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Preface

The intent of this study is twofold: the first intent is to satisfy
the thesis requirement at AFIT; the second intent is to design and evaluate
an extended Kalman Filter which, by incorporating the dominant dynamic
effects on a non-thrusting missile, can provide an improved prediction and
estimation capability for the missile tracking task.

The project was sponsored by the Laser Analysis Group of the Avionics
Laboratory, Wright-Patterson AFB, Ohio.

I wish to express my appreciation to my sponsor, Captain J. Gary Reid
of the Avionics Laboratory, for his responsiveﬁess to inquiries and as-
sistance in filter formulation, and to Professor Max Mintz, of the University
of Pennsylvania, for his encouragement and assistance in developing the
truth model. I would also like to thank Major P. Sproul and Professor
Calico for their helpful comments and corrections while reviewing this
text. I would especially like to thank my advisor, Capt;in Peter S. Maybeck,
for the latitude which he allowed me in attacking the problem, and for the
time which he spent assisting me in several problem areas.

Finally, I would like to thank my wife, Marty, and daughter, Christina,

for their understanding and support during the completion of this thesis.
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Abstract

An extended Kalman Filter is developed to aid the tracking of an air-
to-air missile from a maneuvering target aircraft. The filter exploits
knowledge of the dominant dynamic effects acting on a missile that is non-
thrusting and utilizing a proportional navigation guidance scheme, i.e.
accelerations due to aerodynamic forces. It is designed to provide both
dynamic tracking estimates in a local inertial frame and estimates of the
proportional navigation constant and another pertinent parameter.

A feasibility analysis of the filter is conducted. Its performance
is compared to a more conventional filter that utilizes a first order
Gauss-Markov random process acceleration model. In addition, an evalua-
tion is made of the filter's capability to recover from large initial
errors in state estimates.

The study establishesgf ~feasibility of the modelling approach.

The estimates provided by the designed filter are, in general, less sensi-
tive to system measurement noises. The filter performance is trajectory
dependent, however, and the requirement for a higher order missile model
wi;hin the filter system model is established (a zero-order model was used
to develop as simple a filter as would provide adequate performance).

The results of the study strongly suggest that the navigation constant
can te estimated by the filter. The recovery analysis provides additional
insights into the filter's ability to estimate this parameter. It gives a
general indication of the effects that varying the initial variance and
noise strength (on the navigation constant channel) have on the tuning and
recovery characteristics of the navigation constant estimate. A graphic
filter analysis is included that portrays the estimation accuracy and

recovery characteristics of the filter.
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APPLICATION OF AN EXTENDED KALMAN FILTER

TO AN ADVANCED FIRE CONTROL SYSTEM

I. Introduction

Background and Motivation

An ever increasing amount of research effort is being directed toward
the air-to-air engagements of missiles and aircraft. An area of particular
interest is the defensive capability of the target aircraft. While most
current defensive measures are passive in nature, it is possible that an
active defensive capability could be developed to increase aircraft
survivability. One of the decisive factors in such a system would be the
ability of the aircraft's fire control system to track a maneuvering
target accurately. This report concerns itself with the development of a
Kalman Filter to aid the tracking of an air-to-air missile from a maneuvering
target aircraft (the tracker).

Several works have been accomplished in the general tracking area
(Refs 3 and 10). In most cases, in order to simplify filter implementation,
the tracking algorithms have been implemented in the line-of-sight frame.
However, this does not appear to be an appropriate choice of frames for a
multiple target, multiple sensor scenario. In such cases, it is highly
probable that a transfer alignment would be required to combine the input
data available and then route it to a femote tracking platform. Such a
scheme would be computationally cumbersome if several line-of-sight frames
were involved. Therefore, it is highly desirable that the tracking filter
provide state estimates and predictions in a local inertial/stationary
frame. Two other concerns that result from the multiple target scenario

are identification of target type and knowledge of target status. Most

1
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previous works in the tracking area have not specifically addressed these
latter two areas.

The primary concern in these works has been the accurate modelling
of missile/aircraft dynamics and kinematics. One approach has been to
model target acceleration as a first order Markov Process. This model is
widely used and has given satisfactory results in several studies. It
provides for random, but time correlated acceleration of the vehicle being
tracked. By a proper choice of process noise strength and time correlation,
the first order Markov model is descriptive of a wide range of targets
(Ref 10:326). While the model is generic in nature and appears particularly
attractive for a maneuvering aircraft (i.e., man in the loop), it disregards
available information in the case of several state of the art air-to-air
and surface-to-air missiles.

The kinematics of most missiles are determined by a guidance package
implementing proportional navigation, Easy implementation and high
reliability make this form of guidance extremely attractive. In the linear
case, with both the target and missile of constant velocity, proportional
navigation is an optimal solution to the intercept problem. Several works
have been accomplished to develop optimal guidance schemes for the more
practical nonlinear case (Ref 14). In general, these schemes have been
too complex to implement. In several cases, the form of the optimal solu-
tion approximates the proportional navigation solution - a time varying
proportional navigation constant is one such approach.

Proportional navigation commands a missile turning rate proportional
to the rate of change of the line-of-sight angle between the missile and

target:

Y = nb (1)
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where ;m = rate of change of missile heading, Ym

n = proportional navigation constant

§ = rate of change of the missile-to-target line-of-sight angle, 6,

relative to an initial missile line-of-sight frame.

The implementation of the guidance law is discussed in greater detail in
Chapter Two. In addition to utilizing proportional navigation, many
current missiles are "boosted to mach" and then coast to intercept. For
many of the current generation of missiles, then, it can be assumed that
they are using a form of proportional navigation and, for a large segment
of their flight time, they are non-thrusting.

These two characteristics provide additional information that may not
only improve the estimation and prediction capability of the tracking
filter, but provide a means of predicting missile identification and status.
The two dominant affects on a non-thrusting missile using proportional

navigation are the deceleration due to drag and the lateral acceleration

due to commanded acceleration.
a, = nVcé (2)
-1 osme . + c IV (3)
o UGS po © “p1’'m

where a, = missile lateral acceleration due to 1lift
Vc = relative closing velocity along the line-~of-sight
a, = missile acceleration due to drag
p = air density
S = reference surface area
m = mass of missile

CDo = coefficient of zero-lift drag

3
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cDI = coefficient of induced drag

Vm = missile velocity.
Equations (2) and (3) model the total acceleration for the assumed
missile conditions. The fact that gravity is neglected is discussed in
Chapter Two. In addition, the equations embody three coefficients, namely
CDI’ CDO’ and n, that could, if they themselves are accurately estimated,

provide missile identification and status.

Statement of the Problem

The problem is then to design a Kalman Filter to

(1) provide desired state estimation and trajectory prediction capa-

bility in a local inertial/stationary frame,

(2) determine the feasibility of utilizing Equations (2) and (3) to

model the acceleration of a generic tactical missile adequately,

(3) determine the feasibility of obtaining accurate estimates of the

constants in Equations (2) and (3) or some other parameter
related to them, and

(4) evaluate the estimation and prediction capability of a Kalman

Filter that includes the additional information provided in
Equations (2) and (3).
As part of the filter formulation, appropriate models of the three unknown
parameters need to be proposed and validated.

In addition to the filter containing the unknown parameters, a second
filter is formulated. The purpose of this filter is to provide a bench-
mark against which the first filter is compared. The second filter utilizes
the first order Markov Process model for missile acceleration and comes
esgsentially from the filter design presented by Landau (Ref 6), Both of

the two filters are Extended Kalman Filters due to the nonlinearities

4
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resulting from inertial models of several states and line-of-sight measure-
ments.
Development of a "truth model" for the engagement scenario is another

component of the problem. The truth model is a development of missile

parameters and dynamics, target parameters and dynamics, and system kinematics

and uncertainties. It is the "best model" of the real world in that it
includes as many effects as possible, regardless of the resulting system
complexity. The truth model is exercised in a computer simulation to pro-
vide nominal trajectories for analysis of the two filters. The nominal
trajectory is a deterministic (reference) trajectory that starts from a

known set of initial conditioms, gn(to), and propagates according to
x (8) = £lx (£),u(r),t] ()

where fjgn(t),g(t),t] = a known function of the arguments

§n(t) = nominal reference trajectory

u(t) = deterministic forcing function

t = time.
Associated with the nominal trajectory is a sequence of nominal sampled
data measurcments, gn(ti). The filter utilizes the nominal measurements,
corrupted by an additive white noise, as input measurements.

The final aspect of the problem is a Monte Carlo analysis of both
filters over a nominal trajectory. The nominal trajectory chosen is
representative of a moderate amount of missile maneuvering. The two
filters are tuned against this nominal. Both filters will also be exercised
against a "high-g" trajectory of the missile to demonstrate the sensitivity
of the filter to the various extremes of missile maneuvering. It will also

establish whether further tuning of the filter is required.
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Organization

This thesis consists of five chapters. Chapter One outlines the motiva-
tion and background for investigating a more complex tracking algorithm.
The algorithm exploits additional knowledge of the missile and models the
three unknown parameters - proportional navigation constant, zero-1lift drag
coefficient, and induced drag coefficient - as additional states or as a
function of the other system states. Chapter Two develops the system truth
model and presents the assumptions made in the engagement scenario. Chapter
Three introduces the basic Extended Kalman Filter Equations and presents
the formulation of the two specific filters investigated, The development
of the unknown parameter models are also included in this chapter, Chapter
Four introduces the Monte Carlo analysis utilized. In addition, the tuning
process and problems encountered in the tuning process are discussed in this
chapter. Chapter Five discusses the graphical and numerical results. Having
demonstrated concept feasibility (at least partially), several suggestions
are presented for future studies of interest. The appendix contains por-
tions of the filter development, the graphical results, and the description
and computer listing of each of the computer programs developed for this

study.
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II. System Truth Model

Introduction
This chapter develops the realistic models of the missile, target,
and engagement geometry. The models developed are simulated on a digital

computer to provide nominal trajectories for the Monte Carlo analysis of

the Extended Kalman Filters. The system models should represent the dominant

dynamics and nonlinearities of the engagement scenario, and yet be repre-
sentative of a wide spectrum of tactical missiles. The model is divided
into several components, as shown in Figure 1. The remainder of the sec-
tions in this chapter will develop each component in detail. It is impor-
tant to note that the primary objective of this report is to describe and
analyze the dynamics and motion of an attacking missile. The missile sub-
systems and dynamics will, therefore, be modelled in much greater detail
than other truth model components. Prior to discussing the individual
components, however, the assumptions that have been made in the development
of the model are presented.

Assumptions. Both the missile and target aircraft (tracker) are
assumed to be point masses. In addition, measurements of the tracker
dynamics are assumed to enter the filter algorithms as deterministic, noise-
less inputs. Navigation systems that are currently available in aircraft
have errors that are second or lower order effects when compared to errors
in the measurements of missile dynamics. Therefore, this assumption
greatly simplifies the system model, but does not affect model integrity.

All motion is assumed to occur in the horizontal plane (i.e. constant
altitude) and gravity drop is ignored. These assumptions allow for simpler
modelling of certain system parameters. The model could be extended to

include the three-dimensional, altitude varying case if more detail were

7
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desired. However, the increased model complexity is not required to achieve
the objectives of this thesis. It is further assumed that meteorological
effects can be ignored. This assumption appears reasonable since the time
period of the engagement is short, both the missile and target are in the
same air mass, and finally because the magnitudes of meteorological effects
will in general be second order in comparison to missile and target dynamics.
Other assumptions that are peculiar to a particular model component will be
discussed in the applicable section.

Certain sections that follow are largely developed in (Ref 13). The

appropriate sections are referenced at the end of the section.

Missile Seeker

The missile seeker serves the two functions of measuring target motion
and of tracking the target with the antenna device. The system generally
consists of a gimballed platform with the seeker antenna and rate gyros
mounted on it. In the planar case, only one gimbal and its associated
dynamics need be considered. The specific case of a radar seeker will be
considered, but the principles could be extended to infrared or optical

seekers.

Measurement Geometry. The fundamental measurement obtained from the

homing sensor is the indicated angular position of the target relative to
the antenna center line or boresight. The line-of-sight (LOS) angle or
its rate of change, is the fundamental quantity used in a proportional
navigation scheme. As depicted in Figure 2 the LOS angle, 6, is the angle
between a line from the center of the seeker antenna to the target, and

some arbitrary non-rotating reference frame.
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Figure 2. Seeker-Radome Geometry

The angle between the missile center line and the non-rotating reference

line 1s defined as em, and the angle between the missile center line and

antenna centerline is en. Therefore, 8 is given by

f = em + en + ¢ (5)
or solving for ¢

€E=0 - Om - en (6)
we have a relationship for the boresight error. It is important to note

that the boresight error is a function of both missile attitude relative

to inertial space and antenna position relative to missile center line.

10
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To get the desired measurement of 8 or é, as opposed to an inertially

1' stabilized seeker head, it is necessary to remove the missile motion from
the LOS measurement data as measured by the missile guidance package.

One requirement of the seeker antenna is that it continues to point

at the target in order to keep € small. For small e, the boresight error
is nearly linear. However, if the boresight error is not small compared
to antenna bandwidth, the error processing operation may become nonlinear.
If € is allowed to approach the half bandwidth of the antenna, the receiver

detection unit will at some point lose lock and all guidance information

will be lost. The nonlinearities involved are functions of the particular
detection scheme used. It is assumed that the tracker is capable of keep-
ing the boresight error processor in its linear region.

Aberration Error. The aberration angle error is the result of non-

linear distortions in the received energy as it passes the protective
covering over the antenna. The distortion produces a false boresight error

signal, €', which is interpreted as target motion by the guidance system ;

of the missile. As depicted in Figure 3, the indicated boresight error

|

P
[
|

with aberration error present is

' = - -
€ 6 + er Om On (7)

T W R T

The size of the measurement error, er, depends upon the orientation of the

antenna relative to the antenna cover. The dependence of er on en couples e

L e Ll | ol

{ body motion into the boresight error signal ("parasitic attitude loop").

T

This effect can drastically alter missile response characteristics and

increase missile miss distance.

T
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Figure 3. Effect of Aberration Error

Aberration error can be a nonlinear function of several error sources:

i
i
1

the angle between missile centerline and LOS to target, physical and geomet-

ric properties of the antenna cover, polarization of the received signal, f
" and erosion of the antenna surface during flight. Since the contributing
| error sources have wide ranges of variation, this research uses a constant

aberration error slope model. The linear model is appropriate for a generic

missile model and captures the dominant affect of body coupling. The linear

model for the general aberration angle characteristics is given by ’

o™ Sy V00~ O IR (8)
4 ..~'\
where erb is an aberration error angle bias and kr is the aberration error V'i_

slope. Substituting this expression into Equation (7) yields s &
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In the above expression, the boresight error bias has been considered

negligible relative to the other errors present.

