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31nnm~~ry

A macroscopic model of heterogeneous nucleation is used for a theo-
retical study of condensation of water-vapour/carrier-gas mixtures in a non-
equilibrium nonstationary rarefaction wave generated in a shock tube • The
results are co~~ared with those from homogeneous nucleation. Nucleation is
assumed to take place heterogeneously on idealized emooth, spherical solid
particles of .Aitken nuclei , which are ch~~~caUy and. electrically inert . In
the processes of h~terogeneoua condensation, the controlling factors are the
size-distribution of nuclei , the concentration of monomers on the surface of
the substrate and the contact angle of’ embryos. Of these factors the most
dominant is the contact angle, which can reduce greatly the activation ener~ r
of nucleation. Heterogeneous condensation results in less supercooling of the
mixture but a faster approach to the equilibrium state. By choosing a suitable
value for the contact angle, the numerical results can be made to fit the
experimental data. Although this is not entirely satisfactory, it is probably
preferable to changing the value of surface tension as in -the homogeneous
nucleation case in order to obtain agreement with experimental results.
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Notation

A rate variable, Eqs. 28, 36

A0 surface area of a nucleus

A5 surface area of a nucleus vetted by droplets

B rate variable, Eqs . 28, 36

C rate variable, Eqs . 28, 36

B specific total energy (e + u2/2)

G Gibbs free energy

AG activation free energy for nucleation

condensation free energy per unit voitme

desorption free energy of adsorbed monomer

activation free energy for surface diffusion

I total nucleation rate

J monomer flux, Eq. 5

K heterogeneous droplet growth factor, Eq. 32

L latent heat of vaporization -

N(R) distribution function of nuclei, Eq.. 1

NA 
Avogadro number, Eq. 74

R radius of nuclei

RH heterogeneous nucleation constant, Eq. 24

- - • 

~R. universal gas constant

T te~çerature

Z nonequilibrium correction factor, Eq. 15

a vo1~~~ coefficient of droplet , Eq. A-l
I~ a, frozen sound speed, Eq. 47

a3 liquid-solid surface area ~~ droplet , Ecj. 17

-

• 

~ a~~. liquid-v apour surface area of droplet , Eq. 17

coefficient of liquid-solid surface area, Eq. A-2

V
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b~ coefficient of liquid-vapour surface area, Eq. A-3

4 c coefficients in rate equations, Eqs. 28, 36

c~ specific heat at constant pressure

e specific internal enargy

— f geometrical factor for heterogeneous nucleation, Eq. 23

g overall condensate mass fraction

condensate mass fraction on a nucleus of radius R

h specific enthalpy

i number of monomers

k Boltzmann constant

2 characteri stic length

m mass of monomers

n(i) concentration of embryos of size I

nucleation rate per unit area of a nucleus

l’tomogeneous nucleation rate, Eq. 25

• p pressure

r droplet radius

growth rate of droplet radius

homogeneous growth rate of droplet radius, Eq. 31

dimensional constant

s s~~ersaturation (~~/~3)

t time
4 t characteristic time

I , •
~~~ u velocity

v specific volume

V
2 

vollnIE of droplet, Eq. 17

w in~ ingement rate of monomer s on substrate
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x space coordinate

y Lagrangian coordinate

Cr condensation coefficient

nondimensional adsorption free energy, Eq. 24

- y specific heat ratio

9 embryo-to-substrate contact angle

I nondlmensional latent heat of evaporation (L/C~0T0)

Lax dissipation constant

I V adatom vibrational frequency

I 
- Lagrangian coordinate

p density

surface tension on liquid-vapour interface

relative humidity 
~~~~~~

specific humidity t(~ +

I Subscripts

a condition in the driver section

I S saturation state

-

- 
j v vapour

I inert carrier gas

t frozen

-~~ 1 *~ 2 liquid

R nucleus of radius R

- 

nucleu s of infinite radius

Superscripts

I 
* critical

- nondimenslona].

size-nimber weighted integration , Table 1
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1, INTRODUCTION

Problems of two-phase and two-conponent systems have great practical
inçortance in various engineering fields. Researches on the nucleation and
growth by ~cond~insation and evaporation of droplets have been conducted over a
long period of time and many aspects of these processes can be regarded as
understood. Nevertheless, there still remains a number of unsolved problems
such as phase transitions under the existence of foreign particles.

Homogeneous nucleation and condensation have been studied theoretically
and experimantally by a number of investigators wi thin the framework of one- or
two-dIi~~nsional supersonic-nozzle flows and nonstationary rarefaction flows in

• a shock tube. Recently, Sislian (Ref. i) made a detailed numerical study of
homogeneous nucleation and condensation of water vapour with or without a
carrier gas in the nonstationary rarefaction wave generated in a shock tube and
predicted the effects of condensation on the flow variables.

Unless a supersaturated vapour is specially and expensively treated,
it is likely to contain a large number of small particles (Ai tken nuclei),
which can act as nuclei of spontaneous condensation. Depending upon the
cooling rate and the number of nuclei , the resulting phase change of the super-
saturated vapour can take place at considerably lower supersaturation than
predicted by homogeneous nuc1~ation alone.

Since nucleation on foreign particles involves additional degrees of
freedom, the analysi s of heterogeneous nucleation ~.s much more ccnsplicated than
the homogeneous case • The nucleation rate will depend on the nature of the
nucleus surface, including its ge~~~try and physical and chemical properties.
It also depends on the condition of the surface and. the state of the vapour .
Nevertheless, there are many similarities between homogeneous and heterogeneous
nucleation. Due to these features, heterogeneous nucleation has been studied.
from both macroscopic and microscopic points of view, such as the áapillarity
model (Refs . 2, 6) and the small-cluster model (Ref. 3). The latter requires
fairly microscopic data of physical and chemical properties of the nucleus -

surface which are not readily available.

In the present report, by using a macroscopic model of heterogeneous
- 

• - 
- 

nucleation, numerical studies are made of the condensation of water vapour in
the nonstationary rarefaction wave generated- in a shock tube and the results
are con~ared with those obtained from homogeneous nucleation (Ref. i). Nuclea-
tion is assumed to take place hetero geneously on idealized smooth , spherical
particles of Aitken nuclei, which are chemically said electrically inert. The

-• flow variables in a shock tube are assumed to have the same initial conditions
used in Ref. 1. The new flow properties are then calculated using the same Lax

- • 
method enployed in Ref. 1.

2. HETEROGENEOUS NUCLEATION AND CONDENSATION

2.1 Condensation Nuclei

t ‘~~~
• As a sour ce of comaercial nitrogen gas , atmospher ic air is widely used.

The air has sufficient quantities of nuclei produced by physical , chemical and
mechanical processes in nature. According to cloud physics terminology (Ref . 4),
these particle s are classified by dimension as, Aitken nuclei for particles with —

n 1
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I , —  ~~~~
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radii below 0 .]4i ; large nuclei for those with radii 0.1 li.t; and gigantic or
giant nuclei for those with radii In excess of 1~i. Large and gigantic nuclei
usually contain a large quan...:~y of soluble substances, primarily aninonium
sulfate and. sodium chloride . They are the most active of nuclei in cloud
formation. The majority of Aitken nuclei are too small to become active in
meteorological condensation provided they are riot electrically charged.

Even cleaned air with careful filtration might carry a considerable
number of these condensation nuclei . In industrial processes , the gases are
passed through various pieces of equipment, heat exchangers, condenser s, liquid-
sprayed columus , contact apparatus with catalyst layers and filters • The number
density of particles and, their physical and chemical properties thus depend not

1 
- 

only on tho se in the initial gas but also on the processing of the gas . By taking
special care of physical filtration and electrical neutralization, large and
gigantic particles and electrically charged particles can be excluded from the
gas. Consequently, the processed gas can be assumed to contain only Ai tken nuclei
that are chemically and electrically inert .

