
A D—A035 272 HARRY DIAMOND LABS ADtL~ HL Mt F/S IS/6A NUMERICAL STUDY OF A’~ T1tA _ tZED fliP PROBL(M,(jj)
DCC 76 .1 N CLOOcELTER

UNCLASSIFICD Ct.—TR—1753 NI.

~ G !  ~I~~~i!ui!r-’ 1!

•~~~ii

_ _ _ _





r
_ . u i~ J!L-*~’~ ~~~~~~

1 !

UNCLASSIFIED
SECURITY CLASSIFICATION OF THIS PAGE (~ Ii*, D.i. Hnftes~~ __________________________________

REPORT DOCUMENTATION PAGE READ INSTRUCTIONS
_________________________________________________ BEFORE_COMPLETU4G_FORM

1. RECIPIENT’S CATALOG NUN•ER

, 

~~ 7~~~TR ].783
J 

GOVT ACCEUION NO 

(~j )  
RVEPORT &PE~~QQ$OVEREDh. TITLE (.~d Z.bsUt .I

(A Numerical Study of an Idealized EMP 
~ (

Technical )~~~~~~~~~~i 
r

j~~~~~~lem. J S. PERFORMING ORG. REPORT NUN R

7. AUTI5O~~.J S. CONTRACT OR GRANT NUMSER(.)

~~~~~~ 

)

~~~~. Michael/Clodfelte
j 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

S. PERPORMVNG ORGANIZATION NAME AND ADDREU 10. PROGRAM ELEMENT. PROJE CT S TASK

~~~~~~~~~~ .—~~Re~..&,$~~EMJJw~ ‘Iu~~~rM ~~~Harry Diamond Laboratories DA: J ].W162118AH752800 Powder Mill Road Prog~—~ 1e.: b Z Lf ~~~Adeiphi ,_ MD__20783 
__________________________

II. CONTROLLING OFFICE NAME AND ADDRESS ~~~~~~~~~~~~~~~~~~ ~~~~~
US Army Materiel Development / l Deci~~~~~~~~ 76
& Readiness Command 161WSSEROF PApP_Jh1~~~ 

~~• Alexandria, VA 22333 ______________________

~4. MONITORING AGENCY NAME & AOORES$(U dtU.r ~ ,I ho. CcnIrollM4 OWc.) IS. SECURITY ~~~~~~~~~~~~~~ —r

Unclassified

ISa. OECLASSIFICATION/DOWNGRAOING
SCHEDULE

IL OISTRISUTION STATEMENT (of i~t. Rspccl)

Approved for public release; distribution unlimited.

17. DIST RISUTION STATEMENT (.1 lb. .b.fr.c t .iMo.d hi block 20, II dW.e.e* ft.~~ R.p.c) ~ ~j~
[iE~J.i~)fEflti_LlI

FEB 7 1911

IL SUPPLEMENTARY NOTES ~~~~~ U ~HDL Project : X755E 3 ADRCMS Code: 6l2ll8llH7500
This work was sponsored by the U. S. Army Multiple
Systems Evaluation Proqram.

V 
IS. KEY WORDS (C.WJ.w. —l ,ov.,.I .~d. St n.....a ,~ .,d S*nU~ by block no.b.r)

Runge-Kutta method
Predictor—corrector techniques
Hamming ’s method
Exponential differencing method

M.~MS?MAC1’ 4—~~~~~~~ — —ow— 
.~~~ N - ~~~ ld~~ Sb by bS ok iuo.b.,)

~~~~~~~~ curate results were obtained for the time history of the
electric-field strength between two parallel, infinite, aluminum
plates caused by Compton electrons generated by a transient,
high-intensity , gamma-ray flux. Two numerical methods, Hamming ’s
method and an exponential differencing technique, were used to
solve the resulting ordinary differential equations of the
problem. The two techniques and their results are examined and .,.

OD 
~~~~~

“,, 103 SOflION OP ~ NOV SS IS O~~~~LITE UNCLASSIFIED /(~3 O$~
)

SECIJRI?Y CLASSFICATION or THIS PAGE (
~~~
.i bsta 

~~~~~~~~~~~~~~~ ~~

~.LE ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~ ~y:. 
— — V



UNCLASSIFIED
‘
~~~~ UIIITY CLASSIFICATION OF THIS PASE(I~~ D.co ~~ S..s

r ~~cmpar.d , and it is set forth that the exponential differencing
method provides a more efficient solution to the ordinary
differential equations of the type involved in this problem.