; i avtennal  t SIGNAL |e' |1 B :
— ———
_)? COVER z PROCESSOR T MEASURED
WS . LOS RATE
~
TRACK
1 i1 LOOP
S S
8
“ SEEKER
8 . < RATE |STABILIZATION
m DYNAMICS EKER RATE
BODY RATE COMMAND

Figure 4. Seeker System Block Diagram

Seeker Track and Stabilization Loops. Figure 4 depicts the seeker

system block diagram. The constant-%— scales the indicated boresight
error to obtain the desired rate comm;nd for the guidance system. The
stabilization dynamics are typically comprised of a gimbal servo and rate
gyro and has a very wide bandwidth. The track loop commands a gimbal rate
proportional to measured boresight error. The loop attempts to drive bore-
sight error to zero, thereby causing the antenna to track the target.

Assuming unity gain for the antenna cover, signal processor, and stabiliza-

tion dynamics, it is seen that

“T+er, i
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For w <-%—, the indicated boresight error is proportional to the LOS rate.
1

This is the desired relationship for classical proportional navigation.

In the steady state case with 6 a constant, it can be seen

R ™ 115' (11)

max
If 12 is sufficiently small in this relationship, it will be possible to
keep €' in the linear range of the received beamwidth.

The importance of aberration error is demonstrated in Figure 5 and

the relationship

el
CH 5 1+ 1.8 (12)
m

From this it is seen that the LOS rate, é, is corrupted by a term propor-
tional to the body rate, ém' The body rate is a function of commanded
acceleration, and the loop that is formed can have a destabilizing effect
on the missile. Note that if kr = 0 in Figure 5, the contribution of body

rate cancels at the second summing junction.

ABERRATION ERROR BORESIGHT ERROR 8'
¥ + e! 1
8 1+k =
& MEASURED
LOS Angﬁ - 3 pir e
TRACK
1 1 LOOP
8 S
éﬂ
: # GIMBAL RATE
= -’(b‘+

Figure 5. Seeker Model Plus Track Loop
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The relationship between the measured LOS angle and measured LOS rate

be determined from Figure 5 by defining

' = -
) a1+ kr)e krem

and noting that

e' =0' - 8"/s

Substituting the expression, €' = rlé', for e¢' and solving for 8'/e"

(15)

The measured LOS angle, 6', is depicted in the truth model diagram as the
input to the seeker module. It is corrupted by an additive random measure-

ment noise. The noise component is discussed in a later section. (Ref 13)

Missile Guidance

Before discussing the proportional navigation guidance scheme used in
this study, it is important to note the distinction between '"navigation",
"guidance", and "control" systems. As defined by Blakelock (Ref 2), the
navigation system automatically determines the position of the vehicle
with respect to some reference frame while the guidance system generates
the necessary command inputs to the control system to keep the vehicle on
course. The control system, made up of the airframe and autopilot, controls
the motion of the vehicle. The missile modelled in this study performs

both the guidance and navigation functions, using the initial LOS frame

for both purposes.
15




3 The operation of the guidance component consists of filtering the

noisy measurements to command the missile lateral acceleration. A system

3 using a constant bandwidth low-pass filter and having a fast measurement

rate can be characterized as an analog on-board signal processor or high
rate digital unit.

The output of the noise filter is a band limited representation of
the LOS rate. Classical proportional navigation develops a lateral
acceleration command for the missile normal to the LOS, proportional to

the LOS rate, given by

n'v
SR e T
2 cos(ez - 98)

a (16-a)

where 62 represents the missile lead angle and n' is a coefficient related

S s
cos(ez - 8)°

The term cos(el - 0) is included in the above expression since the velocity

to the proportional navigation constant of Equation (2) by n =

vector and LOS of the missile may not be coincident. Since the missile
acceleration is developed normal to the missile velocity vector, it is
necessary to use the term cos(ez - 0) to increase the acceleration so that
the projection normal to the LOS will be proportional to the LOS rate, 8.
However, if the guidance law functions properly, 6 will remain small and
ez will be relatively small in addition to being well approximated as a
constant. The result is that the cos(el - 0) factor can be considered
constant and can be combined with n' to form a redefined proportional
navigation constant, n ({.e. Equation (2)). Therefore, in this study the
value of "n" will remain constant unless it is changed by design.

In general, the navigation constants used by current missiles are
in the range of three to six. The exact value of the constant is usually

based on a tradeoff between line-of-sight rate noise and acceleration

16
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saturation (Ref 2). As noted previously, some optimal schemes employ forms
of the basic proportional guidance scheme. In addition, there are propor-
tional navigation plus bias and proportional navigation plus dead space
schemes that have been implemented. The guidance scheme in this study is
classical proportional navigation. The assumed model for the guidance

component is depicted in Figure 6.

3 1 ] . x
—l ¢ —>

Figure 6. Guidance Law

Airframe/Autopilot Dynamics

The missile model adopted is based largely on the work done in
(Refs 11, 12, and 13). The model that is simulated is a generic model
of a cruciform, air-to-air missile employing a proportional navigation
guidance scheme. The model assumes second order air frame dynamics and
first order actuator dynamics. It also implements an adaptive autopilot.
Consideration of an adaptive autopilot is realistic in view of current
interest in such systems. The model used is depicted in Figure 7. It
is assumed that the missile is non-thrusting during the time of interest.
As indicated in the thesis introduction, this is not overly restrictive -
particularly in an air-to-air missile scenario. Addition of thrust to the
model would also add additional complexity to identifying the unknown
parameters. Prior to analyzing the dynamics of the missile, certain
additional assumptions are made.

Assumptions. For the purposes of the autopilot design, it i1s assumed

that the control surface 1ift force is a linear function of control surface

17
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deflection angle, §, and independent of angle of attack, a, as in Figure 8.
It should be noted that in (Refs 12 and 13), linear techniques are applied
to a nonlinear model since "experience has shown that the resulting auto-
pilot response characteristics with the nonlinear airframe, are closely
approximated by the linearized response characteristics near the given
nominal conditions, for a properly designed autopilot" (Ref 13:A-16,A-17).
Unlike the models used in these references, however, the model in this study
allows for velocity change as a function of aerodynamic drag. In additionm,
the study in (Ref 13) also assumed a constant center of mass and center of
pressure. These restrictive assumptions have been removed to allow a more

realistic depiction of system characteristics.

INERTTIAL AXIS

BODY LONGITUDINAL AXIS

Figure 8. Geometrical Definitions of Yaw Plane Variables

Airframe Dynamics. By utilizing a cruciform missile, the pitch and

yaw dynamics are identical, and the roll control system is primarily for

stabilization. By looking at the planar case and by employing small angle
approximations to remove nonlinearities, the following equations of motion

result:




3 | a(t)

a(t)

8(t)

a(t)

o where M ,
q

q(t)
a(t)
§(t)

V =
m

= qu(t) + Maa(t) + MGG(t)

= q(t) - La(t) - L8(t)

= -A§(t) + Au(t)

= =V_(a(t) - q(t))

Ma’ MG’ La’ and L6 are stability derivatives and
= pitch rate

= normal acceleration

= control surface deflection

missile velocity

7)

(18)

(19)

(20)

a(t) = angle of attack

T
«:. 1
3
!

u(t) = control command

1/X = actuator time constant. o

\

The stability derivatives can be expressed gnalyticallxﬂinfiérms of aero-

o s

-

.fi dynamic coefficients, airframe pq;ameférs, a};spééﬁj and dynamic pressure
v;} by the relations L : e
|

o o
. — -
®. S A

4 -

7 —

3 ! /f = %"(
_} | /’/ q 2 yy m ul

.4’/
- /’
P

(21-a)

(21-b)

CN6 (21-c)
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where
'E = dynamic pressure I
Iyy = moment of inertia about pitch axis ‘

S = 1ifting surface area

d = characteriftic length of the missile
CMG = moment coefficients 1
a’:CNG = normal force coefficients

m = mass of missile.
The moment coefficients and normal coefficients vary as a function of the
missile Mach. In this study they are approximated by a cubic curve fit of
the plots for the appropriate coefficients of a generic missile. In addi-
tion to the coefficients in Equations (21-a) through (21-e), the coefficients

of zero-1lift drag, CDO’ and coefficient of induced drag, CDI’ need to be

modelled. The sum of these terms yields

Cp = Cpo * Cpp (22)

where CD is the total coefficient of drag. This expression can be written

in the equivalent form

CD = CDo + KCL (23)

where CL 18 the coefficient of 1ift and K is equal to the inverse of the

partial derivative of the coefficient of 1ift with respect to the angle

21
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of attack (approximately equal to the inverse of the partial derivative

of the normal force coefficient with respect to the angle of attack), i.e.

K ]

. .CL CL (24)
La Na

The small angle approximation employed above is explained later in this

chapter. Equating the right sides of EquationvaZZ)’Eﬁd (23) and putting

in the expression for K yields ~
"‘""

e o

- G = C/C

DI = L'“Na 4 G

The coefficient of lift, CL’ in the above expression is found by using the
definition of 1ift

: Ma, (26)

where L is the lift developed and M is the missile Mach. Recall that a,

ies the lateral acceleration of the missile. Again a small angle approxima-

tion has been made. Solving for CL yields

c, = ——;’- 27)
oSV
m

The coefficient of zero-1ift drag is approximated for a generic missile

using the expression
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where M is the missile mach number. Using the above relationships and the

definition of drag force on the missile, D,

1 2
D > pSCDVm (29)

the coefficient block of Figure 1 is simulated as depicted in Figure 9.
The coefficients are held constant over the individual integration intervals
of the simulation along with target and missile velocity/Mach.

The remainder

of the parameters in Equations (27) and (29) were given values from a generic

el - S e i

gl i 3 o e
’ .
als il AP SRI S SRS -

missile.

MACH 1
MISSILE COEFF. 1
CURVE FITS A
Cho 2 | ¢
S D 2
CDO + 2 pSVlll
¢ Na
Na C
N 8
2m P
pSV
g
AV 4 az + am T vm &
AIRFRAME -3 > 5 —

’

Figure 9. Determination of Missile Coefficients

By neglecting actuator dynamics and setting the actuator feedback gain,

h3, equal to zero in Figure 10, the determination of the airframe parameters

’ 23
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most important for establishing the autopilot feedback gains is greatly

: simplified. This is justified when the actuator response characteristics

| are much faster than those specified for the autopilot. This simplifica-

tion implies that, A = =, and u(t) = §(t) in Equation (19), and that the

g equations of motion become

; %
aw)| M w7 Fae)] w7
= + 8(t) (30-a)
; a(t) L Ll late) -Ls
; 5(t) = ~hja(t) - hya(t) + kv(t) (30~b)
a(t) = -v_(a(t) - q(t)) (30~c) ’,

where k represents a varying input gain and v(t) is the input command
acceleration. By use of Laplace Transforms, it can be shown that the
closed loop poles are the roots of 1
h.M_. - h VmLSMq - (Mq - La)

134 2

s
1+ hZVmLS

p(s) = 32 +

(—hl-hzvm)(LaMa —MGLa) — ngpa = Ma

+ - (31) |
1+h,V L

i, b iR R
e i it M o 3

Under the assumption that the actuator dynamics are negligible, the domi-
nant poles of the missile response are those associated with the airframe
dynamics. For the second order model this response 1s determined by the

damping ratio, Z, and undamped natural frequency, w, in the relationship

25
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p(s) = o & 2zws + w° (32)

By equating terms of like powers in Equations (31) and (32) these expressions

can be solved for the feedback gains, hl and h2 as
-L [M S o +w2+(22;w+M)(-}-4£+M)
o o L§ o q’ ‘Lg q (33)
h, = M
i § 2
MG(ME - L5 La + w’) + (Mq + 2;m)(L6Ma - MGLa)
oo 3
LGMa(La - 2tw - Mq) + M6[La(25m - Lu) - w - Ma]
h, = T (34)

§ 2
VmLG[MG(Mﬂ - E;-La + W)+ (Mq + 2Cw)(L6Ma = MGLa)]

Finally, by specifying ¢z and w and having the stability derivatives
evaluated, the closed loop poles of the autopilot can be determined. For
this study ¢z was set equal to 0.707 and w equal to 7.07 rad/sec. A damp-
ing ratio of .707 results in a minimum settling time for a second order
system. In addition, these values for the damping ratio and natural
frequency are realistic values for a missile with pitch-rate and accelera-
tion feedback. (The values for both quantities tend to be much lower for
a missile having no autopilot (Ref 12:D-3).

To achieve a unity closed loop autopilot gain (i.e. lateral accelera-
tion of missile equals acceleration commanded), one final parameter, the
input gain, is develc:2d. Looking at the steady state solution for the
case in which the commanded acceleration, as equals ong the value of k

is adjusted to make the lateral acceleration, az, equal one. This gives

the expression for k as

26

T R TR - SOS——




(35)

At this point the airframe dynamics and autopilot component blocks have
been completely specified as functions of the appropriate dynamic and design
parameters. Physical systems, however, are subject to structural and
instrument constraints. To account for these real world constraints an

acceleration limiter with a value of *15 g's is included in the truth

model. As will be noted in the simulation, the limiter will not be exer-
cised. This is true for this study only and would not be the case in cer-

tain encounter geometries.

: System Noises

This section models the random noise components of the system truth
model. As depicted in Figure 1, four separate random noise sources are
considered in the system truth model: missile seeker LOS angle noise,
tracker LOS angle noise, range noise, and range rate noise. The noise input
into the seeker creates an error in the missile commanded lateral accelera-
tion, while the three measurement noises create tracking errors in the

tracker system. It is important to recall that, in the case of the tracker,

perfect tracking is accomplished by the servo system. The noises that
actually corrupt the four physical measurements are themselves a complex
mixture of individual system disturbances. For the tracker angle, range,
and range rate noises, Ref (3) classifies the various sources of noise

as radar-dependent tracking error, radar-dependent translation errors,
target-dependent tracking error, and propagation error (Ref 9:326,373,
400). Ref (13), however, categorizes the noises according to their
dependency on missile-to-target range. This study will consider the noise

types to fall into three categories: 'glint", "scintillation", and "thermal" §3;
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noise. This approach is consistent with, and includes, the salient features
of the references cited in this study. A description of the various noise
types follow.

"Glint". Glint is defined in this study as angle scintillation, as
opposed to amplitude scintillation, to be discussed subsequently. It refers
to the disturbances in apparent angle of arrival of the return signal due
to interferences (i.e. phase distortions). Physically it represents the
wandering of the apparent center of the radar reflection. As pointed out
in (Ref 1), the center of reflection may at times lie well outside the
physical limits of the target (Ref 15:47). The importance of glint is
readily apparent, in as much as a large, abrupt variation in measured
radar angle will be interpreted as a change in angular velocity of the
target.

