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A Note on the Operator Compact Implicit Method for the Wave Equation

The results of this report represent a continuation of an effort to develop high
accuracy efficient methods for solving hyperbolic equations. Here an efficient
fourth order method for the multi—dimensional wave equation is presented .

These techniques are also being used to solve parabolic equations arising in
viscous fluid flow problems for NAVAIR.

This study has been supported by the Naval Surface Weapons Center Independent
Research Fund.
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INTRODUCTION

In a previous paper [1] a factorization technique which utili2ed compact

implicit spatial and temporal approximations to the second order wave equation

was developed. The method proceeded by separately implementing the so called

compact implicit fourth order approximations f or each of the individual derivative
terms. Notwithstanding, the implicit nature of the basic approximation involved,
a factorization technique was described which allowed one to resolve higher space
dimension problems by requiring merely the solution of tridiagonal equations. In

Section VI of (11 we observed a peculiar aspect of our factorization approach .
The same approach required twice as much work when mixed order (first and second)
spatial derivative terms were present.

Upon further examination of this approach it became apparent that the
problem was ni~ srically improper’.y posed in requiring too much additional data to
complete the factorization .

In this note , we observe that by changing the underlying spatial approximation
when lower order terms are present it is possible to obtain an algorithm which

completely resembles our algorithm for the case when no lower order terms are
present.

In a future paper (2] the operator compact implicit method is developed, in

much the same way as here, for parabolic problems.

SPATIAL DISCRETIZATIONS

Th. classical finite difference approach for solving two point boundary
valu, problems of th. form

(2.1) L(u) • au~~ + bu
~ 

f, xt[O,l]

with u(O) , u(1) given is to separately substitute standard approximations for the

first and second derivatives in (2.1) and then solve the resulting system of

equations. Accordingly, the fourth order compact implicit scheme applied to the

solution of (2.l), requires that one solve
6 2 6

(2.2) Lh (U
i1 — a~(I + fr 6

,~~) ~~~~~~~~ U
1 

+ b
1~~ 

+ .~~~ 6 2 )—i 
~~~~~~~ U~ — f

1

(1) N. Ciasnt , S. H. Lsventhal , “Higher Order Compact Implicit Schemes for the
Jive Equation,” Math . of Comp . Vol. 29, No. 132, 1975, pp. 985—994.

[2] N. Ciment, S. H. L.vsnthal and B. C. Weinberg, “The Operator Compact Implicit
Method for Parabolic Equations ,” to appear.

3 .
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The notation here picks up from the notation of [1). References to an equation in

El] will be superscripted with an asterisk. The appearance of two implicit
matrices Q

~
,R (see (2.2)*, (6.2)*) “trapped inside the a1, b1

1’ creates problems in

trying to solv, the resulting linear system of equations. Several people have tried
block methods when the.. basic terms appear in problems [3]. A suitable t n —

diagonal relationship however can be obtained by merely abandoning attempts to
represent the separate derivative terms. The approach we adopt is to represent
L(U

1
) on th re. adjacent points up to highest order accuracy possible in relation

to U
1 

on the same three points.
A Taylor series analysis shows that for L(u) on a uniform grid fourth order

accuracy can be obtained by +r u + r ° u + r  U
(2.3*) q~ L(u)

1~ 1 + q~ L(u)
1 

+ q L(u) 1_1 
1 1+1 1 1 1 F1

where

r ~~~~~
— 6a~ a1_1 + h(5a1_1 b1 

— 2a~ b1_1) — h2 b
1 
b1_1

(2.3b) ~~ q~ — 4[i5a
1~ 1 a1_1 — 4h(a1,1 b1_1 — b

1~1 
a1_1) — h2 b

1~.1 b1 1 ]

L. q 6a~ a1~1 — h(5a
1~1 

b
1 

— 2a~ b1~1
) — h2 b

1 
b
1~1

I ~~ — ~ Eq~(2aj~1 + 3b b1~ 1) + q~ (2a
1 + hb

1
) + q ( 2a1_ 1 — hb11)3

(2.3c) 
~~~~~ rj  — 4[q~ (2a