2.1.1 Number Density and Size Distribution

Concentration and size distribution of atmospheric nuclei vary greatly
with locality. The particles in greatest concentration are the Aitken nuclei,
which are counted in the conventional kitken nucleus counter, ranging in number
density of 102 to lO~ (particles per cm3). A representation of the average size-distribution in typical atmospheric air is shown in Fig. 1 (Ref. 5) .  Two peaks
below 3 x 10 ~ cm are due to more aggregations of air and water molecules on
ions, and are not foreign particles. Hence, the gas treated wi th physical fil-
tration and electrical neutralization can be assumed to have such a size distri-
bution of nuclei given by curves A, B or C.

In order to describe the number density and size distribution, a
distribution function with respect to the droplet radius, R, should be defined.
The distribution function N(R) mi4tlplied by dR characterizes the number of
particles lying in the size range from R to R + dR ,

dI~T = N(R)dB (1)

1’
The overall particle concentration is then given by

, .
~

< N > =f N(R)dR (2)

The assumed distribution functions in Fig. 1 can be expressed in a form of

(3)

where , N0 and. R0 are given in Table 1, with other size average properties.

2
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2.1.2 Sha~p~ and Sjze

Particles with a radius less than lO
_6 

cm (100 ~
) are highly dispersed

and in vigorous Brownian motion so that the shape of the particles is not at
all spherical due to coagulation and sintering phenomena. It may, however , be
possible to classify them by some effective particle size such as an average
diameter or radius , although small pits, steps, cracks and cavities in the surface
are the most important imperfections from a physical point of view of heterogeneo us
nucleation. Nevertheless, for simplicity, all particles are assumed to have a
smooth, spherical shape of effective radius R , with a distribution function given
by Eq. 3, without any further coagulation or separation.

2.1.3 Surface Physics and Chemistry

The main sources of Ai then nuclei are smoke and vapour from fires and
industries, dust from the lands, salts from the oceans and particulate products
from chemical reactions. The chemical and physical properties of these nuclei
are extremely varied. This arises because the formation of the nuclei is due
not only to a number of their originating processes but also to subsequent
coalescence of particles, adsorption of gases, and chemical reactions. Hence,

• one m a y  actually have reference only to average properties of particles.

If the nucleus consists of a mixture of soluble and insoluble particles,
then nucleation is dominated by the soluble particles due to their smaller acti-
vation energy. The gases treated with physical and. chemical processes can,
however, contain a negligible quantity of soluble particles. Here, all cond.ensa-
tion nuclei are assumed. -to be chemically inert and. insoluble in water vapour.

2.2 Heterogeneous Nucleation

From the macroscopic point of view, heterogeneous nucleation follows
steps very similar to homogeneous nucleation, although the former occurs on a
surface immersed in a supersaturated vapour. $everal models have been proposed
for heterogeneous nucleation (Refs. 6, 7) .  According to these models , nucleation
takes place as a result of growth beyond a critical size of embryos-from a thermo-
dynamic equilibrium distribution colli ding with monomers or higher-order clusters.
In addition, embryos can also form from adsorbed monomers or higher-order clusters
in one or more layers on the solid, surface.

The nucleation rate per unit surface area of particle per unit time can
-~ 

- 
be basically expressed as, -

1~ = Z .w .n ( i*) (~4)

where, n(i*) is the concentration of embryo of sizei*, on the substrate; w,
- - the impingement rate of monomers on the embryo; and Z, the nonequilibrium correc-

tion factor.

2.2.1 Nucleation 1~~chathsms

Consider monomers or higher-order clusters of a supersaturated vapour
impinging on a surface of a solid particle (R), to make a cap-shaped embryo ( r ) ,

_ _  

3
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as illustrated in Fig . 2. For heterogeneou s nucleation , there ar e two types
of monomer impingements on ~~~ryos; the direct impingement of monomers
fr om the vapour and the impingement by desorption of adsorbed monomers.

(1) Direct impingement of monomers from vapour (Ref. 7)

Accord ing to kinetic theor y, for a Maxwellian velocity distribution ,
the monomer flux j (i) is given by,

p
j (i) = 

V (5)

~/~ rm~r

where, p~ is the vapour pressure, T the temperature, m the mass of one molecule
and k the Boltzniann constant • The impingement rate of monomers on the embryo
is then ,

w = J(l)a (6)

wher e, 4 is the surface area of -the embryo .

The concent ration of embryos of the size i* (number of monomem i*) can 
S

be approximately given by,

n(i*) = n ~(i) 
(7)

where n5(l) is the concentration of adsorbed monomers on the substrate and
• L~G*(i5 is the Gibbs free energy of formation of an embryo 

of size i*, from the
vapour phase monomer of concentration n5(l).

The concentration of monomers adsorbed on the substrate can usually
be written in terms of the impinging vapour flux J (i) and. the mean maxiomer stay
time on the substrate T as ,

= a
aJ(l)T 

(8)

where, CXa is the adsorption 
coefficient and. , is given by,

~1

(9)

where , ~Gd, is the desorption free ener gy of monomers and V is the vibrational

- 
- frequency of the adsorbed atom.

The nucleati on rate per unit surface area of a nucleus particle by
direct impingement of monomers from the vapour is then ,

4
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(ii) Impingement of adsorbed monomers on the substrate (Refs. 7, 8)

The rate at which adsorbed monomers impinge ~~on embryos on the sub-
strate is given by (Ref. 8),

w = ~~~25 J(1)TVe~~ (_ ~~~~) 
(u)

where, £,g is the embryo periphery, 2~ the mean surface diffusion distance and
• the free energy of activat ion for surfac e diffus ion .

By substituting Eqs . 5, 7, 8, 9 and. 11 into Eq. 4, the nucleation rate
- 

I can be written as,

ap
x~i=r ~~~~~exP (~~~.4 ) . Z V 22 2 exp ( 

d. 
) (12)

Using the reasonable assumption that < < A~d. and 2j 2~ 4, both
nucleation rate equations can be expressed in the same form as,

t’LX / ~ /
“ ) exp (~- ) (13)

/

where , n 1 for the direct impingement of monomers from vapour and n = 2 for
the impingement of desorbed monomers • Thus, the difference between nucleation
mechanisms of direct and indirect inçingements of monomers can be included in
the desorption free energy fr om a macrosc opic point of view (nA~d -‘~ Gd). In
this sense , the nucleation rat e per unit area of substrate can be expressed as ,

t~ / p  \
2 

/~~~~~~* .~~~~~~~ \
i~ ~ Z a* .-

~~ 
( ~ ) exp ( ... d (14)V V  \~J ~~~~~/ \ /

(iii) Nonequilibrium correction factor

Because the critical nuclei are steadily being consumed to produce
droplet s, the actual concentration of embryos and critical nuclei are s’n~.11er
than the equilibr ium value s • The factor which corrects this embryo depletion
is given by,

~-S - -~ (~~~~~~~
‘
~ 

‘L~...S ~~~* ‘L~ (15)
~ 27T~~ ~ ~~~ 

)j =~ J — ~ 3~~~~~~~~ j* J
for a cap-shaped embryo (Ref. 7), although it is not ordinarily a significant
quantity in the nucleation rate.