It is found that a first order Gauss-Markov process, i.e. the output
of a first order lag driven by white Gaussian noise, provides a good curve

fit to the ensemble statistics of the glint spectrum. This model proves

suitable for both large, slow moving and small, rapidly moving targets.
The modelling difference in the two cases lies in the proper choice of lag
time ;onstant and signal strength of the input white noise. In additionm,
however, glint is dependent on both range and target aspect angle. In
general, glint will vary inversely with both range and the instantaneous

cross section of the target. The effect of varying aspect ratio is the

appearance of large spikes in the spectral density at points of phase dis-

continuities. A model for the spike characteristic is developed in (Ref 15).
However, for the purposes of this study, the glint will be modelled as a
simple first order Markov Process. It will be assumed that it is inde-
pendent of both range and aspect angle. This approach is taken in view

of time and computer constraints. By assuming a point mass missile, the
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latter assumption is reasonable. The range assumption is reasonable for
the missile noise since the missile seeker is in general a passive or
semi-active system. In either case, the noise can be justified as range
independent (Ref 13:A-14). Therefore, the strength of the input white
noise for the glint model is assumed to be constant.

"Scintillation". Scintillation, or more specifically amplitude

scintillation, refers to amplitude distortions of the received signal.

In general, scintillation is directly proportional to range (i.e. decreas-
ing signal-to-noise ratio). For the ranges considered in this report, this
dependence can be eliminated since the amplitude of received signal will
not vary significantly. Two additional features of scintillation should
be noted. First, it is also dependent on the target aspect angle.

Ref (15) states that the phase and amplitude distortions due to aspect
angle are negatively correlated. As in the case of glint, however, this
effect is not modelled for the assumed point mass. Secondly, the frequency
spectrum of the scintillation can be assumed to be identical to that of the
glint spectrum (Ref 1:290). This allows for a "lumping" of the glint and
scintillation spectrums into one first order Markov Process.

"Thermal". The final noise component to be considered is the thermal
noise. This form of noise is generated by the background of "black body"
radiation - both environmental and receiver noise. A good example of this
form of noise is "shot noise" in electronic tubes. Thermal noise is in-
versely proportional to the signal-to-noise ratio, which in turn is in-
versely proportional to range. It is characteristically modelled as a
white noise over the bandwidth of the systems considered (Ref 13:A-11).

The assumed model for this study is a white Gaussian noise of a constant
strength. While this model neglects the effect of range dependency, it

should not seriously degrade the results of the study.
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Based upon the above descriptions of the noise types, all four of the

system noises are modelled as the sum of an exponentially correlated

Gaussian noise added to a Gaussian white noise. The correlated portion

b s g se )

of the noise models the glint and scintillation error components while
i the white noise source represents the thermal component. The summing
& of the noise types to achieve the total noise for each system noise is
| based upon the statistical description of the various noises as completely

uncorrelated with each other. It has been found in practice that this

s T

assumption is valid (Ref 1:324). Using the range measurement noise as an

example, each system noise can be described by an autocorrelation
s o2 abellem 2
E{ng (E)np (t + 1)} Og/s® + o5 8(1) (36)

where o:/s = gtrength of glint/scintillation noise corrupting the range

AR AR
AR

: measurement

.3 2 0% = gtrength of thermal noise corrupting the range measurement.
Table I 1ists the standard deviation, o, and correlation time, T, for the
various system noises. The values of the noises are obtained from a
composite of figures received from AFAL and the values used in (Ref 15).
The values of the individual seeker noiée components were determined by

using the one sigma values from (Ref 5) as the total noise strength and

» o <
4" AR RN

using the same ratio of thermal to glint/scintillation strength as found
in the tracker angle measurement channel.

Noise Generator. Each of the eight components of noise was produced

using a call to Subroutine NOISE (see Appendix C). The essential gro—

cedure is to generate a unit variance Gaussian noise and to multiﬁiy it'

by the strength desired. For a white noise the strength is 02, while

30
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for an exponentially correlated noise the strength of the input white noise

is equal to 2)02 where A = %u (Ref 9:345)

o

Table 1 j

Strengths and Time Constants for Measurement Noises
MEASUREMENT (o T v j
eus(radians) .
THERMAL .003 = '
GL/SCINT .000894 .1(sec) :
ST(radians)
THERMAL .00126 -
GL/SCINT .00168 .5(sec)
RT(feet)
THERMAL 11.7 -
GL/SCINT 10.0 .5(sec)
. 4
RT(feet/sec) |
THERMAL 7.0 -
GL/SCINT 4.242 1(sec) .
1

g

Missile-Tracker Kinematics

Three reference frames are used to describe the dynamics of the engage-
ment scenario. The first of these, the initial missile line-of-sight frame

(IMLOS), is instrumented by the missile guidance equipment to accomplish

target intercept. The second and third frames are the tracker inertial
frame (I) and tracker line-of-sight frame (TLOS). Both the TLOS and I
frame are used in determining tracker/missile kinematics. The tracker %
measurements, taken in the TLOS frame, are used to update the tracking i g
filter algorith, while the desired outputs of the filter algorithm are f 3 S
coordinatized in the I-frame. The motivation for using two tracker frames ;

was given in Chapter One.

]

&
Initial Missile Line-of-Sight Frame. Both the motivation for, and £,

|
development of, the IMLOS frame are well developed in (Refs 5 and 13). L

Unlike these sources, however, both the tracker and missile accelerations |- it
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and velocities will be allowed to vary - the trackers in an unspecified
manner, and the missiles as.a réqulq‘of'aerodynamic drag affects. The
intercept geometry is depicted'in P;gure 11. The IMLOS frame does not
rotate, but does translate with the miégile. It is assumed that an off-
boresight launch capability is available. Having assumed this capability
the desired missile lead angle, 91, is given by

\'4

-1,'T |
ez sin (V; sin ea) (37)

where VT and Vm are the velocities of the tracker vehicle and missile

respectively, and ea is the angle the tracker makes with IMLOS as depicted

in Figure 11. The angle ez varies as |

D
[
s<|sP

(38)

il b o vt e > ikl e

The initial target angle, ea’ is set by initial conditions at the

time of missile tracking initiation, and varies according to |

Y]

t
o 2
ea = T (39)

where a, is the tracker acceleration perpendicular to the Vt vector. E

2 s

Both az and a, are defined as positive in the direction that results in
2

an increasing 62 and Oa respectively. While defining positive a

& G

% in this

manner is adequate for the IMLOS frame, it is not compatible with the TLOS

* T

frame. This inconsistency is easily solved by a sign change in the computer

simulation as will be discussed later.

The change in the relative velocity normal to the LOS is

s * Vtsinet - Vmsinez (40)
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where Y4 is the lateral distance between the tracker and missile. Finally,

it is seen that (referring to Fig 11):

y y
i ® = tan 1 (_‘.i—) = L (41)
! b 4 X
|| t t
i m m

;\ where x, is the projection of missile-to-target range on the original line-
m
of-sight direction. The approximation in Equation (41) is valid for a

properly designed guidance scheme (i.e. the case in which Vg0 2@ good

approximation of miss distance, is kept small). Note also that as X,
m

approaches zero, the angle, 6, gets large. This is the source of the

terminal high-g condition so common to proportional navigation.

Tracker Frames. Both reference frames associated Qith the tracker

are depicted in Figure 12, It will be assumed that the aircraft-

instrumented navigation frame is a stationary/local inertial frame. This

will be valid for the short duration of the engagement scenario. The
choice of this frame is convenient since several of the parameters that

are required in filter implementation are available from the instruments

required to mechanize the frame. #®mong these are rate-integrating gyros
on the antenna axis and accelerometers on the platform. From Figure 12

it is readily seen that the direction cosine matrix for transforming from

st BN b

the I to the TLOS frame

K G st et A et

A cosb,, sineT 0

: TLOS _
o -sin6, cosé, 0 (42) !

0 0 1 ;

B TLOS

3 & The antenna centerline is defined as the x axis. It is assumed that R

k. -

E " i ’ the tracker is capable of instantaneous, errorless response to commanded

signals (i.e. errors in eT are due only to errors in system measurements). ]

i T T
.
b
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This simplification reduces system complexity while still allowing analysis
of the dominant features of the missile motion.

Missile Kinematics. By utilizing the piecewise continuous assumption,

very simple kinematic relations can be established. Significantly, missile
behavior is well enough behaved that, despite using this assumption, rela-
tively sophisticated models can be used for missile dynamics, parameters,
and coefficients. Figure 12 illustrates the engagement geometry. The

components of the inertially referenced missile velocity are given by

I °I
me x Vmsinym (43-a)
vV, = ;I = V _cosy (43-b)
my m m m
where
Vix, Viy = x and y components respectively of missile velocity in I
frame

xI, yI = x and y position of missile in I frame
m’ ‘m vi

-Y = tan—l (—-—)
m I
v
my

This convention will hold throughout the remainder of this stu&y. To
develop the missile acceleration it is necessary to examine certain aero-
dynamic quantities.

Figure 13 is a free body diagram of the non-thrusting missile. The
forces acting on the missile are 1ift and drag. It is assumed that the
velocity of the missile is aligned with the longitudinal axis of the
missile. Therefore, by definition, the drag will be along the longitudinal
axis of the missile and opposite in direction to the velocity. It follows

that the missile 11ift force is normal to the longitudinal axis. These
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Figure 13. Missile Free Body Diagram

assumptions imply that the angle-of-attack, o, of the missile is zero.
This will not be true in the presence of missile deceleration and/or
maneuvering. However, due to a combination of high airspeeds and
structural g-limitations, missiles are generally designed for angles-
of-attack of less than five degrees. For the Mach range considered in
this study, a small angle approximation is valid. Using the definitions
listed in Equations (26) and (29) it follows directly that the accelera-

tions due to drag and 1ift are given by

ay = % psch:/m (44)
and
a, -'% pSCLVi/m (45)
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From Figure 13 it can be seen that

A oSl S A 7

I L]
amx cosYm az - sinym aD

and

e e R s S,

I
;i amy -sinym a, - cosy * a, (46-b)

where a - and amy represent the x and y-accelerations respectively of the
missile coordinatized in the I frame. Equations (46-a) and (46-b) utilize
a positive a, as depicted in Figure 13. The sense of the a, vector is
correct since a missile acceleration in the direction depicted creates a
positive rate of change of the TLOS angle, i.e.déT- Note, however,. that ;
in the IMLOS frame a, is positive in the opposite direction. The sign g

difference is compensated for by commanding the missile with a minus times

the rate of change of the TLOS angle. Finally, from Equations (42), (46-a),
and (46-b), it is seen that the missile acceleration along the instantaneous

missile-to-tracker LOS, a:ios, can be represented by

o

f;
« §
. |
‘l
2
¥

TLOS I I
a . coseTamx + sine,ramy (47-a)
i, or
: |
: 1
E | TLOS /

, J R coseT(costaz—sinymaD)

+ sineT(-sinymaz - cosymaD) (47-b)
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Tracker Kinematics. The motion of the tracker aircraft is described

by a set of closed form equations. The actual motion of a target aircraft
would, in general, be best described by a random process. The chosen
mathematical description, however, is generic in nature and does allow
for several important types of evasive aircraft maneuvers such as high "g"
turns or "jinking" maneuvers. It is assumed that the tracker is located i
on the target aircraft. This assumption is required since the tracker

could be carried on a remote "area defense" vehicle. The tracker position

a0

equations are

x; = Klt + choswt (48-a)

y; = K3t + Kasinmt (48-b)

< where
x%, y; = x and y positions of tracker in I frame
K;» Ky Ks3» K, = chosen  constants
w = tracker rate of rotation.

It follows from successive differentiations that

I
VTx = K1 - szsinmt : (49-a) v
$
I £
VTY = K3 + K&mcoswt (49-b) i ;%f
and -5
I ox mz oswt (50-a) g
S1x sl - }
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= -Kawzsinwt (50-b)

I
Ty

where V;x and V}y are the x and y-velocity components of the tracker and
a%x and a%y the x and y-acceleration components of the tracker. Finally

from Equations (42), (50-a), and (50-b) it is seen that

agios = cosBT(-szzcoswt) + sinOT(-KANZSinwt) (51)

Relative Kinematics. The use of three reference frames requires the

transforiation of missile accelerations into the TLOS frame and into the I
frame. One additidﬁal transformation, not previously discussed, is required
to transform tracker acceleration into a tracker body frame in order to
determine a in Equation (39). Prior to establishing this additional
transformation, however, the set of angles that describe the relationships
between various system frames and vectors quantities, as depicted in

Figures 12 and 14, are listed:

Yp = 90 - sin-l(Vix/VT) (52-a)
8, = 270° - LOA (52-b)
8, = 270° - LOA(0) (52-¢)
bg= 8 -vp=6,(0 (52-4)
¢, = 360° - 6_ (52-e)
"o (52-f)
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Figure 14. TLOS to Tracker Body Frame Transformation

The angles defined in Equations (52-a) through (52-g) restrain the initial
conditions of the simulation. With the I frame centered at the target at

time equal to zero, the missile initial position must lie in the third

quadrant, (i.e. both xﬁ and y: must be less than or equal to zero), as

in Figure 15. Though appearing restrictive, the initial conditions allow

e o S oot .. tit A 1

for all engagements from head-on attacks to tail attacks and all angles

v L e

between. This is achieved by either varying initial position in the
third quadrant and/or initial tracker heading.
The angle ¢1 is used in the transformation of the tracker accelera-

tion in the TLOS frame into the tracker body frame ,::\tf
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Figure 15. Truth Model Position Initial Conditions

cos¢l sin¢1
-sin¢1 cos¢1
0 0

from which it is seen

TB TLOS TLOS
. -aTy sin¢1 o cos¢l Ty (54)

This relationship is depicted in Figure 14. Note that the x-axis of the

tracker body frame is aligned with the tracker velocity.

The missile inertial quantities were obtained by generating a, and

L
ap and then resolving them into inertial coordinates using the angle the
missile velocity vector makes with the inertial y-axis, Yo With both

tracker and missile kinematics in the inertial frame, it can be seen from

Figure 12 that the range equals
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R =[G - xD? + L - yh21

Range rate is defined as the relative velocity along the instantaneous

line-of-sight

or expressed differently

I I I I
Vc = (vxT - me)sinLOA + (VyT - Vym)cosLOA (57)

A complete listing and sequencing of the various transformations can be

found in the computer flowchart and listing in Appendix C.

System Equations

This section develops the equations of the missile airframe, auto-
pilot, and dynamics. The state space format is used for these equationms,
but no attempt is made to describe the whole of the truth model in a state
space representation. There are fourteen equations developed - the first
twelve of which are developed in (Ref 5) and are repéated here only for
completeness. The section ends with a listing of those quantities to be
estimated by the Kalman filters.

