
I AD—A035 363 TExAS UNIV AT AUSTIN DEPT OF ELECTRICAL ENGINEERING FIG 12/1
I FOURIER SERIES REPRESENTATION FOR POLYNOMIALS WITH APPLICATION ——ETC (U)

1976 N C GALLAGHER. U ALLEN, 0 L WISE AF—AFOSR—3052— 76
UNCLASSIFIED AFOSR—TR—77—0023 NL

tIP In 1~7



L _____ 

L.~ a2.a ~J2.51.0 L11111 
~‘ ~~

~~~~ L HIO~O

III~~111111.25 IffhILi IllI~



A€OSR~~ TR~~7 7 *  o~~23

FOURIER SERIES REPRESEUTATION FOR POLYNOM I ALS WITH APPLICAT I ON TO NONLINEAR
DIG I TAL FILTERIN G

NEAL C. GALLAGHER , JR.
School of Electrica l Eng i neering / ‘.
Purdue Un i versity
West Lafayette, IndIana 147907
JOHN W, ALLEN /
Department of Electrica l Engineering & Applied Phys i cs
Case Western Reserve Un i versity
Cleveland , Ohio 414106 r srJ~~~~~~ r~ ri
GARY L. WISE

Electrica l Eng i neering

ABSTRACT D
A change-of—basis transformation between the tri gonometric Fourier

Series and the Legendre polynomial series is derived. This transformation
l eads to two Immediate results : one is a fast algorithm for comput i ng the
Legendre polynomial coefficients for a function ; the second Is a numericall y
stable computation algorithm for eva l uating j~~~(Z), the ~th order spherica l
Bessel function . In addition , these results lead to a simple recursive
dig ital network to be used in the implementation of adaptive nonlinear
functions.

I. iNTRODUCTION

• Two common ways of representing functions have been polynomial expan-
sions and trigonometric expansions. In much of electrica l eng i neering the
trI gonometric expansion has useful interpretations and has dominated over

• the generalized Fourier series expansions in applications. However, many
functions are readily expressed in terms of pol ynomials. For example, in a
recent paper , we have presented an interesting representation for bandl imited
functions using the Legendre polynomial expansion El]. In this paper we
derive a simple linear transformation which maps the pol ynomial representa-
tion Into a trigonometric representation. Also, we derive the i nverse
transformation which maps a trigonometric expansion to a polynomial expan-
sion.

The inverse transformation has enabled us to develop a fast algorithm
for the computation of the Legendre polynomial coefficients for any L2
[—w ,wJ funct ion. The algorithm utilizes the Fast Fourier Transform (FFT)
to compute the Fourier series coefficients and then multi plies the vector
of coefficients by a linear matrix transformation to compute the vector of
polynomial coefficients. This approach can offer a considerable saving in
computation time over the standard integral formula for comput i ng these
polynomial coefficients.

• Section II contains the derivation for the elements of the transforma-
tion matrix and Its inverse. In section III we discuss how these resul ts
lead to the design of a simple recursive dig ita l filter that may be emplo’~edto implement almost any zero memory non-linear operation (ZNL). In section
IV we discuss several computational considerations , and in section V we
present an example.

II. DEVELOPMENT

Assume H(x) Is a polynomial defined on [—w ,w). By writing H(x) in
Legendre polynomials , we can use results developed in an earlIer paper to
easily wr i te the Fourier series expansion for H(x) that converges in [—ta!].

Pke4sented at ~the Fouf t2eenth AnnuaL MLexton Con~vtence owt CutcuLt and
Sy~te.m Thwky, 1916; .~o be pu b Vshed tn ~the P’toceedL’ig4 o~ the Con~e’tence.



________ -

- 2 -

As sume that
N

H(x) = E an P (~.), - ii < x < ~ir (1)
n 0

where P~(.) Is thL ~
th Legendre poiynomlai . To determ i ne the Fourier series

representation for H(x), it is sufficient to know the Fourier series expan-

sion for P~(~4. From (1] we know that

E [( i)~
l 
i~(mir)] e

1m
~
1 (2)

By Eqs. (1) and (2), we can write

H(x) — E h~ e~~’”~ , (3a)

where N
hn E am (I) m 