I

_ I

2 UNCLASSIFIED
SECURITY C~ *SSIPICAY1ON OF THIS PAS((~~.S O~~ ~~Iuis



~•~ w’~—-~- ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ .~--,-—.——.———-——.— ,. _~~~,•,

FOREWORD

0

The Army Multiple Systems Evaluation Program (MSEP) is a
colçrehensive program developing general analytic techniques
for the prediction of high-electromagnetic—pulse
vulnerability and hardening technology and for the
application of these techniques to a list of critical
systems. The analytic techniques have been verified for a
large class of tactical systems. The hardening techniq ues

• have be.n applied to specific systems and are now resulting
in product i~~rovs nt programs leading to hardened
equipment in the field.
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1. D~~~~cUC’rIoN

This effort was written under the sponsorship of the Multiple
Syst Evaluation Program (MSEP) which has as its main objective to
harden Army tactical syst~~~ to the exoatmospheric electr omagnetic-pulse
(~ 1P) threat. Along with this major objective , the )~ EP is also tasked
with the aim to develop experimental and analy tical evaluation
techniques that are applicable to all systems’ proble ms . This work
illuminates several numerical techniques that can be used to solve
ordinary differential equations that might arise in making _—I
vulnerability assessments for tactical Army systems. Therefore , the
cbj ective of providing analytic methods is satisfied .

A study was undertaken to expand upon the results obtained in a
paper by Wyatt1 and to investigat, and compare two numerical techniques
In solving ordinary differential equations that occur in an EMP problem.
It was cosiduct.d with the pur pose of refining the previous
calculations • 1 The numerical techniques .sployed are fair ly standard
mst1~ ds, but whereas Wyatt was concerned only with approximate
solutions, this work deals ~a(siiy with the specific numerical techniques
used in the solution of the problem. An analysis of truncation errors
was ~~~1oyed to deal with the accuracy of th. solutions that better
solidifies the results. The thoda utilized were the
predictor—corrector technique known as H A I  ng ‘s method and an