Prior to developing the equations, it is convenient to define the
states and the several quantities used in the development. Definitions
of several of these quantities can be found elsewhere in the study, but
are repeated here for clarity. The 14 states are

X = Vg missile-to-target lateral distance

x, = 62, missile lead angle




--%, reciprocal of missile-to-target range

em, angle between missile centerline and nonrotating reference

line
= ém, missile pitch rate
=a, missile lateral acceleration
8, elevator deflection
a,» missile commanded acceleration
e' - 0', defined state, where €' = boresight error signal and

8' = measured LOS angle

= ea, tracker angle wrt IMLOS
= at, tracker acceleration normal to IMLOS

= missile seeker noise

- yIMLOS
mx
- yIMLOs
14 my

In addition

s X-velocity component of missile in IMLOS frame

s y-velocity component of missile in IMLOS frame

hl’ h2 = autopilot feedback gains

Vm/Vt = missile/tracker velocity

K= Qutopilot input gain

kr = aberration error slope

Ha’ M&’ Mq, La’ L6 = gtability derivatives
q(t) = pitch rate

&g v e o
» -
D i i imete s im0 L

1/)x = actuator time constant
L track loop time constant

" guidance loop time constant

6' = measured LOS angle

6; = filtered LOS angle

u(t) = input to autopilot
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The equations for il and iz are derived directly from Equations (38)

and (40)
X = Vtsinxlo - Vmsinxz (58)
x, = (g/Vm)x6 (59)

The "g" in Equation (59) is present since all accelerations in these equa-

tions are in terms of g's. The third "state variable" equation is

. 1 .
Xy = - R = x

3 R (60)

2
3

w

But using Equation (56) this can be written as

. 2
Xy = =X3 V_ (61)

In Equation (61), Vc is considered a positive quantity. The equation

for i4 is

x, = Xg 62)
The equation for iS is developed by utilizing the expression
a, (t) = Vn(Lau(t) + LGG(t)) (63)

for acceleration. Solving for the angle of attack

a (t) - V.L.§(t)
a(t) = ob—u B 6 (64)

VL
ma
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and substituting this expression into Equation (17) and recognizing

q(t) = 8, = X5» the result is

qM . LG

. o
X, =Mx_+ x, + M, - —M)x (65)
5 qQ 5 vm;a 6 8 La o’ "7

The next equation is developed by taking the derivatives of Equation (62)

and substituting in for a(t) from Equation (18) and a(t) from Equation (64)
az(t) = Luq(t) - Laag(t) - xvmpaa(t) + AVmLGu(t) (66)

Finally, from Figure 10, u(t) can be seen to be

u(t) = —hlq(t) - hzaz(t) + Kac(t) (67)
therefore
. 1
x6 g (mea - hlleLs)xs - (La + hz)‘VmLG)x6
~lawrx +avai gz (68)
g mé7 méS 8

The equation for i7 comes from Equations (19) and (67) which yield

x, = -hllx5 - ghzkx6 - Ax7 + gAKza (69)

From Figure 6, the transfer function of ac/é' can be written

a, nVc
gl . (70)
8 1+ 128
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The relationship for 8' can be derived from Equation (15)

& oo at
e T, 85 + 0F (72)

The expression for ig is then described as

he A A

Xg = 1,00 ~ 6 L (73)
and this yields

xg = 116% ~9' (74)

Note that Tléé is the boresight error from Equation (11). By putting

the expression for ig in Equation (74) and rearranging terms

. <TI0y 1_- '

but from Figure 5 it can be seen that
' -
8" = x5 * a1+ kt)x1x3 k X, (76)
putting this into Equation (75) yields

Sgre X S &
c o {kx, = %9 = %), = @+ k)xx,} an
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Putting this expression ig, with a minus sign, back into Equation (71)

gives
5 nVc 1
X§ T T gt ex, ~ %%~ Q-+ kr)x1x3} TR (78)
12 2
The equation for ;10 is
gx
. 11
o " ¥ (79) .
t i
1
where Xyp0 a., 1s described as
!
B TLOS
%11 = ®ros 2t (80)

where agLOS is the total tracker acceleration vector in the TLOS frame.

The expression for ;11 is

. TB TLOS -I |
%11 = Cros 1 3p | (81) |

where ;; can be expressed in a closed form equation. In the actua; simu-
lation, the rectangular integration scheme made it unnecessary to use

Q;. The expression for ;12 is seen to be

X,n = =AX,, + /Ei-nl + ny (82)

12 12

where Ny and n, are white Gaussian noises of appropriate strengths.

Finally, from Figure 11, i13 and ild are seen to be

x13 = (coga" . aD + sine,' L 36)8 (83)
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514 = (sinezaD - cosez . x6)s (84)

Recall that a, is the acceleration due to drag, computed in Equation (44).
L* A total of ten truth model parameters are to be estimated by the two

i Extended Kalman Filters. These truth model quantities are defined as "true
states" and are to be compared to the filter state estimates. The first

five true states are common to both filters

TS(1) = 6 (85-a)
] 1

TS(2) = me (85-b)
I

TS(3) = me (85-c)

TS(4) = R (85-4d)

TS(5) = R (85-¢)

For the "Landau Filter" the last three states are

TS(6) = a:i°s (86-a)
1

TS(7) = amx (86-b)

TS(8) = a;y (86-c)

For the "Landau Filter", Chapter Three shows that, in the planar case, not
all eight of the states are independent. Further discussion of this is
deferred to Chapter Three. For the "Unknown Parameter Filter", the final

two states are

TS(6) = n

TS(7) = m/S

s it e A 06 AR
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where n is the proportional navigation constant and m/S is the ratio of

the missile mass to the reference surface area.

Summary. Chapter Two has developed the real world model of the
engagement scenario's systems, parameters, and noises. By utilizing a
plecewise continuous assumption, it has been possible to describe a complex,
nonlinear system and yet simulate the system usi;g a simple rectangular
integration scheme. The modelling emphasis has been on the missile system
and its associated parameters and coefficients.

The system equations were developed throughout the chapter. The truth
model flowchart and computer listing are in Appendix C and are labeled

subroutine TRAJ. Finally, the "true states" were generated for the Monte-

Carlo analysis of the two filters.
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III. Extended Kalman Filter

é ; Introduction 2
This section presents the Extended Kalman Filter equations and
E develops the "Landau" and "Unknown Parameter" Filters. As will be seen,

both of these filters are highly nonlinear. Therefore, the conventional

Kalman Filter is not an appropriate estimator for this particular system.
The Extended Kalman Filter (EKF), however, is a good initial choice as a
means of solving the nonlinear system estimation and prediction problem.
The EKF gain and covariance propagation equations have the same form as

the Kalman Filter equations, but are linearized about the current state

estimates. The linearization is a first term approximation to a Taylor
series expansion about the current state estimate. Higher order, more

exact approximations to the optimal nonlinear filter can be achieved by
using more terms of the Taylor series expansion for the nonlinearities,

and by deriving recursive relations for the higher order moments of the

state vector, x (Ref 4:184, Ref 9:252), When compared to the EKF, how- :
ever, the higher order filters are both more complex and more costly in
terms of computer implementation. The higher order filters are not con-
sidered in this thesis. In general, when nonlinearities are significant,
neglecting the higher order terms results in biased estimates.
It is important, therefore, to remember that the system model within
the EKF is an approximation to the actual nonlinear system. The fact that
it is an approximation implies that the filter's predictions and estimates
will be limited by the "correctness" of the system modelling assumptions.
More specifically, large differences between an assumed nominal trajectory ifi:
and the true trajectory can result in loss of tracking accuracy, or loss ;if
of track completely. In general, the greater the system nonlinearities,

the poorer the EKF performance. Not only might the degree of nonlinearity
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prove the EKF to be an inadequate filter form, it also creates a filter
design disadvantage for the EKF - and higher order filters. Unlike the
conventional Kalman filter, the EKF gains and estimation error covariance
matrices depend on the time history of.;(t), i.e. estimation accuracy is
trajectory dependent (Ref 4:187). This requires that the actual filter
performance be verified by a Monte-Carlo simulation. In general, this
form of analysis is both more time consuming and more costly in terms of
computer usage than is a covariance analysis. Despite these factors, the
EKF has been used, and has been found to yield accurate estimates, in a
number of important applications. An example which includes parameter
estimation can be found in (Ref 9) (Ref 9:189). The derivation of the
EKF equations is not included in this thesis. Instead the equaiions are

stated, and (Refs 4 and 9) are given as sources for the filter derivation.

Equations and Explanation

The equations for the EKF can be divided into three categories:
system equations upon which the filter is based, propagation equationms,

and update equations. The system equations can be expressed in the form
x(t) = £[x(t),u(t),t] + G(t)u(t) (88)

where w(t) is a zero mean white Gaussian noise process of strength Q(t),

i.e.
E{w(t)w’ (t+1)} = Q(£)8(x) (89)

and where‘g(to) is modelled as a Gaussian random variable with mean X, and
covariance go. In Equation (88), u(t) represents a deterministic forcing

52




T o i

" iz
S o ittt e

S b AR5 S i 58— i o N R S A R 3 St B s AN SR

function. Note that the dynamic driving noise is assumed to enter in a

linear additive fashion (Ref 9:179), In addition, the discrete measure-

ment equations can be expressed as
z(ty) = hlx(t,),e,] + v(t,) (90)

where g(ti) is a white Gaussian noise sequence of zero mean and covariance

kernel

T
E{y(t))v (t:j)} R(ti)Gij (91)
.g(ti) represents the strength of the v(t,) noise process. It is assumed
that‘!(ti) and v(t,) are independent of each other. The specific system

equations for the "Landau" and "Unknown Parameter" Filters are developed
later in this chapter.
The filter propagation equations are

R(t/e) = £IR(e/e)),u(0),e]; &(e /e = Z(eD) (92)

where the notation_i(t/ti) means the optimal estimate of the state, x,

at time, t, given the updated estimates up to and including time ti' In
addition, (the covariance is propagated approximately by)
B(t/t,) = Flt;x7(t,)IR(t/t,) + P(t/t )F[t;x7 (e )1T
- i C il sha. b i - e |
+
+ 8()QOIG(EY5R(e, /t,) = B(E) (93)
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vhere P is the filter covariance matrix and F is the matrix of partial i

derivatives of f with respect to x, evaluated along the nominal trajectory )

s o

ai[_’ﬁ(t) :E(t) st]
ox

g[t;i"'(ti)] =

x(e) = X (t,) (94)

The notation [t;£+(ti)] implies that the linearized F matrix is evaluated
at the values of the states just after a measurement update (Ref 7:19,20).
i’ This is an approximation to the actual EKF equation in which the value

| elements are evaluated as a function of.i(t/ti) for all te[t:1

'E441)
Since the measurement update period for this problem is one-fiftieth of

a second, this should be a good approximation (i.e. the value of the states
remain relatively unchanged over the period). This assumption helps to
reduce computer simulation time. Note that the dependency of the
covariance propagation on the current state estimate can be seen in
Equation (93).

The requirement for the current state estimate is also evident in

the covariance update equation. The measurement update is given by |

K(t,) = RCeDH [6:2(e) MEle 5REDIREDE Te 52D ] + R(e))T (95)

R(£]) = &(£)) + K(t)[g, - hix(t]),t,]1] (96)
B(t)) = B(t]) - K(t)Blt;R(e])IR(E]) (97
where

‘g(:i) = Extended Kalman gain matrix }
g(ti) = measurement noise covariance matrix (see Equation (91))
lg[t;i(t;) = matrix of partial derivatives of h with respect to x
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;i = values of actual measurements taken at time ti.

The notation t

i
to the update at time ti’ and tI is the value of the quantity just after

implies the value of the quantity at the instant prior

the update. The notation used thus far, except as noted for the F matrix,

is developed and used in (Ref 9). The system equations for this thesis are

developed in the next two sections. Together with the propagation and up-

date equétions listed in this section and evaluated at the proper values,
the Extended Kalman Filters are developed. The m-vector function, h, for
both filters is linear. The F matrices of partial derivatives for the two

filters are found in Appendix A.

"Landau Filter"

In his paper, ""Radar Tracking of Airborne Targets', (Ref 6), M. I.
Landau deals with several of the problems that are basic to this study.
Despite the fact that Landau considers the single target track environ-
ment, the resulting algorithm should be applicable to the multiple target
environment. The filter system equations developed in Landau's paper
are combined and modified, in accordance with the assumptions made in
Chapter Two, to form the system equations for an Extended Kalman Filter.
This filter is termed the "Landau Filter" of L-Filter, and serves as a
benchmark with which to compare the "Unknown Parameter Filter".

The L-Filter estimates the missile attitude direction cosine (M),
velocity (Vm), and acceleration (am) vectors in stabilized/"inertial”

(I) coordinates. The equations defining the missile kinematics are

B e
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where
o = a subscript that assumes the values of x for north, y for east,

and z for down

Aa- direction cosine in the o direction (e.g., RN = ANR, R = range

from missile to tracker)

T correlation time of acceleration process

w, = white Gaussian driving noise for the acceleration process

R = range rate along the instantaneous LOS between missile and
tracker

V;u = g-component of‘tracker/ownship velocity coordinatized in the

I frame.

The basic observation for this configuration is

Aaobs 5 Aa i "o

where Ma is the white Gaussian noise corrupting the Aa observation.
Notice that the acceleration for this system of equations is modelled
by the first order Markov Process of Equation (98-c). The range and
range rate terms in Equation (98-a) are supplied as "aiding terms" from
a separate range and range rate tracking algorithm. Landau uses this
technique to maintain the linear properties of the tracking algorithm
for simpler mechanization. The equations for the range (R) and range

rate (R) kinematics are expressed in the LOS coordinates as

(100-a)




| L TLOS TLOS
| v wlR + Pl Ly (100-b)
*TLOS 1 TLOS
i 7 a . + Wq (100-c)
73 where
3 2 2 2
w" = mLSy + O, (101)
and

mLSy’ stz = missile to tracker line-of-sight rates about the y and

z LOS coordinates

azios = missile acceleration along the LOS coordinatized in the TLOS
frame

TLOS

a = tracker acceleration along the line-of-sight coordinatized

in the TLOS frame
T, = correlation time of missile acceleration process

w, = white Gaussian driving noise for the acceleration process

3
Vc = relative closing velocity between missile and tracker along the
instantaneous LOS.
Agaln the acceleration has been modelled as a first order Markov Process.
Note also that Equations (98-a) and (100-b) contain tracker kinematic
terms. Assuming perfect measurements of these terms (reference Chapter
Two), V%a and a%ios are treated as deterministic forcing functions. The

observations for the range and range rate configuration are

Rt "R Ty (102-a)
Rope " R+ Ny (102-b)




where e and ny are white Gaussian noise terms (reference Equation (91))
that corrupt the range and range rate measurements respectively. Landau's
development is for a three dimensional problem. For the planar case,

and by combining the two separate sets of equations, the following sys-

tem of equations result

; N
° R mx Tx
~eTsin9T e coseT + R (103-a)
3 ok ot
3 ) my Ty w
eTcoseT R s:lnﬁT + 7 (103-b)
O I
e e (103-c)
= (103-d)
my my
R = v, (103-e)
o 2 TLOS TLOS
Vc BT R + amm - aTx (103-f)

T 3 (103-g)
T 1 1
a - T a~ + vy (103-h)
T 1 I
S 103-
my Ty amy w& (103-1)

where BT is the LOS angle as measured by the tracker (reference Figure 12).
It is apparent that the sineT and coseT are not independent. Therefore,
OT is chosen as the state variable to avoid observability problems. In

addition GT can be generated as a solution to
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R
() -—Rtane

