39) results.

Q E.D

To insure the proper normalisation of the solution of (4.24) ,

various limits of the functions G~ (x) , G~(x), and C Cx) defined ine
L .— A. 2, A 3 , and A.4 need to be determ ined. The following 1’

determine the limits by using the final vslue thsor of Laplace

transform theory.

L.~~~ A.5

- Let C~ (z) bs givem by (A.16) wher e • • ..

2
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—At 2 CA.44)

.ndA t 2 < l .  Then

AT
- iim~~Am 0T e

C Cx) — 1 — At 2 
(A.45)

Proof • 3
Let be the Laplace transform of eAX G~~ (x). So, using

(A.16)

(
~~T/t 2 I (_ACx_r t _T))T A (x—ra 2—T)

u(x—r t 2—T))8
T (s)_ e AT L{ 

~ r! C

r 0

• —X (x—rt 2—f) r ~ (z—ra 2—T)
• •

AT 
~ L{( r ! ~ u (x—rt 2—T)} (A.46)

r-0

where u(x), (4.83) , is the wiLt step function at zero. Using the

Irelationship

— £)r ~~~~~~ u(x — A)} — ~~ 47)
(s — A)

in (A.46) , results In

.TC5 A ~ —st~~r- - 
(—A. . ~~

/

• — (A.4$)—st 2s — A + l e

low, fro. the final value th.or of Laplace tran sforms ,
)
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~Ax C~~ Cx) - ~~ 

~~~~ 
• (A.49 )

So, using (A.48) and l’Hospita l rule in (A.49) ,

AT
11* ~Xx 0T (x) — . (A .50)

2

L e a  A.6

Let G~ (x) be given by (A.25) where

—At
U i X e  I (A.5l)

and At 2 < 1. Then

T T 2 1  T T
lim e7(*(C0

1 (x) — G0
2 (x)} • I CL 1 — L 2) (A.52)r r

where

1/ C l — A t 2) , if T < r t 1
T

• r r (—A (T—r t3,))” A~T—rt1)

J0 C t — At 2) 
C if rt 1 < T  (A.53)

-• 

and T1 < T
2.

Proof
T T

Let Cr 
2 Cx) be given by

203
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T1T2 
— ~~‘(x) — ~~2( )  CA.54)

T T
where ãT(z) is given by (A.25). Furthermore , let ~ 1 2~~~ be ther T T  r
Laplace transform of 1 2(z). Then , from (A.24) , the Laplace

transform of •
7m ö

TlT2(x) ~s given by

T T • T T
L(e~~(G ~(x) — ~ 

2(x) )}_ I 1 2(e) . (A.55)C C r_O r 3

Taking the Lapl ace transform of ~
)m c 1 2  (x) and interchanging the

order of su ation and transformation in the resulting expression and

using (A.47), e
T1T2(.) is given by

0 , i f T 2 < r t 1

— 1
—s(rt1+vt2) 

— 

A(T 2—rt 1)

(s-A)

r —s( T24n2) CT — rt )r_u

T1T2 
• U 0  (._X)

1
~~~

1
~~~
Il (r—u) t if T1 < rt1 < T2

~ 
r — ( Art1~—.vt2) 

~(T1
_~~~1)r_

~I —T1(s—A) •

~~~~ ( A )  r u

CT2 — rt1) —T2(s—A)~
— 

(r—u)1 • , if rt 1 < T 1 .

(A.56) 
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Exchanging the order of st ation in (A.56),

0 , if T2 < rt 1

• r —art1 r —T 2 (s—A )
(—A ) ~e 

— 
e

s_A+A e 8t2 ~ (5_7 )
T u 0  ( 7 ) U

r—uCT — r t )  —Art
* • 

2 1 e 1 
, i f T < r t < TT T  (r—u) t 1 —  1 2

Ô Cs) —

(_A) r e
_ r t

~ ~ ~ ~(T1 — 

rt1)r~~ —T2 (s—A )

s_A+A e~~t2 u”O (s—A )” I (r—u) t e

CT2 — 
rt1)~~

”. —T2 (s—A)
— (r—u) l e , if rt1 < T1 . (A.57)

c
Now, from the final value theorem of Lap lace transforms and (A.55) ,

T T T T
bin e

)IX
(G0

1 (z) — C0
2 (x) ) — Un s L(e~X (G0

I (x) — GC
2(x)))

e-’O

• TT
— 1 2~~~ (A.58)

s4 0r 0  r

C But from (A; 32) and X’ Hospital rule , 

T
11* 8r’ 

2 (e) i —~~t (Lr’ — Lr
2) (A 59)

where L~ is given by (A.33) . So, substituting (A. 59) into (A.38) ,

it is clear that

bin e~~ (C ’(x) — G:
2 (z)) — 

(T2/t1] 
— . (A.60)

Q.E.D
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L a a  A. 7

Let Ge (z) be given by (A. 39), where

—At2 (A. 61)

and At 2 < 1, Then

urn e~~CG (x) — c—AT Ge (X — T)) — — ~iT (A. 62)
2

)
where T > 0.