• exponential diE ferencing method that was developed by Pope.2 
~~~~effort doss not att~~~t to explain the physic, of the problem or the

• derivation of the ordinary differential equations. This material is
fully detailed by Wyatt.’

In the following sections, some general c~~~ents are made concerning
• ~~ ige—Xutta solutions and prsdictor-corrsctor solut ions of ordinary

differential equations . The two techniques employed in the solution of
the problem are d.scrilied fully, along with a discussion and comparison
of the results . At the end , some conclusions are made concerning the
results and the numerical methods that were used.

F. wyat t , Internal IMP Strength and Tins D.pendai c. ibr an
Idealised p roblem, Report 1994, U.S. Arng ~~bi1ity Equipment Research
and D.v.Zop3ait Center, POrt ReZvoir, VA (P.brusry 1971) .

2 .vld A. Pop., An 1x~~i.ntia1 N thod of Numerical Integration of
Ordinary Differential Equations, Conmuni cat 1 aria of eli. ACM. 6, No. 8
(August 1963) , 491—493.
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2. GENERAL PHYSICAL P~ DBLEM

The problem that was dealt with was the determination of the time
history of the electric-field strength between two parall.l, infinite,
aluminum plates caused by Compton electrons generated by a transient,
high-intensity, g~~~a-ray flux. The ordinary differential equations
that are solved are a result of the application of Poisson ’s equation to
the free char ge that is the spatially distributed current of Ccmpton
electrons . Since the conductivi ty of th . air is significant , Poisson ’s
equation is sodified by Ohm ’s law, which relates the air conductivity,
electric-field strength, and conduction current. In the case ezemined
here, methane was used instead of air . and it was found by Wyatt 1 that
methane reduced the peak electric-field stren gth . The resulting
ordinary differential equations to be solved are

+ 3M. N5(O).rtE( t) ~~~~~~~~~~~ 

, ~ < (1)

( + ~. N~ (t )E (t ) — t ~ 0 ,

where

1(t) is the electric—field strength,

q is the electronic charge,

k is the electron mebility ,

a is the permittivity of free space .

is the free electron density ,

r is the sodel par smster for ga a-flux rate history ,

is the Compton electron current density.

1 f ,~ F. Wyatt, Internal W Strength and Tine D.p.nd.nc. f or an
Idealised Problem, Report 1994, U.S. Army Nobility Equip ment Research
arid Development Center, POrt Je.Lvoir, VA (Pibru ary 1971) .
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• 1  
_ _3. JdnIGE-KzYrTA AND PREDICTOR-CORRECTOR MET1~~DS

When att ~~~tinq to solve ordina ry differ ential equations
numerically, two well-known methods , the Rungs-Kutta technique and the
pr edictor-corrector technique, are often employed to find the solution.
Depending on various constraint s such as time, computing funds
available, accur acy , and stability , there are accompanying advantages
and disadvantages to both methods • Thus, before examining }l*iI~ ing ’ s
method in the solution of equations (1) and (2) , a few general remarks
concerning fourth-ord er Run ge-Kutta solutions and fourth-order
predictor-corrector methods are made to give some background and
rati onale for the techniq ue utilized.

It is generally recognized that predicto r- corrector methods are more
difficult to code than Runge-Kutta methods. However , although
Rungs-Kutta • techniques are more straightforward, predictor-corrector
methods provide a much easier analysis and examination of errors and are
generally much faster . lbr example, the evaluation of f (x,y) (i.e.,
dy/dx - f(x ,y) ) is usually the most time-consuming part of solving
differential equat ions, and fourth-order Run ge-Kutta methods require
four evaluations of f(x,y) per step, while fourth-order
predictor-corrector methods require only two evaluations of f (x,y) per
step . This means that the fourth-order predictor-corrector methods are
generally nearly twice as fast as fourth-order Runge-Kutta techniques.
Thus , the evaluation of errors and the speed of computation are two
compelling reasons 

• to use predictor-corrector methods instead of
Runge-Kutta methods . However , since predictor-corrector methods are not
self-starting and Runge-Kutta techniques do have the self-starting
capability, Runge—Kutta methods are quite useful in generating starti ng
values for the solution and may be used to change the interval between
steps when desired . This usefulness makes Runge-Kutta methods an

V 

indispensable tool in using predictor-corrector techniques . Therefore,
• a combination of these two methods, (1) the Runge-Kutta to determine

starting values and change the per-step interval and (2) the
predictor-corrector to actually solve the differential equation and
analyse the errors involved, gives a technique that is highly desirabl e

• in computing the solution of ordinary differential equat ions .

4. HAIOIING ‘8 METNOD

Since H~meing ‘ s method is not self—starting , the Runge-Kutta
techni que was used to star t the solution. This involves writing the
differential equation as

ft —
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and then finding

— f(xj.yj)h ~

k2 — f(xi + 
~~~~~

, y
~ 

+ ,

k3~~~f(x~~+ )h 1 y~~+ 1~k2)h

— f(x~ + h , y~ + k3)h

where h is the desir ed increment step size • Once these values are
computed for a particular increment , Csy is calculated by

— + ~~2 + 2k3 + k~ ) ,

and then

This proce ss is continued until the desired number of starting values is
obtained. In Hamaing ’ s method , three values from the Runge-Kutta
technique are used to start the solution process.

~~ce the starting values have been determined from the Runge-Kutta
technique, the general procedure for ff~~~4 ng’ s method is used , as is
dons by most predictor-corrector techniques. This procedure is
illustrated by the flow chart in figure 1. The specific formulas used
in f l 4 i ~g ‘s method and shown in figure 1 are as follows :

Predictor: y~~~ — ~i~3 + 1!~(2yj - + 2y~~~) .

(j+ 1) 1 3h/r (j) l ’
~~rrectors y

~~ 1 — - Y1....2) + 
.~i+lJ + 2y~ -

‘Pruncation error : 
~ ~fr ~’~+i 

~~ 

Y.~~ ] ,

where h is the interval stmp size .
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In applyi ng Bameing ’ s method or any predictor-corrector method , one

most be cautious about the number of iterations of the corrector. To
let the iteration of the corrector continue for any length of time would
defeat one of the main reasons to use predictor—corrector methods , speed
of computation. It is an advantag, to know when to stop iterati ng the
corrector. Therefore, it is reasonable to require that any error made
by not iterating the corrector to convergenc e be email when compared
with truncation and roundoff errors. Generally, truncation errors
affect the solution of differenti al equations and cause instabilities
more than roundoff errors; hence, in predictor-corre ctor techniques ,
only truncation error is considered. With the above point in mind , the
following procedure was used to estimate the error incurred by not
iterati ng the corrector to convergence. After each corrector iteration ,