T (104-b)

T T

Either of the two forms is correct. To prevent 6'1‘ from growing unbounded,

Equation (104-a) is used when sin6, > .707 and Equation (104-b) is used

T
when sine,r < .707. Furthermore, it can be seen from Equations (104-a)

and (104-b) that V:lx and V:ly are not independent. By setting the two

expressions for 8 equal to each other and solving for V:ly

T
s D I I
(Rcos“0,, + V_._eosd,, - V _cosb_) X
I T Tx T mx T . I ;
me s:lneT + RaineT + V,r, (105-a)
Equation (105-a) is used when the sinb, > .707 and
I (ﬁsinze,r + V,}ys:lne,r - V:'ﬁsine,r) 8 I
V. = + Rcosf,_, + V. (105-b)
mx cosb T Tx

T

is used for sineT < .707. The use of either Equation (105-a) or (105-b)

eliminates the requirement to estimate a:ry or a:m respectively. By setting

x = eT X = R
x, =V X, = aTLOS

2 mx 6 mx
X, =V X, = aI

3 my 7 mx

X, = R xg = aiy (106-a-h)

and considering the case of sin, > .707, the system equations for the

L-Filter are
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x. (t) VI - x,(t) « ‘

, X, (£) = £ [x(t),u(t),¢t] = ;f—(—t-)- cotx, (t) + —T::—A(E—)—z—cscxl(t) (107) }a |

94 |

x,(t) = £,[x(t),u(t),t] = x,(t) (108) | 1

i |

’ ;:3(t) = f5[x(t),u(t),t] = 0 (me is not estimated for (109) E

4 sin, > .707 - reference 1

Equation (105-a))

x,(t) = £,[x(t),u(t),t] = x(t) (110)

xs(8) = £5[x(6),u(e),t] = (i) Px, (0) + x (8) - a0 (111) ,

6 (®) = £(K(O.00,t] +vy(©) = 1= x50 + oy (112)

f i 1

;? %, (8) = £ [x(0),u(0),e] +w (®) = x 4y (113)

3 X

" Xg(t) = £g[x(1),u(t),t] = 0 (ar  is not estimated for (114)

' sind,, > .707)

When sinb, < .707

%, () = £,[x(t),u(t),t] = 0 (115) :

5 x3(6) = £,[x(6),u(t),t] = xg(t) (116)
x5 (t) = £[x(t),u(t),t] = 0 a17) &
Xg(t) = £glx(e),u(t),t] + w () = L= xg + v (118) &

y
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All other equations remain unchanged. In the equation for is(t) the

expression for il(t) is considered a parameter. This approximation is

made to reduce the number of partials required in the F matrix. It
assumes that éT remains constant over the propagation period. With the
frequency of updates, .02 seconds, this should be a good approximation.
It is a better approximation at long and intermediate ranges to the

é. target than at short range. All of the original set of equations from

Landau's paper are easily understood with the possible exceptions of
Equations (107) and (111). These two equations are developed in Appendix
A. 1In addition to these and the F matrix development, the values for the
G, H, Q, R, i‘o , and go matrices are given in Appendix A.

The L-Filter system equations are clearly a set of coupled, non-
linear differential equations. The "forcing functions" are the driving

noises of the first order Markov Processes for missile acceleration and

4 the tracker's velocity and acceleration. While this filter adequately

models the missile kinematics, it does not utilize some important

%;
er

knowledge that is available from the total system model.

"Unknown Parameter Filter"

The Unknown Parameter Filter, UP-Filter, is so named since it

incorporates the dynamics and coefficients represented in Equations (2)

s e N s AW . e . i

and (3). Specifically, the three unknown parameters, CDI’ CDo

must be estimated or modelled to describe the acceleration of the missile

, and n,

as the sum of the acceleration due to drag and acceleration due to 1lift.
As discussed previously, the inertial acceleration can be described by

resolving the a, and aD vectors of Figure 13 into the xI and yI axes,

L
Equations (46-a) and (46-b) are repeated for convenience.
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I L] -
.. +cos'vm az - sinYm a, (46-a)

I L] o
T ™ -siny a, - cosy * a (46-b)

Equations (46-a) and (46-b) are the necessary expressions required to
describe the rate of change of velocity in the inertial coordinate
frame. To solve for these quantities, expressions are necessary for a,

and a,. Equations (44) and (2) are repeated here for these quantities

1 2
ay =3 pschm/m (44)
a, = nVcé (2)

Unfortunately, the values of n, m, S, CL’ and CD are not known apriori
by the tracking filter. What information that is available would be
known from intelligence information on possible threats. At best this
form of information can only be considered relatively accurate. There-
fore, to implement a tracker mechanization utilizing the dynamics of
the missile, as described by Equations (46-a) and (46-b), estimates of
the parameters must be made. As will be seen in the subsequent develop-
ment, both the parameters themselves and the way they enter the state
equations introduce further nonlinearities into the system.

As stated in Chapter Two, the proportional navigation constant, n,
is considered to be constant unless the user commands a change in flight.
Therefore, the navigation constant might initially be modelled as a

random bias

a(t) =0 (119)
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where n(to) is a Gaussian random variable of mean, m s and variance

Po. Mathematically, the bias model tells the filter that the constant
does not change in time, but its value is not known apriori. The filter
will determine its estimate of the constant on early measurements and
disregard measurements that come later (i.e. the Kalman gain goes to

zero on the bias channel). Since the value of the navigation constant
can be changed, an inability to re-estimate its new value would be highly
undesirable. Therefore, pseudonoise is added to the navigation constant
channel to ensure the gain does not go to zero (Ref 9:159). In additionm,
and based upon the discussion in the Guidance Section of Chapter Two, a
navigation constant limiter with a range of three to six is implemented
in the filter.

The coefficient of zero-1ift drag can be described as
Cpo = 2/ (120)
N

where the expression, Vm/A, has been substituted for the Mach, M, in
Equation (28). A 1is the speed of sound at the appropriate altitude.

In addition, to give an expression for CDI’ Equation (25) is repeated

2
Cpr = C1/Cxa

From a curve fit to a generic missile, C, can be expressed as

La

K
C -_.C_L.ﬁ.:

N (121)

=
s>

where the constant, KCLa’ is approximately equal to one and the substitu-

tion of Vm/A was made for the Mach. An expression for CL is found in
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Equation (27)

2ma
L
C.L = —

L 2
pSVm

Substituting Equations (27) and (121) into Equation (25) yields

4m2 ai
(o Ter ¢ Y = (122)
DI pZSZA Vi

This expression for CDI is intuitively pleasing. As expected, the induced
drag, vis-a-vis CDI’ of the missile increases as lateral acceleration
increases. The V; tern in the denominator accounts for the fact that
greater lateral acceleration i1s required for control at lower velocities.
Substituting the expressions for C_. and C_. into the expression for CD

DI DO
in Equation (44) yields

2
1/2 2 %
P | 2A L w— 2 >
& =7 S/l Tty a3y o
Vs P S"A Vm

By substituting in the expression for a, from Equation (2) and expanding,

this becomes

1/2 ) V + (_2_) (E) n—zﬂ (123-b)
= ok’ s TV

1/2

In Equation (123-b), the factors, pA and 2/pA are assumed to be
deterministic constants. This is a valid assumption for the constant
altitude case. Even with removal of the constant altitude assumption,
p and A will vary little during a typical air-to-air engagement. If

desired, and if warranted by performance enhancement, a more sophisticated
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model could include the variation in these parameters. The quantities
(%), n, and Vc in Equation (123-b) are defined as states while Vm and
6T are defined as parameters. The rationale for the decision about the
latter two quantities follows the discussion of éT in the L-Filter

development. The ratio of %-is modelled as a random bias
@ (®) = u(t) (124)

Conceptually, this makes sense for a non-thrusting missile. It is assumed
that [%B(to) is a Gaussian random variable of mean LS and variance

Pol' Again, a pseudonoise, w(t), is added to the model to ensure a non-
zero gain on the [%] channel. In the extreme case, this parameter could
detect a change in target status (i.e. an abrupt change in this parameter
could be indicative of target damage or destruction). The first five
states of the UP-Filter are identical to the corresponding states in the
L-Filter. Three of the system equations, however, take a radically

different form. States two and three, Vix and Viy, now vary according to

.1

o —aDsinym + a cosy (125)
ﬁI = -a _cosy_ - a,sin (126)
my 4pcoSYn 25

Substituting in Equations (123-b) and (2) for ay and a, respectively
yields

n2y262

(E) + (fz)cg) V: ]sinym + nVcécoer (127)

.1 1/2.3/2
S | T
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3/2 nzvz.

vl +<)<)

my

1/2 (m)v ]cosym - nVcésinym (128)

State five, the range rate (ﬁ). requires an expression for the missile

TLOS

line-of-sight acceleration, ax ° This can be obtained by taking the

x-component of

TLOS _ (TLOS I

£ 4 xn
TLOS I
where Em and Em are the expressions for the missile acceleration

expressed in the TLOS and I frames respectively. Substituting Equations

(42), (127), and (128) into this expression yields

aI cose + a sine

mx
aTLOS = -aI sine + aI cose (130)
—m mx my

— o e
and thus

TLOS I
a . am‘coseT + a ysine (131)

Substituting Equation (131) into the fifth system equation of the L-Filter,

and using Equations (127) and (128) for aix and a:y respectively yields

uzvze2
v - é,f.n + {1epa?’ z(m)v3/ 5 ny_ )(—-) 7 siny_
2v2 2
+ nvcécosym]cose,r + [-pal/ z(m)v3/ 2 Y (pA) A& cosy_
- nV dsiny_lsing ) - ar O° (132)
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as the fifth system equation for the UP-Filter. The angle, é, and range
rate, R, equations are the same as described in the L-Filter. The final
two states of the filter are the proportional navigation constant n and
the (m/S) coefficient. The system equations of the UP-Filter are

summarized by (for siné .707)

T2

x. (t) V.. - x.(t)

:’:1(:) fllg(t),g(t),t] - x—:‘(?)' cot "1("-) o Txxl’(t)

cse x, (t)

(133)

siny ) (-i-—

1/2,3/2 )
m L

x,(t) = £,[x(t),u(t),t] = - (oA

26231nym 5is :
e —_DAVm (x7x6x5) + (x6x5)6cosym

1/2,3/2

fs[z(t),g_(t),t] = -(pA cosvm) (’1(—)

7

«2
26 cosy, 2 9 £
- W— (x7x6x5) - (x6x5)esin'ym

f4[}_(t),g(t),t] = x (t)

1/ ZV!:/ 2, fny_ (_)1‘_ )

fSI_X_(t).g(t).t] = é§x4 + {[-pA :

Zézsiny 2

m 2 .
- A (x7x5x6) + ecosym(xsxG)]cos X,

°2
L adizale 1 26“cosy
+ [-pA vm °°8Ym(x

2.2
) - oAV (x,x5xc)

- ésinym(xsxs)]sin xl} - %OS
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xg(e) = £6[E(E),u(e),t] + wg(e) = wg(e)

x,(t) = £,[x(8),u(t),t] + wy(t) = w,(t)

X
o 1/2 -1
1; - (x§ + xg) / 3 Yo tan (;i) (140)

These quantities are treated as constants when the elements of the F-matrix
are calculated. This approach avoids further complexity in both the sys-
tem equations and the F-matrix. Unlike the L-Filter, the two velocities,
Vix and V;y’ can both be estimated - even in the planar case. The
structure of the system equations allows for this, despite the fact the

two velocities are not independent. In addition, the same switching
mechanism is utilized for the 8 equation. Of the three parame.ers, n,

T
CDO’ CDI’ only the first is estimated directly by the UP-Filter. It is

obvious, however, that the quantities required to calculate CD and CD

I 0
are available in the filter. Consideration had been given to modelling
the parameters cDI and CDo as random walks. However, this approach
neglects the dominant effects of the lateral acceleration and missile
velocity on these two parameters and thus on the acceleration of the
missile. The UP-Filter embodies a highly nonlinear, coupled set of

differential equations. The primary assumptions made in the filter
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development are: (1) the geometry of the forces acting on the missile,
(2) the defining relations, Equations (122) and (28), for the parameters
Cpr and Cpo» (3) the zero order model for the missile (i.e. instantaneous
time response) - also true in L-Filter, and (4) 6T’ Yp? and Vm being

treated as constant quantities over a propagation period. In addition

to the F matrix, the G, Q, R, H, X, and P_ matrices for this filter are

listed in Appendix A.

Having developed the system equations for the two Extended Kalman
Filters, and provided with a nominal trajectory, it is now possible to
evaluate the prediction and estimation capability of the two filters.
Chapter Four discusses the analysis approach and "tuning" techniques

used in the evaluation.
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IV. Discussion

Introduction

The primary objective of this study is to determine the feasibility
of the modelling approach taken in the Unknown Parameter Filter. To
accomplish this objective, it is necessary to establish the ability of
the filter to track an incoming missile and to establish some degree of
confidence in its ability to recover from initial state estimate errors.

To determine the ability of the filter to track the missile, its performance
is compared against that of a more conventional system model (i.e. the
Landau Filter). The analysis of the two Extended Kalman Filters is

carried out entirely as a Monte Carlo computer simulation. The truth

model provides nominal measurements to the filters (reference Chapter One).
The filters use the measurements to generate estimates of the system states.
The "true states" are compared to the estimated states and the sample
statistics generated to describe the resulting error process.

In this chapter, the choice of the trajectory profiles and initial
conditions are discussed. In addition, the criteria used to analyze and
coupare the two filters are 1ntr;duced. Tinally, the filter tuning
philosophy is presented. Prior to discussing the trajectory profiles,
it is important to recall that the emphasis in this study is not to
generate tuned filters, but rather to determine the feasibility of the
UP-Filter, and to conduct a general comparison of its performance against
that of the L-Filter. Therefore, as will be seen subsequently, the major

analysis effort is involved with the Unknown Parameter Filter.

Nominal Trajectories

The basis for the comparison and recovery analysis are the two

nominal trajectories generated by the truth model. The choice of
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trajectories has been limited to the region in which the sine of the LOS
angle, OT, is greater than .707 (reference Figure 12). This eliminates
any problems assoclated with switching and reduces the tuning require-
ments in the study. In addition, the truth model allows for missile
acceleration up to, but not exceeding 15 g's. The two trajectories chosen
do not exercise the full dynamic range of the missile. Due to time
constraints, a full study of "worst case" trajectories is not feasible.
Therefore, as depicted in Figure 16, the two trajectories chosen represent
a low-g and moderate-g trajectory. Table II lists those parameters that
determine the character of the two respective trajectories [reference

Figure 12 and Equations (48-a) and (48-b)].