1~1+ hb1~1) + q~(2a 1 — hb
1
) + q~(2a1_1 — Thb1_1)1

— — ~Er~ + rj]

The above relationship can be expressed in an operator form by defining

tridiagonal displacement operators ~~~~~ 
so that the equation (2.3) is represented

by

(2.4) Q
~~

L(U)
j
.—R

~~
Uj

Note veil , for conciseness of notation we ar e using Q~ her e to represent a
differ ent operator from what represented in 11). (Indeed in the cass that

t31 1. HIreb , “Higher Order Accurate Differenc e Solution of Fluid Mechanics
Problems by a Compact Differencing Techni que , ” 3. Comp . Physics , 19, 1975,
pp. 90—109. 

-.-—- —
~~~~~- ____-.- --—-- -~~ 
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a 1, b 0 then both are identical.) Below, however, ye will still retain the
definition of — (I + fr 6t2) from our previous paper. The above relationships

(2.3) were first presented by Swsrtz (4]. The operator compact implicit (DCII

representation Q,1~
1 R for L(u) presents the same formal appearance as

6 2
~~~ did for u__ alone. By noting this formal similarity it iS clear that
h2

the OCt spatial discretization can be fully implemented into our factonizat ion

algorithm for the time dependent second order wave equation. This all depends on

the underlying invertibility of Q. As Swartz observes, for the case that a and
b are constants , Q,~ is invertible so long as the so called mesh Reynolds number r
satisfies

(2.5) In I~ I ~
DCI APPLIED TO THE WAVE EQUATION

To solve (6.l)*

(3.1) — L~ (u) + L (u)

where initial and boundary data are prescribed and where

L (u)~~~ au +b u
- x U X

L (u)~~~ cu + du
I 17 y

one substitutes the operator compact implicit approximatio n (2.4) for the respec-

tive spatial terms and the same compact implicit scheme as before for the temporal

term to obtain

(3.2) 
~~~~~~ 

.

~~~~~~~ 

~~ 
— 

(Q )-ig~ 

~~~~ 
+

where

(
~~~~

)
i 

~~~ ~~ 
‘
~

(Q 1’ 1 U1,, ‘~

(43 1. K Swarts , “Tb. Construction of Finite Difference Analogs of Some Finite
Element Schemes,” Mathematical Aspects of Finite Fienents in Partial
Differential Equations (C. DeBo.r, Ed.) Academic Press , 1974, pp. 279—312.

S
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Following our approach in-El] a factorization of (3.2) can be accomplished

by adding the fourth order term

6 2 
~- 

~rr4~ Q;’4.. 
~~~~~~~~ 

R (Q;)-l R ]

The resulting form (analogous to (2.9)*) in

(3.3) c7’~ ~~~~~ 
(q~+l) 1 p.fl+l ](j — 2:.~. (grl) 1 1n+1

3 U7’~

- 2G’,, 
- + 12 ((Q ) 1 R~ + (Q ).

~
1 1)

The numerical implementation of (3.3) above is completely analogous to the

algorithm in (11 for equation (4.3)*. Again with

(3.4) II — ~~ (Q;~’)— ’ Rr’J u7~~ z7’~ 
-

solv, first for Z’~
t and then forj,m j ,.

The firs; two terms on the right hand side are known from previous time

steps and need not be computed . The other two terms on the right hand side are

obtained in a manner analogous to (4.5)*, (4.6)* . By observing that

(3.5) A 2 ( Qr I 
~; ~~~~ l2(U~, 

— Z ,m)

the left hand side is obtained without much work. ~~ ~ (Q~Y 1 R” Ui’ is
x j ,m

obtained by solving a tridiagonal system.