5 
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(iv) The critical free energy A~*

For embryos of sm~1l size, the partition functions for monomers and
clusters including the translational, vibrational , rotational and configura-
tional contribut ions should. be evaluated to describe the free energy of embryo

• formation. However, because of its simplicity and mathemati cal tractability ,
a macrosc opic approach is often used. By this method, the free energy of
embryo formation can be expressed as the sum of contributions from the forma-
tion of the solid-liquid. interface, the liquid-vapour interface, end the bulk:

= 

~~b 
V~g + °2v a~ * (o~~ — ~~~)a (16)

where , ~~ is the free-energy difference per unit volume of liquid phase from
vapour to liquid. phase , aj1, the surface free energy of the interface between

• phases i and j , v2, the voiume of liquid, as,., the surfac e are a of liquid-vapour
interface , a~, the surface area of liquid-substrate interface and subscripts
v, 2 and. s refer to vapour , liquid end substrate, respectively. From geometri-
cal consider ation , ‘12, a1 and a2 are written as,

2 (r
V
2 =~~~,ir ~~~~~~ cose

2 r
= 4lrr b~ ~ ~~, COS~~~) 

(17)

a = 477r2 b £, cos8S s\R

where, a, by and b8 are a function of r/R and the contact angle e, given in
Appendix A, and in Fig. 3

- 
- 

By using the usual definition of’ the contact angle

• cosO = ~~~~ 
sv 

= 
°s2 °~sv (

~ ~2 (18)
C .  Lv V

and substituting Eqs. 17 and 18 in-to Eq. 16, the free energy of formation of’ an
embryo of radius r , on a nucleus of radius R , can be expressed as a function of
r, R and. cosO . Different iati ng ~G with respect to r to evaluat e the critic al
free energy ~G* gives the critical radius r*, - -

- - 

( 19)

- 

• 

• at which, -
-

(Er=r*
0 

-

6
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The critical radius is identical with that for homegeneous nucleation . The
free-energy difference between the vapour and liquid phases. A}b is,

- ~~ 2n(~~~) 
- n2 •~~ Lii s (20)

where, p3 is the satur ation pre ssur e of the vapour phase , nt , the number of
• molecules per unit vo1~mie of liquid and s ,. the supersaturation , -

p -

s =_ !  (21)
-P s

Substituting Eqs . 19 and. 20 into Eq. 16 gives then the free energy of formation
of a critical embryo (Ref. 9) ,  S

=

- l6m7~ 
-- - 

~ (r * cose ) (22)
3(iij k~ 2nQ)2 

•

where,

i (
~
, cose ) — ~ [~. + { c0 (~ 

- cos9 )}3+ (.
~
. )
~ 
{ 2 - 

~~~ (1 - ~
. cose )

3 2 -

+ c ~~( 1 _ ~~~c o 8 e) }+ 3 ( ~~ ) cose{c e (
1 _

~~~ c ose) ._ 1}] (23)

I ( r \ ~ r -Ce l
~~~~~~) 2 ~~~

CO8O
f S

S The factor f(r/R, cose) Is shown in Fig . 4. It means that lower values - Of’
contact angle reduc e greatly the activation energy of the formation q,f critical
embryo by virt ue of the difference of surface free energy between vapour-solid
and liquid- solid interfaces.

Finally, by combining Eqs . 14, 15 and 20, the heterogeneou s nucleation
rate per unit area of nucleus substrate can be expressed as , —

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ i) }exp
{~ ~~~ r~~~T(f ~~ 1) }(24 )

-
. where, L~ means the homogeneous nucleation rate per unit volume of vapour ,

E 4~~~~2 ~ V ~V ( 47T r* cT
) 

(25)
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and l f ~~ ~d- RH~~~~4~~~~~ e ,

2.2.2 Nucleation Rate

A nucleus particle has the surface are a A0(= 4~~~2) at the Initial stageof nucleation and the area comes to be wetted by condensed droplet s , say A5 attime t • The surface area of a nucleus on which embryos can nucleate is ,

Ae = A o
_ A

s a

- 
i Since the size dis~tribution functIon of nuclei is N(R) and the nucleatio n rate

per unit surf ace -area of a nuclei is ix, the tot al nucleati on rate per unit volumeof vapour is then , -

- 

I =fix Ae N(R)dR =r~(A0 - A2) N(R) dR (26)

The wetted surface area A is given by,

S A3 =fix(T) (A0 - As)T a5(t,T)dT (27)
0

where, a5(t,r) is the liquid-solid interfacial area of a condensed droplet which
• is formed at time T (< t).  The s’olution of the integral equati on, Eq. 27, givesthe wetted surface area of a nucleus hence the tot al nucleation rate ix(A0 - A )
• or I • The Integral equation can be more easily solved by rep lacing it bysuccessive differentia l equat ions (Appendix B), as follows:

~A 
-

- -  
- 

- 

~~~ : ~(A0 - A8) 4~~~~ 2 b + B - 
-

= ñ(A0 - A3) 2nr* c b + 
~~ 

C8
- • 

• . (28)-

- 
- 

--

~~~~~~~~~~ 

- - - 

~~E
! =~~ (A0 - A5) ~~~~~~ + f’~

= ix(A - A ) 27r C - + ~ C0 5 8C3. 0 82

~~ where, 0sb~ 0sc’ ~~~~~~~~~~~~ are a function of r/R and cose given by Eq. B-il and
~o 

is the growth rate of homogeneously conden sed nuclei given by Eq. 31 in the 
S- • - following .

8
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2.3 Condenaation ai~ Droplet Growth

2.3.1 Dr~~let Growth

By using the Nertz-Khudaen equation for the net mass flow in unit time
— of vapour molecules condensing onto a dr oplet as in the homogeneous case (Ref. i),

the droplet growth rate can be approximately expressed as,

a p
_ _ _  

( s- i )

where, ~j  ~~ ii the mass of a condensed droplet , av ,  its liquid-vapour surface
ax e. and a, the so-called condensation coefficient equal to the ratio of mole-
cules sticking to the droplet to those impinging on it. The abov~ relation
with pg vg pj 47ir3a/3 yields

S ~~~~~~~~~~~~~~~ (30)

• where, ~ means the growth rate for homogeneous cases,

P
~~ 

~~ .— ~ _ ( s - 1 )  (31)
° ~t~ I~~~kT

and

K = . ( 1 +~~~~~~~~) (32)

• 2.3 .2 Cond ensate }fass

The mass of embryos - produced during the time ~r and. T + dT is,

S 

• J~ (40 - A5)p2 ‘v~ N(R)dRdT

• which, grows at time t up to ,

- A8) p
2 v2(t,T)N(R)cfl~dr.— ; -,

~ • 
0

~~~ 
•~ Thus, the overall condensate mass per unit mass of vapour mixture is given by,

g= f ~R N( R)~~

~~~~ 
-

g~ =f  .~ 2 (A0 - A8) 1p2 v1(t,T)dT

LI- 
- ,

‘ St P~~ -

—
S.

S.  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _
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and. the rate of production of the liquid. phase by,

dt j  ~~.- N(R)dR
0 (34 )

= { ~~ 
(
~, - A5)p2 ~~ } +f { ~~~ (A~ - A5) 

~~ 
(p 2 vj)} di

S 

Further , when homogeneous nucleation is taken into account simultaneously, the
rate of liquid-phase production can be written as ,

~~~~~~~~~~ 
3 pi+f _ ~~

.
~~(~

5 71r3 Pi )dT

(A~ - A5) a ~2) di] N(R)dR (35)

The first and second ‘~erms of the ri&at-hand side are -the contribution from
homogeneous nucleation.

When the heterogeneous nuclei are in t~e size range of one or two
orders larger then that of the embryos (R 10 cm) and the values of contact

• angle are not too large (e < 1200), heterogeneous nucleation is always favoured.
compared with homogeneous nucleation because of its smaller .ctivation energy.

• For the same saturation, the heterogeneous nucleation rate, n, is of one or two
oxder s larger than the homogen~eous, no (see Fig. 10). Consequently, in the

— present analysis, only the heterogeneous condensation -terms are considered. in
-
• - the -rate equation , Eq. 34.