Table II
Time (to) Parameter Values
Parameter Low-g Trajectory High-g Trajectory
R, range 10,000 ft 10,000 ft
Vm’ missile velocity 3,051 ft/sec 3,051 ft/sec
eﬁ, missile lead angle 3.5 deg 0 deg
Yo missile inertial heading 20 deg 30 deg
Yos tracker inertial heading 32 deg 0 deg
K \' 500 0
KZ 2864.51 0
|
K3 » tracker dynamics 800 920
K4 0 0
w J 17455 17455
n, pro-nav constant : 4.0 4.0

While this approach does not fully exercise the algorithms developed,

it 1s consistent with the objective of establishing concept feasibility.
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As will be seen in Chapter Five, the recovery analysis of the UP-Filter

is accomplished using the low-g trajectory.

Filter Initialization

In addition to establishing the trajectory profiles, it is necessary
to initialize the filter matrices. (The values for the R, Q, 20 and io
matrices are listed as part of Appendix A.) First, the initial values
for both the state estimates, é(to), and covariance, gjto), must be spec-
ified. As discussed in the introduction to this chapter, filter recovery
from bad initial state estimates constitutes a major portion of the
analysis effort. To establish a basis for comparison between the two
filters, however, the initial state estimates are chosen equal to the
true values of the states (i.e. zero initial error). In general, this
is a good initialization procedure for a systematic investigation of
the filter capabilities. While assuming zero initial errors is appropriate
for an initial feasibility study, it is still necessary to consider
practical initialization methods. This is done in order to choose values
for the go matrix. Two methods of initializing state estimates are the
use of time (t;) measurements of the missile launch vehicle and missile,
and the use of intelligence data collected on possible threats. Time
(t;) measurements refer to measurements (made by the tracker) of both
missile launch vehicle and missile prior to initialization of the missile
guidance function. Assuming an on (or nearly on) boresight launch implies
that the missile will depart the launch vehicle with the same approximate
inertial heading that thewlaunch vehicle has been maintaining. Recall
that, from Chapter Two, missile guidance initiation is assumed to occur
simultaneously with the termination of missile thrusting. It is assumed

that the launch heading is known with a relatively high degree of accuracy.
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Combined with raw range-rate measurements, this heading information
provides the initial estimates of the inertial velocity vectors, Vix and
V;y. The initialization of the estimates of the range, range-rate, and
angle states 1s straightforward since they are measured directly by
system sensors (i.e. raw measurements are used as estimates). The last
three dynamic states considered in the two filters, x, y, and LOS
accelerations, can be initialized by averaging the time rate of change

of a small number of velocity/range-rate measurements. Finally, informa-
tion about the unknown paramet%rs, n and (m/S), can come from intelligence
sources and knowledge of the current state-of-the-art in missile design.
The values of the initial variances are chosen to reflect the estimation
accuracy given by these initialization procedures.

In this study, it is assumed that 20 is a diagonal matrix. This
assumption is made for expediency and reflects the lack of a priori
knowledge of any cross coupling terms. The variances for the measured
states, range, range-rate, and angle, can be calculated by summing the
low frequency portion of the power spectral densities of the thermal and
glint/scintillation components of the respective measurements. Recall
that the thermal and glint/scintillation components are considered
independent. The acceleration states of the L-Filter utilize a standard
deviation that is consistent with the values listed in Table III on page
76. Since the initial values of the velocity states are computed using
other estimates, the values would be known with less certainty. There-
fore, the variances of these states are chosen to reflect less confidence
than that of the measured range-rate state, but of the same order of

magnitude. The inertial velocity variances are set equal to 900 ft2/sec2

2

as compared to 100 ftzlsec for the range-rate variance.
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The unknown parameters present a different problem. Information
about the unknown parameters will come from intelligence sources and
knowledge of the current state-of-the-art. A priori knowledge that the
navigation constant is between three and six is used to determine an
appropriate standard deviation, i.e. 0 = .5. Therefore, the initial
variance for the navigation constant is .25. The (m/S) state is not as
well defined as the navigation constant. Certainly the lower absolute
limit is zero. The upper limit, however, can vary over a wide range.
Confidence in the intelligence available is the primary influence on
the initial covariance value. For this study, the (m/S) of a generic
missile is used as the mean value of the range of possible values for
this parameter. The "standard deviation" is computed using this mean
value and the lower limit of zero to define a "three-sigma" interval
length.

In addition to establishing initial estimates and variances of the
states, it is necessary to determine the strengths of the dynamic driving
noises, w(t), and measurement noises, v(t), i.e. the elements in the
appropriate covariance kernels. As in the case of the truth model
measurement noises, two types of noise models are used in the filters.
The exponentially time-correlated noise model is used in the L-Filter
to model the x, y, and LOS accelerations. Recall that this model is a
first order lag driven by a white Gaussian noise. The required strength

of the noise for this model is (Ref 9:178)
2
q = 2\o (141)

where

q = strength of white Gaussian noise driving the first order lag
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= reciprocal of the time constant

= gtandard deviation of the output of the lag.
It is apparent from this expression that both the time constant and the
standard deviation determine the strength of the required driving noise.

Table III, listed here for completeness, lists general values for these

quantities (Ref 10:323, 5:30)

Table III
Acceleration Types
Type g(ft/secz) t(sec)
small accel./slowly varying 10 3
large accel./slowly varying 64 10
large accel./rapidly varying 64 1
accel. for randomly maneuvering 96 10
aircraft

The application of the values in this table are discussed in the last
section of this chapter. The two pseudonoises of the UP-Filter previously
mentioned and pseudonoises to be added to the range-rate and angle channels
of the UP-Filter are all modelled as white Gaussian noises, the strength
of which 1s denoted as q. The values selected for these noises should

in general reflect the expected rate of change in the parameter/state
being estimated. The unknown parameters are expected to be essentially
constant, but adding a pseudonoise can be justified in order to keep the
associated Kalman gains from going to zero. The effect of different
values of noise strength for the navigation constant are discussed in
Chapter Five. The initial noise strengths for the unknown parameters

are kept small (i.e. a noise strength of .001 for the navigation constant

and .0001 for (m/S)). The noises added to the range-rate and angle
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channels are added to ensure that possible degradation of the system

model over time is offset by "forcing" the filter to look harder at update
measurements (i.e. higher variances on these channels).

Finally, values for the filter measurement noise, v(t), covariance
matrix must be selected. The initial values for the matrix can be
generated by equipment specifications and are obtained in the same manner
as used for the initial state variances for range, range-rate, and angle.

In addition, the R matrix is assumed diagonal for the same reason that

P was.
-0

Performance Criteria

The results of this study are divided into two parts, both of which
are located in Appendix B. The first part consists of plots of mean
estimation errors with a one standard deviation envelope about these
errors. These quantities are calculated as sample statistics obtained
from repeated runs of the simulation. Each run is driven by a different

noise sample from a random noise generator. The formulae used to compute

the mean error are

n
1 b o
xmean(tj) ke I xcomp (tj) (142)
r 1=1 i
f
emean(tj) i xtru’(tj) 3 xmean(tj) (143)

where n, is the number of runms, ) is the filter computed value

t
xcompi( j
of the state of interest at time tj, (on the i-th simulation run), and

xtrue(tj) is the true or truth model value of the state of interest at

time t,. The notation e (t,) indicates the error in the mean at time
3 mean = J

(t,) (Ref 7:16).
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The standard deviation is then given by

n 1/2
L O R (t,) - (t,)}? (144)
%sp{ty a_ -1 *comp, *37 ~ *mean'"y
1=1

It is important to note the use of (; 1_ 1) in this expression instead of

T
(%T). It can be shown that the quantity inside the brackets represents an
T

unbiased estimate of the variance of x(t). However, the expression for
xSD(tj) is a biased estimate of the standard deviation for small sample
sizes, such as n = 5 in this study. While it is biased, it is still a
better estimate than would have been obtained by utilizing the term ( :;—)
Methods for eliminaﬁing the bias in the standard deviation estimate ar:
presented in Reference 9 (Ref 9:8, 8:269). These statistical character-
istics provide a good, though only partial, description of the error
characteristics of the filters under investigation.

The second part of the results are plots that depict the tuning of
the different channels of each of the two filters. This is accomplished
by comparing the filter estimate of the standard deviation, Vﬁ;;?EST; and
the computed st;ndard deviation, xSD(tj). The objective of the tuning
process is to minimize the computed standard deviation. As a rule of
thumb, good tuning is achieved when the estimated standard deviation is
approximately equal to the computed standard deviation. While precise
tuning is desirable for eventual implementation, it is not essential for
a feasibility study. In addition, precise filter tuning by the use of
Monte Carlo techniques is very costly in terms of effort and time. How-
ever, this part of the results provides confidence that the filter per-
formance noted in the error of the mean results are representative of
the filter's fundamental capabilities. In addition, the tuning results

may provide insights into the reasons for performance differences between
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the two filters, and may also give insights for filter performance

enhancements.

Tuning Philosophy

The tuning effort is limited due to time constraints and the overall
objective of this study. It is assumed a priori that case (1) in Table III,
namely small, slowly varying acceleration, is an inappropriate model for
the dynamics of a missile. The remaining three cases are all considered
as possible models.

Landau Filter. The general tuning procedure for this filter involves

the choice of an acceleration model which best represents the ensemble of
expected missile accelerations. The actual filter performance will be
degraded to the extent that the actual target acceleration violates the
assumed acceleration model. In actual implementation, the filter model
may require adaptive settings of the dynamic driving noise. Due to the i(
time constraints and the scope of this study, adaptive techniques are not
considered, but their potential benefits can be discerned from performance
sensitivity analysis initiated in this study. The tuning process is
concentrated on the low-g trajectory.

For the Landau Filter the tuning process consists of varying the
standard deviation and time constants of the three accelerationms, a;x,

aI » and a:LOS. In addition, the standard deviation of the angle measure-

my
ment noise component was varied. The three standard deviation values
that were tested are listed in Table III. The lamda (%) values were
varied from ten to one-tenth (i.e. time constants of one-tenth of a

second to ten seconds). It should be noted that this original tuning

was accomplished by evaluating large quantities of error values on

computer printouts. The use of plots for the tuning is pfeferable to
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this method, but was not utilized due to a lack of computer plotting

availability during the period in which tuning was being considered.

3 The initial values of the time constant and standard deviation used were

indicative of case (3), large, rapidly varying, acceleration, in Table III.

The time constant for the x and LOS acceleration were varied from one second
to five seconds and the value of the standard deviation was set equal to

96 ft/secz. Both of the acceleration models displayed improved performance

as the time constant was increased (i.e. the magnitude of the errors over

i ARG

the majority of the trajectory were decreased). For lower time constants,
the x-acceleration model displayed slightly better performance over the
higher g portion of the trajectory, but degraded performance over a large
portion of the trajectory. With the same standard deviation, the time
constants of the two accelerations were varied from five seconds to ten
seconds.- The five second time constant for the LOS acceleration model
continued to provide the best performance. A time constant of seven
seconds was found to provide the best performance for the x-acceleration
model. The same analysis (i.e. time constant variation) for the two

acceleration models was accomplished using a standard deviation of

64 ft/sec2 as suggested in Reference 10. The values finally chosen are: g

o = 96 ftfsec-, A, = .2, and A\, = -14. As indicated in Table III, these

3
values describe a missile with large, slowly to moderately varying,
acceleration. This is consistent with the profile of the low-g trajectory
in Figure 16.

During the initial tuning efforts, it was found that the velocity
state not coupled to the angle state is not tunable. Neither it nor its

associated random acceleration model is coupled in any way to the other

filter states. (The value of this state is computed as a function of
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the other estimated values [reference Equation (105-a)]. As will be seen,
this is not a problem in the Unknown Parameter Filter.
Due to the dependency of the velocity estimate on the angle channel,

it was decided to conduct a limited tuning effort with the angle measure-

ment noise strength. The noise strength was varied from .5 x 10-6 rad2

6 6 2

to 4 x 10 radz. The final value chosen is 1 x 10 =~ rad”.

Unknown Parameter Filter. In the UP-Filter, as originally developed

in Chapter Three, the filter has no dynamic driving noises if both the
proportional navigation constant, n, and (m/S) parameter are modelled as
random bias. Recall that, in Chapter Three, pseudonoises are suggested
for both parameters. In view of the assumptions made in modelling the
UP-Filter, it would be unrealistic to model the system with no dynamic
driving noises. No system noises imply that the system model reflects,
with absolute certainty, the true system state. It is equally undesirable
that the uncertainty in the dynamic states, (i.e. angle, velocity, range,
and range-rate states), be so dominant that the coupling effects of the
two parameters are not readily observable. The objective then is to tune

the model so that good estimates of the parameters are obtainable, but

that if poor estimates of the parameters are obtained, the estimates of

the dynamic states are not severely degraded. The philosophy adopted is

to couple the two parameters into good velocity and range rate estimates.

To assure good estimates of the velocity and range-rate states, irrespective
of the quality of the parameter estimates, an additive white Gaussian noise
is added to the range-rate and angle states. The range-rate noise is added
to account for the uncertainties in the model of the state. The angle
noise is added to account for uncertainties in the angle model and to

ensure that the angle estimates remain '"good". As stated in the preceding

section on the L-Filter, the velocity states have significant coupling to

81




w2 o e iy o e S AT - aua A d Skl S D

the angle state. Therefore, the accuracy of the velocity state estimate
is enhanced by a strong coupling to the angle state, but the dynamics of
the state can still be sensitive to parameter coupling (i.e. the velocity
state is driven by coupling, not noise directly). The values of the addi-
tional noises are indicated in the system noise covariance matrix, Q, in
Appendix A.

An alternative to adding noise to the angle channel would be to add
a pseudonoise directly to the x-velocity channel. In order to keep the
x-velocity estimate sensitive to the navigation constant channel, it was
decided that the value of this pseudonoise should be kept small. However,
when a noise of strength 100 ftzlsec2 was added to the x-velocity channel,
there was a negligible effect on filter performance. Due to this result,
a time constraint on the research effort, and the fact that the other
method had already indicated a limited performance capability, it was
decided to pursue the method presented in the previous paragraph in greater
depth and to not add a pseudonoise to the x-velocity channel.

Finally, it should be noted that, unlike the L-Filter, both velocity
states are tunable for all values of sineT. However, the state that is
not coupled into the angle channel displayed relatively poor estimation
capability. Therefore, both for comparison with the L-Filter and for
expediency, the state not coupled to the angle channel was computed using
the estimates of the other states and not estimated [reference Equation
(105-a)].

This chapter has established the techniques and criteria by which
the two filters will be compared and evaluated. The chapter ended with
a discussion of the tuning philosophy used in the two filters. The
results of the tuning are found in the second part of Appendix B. Chapter
Five discusses the results of the filter comparison and analysis, and

discusses the findings of this study.
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V. Results and Conclusions

Introduction

The Unknown Parameter Filter is evaluated using the criteria and
tuning philosophy discussed in Chapter Four. The evaluation consists
of both a performance comparison between the UP-Filter and thés#dre conven-
tional L-Filter and an evaluation of the UP-Filter's capability to recover
from initial errors in state estimates. The results of the comparison and
recovery analysis are presented graphically in Appendix B.