Proof

From (A.39)

CXZ Ce x — 0—AT C~ (x — T))

E x/t 2] 

~ — 

r (—A (x — rt 2)) ’~~~ A(~—ft 2)

r 0  1 v—i (r—v)

(z—T/t 21 r (—A Cm — rt — T))X V  A( x—rt —T)
— ~l — I (r—v) I 

2 1 .

(A.63)

Let ~~(s) be the Laplace transform of (A.63) . Then by interchanging

the order of si at ion and transformation in the expression for Ô~(s)

and using relationship (A.47) , ~~(s) is given by

~~~ (~~) — 
~~ •

2~L — ~ (~~~ )~~‘ (1 — e 5T)
• r0 v.0

• ~~~~~~~ (1 — •::~ 
. CA.~~ )

s ( s _ A + A e  2)
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p

Now, from the final value of theorem of Laplace transforms and

I l’Hospital rule,

lim e~
x (Ge (x) — ~~~~ Ge(X — T)) • h i s  a

x~~

—AT
1 — A t  

. (A.65)
2

Q.E.P

- t

A. 3 Terms In the Evaluation of the Mean Waltifl& Time

In the evaluaticn of the mean waiting time in Theorem 4.3, it

is required to evaluate the limits of specific functions. The

following l~~~as provide the limits to these functions .

& L e a  A.8

Let C~ (x) be given by (A.l6) and let
2

H~~(x) — y d(eAY G~~ (y) ) (A. 66)

with At2 •c 1. Then
B

I At 2
~~~

11* HT ( )  — 
AT

1 r __ + 2 
2~ ‘ 

(A.67)
~~:— — At 2 2(1 — A t2) /

S

Proof

The Laplace transforn of ~~~ G~ (x) which is denoted Cs) is
t2 T 2

• given by (A.48). Clearly from (A.66) the transform of H~2
(z) is given
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by

L (R ~~(x)) — ~~ . (A.68)

Using the final theorem of Lap lace transform, and (A. 68) ,
)

u n  NT (x) • lii, a L(H~ Cx))
~~~~~ s+0 2

— — him f- ~~ ~
T Cs) ] . (A .69)

s+0 ~

Finally , substituting (A.48) in (A.69) and evaluating the limit in

CA.69), the result CA.67) is proved.

Q.E.D

L .a  A.9

TLet G0(x) be given by (A.24) and let

H:
1 2 Cx) — jx y d(e’7{GG’(y) — 0 2(y)) (A.70)

with Xt2 <1 . Then for T
1
< T

2

TT T2 t1 T T
11* H0

1 2( )  — 
1 —

1
At ~ (h 1 — h 2) (A.71)
2 r0 r

•1)
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C

r where
4—

2r( J. — At 2 )(1 — At 1) + (At 2)2

2 , i f T ’ r t
27(1 — At 2)

hT _
r

A CT—rt )

____________ 

[2 (l—At 2) (TA+u—r) + (At 2) 2 ] e
I ul / 2A (l — At 2)

if rt1 < T

(A.72)

Proof

- 

From CA. 55) , the Laplace transform of e X (G~1(x) — c 2 (x)) is

c denoted I ô ’  2 (~)~ In a similar manner to (A. 68) and (A.69)
r 0

L(H
~
’2 (x)) — - 

~~~~ ~ 

~~~: 

~~

:

T

:s~~ 

(A.73)

bin ~~~ 
2 (z) u4im 5( I Cr’ 

2(e))] . (A.74)
I , s-’O r—0

T T
Then, subsitut ing (A 37) for 

~~~ 
2(,) in (A. 74) and evaluat ing the

limit, (A. ll) is obtained .

Q.LD

0



)
.

L e a  A. lO

Let G~ (x) be given by (A. 39) and let

T1T2 x -~A(T2—T1
)

H~ (z) — J y d(. 
X ( C ( x — T1) — e G ( x — T2)}) (A .75)

with At 2 < l a n d T1 c T 2. Then

T T  —A (T 2 — 1 2) CT — T )  —(At )2 (T — T )lim B Cx) — 2 ( 1 — A t 2) ( l — A t 2J 2(1 — At 2)2

(A.76)

_
From (A.64), the Laplace tra nsform of e~~ (G~ (x) - 

—AT 
Ce(x

~T))
is denoted s (s) . In a si—liar manner to (A.68) and (A.69)

- I  :::~~

2

~~~~ 

— - 

~~~~ 

(5

_

T1

T l

T1(5

~~ 

~~~h7)

lia R  (X) lia~~— { s e  C (s)} . (A. 78)e 5 e

Then, substitut ing (A.64) for 8~(s) in (A.7$) and evaluating the
limit , (A. 76) is obtained .
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