S - The rate equation can be numerically solved by transforming them to 
S

successive differential equations (Appendix B), as follows:

= ~~ (A0 - A8)r*2b~ + z~0B

= ~~ (Ar, - A5)r* % + z~ C (36)

~~~~

~C1 i?i
~~--~~~(A0 -A 5)c0~~+ r oC2

h.1— 1 ••..... ...
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f where, cb, c~ , c~~ , ... are a function of r/B and cosO given by Eq. . B-7.

Since coefficient s a, b~, c’s in Eq. 36 aM b5, c5 ’s in Eq 28 are
a function of the radius of nuclei R , the total mass fraction of liquid phase
g should be obtained by integrating g~ with respect to R , which is extremely
time-consu~th~g for numerical computation. Hence , it may be sufficient to
consider an appropriate approximation for the integration of these rate equations ,
before applying them to the problem of condensation of water vapour In a shock
tube.

For example, consider the system of water-vapour and air mixtures,
which cont ain nuclei particles with size distributions shown in Fig. 1 and
have the initial conditions shown in Table 2 • The pressure of the system is

• assumed to change as

= 0 .425 + 0.525 exp(- 3~~~2) (37)
S p0

which is nearly similar to the curve at -5 cm from the diaphragm in Fig. l2a.
By combining the equations of energy and state, Eqs. 53 and 41, the rate
equations, Eqs. 28 and 36, can be integrated ni~~~rica1ly.

In Fig . 6 is shown the variation of condensate i~~ss fr action with
respect to time corre sponding to the size distribu tions of nuclei , A, B and C
in Fig. 1.. In orde r to examine the effect of size distribution of nuclei , the

S 
following physical properti es were used. in Eq. 24:

-
~~ R~~< R 2 > = l , 

~d~~~~
4

which means v = (1 — 1O).l0~3/sec 
~~~ 

= 20 kcal/mol. Equations 28 an~ 36
were integrated up to C5 and C , respectively. It is seen that because of the
smaller values of embryo size compared with the effective radius of nuclei
r~ <( R , the size distribution has little influence on the result. By virtue
of this fact , coefficients in Eqs. 28 and 36, a, by , bs , c ’s and Cs’s can be
sufficiently approximated. with their values in the limit of r/R -, 0, which

S are given by Eqs . A-14 and B-l2 . The rate equation s are then reduced to the
following ordinary differential equations: -

- 
-

(38)

•-
~ ~! ~~R 4 { 1 ~~(l A ) r•*3 .

A }

(39)
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= n(l - A8) 47~.*2 b5ce + r0 B8

d~
= ~i(1 - A3) 2irr* 0sbco + ~

‘ C (4o)

-
= n(i - A5) 27r ~~~~ ;,

where

ace = (1 - cos8)2 ( ‘
~ 

+ ~ cosø
)

= .
~~ (1 - cosO) b 5ce = ~~ (1. - cos2e)

• = 
2 c = Kbce 2 + c o se co

0 b = (i - cos29) c~~~ = Kce C5~~

K = 

~ 
{ (1 + cosO) + ~~~~ )y~. 1 and f(r/R , e) involved in i!i is , 

-

I 

= (j . - cose)2 (-
~ 

÷ ~ cos~~)

F - Figures 7 to 10 show -the effects of the vibrational frequency adatoms
(RH) , the d.esorption free energy of monomers (ed) , and the contact angle (e),
t~pon the variations of temperature, supersaturation, condensate mass fraction

• and. nucleation rate of embryos associated with the change in pressure given by
- ‘  Eq. 37. For smaller values of contact angle, heterogeneous nucleation occurs

S faster at lower supersaturation (Figs. 8 and 10), so that the decrease in
• temperature is smaller due to rapid heat release of condensation (Fig. 7).

Larger values of the factor RH < R2 > mean larger values of the concentration
- of adsorbed monomers on the nuclei , or the tot al surface area of nuclei , and

-
‘ ~ accelerate heterogeneous nucleation, resulting in a higher nucleation rate at
t -

~~ a lower supersaturation. Larger values of the factor 
~d also mean higher

concentrations of adsorbed. monomers on the substr ate and an increase in the
~ 

-
~~~~ nucleation rate.

The values of V(R H) and 
~~d(~d) 

are somewhat uncertain and. depend
-
~ largely upon the nucleation situatio n , but fortunately they are not significan t
-
~ ,~ quantities as seen in these figures. The features of heterogeneous nucleation

and condensation are dominated largely by the contact angle , 0.

12
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3. COND~ iSNFI0N OF ~~~~~ VAPOUR ON HEYZERQGENEOUS NUCLEI

The approach to the problem of condensation of water vapour in a
shock tube is the same as in Ref. 1. A mixture of water vapour and air , which
contains solid. particles acting as heter ogeneous nuclei , is suddenly expanded
by a raref action wave in a shock tube and cooled until the vapour becomes
supersat urated . Heterogene ous and homogeneous nucleation and condensation
processes start . The associated variations of pressure , temperature, super-
saturation, condensate mass and other physical quantities can be obtained by
solving the gasdynamic equations coupled. with the nucleation rate equations
obtained in the preceding chapter .

3.1 N1~~erical Model

A mixture of water vapour and air or an inert carrier gas is initially -

at rest In the high-pressure driver section of a shock tube . At time t = 0, the
diaphragm separating the driver section from the low-pressure channel section of
the shock tube is suddenly ruptured , and the mixture is expanded into the channel.
When sufficient supersaturation occur s, embryos of water-droplets nucleate heter-

S ogeneousl.y on the substrate of solid particles contained in the carrier gas and
then grow to larger water drops by condensation of water vapour. Concerning the
gasdynauiic and. thermodynamic features of this system, the following assumptions
are also made:

(i) The effecla of molecular transport leading to viscosity , heat conduction
S and diffusion are neglected.

(ii ) Solid particles move at the same speed as the mixture regardless of
water-vapour condensation on them.

(iii) The thermodynamic properties of the mixture are the weighted sums of the
corresponding properties for the single system.

• 3.1.1 Thermod.ynamic Properties S
-; S Let ~~ be the density of species CX, and p~ , its molecular weight .

Denote the subscripts v, 2 , s and I as vapour, liquid phase of’ water, solid
particle and inert carrier gas, respectively. The equation of state for a
mixture of water vapour and carrier gas is,

(4i)

~ -~ where ~~ . is the universal gas constant . The mixture density Is wrItten as,

S 

P = P i + P v + P;. + P
~ 

(42)

where, p~ and are the masses of liquid phase of water and solid particl e per
~~~~ : ~ unit volume of the mixture, respectively. By defining the initial specific

humidity w,~, the condensate mass fraction g and the mass fraction of solid
particle g5 as,

13
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p + p ’ p ’ p
w~ 

V g = —  ç ...~ - 
(43)

the equati on of state , - Eq. 41, can be rewritten as ,

~~ . - W  - g  (a)
p = ç - ° ~ + ) PRT (44)

- S 

~
1i ‘IV

The specific enthalpy of the mixture is ,

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (4~~)

where, I~ is the specific enthalpy of a-phase. By using the first law of thermo-
dynamics,

S 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~

where, L is the latent heat of vapourization and by taking the water vapour and
the carrier gas to be thermodynamically per fect gases, the specific enthalpy
and the specific internal energy of -the mixture can be expressed as , S

S 
-

. 