Ci) ’ ( i—i ) ’5 j JY -y

was computed and compared with a convergenc e fac tor , C (C in fig . 1).
The value c was ch4,sen 80 that if tSj  < € , then terminating the
iteration with (~1rWj ‘ and y l) would result in an error value of
h2 b2 6 iK , where

h — time step size,

b — for Hameing ’s method,

6iK — 
J~ (i) — ~ (i—1)1 4

• This value, h2b2 6 K , was email when compared with the absolute value ofthe, truncation err~r , i.e.,

h2b26 K c  f T .i n

In all the computer runs ,

h2b26~K — 0

which isa indeed less than the absolut, value of the truncation error inevery instance of the calculations . Also, utilizing this procedure,
only bio it.rat ions of the corrector were required for convergence inmost cases.

12



5. IXPCII~ ITXAL DImMEMCXNG METNOD

The second method used to solve differential t iations Cl) and (2)
was an exponential differencing technique developed by Pope.2 This
method has been shown to have superior stability properties for large
step sizes when dealing with a large class of differential equations .
Hence, this technique may be used with a large step size to decrease
significantly the total computing time for a solution, particularly in
those engineering probl , like ~~~ problems, where high acouracy is
not necessarily needed . However , in this work, the accuracy is a
significant part of the effort , and , as it barns out , the exponential
differsncinq method does provid, precise results , which ar e shown in
section 7. The exponential differencing technique is now described .

Consider

— f(x,y) (3)

with the initial condition y (xe) — y • The exponential difference
equation used to solve equation (3) is ~ivsn by

—2 (4)
v~+1

_ y ~~+ h f + Y ” f1(. Y _ 1 _ h f ~) ,

where

h is the time step size ,

— f + f.f ~ ,

~~~ 
f~ are the partial derivatives of f with respect to x and y. The

truncation error for this algorithm is

T~~1 ~ ~~h3(f~~ + 2f’f ,~, + f2 1f  )

• If the value of Ih~,I is all , at least if f1~~ c 0.1, than in place
of the exponential ~ormu1a, the series form

V 

.

y~,~1 — y ~~+ h f + y ’’ ~~~ k~ 
(5)

21)gvjd A. Pope, An Expon.nt.ial M thod of Numerical Integration of
Ordinary Diff erent ial Equations , Coemunications of tho A~N, 6 , No. 8~
(August 1963) , 491—493.
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is used to avoid loss of significance due to cancellation of terms. In
this case , only a few ter ms of the series are needed; we used only
three. If the value of hf is fairly large , then the exponential
subroutines should be used.

To find the solutions for equations Cl) and (2) using the
exponential differencing method, we let

f( t,E) — — ~~ N (O).rtE , t c 0

g(t,E)~~~~~~”~~~~-~~~~N~ (t )E , t > 0 .  
1 . ~

• The various equations needed to use equations (4) and (5) are now
generated . For the function f (t ,E ) ,  its derivative s and partial
derivatives are

~ ‘~~[~c - ~
t
~e (0)E] ,

— — 3~ N,C0)ert , 

4 ~— c + — . eZ~ J~ - quN,(0)E)

+ ~~ N~ (0)e~rt 
~~ N~ (0) E — 

~cJ’
• ftt

_
~~~~~~t [jc I~~e(0~~] ,

ftg
_ _

~~ L N.(O) rert 
.

The truncation error is

~~~~ ~~~~~~(~J1, - adl,(O)1I] +~~~IL 1I~(0) e2rt [qIi&1S~ (O)I - 
~cJ 1

H 
14
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For th. function g (t ,E) , its deriva tives and partial derivatives are
found to be

— 0 ,

— _ _
~~~ .s ,—U £

where 1I,(t) La described in section 6. The truncation error is given by

m ~~h3~~~ L (qIJIlI,( t ) 1_ J 0]~ .

It is an easy, etraightfcmrd process to code these quantities to
c lculate equations (4) -—

~~ 
(5) • The general procedur . used to soiZe

the esponsntial difference equation is given in figure 2.