~~~~~ 
(3b)

n~ O
We note that the sequence {h~) can be ‘reated as a matrix multipl i ed by a
vector (in an infinite dimensiona l vector space). That is ,

where a is a row vector of polynomial coefficients

a = (a0, a1, •.., a~4]
• and B is the (N+l) x = transformation matrix whose (m,n)th element is given

by

b — (1) m 
~~~~~

Observe that the transformation matrix B is Independent of the function
H(x), and therefore a different transformation matrix need not be computed
for each different H(x). A procedure for the computation of the terms
Jm (M1) Is conta i ned in section IV.

Now we consi der the case where H(x) is not a polynomial. Assume that
H(x) belongs to L2(—w,i~], and therefore possesses a Legendre polynomial
series expansion convergent in L2[-ir,~v3. The coefficient vector becomes
infinite dimensional , and the transformation matrix B is doubl y infinite.
As a resul t, Eq. (3b) is written as

— 

~~ 

a (i) ”~ jm~~r) (4)

It can be shown (I) that the sum In Eq. (1+) converges uniforml y in n. That
is, for any c > 0, there exists a K such that for all M > K

Ih~ — h~(M)I <

for a l l  n , where
‘4

h (‘4) — E a (1)m 
~ 

(niT).
m.’O m m

Thus the sequ.ncs (Ii (‘4)) Is a uniform approximation to the sequence of
• Fourier serIes co.ff?clents for the function P1(x).

Now, we consider the I nverse transformation denoted by B 1 . The corn-

• putatlon of B l  directly from the matrix B can be performed; however, it is

r F 1 f 1 1r~~t~~ I ffl111 ]1 11fl ~~~~~~~~ 
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best to compute the elements of B 1 in a fashion similar to the computation
of the elements of B. First , we note that the coefficients {a~} in Eq. (1)

• are given by the relation (1]

iT -2n+l x
• a~ 2ir f P1(x) P (—) dx . (6)

Using the Fourier series expansion for H(x) found in Eq. (3a), we find

— (2n+I) z h ~ P (~) e~~
mx 
dx] . (7)

Arguing as In the derivation of Eq. (2), we have

an (2n+l) E h [(—i)’~ J n~~
Tfl • (8)

If we define

(2n+l) (~i)~
’ j~ (rnit ) , (9a)

then

Ib ]  B 1 ; (9b)

that Is, the matrix elements of B 1 are given by bmm~ Consequently, Eq. (8)
may be rewritten as

a — h B ~~, (10)

where h is the row vector of Fourier series coefficients and a is the row
vector of polynomial coefficients , In practice , a finite number of elements
of h are computed by use of the FF1 al gorithm; we then perform the vector
multip lication indicated by Eq. (10) to compute a finite number of elements
of the vector a. This procedure for computing the Legendre polynomial
coefficients for a function can provide a great reduction in computation
t ime as compared to the direct evaluation of the integral in Eq. (6).

In the next section, we discuss a technique for the implementation of
nonlinear operations by use of a simple recursive digita l structure.

III. DI GITAL ZNL IMPLEMENTATION

We begin with the following recursion relation for Legendre Polynomials

(nil) P~~1 (x) (2n+l) x P (x) - n P~_1 (x) , (11)

where
P (x) l

P1 (x)=x , - l < x < 1

It is straight forward to Imp lement this reiatlon with a recursive digital
network. Then, given this method by which to generate {P0(x) ]- for a given
x, and given the coefficients {a~ }, the nonlinea r function H(x) is easily
constructed as

N
H(irx) : g a P (x), .1 < x <  1. (12)

n—0 ~

Figure 1 contains one possible implementation of Eqs. (11) e~d (12). In
FIg. 1 a recurs ive network is used to generate Pn(x) for successive va l ues

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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of n. Wi th the coefficients (an) stored in memory, the products and sum
indicated by Eq. (12) are then performed. We note that the function P1(x)
Implemented by this network may be easily changed simply by changing the

• coefficients (an); consequentl y, except for a memory unit , the network
remains unchanged regardless of the function P1(x).

Suppose that in order to obtain acceptable accuracy at the system out-
put it Is necessary , to make N = 50 in Eq. (12). Thus, given a val ue x we
must wait for 50 terms to be accumulated before we have the output P1(x).
Therefore this di gita l ZNL could reduce the system data rate by a factor of
50; however, for a price , It is possible to eliminate this rate reduction.
One approach would be to simply use a faster clock rate with the ZNL
structure. Another approach is to construct N = 50 such ZIlL structures; the
system’s first input sample , cail it x1, goes into the first ZNL; the second
sample, x2, goes into the second ZNL and so on. Now, just as x50 is goi ng
into the 50th ZNL , we are getting the output P1(x1) from the first ZNL.
Consequently, after an initial delay of 50 samples , 50 separate parallel
networks can operate at a rate 50 times greater than a single network.
Clearly, there are compromises that can be made between hardware cost and
data rate.

Potential applications of this ZNL structure Include adapt i ve nonlinear
systems. In such an application the coefficients {a~ } can be continual ly
updated by use of the fast algorithms previously discussed.

IV. COMPUTATIONAL CONSIDERATIONS

In this section we discuss two different methods for the computation
of Jn (mw). We begin by noting the follow i ng relation for generating val ues
of J~ (z) (2]

f,.~(z)  sin z + ( l ) ~
4i f_~_ ,(z) cos z, (13)

where 
—2 

tu 0~
’

f0
(z)  — — , f1 (z)  — z ~~~ ~~~

and 
Z 

kll $ICtllI 0
-l 0

f~_1 (z)  + f
~~,(z) — (2n+l) z f~ (z)  . 

t
Jos

~
IncAflss.._ .. .._

Consequen tl y,

~ 
(
~~

) — (‘ )
n+1+m f (miT), n — 1,2,...n -n-l

where

f 1 , m — O
J (mir) = ‘~ 

_ _ _ _

~ 0, otherwise ~. 

The recursion in Eq. (13) appears to provide a relatively simple method for
computi ng in (tmr); unfortunatly, this relation is numerically unstable. We
have found that even with double precision arithmetic error accumulates
rapidly. When usi ng this recursion relation , we have produced overflow
conditions for n — 20 and z — ir, 2w on a UNIVAC 1108 digItal computer; this
is , of course , unacceptable.

Fortunately, we have developed a numerical techni que that appears to be
very stable. FIr5 t, we note that the recursion relation for generating
P~(x) In Eq. (11) is very tolerant of roundoff accumulation . Then, we

• observe that Eq. (2) implies the following approximate relationship.
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N/2 r 1 -i~~~~~
= 

N 
~i)n .1n (m~ J 

e N q = - ~~
. + 1 ,..., (14)

which Is the discrete Fourier transform relation . Consequently, we have the
Inverse relationship

N/2 2wmq.