S

5 h = c ~ 0 T - g L
- (46)

- 

e = c ~ 0 T - g L -~~

where

cp0 
a (1 - w  - g5)c~~ + 

~~ 
c~~ + g

The frozen sound. speed. in an ideal gas mixture is defined as ,

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (47)

Using Eq. 46, the sound speed is then expressed as ,

~~~~~
~ T (48)
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where,
1 - ca  - g  ca

0

The supersaturation s defined. as the ratio of’ the pressure of the vapour
phase to the saturation pressure is given by,

~v L  0 g 
(4 9)

PS P S I
~
Lv

S g

where, p~ for water vapour is (Ref. 1), 0

= 10(B-A/T) A = 2263.O°K B 6.064 (so)

3.1.2 Gasd.ynamic Equations

By neglecting the effects of’ molecular transports according to assunp-
tion (I), the equations of continuity, momentum and energy are expressed as
follows: -

I -

S 

~~~~ + -~;~~~PU - o

~u _ 
~~~~t

.- + u r_ _  
~~~

de d(l ’\
~5 5 - ~~~+ P ~~~~~~— ) O  (53)

- where, u is the velocity of the mixture and

- d ~

c ~ These differential equations coupled with the nucleation rate equations
can be solved numerically using the method of characteris tics • As stated in

S Ref. 1, however , this method is not valid for flows when the characteristics
intersect to form shock waves • For handling such a problem, Lax method. can be

~ used by smoothing the discontinuity through the nature of its differenci ng scheme
by implicitly introducing a viscosity into the equations of’ motion.

~~~ Lax’s scheme requires a3.l differential equations to be expressed in the
Lagrangian form, in which the coordinates and state variables of a flow particle
are a function of time t and a parameter I, which identifies the particle . By

15
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ta~k1ng the spatial coordinate at the time origin t = 0, as the parameter , the
equation of continuity can be written as,

______ = x(~,-t) (54)

where, p (~ ,-t) is the density of particle ~ at time t and x(~ ,t) is the coordinate S

of its spatial position (~ 
= x(~,O)). Since the particle velocity is,

u = x (I,t) (55)

Equation 54 can be rewritten as,

5 

~ f p ( ~,o) 1 _~~u
~~~ a~ p(~ ,a~) J _ ’~ S 

(~6)

Using Eqs . 54 to 56, the momentum(52) and. er~ rgy ~ 3) equations reduce to ’

~u 1 ~~ I= — p(~ ,O) ~~

S 

~e ~~~~~~~ 5

The last equation is further rewr itten by using Eq. 57 as ,

~~ 
( e + ~~ u2)  = - 

~~~~~~ ~~ (pu) s 
- (s8~) S

S 

Equations 56 to 58 togethe r with the rate equations , Eqs . 38. to 40,
and the thermodynamic equations , Eqs. 44 to 50, describ e the nonequilibriwn
heterogeneous condensation of water vapour in one-dimensional nonstationary
flows . They can be solved numerica lly using Lax method follow&ng -the same
techni que used in Ret . 1.

3.1.3 N~m~ rIca3. Model -

:~ Following Ret . 1, nondimensional quantities are now introduced.

i- ..; - - P - T - u - eP = ~~
._ , T = ~~~, u r ,

o o a2
~~~~~

— t - 
— 

p(y ,O) ~ - — r ( )
- 

— 

~~~
, PC ~~ r — r

A P 2 A , ~~~~P2 r r B , ~~= p 2 r~~C,

- •‘
~~

- 1

- ~~~~~~~~~~ —.,-- ~~~~ - -
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where, quantities with subscript o refer to the condition in the driver section,
S a0 is the speed of sound and

2 = a
0 ~~~ , r

r 
= 

~r (~~2 ~~

The gasdynamic equations become:

~~~

- - 

~~~~L)  (61)
~~~~~

7o

(62)
~~~

where

The thermodynamic equations are,

(63)• 
~o

~~~- ~~u2 = {1 
~~~~~ 

- 1)  ~~~g } (
T 

-1 )  ~~~~ 
(614)

~~~=~~ (w 0 _ g ) ~~~~~ (6~)
V

S 
5

=:: ::.~ 
ioA~

(1_i/ ) 
A~. = 2263 O/T

~

where

= 

°p0 T0’ 
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The rate equations can be writ-ten as,

~i..~~~~~~~~~~~~.< ~~2 > t( (68)

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

[

- 
. (69)

~~ =~~~ ( l r n A )~~*c ~ ÷ j :  ~S D~ 0

~~~~~

S C~

I

.

—~! = e ( ~ (1~~~A ) 4 , ~c*2 b +~~ ~
)

5 S S~ O s

•

(70)

—~~=~~i ( l - A ) 27r c

I’

I. ,
where
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~~~~r (72)o 
~ (~~v ? 2nc
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S 

1’

= G (
~ - i) G t

r (73)

2~ (74 )

8~~~p r3 G t 8 ~~p r2 G t -

2 r n r s o r  n r

~r r (P2~~~~
To)”~ 

Gn~~~~
O =$

L~~ (NA )
3/2 P

The surface tension is assumed to vary linearly with temperature in the
same way as used in Ref. 1,

= ~— 1.693 - 0.00254T0 ~ ~r 75.6 dyne/cm2 ( 75)

The latent heat of condensation is taken as L = 623 cal/g. Other physical quan-
tities are the same as those used In Ref. 1, and given In Tables 1 and 2 of the
paper . Concerning the physical properties of solid particles, those of 8j°2

- - are used, although -they have negligible effect on the overall properties of the
mixture .

Detailed da.ta on contact angles in the system of solid particles of’Aitken nuclei wetted by water are not available • The angles 0 = 60 , 900 and
120° are taken as representative values. Although the values of the vibrational
frequency of aisorbed atoms and the free energy of desorption are not certain,
they are roughly estimated as v = (0.1 10) l013/sec and ~~d = (2 200) i0~cal/g-at om (Ref . 8), that is,

A;
RR = l0~~

f ’ l 0 8 cm, 
~d~~~~~~~~

3 3 0°

Equations 60 to 74 , with the foregoi ng physical pr operties , were solved
numerically for the same case used in Ref. 1 by employing the same Lax computa-

• tional technique. However , in the present calculations, the mesh sizes of space
and time coordinates were changed. The size of space mesh chosen, ~y = 1/400 ,
which corre sponds to a distanc e of about 1 mn between two particle paths (cf.
0.5 mn in Ref. 1). Doubling the size of space mesh is a’ssociated with the
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truncation error of about 5 10% ccn~~ared with the results of 1/800 mesh size ,
but it decrea ses the c~~~utatio nal time by a factor of about three or four • The
stabili ty condition time-increment constant,

~c ’~~~f~max

was selected as = 0.25 (cf. 0.75 in Ref. 1) in order to diminish the err or
associated with the increased space-mesh size. A Lax dissipation factor,= 0.2, was used. The numerical computations were performed on an IBM 370-165at the Institute of Computer Science , University of Toronto.

3.2 Numerical Results and Discussions

3.2 .1 C~~~arj son with Homogeneous Nucleation

S Figures II to 15 show the results of the present numerical calculations
of heterog eneous conden sation of water vapour in a shock tube . They are compared.with those of homogene ous condensation . The nlm~ rica l constant s of heterogeneou s
nucleation are

< R 2> = 3.12 x 10’6 cm2 cm’~ (Curve B in FIg. 1-)

0 = 90° , RH = < R2 >~~~ = 0.311 ~ 106 
C3fl =

Although the effects of’ these constants will be discussed in detail in the next
section, the obtained. results are considerably influenced by the value of the
contact angle.

S The predicted flow field of the nonequllibrium nonstationary rarefaction
wave in the physical (x , t)-plane is shown in Fig. 11. The head. of the rarefac-tion wave moves into the mixture at rest with the state sound speed. Behind the
rarefaction, the mixture is cooled to supersaturation. Consequently, nucleationtakes place on the heterogeneous nuclei with an appropriate time lag. In thefigure , the condensation wave is define d as the locus of’ points along particlepaths where the supersaturation reaches its maximum v alues (cf. Fig. 14b) .