1 
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6. NWINRI ~~IL VALUES

Finding the solution of equations (1) and (2) req uired the use of
the same hypothetical nuserical values as applied by Wyatt 1 for the
various constant par ters. These values are as follows :

q l.6 l0 19 C,

N~ (0) — 1.l33 10~~/ce3 ,

ii 2.0 a2/V/s

J (t) — l.34~l0~ )f a2 for all t ,

£ — 8.85.10 2 F~~

r — S.0 108/s

5(0) — 3 697.10k 
~/I

Th• free—electron density, II, Ct) , is given by

IIe(t) — $1~ (0) + St , (6)

whir. t is the time and S is the rats of production of ion pairs per
~mit wolmes and is given the veins

B — S.664.1025/13/s

Sines equation (6) is valid for thene only to 9 us, any solutions for
times beyond this were not possible to calculate • I~~~ver, it wes
possibl. to thtain excellent reselts and make some interesting
comparisons for this restrictiv, ti fr s, which are shame in
section 7.

1w r. U~ett , Thtazaal — at, gth d rime __ an
I~~~1iasd Pt.bl, ~~port 094, U.S. bmp ~~~1Ut~ tquL~~aaL as.ssr ~~
and ~~vs1o~~met C~~t~:, f tzt aelioi:, VA (?i~~~ zy 1971)
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7. RESULTS AND COMPARISONS

Two computer codes were written to solve differential equations (1)
and (2) . Computer code RAMMING was written to solve the equations by
Hamaing ’ a method, and the code EXPDIFF was used to solve the equations
by the exponential differenc ing methods . The listings of HAM MING and
EXPDIFF are in appendice s A and B, respectiv ely.

Although the solutions from HAMMING compare favorably with the
results of Wyatt ,1 the solution s obta ined are considered more accurate ,
since truncation errors are calculated and examined. In table I ,
specific values from Wyatt1 and RAMMING are listed to show the agreement
of the rssults. Regarding these results , nunerous computer runs were

TABLE I • RESULTS CF ORIGINAL AND HAMM ING

Original HAIS(INC

Electric field Elec tric field
Time •tr engt h ,trength

(V/m) (~~t — l.O~l0~~
2 ) (V /m)

—4.0.10 ’ 3.8O~l0’ 3.6970 l0~

—3.O.10 ’ 3.80 l0~ 3.6965•l0~

—2 .O~lO ’ 3.80 l0~ 3.696l l0~

—l.O•10 ’ 3.80 lO~ 3.696O l0~

o 3.8O~ lO~ 3.6959 l0~

5 0•10—tO 3.00~l0~ 3.2l29~l0’

1.0.10 ’ 2.48~ lO~ 2.6259•l0’

1.3.10 ’ 2.l0 l0~ 2.2092 lO~ (
2.0•10 ’ l.85 l0’ l.9l07~ l0~
3.0.10 ’ l.41~ l0’ l.5O93•l0~

4.0•10 ’ l.20~l0’ l.2496~10’ j

l.O0•l0~ 1~0610~10h

6.0.lO~ S.80•l0~ 9.3l32•l0~

7.0.10 ’ I.0O l0~ 8.2648~l0

S.0•l0 ’ 7.40 10’ 1.4296•i0’

7.00•10’ 6.7413•l0’

r. ~~ate, Internal Strength and f L  Dep endence f or an
Idealised P rebl , Moport 1994, U.S. Army Mobility Squi~~~.t ~~~eszch
and Devslopoant Center, ~~rt Delioir, VA (February 1971).

18
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made with different time step sizes , which revealed some interesting
facts. When the time step size At — 1.0.10 10 was used , stability of
the solution was obta ined from 0 to approxima tely 6.5 us, while from 6
to 9 us, the solution became dominated by very large truncation errors
and, thus, resulted in an unstable solut ion over this time frame. Using
the time step sizes At — l.OIl0~’h1 and At — 1.0 10~ 12 did not produce
any stability probl ems during the time frame 0 to 9 ns, and
truncation errors were considerably emaller than for At — 1.0 10

The truncation errors did nc1t~ decrease , however, when the time step size
was lowered to At — 1.0.10 , as they remaine d approximately on the
same order of magnitude. An example of these results appears in
table II.