~~~ ~n~~~4 
E P~(~9.) e N m - 1 ,..., (15)

q=—~ +l

Except for alias ing error , Eq. (15) is accurate. In order to reduce alias—
ing error it Is necessary to increase N; generally speaking, N must be
chosen separately for each case, depend i ng on the deg ree of the polynomial

~n( )’ 
Our procedure for computIng j~ (mw) is as follows : us i ng Eq. (11),

val ues of 
~~~~~ 

are generated; then , us i ng Eq. (15), val ues of j~ (miT)are
computed. The val ues of j~ (m1r) used in the following section ’s example have
been computed by this method. We now discuss factors consi dered in the

- 
- computation of the coefficients (an).

If we assume that P1(x) is real-va l ued, then Eq. (8), used to eva l uate
can be simplified by noting that the Fourier coefficients {hm) satisf y

the relation h_m = h~. Also, Jn (~~
) satisfies the relation (2]

J~~(—mw ) — (_~~)~l j (mtr ) . ( 1 6)

4 Consequently, Eq. (8) may be rewritten as

a — ho 0

~ 14/22(2n+l)(—l)2 z 
~~~~~ 

Re {hm ) , n-even and ,~ 0m-l
— l ( 1 7)
a— N/2

a~ — 2(2n+U(—l) 2 E J~ (mir) Im {hm J , n-odd,
m-l

where Re (hm) and Im (hm) denote the real and Imaginary parts of hm,
respectively; and the maximum val ue for ~ is N, wh i ch is the number of
coeff icients {hm ) that are computed. By use of Eq. (17), the polynomial
coefficients (an) are computed from the Fourier coefficients {hn }.

The following section conta i ns a numerical example computed with the
ai d of the resul ts summa rized In Eqs. (15) and (17).

V. AN EXAIIPLE

In this section we will demonstrate the computation of the polynomial
c o ef f i c i e n ts (ar) for

H ( wx)  P3(x)  + P2(x)

.
~‘ (5x 3 + 3x 2 

- 3x-l), -l < x < I

By comparison with Eq. (1), we see that all an • 0 with the except ion of
a2 — a3 — 1. For this example, all computations are single precIsion
ari thmetic. The Fourier coefficients (hm) are computed by use of the DFT

~

.