— Owing to the heat release associated with condensation, the condensation waveIs followed by a shock wave, which is strictly defined by the locus of intersec-
tion points of 1eft-rum~ing characteristics (see Ref. 1). In the present represen-tation, however, the shock wave is defined by the locus of points of the pressure

I’ ~ maximum after supercooling. Between the condensation wave front and the shock
wave, there exists a condensation zone, hatched in the figure, where the flowvariables change appreciably due to heat release. It can be~ seen from the figure
that condensation in the heterogeneous case (e = 90°) occurs sooner than in the S

homogeneous case (JiM). The width between two fronts is also narrower for 0 = 90 .The frozen isentropic tail of the wave corresponds to a frozen Mach nu~~er for a
diaphragm pressure ratio (M~0 = 0.784).

S Figures 12~ to 15 show time and space variatio ns of the pres sure , tam-perature, supersaturation and condensate mass fraction, a) along three particle
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paths, ini tially at -5 (a), -10 (b) and -20 (c) cm from the diaphragm of the
shock tube, and b) at four time levels, o.48 (a), 0.72 (b), 0 .96 (c) and. 1.2
(d) macc . As shown in Figs. 12 to 13, in heterogeneous condensation, the
decrease in the pressure and. temperature before the onset of condensation is
s~~.l1er than that in homogeneous condensation. The successive rise of their
values after the onset of condensation is also smaller. The onset of condensa-
tion occurs for particle paths farther from the diaphragm or at lower tim .
levels. Space and. time variations of supersaturation are shown in Fig. 114. It
is readily seen that heterogeneous nucleation leads to lower values of maximum
supersaturation since the onset of condensation occurs closer to the wave.head.

S Variations of the condensate mass fraction are plotted in Fig . 15. In the
heterogeneo us cases , the condensate mass fraction increases more sharply up to
the equilibrium value .

Since the supersaturation is directly related to the nucleation rate,
the latter attains its maximum approximately at the highest supersaturation.
Thereafter , the condensation of water vapour onto the solid nuclei plays an
increasingly important role in the phase-changing process • The increased heat
release due to condensation causes an increase in the temperature of’ the mixture .

5 In heterogeneous nucleation, the activation energy is greatly reduced by the
fact that the interfacial free energy of the chemical bond between vapour atoms
and substrate is larger than that between liquid atoms and substrate (O 5y > °~s2)
and. their difference reduces the overall interfacia3. energy for formation of the
liquid-vapour interface of embryos . Thi s acts equivalently to decrease the surface
tension . Less activation energy results in a higher nucleation rate with lower
supersaturation, lower supercooling, a higher pro~agation velocity of the conden-
sation wave, and. a narrower condensation zone .

3.2.2 Effect s of Physical Properties of Nuclei

• It is shown in Chapter 2 that the size distribution of condensation
• nuclei hardly affects the condensation process in the expansion of the mixture,

unless their size is comparable to that of nucleating embryos. For such a
size distribution as that of’ .Aitken nuclei shown in Fig. 1, -the property which
contributes directly to the nucleation process is the total surface area of the
nucleus < R2 >. Other factors controlling the heterogeneous nucleation are the
concentration of adsorbed monomers on the surface of the substrate and. the contact -

angle of embryo . The f ormer is characterized by the vibrational frequency of
ad.atoins v(R H) and the d.esorption free energy of adsorbed monomers ~~d(~ d) . Since
the activation energy of nucleation is much larger than the desorption energy of’
adsorbed monomers , the latter does not greatly affect the nucleation process but

P reduces slightly the overall activation energy of nucleation. Thus, the factor
— ‘- RH has a physical meaning related to the concentration of monomers adsorbed onto

the surface of the substrate • It is a constant coefficient of the nucleation
rate iL For the sake of reducing computer costs , only the con-tact angle 0 , and.

f. ~ the factor RH, were considered as the physical parameters that affect the flow
$ 5 field of the nonequilibrium nonstatlonary rarefaction wave of water-vapour/carrier -

gas mixture in a shock tube. In the expression of the condensate mass , however ,
S the factor RH is always coupled with the overall surface area < R2 >. The influen

of the overall surface area or -the overall number of nuclei can be inferred by
inspection of the effect of the factor RH .

Figures 16 to 21 show the effects of the contact angle 8 and the factor ~¼ RH. For cases to compare the effects of the contact angle, RH = 0.311 x 10 cm —
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is used. For the curves denoted by R~ , RH - 0.31]. x l0~ cm and 0 = 90° areused. The flow fields in the (i, ~
) plane are shown in Figs. 16 and theeffects of the contact angle (e = 900 , ~~~~~~~~0) and the factor RH (RH ~ 10 ,cnn) , respectively. For larger contact angles , which means embryos of x~~reápherica]. shape, the heterogeneous nucleation loses its influence and tend s to havethe feature s of hcm~geneous nucleation . Reduci ng the value of the factor RH leadsto a lower nucleatio n rate and, higher supercooling . Figures lB to 21 are thetime and space variatio ns of the pre ssure , temperature , supersaturation and con-densate mass fraction, respect ively. In the curves denoted by RH, the factor RHis of two orders less than that of other curves. It does , however, have an5 

influence less than that of 8 = 120°. It is the contact angle that reallycharacterizes the significant feature of heterogeneous condensation. It shouldbe noted that , for an accurate predi ction of the flow field of heterogeneo uscondensatio n, the contact angle of embryos nucleating on the substrate of solidparticles must be caref ully estimated . Yet , other parameters , including theoverall surface area of the nuclei can be roughly estimated without seriouseffects . Neverthe less,, there is no precise knowledge to make reasonably goodchoices possible until existing experimental data, from various experiments arecorrelated .

3.2.3 Comparison with Experimental Data.

— The n~~~rical results can be compared with Kalra’ s experimental studyof a nonstationary expansion of water-vapour..nitrogen mixture in a shock tube(Ref. 10). Following the same considerations of the pressure hi story discussedin Ref. 1, the space location of the experimental measurement, x = -17.0 cm fromthe diaphragm, is selected as cor responding io  x = -23.14 cm. To obtain areasonable fit with the experimental data in Ref. 1, the surface tension waschanged from the value of the semi-empirical expression, Eq. 75, o~ = 82 dynes/cmto 68 dynes/cm, with the conclusion that choosing a suitable value for the surfaceS tension provides a good fit for the experiments. As shown in Fig. 22, in hetero-geneous condensation, a similar fit can be obtained by replacing the surfacetension by the contact angle. By choosing a suitable value for the contact angle(8 90°), the experimental data can be fitted fairly well except for the super-saturation at the onset of conden sation , which is shown in br ackets in Fig . 22.
Figure 23 is a comparis on with the experimental data as plotted for theempirical relation between the supercooling and the cooling rate derived by Kalra• (R ef. 10):

T 5- T0 
= o.8~ ~ ~~~~~~~~ (_ ~ 

)

0 .146

4 where, T8 is the temperature of equilibrium saturation, T0 the temperature at theonset of condensation, and (-dT/dt) the rate of cooling. Concerning this relation,the discrepancies with the nt~~ rical results are quite sppreciable. The beat-fitconditions of the pressure history in FIg. 22 , 0 = 90
0
, in the heter ogeneous case ,and. o = 68 .0 dynes/cm, in the homogeneou s case , resu lt in the poorest agreement inFig. 23. Owing to the limited experimental data, it is not certain whether this