1. Here too, the algorithm for (3.3) requires that one generate initia l

data for G~,,. ~~~~ These are obtained by solving tnidiagonal system. as in

(4. 9)*.
2. Boundary Data: The computation of the inter mediate boundary conditions

may be obtained u in the previous paper . However , the following simplification

is possibi.. A. before at the four corne r points use th . ana lytic representation

of and one sided differences as an approxim ation for ~~~~ Then on x • constan t

lines solve (3.4)

Q;+l z~~~• Eq~~~ - 4~~ 
~~~~~~~~~

6

I .- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ *-- .- ~~ - -  - 
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Observe, ‘that the x— sveep part of the algorithm may also be implemented on
y — constant boundary lines as well as on the interior lines. However, this
leads to a problem. Experiments reveal that it is necessary to compute on
the y  — constant boundaries as accurately as possible. Thus it is necessary to
use the exact data for U~~~ that is given on these lines. However , the
definition of requires that

x 2uQ r1 R + ( QY 1 R~ J U
~~ m~

be evaluated and A 2 (Q~~~
1 R” must be obtained from (3.5) , which includes

which is not exact. However , this problem may be avoided by noting that

A 2 ((q~)~~1 R + ( Q Y ~
1 R;J ~~~~ — ~t 2(L

xun + L~ U~ + O(h 1’)l — 
~
t2(u

~~ 
+ O(h ’)].

may then be redefined on y • constant boundary lines as
6 2

— 2G” - + (I - L)6 2jji’j ,a j ,m j ,a 12 t j ,m

before implementing the first step of the algorithm.
A Fourier stability analysis of (3.3) reveals, by a perturbation argtnent,

that so long as r “ b “ Ic that again for C — max (a ,b) and

the plification factors p satis f y

~ 1 + O (~t)

and so the scheme is stable in the sense of von Neumann.

Numerical I,r.i~~le: In this section a numerical example is presented demonstrating
the accuracy, effectiveness and the stability of the method.

Let a be defined by (0 ~ x, y i .51 and define the coefficients, initial
conditions, and boundary conditions of (3.1) by

I ’

_ 
--
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(x+1)2
a(x,y,t) —

4(t+l)2

b’ — 
(x+l)2 &4~l)~X~ y~I~ti 4 (t+l)

e(x .y,t) — ‘-‘
~~~

4 (t+l)2

d — 
(y4.l)2(x+l)(x ,y, t) 4 (t+l)

u(x ,y , o) — •
(x+l) (y+l)

u~(x,y, o) — ~~~~~~~~~~~~~~~~~ -

u(x,y,t)I~~ — •
(x+l)(y+l)(t+l)

The exact solution is

u(x ,y, t) — ~(x+l) (y+l)(t+l)

The method was run for a sequence of spatial meshes and time steps, so that in
‘
~‘ each subsequent ruü we halved the mesh sine and time step . In table 1 the

accuracy of the method is demonstrated for L2—error and relative max—error .

# Time Relative Relative
Steps h Ic L2—Error L2—Rate Max—Error Max—Rate

20 .1 .05 3.847—05 5.049—06
3.74 3.91

40 .05 .025 2.886—06 3.341—07
3.97 3.98

80 .025 .0125 1.843—07 2.118—08

3.87 3.86

160 .0125 .00625 1.264—08 1.455—09

Table 

18



NSWC/I~)L/TE 76—153

DISTRIBUTION

Copies

Office of Naval Research
Arlington, Virginia 22217

Attn: Dr. Leila Bran , Code 432

Los Alamo. Scientific Laboratory
Los Alamos , New Mexico 87544

Attn : Dr . J0.1 Dendy
Dr. Blu r Swartz

University of Tennessee
Department of Mathematics
Enoiville, Tennessee 37916

Attn : Prof. Max Gunzburger

ICASE, NASA Langley
MS 132C
Hampton , Virginia 23665

Attn: Dr. James Ortega

Center of Applied Mathematics
275 Olin Hall
Cornell University
Ithaca , Hey York 14853