~

- - -

~

- - ~~~~~~~~~~~~~~~. ~~~~~ . -  - -
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relation :

14/2 2iTmp~1 2ir N N Nhm~~ W 
Z H( N )e

pui.-~~+l

and the terms (j~ (mw)) are computed by use of Eq. (15). Finall y, the
coefficients (an) are computed by application of Eq. (17). Th~se computa-tions are performed for three different va l ues of N = N: N = N = 8192,
4096, and 2048. Table 1 contaIns typica l values of {a~ }.

N 204W 4096 8132 True Va l ue
a0 —4.880 x lO~~ —2.4141 x iO 14 —1.220 x IO~~ 0

a1 —1. 1+63 x lO~~ —7.320 x lO~~ —3.66 1 x iO ’~ 0

a2 0.9976 0.9988 0.9994
a 0.9966 0.9983 0.9991

a4 -4.385 x l0 -2.195 x 10 -1.098 x 10 0

a5 —5.353 x lO~~ —2.681 x lO~~ —1 .342 x l0~~ 0

Table I. Selected Va i ues of Ian) Computer for N N.

As the val ue of N is inc reased the effect of alias ing Is reduced in our
computation of {j~(tmr) I and (hm). Ai so, as the va l ue of i~ is increased the
summation terms of Eq. (17) become more accurate. Inspection of Table I
reveals that as the va l ue of N = Q is doubled , the error in computation is

4 halved. We ask, to which parameter , N or N, is the error most sensitive ?
Some Ins i ght may be obta i ned by examining the value of ~ in Table 1; the
val ue of a0 is Independent of the val ue of N (see Eq. 17). Because the
computation error for a0 is halved as N doubles , the implication is that
much of the error Is due to allasing and is dependent on N. This js
Illustrated in Table 2, where the parameter N is held constant at N • 2048.

N 2048 14096 8192 True Va l ue

a —4.880 x 10~~ —2.441 x 1O’~ -1.220 x ~~~ 0
0 4 4a 1 —1 .463 x 10 ’ -8.322 x l0 -6.545 x l0 0

a2 0.9976 0.9988 0.9994
a 0.9966 0.9981 0.9985
a4 —4 .385 x 10 —2 .192 x 10 —1.096 x 10 0

—5.353 * 1O~~ —3.049 * iO~~ -2.399 x 1O~~ 0

Table 2. Selected Values of (an) for N — 2048.

Firs t note that in Tab les 1 and 2, the values of {a~) for N — 201+8 are
Iden tical because the same va l ue of R — 201+8 is used In both cases. Upon
comparin g the two tables , we note that the value of ~ does affec t the com-
putation error; for same va l ue (an ) the effect is negl i gable while with
others a factor of 2 dlffer.nc. Is noted. - 

—

The resul ts of this section Indicate the importance of comput i ng the
elements of the ~~I matrix ve ry prec i sely, sp ecifically {J~(mir)). If  this
computat ion Is accomplished with the DFT procedure outl ined p reviousl y , then
a lar ge va l ue of N should be chosen for the DFT; we emphasize that this 4
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computation need be made only once, and the results stored In memory.

V. DI SCUSSION AND SUMMARY

In this paper, we have developed a fast algorithm for the computation
of the Legend re polynomial coefficients of a function . Combining this fast
algorithm with a digital implementation of the Legendre polynomial recur-
sion relation , it Is possible to implement an adaptive nonlineari ty. Gen-
erally, the more complicated the non-linearity to be implemented , the higher
will be the degree of the polynom ial approximation required; this in turn ,
reduces the throughput rate of the non—linear device unless we are willing
to pay a greater price in hardwa re. Nevertheless , by us i ng this approach
one acquires a large degree of flexibili ty in spec i fying the characteristics
of the nonlinearity.

In the past, most non-linear devices used in practice have had very
simple characteristics ; in part, this has been due to the relative
difficulty in imp l ementing more complicated devices. However, as signa l
processing schemes become increas ingly sophisticated , the need for complex
or adapt i ve non-linear devices is growing. One very interesting applica tion
is In robust or distribut i on free signal detection schemes [3] where an
adaptive , easily implmentab le , non—linearity can be of great benefit.

In addition to its appl i cation to non-linear systems, we should not
overlook the advantage of having a fast algorithm for the computation of
the polynomial expansion for almost any function .

It should also be noted that there are many special function pa i rs
with similar Fourier transform relationships that may be exploited in a
fashion similar to tha t presented In this paper [1+]. The fact that there
may not be a simple expression for comput i ng B 1 should not be a deterent
from performing the computations because B 1  need only be computed once
and then stored in memory for all future requi rements.
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Fig. I. Digita l Network for the Computation of E a~ P (X).
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