In Appendix B, the results are divided into two sections. The first
section contains plots of the mean estimation errors (+ one standard devia-
tion) while the second section contains the tuning plots; both types of
Plots are described in Chapter Four. There is a one-to-one correspondence
between the plots of the two sections. (The figure number of the tuning
plot which corresponds to a plot of section one can be determined by add-
ing 40 to the figure number of the plot in section one.)

The results provide valuable insights into the capabilities of the
UP-Filter. Most importantly, they establish the feasibility of utili.- P
ing the UP-Filter to track an incoming missile. As will be seen sub-
sequently, the more detailed modelling of missile dynamics clearly
enhances the filter's tracking capability. The estimates provided by
the UP-Filter are, in general, less sensitive to system measurement
noises because of its more complete internal system model.

Further, the results strongly suggest that the proportional naviga-
tion constant can be estimated by the UP-Filter. The recovery analysis
provides additional insights into the filter's ability to estimate this
parameter. It gives a general indication of the effects that varying the

initial variance and noise strength (on the navigation constant channel)
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have on the tuning and recovery characteristics of the navigation constant
estimate.

In addition, insights into the adequacy of several modelling assumptions
and tuning techniques have been gained. These insights provide a valuable
basis for any future work done on the UP-Filter.

Finally, the results of this study are found to be consistent with
work done by The Applied Science Corporation. This fact and the graphical
results obtained in this study provide confidence in the truth model upon
which the analysis is based. The remainder of this chapter discusses the

specific results, conclusions, and recommendations generated by study.

Filter Comparison

The first 14 plots of Appendix B present a comparison of the perform-
ance of the two filters for the low-g trajectory and the next 14 compare
performance over the moderate-g trajectory. In the prior, less dynamic
case, the performance of the two filters is about equal. However, for
the moderate-g case, the performance of both filters is degraded, and the
UP-Filter demonstrates a far greater degradation of performance than does
the L-Filter.

The "bias" noted in the x-velocity estimation errors of the UP-Filter,
Figures (21) and (35), provides insights into the degradation of perform-
ance. A characteristic common to both of these figures is the nearly
instantaneous appearance of positive estimation error. Recalling that
the estimation error is computed by subtracting the estimated value of
the state from the true value, it is obvious that the filter is over-
estimating the deceleration of the missile in the positive x direction.
The difference in deceleration can be accounted for by noting that the

filter utilizes a zero order model for the missile, while the truth model
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utilizes a second order model and responds according to its performance
parameters, £ = .707 and w = .707. The effect of this modelling differ-

| ence can be seen by comparing Figures (21) and (35) to their respective

lateral acceleration profiles, Figure (16). The comparison indicates

that the x-velocity estimation error leads the actual missile accelera-

tion/deceleration. The higher line-of-sight rates present in the moderate-g

case accentuate the effects of this modelling simplification. It should

i be noted that the decision to use a zero-order missile model was consis-

‘ tent with the design goal of developing as simple a filter as would pro-
vide adequate performance. As is clearly demonstrated by the graphical

;A results, however, this model does not provide good enough performance.

| Despite this apparent undermodelling of the missile in the UP-Filter

system model, an analysis of the results obtained in the less dynamic ;

low-g comparison and the recovery evaluation provide insights into the 3

difference in capabilities between the two filters and the feasibility

of estimating the unknown parameters.

The narrower one standard deviation envelopes about the mean estima-
tion errors of the UP-Filter plots suggest both an advantage and possible
disadvantage of the UP-Filter. The advantage is the fact that the UP-

Filter estimates are less sensitive to measurement noise, i.e. that the

AR NORS R SSBNSSSIIS e S

filter provides a greater degree of consistency in its estimates. The

é; disadvantage is that, while the filter has confidence in it's estimates,

| these estimates may in fact have large errors due to unmodelled or mis-
modelled effects. This condition is common to any filtering problem -
the accuracy of the estimates obtained are in direct relation to the
accuracy of the filter's system model. The narrow one standard devia-

P tion envelopes for the UP-Filter are not unexpected. The random accelera-

tion model utilized in the L-Filter admits unmodelled affects and keeps
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the filter's bandwidth open (i.e. higher uncertainty is present). The
advantage of the UP-Filter is that it eliminates, at least in part, some
of the uncertainty inherent in the model within the L-Filter through its
more extensive model of the missile guidance function.

In general, the tuning of the L-Filter is better than that of the
UP-Filter [Ref Figures (58) through (71)]. This is most obvious in the
x-velocity tuning comparison, and in a comparison of the tuning of the
final two states of each filter. This result is probably an effect of
the undermodelling already noted, but also of the tuning philosophy
decision made in Chapter Four (i.e. the decision not to add a pseudonoise
to the x—velociiy channel). As noted, the system equation for the x-
velocity (as well as the y-velocity and range-rate system equations) do
in fact have unmodelled effects. Therefore, it appears that the adopted
tuning philosophy has increased the degradation due to modelling mismatch.
In other words, the filter has been given the capability to adjust effec-
tively only the parameter estimates in response to differences between
measurement and estimate values, when in fact it required the capability
to adjust dynamic state estimates to account for the undermodelling in
these states as well.

The strong coupling between the velocity channels (discussed in
Chapter Four) and the angle channel is seen to flow in both directionms.
Both filters demonstrate this fact in the moderate-g trajectory [Ref
Figures (32) and (33)]. In general, however, the angle state and the
other states directly updated by measurements reflect better performance
than the other states during both trajectories - again, this result is

expected. It is seen, however, that the range-rate estimates of the

UP-Filter are severely degraded in the presence of significant dynamics
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since the range-rate model incorporates the erroneous lateral accelera-
tion component of the zero-order missile model.
In addition to the coupling already mentioned, the errors committed

in estimating the navigation constant and (m/S) parameter demonstrate a

' strong coupling, or correlation. 1In all the system equations in which

the parameters appear, they both appear. This may account for the '"nega-
tive" correlation demonstrated by the two parameters (i.e. a positive
error in the navigation constant error is accompanied with a negative
error in the (m/S) parameter). This also suggests that independent
estimates of both the navigation constant and (m/S) parameters may not
be obtainable. It may also account for some part of the insensitivity
the other states exhibited toward the navigation constant estimate.
Recall that the objective of the tuning philosophy used in the UP-
Filter was to enhance the sensitivity of the x-velocity state to the
navigation constant estimate. The results indicate that, in general,
the x-velocity is not sensitive to the navigation constant estimates.
However, the navigation constant is seen to be very sensitive to the other
state estimates (primarily the velocity state estimate) [Ref Figures (29)
and (43)]. It should be noted that the error in the navigation constant
tends to lag the error in the x-velocity estimate. This lag decreases,
and the magnitude of the errors committed in estimating the navigation
constant increase, as the dynamics of the tracking problem become more

pronounced.

Recovery Characteristics

This portion of the evaluation considers the UP-Filter's ability
to recover from initial errors in the range, x-velocity, and navigation

constant estimates. The primary emphasis, however, is on the recovery
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characteristics of the navigation constant. Figures (46) and (47) depict
the recovery of the UP-Filter from initial estimate errors in x-velocity
and range respectively (from two separate runs). While the recovery is
positive, it requires several measurement updates before the estimates
come within the one standard deviation envelope of the mean estimation
error plots generated previously. When compared to Figure (57), the
L-Filter recovery from an initial estimate error in the LOS acceleration
channel, these plots further support the assertion that the UP-Filter is
less tuned than the L-Filter.

The recovery/sensitivity analysis of the navigation constant demon-
strates the lack of sensitivity of the other filter states to the naviga-
tion constant estimate. Prior to discussing this point and the effects
of varying the noise strength and initial variance of the navigation
constant, it is necessary to recall that the estimation performance on
this channel is "biased" due to the undermodelling noted in the Filter
Comparison Section. The effect of the bias is readily apparent from a
comparison of cases in which the navigation constant is initially over-
estimated, Figures (48) through (50), to those cases in which it is
underestimated, Figures (51) through (54). The biasing "aids" recovery
from an overestimate and "prevents' recovery from an underestimate.
Again, however, it is possible to gain some insights into the recovery/
sensitivity characteristics of the navigation constant parameter.

The series of Figures (48) through (55) depict the several cases
evaluated in the recovery analysis. In general, it is indicated that,
given a good estimate of the x-velocity, the filter can estimate the
navigation constant, even in the presence of initial estimate error.

It is seen that by increasing the dynamic driving noise (pseudonoise)

strength, the estimate is made to converge more rapidly on the true value,
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but exhibits an oscillatory steady state response. It should be noted
that too high a noise strength on this channel, i.e. q = .5, caused the

?j : filter estimate of that parameter to diverge. These statements suggest

the possible use of an adaptive g-setting technique. One such possibility
4 is to monitor trends in the estimates of the parameter (i.e. if a number

of successive estimates continue to increase or decrease, the values of

the driving noise would be increased). The exact number of estimates

and the amount of increase in q to be used are values that would need to
be determined prior to implementation. The "switching case" in Figure
(55) demonstrates both the divergent and convergent effects of larger
values of q. For this case, q is set equal to .5 and the initial estimate :
of the navigation constant has zero error. At time, t = 2.5, the naviga-
a8 tion constant is switched from 4.0 to 5.2. The errors noted in the plot
reflect the "bias" common to all the navigation constant plots in the

study (i.e. x-velocity/trajectory related errors). However, the significant

points are the more rapid growth and decrease noted in the error when
using the larger q.
An increase in the initial variance of the navigation constant also

provided more rapid convergence, but also a smoother steady state response

A
2
£ 4
g |

than did the increased noise strength. Additionally, it is found that,

of the tuning efforts attempted, an increase in the initial variance

L e

demonstrated the "greatest" effect on the x-velocity channel [Ref Figures
(56) and (96)]. The results of this section of the evaluation support
the idea that the other filter states are relatively insensitive to the
navigation constant estimate, but that it may be possible to obtain an
estimation capability for the navigation constant - particularly if the

pron (m/S) parameter is made a deterministic quantity by choosing a representa- |

pe

tive value a priori.
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Time constraints did not allow for a recovery/sensitivity analysis
of the (m/S) parameter, As noted previously, however, it does not appear
that independent estimates of it and the navigation constant can be ob-
tained. Due to the low dynamics in the low-g trajectory, the estimates
of the (m/S) parameter are generally good. The correlation between its
errors and those of the navigation constant, however, significantly degraded

the precision of estimates of the latter quantity.

Comparison to TASC Results

The results of this study are consistent with those obtained in
studies by The Applied Science Corporation (TASC). Essentially, the TASC
;tudy concluded that, with current state-of-the-art measurement sensors,
accurate estimates of the navigation constant cannot be obtained. However,
it also stated that if higher precision measurements become available,
estimation of the constant is possible. In any case, they have found
that, by including the dynamics of the missile in a filter of adequate
fidelity, one can obtain better estimates than those obtained using a
random acceleration model.

In their model, TASC utilized an acceleration model comprised both
of missile dynamics and an additive random component. The latter is
included to account for model uncertainties, but degrades the ability to

estimate the navigation constant (beyond a certain strength of noise, the

degradation is proportional to the magnitude of the random component).

Conclusions and Suggested Future Study

This study has proposed an Extended Kalman Filter design to be
utilized in the missile tracking problem (UP-Filter). In comparison to
a filter utilizing a random acceleration model, it has demonstrated a

limited capability to obtain estimates of comparable accuracy and of less
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sensitivity to system measurcment noises. However, the study demonstrates
the requirement for a higher order missile model to be included in the
UP-Filter system model. This in turn requires an additional, preferably
more precise, tuning of the remodelled filter. The graphical results of
the study clearly depict the mismatch between the truth model and filter
model.

Several methods are available for accomplishing the required model-

ling. Either a first or second order missile model could be included in

the filter. The uncertainties of the model could be accounted for by
using the method employed by TASC, utilizing an adaptive g-setting tech-
nique, or by using a combination of techniques, (i.e. to include adaptive
g-setting for some pseudonoises). The noise strength of the appropriate
channels could be adjusted according to the rate of change of the
acceleration calculated in the filter.

In addition to remodelling the missile and retuning the filter,
the addition of bias correction terms, as generated by higher order non-
linear filters, may be appropriate (Ref 9:255). The addition of bias
correction terms becomes even more appropriate if the filter tuning
results in weak dynamic driving noises (which tend to accentuate bias
problems). If warranted, higher order filters could be utilized
(implementation problems may become the limiting factors).

Besides establishing a limited capability of the filter, the study
supports the feasibility of estimating the proportional navigation
constant. It demonstrates an overall lack of system sensitivity to
this parameter, but a "correct" response of its estimate to tuning efforts.
The study suggests, however, that the lack of sensitivity may be a result

of the coupling between the navigation constant and (m/S) parameters.




It is suggested, therefore, that future efforts consider making

the (m/S) parameter a deterministic quantity. In addition, it is suggested

that further tuning efforts emphasize precise tuning of the dynamic driv-
ing states and possible use of the previously mentioned adaptive gq-setting
techniques.

The feasibility and, to a lesser degree, the potential performance
capability of the UP-Filter have been demonstrated in this study. While
the results of the analysis have provided several insights into the filter
performance, several questions remain unanswered. To answer these ques-
tions, the performance capability of the UP-Filter must be more fully
determined. The recommendations for future study from this work provide

a basis for this determination.
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Appendix A

This appendix contains the development and listing of those elements
of the filter algorithms required to complete the development of the Landau
and Unknown Parameter Filters. More specifically, the equations for the
rate of change of the LOS angle, eT, and for the rate of change of the
closing velocity, Vc, (both for the Landau Filter) are developed. 1In
addition, the 20, %ov.B’.E’.Es and Q matrices required as inputs to the
filters are listed. Finally, the partial derivatives that comprise the
F matrix elements for both the Landau and Unknown Parameter Filter are

listed.

Derivation of Equations (103-a/b) and (103-f)

Figure 17 depicts the "inertial" geometry (planar case) of the

engagement scenario. In this figure, RgT and RSM are the inertial posi-
tion vectors of the tracker and missile respectively, and R is the target-
to-missile range. Recall that it is assumed that, for the time period of
the engagement, the tracker instruments the "inertial" frame. The range
vector is assumed to lie along the positive x-axis of the line-of-sight

at all times (Figure 17).
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Figure 17. Inertial Geometry of Engagement Scenario
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In the planar case, the angular velocity of the TLOS-frame with respect

to the inertial frame is

®rcrLos) = °r

From Figure (17)

oM OT

(145)

(146)

By utilizing the Theorem of Coriolis, and coordinatizing in the I-frame,

the inertial velocity is found to be

i % I R.I I
(PrRow) ™ = (PyRop) " + (Prpog ) + (W3 (rp0s) X Roy

or equivalently

I I

1 e
Vm VT + R + wI(TLOS)R

where in the above
Py = time derivative with respect to the I-frame
= time derivative with respect to the TLOS frame

PrLos
R = —Vc = negative of the closing velocity

-

V_ = inertial velocity of the missile

- B

V., = inertial velocity of the tracker.