Atti’: Prof. James H. Bramble

Brookhaven National Laboratory
Upton , -New York 11973

Attn: Dr. Ridgvay Scott

Courant Institute
New York University
251 Mercer Street
New York , New York 10012

Attn : Prof. Peter Lax
Prof. Heinz 0. ICreiss
Prof. E. I.aacaon
Dr. Eli Turke l
Dr. Amiram Harten

Department of Mathematics
Universit y of Chicago
Chicago , Illinois 60637

Attn : Prof . Todd Dupont

-

~~~~



NSWC/WOL/TR 76—153

DISTRIBUTION

Copies

Department of Mathematics
University of Maryland
College Park , Maryland 20742
Atta: Prof . John Osborn

Prof. I. Babuska
Prof . R. B. rmllogg

ONE Branch Off ice/Pisadena
1030 East Green Street
Pasadena , California 91101

Atti’: Dr. Richard Lau

Department of Mathematics
University of California at Berkeley
Berkeley , California 94720

Attn: Prof . A. Chorin

Numerical Analysis Center
University of Texas at Austin
Austin, Texas 78731

Attn: Prof. David Young
Prof . 3. T. Oden

California Institute of Technology
Pasadena, California 91109

Attn : Prof . Herbert B. I(eller

Mathematics Research Center
U. S. Army
University of Wisconsin
Madison, Wisconsin 53706

Attu: Prof . Seymour V. Parter

Applied Physics Laboratory
Johns Hopkins University
Johns Hopkins Road
Laurel, Maryland 20810
Atta: Dr. Joel C. W. Rogers

Mathematics Department
Harvard University
Cambridge, Massachusetts 02138

Attn : Prof. C. Birkhoff
Prof. Garth laker



NSWC/WOL/TR 76—153

• ~ 

- 

DISTRIBUTION

Copies

Department of Computer Sciences
Stanford University
Stanford , California 94305

At tn : Professor J. Oliger

University of Kentucky
Lexington , Kentucky 40506

Attn : Dr. C. Fairweather

Depar tment of Mathemat ics
University of New Mexico
Albuquerque , !ê( 87131

Att n: Prof. Cleve Moler

Department of Mathematics
University of North Carolina
Charlotte, NC 28223

Attn : I of. David Archer

Defense Documentation Center 12
Cameron Station
Alexandria, Virginia 22314



NSW.II $IC(II.N S1/I (N., . 1.7$

TO AID IN UPDATING THE DISTRIBUTION LIST
FOR NAVAL. SURFACE WEAPONS CENTER , WHITE

• OAK LABORATORY TEOINICAL REPORTS PLEASE
• COMPLETE THE FORM BELOW:

TO ALL HOLDERS OF WC/W~~/TR 76 153
by I~ 1vJn d ent, 004 WA.44

DO NOT RETURN THIS FORM IF ALL INFORMATION IS CURRENT
A. PACIUtY NMII AND ioomau ~~~~~~~ ~~~~~~~~ c.d.J - -

.

~ w *oONEsi(a.w a~ C.~~)

~. *flsM 1~ON .s1

C.

O ~~~~OVt Ywe. ~AC$U?Y P O N  YNE DISTaISUTION LIST V~~~ TECHNICAL AIPOCTS ON THIS SUBJECT.

~~~~~~~ OF ~~qan OCIINID -

~~

4

SN N1 s1s



- - •-
~~~-~-~

____ ~~~~
____ ~~~~

~~~~~~~~~~~~~ ~~~~~~~~~~~ .. -

______ 

.
~.

-
~~~~~ 

-
~~~~~ • .

~~~- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

D$PARTMRMT OP Till NAVY

_ =
~~~~

OFFICIAL BUIINS$
PENALTY POE PEIVAYR UsE, $155

• .
•

COMAISIR
NAVAL IVIPACE RIAPOI5 C NTE*iissi~ 0*. ~ vu ~~~~ ~MYLM 2~~O

• • 
AT?55I1IS~ ~~SS1IA~~~~

sq

AI~~III: ~~~~~~~~~~