~~ is due to the inadequacies of the models or features of the experimental data , S
~~~

- such as the estimation of temperature fr om the press ure profile s, for example ,-
‘ or whether the waves are planar . It cannot be concluded at pre sent which proce8s ,heterogeneous or homogeneous condensa,-tion, adequately explains the experimentaldata. 

S
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It should also be noted that the best fits for homogeneous and
heterogeneous nucleation and. condensation will give points very close to each
other on the time-distance plot shown in Sislian ’s Fig. 49 (Ref. 1). Conse-
quently, the scblieren records of Glass and Patterson (Ref. 11) cannot be used
as a decisive test for the two ccmpeting theories , since the trajectory of
the condensation shock agrees with either point (only) from the two theories.

An inspection of Fig . 22 shows that the experimental time-variation
of pressure at the onset of condensation is extr~~~ly sharp cc~~ared with the
numerical results • This is not surprising in view of the fact that the implicit
artificial viscosity used in the numerical analysis tends to spread the cond.en-
sation and shock fronts. It is also worth noting that factor s such as coagulation,
solubility , or electrical charges have not been treated in this analysis. Physical
data in these areas are lacking.

5 14. CONCLUDING REMARKS
S 

By using a macroscopic model of heterogeneous nucleation, a theoretical
study was made of the condensation of water-vapour/carrier-gas mixtures in a
nonequ ilibri uin nonstat ionary rarefaction wave generated in a shock tube. The
present analysis is compared with the result s of homogeneous nucleation . Nuclea-
tion is assumed to take place heteroge neously on idealized smooth , spherical
solid parti cles of .Aitken nuclei , which are chemica lly and electrically inert.

In the process of heterogeneous nucleation, the controlling f actor s
are the size distri bution of nuclei , the concentration of monomers adsorbed on

S the surface of the substrate and the contac t angle of embryos. Of these factors ,
the dominant one is the contact angle . By decreasing the contact angle , the
activation energy of nucleation is greatly reduced due to the fact that the forma-F- tion of a liquid-vapour interface is replaced by a liquid- solid interface having

S a lower interfacial free energy . At less supercooled. states and lower super-
saturations, the onset of condensation occurs closer to the wave head where
temperatures and pressures are higher . The reverse is true for homogeneous
condensation.

When nuclei are in the size r ange of one or two or der s larger thanS 

that of the embryos (R 10 5 cm) and the value of the contact angle is not too
-
‘ large (e < 120°), heterogeneous nucleation dominates the condensation process

and homogeneous nucleation can be neglected. In this case , the size distrib ut ion
• S of nuclei affects the overall nucleation and condensation only through the total

surface area of the nuclei • The concentration of monomers adsorbed on the surface
of the substrat e is dcminated. by the vibrational frequency and the d.esorption energy

- - - of adatoma. These act as a factor on which the nucleation rate has a linear
- S dependence. The reduction in the total surface area of’ nuclei and the factor

depending on the surface concentratio n of monomers results in weakening the effect
of the contact angle .

• The nucleation rate is very sensitive to the contact angle. Consequently,
its value should be carefully chosen . An appropriate value for the contact angle
makes it possible to fit the numerical result s with experimental data . From the
data available at ~YrIAS, a contact angle of 90° appears reasonable. However ,• thi s doe s not substitute for an actual measurement. Perhaps it is only indicative
of an averaged result , 8 = 900 . This is such an important quantity for hetero-
geneous nucleation that it makes an experimental determination imperative .
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In the present the ory , the shape of embryo and substrate differe nt
from a sphere, the elect ri c charge and the solubility of nuclei were not taken
into account . These are important factor s that can significantly reduce the
activation energy , thereby increas ing the heterogeneous nucleation s. To
examine the effect s of such factors, the present the ory can be readily
extended . However, other uncertainties would be introduced when selecting
suitable values for the corresponding physical properties.

When nuclei or embryos have a higher number density, coagulation
owing to Brownian motion takes place and is another factor to be considered .
By assuming the coagulation constant as 10 ~ cm3/( sec parti cles) (Ref . 12) and
the characterist ic time as 10 ~ see , the number density above which coagulation
has a considerab le effect can be estimated as 1012 particl~s/cin3. Since the
asstmed number density of heterogeneous nuclei is about 10 particles/cm3,
coagulation hard ly affect s the results within such a characteristi c time . In
the homogeneous nucleation case, however, it may be a factor to be taken into
account because of the higher number density of nucleated droplets (> 1015
particles/cm3, see Ref. 1). Kaira’ s experiments], results can be explainedS equally by both homogeneous and heterogeneous nucleation theories with suitable
values of surface tension and conta ct angle , respective ly . In view that the

S former requir es a lower value of surface tension and a possible consideration
S of coagulation, heterogeneous nucleation and condensation would be closer to

the exper iments. However , the fact that the contact angles have not been
measured throws some doubt on that analysis. It must therefore be concluded
that the choice of model , heterogeneous or homogeneous condensation, can only
be settled by a decisive set of experiments.

5~~~

24

- -‘ -~~~~~ -~~ S -



- - _ _ ~~~~~ .~~~~~~~~-: :-— _S~~~~~ _ S ~•SS~ • -
~~~~~~~~ S ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 5S~•_ _

•~~

REFERENCES

1. Sislian, J. P. Condensati on of Water Vapour With or Without a Carrier
Gas in a Shock Tube • 1Y~IAS Report No. 201, 1975 .

2. Turnbull , D. Progress in Solid Stat e Physics , Vol . 3, Academic
Press , New York , 1956.

3. Walton , D. Nucleation of Vapor Deposits. J. Chem. Physics,
Vol . 37, p. 2182, 1962.

4. Fletcher, N. H. The Physics of Ra inclouds . Cambridge Univ. Press ,
Cambridge , 1962 .

5. J’unge, C. Gesetzin~ssigkeiten in der Gr~ssenvertei 1ung Astmo-
sph~rischer Aerosole i~ber den IContinent. Ber . dtsch.
Weterdienst (u.s. Zone) , Vol . 35, p. 264 , 1952.

6. Hirth, 3. P. Condensation and ~~aporation, Nucleation and Growth
Pound, G. M. Kinetics . Pergemon Press , Oxford, 1963.

7. Sigsbee , R. A. Vapor to Condensed-Phase Heterogeneous Nucleation .
In Nucleation , ed. by A. C. Zettlemoyer, N. Dekker ,

S New York, Cli. 4 , 1969 .

8. Pound , G. N. Heterogeneous Nucleation of Crystals from Vapor . J.
SiMlad, M. T. Chem. Physics , Vol . 22 , p. 1215 , 1954 .
Yang, L.

9. Fletcher , N. H. Size Effect in Heterogeneous Nucleation, J .  Chem.
Physics , Vol. 29, p. 572 , 1958.

• 10. Kalra , S • P. Experiments on Nonequi],ibrium, Nonstationary Expansion
of Water Vapor /Carrier Gas Mixtures in a Shock Tube .
U1’IAS Report No. 195 , 1975 ; also Private Co~~ inication .

11. Glass, I. I. A Theoretical and Experimental Study of Shock Tube
S Patterson, G. N. Flows. J. Aero . Sci., Vol . 22 , p. 75, 1955.

12. Green , H. L. Parti culate Clouds; Dusts , Smokes and Mists. B. &
Lane, W. R. F. N. Spon Ltd., London, 1964 .

f ~5•4

I.