TABLE II .  HAMM ING ’S TRUNCATION ERRORS FOR DIFFERENT TIME STEP SIZES

Truncation error, for time atep •j zea (At )
Time

~~~~~~~~~ r ~~~~~~~ ‘.t .

0 0 0 0 0

l.O~ lO~~° 0 3.4909.10 ’ _S.6S9O.lO~~~ —l. 2l 23~ l0~~°

0 4.ll06•lO~~ ~l .l3l8 .lO~~~ —6.9272~l0~~’

3.0.l0~~° 0 4.0913.10 ’ —S.l954~ l0~~ —l .2l 23~ lO~~°

4.O•10 ’° 1.9735~10~~ 3.6824•10 ’ _6~9272.10—H _1.3854 .lO~~0

1.0.10— ’ 8.5146.10 2 5.5282.10 ’ — 6.9272.lO~ ’’ —6.06l3~1O~~’

2.O~ lO~~ —1.1649~ 10 ’ —l.5846.10 ’ —5 .I954•lO~~’ —4 .3295 lO_~ I

3.0.10 ’ —l .7558~ lC~~ —3.2038-lt~f’ —6.4942.l0~~ —S .l954~ l0 ’’
4.O~ lO ’ —l.0871•10 ’ — 8.9188•10 ’’ —3.$965~ lO~~~ —2.5977~1O ’’
5.O~l0 ’ —8.4Ol8~ l0 ’ _3 .4203.10 b 0 —2 .1647.1O~~ ~3.O3o6.io~fl

6.0•1O ’ —l. 2692 lO~ —l.6Ol9.lO~~° _3 .O3O6.J0~~2 —3.O3O6.10~~~

7.0~10 ’ —2.3989•l0’ —8.E~ 9O.1Q ’’ —3.463A.tO~~ -~~.0306~ lO ’~

_5.0012.lO 1 G  — 6.4942~10 ’’ ~l.94S3~ lO~~~ —z .ig4i.icr1’

9.0~10 ’ —9.e303•lo” —3.2471~10~~’ ~l.298 .IO~~~ —l.0824•l0~~’

lens interesting occurrences were noted when analyzing the results
of WDXVT. First, UPDXFF was vary simple to cods. Zn fact , because
of the relative ease and simplicity in programeing EXPDXFF, valid
results were abtained on the first oo~~ ztsr run. Second, the results of
E~ DW? ~~~s quite favorable when o mper.d to the results obtained by
Wyatt1 and again are considered more accurate because of the calculation

~~ I’. Wyatt, Internal IMP Strength and r ime Dep endence for an
Idealised Proble , Rep ort 1994, U.S. Army Mobility Iquip .ent R.s.arch
and D v l o ~~~nt Canter , Fort Del voir , VA (P bruary 1971) .
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TABLE III • RESULTS OF ORIGINAL, HAMMING , AND EXPDIFF

Orig i nal HAI~ IING EXPD IFF
E lect r ic  f ie l d  E lec t r i c  f i e l d  E l e c t r i c  f i e l d

Time strength strength strength
(a) (V/rn) At  — 1 . 0 10 2 

~~t — 1.0 10 — 1 2
(V ia) (V/rn)

—4.0 . 10 ’ 3.80 • 10’ 3.6910 • 10’ 3.6910 • 10’

—3.0 • 10 ’ 3.80 . 10’ 3.6965 . 10’ 3.6965 • 10’

—2.0 • 10 ’ 3.80 . 10’ 3.6961 • 10’ 3.6961 • 10’

—1.0 . 10 ’ 3.80 . 10’ 3.6960 • 10 3.6960 • 10

0 3.80 • 10’ 3.6959 • 10’ 3.6959 • 10’

5.0 . 1(~~’° 3.00 • 10’ 3.2129 • 10’ 3.2135 • 10’

l.C, • 10’ 2.48 • 10’ 2.6259 • 10’ 2.6764 • 10’

1.5 . 10 ’ 2.10 . 10’ 2.2092 • 10’ 2.2095 • 10’

2.0 . 10 ’ 1.85 • 10’ 1.9107 . 10’ 1.9110 • 10’

3.0 • 10 ’ 1.47 . ~~~~ 1.5093 . 10’ 1.5094 - 10’

4.0 • 10 ’ 1.20 • 10’ 1.2496 • 10’ 1.2497 • 10’

5.0 . 10 ’ 1.00 • 10’ 1.0670 • 10’ 1.0670 • 10’

6.0 . 10
_ I 

8.80 • 10’ 9.3112 • 10~ 9.3138 • 10’

7.0 . 10 ’ 8.00 - 10! 8.264R . 10’ 8.2652 • 10’

8.0 . 10~’ 7.40 • 10’ 7.4296 • 10 ’ 7.~ 299 - 10’

9.0 . 10 7.00 . 10’ 6.1483 • 10’ 6.7486 • 10’

and analysis of the truncation errors (table III ) . Probably the most
significant aspect of EXPDIFF was the results of comparisons with
H?Jsm~~.

In comparing the codes, several significant points of interest were