3

(147-a)

(147-b)

Note that the cross product term results in a simple product in the planar

case (i.e. employ the right-hand rule). Expressing Equation (147-b) in

component form yields (reference Figure 17)
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I I *
Vﬁx Vix RcoseT wI(TLOS)RSineT
= + + (148)
1 I .
me VTy RsineT wI(TLOS)RcoseT

and finally, solving for NI(TLOS) yields

I I

* cosf V, -V
R T Tx mx 1 o
“r(tLos) " R simé, T X sinb, ° sinfy, > .707 (149-a)
or
I I
* ginb v -V
pti iy T my Ty 1 s =
mI(TLOS) R coseT * R coseT ? sinOT <707 (149-b)

These equations describe the angle rate system equations. The alternate

forms are required to ensure that the value for wI(TLOS) does not go

unbounded as eT approaches Nm or Nm/2 respectively, N = 1,2,3,¢¢¢,
By taking the derivative of each of the terms in Equation (147-a)

with respect to the I-frame, and again applying the Theorem of Coriolis

and coordinatizing in the I-frame, we obtain

e 2 2
(PrRow) = [PrRor + PrrosR * “1(rrosy * Prios® * Prios®r(rrosy X R

I
* 91(rLos) * Prios® * “r(rLosy * “r(rLosy * W17 (150
This can be rewritten as

I A o
am an + R + 2(w

. 1 1
1crLos) * B+ (Ppos¥r(rrosy X B

+ (w

1
1crLos) * “r(rrosy X ®)) (151)
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a_ = inertial missile acceleration

= inertial tracker acceleration

"’.-3-}“.-45

= relative acceleration along the LOS

wI(TLOS) x R = Coriolis acceleration term

pTLosmI(TLOS) x R = tangential acceleration term

wI(TLOS) X (mI(TLOS) x R) = centripetal acceleration term.
From the geometry of Figure (17), and by using the right-hand rule, it is
seen that the Coriolis and tangential acceleration components are perpen-
dicular to the LOS and do not contribute to the LOS acceleration component.
In addition, the ai and a; terms must be transformed into the TLOS-frame

and only the x-component of each used in the LOS acceleration equation.

After this manipulation, solving for RI yields

R = o°R + all0s _ TLOS (152)
Tx mx

Extended Kalman Filter (Defining Parameters)

Landau Filter

Landau Filter states are eT (radians) 4 |

Vix (ft/sec)

2 2
b e a5 4Bt i N

I :
me (ft/sec) {3

2 R (£t)

R (ft/sec)

TLOS
a

m
aTLOS

mx

(ft/secz)

(ft/secz)

aTLOS (ft/secz)
o) my
—— J

*Note: The Q(3,3) term for a:y is set equal to zero for sin6 .707.
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F-matrix partial derivatives:
L xs V%x - X
If sineT 2> .707, x - ;Z cotx, + = csex,

F(1,3) = F(1,6) = F(1,7) = F(1,8) = 0

I
- (VTx - xz)cosx1

2
xasin x

F(1,1)
1

F(1,2) = -1/(x4sinx1)

F(1,4) = -i1/x4

F(1,5) = conxll(xhsinxl)

0

2256

I
: (x, = Vo)
If sin6_ < .707, x, = - - tanx, + — e IY csex
T 1 x, 1 X, 1

F(1,2) = F(1,6) = F(1,7) = F(1,8) = 0

I
~Xg + (x3 - Vf’)ainxl
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F(1,1) =

2
x,co8 x,

0
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F(1,3) = 1/(xacosx1)

F(1,4) = -;:1/24

F(1,5) = -sinxll(xécosxl)

F(2,j) = 0 for all j # 7

F(2,7) =

-

F(3,j) = 0 for all j # 8

F(3,8) =

[

F(4,3) = 0 for all j # 5

F(4,5) =

-

. ¢ (2 TLOS
Xg = (xl) x, + X = ap

F(5,1) = F(5,2) = F(5,3) = F(5,5) = F(5,7) =F(5,8) = 0
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F(5,4) = ;‘1

F(5,6) = 1

F(6,7) = 0 for all j # 6

F(6,6) = -%

F(7,3) = 0 for all j # 7

F(7,7) = - L

F(8,J) = 0 for all j # 8

F(8,8) = - %—
y
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AN L B elary Bl

Unknown Parameter Filter

Unknown Parameter Filter states are —GT (radians)
]: V:x (ft/sec)

V:Iy (ft/sec)

e e G

R (ft)
R (ft/sec) 3
a(-—)
| (m/8) (--)_|

1x10 0 0 0 0 0 0
5 0 900 0 0 0 0 0
; 0 0 900 0 0 0 0
ﬂ P = 0 0 0 256 0 0 0
R,
i 0 0 0 0 100 O 0
|
/ 0 0 0 0 0 .25 0
‘ o 0 0 0 0 0 100
2 -
i [ 4.36334 | 4.18879
1:? 1225. 1525.
| 2793. 2642,
3
Ay G = x =
b & 10000. | (low g) % 10000. (high g)
k| -2127. ; -2254.
X 4.0 4.0
:
4 29.197 29.197
- — - ek

8

#*Note: The P°(3,3) term for V:ly is set equal to 1 x 10 =~ for the case

of sine,r > .707.
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0 1 0 0 0 0 0 O
278.89 0 H= 0 0 01 0 0 O
0 . 201.64 0 00 01 0 O
‘ 0O 0 O 0
0 100 0 0
G = Q=000 0 Q=
E’ 0 0 .001 0
& 6 1.0 %0 L 1
3 0 0 0 l1x10
e e = o ;
4 1
k| 0 0 0 1
; ? F-matrix partial derivatives:: % _
a L x Voo = X :
$ If sineT > .707, x = 24 cotx., + L2 cscx 1
= X 1 x 1
Z 4 4
§
F(1,3) = F(1,6) = F(1,7) = F(1,8) = 0 i
3
“Xg - (V.’]'E.x - xz)cosxl
F(,1) = 3
xl‘sin X
F(1,2) = -1/ (x,sinx,) 1 1
F(1,4) = -x1/x4 _‘.‘
F(1,5) = cosx,/(x,sinx,)
k‘
q :
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I
- x (x, = Vo)
T 1 x, 1 x, 1

F(1,2) = F(1,6) = F(1,7) = F(1,8) = 0

G A5 O M S oo = 35S et

I
~Xg + (x3 - VTy)sinxl
2
x,c08"x,

F(1,1)

F(Q1,3) = 1/(x4cosx1)

4 F(1,4) §1/x4

F(1,5) = -sinxll(x4cosx1)

| %, = -[.0338 Vilz(llx7) + (.0390 (i1)2x7x§x§)/vm]s1nym - xgks (&) Jeosy,

% F(2,1) = F(2,2) = F(2,3) = F(2,4) = F(2,8) =0

H

P L] 2 .

5‘A F(2,5) = (.0780(x1) x7x§xssinym)lvm + XX, cosY

1 « 3 2 .

74 F(2,6) = (—.0780(:1) x.,xsxssinym)/Vm = XgX,C08Y

r i 3/2 -5 x GEN 2

’ F(2,7) .0338Vm sinym/x7 (.0390(x1) x6xssinym)/Vm

E! | X, = -1.0338 2(1/x,) + (.0390 (x;3%x,x2x2) IV lcosy_ + xgxgx stny_

P | F(3,1) = F(3,2) = F(3,3) = F(3,4) = F(3,8) = 0

’ 2 .
F(3,5) = (.0780(x1)2x7x6x5coaym)lvm - x6xlsinym
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. 2
F(3,6) = (-.0780(x1) X XX COBY, )/V + xsxlcosy
F(3,7) = 0338V3/2cosy /x - (. 0390(x ) X, X 2cosy VYA
G 4 m m 65 m’’ 'm

F(4,3) = 0 for j #5

F(4,5) = 1

- (xl) x, + {1-C. o:asavz‘/2

T Xg%s*y

cosy + x5x6ilsinym}sinx1 -

cosym} cosx, + {[-(. 0338V

TLOS

21x

3/2

Ix;) + (.0390(&1) x

/x,) + (.0390(&1) XXs 6/v )1

7 5 6

G

/V )]siny

F(5,1) = -sinx, [-(. 0338V3/2/x +.0390(x, You

e s 30
cosy, + x6x5xlsinym]

R(5,4) = Gxp)?

F(5,5) = (.0780(:1) XX Gsiny A/ )(cocx1

+ (x6§1cooym)(cosx1 - sinxl)

cosy, ]+ cosx, [-C. 0338V
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F(5,6) + sinxl)

. .2 2
~-(.0780 (xl) X XX 5sitwmlvm) (cosxl

A + (xs;:lcos'ym) (sinxl - cosxl)

‘ F(5,7) = (.0338v>/2
3 m

22532 ) !

sin‘Ym/xg - .0390(:':1) xsx /V_ ‘

’ sinym(cosxl + sinxl)

)
~
(2]
-
.
o

"

0 for all j

i
~
~
-
(S
~r

N

0 for all j
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Appendix B

This Appendix contains the graphical results of the study. The

o Landau Filter is designated Filter 1 and the Unknown Parameter Filter is
! designated Filter 2. There is a one-to-one correspondence between the
1 mean estimation error plots of Section One and the tuning plots of Section

Two.

Section One (Mean Estimation Error Plots)

: Figure Subject
| [18-31] Low-g Trajectory Comparison
18, 19 Angle
20, 21 x-velocity
22, 23 y-velocity
24, 25 Range
26, 27 Range-rate
28 LOS-acceleration
29 Navigation constant
30 x-acceleration
31 (m/S) parameter
[32-45] High-g Trajectory Comparison
32, 33 Angle
34, 35 x-velocity
36, 37 y-velocity
38, 39 Range
40, 41 Range-rate
42 LOS-acceleration
43 Navigation constant
44 x-acceleration
108




] 45 (m/S) parameter
4 46 x-velocity recovery
1 47 Range recovery :
; [48-54] Navigation constant recovery ]
. i
48 Po = .25 Q = .001 %*
49 Po = 2.25 Q = .001 overestimate i
50 Po = .25 Q=.1
51 Po = .25 Q = .001
52 : P = 2.25 Q = .001
g . underestimate
53 P =025 Q=.1
o
: v
54 Po = ,25 Q=.5 -
55 Navigation Constant Switch; t=2.5(mn=4.0~+5.2)
56 Effect on x-velocity of (Fig 50)
57 Filter 1 LOS-acceleration recovery ;

Section Two (Tuning Plots)

Figure ;
[58-71] Low-g trajectory tuning
[72-85] High-g trajectory tuning

86 x-velocity recovery tuning

87 Range recovery tuning

[88-94] Navigation constant recovery tuning

95 Navigation constant switch tuning

96 Fig 56 tuning

97 Filter 1 LOS-acceleration recovery

Note: The scale on both the range and range-rate plots for Filter Number

One in 18 units per division. The scale for the respective plots of
Filter Number Two is 30 units per division.
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Appendix C

This Appendix contains the computer listing and an ‘abbreviated flow-
chart of the program utilized in the study. The main prég:am, LRN,
initializes, propagates and updates the filter estimates. It computes
the prediction errors, estimation errors, and square roots of the diagonal
elements of the covariance matrix, and prints these values along with time
onto a local file. The local file is then stored on a permanent file.

The nominal measurements for the filter are generated by combining
the value of the true states (from Subroutine TRAJ) with a measurement
noise of the appropriate strength (from Subroutine NOISE). Subroutine
TRAJ, together with the noises from Subroutine NOISE, constitute the
truth model.

The Monte Carlo amalysis is accomplished by '"seeding" the random
number generator, noise generator, Subroutine NOISE. The "seeding" allows
repeatability of the noise sequence over any single simulation run. The
seed, designated in the program as JJ, is changed for each of the five
runs for a given filter simulation. The same sequence of '"seeds' is then
used for the five runs of the other filter (over the same nominal
trajectory).

The flowchart and listing that follow are for the Unknown Parameter
Filter. The listing contains the integration routine, INTEE. This sub-
routine was made available by Capt Eric K. Lindbery of che AF Flight

Dynamics Lab.
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SET STEP
SIZE (DT)

999

<
~

JJ =3

SET SEED FOR
RANDOM NO.
GENERATOR

TYME = 0

i

MODE = FALSE

INITIALIZE
TRACKER &
MISSILE

PARAMETERS

SET SYSTEM
NOISES
CORR O -+ CORR 5

FILTER
INITTALIZATION

X,P_,QR.H

4

INITIALIZE
SUBROUTINE
TRAJ

191

MODE = TRUE

DR

AYS
CALCULATE
ESTIMATION
ERROR
et =TS - FS

COMPUTER

F-MATRIX

(CALL SUBR.
F MAT)

c

OUT(1) = TYME

DO 17 I = 2,9
OUT(I) = et (1)

[i7]

DO 18 T = 10,17

OUT(I) = VP(I)

1]
L

WRITE
ouT
(TAPE 9)




RN

UPDATE NOMINAL
TRAJECTORY
(CALL TRAJ)

TYME = TYME - DT

FILTER STATE
PROPAGATION
(CALL DXSTAT)

N

CALCULATE

PREDICTION
ERROR

e =TS - FS

TYME = TYME - DT

v

FILTER COVARIANCE
PROPAGATION
(CALL DXCOVAR)

GENERATE
NOMINAL
MEASUREMENTS

MEAS(I) = TS(I)+NOISE

192

COMPUTE
FILTER

GAIN

(CALL DXGAIN)

L

UPDATE

FILTER
COVARIANCE
(CALL DXPPLUS)

UPDATE
FILTER
STATES

| (CALL DXSPLUS) |

V)

CALCULATE
ESTIMATION
ERROR

et = TS - Fs

L

COMPUTE
F-MATRIX
(CALL FMAT)

JJ = JJ + 2




|
i

&
&

B e e it

PARAMETER

INITIALIZATION

(REFERENCE
PROGRAM)

L

SET SEEKER
NOISE

\)

INITIALIZE
TRACKER
KINEMATICS
(XVT,YVT, XAT,
YAT,VT)

N

ANGLE
INITIALIZATIONS

L

STATE
INITIALIZATIONS

¥

INITIALIZE
AERODYNAMIC
COEFFICIENTS

>

INITIALIZE
AUTOPILOT FEED-
BACK GAINS &
INPUT GAIN

@

@

DO 78 I =1,2

N

COMPUTE RATE
OF CHANGE
OF STATES

/

INTEGRATE
STATES

A

TYME=TYME+DT/2

N/

COMPUTE
TRACKER AND
MISSILE
KINEMATICS

L

COMPUTE
AERODYNAMIC
COEFFICIENTS

)

COMPUTE AUTO-
PILOT FEEDBACK
GAINS & INPUT

GAIN I?{

—()

193

ASSIGN
"TRUE STATE"
VALUE (TS)

A\

MODE = TRUE

RETURN
TO LRN
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