25

k



TABlE 1

SIZE DISTRThU~ION F~~CTI0N OF N~~ISI

2.5 R 1.5

• 
N( R ) . R = N 0 ( F )  

~~~
{- (

~~~
)  }

- - 

— A - B C
- 

___________________________________________ ______________________________________________________________________________

N0 cm 3 1.0 x l0~ 1.0 x 1O~ 1.0 x 105

cm 1.5 x 10 6 2.5 x l0~~ 5.0 x i66
Total n~~~er 

cm 3 3.33 x lO~ 3.33 x 10’ 3.33 x 10’

Total surf ace 
~~~~~~~~~ 

1.12 ~ 3.12 ~ ~~~ i.~~ ~

Tot al vo1~~~ cm 3 9.42 x io ’~ 4 .36 x io
_12 

3.49 x 10_ l i

)~ an radius’
S I < R >/ < N >  cm 1.36 x 10 6 2.26 x 10 6 4.51 x l0 6

Mean surface area 3.37 x 10
_ i l  

~~~~ x 10~~~ 3.74 ~

I ?~ cm3 2.83 x l0~~~ 1.31 1.05 x 10~~~

< N >  EJ (R)dR < R >  EJ .N(R)dR

- -

~‘ •

~ 

< R 2 > Ef4 11R2.N(R)dR < R 3 > EJ .
~~ iT R3 N(R)d R
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S
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TABLE 2

INIT IAL C(1WITIONS IN THE SHOCK TUBE

Driver Conditions

Mixture of water vapour and. nitrogen

= 0.0176

• = 0 .9727

~vo = 18.6 mu Hg

= 19.23 mu Hg

p = 6 8 O m u H g

• = 0.1025 x 10 2 g/cm3

= 295.3°K

a0 = 352.2 m/sec

S Channel Conditions 
- 

-

Air
P1. = 100 mu Hg S

= 295.3°K

S. --
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APPENDIX A: GE0N~TRIC.AL PROPERTIES OF A CAP-SRAPED EMBRYO

- - Referring to Fig . 2, one obtains the geometrical properties of a cap-
shaped embryo on the spherical surface of a solid particle as follows ,

- 4 . 3- - v2 = - ~ i r r  a

- 

a ={~ - cè ( cose -
~~~)~~~{~~~+?(cose  

~
)} (A-i) -

/ R \~ I r \)2 1 i C
8 / r

)tl ce~~~
1
~~~~

cose
,)j

+r~~
i _cose

Liquid-vapour surface area: 
-

a kir r2 b
- . V V 

(A-2)

- b~~~~~~ { l -~~ 9 (c o ~ O - ~~~)}
Liquid-solid surface area:

- 

I a = k ~r r 2 b
S S1 (A-3) 

-

-

b =
~~~(~~){

l - c e (l~~~~ cose
)}

where
I 

~~r 2 r• c8 = {i +~~~~ ) 
_ 2 ~~~cose

}

• The coeffi cients a, b~ and b5 are shown in Fig . 3 as a function of r/R. For
r/R < 0.1, these coefficient s take on aln~ st constant values,

(1 - cos8)2 (
~ 

+ ~~~ cose )

b
~ ~ (1 - case) (A-k)

- 
-.
‘ b (1 - cos2e)

t-i.- 
~;
;~

A-i
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APPENDIX B: fl~TEGRATIOI~ OF RATE EQUATIONS

The rate of production of the liquid phase by heterogeneous nucleation
and. condensation is given by Eqs. 3k , -

~~ 
N(R)dR (B-i)

= { ~~~ (A~ - A5)p 2v } +J { ~~~ (A - A )  ~~ (~ 2v2)} d~ ( B-2)

- 
where, the surface area of a nucleus , wetted by condensate droplets, A8 is given

- 

- 
by,

S = Gi(A,, - A ) a *) t +jt{ x~(A0 - A~) 
~~~ 

~ i- (B-3)

The liquid-solid interfaci a3.. area of’ a condensate droplet ~iucieated at time ‘~ is
given by, S

a5(T ,t) a (T) +f ~.
5
(T)dT ’ (B-k )

where, ~~ 
is the growth rate of the liquid-solid surface area.

For the ni.nnerica3. integration of these equati ons , it is possible to
reduce them to a set of differential equations . Successive differentiation of

• Eq. B-2 with respect to time leads to,

~~ =~~~(A0 _ A
8)1.*2 b~~+ ;0 B

~~ =~~~(A0
_ A

5)r* % + 0 C
(B— 5)

- ~~~~~ =~~~(A0 - A 5)c 0 + 0 Ci

= 
~~~ (At, - A ) C c + o

& -
~~~~(A - A )c~ 

+ 03

.0 •
~ 

....
- B-i

tS
~

~

-
~~~~~~~~~
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where,

-; A ~ (As, - A8
) r(T ,t)2 b~ dr

B I ~ (A~ - A8
) r(T ,t) % d r

O ~ (At, - A3) CC dT (B-6)

Ci ~~ 
(A t, - A

8) c~1 
di-

C2 ~~~ 
C

C2 
dT 

-

% ~~~~~~~~(r 2 b ) = K . 2 ( b v +~~~~~~~)

= K { 1 - ce( cose - + ~~~ (i - cos2e)}

= K  
or 

• (B-7)

~ccc = K
Cl or

,, ci
• C

0
— f t  dr

• •.. •.. ...

where

; b (  rK = —  r ~~~~~~~ 
~~

)

= 

~ 
{ i - Ce (

cose - 

~
)} [ { i - Ce (cose - ~ )}2 {.

~ 
+ ~~~~~~ (cos8 - 

~~~ 
)}

Cs
+ ~ cose (1 - cose)(1. - coa~e)] 

~ (B-8)
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When c~~ hardly changes with respect to r or r/R ,

rt~c~4~ =j ~ (A~ - A
5) K dr ~ 0

which I9SdS to

.n n.~— = - — ( A - A ) Co.t p o s en

The integral equation can be replaced then by sequential ordin’ary differential
equaticbs in a closed form.

SiMlarly, the integral equation of the wetted surface area of a
nucleua (3-3) can be reduced to the following sequence of ordinary differential
equationg,

H
= ii(A0 - A )  k7Tr*2 b + B

= i~i(A~, - A9) 2llr* 
~sb + ~~~~ C8

• — n(A - A
3) 2~r + 

~~ 
C~~• (B-9)

5? zi(A0 - A8) 27r c8~3~ + 
~~ 

C
82

5? = i(A0 ... A8) 27r C + 
~~~ 

C
83

- - where

B8 11J~~~(A0 
- A )  r C

b 
dT

~~ 

-

~ 

C8 ~f~
i~A0 - A )  c~~ dr

o (B-b )k-~ C5~ Ef ~(A - A5) C dT

C
82 

J ’~Xi( A0 _ A )  
~~ 

dr 
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c b = 
r 

~~ (kir r2 b~ ) = ~! (1 - cos28)K

c = K  ( r c  )sc r sb
(B-li)

- - T, _ _ _ _ _

S 
Cs~~.

_ L
~•8r

SC].
C2 

K Or

When CScn takes on al~~st constant values with respect to r or r/R,

~
5,fl+1 =f ~ (A0 - A5) K ~~scn dT

which yields,

sn 
= ii(A0 - A5) 2ir C -

- 
It means that the integral equation (B-3) can be explicitly replaced by a set of
ordinary differential equations.

In Fig . 5 are shown the coefficients K, cb, Cc, csb and c5~ which are
• approximately constant for r/R < 0.1, taking the following values:

- 2
%oo 2 + c o s ~

• 1 c~~ = K 0, c~~

= 0ci~
f ~~

S••0

= (i - cos2e) (B 12)

= :~ 

~~~

,~S

K~ = ~ {(i + cose) + case )}1

B-k
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In this case, the differential equations can be wri tten as follows:

• I r*3
~~ 

47T P~g{~~~( 1- A 3
) _ ~~~a~ + r 0 A }

~~ 
=
~~~
(l _ A

s)r*
2 bvco 

+~~~ B

- ~~~~~ =~~~( l _ A 5)r* c~~~+~~0 C

= ~~~ (i - A8) c (B-13)

H

diS

dO
= ii(l - A~) 2ir c

~~

where, g~, A, B, . . .  mean ER , A, B,... divided by A0 which is equal to 4~~~2~ The
rate of production of overall condensate mass fraction is then given by,

~~~~~ 

-f° ~~ Ini~~ N(R )dR 
J

~
0
k7,R2 N(R)d R (B-ik)
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