revealed. There was a noticeabl e ease in the progra~~ 4v% g of REPDIFF
o~~~ared with the more difficult effort req uired for MIStING . In fact ,
a very generous analysis of this coding effort was that ~~IO4ING took at
least twice as long to code as ZICPDIFP . Although HAISIDIG is generally
considered to give more accurate calculations, EUDIFF yielded results
that were sztr~~~ly close (sometimes exact) to ths solutions obtained
from MIStING (table III ) . - Bowsi or, the most significant result was the
stability of when compared with IIAISIDIG • For the time step
size At — ~~~~~~~~ ~ , the truncation errors wer. approximately the sans
size, am(Mj}t in several c ses where truncation errors from MIStING wars
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an order of magnitude allsr . When the time step size was increased
to At — 1.0.l0 10 , INSIXIUG bec unstable at about 6.5 ns , while
EXPDIFF yielded truncati on errors on the order of lO~~ - for 0 to 9 ns
This 4~4~.4sig is illustrated in table IV. An even more meaningful result
was noticed when considering the large step cia. of At — l.0•1O~~ . For
this step size, !XPDIIF isa stable through 9 ns, since truncation errors
on the order of 10-2 were tolerated . Whereas EXPDIP’F exhibited
reasonable truncation errors for this step size, HAMMING , as expected ,
became ‘tosinat.d by the buildup of truncation errors and , thus , was
unstable. The truncation errors of E~~DIFT for At — 1.0. 1O~~ can be
seen in table V.

TABLE IV. T~ JNCATIOR ER~~ES P0R DIFFEREIII! TESt STEP SIZES
FOR HAStING AND EXPDIPF

Truncation errors at time step Truncation errors_ at time step
size 1.0 • 10~~~ size 1.0•10 ‘‘

Time
(a) EXPDIFF HAM(1t~ EXPDI~ F

0 0 1.4679 10 ’ 0 5.0168 10~ ’

1.0 • io ’’ c 3.9718 10~~~ 3.4909 - 10
_ s 

3.9421 - 10~~

2.0 10 ’’ 0 ‘.1673 10
_s 

4.1106 10
_ s 

6.740 10~’

3.0 - 10 ” 0 8.4422 Zfl~’ 4.0913 • io ’ 8.3.3 10_ I

4.0 10 ’’ 1.9735 • io ’ 1.0322 . 10 ’ 3.6824 • 10
_ s 0.0334 10~~

1.0 10~
’ 8.5146 10~~ 9.7018 10 ’ 5.5782’ S 10 ’ 7.0506 • 10

_ I

2.0 10 ’ —1.1649 10~~ 5.3903 i0~~ —1.3846 10~~ 3.6655 • 10~’

3.0 10 ’ —1.7558 - 10 ’ 3.5640 10
_ s 

—3 .2038 10 ’ 2.2718 10~’

4.0 10 ’ —1.0871 10 ’ 2.6160 10 ’ —8.9188 10~~° 1.5602 10
_I

5.0 10 ’ 4.4018 10 ’ 2.0477 10 ’ —3.4203 10~~ 1.1436 - 10
_ I

6.0 10 ’ —1.2692 10’ 1.6749 - 10 ’ —1 .6019 10_I’ 8.7743 10 ’

7.0 10 —2.3980 • 10~ 1.4142 10 ’ —8 .6590 10~~’ 8.9648 10~~°

8.0 10~’ — 5.0072 10’’ 1.2230 • 10 ’ —6.4942 1O~~’ 5.6760

9.0 10
_ I 

—9.8303 10~~ 1.0775 10 ’ —3 .2411 10 ’’ 4.7242 ’- 10~~’

21

ma 
—

-
- - ~,L -



TABLE V. E~~DIFF TRUNCATION ER1~)RS AT TESt S~~~ SIZE 1.0

Time (a) Truncation errors

0 8.7131 -

1.0 • 10~’ 2.1944 10~’

2.0 • 10 ’ 5.1673 - 10~~

3.0 • 10~’ 3.4598 • 10~

4.0 10
_ I 2.5851 • 10~~

5.0 10 ’ 2.0672 . 10~

6.0 10 ’ 1.7226 • 10_a

7.0 - 10~ ’ 1.4766 - i0~ 2

8.0 - 10 ’ 1.2920 . 1O~

9.0 - 10 1 1.1484 • 10~

¶ i

B. cOncLUSIONS

With regard to the comparisons made between the predictor-corrector
routine HAMMING and the exponential differe ncing method EXPDIFF, there
seen to be two compelling factors that make the exponential differenc ing
technique superior . First , the ease and simplicity of the progr~~~ 4?~g
effort required for EXPDIFF far outweigh the more complicated coding
york needed for HAMMING. Second and pr obably more important , the
stabilit y properties of EXPDIFF are excellent , whereas the solutions
calculated by HAMMING became dominated by truncation errors during the
time frame examined for particular time step sizes. This stability
property is best exemplified by the large step size (1.0. l0~~) that can
be used with relative assuredness of accurate results. Thus , this
stability factor represented by the reasonable truncation errors of
~ CPDIFF far outweigh the somewhat smaller truncation errors of HAMMING .
Therefore , considerin g the ease of progranmting and the stabilit y
properties , the exponential differenci ng method provides an efficient
and reliable solution to the differential equat ions involved in this EMP
problem and is strongly recoimnended for solving other differential
equations of this type .
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1(t) Electric-field strength

a Permittivity of free space

Ct) Compton electron current density

Electron sobility

I1
•

(t) Free electron density

q Electronic charge

r I~ d.l par~~~ter for g~~~~ flux rate history

s Pate of production of ion pairs per unit volume

t Tias

j 23
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APPENDIX 1.--COKPUTER CODE HAMMING

This appendi x contains a complete listing of HAMM ING .

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
_ _ _  
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DISTRIBUTION

( DEFENSE DOaJMEwrATIOtl CENTERV CAME~~ N STATION, BUILDING 5
ALEXANDRIA, VA 22314

ATTN DDC-TCA (12 COPIES )

~CMMANDER
USA RS~H S STU GP (EUR)

I
I: YPO NEW YOR1~ 09510

ATTN LTC JAMES H. RENNEDY , JR.
CHIEF , PHYSICS S MATH BRANCH

I COMMANDER
US A~~Y MATERIEL DEVELOPMENT & READINESS COMMAND
5001 EISENHOWER AVENUE
ALEXANDRIA, VA 22333

ATTN DRXAM-TL, HQ TECH LIBRARY

I
USA A~~AMEW? c~O~AND
~~CX ISLAND, IL 61201

ATTN DMAR-ASF, FUSE DIV
ATTN DMAR-RDF, SYS DIV DIV - PUZES

1
USA MISSILE & *JIIITIOIU ~~~IT!R £ SCHOOL
~IT~1I! ANEU~ L, AL 35509
A~~ Am-C’I’D-r

MA~~~ DIMIOI LANORAT-ORIRI
A~~V ~~~~~QO*, ThOMAS, COL, C~ MANDING

cITIczP/PLYIR , I.N•/LANDI*, P.R.,
1011CR , 1./OSMALD , ft. I.

ATTN CART-U, W.V., DR. • ACTING T!CIUUCSL
DINEC’I’05/lS~~~5, 5.1.

ATTN ZIJUCL, 1., 10
ATTN Ch IEF. 0021
ATTN CHIEF, 0022
A~~~I CHIEF, LAS 100
ATTN CHIEF, LAS 200
ATTN ChilD , LAS 300
ATTN CHIEF. 11.5 400
ATIW CHIEF, 11.2 500
ATTN CHIEF, LAS 600
ATTN CHIEF, DIV 700
ATTN CHIEF, DIV 800
ATTN CHIEF, LAS 900
ATTN CHIEF, LAS 1000
ATTN DCO50 COPY, VI 041
AITN IEL LIRRANE (3 COPIES)
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